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equation on general meshes
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*CFEA, DAM, DIF, F-91297 Arpajon, France.
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Abstract

While many numerical methods for the linear transport equation are available in the
literature in 1D or on Cartesian meshes, fewer works are dedicated to the resolution
of this model on unstructured meshes. In the context of radiative hydrodynamics, we
need a method capable to handle a wide range of radiation regimes going from free-
streaming to diffusion and to be coupled with a Lagrangian hydrodynamics solver.
In this paper we design a method based on the micro-macro paradigm and to the
Discrete Ordinates (Sy) angular discretization, which fulfills these requirements. It
allows to choose the limit transport scheme and the limit diffusion scheme. It is
compared on challenging test problems to a Discontinuous Finite Element (DFE)
method.

Keywords:
Finite Volume; radiative transfer; asymptotic analysis; computational transport;
monotone anistotropic diffusion; unstructured meshes.

1. Introduction

In this paper, we are interested in the transport of photons in astrophysical
phenomena or in Inertial Confinement Fusion experiment (refer to [24, 59, 71| for
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an overview of radiation driven physics). To this end, we consider the grey radiative
transfer equations [59|

10 +w-VI+ol =0B(Tu),
atEM = COo (Er - aTJZ\l/[)7

where ¢ is the speed of light, I denotes the grey radiative intensity, ¢ the cross
section, B is the Planck function at the matter temperature 7Th;, w the direction,
E); the matter energy density, and E, the radiative energy density. One of the
problem encountered when dealing with these equations is that they are non-linear
and coupled. One solution to deal with this difficulty is the linearization used by
Fleck and Cummings in [36]. This brings us, at each time iteration n, to the following
linear problem on the time interval [t",¢" + At]

10 +w-VI+o"l = fro"B"+ (1 — f")o" <1 >, 1)

O Ey = ffco™ (B, — d"),

where < - > accounts for the angular mean value, f = 1/ (1 + ScoAt) denotes the
factor of Fleck, 5 = d‘fE—@M, ® = aT}y;, and the superscript n denotes quantities taken
at time t".

The System (1) involves very different length and time scales. These scales are
related to the scaled mean free path of the photons, called the Knudsen number.
For Knudsen numbers close to unity, the transport of photons can be modeled by a
hyperbolic kinetic equation. However, as the Knudsen number tends to zero (for in-
stance in opaque media), it is well-known (refer for instance to [8]) that this equation
tends to a diffusion equation (that is of parabolic type). That poses major difficul-
ties for the numerical simulation, since a standard discretization constrains the time
and space step proportionally to the Knudsen number. One way to circumvent
this problem, is to decompose the calculation domain into a diffusive domain (small
Knudsen number) and a transport domain (large Knudsen number), as explained for
instance in |7, 32, 31, 38, 40, 48, 53|. Unfortunately, this solution is complicated
to apply in our case, because the boundaries between diffusion and transport are
fuzzy and moving, due to ablation processes. The alternative is to design numeri-
cal schemes able to handle all the radiative regimes without loss of accuracy or too
drastic time-step restriction. These type of scheme is called Asymptotic Preserving
(AP), and has been the subject of a considerable amount of work since the seminal
work of Larsen et al [51, 52| (refer also to Jin and Levermore [46], who introduced the
expression Asymptotic Preserving). A comprehensive description of the work that
has since been done in this area is beyond the scope of this paper, and we invite
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the interested reader to refer to the review papers [44, 45|. Most of the numerical
methods described in these papers are dedicated to 1D calculation or restricted to
Cartesian meshes. However, there are relatively few numerical schemes capable of
taking into account general meshes in multi-D. Early works in this field are based on
a Discontinuous Finite Element (DFE) discretization |2, 3, 5, 6, 25, 65|, which has
been proven to capture the diffusive regime by construction. Another method [18§]
uses a Treffz Discontinuous Galerkin basis. Some recent works are based on Finite
Volume schemes with an approximate Riemann solver. For instance, Franck and co-
authors [16, 17, 37| (see also [33]|) adapt the methods of Jin and Levermore [46] and
Gosse [39] to the nodal approximate Riemann solver of the Lagrangian Glace hydro-
dynamic scheme [22, 57]. Another step in this direction was achieved by Berthon,
Turpault and co-authors [10, 11, 12, 13|, based on the HLL approximate Riemann
solver (see for instance [69]). In [42], an AP scheme based on the DDFV formal-
ism [41] is proposed.

Since we want to couple our radiation solver with a Lagrangian hydrodynamic
scheme for the Euler system (as [19, 22, 56, 70]), we desire our solver to fulfill the
following properties:

P1 to be consistent on general meshes (meaning any polytopal valid mesh),
P2 to enforce conservation of radiative energy,

P3 to be able to handle all the radiation regimes from free-streaming to diffusion
(Asymptotic Preserving),

P4 to have the radiative energy degrees of freedom located at the centers of the
elements to ensure the compatibility with the hydrodynamic scheme.

Moreover, one of the major drawback of the Discrete Finite Element method on
general meshes, is their algorithmic cost in the diffusion regime. While they are
indeed Asymptotic Preserving, in the sense that the accuracy of the result and the
time-step are independent of the Knudsen number, the CPU consumption strongly
depends on acceleration technics as DSA (Diffusion Synthetic Acceleration) [4] or
Transport Synthetic Acceleration (T'SA) [63]. The development of these methods is
still a field of research. This is why we want to free ourselves from these algorithms,
and even be able

P5 to choose the diffusion scheme towards which our method tends when the Knud-
sen number becomes low.
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To our knowledge, no existing scheme fulfills all these requirements. That is why we
were interested in designing a new scheme. To achieve this, we were inspired by a
very popular method in the AP community, called micro-macro formulation. This
method was introduced in [49] and popularized by Lemou and co-authors [9, 54]. It
consists in decomposing the unknown (the radiative intensity in our case) into an
equilibrium part (the angular mean value) and a deviation. Since the radiation is
isotropic (does not depend on angle) in the diffusion limit, the deviation part tends
to zero with the Knudsen number. This principle has been widely used for designing
numerical AP schemes during the past two decades ([27, 29, 34, 47, 50, 64] among
others), and has similarities with some earlier methods called Variable Eddington
Factor (described for instance in [59] p503). However, to our knowledge, no extension
to general meshes has been achieved. It may be because the limit diffusion scheme
arising from the discretization proposed in [54] is a two-point flux approximation,
which is known to be inconsistent on most of the meshes (refer for instance to [35]). In
this paper, we propose a micro-macro scheme for the linear transport equation which
can be proven to fulfill the propositions P1 to P5. To achieve this, we first perform
the angular semi-discretization of the transport equation, using a Discrete Ordinate
method. Then we perform the micro-macro decomposition, and obtain a transport
equation for the angular dependant variables (deviation), and a diffusion equation
for the angular main value (Section 2). The spatial and semi-implicit temporal
discretization are described in Section 3. It is shown that our temporal discretization
permits to choose any diffusion scheme for the main angular value. It allows us to
choose a diffusion scheme which preserves the positivity of the energy e, which is an
important property, especially in this regime (in which radiation is strongly coupled
with the matter temperature). Finally, we assess the new method on several test
problems in a wide range of regime, and compare it either to analytical solutions (if
they exist) or to Discrete Finite Element method results in Section 5.

2. Problem and properties

2.1. Continuous transport equation

We focus on the following linear integro-differential transport equation, which is
indeed of the form of Eq. (1)

1 dw’
—Owu(t,x,w)+w - Vu(t,x,w)+ou(t, z,w) = q(t,a:,w)—iras/ u(t, z,w’) d
v 52 m

, (2)

where
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e x € () is the space coordinates in the open domain Q C R¢ with d the
dimension of the problem;

e t € R is the time;
e u(t,z,w) € R the distribution function;

e v € R" is the norm of the velocity of the particles (equal to the speed of light
in the case of photons);

e w € S5? accounts for the direction of the velocity of the particles, S? being the
unit sphere;

e 0, = 0,+0,, with 0;, 0, and o, respectively the total, absorption, and scattering
cross sections;

e ¢(t,x,w) is a given source term.

We introduce the two first moments of u with respect to w

dw'’ dw’
e:<u>:/ u(w’) ) f:/ w'u(w") ) (3)
52 dr 52 47

By averaging Eq. (2) over all directions w, we obtain a balance equation satisfied
by e

1
—0e+V - f+o.e=s5, (4)
v

with the isotropic part of the source

stt.) = [ o) )

It is shown in 23] that if ¢ > 0, 0, > 0 and o, > 0, Eq. (2) satisfies positivity.
Moreover, in [30], we have that if o, = 0, and ¢ = 0, u and e satisfies a conservation
law and verify a global maximum principle (tpm < U < Upee and €, < e <
Emaz, WHETe Upmin, Umazs Emin, Emae depend only on the initial state and the boundary
conditions). It is well known (refer for instance to [24, 59|), that Eq. (2) satisfies a
diffusion limit, in thick media, in the sense that when o, — o0, 0, — 0 and ¢ — 0,
up to (’)(oig):

u:e—iw-Ve, f:—1Ve and 1(9te:V-(1V€>.
v

s Os 305

5



2.2. Semi-discrete angular equation

We introduce K > 0 angular directions, noted wy. Each direction is weighted by
a positive weight wy. Following the recommendations of |20, 21|, we impose on the

couples (wg, wy) the following constraints:

120 g WEWE = 07

\ k=1

This leads to an even number of directions, opposite in pairs and of equal weights

1/K. This quadrature is called quadrature Equal Weights [20]. It is then sufficient to
discretize the sphere uniformly and then apply a renormalization to all the discrete
directions to restore the coefficient 1/3 of the moment of order 2.In this work, we

125 have chosen to use a simple uniform angular grid which is controlled by its number
of degrees of freedom N > 1, and yields a number of discrete ordinates K = 4N? (in
2D). Thus, with uy = u(t, &, wy), we are able to write the K semi-discrete equations

associated to the transport equation (2):

K

1
—Owuy + wi, » Vuy + oyup = qi + o E U W .
v

K =1

It yields the semi-discrete formula for e, f and s:

K K
e(t,x) ~ Zwkuk, f(t,x) ~ Zwkukwk and  s(t,x) =~ Zwqu.
k=1 k=1

Likewise, the semi-discrete diffusion limit comes down to:

)

Vt,when o, — 00, 0, — 0 and ¢ — 0, and up to O (i),

Os

U =€ — Uiswk -Ve (Vk), f= —%SVG, %8,56 =V. (%V@) .
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2.3. Semi-discrete micro-macro formulation

In order to have an Asymptotic-Preserving scheme, and to clearly distinguish
between transport terms and diffusion terms, we introduce du;, = up—e, the deviation
to isotropy.

By substracting (4) to (7), we obtain:

1
;at(;uk + wyg - V(Suk + Utéuk =V -f— Wwg - Ve + 5qk, (8)

where dqi. = ¢ — s.
Thus, the first two angular moments of duy, are:

K K
Z wkéuk = O, Z wkéukwk = f (9)
k=1 k=1

It leaves unchanged the balance law for e (4) except for the definition (9) of f as a
function of the duy. Since no further approximation has been made, we still have the
semi-discrete diffusion limit, hence:

Whenas—>oo,aa—>0anqu—>0,and11pt00(g_12 ]

5“1{: — _a'iswk . Ve (Vk‘)’ f = —ive, %@te = V . %Ve) .

3. 2D planar spatio-temporal discretization on unstructured mesh

We aim at solving the system (4)-(8) with the closure relations (9), on a 2D un-
structured mesh. Since our ambition is to couple it with Lagrangian hydro schemes
as |22, 56, 70] (even if it is out of the scope of this paper), the geometric quality
of the mesh is not controlled. This is why our discretization choices are guided by
the concern of robustness. The conservation property of e is very important for the
targeted applications and has to be preserved. Moreover, we want our numerical
method to be able to deal with all range of radiation regime, going from pure trans-
port to diffusion. We give ourselves a regular mesh M of ). We consider here that
M is defined by a finite collection of cells j that partition (). Specifically, we have

1VjeM, 5CQ,
2Vx €, FjeMst x€jy,
o o ,jl :j27
3Vji,je €M, jiNj# D<= | or
8j1ﬂ6j27é®andj1ﬂj2:(7).
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The last relationship indicates that if two distinct cells intersect, it can only be
through a piece of their edge (possibly a vertex). We define the following notations

depicted on Fig. 1.
Notations

7 @ cell index, and by extension the cell,

r : node index, and by extension the dual cell,

n : time iteration index,

p : optional sub-iteration index,

V; : volume of cell j,

V,. : volume of dual cell r,

x; = VLJ fj x : center of cell j,

x, : position of node r,

xj;, : vector equals to x;, — x;,,

[ : edge of the primal cell j,

: edge of the dual cell associated to a vertex r,

r(j) : designates a node r of the cell 7,

j(r) : designates a cell 7 which owns the node r,

r’(r) : designates a node r’ which is adjacent to the node r,
[(j) : designates an edge ! which is contained by the cell j,

Cj, := V.V, : outgoing unit normal at node r with respect to cell j,

C,j := VgV, : outgoing unit normal at the center of the cell j with respect

to the dual cell r,
n;; : outgoing normal at edge [ with respect to the cell 7,

n,; : outgoing normal at edge [ with respect to the dual cell r.



Ci'r‘

Figure 1: Notations (primal mesh)

Figure 2: Notations (dual mesh)

We also need to define a dual mesh. It is built by joining the center of the cells
165 j, and is depicted on Fig. 2.
We use a finite volume method for the spatial discretization. We integrate the
Eq. (4) on the primal mesh, which gives

%8t/je+/jV~f+/jaae=/jS, (10)
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We use the Green formula, a second-order accurate quadrature at nodes to approxi-
mate the boundary integrals, and define Vi f] ¢ := ;, which yields
J

1
Vjﬂgtej + ; I Cir +Vjoaje; = Vis;, (11)
J

With this quadrature formula, the flux f, has to be evaluated at the nodes. As we
saw previously, the angular discretization of f,, writes:

K
f,, = Z wk(5uk7rwk. (12)
k=1

This is why we choice to perform a staggered discretization, and to writes the discrete
balance of duy, at the nodes. Eq. (8) is then approximated with:

%8t5uk,r + [wy, - Vuy), + o 6uy,,

K (13)
= Z Wit [(.dk/ . Véuk/]r — Wy [Ve]r + 5qk,,4.

k'=1

The notation [p], accounts for a spatial discretization of ¢ at the nodes, which is
explained in the following.

Remark 3.1. Another possible choice of staggered discretization could be performed,
in locating the duy at the center of the edges instead at the nodes. In this case, the
advection step would be performed on the diamond dual mesh, and the final global
scheme would have the same properties than the one presented in this paper.

3.1. Temporal discretization
For this scheme, we use an implicit formulation. But, in order to avoid to solve
a large linear system, we perform an hybrid time discretization, with sub-iterations.
The discrete version of Eq. (13) with this time discretization is:

1 0U,r —OUg n+1,p+1/2 n g, n+lp+l
v At + [wk : V5uk]r + Umﬁum
K (14)
o n+1,p+1/2 n+1,p+1 n
= E Wy [wk/ : Vduk/]r — Wk - [V(i]r + 5qk7r,
k'=1

where n is the time index and p the sub-iteration index. The index p + 1/2 means
that a part of discretization is performed at the sub-iteration p, while the other is

10
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performed at the iteration p + 1 as explained in the following. The term [Ve]?“’p i

is taken implicitly, which relies on an implicit diffusion equation on e, also explained
in the following.
A very important property for this formulation to be meaningful is the following.

Proposition 3.1 (Preservation of the meaning of ¢ during time). With such
K

a temporal discretization, Z wrouy, =0, Vn, Vr, whatever the nodal approzima-

k=1
tion of [wy, - Voug|, and [Ve] (see proof in Appendiz 1I).

It means that e indeed remains the discrete angular mean of u; with time.
The advection fluxes [wy-V dug], are discretized on the dual mesh, with an upwind
implicit iterative scheme

1 ~
wi - Vo = YTl wrdu
r o~

l,n jwip>0

1 7 n+1,
+ VT Z ’l| n.: wkéuk,r’(g’

l, nrl-~wk<0

(15)

where [ is the edge intersecting the segment [r7’] joining the nodes r and 7’ (two
centers of the dual cells), see Fig. 2.

Proposition 3.2 (stability of the advection scheme). The advection scheme cor-
responding to (14) with the flux (15), and without source terms, is unconditionally
stable (see proof in Appendiz E).

It remains to discretize the term wy, - [Ve] 77!

nodal quadrature rule as before:

, to this end, we use the same

n+1p+1 __ 1 n+1,p+1

r J

")
Thanks to our time discretization, we can provide an analytical expression for 5u2¢1’p +
Indeed, defining du, as the vector whose kth component is duy,, the Eq. (14) can

be put in the form of a K x K system, local to each node:

(TK —a,® b:) 5u?+1,p+1 = A"+ B?+1,p + C;L—‘rl,p—i-l’ (16)

11



where I is the identity matrix of rank K, a” and b” are the vectors of size K of
components

ap, =1/ 1+vAtaZr+”7ATt Z | ;- wi |,

I n jwi>0

(17)
noo__ vAt 7 .
e=wn et Y [l w.
[, ,nTl—~wk>0
and A", B"™? and C"™P*! are the vectors of size K defined by:
n — n n n
ko ak,r (5uk,'r + UAtqu,r) )
S|
”"FLP R n 7] - 'I'L—‘rl,p
B, = ay oAt ( E Wiy~ E 1m0, widuy
k'=1 " l~, nrl~~wk/<0
(18)
1 7] ~ n+1,p
~- E IR wkﬁukm, ),
i, n wE<0
n+1,p+1 _ n n+1,p+1
Cr\ = —ap At wy - [Ve]] :

Here, to prove the invertibility of the linear system (16), we use a corollary of the
Sherman-Morrison lemma whose proof is provided in Appendix C. The statement
of the corollary is: Let Ix be the identity matrix of size K x K, and let a and b be
two vectors (columns) of size K. The matrix Ix —a ® b is invertible if a - b # 1, and

its inverse 1is:
a®b

l-—a-b
Using that >, wy = 1, it is easy to show that a} - b, < 1, and consequently that the

system (16) is invertible. Moreover, we are able to express its solution §u/*!#*!

(ic-aob) = e+

n+1lp+1 __ n n+1,p n+1,p+1
5“’7" = &, + 187" + Yr b ) (19)

12



where a”, B"THP and 4"+t are the vectors of size K defined by:

(IK + 7;(87)1b;ln> A?,

—amn-b™
1—a?-b;

220 ﬂ;ﬂ_l’p = <TK + aroby ) B?Jrl’p, (20)

AP HLPHL (fK 4 lal‘@b;;n) Ccntlvtl
The expression of 4*T1PT! can be simplified thanks to the following argument.
Recalling that the directions are opposite in pairs and of equal weights, meaning that
Vk € [1 K], 3k € [1; K] s.t. {k;«ék W = wg, Wi = —wy }, we infer from Eq. (17)
that af == aj,, and bZ = b, .t VE:

K nopn
Ay ’
n+1lp+1 _ n n § /‘ k' 7k r n+1,p+1
’}’k r = —vAt ak,r Wi + ak,r m Wi . [VE]T y
k=1 a, -0,
N - 7
=0
which means that 4""1P*! reduces to:
n+1,p+1 n+1,p+1
vy =C; :

It gives the discrete approximate solution of Eq. (8).
It remains now to solve the Eq. (4). To avoid a drastic parabolic CFL, we perform
an implicit backward Euler time discretization of (11):

1en+1
; J Z fn+1 er +O,a]e;1+1 _ 8 (21>
225 Since frthrtl — Zw 5u”+1’p+1wk, the expression (19) of du} ™" yields

fn+1,p+1 Zwkwk akr+ﬁg+lp+7n+1p+l)7

K

_ n+1p n+1,p+1

= E wrwry, + E wrwi By, — [Ve] )
k=1

13
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_n
where D, is an anisotropic tensor diffusion coefficient defined by

K
e 2
Dr = vAt E wkazy,,wk X wp. (23)
k=1
1 1p+1
and of ., 5"+ P and ’y"+ P*1 are the kth components of vectors a?, B/ and
7n+1,p+1
T

Inserting the discrete flux (22) into Eq. (21), we found the following discrete
balance equation for e;:

—_—n

(1 + vAto] ) ntlptl U‘ét Z (D

J r(j)

r [Ve]:+17p+1> ’ er

At (24)
U mn
= e} +vAt s} — E WiWy a,“, + B, +1’p) s

(4)
We have the important property for the tensor fr.

Proposition 3.3 (definite positiveness of the diffusion tensor). f: is definite
positive (see proof in Appendix B).

The term Z ( et +1) - Cj, in Eq. (24) is a discrete diffusion operator.

However, it Would lead to a matrix which is not unconditionally invertible, and a
diffusion scheme which is not positive [37]. This is why we reformulate Eq. (24), in
order to use the diffusion scheme of our choice, and for which the outgoing fluxes are
taken at the edges and not at the nodes:

Z (f;‘ [Ve]:+1,p+1) .Cj & Z il ( Bhass p+1) ny,

r(5) 1(4)

where [Ve], is the gradient of e evaluated at the center of the edge I. This is a
valid approximation since Z ¢, C;, and Z l|gimj; are two second-order accurate
(4) 16))

approximations of en (we recall the proof in Appendix A). It is the subject
9j

of the following section to explain how we approximate [Ve}"“’p *1 Since, the dif-

fusion operator comes from the expressmn of 7”+1p+1, and more particularly from

E (Ve it remains to define Dl from D

14
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In order to obtain such a discretization, we define, for each edge [ (defined by the

nodes r and )

D, D D
2 *3 2

which is also a second-order accurate approximation. Thereby, we obtain a linear
system on e:

(1 + UAtU ) n+1,p+1 . vAt Z |l| (Dl n+1 P+1) o

(25)
= el + VAL s} — ”At Z Zwkwk o, + ﬁnﬂ’p) -Cy,

r(j) k=1

Finally, to complete the scheme, the last ingredient we need is the calculation of the

diffusion operator:
At
- Zm (Dz [Ve]nHmH) M-
Vi 1(5)

To achieve that, we use an implicit solver for diffusion which is an extension of [14]
to tensorial diffusion coefficient, and is presented in the following subsection.

3.2. Diffusion
Consider the following tensorial anisotropic diffusion problem :

de—V - (DVe)=h in(0,T) x Q
e=yg on (0,T) x 09

Q2 bounded open set of R?,

h e L*(Q),
g€ H'Y?(09),

D: (0,7) x Q2 — My, is a bounded measurable function, s.t. D is a definite
positive symmetric tensor,

e(t =0,z) = ey € H'(Q) initial condition.

By integration of the equation in a cell j, we obtain

[5eg(frn)-fo

15

ledj



255 where Ny = ﬁlnjl, with n;; the outgoing normal (defined on previous section, refer
to Fig. 1) to the edge [ of the cell j. We consider the flux (notations are given on
Fig. 3)

JT'.j,l = — /Ve : ’fljl. (26)
l

Figure 3: Expression of nj; and iy

Let us define x;,, and x;,, s.t. 7j has non-negative coefficients when decomposed
into the basis (xj,,, x;,) (refer to Fig. 3 for different examples). Then, we express
1 in the basis ()., ;)

xT; I,
>\ Jr + Jr2
Mgl

with A; € R* and n; € R*. Inserting this decomposition into (26) yields

w,
Fji=— /(/\ Ve - +n;Ve —12_ )
! . [ETS mH ’ [0, ||

Thanks to a Taylor expansion, we have

iy =
’ 12, ||

and then,

—m(f” i gy )+O<Ax>
el " lep]

16
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This last formulation involves e,, and e,, which are nodal evaluations of e at the
nodes 7;. To achieve the computation of e at these nodes, we use a least-squares
procedure as in [26]. We perform the same procedure for approximating the flux
-Fm,l-

We can now define

e €ry — € e €ry — €m
(WP ) and B = (S g, ),
i mll =7 e [[mr |
which gives us two consistent approximations of the flux. It yields our expression of
the flux from the cell j to the cell m as a convex combination of F; and —F;

Fii = m(e)Fy — pa(e) Fy, (= —Fny),

with g1 + pe = 1. It leads to the following expression for our discrete flux Fj;

Aj ; A m
Fy mlll( . "ﬂ) u2|l|< T )em+u1R1—u2R2,

el Tl || s || (2|

where R, and Ry depend respectively on e, , e,, and e,,, e,,. Choosing p; and ps as
the solution of the following system

M1 + M2 = 17
p1Ry — pa Ry =0,

we end up with a two-point but non-linear approximation of the flux Fj;

Fj, u1|l|< A + il ) ,u2|l|( Am + i >em,
|| ]7’1|| ||wjrz|| || mrs” ||:er4||

since pq and p9 now depend on e. We note that p; and ps are non-negative, provided
that the nodal interpolations of e are non-negative. To this end, we apply the same
trick as in [14]. As we explain in the next subsection, this procedure enforces the
positivity of the diffusion scheme. However, a fixed point algorithm is required to
solve the non-linearity of the fluxes.

It remains to express the boundary conditions, for which we use the following
approximation

Ve -z =e; —e + O(Ax),

using \;xj; = ﬁl n;; = nj;. With e, = g(x;), we have
Fy=l[A;(e; — g(t)).
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Figure 4: Boundary conditions notations

Finally, the implicit diffusion scheme is

{ﬁ(e"*l —e") + M(e"He"tt =h+g

en—l—l 2 0 ’
with \
j YA
oy =l (2 + ).
! jr ] (]|l
)\m m
(bm,l:/f"2|l| ( + ' )7
|5 | ||
and

[M(e)]j; =

oo+ Y i

1EM\OQ 1EMNID
By g
(M (@) = —22if j # m

&7<|’_‘

3.3. Properties of the diffusion scheme and of the global scheme
The diffusion scheme fulfills the following properties.

Proposition 3.4 (Positivity (monotony) of the diffusion scheme). The diffu-
ston scheme 1s positive and 1s unconditionnaly stable.

This property is also called monotony in other publications [55, 60, 68]. It means
that if €* >0, h > 0 and ¢g > 0, then e"*! > 0. The proof is displayed in Appendix
G.
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Proposition 3.5 (Convergence). Providing that e > 0, h > 0 and g > 0, the
scheme has a unique solution, and the fized-point strategy can be proven to converge
under a parabolic CFL restriction.

The proof can be found in [14].

Proposition 3.6 (Conservation of the diffusion scheme). The diffusion scheme
18 conservative.

See the proof in Appendix F.

We are now able to demonstrate the following property on the global balance of
energy (25).

Proposition 3.7 (Conservation of the global scheme). The global scheme is con-
servative.

See the proof in Appendix H.
We finally prove that the global scheme is Asymptotic Preserving.

Proposition 3.8 (Asymptotic Preserving behaviour of the scheme). In the
limit

vAtof, >> 1, vAto,; << 1, vAt[s]| << e}, and vAt|q | << |d;,],
the system (14)-(25) tends to the following discrete implicit diffusion operator
el " = AtMe™,

where e € R# s the vector of components e; and of size the number of cells #47,

and M € R% x R# s the diffusion matrixz corresponding to the discretization of
S
1(5)

See the proof in Appendix J.

1
3 [Ve]?“) -mj; with the algorithm described in this section.
Os,j

Remark 3.2 (About the Asymptotic Preserving property). Despite that the
transport scheme used to solve Eq. (8) is a simple upwind discretization, the global
scheme is Asymptotic Preserving. This is due to the fact that all the duy tends to
zero in the diffusive regime, and then only the equation on e matters.
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4. Summary of the scheme

Time iterations (n):

» calculation of al’, b, and &', with Eq. (17), (18) and (20),

» Do (sub-iterations p):

» While (stopping criterion) max ’e
j

construction of the diffusion matrix (see section (3.2)),
initialization of duy "=’ = suft

calculation of A" with (18) and (20),

construction of the system on e (25),
n+1,p+1
J

deduction of 4"*1P*1 with (18) and (20),

deduction of du ™" with (19),

calculation of e by solving the linear system (25),

n+1,p+1 .
J

1 1p+1
e?+ ’p’ > ¢ and max ‘5uZt s
k,r ’

€, with e = 1077,

n+1,p
— §uk7r } >

It is important to notice that there is only one loop on p for the fixed point
algorithm for e and the implicit solve of du.

5. Numerical experiments

In this last section, we are first interested in four 1D tests, which aim to validate
the numerical scheme. We perform them on a Cartesian mesh and on an unstructured
mesh, and compare the results with those of a Discontinuous Finite Element (DFE)
code on a Cartesian mesh, and to an analytical solution if it exists. In order to test
the scheme efficiency on a fully 2D configuration, we perform a fifth and final test:
the lattice problem. This problem has been studied in numerous publications in the
past decades [16, 28, 42, 43, 58, 62, 66, 67|, and the reader is invited to refer to
them for comparison. Moreover, we also provide the results obtained with the DFE

method.

Before detailing the test problems and the results, we give a short description of
the DFE method we use for the sake of comparison.
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5.1. Short description of the Discontinuous Finite Element (DFE) method

The P1 Discontinuous Finite Element (P1 DFE) is widely used to solve the trans-
port equation especially for photons. Its ability to give good results in transparent
and opaque media and in the last case, without meshing at the mean free path length,
explains this popularity. Several extensions to general polygonal (resp. polyhedral)
meshes in 2D (resp. 3D) which degenerate in 1D into P1 DFE and still possess the
diffusion limit have been proposed: the Upstream Corner Balance, Simple Corner
Balance [1], Bailey methods [5]. The unknowns of these three methods are the values
of the radiative intensity at the vertices of the cell. The main features of the DFE
method are:

e Accuracy The P1 DFE is second order accurate in space, at least on Cartesian
mesh. As a consequence, positivity is not guaranteed if no limiter is used.

e Diffusion limit 1D P1 DFE method has the diffusion limit [51]. The limit
scheme is a valid discretization of the diffusion equation by P1 continuous finite
elements. 1D P1 DFE also captures the boundary layers accurately even using
a crude mesh [51]. Note that the PO Discontinuous Finite Element (the well
known donor cell scheme), does not recover the diffusion limit.

e Implicitness In order not to constraint the time step, the scheme is made im-
plicit in time. The source term which couples all directions is usually lagged.
This allows to solve the angular discretized problem by direction. This tech-
nique is named the source iteration method. In opaque media, the convergence
of the iterated process can be arbitrary slow. Solving between iterations some
low order problem (DSA [4], TSA [63]) is often used to accelerate the conver-
gence.

The discretization of the transport term leads to solve by direction a large
linear system whose the unknowns are the values of the radiative intensity at
the vertices of the cells. The properties of the transport operator allow to
make this system block triangular by ordering the cells. Solving the whole
linear system directly block by block is much cheaper than solving it with an
iterative method. By cell, each block is a N(j) x N(j) matrix with N(j) the
number of the vertices of the cell. Finally, compute the unknowns needs to
solve a N(j) x N(j) linear system per cell. Such ordering exists in 2D if only
convex cells are present. In 3D, this is no longer the case. Graph algorithms
allow to recover such an ordering at the expense of lagging some intensities at
the previous iteration in the source iteration method [61].
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In this article, the Bailey method for the spatial discretization and an acceleration
technique TSA [63]) is used.

5.2. 1D tests
Regarding the first four tests:

e The first test free streaming limit aims to check the consistency and the good
behavior (stability, precision) of the new scheme within the free streaming limit.

e The second test diffusion in homogeneous media aims to check the Asymptotic-
Preserving property of the new scheme, as well as its ability to support arbi-
trarily large time steps as would do a classical solver for implicit diffusion.

e The third test transport /diffusion interfaces aims to evaluate the behavior
(robustness, precision) of the new scheme in the presence of an heterogeneous
media, made of a succession of transport zones and diffusion zones.

e The fourth test stationary boundary layer aims to check the ability of the
new scheme to solve a non-trivial stationary problem, and to evaluate the
accuracy of the results on a coarse mesh in the presence of a boundary layer.

In the figures, one can observe two or three curves: one curve corresponding to
our finite volume scheme (named FV), one curve corresponding to the DFE method,
and for the tests one and two, a last curve corresponds to the analytical solution.
To compare Cartesian mesh to unstructured mesh results in 1D, we use the spatial
discretization of the boundary obtained on the Cartesian mesh as the basis for the
unstructured discretization. For instance, when we say that the discretization cor-
responds to 100 cells along the x-axis, it means that if we use 100 edges of squares
(resp. 100 edges of triangles) discretizing the y = ¥, boundary for the Cartesian
mesh (resp. for the unstructured mesh).

5.2.1. First test: free streaming limit

The analytical solution is obtained using the characteristic method. We work on
the domain Q = [—1, +1] x [—0.08,0.08]. The type of unstructured mesh we use for
this test is shown on Fig. 5. Initial condition is

U(t =0, x, M) = ﬂxe[705;+0.5}, q=o0,=0,=0.
Zero incoming flux conditions are applied on boundaries

u(t,r = -1, y,w -ng, >0)=u(t,r=1,y,w- -n, <0)=0,
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Figure 5: Unstructured mesh used for the free streaming problem.

where n,, = (1,0)7 is the unit normal along the x axis. Final time of the calculation
is t = 0.2, and we use a time-step At = 0.02. The number of cells along the z-axis is
100 for the Cartesian cells. We compare the plot e(x) obtained with our new method
(FV) to the analytical solution, and the DFE result, for N = 1 (K = 4 directions,
Fig. 6 and 7), and N = 6 (K = 144 directions Fig. 8 and 9).

Results are very close to each other and in good agreement with the analytical
solution, whatever the kind of mesh (Cartesian or unstructured). Our scheme is
more diffusive than DFE, but DFE exhibits small overshoots and undershoots, which
makes the solution goes below zero, which relies on the second-order accuracy of these
methods.

The angular convergence is illustrated for N = 6 (K = 144), on Fig. 8 and 9.

We have done tests with very large CFL numbers, to verify that the new method
indeed restores the purely transport regime in an unconditionally stable way, whereas
the algorithmic complexity of the solver is comparable to the one of an implicit
diffusion type solver.

5.2.2. Second test: diffusion in homogeneous media

In this test, initial and boundary conditions are unchanged, except for the scat-
tering cross section, which is taken as oy = 10°. In these conditions, the problem is
steep enough for the diffusion limit to be valid. This problem is intended to verify
that our new scheme is Asymptotic Preserving. In addition, we do not expect any
dependence of the result w.r.t. angular discretization. The analytical solution of the
test is the solution of the diffusion equation de = Dd%e with D = v/(30,) associ-
ated with the initial condition e(t = 0,2) = Lyc[—0540,5)-
The time-step At = 1 is used for all the results in this section. The type of unstruc-
tured mesh used for this test is the same than for the previous one (see Fig. 5, with
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Figure 6: Comparison of e between finite volume and DFE, on Cartesian mesh, for the free stream-
ing problem, with N =1 (K =4) and At = 0.02.

100 cells along the x-axis. We plot the curve of e(x) at time ¢ = 103, with two differ-
ent angular discretizations N = 1 (K = 4), see Fig. 10 and 11 and N = 6 (K = 144),
see Fig. 12 and 13. We observe a very good agreement between the two methods.
The solution does not depend on the angular discretization, and is superimposed to
the analytical solution, even on these coarse meshes. The unstructured mesh result
is as satisfactory as that of the Cartesian mesh, and respects the maximum principle
on e. Moreover, it behaves like a classical implicit diffusion solver, whereas the DFE
method requires the use of an acceleration technique (DSA or TSA).

5.2.3. Third test: transport/diffusion interfaces

This problem requires a sufficient number of angular directions to be interesting,
and we take NV = 11 (K = 484 directions) for the finite volume method and K = 496
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Figure 7: Comparison of e between finite volume and DFE, on unstructured mesh, for the free
streaming problem, with N =1 (K = 4) and At = 0.02.

directions for the in the DFE method in the following!. For this test, the scattering
cross section is discontinuous:

0s = 10°L 50304 + 10°Lizicio506 + 10 Lizici07.08 L5095

and we have

IThe angular quadrature formula implemented being different for the two methods, we cannot
use exactly the same number of directions. However, we checked that the angular convergence is
achieved.
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Figure 8: Comparison of the angular moment e between finite volume and DFE, on Cartesian mesh,
for the free streaming problem, with N = 12 (K = 576 for FV and K = 544 for DFE) and
At = 0.02.

The initial condition is

u(t = 0,2, 1) = laej—o.1:40.1)-
The unstructured mesh is depicted on Fig. 14.

We draw the profile e(¢,x) at time ¢ = 1, 10 and 100, and compare our new
scheme with the DFE method. Results for t=1 are given on Fig. 15 and 16.

All the curves agree well for |z| > 0,4. The precision with which these waves are
captured in the x < 0.3 zone obviously does not influence the precision for = > 0.3,
which is reassuring. In particular, the height of the flat area for x €]0.4;0.5[ fits
perfectly between methods, whatever the mesh (Cartesian or unstructured).

Results for t=10 and for t=100 are displayed on Fig. 17 and 18 and Fig. 19
and 20, respectively. The results of our method fit very well the results of the DFE
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Figure 9: Comparison of the angular moment e between finite volume and DFE, on unstructured
mesh, for the free streaming problem, with N = 12 (K = 576 for FV and K = 544 for DFE)
and At = 0.02.

method. In addition, the positions of the discontinuities of the derivative of e match
those of the cross section, as expected. We observe that our method fulfills the
maximum principle on e, while small oscillations occur in the DFE calculations,
again because of the second order accuracy of the method.

5.2.4. Fourth test: stationary boundary layer

This test is freely inspired from the analysis of Larsen & Morel [51]. It aims
at verifying the ability of our method to handle unresolved boundary layers due to
the steep variation of the cross sections. The objective is to be able to calculate
the correct slope of e on coarse meshes. As for the previous problem, this problem
requires a sufficient number of angular directions to be interesting. We take N = 4
(K = 64 directions in 2D) in the following. We are then interested in the profile
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Figure 10: Comparison of the angular moment e between finite volume and DFE, on Cartesian
mesh, for the diffusion in homogeneous media problem, with N =1 (K = 4) and At = 10.

of the moment of order 0, e, in particular close to the interface located at z = 0.8
where a boundary layer develops.
For this test, we have :

q = ljg<01, 00 = Ljzj<o.8 + 101 3je00.2) and o5 = 1021 5¢0.8,1.0-

The initial condition is :
u(t=0,z,u)=0.

The code used being unsteady, we reach the solution of this stationary problem
by taking in practice:

v=1, u(t=0,z,u) =0, t =107,
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Figure 11: Comparison of the angular moment e between finite volume and DFE, on unstructured
mesh, for the diffusion in homogeneous media problem, with N =1 (K =4), At = 10.

with a single iteration in time (At = 10%). The presence of an absorption term o, > 0
quickly makes the solution tends towards 0 for |x| > 1 and thus preserves it from the
influence of the boundaries of the domain.

We take 2 = [—1.2,+1.2] x [—1;+1] for the Cartesian mesh. On unstructured
mesh, we work on the domain Q = [-1.2,+1.2] x [-0.2,0.2]. An example of unstruc-
tured mesh used for this test is shown on Fig. 21.

In order to simplify the initialization (of du and e), we divide the calculation
domain in three different areas.

The results on Cartesian and unstructured meshes are displayed on Fig. 22. For
the comparison purpose, the DFE method is used with a very fine mesh, to obtain
a DFE reference solution. Our results, on both structured and unstructured grids,
agree very well with the reference DFE calculation.
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Figure 12: Comparison of the angular moment e between finite volume and DFE, on Cartesian
mesh, for the diffusion in homogeneous media problem, with At = 10.

We now focus on the behaviour of e at the boundary layer, close to x = 0.8.

ass Results are given on Fig. 24.
On this coarse mesh, the discontinuity of e at x = 0.8 is poorly restored in the
FV code, but the good agreement of the slope in the diffusion zone (x > 0.8) testifies
that the net flux at the interface is correct. With the DFE code, we can observe a
discontinuity of e at z = 0.8. As DFE methods are known to very well capture these
w0 boundary layers [51], the very good agreement with our method is very satisfactory.
It means that the net flux at the interface is correctly calculated by the new method.

Then we perform a spatial convergence study on the test 4. Results are displayed
s6s on Fig. 25. It shows that the slope is correctly calculated even on the 24 cells mesh.
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Figure 13: Comparison of the angular moment e between finite volume and DFE, on unstructured
mesh, for the diffusion in homogeneous media problem, with At = 10.

In addition, it shows the quick convergence of our new algorithm to the reference
DFE solution obtained on a very fine mesh (20000 degrees of freedom).

5.8. Lattice problem

We consider the lattice problem as described in [15]. The domain is 2 = [0, 7] x
[0, 7].

We divide the domain as in Fig. 26. The white area, bulk of the lattice, corre-
sponds to a scattering material and eleven blue area to absorbing regions. The black
region in the center is a scattering region, where a source of photons is emitted. Let
Q24 be the union of the eleven striped squares (absorption region) and let Q¢ = [3,4]?
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Figure 14: Unstructured mesh used for the transport/diffusion interfaces problem.

be the center region.

oq.(x) =10 and o4(x) =0 if x € Q4

Then, we have :
oq.(x) =0 and o4(x) =1 else

The source is concentrated in the center (in the black square), such as

s(g)=1 if =€ Qe
s(x) =0 else

We used a 140 x 140 mesh, with At = 1072, The test is performed on Cartesian
and unstructured meshes for our method, and on a Cartesian mesh for the DFE
method. The kind of unstructured mesh used for this first test is given on Fig. 27.

a75 We plot the map of e(x,t) at time ¢ = 3.2 on Fig. 28 to Fig. 33. Our results are
comparable to those obtained in other publications [16, 28, 42, 43, 58, 62, 66, 67|.

We compare our results in 2D on Cartesian mesh, unstructured mesh and a test
carried out with DFE on Fig. 34 and Fig. 35. The left figure represents the results
obtained on Cartesian mesh with the new scheme, the right figure represents the

as0 results obtained with the new scheme on unstructured mesh, and finally, the middle
figure is that obtained with the DFE.
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Figure 15: Comparison of the angular moment e between finite volume and DFE, on Cartesian
mesh, for the transport/diffusion interfaces problem, with N = 11 (K = 484) and At = 1, plot
at time ¢t = 1.

6. Conclusion

We have presented in this article a finite-volume scheme for a linear transport
equation derived from a linearization of the radiative transfer equations. This scheme
as been implemented on 2D unstructured meshes, and satisfies the following proper-
ties:

P1 to be consistent on general meshes,
P2 to enforce the conservation of radiative energy,

P3 to be able to handle all the radiation regimes from free-streaming to diffusion
(Asymptotic Preserving),
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Figure 16: Comparison of the angular moment e between finite volume and DFE, on unstructured
mesh, for the transport/diffusion interfaces problem, with N = 11 (K = 484) and At = 1, plot
at time ¢t = 1.

P4 to have the radiative energy degrees of freedom located at the centers of the
elements to ensure the compatibility with the hydrodynamic scheme.

P5 to allow us to use the limit diffusion scheme of our choice.

As our scheme is implicit, we used a system of sub-iterations to avoid to solve a global
linear system (of size equal to the cells number x directions number), while remaining
stable. In addition, this sub-iterations system is acting as a fixed point loop, in order
to get rid of the non-linearity of the diffusion scheme. Thanks to the properties of
our diffusion scheme, we enforce the energy to remain positive in this regime, for
which radiation and matter temperature are strongly coupled. We have conducted
numerical 1D tests on structured and unstructured 2D meshes, which assess that the
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Figure 17: Comparison of the angular moment e between finite volume and DFE, on Cartesian
mesh, for the transport/diffusion interfaces problem, with N = 11 (K = 484) and At = 1,
plot at time ¢ = 10.

expected properties are respected. Finally, we carried out the Lattice problem test
to compare our results with existing methods, in particular the Discontinuous Finite
Element (DFE) discretization. In the future, we aim at designing a scheme which
enforces the positivity of the energy in all regimes.
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Figure 18: Comparison of the angular moment e between finite volume and DFE, on unstructured
mesh, for the transport/diffusion interfaces problem, with N = 11 (K = 484) and At = 1,
plot at time ¢ = 10.

sos Appendix A. Proof of the accuracy of the boundary integral approxima-
tion

In the following we prove that

1 1
= [ on == "llemy + O(h?),
1071 Ja; 193147
) ) (A1)

T~ N = ~—— ¢rc'r+0h27
107 Ja; |3J|% ’ ()
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Figure 19: Comparison of the angular moment e between finite volume and DFE, on Cartesian
mesh, for the transport/diffusion interfaces problem, with N = 11 (K = 484) and At = 1,
plot at time ¢ = 100.

where h = max |[|.
1)

/ pn = Z /Sﬁnjl, | are straight,
% 1) 7!
= Z /(@znjz + (Vo)i(x —x;) + O(hQ)) ,  Taylor expansion,
1) 7!

= Z |l|90lnjl + O(h3)> fl(])(m - ml) =0.
1(4)

Since |07 = O(h), it proves the first line of (A.1).

37



DFE - FV COMPARISON
U.]_ﬁ T T T T T T

DFE

0.14 P L TR T T P TR T L T PP E T ey Fv
5

0.12 ;.-ml" ."ruua
0.1 | . . .
0.08 | ‘ \ ]
0.06 | .
0.04 | ' ! 1
0.02 | ! -

0 I v

_002 1 1 1 1 1 1 1 i i
-1 -08 06 04 -02 0 02 04 06 08 1

X position

moment of order 0

Figure 20: Comparison of the angular moment e between finite volume and DFE, on unstructured
mesh, for the transport/diffusion interfaces problem, with N = 11 (K = 484) and At = 1,
plot at time ¢ = 100.

Now, we define [(r(j)) as the edges sharing the vertex r in the cell j and r(I(j))
as the vertices of the edge [ of the cell j. Using C;, = %Zl(r(j)) lllnj;, and ¢, =

: Do) Pr T O(h?*), we deduce

ZSDTCJT = %Z Z (Prmnﬂv
r(5) j j

r(4) (r(4)
1
IS i
1(g) (1))
= Z l|eimj + O(R?).
1(5)
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mesh test 4
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Figure 21: Unstructured mesh used for test four: stationary boundary layer.

si0 Using |07 = O(h), yields the second line of (A.1). W

Appendix B. Proof that f: is symmetric definite positive

. . :{rl K . . . . .
Due to the definition of D, = vAtZwka};ka ® wy, it is obvious that it is

k=1
symmetric and non negative. The only non obvious property is the invertibility of

the tensor. Let & € R? (d the dimension of the space) , we have to prove that

:ch:zc =0 < « = 0. The sufficient part of the condition is obvious. Simple
algebra shows that

K K
xTvAt E wray Wi @ wix = vAt E wial , (wy, - )2
k=1 k=1

—_—n
Since At, v, wy and ay, are positive and non zero, the condition D,z = 0 is
equivalent to
wi-x =0, Vk.

Since there is at least d independent vectors wy, the set of wy, spans R? meaning
that @ is orthogonal to all vectors of R%. Soxz =0. N
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Figure 22: Comparison of the angular moment e between the DFE method and the FV method
in Cartesian and unstructured meshes, for the stationary boundary layer problem, with N =4
(K = 64) and At = 10°. The DFE reference uses 10000 cells (20000 degrees of freedom).

Appendix C. Reminder about the Sherman-Morrison lemma

A corollary of the Sherman-Morrison lemma. Let TK be the identity matrix

of size K x K, and let @ and b be two vectors of size K. The matrix Iy —a ® b is
invertible if @ - b #£ 1, and its inverse is:

a®b

(iK—a@)b)_l = TK—i—m.
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Figure 23: Comparison of the angular moment e between finite volume and DFE, on Cartesian
mesh, for the stationary boundary layer problem, with N =4 (K = 64) and At = 10°. Zoom
around x = 0.8.

Proof:
We start by noting that (a ® b) (a @ b) = (a - b) (a ® b) ; indeed:

K
For i,7 from 1 to K: [(a®b) (a ® b)]i,j = Z a;by agb; = (a - b) [(a ® b)]i,j .
k=1

Then, we suppose that a - b # 1 and we develop the product of matrices:

= = ®b = ®b ®b ®b

[l

sis that proves the corollary W
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Figure 24: Comparison of the angular moment e between finite volume and DFE, on unstructured
mesh, for the stationary boundary layer problem, with N =4 (K = 64) and At = 10°. Zoom
around x = 0.8.

Appendix D. Proof that the advection scheme is conservative

At convergence of the sub-iterations, we have an advection scheme of the form:
n+1 n
5uk,r - 5uk,r

UAt + [wk . Véuk]:fﬂ = O,

with

n+1 1 7] n 1 7 n
lw, - Vou]" = > mnﬁ.wk(suk;w% > llng - widupt,,

I n, jwi>0 I, n, wE<0

where [ is the edge intersecting segment [rr'].
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Figure 25: Comparison of the angular moment e of the F'V code, for different numbers of cells, for
test 4: stationary boundary layer, with N = 4 (K = 64) and At = 10°. The DFE reference use
10000 cells (20000 degrees of freedom). Zoom around z = 0.8.

We would like to show that the sum of the flux [wy, - Vdug]"*" on each node is
equal to zero. It remains to show that the value V,duy, is conserved.
In the following, we consider periodic boundary conditions.
Let r and " be two adjacent nodes.

We write the flux from node r to node r/, we get

n+1

7] B n+1 - .
7, | - widug,” i ng-we >0
" | m,j- wpdup ' ifnj-w, <0

Thus, an/ + Fr’r = 0.

43



7
ﬁ

_
7

7
.

Q

Figure 26: Lattice calculation domain.

Appendix E. Proof that the advection scheme is unconditionally stable

The advection scheme has the form
Sup P = Su . — At [wy, - Vo2

n+1,p+1/2

We can rewrite it with the expression of [wy - Vouy],

, which gives

ntlptl _ gm0 1 i\ - ntiptl | 1 i|m - n+1,p
Suy, = ouy, ,—Atv v E l| n,; - wrduy, + 7 E | - wibuy )
T T

l~, 'n,Tl~~wk>0 [, n, Wk <0

530 Let v, = YAt ]| n ;- wy, and v = & Z VAt [l 17wy, = Z Uy

Vi Vr
l~, n, jwi>0 l~, n, jwi>0

Then, factorising by duj=""*! we get

n+1,p+1 . n n+1,p
oup, " (1 +v) = duy, — E v ouy,,

I n, jwi<0
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mesh lattice problem
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Figure 27: Unstructured mesh used for lattice problem.

1,p+1 1 v 1
= 61,62-: P — T&uz?ﬂ — E 1 _: 57,62-:/ P
) v ) . 1% )
l,nrl-~wk<0
. 1% . . .
Given that e E 1_: = 1, we obtain a convex combination of
v v
l,n, pwi<0

1p+1 : 1 .
Sub TP depending on duf , and du) P, Vv, which means VAt. W
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Figure 28: Cartesian mesh 140 x 140, lattice problem, map of e, N = 1 (K = 4), time t = 3.2.

s33. Appendix F. Proof that the diffusion scheme is conservative

ﬁ(e’”rl —e") + M(e"henl = h+g

We consider our diffusion scheme:
en+1 > O

With
Aj

75
‘I’;zZ/nllI( ; )
: Tzl T

)\m m
Cbm,l:/_tgyl‘ ( + L )

| ||
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Figure 29: Cartesian mesh 140 x 140, lattice problem, map of e, N =2 (K = 16), time t = 3.2.

and

M@= | D et Y oy

1ej\oQ 1€jNON
Dt g
[M(e)]jm = _TjJZf] 7£ m

We consider periodic boundary conditions, so we have [M(e)];; = Vi] <Z ¢>j7l> :

lej
We need to prove that if h = 0, then Vn > 0, Z V}e?“ = Z Vie}, where V;
jeM jeMm
corresponds to the volume of cell j.
The continuous version of it is < [ e = 0.

dt
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Figure 30: Cartesian mesh 140 x 140, lattice problem, map of e, N = 3 (K = 36), time t = 3.2.

Vje M, = (et —eb) + Z [M (™)) jmertt =0,

At J
meM
= ) Vel = Ve + ALY VY M) e =0,
JEM JEM JEM meM
And,
+1 +1 +1 +1 +1
E V; E e )] jmem =V g [M(e™ )] mmen+ g g e" )] jmenm
JEM meM meM JEM, jF#mM mEM
l l
P IPIE LR DI D P
meM lem JEM,jF#m meM
= E E D, emt — E E ®,, et
meM lem meM jeM,j#m

48



7 1e+00
6 le-01
5 le-02
4 1e-03
3 le-04
2 1e-05
1 le-06
0 le-07

0 1 2 3 4 5 6 7

Figure 31: Cartesian mesh 140 x 140, lattice problem, map of e, N = 6 (K = 144), time ¢t = 3.2.

=D ) Tt = Y > e

meM lem meM leém

540 because [M(e)];m = Py = 0 if j and m are not adjacent.
Then, Y V; > [M(e™)]jmep™ = 0, which implies:

JEM meM
n+l __ on
Vn > 0, g Viel™ = g Vel
JjEM JEM
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Figure 32: Cartesian mesh 210 x 210, lattice problem, map of e, N =6 (K = 144), time ¢t = 3.2.

Appendix G. Proof that the diffusion scheme respect positivity and is
unconditionally stable

Positivity. Setting h = g = 0, our diffusion scheme writes: "™ = e"— At M (e"t1)en 1,
with
Aj

7
@«,z:mw( n )
J R

A7'7’L m
@m,l_mu( T )

s || (2|

and

M= D Put Y My

lej\oQ lejnon
[
[M(€)]jm = —Tj’l if j#m

50



7 1e+00
6 le-01
5 le-02
4 1e-03
3 le-04
2 1e-05
1 1e-06
0 le-07

L]
=
%]
Cad

4 5 6

=]

Figure 33: Cartesian mesh 140 x 140, lattice problem, map of e, N =8 (K = 256), time ¢t = 3.2.

T le+00 lo+00

B le-01
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4 .’ ‘. le-03
3 r : le-04
z 1e-05
1 1e-06
] 1e-07

a 1 2 3 4 5 [ 7

Figure 34: Comparison of results on lattice problem. Left: FV method, Cartesian mesh 140 x 140.
Middle: DFE code, Cartesian mesh 140 x 140. Right: FV method unstructured mesh. K = 4, time
t=3.2.

le-01

le-02

w

le-03

le-04

1e-05

1e-06

1e-07

We denote by S the set of the index of the cells. Then, for all j € S, we have
et =el — At Z [M(e)]jmet

J
meM
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Figure 35: Comparison of results on lattice problem. Left: FV method, Cartesian mesh 140 x 140.
Middle: DFE code, Cartesian mesh 140 x 140. Right: FV method unstructured mesh. K = 144,

le+00
le-01
1le-02
: 1e-03
le-D4
le-05

Lle-D6

le-07

time ¢ = 3.2.
= et =ef — AtM(e)ert — AL Y [M(e)]mep
meS,m#j
1 AtM(e)]
= "t = e — Jm_ntl
T 1+ AM(e)]y; me;#j 1L+ At[M(e)];;
Given definition of [M(e)];; and [M(e)];m, we are able to easily show that
—At[M(e jm oL .
m and Z T A[t[ ]\(4 ()e];]jj are two positive quantities.

meS,m#j
Thus, the diffusion scheme is positive. W

sso  Stability. Concerning the stability of the scheme, we refer to [14].
In this article, it is shown that for A > 0, ¢ > 0 and " > 0, it exists a solution e"*!,

and the fixed point strategy converges to it.
|

Appendix H. Proof that the global scheme is conservative

555 Summing over all the cells Eq. (25), considering the absorption term o, = 0 and
the source s = 0, one gets

Z ‘/}egb-l-l,p-&-l _ Z VAL Z ‘l’ <ﬁ? [Ve]anrl,erl) ‘n
J J 1)

K
= Z Viel — Z vAt Zwkwk (QZT + BZ}“’) -Cp,
J

j r(j) k=1
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The term Z vAtZ U ( [Ve] "+1’p+1) -nj, = 0 because of property 3.6.

ZZ Zwkwk Ozkr +ﬁn+1,P . ZZ Zwkwk akr +/8n+1,p) )
i @)

k=1 rklj(r

=2 Z wewi (o, + 5:7) - D Cr
u i(r)

=0,

because Z C,, = 0, refer for instance to [22].

3(r)
K
Appendix 1. Proof that Z widuy, = 0, vn.
k=1
K
560 We prove it by induction. Initially, S+ re1 0ug, = 0. Let us assume that Z wkéu"+1’p
k=1
0.
We consider the scheme:
Sult LTl _5yn n n
% oy - Er 4wy - Viu Ak +1L,p+1/2 + g Synthetl
K
= w [wp - Voup T — o (Ve 4G

k'=1

Then, we multiply the equation by w; and we sum over k

Using that Y, wy = 1, we havezwk Wi - Vou] 12 — Zwk Zwk’ wh - Vo2,
=1 k=1

565 Then, we have Zwkéq}jm = Zwkq};r - Zwksf = s, — s, = 0, by definition

k=1 k=1 k=1
of dq.
K K
Then, we have that Zwkwk Vet = [ttt Zwkwk = 0 because
k=1 k=1
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K
Z wrwy = 0, by definition.

570 k=1

1

Finally, we get (- + o7.,) E wk5u"+1p+1 AL E wiouy, =0

/l} 7
k=1 k=1

jzw 5un+1p+1 0,

because —; + o, # 0. Then by induction, Z wk5uk =0 Vm and Vq.
k=1

|
Appendix J. Proof that the global scheme is Asymptotic Preserving

From the hypothesis 0, — o0, 0, — 0 and ¢ — 0, up to O(%), we define the

ss discrete Knudsen number ¢ = 1/(vAtof,). In addition, we assume that the initial
condition is well-prepared, meaning that duj, = O(e).

Then from definition (17), we infer that:
ap, =e+0(), and by, =0(1).

It yields that (TK + fi®bﬁ ) =TIx+ O(e) and from Eq. (18) that

PO
2 =0, Brtt = O(2) and G = O(e).
We can now infer from Eq. (19) and Eq. (20) that
Suptt = O(e).

Moreover, the expression of the flux fr+#+!

given by Eq. (22) reduces to
frvt = =D, (Ve 4 0(),

and from the definition (23) of ﬁf, we deduce that

Zwk vAto tka @ wp + O<E2)a

— IK+O( %),
30't
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because of the constraints on the angular quadrature (6). The reformulation (25)
does not change this analysis, which implies the result.
[
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