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Abstract 

Recent theoretical and experimental findings demonstrate that modeling ultrasonic attenuation of a concentrated colloidal 

suspension requires inclusion of shear-induced contributions, an element being unaccounted for by most scattering 

models. Herein, we extend a hydrodynamic model from low to high particle volume fraction by effectively relating the single 

particle dynamic drag to particle concentration to account for hydrodynamic inter-particle interactions. We calculate an 

expression for the complex-valued effective dynamic mass density at high concentrations, which is then combined with a 

viscosity-corrected effective bulk modulus to estimate ultrasonic velocity and attenuation for a monodisperse suspension 

of solid spherical particles in a viscous liquid. The effective velocity and attenuation are functions of particle volume fraction, 

frequency, and physical properties of particles and liquid. We compare our results with those from two recently developed 

scattering models: a multi-modal multiple scattering model and a core-shell effective medium model, each taking into 

account the viscosity of the host fluid through shear wave influences. Finally, we find that our extended model predicts 

experimental attenuation data the best for a silica in water suspension compared to the results of other models. 
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1. Introduction 

Ultrasound spectroscopy is an effective experimental tool used to extract information (e.g. particle 

size and concentration) about colloidal suspensions. It has opened the door to multiple industrial 

applications, such as ceramics, food, chemicals, minerals, and pharmaceuticals, among others. [1]  
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This technique enjoys several advantages over other analytical tools such as the widely used light 

diffraction technique in that it can be employed in systems that are concentrated, optically opaque, 

and electrically non-conducting. Experimental spectroscopic measurements require interpretation and 

characterization which mostly come from theoretical models. Mathematical models relate 

experimentally observable quantities (e.g. attenuation and velocity) of a colloid to the experimentally 

inaccessible quantities (e.g. volume fraction and compressibility). The problem of predicting 

ultrasonic properties of particulate dispersions is long-standing and highly important, especially at 

high particle volume fractions. [2, 3] Most theoretical treatments are limited to dilute systems, and 

either focus on inviscid fluid host cases or consider viscosity without taking inter-particle interactions 

into consideration, thereby severely limiting their usefulness. Here, we investigate underlying 

mechanisms in dense colloids by extending a hydrodynamic model. 

Epstein and Carhart [4] and Allegra and Hawley [5] developed a scattering theory (known as ECAH 

theory) that is widely used to model attenuation; however, this theory treats each particle as isolated, 

disregards interactions among particles, and breaks down at high particle concentrations, low 

frequencies or large particle sizes. [2, 6] Multiple scattering theory, [7–12] on the other hand,  takes 

account of multiple scattering effects, meaning that scattered waves from one particle can reach its 

neighboring particles and can undergo rescatterings. This theory is grounded on the quasi-crystalline 

approximation (QCA) [13] and can satisfactorily predict ultrasonic properties of a particulate system 

from low to moderate concentrations. Since this theory is built around the idea that particle 

concentration be small and effective properties be expressed in terms of integer powers of particle 

concentration, despite the incorporation of pair-distribution functions, [8, 14] it fails at very high 

concentrations. [2] Using the principles of hydrodynamic theory, Ament obtained a complex-valued 

frequency-dependent expression for effective density, which appreciably differs from the traditional 

assumption of volume-averaged mass density. [15] In an attempt to model acoustic propagation 

through a concentrated dispersion of solid particles in a liquid, Harker and Temple formulated a 

coupled-phase model through consideration of bulk hydrodynamic properties of a suspension and 

calculated an effective compressional wavenumber. Their model takes account of fluid viscosity and 

is valid when the particle size is smaller with respect to the acoustic wavelength. This model, 

however, was found to give a lower level of agreement with experimental data than that of the ECAH 

model. [2, 16] A recent study by Valier-Brasier et al. [17], through an extension of a coupled-phase 

model and the ECAH model for a suspension of solid and liquid particles, showed analytically and 

numerically that ultrasonic propagation parameters predicted by both types of model give identical 

results in the dilute limit. 

One of the factors that confine conventional multiple scattering models to apply to dense 

particulate dispersions is the negligence of multiple scattering of additional wave modes (e.g. shear 

wave) produced at the surface of each particle from the incident compressional wave mode. 
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Recently, Luppé et al. formulated a multi-modal multiple scattering theory by incorporating the 

effect of wave mode conversion into their model [18, 19]; they considered rescatterings of shear waves 

produced at one particle by a nearby particle. Experimental findings by Forrestal et al. [20] for a 

suspension of silica spheres in water corroborated attenuation values predicted by this model. In an 

attempt to understand the effect of wave mode conversion on the effective properties of a suspension, 

Alam et al., [21] based on the coherent potential approximation (CPA), developed a core-shell effective 

medium model incorporating shear wave contributions into the model and calculated the effective 

bulk modulus and density. This work, however, has yet to investigate ultrasonic speed and 

attenuation. 

In this article, we investigate ultrasound velocity and attenuation for a concentrated suspension of 

solid spheres in a viscous liquid by taking inter-particle interaction into account. Our motivation 

comes from the need to benchmark the recently developed multimodal multiple scattering model of 

Luppé et al. [18] using a different approach and to develop a model applicable to highly concentrated 

suspensions due to multiple scattering models being inherently restricted to the low-concentration 

assumption. To this end, instead of developing a new model, we focus on identifying and removing 

the limitations of the existing hydrodynamic theory. We extend a hydrodynamic model (as discussed 

above) developed by Ament and adapt it to high particle concentration. Ament model calculates 

effective dynamic density by incorporating viscosity of the host fluid through an isolated-particle 

drag form, thereby neglecting hydrodynamic interactions among inclusions which restricts the model 

to low particle concentration. In order for the model to be applied to a concentrated suspension, here 

we update the drag by including the presence of other neighboring particles, thus relating it to the 

particle concentration; we then use a viscosity-modified bulk modulus from a scattering model to 

estimate the effective attenuation and speed. Since effective medium models are not restricted to low 

concentration, here we also examine the core-shell model recently formulated by Alam et al. and 

calculate an effective wavenumber from this model to investigate ultrasonic attenuation and velocity. 

The coupled-phase model of Harker and Temple built for concentrated suspensions is also studied. 

Recent experimental attenuation data for silica spheres in water is compared with the predictions of 

all four models. 
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2. The models 

2.1. Modified hydrodynamic 

Hydrodynamic models have some advantages over scattering models in predicting dynamic 

properties of a concentrated, viscous suspension. Unlike multiple scattering models that are valid only 

up to a limited concentration due to the low concentration assumption, hydrodynamic models, being 

self-consistent, do not have any constraint on particle concentration and can thus be used to determine 

the dynamic properties of a colloid at very high concentrations. Since most existing hydrodynamic 

formulations for solid suspensions are either limited to dilute cases [15, 17, 22] or suffer from poor 

modeling, [2, 23] here we extend a hydrodynamic model due to Ament from dilute to dense systems 

and estimate the ultrasonic attenuation and velocity of a two-phase concentrated suspension. Ament, 

using a simple yet elegant approach, derived an expression for the effective dynamic density inclusive 

of viscous effects. [15] He modeled the suspension in terms of volume-averaged values of local 

velocity and momentum. Combining equations of incompressible flow, conservation of momentum, 

and equilibrium between the dynamic drag on a sphere (which includes both inertial and viscous 

terms) and the rate of momentum transfer between the particle and the surrounding liquid, Ament 

arrived at a formula for the effective density, which, for a monodisperse suspension of spheres, is 

given by 

���� = �1 − �	� + ��� − ����������	
�����	���� ,    (1) 

where  � ∶= �
� + �

� � �
�� + � �

��� + � ��  �
��!�. 	    (2) 

Here, # = $�%/2(, 	* is the particle radius, ( the shear viscosity of the base fluid, � the particle 

volume fraction, and % the angular frequency; �� and � are the densities of the particle and the liquid, 

respectively. The reciprocal of	# is an important parameter known as the viscous boundary layer; its 

thickness compared to the inter-particle distance is a measure of the importance of viscous effects. It 

is of note that Ament’s paper suffers from some typographical errors and hence care should be taken 

when equations of this paper are used. 

Here, the factor, �, furnishes us with information regarding the nature of the hydrodynamic 

interaction among oscillating particles. It has three components: the first is the added mass term 

arising from the relative acceleration between the particle and the fluid; the second is related to the 

Basset/history force stemming from the unsteady diffusion of vorticity within the boundary layer 

around the particle; and the last is the Stokes’ drag due to the viscous force acting on the particle. [24] 

	�, being independent of particle concentration, is valid for dilute suspensions only, where each 

particle is effectively isolated. When a particle moves relative to a liquid material, it gives rise to a 

hydrodynamic field and produces a sliding motion of the liquid in its immediate vicinity. The region 
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in which this disturbance takes place is called the hydrodynamic boundary layer. As the concentration 

of the suspension increases, the average separation distance between particles reduces. When the 

thickness of the boundary layer becomes comparable to the inter-particle separation, the particles 

begin to interact with each other through their respective hydrodynamic fields. Therefore, to model 

concentrated suspensions, the hydrodynamic interaction term � needs to be modified and effectively 

related to the particle volume fraction. 

Since Eq. (2) is derived on the assumption of unsteady creeping flows, the Stokes’ drag must be 

modified when a particle is in a suspension. Richardson and Zaki [25] determined the Stokes correction 

factor to be �1 − �	��.,-, as we will demonstrate, this will serve our purpose to model attenuation 

effectively. Although the history/Basset force for a single sphere has been investigated by a number 

of authors, [24, 26–28] an expression to account for the concentration dependency of the force is not 

known and most probably does not exist in the literature. Since the effect of Basset force with respect 

to that of the Stokes’ force or inertial force is smaller, one can safely use the isolated-sphere form of 

the history force. Regarding the coefficient of the added (virtual) mass force, Harker and Temple used 

the Zuber’s correction factor (as discussed below), [29] which is derived using a cell model and is valid 

for a suspension of bubbles/droplets in liquids. [30, 31] This expression for the solid-in-liquid system 

significantly overestimates the effect of the added mass force at high concentrations. Zuber’s result 

is 

��..,/ = �
� 01 + ℒ2��		3,      (3) 

 with ℒ2��	:= 5�
���.      (4) 

Recently, Gus’kov, [32] taking account of pairwise interactions between spheres, calculated the 

added mass force experienced by a particle of arbitrary mass in a suspension. Using his correction in 

the leading order of particle volume fraction, the added mass term can be written as 

 ��..,6 = 
�
� 01 + ℒ6��,7 	�		3,      (5) 

with ℒ6��,7 	�	: = � 8
�9 − ���-

���,�
��7
���7 + �:

���,�
���7	�����7	�� 	�,   (6) 

where �; = �′/� is the density ratio. For a silica-in-water colloid, �; ≃ 2.1, and for 20% particle 

volume fraction, � = 0.2, which gives ℒ6 ≃ 0.045 and ℒ2 ≃ 0.750 ; therefore, according to 

Gus’kov and Zuber, the added-mass force of a silica sphere in a suspension increases by an amount 

of 4.5% and 75%, respectively. Zuber’s result for a solid-in-liquid system clearly produces unphysical 

results at high concentrations. Our analysis, using Gus’kov’s result, shows that this contribution of 

the added mass even for � = 0.6 to the overall change in the effective attenuation (which is sensitive) 

is of no real consequence. Also, the added-mass force is a second-order effect when compared with 

the Stokes drag, hence we can use the isolated-sphere form of the added mass coefficient as well, 

which is simply 1/2. A plausible explanation is that the inertial force being conservative is not 
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associated with loss and hence does not contribute to attenuation (which is predominantly viscous). 

After the systematic analysis, we thus write the modified interaction term as 

        � = �
� + �

� � �
�� + � �

��� + � ��  �
��!� �1 − �	��.,-.   (7) 

Recent studies have found that continuum theory remains valid to study nanoscale flows in a 

channel with size as small as 50 nm. [33, 34] Since we here are not investigating confined flows, the 

mechanical models, such as Richardson and Zaki and Gus’kov, can be safely applied to spheres as 

small as 50 nm in radius. 

Since the Ament model calculates effective density, an expression for the effective bulk modulus 

is needed to obtain an expression for the effective compressional wavenumber. Hydrodynamic 

models, being unable to calculate the effective bulk modulus of a suspension, assume a volume-

averaged compressibility or a harmonic (or Reuss) average of bulk modulus, [2, 23]. By contrast, 

scattering theory shows that the effective bulk modulus for a viscous suspension slightly differs from 

its inviscid counterpart [21, 35] and thereby affects ultrasonic attenuation and velocity to a noticeable 

extent. To calculate the effective wavenumber, we, therefore, choose to use the viscosity-corrected, 

effective bulk modulus expression of Ref. [21] which is given by 

	CDEEC	 = �FG�	�H�	�FI�	�	FG��	�JKLGGM�FI�	�H�	�FG�	N	�	5JKLGGM .    (8) 

Here, O is the bulk modulus of the liquid, P:QQ is the monopole scattering coefficient of the 

compressional wave, RQ = %/S + �	T and RU = $�%/2(	�1 + �	 are the compressional and shear 

wavenumbers in the liquid, S is the compressional wave speed, and T is the attenuation coefficient.  

It can be noted that Eq. (8), when expressed in terms of the Lamé parameters through 	RQ , 	RU, and 

P:QQ, takes the well-known effective bulk modulus form obtained by Kuster and Toksöz for a solid-

in-solid system. [21, 36] We prefer the form of Eq. (8), because it captures more information about 

attenuation, such as the bulk viscosity, through the monopole scattering coefficient and the 

wavenumbers, and can effectively model attenuation even for small particles, as we shall see. 

Since the wavelength of shear (viscous) waves in the liquid is much smaller than that of shear 

waves in the solid, or of compressional waves in the liquid, an effective compressional wavenumber 

V can be approximated as 

V� = RQ� 	DEE
C

CDEE	.     (9) 

Therefore, Eq. (9) with Eqs. (1), (7) and (8), can be written as 

V� = FG�
�FI�	�H�	�FG�	N	�	5JKLGGM�FG�	�H�	�FI�	�	FG��	�JKLGGM W�1 − �	� + ��� − ����������	

�����	���XY�	�	Z[ Y\]	�	J Y\]!	�	JZ[ Y\]!�����	^[._`ab	. 
            (10) 

The effective velocity and attenuation are given by Re�%/V		and Im�V	 respectively. Since 

Brownian diffusion has a second-order effect on hydrodynamic interaction for a very dilute 
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suspension of small particles, [37] here its effect on ultrasonic velocity and attenuation is assumed to 

be negligible. It is noted that the model is not valid for concentrations of particles that are too dilute 

such that the interparticle distance becomes larger than the wavelength of the compressional wave. 

To summarize, we have extended Ament’s model from dilute to dense systems by incorporating 

hydrodynamic particle-particle interaction into the model and calculated effective dynamic density. 

An effective bulk modulus inclusive of both bulk and shear viscosity obtained from a scattering model 

is then combined with the effective density to estimate ultrasonic velocity and attenuation for a dense 

suspension of solid spheres in a viscous fluid. 

 

2.2. Harker and Temple 

To estimate ultrasonic propagation parameters for monodisperse suspensions of solid particles, 

Harker and Temple developed a coupled-phase model based on hydrodynamic principles.[23] The 

model was investigated by a number of authors[2, 16] for ultrasonic velocity and attenuation and found 

to differ significantly from the experimental data. As the model neglected heat conduction, the 

discrepancy was primarily attributed to the negligence of thermal effects for both emulsions and 

suspensions. Since for a high-density contrast ��; > 2	 dispersion, thermal effects are of less 

significance compared to viscous effects, [5, 38] we here compare the model with the modified Ament 

model and indicate that the disagreement of the Harker and Temple model with the experimental data 

is mainly due to the poor modeling of the hydrodynamic interaction among particles rather than the 

disregard of thermal effects. 

The coupled-phase model assumes that the ensemble of the particles forms a single continuum and 

the base liquid does the other so that each phase can be described by average properties, without any 

spatial coordinate. Upon employment of the conservation of linear-momentum and mass equations 

for both phases separately, and incorporating the drag force on one phase caused by the other into the 

momentum equations, Harker and Temple obtained four governing differential equations for the two-

phase suspension. In the presence of an ultrasonic field, state variables - such as velocity, density, 

and pressure - are assumed to have small perturbations from their (static) equilibrium values. 

Expressing each state variable as the sum of its equilibrium value plus a small perturbation, and 

solving the resulting set of equations, they obtained the following expression for the effective 

compressional wavenumber for the particulate mixture: 

	V� = %�0�1 − �	h + �h�3 H��������	������	M
�����	��0�������	3 ,    (11) 

where  �:= �
�  ������� ! + �

� � �
�� + � �

��� + � ��  �
��!�,    (12) 

Here h and h�are the compressibilities of the liquid and the particle, obtained from V� = �h%� and 

V� = ��h�%� in the limit of � = 0 and � = 1, respectively. Eq. (11) is the dispersion relation that 

relates the effective compressional wavenumber to the physical properties of the component phases 
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of the suspension as well as to the interaction between them. As the model uses volume-averaged 

conservation equations for each phase, the effective wavenumber matches the wavenumber of the 

dispersed phase if the particle volume fraction is set to 100%, and the model is thus self-consistent. 

The assumption that all the particles in the mixture constitute a continuum restricts the model to the 

long-wavelength regime (i.e. 	RQ* ≪ 1). The model takes into account the hydrodynamic interaction 

among particles through � and is thus valid for concentrated suspensions. The viscous interaction is 

included in the Stokes drag and the Basset history force through Vand’s effective viscosity 

formula,[23] so the particles can suspend in a fluid of viscosity equal to that of the suspension as a 

whole, instead of the viscosity of the base fluid. Vand’s effective viscosity expression for spherical 

particles is 

(��� = (�1 + 2.5� + 7.349�� +⋯	.     (13) 

Harker and Temple used # = $�%/2(��� to evaluate � instead of the viscosity of the continuous 

phase (. Since the added-mass term in S does not contain the fluid viscosity, Harker and Temple used 

Zuber’s added mass coefficient to account for the particle-particle interaction due to the inertial effect. 

As explained above, Zuber’s expression overpredicts the effect of added-mass interaction among 

solid particles in a liquid. 

 

2.3. Multi-modal multiple scattering 

The multi-modal multiple scattering model formulated by Luppé et al. incorporates the effects of 

the reconversion of a shear wave mode into the model, which is in contrast with the traditional 

scattering models, such as ECAH, [4, 5] Lloyd and Berry,[9] and Waterman and Truell, [7] where the 

scattering of a compressional wave is considered only, disregarding shear wave contributions. 

Although the shear wave decay length at low concentrations (and/or high frequencies) is small 

compared to the average interparticle distance, at high concentrations (and/or low frequencies) the 

shear wave produced at one particle, due to a longer decay length, can get rescattered by an adjacent 

particle, converting back into the compressional wave mode which contributes to the overall effective 

compressional wave field and consequently affects ultrasonic attenuation and velocity. 

While Forrester et al. have recently compared ultrasonic attenuation predictions from the 

multimodal multiple scattering model with the experimental data and with the predictions of the 

single-mode multiple scattering model of Lloyd and Berry, the effective velocity remains to 

investigate. Also, the model needs to be compared with other concentrated, visco-acoustic models 

because the Lloyd and Berry model does not account for the effect of wave mode conversion and is 

thus limited to inviscid base fluid suspensions and low concentrations. Here we investigate both 

attenuation and velocity predictions of the multimodal multiple scattering model by comparing them 

with those of the other concentrated models inclusive of shear waves. According to the formulation, 
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the effective compressional wavenumber, inclusive of shear-induced effects, up to third order in 

concentration can be written as 

V� = Rm2 �1 − 3��
�Rm*	3 �P0mm + 3P1mm	− 27�2

�Rm*	6 �P	0mmP1mm + 2P1mmP1mm	+ Δ2mo +	Δ3mo�,    (14) 

with Δ�	QU ∶= − �8J��
�FG�	_

FGNp�FG��FI��Ω	P�QUP�UQ,      (15) 

  Δ5QU ∶= − 9�J�N
�FG�	Z

FG_.�
�FG��FI��Ω

�	P�QUP�UQP�UU,     (16) 

  Ω ∶= RQq	r:��RQq		ℎ:�RUq	 − RUq	r:�RQq		ℎ:� �RUq	,   (17) 

where q = 2* is assumed to avoid the overlapping among spheres, with * being the particle radius; 

� = √−1 is the imaginary unit, r: and ℎ:	are zero order Bessel and Hankel functions;		Puvw (presented 

in the Appendix) is the xth order partial wave scattering coefficient of a scattered wave of mode y =
m	or	o produced from an incident wave of mode | = m	or	o. [39] Δ�QU and Δ5QU are additional terms in 

the model that include the mode-conversion (acoustic-shear) contributions; in the high frequency or 

long shear wavelength limit, these two terms vanish, and Eq. (14) reduces to the effective 

wavenumber for solid particles in inviscid liquid suspensions, as given by the Lloyd-Berry model. [9] 

Although the multiple scattering model is valid for arbitrary frequencies, Eq. (14) is simplified under 

the condition that the compressional wavelength is much smaller than the particle radius *, (however, 

no assumption is made regarding the shear wavelength). Therefore, the total scattering is 

approximated by retaining the monopole and dipole modes only. The multiple scattering model is not 

self-consistent in that the particle volume fraction does not approach 100%. The model assumes a 

low concentration assumption to derive the effective wavenumber. Full details of the model can be 

found in Ref. [18]. 

 

2.4. Core-shell 

Alam et al., based on the partial wave analysis, have recently developed a core-shell, self-

consistent effective medium model for a suspension of solid spheres in a viscous fluid.[21] They have 

incorporated the viscosity of the base fluid through shear waves into the model and have found the 

viscosity to produce an appreciable effect on the effective bulk modulus and density. Since this model 

has not yet investigated the effective velocity and attenuation, here we examine these acoustic 

properties by comparing them with other visco-acoustic models and experimental data to see the 

suitability of the model in predicting dynamic properties. 

The colloidal suspension is modeled as a particle surrounded by a shell of viscous base liquid 

which itself is embedded in a homogeneous medium having the same effective properties as the 

suspension as a whole, thereby reducing the many-particle problem to a single-particle one. The shell 

radius } is related to the particle radius * through the concentration of the whole suspension by � =
�* }⁄ 	5; the more particles are in the suspension, the thinner the shell becomes and vice versa. 



10 on 20 

Thermal effects have been neglected on account of high-density-contrast suspensions. To derive 

effective properties, the wavelength of the acoustic wave is considered to be much smaller than the 

shell radius and the interparticle spacing between particles. Assuming that the scattering 

characteristics of the core particle are known, continuity of the radial and tangential displacements 

and stresses at the boundary between the shell and the effective medium is imposed for each Rayleigh 

partial wave order independently. Since viscous liquids support shear waves, mode conversion is 

accounted for by including shear waves along with the compressional waves in the boundary 

equations. The self-consistent solution is then sought by invoking the coherent potential 

approximation such that the core-shell system within the effective medium generates no scattered 

waves in the lowest orders of scattering coefficients. The monopole and dipole modes are the 

dominant scattering modes in the long-wavelength limit. For an incident compressional wave, an 

effective bulk modulus O��� is derived from the monopole mode and an effective density ���� from 

the  dipole mode, which are respectively given by: 

    O��� = C�FGp	N��J�KLGG�FGp	N�5JKLGG        (18) 

     ���� = �
�,      (19) 

with �:= 6�P�QQP�UU − P�QUP�UQ	0RU}ℎ�� �RU}	 + 2ℎ��RU}	3 
       +6P�QQ0RU}	r���RU}	 + 2r��RU}	3 − 3RQ}	P�UQ − 6 KYGI�FGp	��FIp	  

       +i�RQ}	5P�UU0ℎ��RU}	 − RU}ℎ�� �RU}	3 +i�RQ}	50r��RU}	 − RU}r���RU}	3, (20) 

and 

 � ≔ 3�P�QUP�UQ − P�QQP�UU	0RU}ℎ�� �RU}	 − 7ℎ��RU}	3 
       −3P�QQ0RU}	r���RU}	 − 7r��RU}	3 − 3RQ}	P�UQ − 6 KYGI�FGp	��FIp	  

       + i�RQ}	5P�UU0ℎ��RU}	 − RU}ℎ�� �RU}	3 +	i	�RQ}	50r��RU}	 − RU}r���RU}	3. (21) 

where � = −�ω( is the shear modulus of the liquid. Since shear waves do not exist in the monopole 

mode, the viscosity of the base fluid is included in the complex Lamé parameters. An effective 

compressional wavenumber for the core-shell model can be calculated from Eq.(9) using Eq.(18) and 

Eq.(19) with Eq. (20) and Eq. (21). Although the application of the self-consistent condition restricts 

the model to the long-compressional wavelength region, no such restriction is placed on the shear 

wavelength. Unlike the case of a solid medium, the shear wavelength in a viscous liquid is not the 

same order of magnitude as the compressional one, which allows one to investigate a broad range of 

shear wavelengths while at the same time staying in the long compressional wavelength regime, thus 

observing the dynamic behavior of the effective velocity and attenuation. The model is not restricted 

to a certain concentration range, but the long compressional wavelength assumption places a limit on 

frequency and particle size, which depends on the concentration. Details of the model can be found 

in the original paper. [21] 
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3. Results and discussions 

Numerical calculations are performed in Matlab for silica spheres in water at 25°C. The physical 

properties of silica and water are used from Ref. [20]. Ultrasonic attenuations as a function of frequency 

calculated from the above four models are compared with the experimental attenuation data of silica 

spheres in water obtained from Ref. [40]. Here we use particle densities of 2280 kg.m−3, 1980 kg.m−3, 

1986 kg.m−3, and 2041 kg.m−3 for particle radius of 50 nm, 107 nm, 215 nm, and 500 nm, 

respectively to plot Figure 1 to compare with the experimental data. We also plot attenuation as a 

function of particle concentration and ultrasonic velocity as functions of frequency and particle 

volume fraction. For these plots, we use a fixed particle density of 2041 kg.m−3 because we compare 

theoretical predictions from each model. The computational data for the four models is available in 

Ref. [41]. As each of the four models is studied for the long-compressional wavelength approximation, 

for the simplicity of the numerical calculation, we have used the closed-form analytical expressions 

for the multimodal scattering coefficients [21, 39] (given in the Appendix) rather than obtaining them 

numerically from the matrix-inversion of boundary equations to evaluate the effective wavenumbers 

from the multiple scattering model and the core-shell model. 

A Malvern Ultrasizer MSV spectrometer operated in a through-transmission ultrasound mode in 

the experiment. The system used two pairs of transmitting and receiving transducers. Four samples 

of silica particles with radii 50 nm, 107 nm, 215 nm, and 500 nm were used; using a helium 

pycnometer, their respective densities were found to be 2280 kg.m−3, 1980 kg m−3, 1986 kg.m−3, and 

2041 kg.m−3. Deionized water was used to carry out calibration. Sample volumes of 500 mL were 

prepared. The homogeneity of the samples was retained throughout the experiment using an agitator 

and the temperature of the samples was kept at 25 ± 0.2	℃. The ultrasonic attenuation coefficient 

was calculated as a function of frequency over the range of 1-20 MHz. The experimental details are 

given in the original paper. [20] 

 

3.1. Dependence of attenuation on frequency 

We first explore the effective attenuation as a function of frequency up to 20 MHz for four different 

particle concentrations. It can be seen from Figure 1 that attenuation results from the modified Ament 

model and the multimodal multiple scattering model show excellent agreement with the experimental 

data. For small particle sizes, the modified Ament model even gives a better fit than the multiple 

scattering model. Except for the suspension of 50 nm particle radius, attenuations predicted by the 

Harker and Temple model fall considerably below the experimental values. The core-shell model 

deviates dramatically from the experimental attenuation results and the other three predictions across 

the whole frequency range in all four cases. 



12 on 20 

The multiple scattering model owes its success to the inclusion of shear wave contributions. The 

shear wave mode, generated from the acoustic mode at one particle, can reach its neighboring 

particles and undergo rescattering, which, from a hydrodynamic point of view, amounts to the 

overlapping of viscous boundary layers. In order to effectively model attenuation, we thus justify our 

concentration-dependent correction to the Stokes drag in modifying Ament’s model and the use of a 

viscosity-corrected bulk modulus to calculate the effective compressional wavenumber. 

The disagreement between the results of Harker and Temple’s theory and experimental results 

may be an overestimation of the added-mass force’s contributions at high concentrations; also, their 

use of Vand’s effective viscosity expression instead of the liquid’s viscosity to account for viscous 

interaction is questionable. Austin et al. found the attenuation results of the Harker and Temple model 

to greatly differ from their experimental findings for silica-in-water, iron-in-water, and kaolin-in-

water systems. [16] They attributed this deviation to the negligence of thermal waves, which, however, 

probably has more to do with proper viscosity incorporation than the exclusion of thermal waves for 

solid-in-liquid systems. The marked deviation of attenuation predicted by the core-shell model is 

suspected to be the overestimation (resp. underestimation) of shear-compressional conversion, 

reducing (resp. increasing) the overall attenuation. 

 

Figure 1. Comparison of experimental attenuation data with those predicted by the core-shell model (CSM), the multiple 

scattering model (MSM), Harker and Temple model (HTM), and modified Ament model (MAM) for silica spheres in water 

as a function of frequency for a suspension of (a) particle radius 50 nm at 16.3v%v, (b) of particle radius 107 nm at 19v%v, 

(c) of particle radius 215 nm at 19.4v%v (d) of particle radius 500 nm at 20.3v%v. 
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3.2. Dependence of attenuation on concentration 

In order to investigate attenuation in more detail, we now explore the concentration dependency 

on effective attenuation. Figure 2 illustrates how the attenuation varies with concentration at a fixed 

frequency up to concentration 40v/v% for two different particle sizes. For the 100 nm particle radius 

suspension, the attenuations from the modified Ament model and the multiple scattering model agree 

well with each other, while the Harker and Temple model shows agreement up to about a 

concentration of 25v/v% with these two models and then starts to disagree. On the other hand, the 

core-shell model markedly underestimates the attenuation despite showing agreement with the other 

three models at low concentrations. Regarding the suspension of 1	�� particle radius, again, 

attenuations predicted both by the modified Ament model and by the multiple scattering model match 

reasonably with each other, while results from the other two models are significantly different than 

these two models. The core-shell model predicts attenuation values which are complicated, exhibiting 

a fractional power concentration dependence which is a fingerprint of such models. The Harker and 

Temple model (as discussed above) suffers on account of not effectively including the hydrodynamic 

interactions into account. 

 

 

Figure 2. Attenuation as a function of particle volume fraction at 5 MHz frequency for a suspension of particle radius (a) 

100 x� and (b) 1 ��. 

  



14 on 20 

 

3.3. Dependence of velocity on frequency 

In order to observe the dispersive nature of ultrasonic waves, we graph ultrasonic velocity over a 

frequency range of � ∈ 010��, 403	MHz for a suspension of particle radius * = 1	�� predicted by 

each model for two different values of concentration: � = 0.1 and � = 0.2. It can be seen from Figure 

3 that phase velocities predicted by each model qualitatively exhibit a very similar behavior. The 

velocity shows a plateau in the low-frequency region, followed by a smooth and considerable increase 

in the intermediate-frequency range, and then almost levels off in the high-frequency region. Such a 

behavior is characteristic of ultrasonic velocity in a suspension. Since the effective bulk modulus has 

a small frequency dependency (quasi-static), the dynamic behavior of the ultrasonic speed is in large 

part caused by the dynamic nature of the effective density. The upper and lower limits of the speed 

are determined by the low-frequency (viscous/Stokes) and high-frequency (inertial/inviscid) regimes 

of the real part of the complex-valued dynamic density. 

 

 

Figure 3. Ultrasonic velocity as a function of frequency for a monodisperse suspension of particle radius 1	�� for a particle 

volume fraction of: (a) 10%  and (b) 20%. 

 

At low concentrations, ultrasonic velocities predicted by both the multiple scattering model and 

the modified Ament model agree with each other across the entire frequency range. The core-shell 

model, except the intermediate-frequency region, also shows excellent agreement with these two 

models. Velocity from the Harker and Temple model in the low-frequency region shows a noticeable 

disagreement from the other three predictions, which can possibly be attributed to the assumption of 

volume-averaged compressibility which is true for an inviscid base fluid but not for a viscous one. At 

higher concentrations, again, both the modified Ament model and the multiple scattering model show 

the same level of agreement except a slight discrepancy in the low-frequency range, while the Harker 

and Temple model shows a noticeable deviation from the other three models at both concentrations. 
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3.4. Dependence of velocity on concentration 

To see what effect concentration has on effective velocity, we have graphed (in Figure 4) the 

ultrasonic speed against particle volume fraction at a fixed frequency of 5 MHz for a suspension of 

particle radius: * = 100	x� and * = 1	��. For the 100	x� particle colloid, the core-shell model 

and the modified Ament model almost coincide on the same curve across the whole concentration 

range because they both use the same effective bulk modulus; while the multiple scattering model, 

after agreeing with these two models, starts to be at odds from about 20v%v. Results from the Harker 

and Temple model show an appreciable disagreement from the other predictions. 

 

 

Figure 4. Ultrasonic velocity as a function of particle volume fraction at 5 MHz frequency for a suspension of particle radius 

(a) 100 x� and (b) 1 ��. 

 

As to the 1	�� particle suspension, results from each model show agreement up to about 25% 

volume fraction. It means that the models accord with each other at large particle sizes, which is an 

indication of agreements in the inertial regime. This is because at a given frequency, the viscous 

boundary layer surrounding a particle is smaller for a larger particle than that for a smaller particle, 

and thus the particles perceive its surrounding liquid to be more inviscid. 

To conclude, unlike in the case of attenuation, hydrodynamic interactions or multiple scatterings 

have little effect on the effective velocity, especially in the larger particle sizes. 
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4. Conclusions 

In order to progress towards modeling viscous colloids, this paper has investigated ultrasonic 

attenuation and velocity of a suspension of solid spherical particles in a liquid using four different 

models. A hydrodynamic model, originally developed by Ament, been has been extended from low 

to high particle volume fraction by taking account of multi-particle interactions. Ultrasonic 

attenuation predictions from this model show excellent agreement with experimental data and with 

the results of the recently formulated multimodal multiple scattering model; in particular, for small 

particle sizes, this model is even found to predict attenuation better than that from the multiple 

scattering model. Findings from this paper also suggest that the core-shell model, inclusive of shear 

wave contributions, is not a good candidate to model attenuation for a dense suspension, although it 

can reliably predict ultrasonic velocity up to a certain volume fraction or frequency range. Our 

investigations also point out some flaws lying in the Harker and Temple model. This development of 

the hydrodynamic model at high particle concentration may find use in characterizing concentrated 

colloids. This model is a step forward towards applications in particle sizing instruments. 
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Appendix 

The monopole and dipole scattering coefficients for a sphere 

The scattering coefficients of a sphere are obtained by imposing the displacement and stress 

continuity conditions at the interface between the particle and the surrounding material and then 

solving the resulting boundary equations; the details can be found in the Refs. [5, 39]. 

For the monopole mode (x = 0	, the compressional wave exists only, but for the dipole mode 

(x = 1), or higher-order modes, both compressional and shear waves exist. The monopolar scattering 

coefficient is 

	P:QQ =
�;	�RU�*	� 0	�RU�*	�r:�RQ�*	 +	4RQ�*	r:� �RQ�*	3RQ*	r:��RQ*	 − 1	�RU*	� 0	�RU*	�r:�RQ*	 +	4RQ*	r:��RQ*	3RQ�*	r:��RQ�*	
1	�RU*	� 0	�RU*	�ℎ:�RQ*	 +	4RQ*	ℎ:� �RQ*	3RQ�*	r:��RQ�*	 − �;	�RU�*	� 0	�RU�*	�r:�RQ�*	 +	4RQ�*	r:��RQ�*	3RQ*	ℎ:� �RQ*	 

            (A1) 

The dipolar scattering coefficients for both compressional and shear waves are 

  	P�QQ = − J�FG�	NH	�Y�FI�		�	FI�	�Y� �FI�	M�7	�	�	5� ,     (A2) 

  	P�QU = − J	FG��7	�	�		� ,        (A3) 

  	P�UQ = ��7	�	�	�FG�	�	� ,        (A4) 

  	P�UU = − H	��7	�	8	�Y�FI�		�	��7	�	�		FI�	�Y��FI�	M	� ,     (A5) 

 with δ ∶= �4�; 	− 	7	ℎ��RU*	 	+	 �2�; 	+ 	1		RU*	ℎ�� �RU*	.    (A6) 

The scattering coefficients are obtained assuming long-compressional wavelength limit, while 

imposing no restriction on the shear wavelength in the liquid. In the long-wavelength approximation, 

only the monopole and dipole scattering coefficients are dominant. [2, 4, 5] 

When the scattering coefficients are used for the core-shell system, one needs to replace the 

particle radius  * with the shell radius }	�= *���/5�. 


