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Abstract

We give new formulas for finding a compactly supported function v on R%, d > 1,
from its Fourier transform Fuv given within the ball B,. For the one-dimensional
case, these formulas are based on the theory of prolate spheroidal wave functions
(PSWE’s). In multidimensions, well-known results of the Radon transform theory
reduce the problem to the one-dimensional case. Related results on stability and

convergence rates are also given.

Keywords: ill-posed inverse problems, band-limited Fourier transform, prolate
spheroidal wave functions, Radon transform, Holder-logarithmic stability.
AMS subject classification: 42A38, 35R30, 49K40

1 Introduction

Following D. Slepian, H. Landau, and H. Pollak (see, for example, the survey paper [18]),
we consider the compact integral operator F,. on £2([—1,1]) defined by

FAf@) = [ ey, (L.1)
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where [ is a test function and the parameter ¢ > 0 is the bandwidth. Let N:={0,1...}.
The eigenfunctions (¢;.);en of F. are prolate spheroidal wave functions (PSWFs). These
functions are real-valued and form an orthonormal basis in £2([—1,1]). Let (uj.)jen
denote the corresponding eigenvalues. It is known that all these eigenvalues are simple
and non-zero, so we can assume that 0 < |pj41.0] < |pj| for all j € N.

The properties of (¢;.)jen and (4;.)jen are recalled in Section 2.1 of this paper. In

particular, we have that

Flfl(@) =Y pyetbje(z) » Vje(y) f(y)dy, (1.2)

jeN

and, for g = F.[f],

1
F W = Y i) | wiawgle)da, (13)
jen -1
where F. ! is the inverse operator, that is F, [ F.[f]] = f for all f € £2[-1,1].

The operator F,. appears naturally in the theory of the classical Fourier transform F

defined in the multidimensional case d > 1 by

Ful(p) = gy / eMu(q)dg,  peRY (1.4)
Rd
where v is a complex-valued test function on R?. To avoid any possible confusion with

Fe, we employ the simplified notation v := Fv] throughout the paper. Let
Bp::{qGRd:\q]<p}, for any p > 0.
We consider the following inverse problem.

Problem 1.1. Let d > 1 and r,0 > 0. Find v € £L*(R?) from © given on the ball B,

(possibly with some noise), under a priori assumption that v is supported in B,.

Problem 1.1 is a classical problem of the Fourier analysis, inverse scattering, and image
processing; see, for example, [1,4-6,10-12,15] and references therein. In the present
work, we suggest a new approach to Problem 1.1, proceeding from the singular value
decomposition formulas (1.1), (1.2) and further results of the PSWF theory. Surprisingly,
to our knowledge, the PSWF theory was omitted in the context of Problem 1.1 in the
literature even though it is quite natural. In particular, in dimension d = 1, Problem 1.1

reduces to finding a function f € £%([—1,1]) from F.[f] (possibly with some noise).
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In multidimensions, in addition to the PSWF theory, we use inversion methods for the

classical Radon transform R ; see, for example [13,16]. Recall that R is defined by
Rlv](y,0) = / v(q)dq, yeR, §eS, (1.5)
geR? : gh=y
where v is a complex-valued test function on R, d > 1. In the present work, for simplicity,

we define the inverse Radon transform R~ via the projection theorem; see formula (2.13)

for details.

Theorem 1.1. Letd > 1, r,0 > 0 and ¢ = ro. Let v € L*(R?) and suppv C B,. Then,

its Fourier transform v restricted to B, determines v via the following formulas:
v(@) =R froll07le),  qeRY,

‘Fgl[grﬁ](y% ny € [_1’ 1]

0, otherwise,

fro(y,0) ==

d
grole) = (£) o(ra0),  we[-1,1], g5,
where F. ' is defined by (1.3) and R™! is the inverse Radon transform.

Remark 1.2. For d = 1, the formulas of Theorem 1.1 reduce to

v(g) = F g (07 ), go(x) = Ei(ra),

a

where ¢ € (—0,0) and x € [—1,1].

We prove Theorem 1.1 in Section 4.1.

Unfortunately, the reconstruction procedure given in Theorem 1.1 and Remark 1.2 is
severely unstable. The reason is that the numbers (1;.)jen decay superexponentially as
J — 00; see formulas (2.4) and (2.6). To overcome this difficulty, we approximate F, ! by
the operator F,, ! defined by

Freltl(y) ==

Mic%‘,c(y) /_le,c(:c)w(:c)dx. (1.6)

n
J=0

Note that (1.6) correctly defines the operator F,,} on £*([—1,1]) for any n € N. Let
no X 1
Wn,c[f] = Z fj,cwj,ca fj,c = / w],c(y>f(y)dy (17)
i=0 -1

That is, 7, [-] is the orthogonal projection in £2([—1,1]) onto the span of the first n + 1

functions (¢ ) j<n-



Lemma 1.3. Let f,w € L2([-1,1]) and | F.[f] — w||zz < & for some § > 0. Then, for
any n € N|
- 4
If = Frelwlllczqoray < 52 + 1 = Tl ez o) (1.8)

~
|tinc|

Estimates of the type (1.8) are of general nature for operators admitting a singular
value decomposition like (1.2). For completeness of the presentation, we prove Lemma 1.3
in Section 2.2. Combining Theorem 1.1, Remark 1.2, Lemma 1.3, inversion methods
for the Radon transform R, and known estimates of the PSWF theory for |u, .| and
| f — Tnelf]llc2 (see Section 2.1) yields numerical methods for Problem 1.1. In this con-

nection, in the present work we give a regularised version of the reconstruction procedure
of Theorem 1.1; see Theorem 1.4, Theorem 3.1 and Corollary 3.3.

For a, 6 € (0,1), let
n* =n"(c,a,0) = L?) - T%J , (1.9)

where |-| denotes the floor function and 7 = 7(¢, «,§) > 1 is the solution of the equation

TlogT = éalog(&’l). (1.10)

Let
L2 :={we L¥B,) : ||w|, < oo},

Jwl], == (/Brpld|w(p)‘2dp> 1/2' (1.11)

Theorem 1.4. Let the assumptions of Theorem 1.1 hold and v € HY(R?) for some v > 0
(and v > 0 for d=1). Suppose that w € L? and |[w — 0|, < N for some § € (0,1). Let
a € (0,1) and n* be defined by (1.9). Let

V(q) =R " unp] (07'q),  q€eRY

JT-'n_*l’c[wr,O] (y)v ny € [_17 1]7

0, otherwise,
wyp(z) = <%ﬂ)dw('r’x9), re[-1,1], € S
Then, for any B € (0,1 — a) and any p € (0,v + 5L,
l|lv — v5||H_(d_1)/z(Rd) < k1N + ko l|vl 3w may (log 67) 7", (1.12)

where k1 = Kk1(c,d,r,0,a, ) > 0 and kg = ka(c,d,r, 0, a,v, 1) > 0.



Similarly to Remark 1.2, the statement of Theorem 1.4 simplifies significantly for the
case d = 1; see Corollary 3.3. We prove Theorem 1.4 in Section 4.2.

The parameter N from Theorem 1.4 can be considered as an a priori upper bound
for ||0||,. Indeed, the assumption ||w — 9|, < §]|?||, is natural. If the noise level is such
that ||w — 0|, = ||0||,, then the given data w tells about v as little as the trivial function
wy = 0. An accurate reconstruction is hardly possible in this case, since it is equivalent

to no data given at all.

The function v° in Theorem 1.4 is not compactly supported, in general; see also the
related remark about v after Lemma 2.4. Nevertheless, only v° restricted to B, is of

interest under the assumptions of Theorem 1.4.

Our stability estimate (1.12) is given in H® with s < 0. One can improve the regularity
in such estimates using the apodized reconstruction ¢*v°, where * denotes the convolution
operator and ¢ is an appropriate sufficiently regular non-negative compactly supported
function with [[¢||z1@rey = 1; see, for example, [10, Section 6.1]. In particular, (1.12)
implies estimates for ¢ x v — ¢ * v% in H! with ¢t > 0.

Applying Theorem 1.4 with v := v; — vy and w = 0, we get the following result.

Corollary 1.5. Let the assumptions of Theorem 1.1 hold for v := vy —vy. Let v — vy €
HY(R?) for some v >0 (and v > 0 for d = 1). Suppose that |6, — O3, <IN for some
6 €(0,1) and N > 0. Leta € (0,1). Then, for any B € (0,1—a) and any p € (0,v+%2),

HUI — 'UQ”H—(d—l)/Q(Rd) < /<01N55 -+ /ig”?]l — UQHHV(Rd) (lOg (571)_H, (113)
where k1 = Kk1(c,d,r,0,a, ) and ke = Ka(c,d,r,0,a,v, 1) are the same as in (1.12).

The present work continues studies of [10,11], where we approached Problem 1.1 via
a Holder-stable extrapolation of ¢ from B, to a larger ball, using truncated series of
Chebyshev polynomials. The reconstruction of the present work is essentially different; in
particular, it does not use any extrapolation. However, the resulting stability estimates
are analogous for both reconstructions. In particular, estimate (1.12) resembles [10, The-
orem 3.1] in dimension d = 1 and resembles [11, Theorem 3.2] (with s = =% and x = 1)
in dimension d > 1; estimate (1.13) resembles [10, Corollary 3.3] in dimension d = 1 and
resembles [11, Corollary 3.4] (with s = —%-1 and x = 1) in dimension d > 1. Note also
that, in the domain of coefficient inverse problems, estimates of the form (1.12) and (1.13)

are known as Holder-logarithmic stability estimates; see [7-11] and references therein.

The main advantages of the present work in comparison with [10,11] are the following;:



e We allow the ”noise” in Problem 1.1 to be from a larger space £? defined by (1.11)

in contrast with £°.

e We use the straightforward formulas (1.3), (1.6), (1.8) in place of the roundabout
way that requires extrapolation of v from B, to a larger ball and leads to additional

numerical issues.

On the other hand, the advantages of [10,11] in comparison with the present work
include: explicit expressions for quantities like £; and k9 in (1.12); more advanced norms
|| - || for reconstruction errors like v — v° in (1.12), where || - || = || - || 2(rey in [10] and
=1

the PSWFs theory is still less developed than the theory of Chebyshev polynomials and

#s(rdy With any s € (—oo,v) in [11]. The reason is purely due to the fact that

the classical Fourier transform theory. In connection with further developments in the
PSWFs theory that would improve the results of the present work on Problem 1.1, see
Remarks 2.1, 2.2, and 2.3 in Section 2.1.

Note also that the functions (¢;.),en for large j, yield a new example of exponential
instability for Problem 1.1 in dimension d = 1. This instability behaviour follows from the
properties of 9; . and j, . recalled in Section 2.1 and the result formulated in Remark 2.2.
However, known estimates for the derivatives of PSWFs do not allow yet to say that this

example is more strong than the example constructed in [10, Theorem 5.2].

The aforementioned possible developments in the PSWFs theory and further devel-
opment of the approach of the present work to Problem 1.1, including its numerical

implementation, will be addressed in further articles.

The further structure of the paper is as follows. Some prilimary results are recalled
in Section 2. In Section 3, we prove our estimates in dimension d = 1 modulo a technical
lemma, namely, Lemma 3.2. In Section 4.2, we prove Theorem 1.1, Theorem 1.4 and
Corollary 1.5 based on the results given in Sections 2 and 3. In Section 5, we prove

Lemma 3.2.

2 Preliminaries

In this section, we recall some known results on PSWFs and on the Radon transform that
we will use in the proofs of Theorems 1.1 and 1.4. In addition, we prove Lemma 1.3 and

give a stability estimate for the inverse Radon transform; see Lemma 2.4.



2.1 Prolate spheroidal wave functions

In connection with the facts presented in this subsection we refer to [2,3,17-20] and

references therein.

Originally, the prolate spheroidal wave functions (1, .)nen were discovered as the eigen-

functions of the following spectral problem:

£c¢=X¢; 1/}6 02([_171])7 (21)

where Y is the spectral parameter and

Lofy) =4 [(1 . xQ)%] + 2,

We also consider the operator Q. defined on £5([—1,1]) by

C

Quifl(w) = 3= F: (FAf) ) = | S piy)ay, 22)

2m m(z—y)

where F is the conjugate operator to JF, defined by (1.1). The prolate spheroidal wave

[

functions (¥, .)nen are eigenfunctions for problem (2.1) and for both operators F. and
Qe.
Let (Xn.c)nen denote the eigenvalues of problem (2.1). It is known that (X,.c)nen are

real, positive, simple, that is, one can assume that
0 < Xne < Xntle for all n € N.
In addition, the following estimates hold:
nn+1) < Xne <n(n+1) + . (2.3)
If pt, . and A, . are the corresponding eigenvalues of F, and Q., respectively, then

fne ="\ 2N and 1> Ao > Asre > 0. (2.4)

Furthermore, each A, . is non-decreasing with respect to c¢. Using also [2, formula (6)], we
find that

2 2
{—CJ 1< ‘{n EN: Ao 1/2}‘ < [—1 41 (2.5)
m m
where |-| and [-] denote the floor and the ceiling functions, respectively, and | - | is the

number of elements. We also employ the following estimate from [2, Corollary 3|: for

n > max{3, %},
A(n, ¢)"Le~21087=0) < )< A(n, ¢)e~2l0sT—), (2.6)
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where 11 > 1, 15,3 > 0 are some fixed constants,

g
A(n, c) := vyn"? ¢ e(me)*/4n
c+1

and

k= log <%> : n=n(n):=n-+ % (2.7)

Remark 2.1. Apparently, proceeding from the approach of [2], one can give explicit

values for the constants vy, 15, v5 in the expression for A(n,c).
We also recall from [19, formula (11)] that, for all n € N and ¢ > 0,
max max [¢;.(x)| < 2v/n. (2.8)

0<j<n Jz|<1
Remark 2.2. Proceeding from (2.1), (2.3), and (2.8), one can show that, for any m € N,

[Vnellomi—1.1) = OM*™ ) asn — cc.

Next, we recall results on the spectral approximation by PSWFs in Sobolev-type

spaces; see [20]. For a real v > 0, let

H(-1,1]) = {f € £2(-1,10) + | fllgy < oo (2.9)

where

1.f]

1/2 )
He([-11]) = (Z(Xn,6>y|fn,6|2) fn,c = /_1 1/Jn,6(y)f(y)dy-

neN

Recall from (1.7) that
Tl f] = Z Firetje(@), n € N.
j=0

Note that 7, [f] = f as n — oo since (¢;.(x));en form an orthonormal basis in £2([—1, 1]).

Furthermore, for any 0 < u < v,

[ Wn[f]”ﬁﬁ([_Lu) < ”M_VHf”ﬁg([_Lu)- (2.10)
The standard Sobolev space H”[(—1,1)] is embedded in H([—1,1]). In fact, we have that
”fHﬁg[(_l,l)] < C(l + Cz)y/Z”fHHV([—l,l]); (2-11>

where C' is a constant independent of ¢ and f assuming that ¢ > ¢q > 0.

Remark 2.3. Proceeding from the results of [20], one can obtain an explicit estimate
for the constant C' = C(cp,v) in (2.11). Besides, one can establish an upper bound for
[ofllae (-1, i terms of [ f|[z,(_y 1), for fixed v > 0, where ¢ is a smooth real-valued
function appropriately vanishing at the ends of the interval [—1,1] and non-vanishing

elsewhere.



2.2 Proof of Lemma 1.3

First, we observe that
FrelFelfl] = malf].

Using also the linearity of 7, !, we derive

n,c?

f = Fnelw] = f = w1+ FrdlFel ) — Frilw] = f — malf] + Falul,

where u := F.[f] — w. Therefore,

H.f - f;i[w]“£2([_171]) < H‘FT;i[u]H52([_171]) + Hf - 71-TL[.]C]”ﬁQ([—I,lD .

Due to (2.4), we have that |p; .| > |ftn| for all j < n. Using also the orthonormality of
the basis (¢;.)jen in L2([—1,1]), we estimate

77D]c / ¢jc
£2([-1,1])

i) / Uelula)da

1
03e) [ wialo)uta)da
-1 £2([-1,1])

1 2 2
llull 22—
0l [ wpele)ulads - (+|” -
-1 £2([-1,1]) e

Recalling that ||u||z2(—1,1) < 6 (by assumptions) and combining the formulas above, we

2

1P e (el 221

3

1

j:0|uxc

| 2

L£2([-1,1])

1
|tin

\E

N

| 2

=0

NE

< 1

[ [®

j=0
complete the proof.

2.3 Radon Transform

The Radon transform R defined in (1.5) arises in various domains of pure and applied
mathematics. Since Radon’s work [16], this transform and its applications received sig-
nificant attention and its properties are well studied; see, for example, [13] and references
therein. In particular, the Radon transform R|[v] is closely related to the Fourier transform

0 (see (1.4)) via the following formula:

b(s0) = ﬁ/ SR (L, 0)dt,  seR, eSS (2.12)



In the theory of Radon transform, formula (2.12) is known as the projection theorem.
Note that one can define the inverse transform R~! by combining (2.12) with inversion

formulas for the Fourier transform:

+o00o
Rul(q) == ——ar e~ %0 (s,0)s 1 ds db, q € RY,
(27T) sd—1 Jo

(2.13)
u(s,0) = % /Re“tu(t, 0)dt, sER, §esS

For other inversion formulas for R; see [16] and, for example, [13, Section I1.2].

For real v, let
HY(RY) = (o : [[olln < oo},

1/2
oo = ( [ 0+ 0GI)

HY (R x S71) = {u : [|ullpp(xsity < 00},

+00 1/2
[l (mxsa-1) = (/d 1/ (1+ s%)” ]ﬁ(s,9)|2dsd9> ,
Si=1 J —oco

where v, u are distributions on R? and R x S1, respectively. According to [13, Theorem
5.1], if v € H”(RY) and suppv C By then

a(v, d)||[v]l3e @y < R[04 @-0/2@xsa-1) < O, d)][0]l30 ey (2.14)

In addition, one can recover explicit expressions for a(v,d) and b(v,d) from the proof of
[13, Theorem 5.1]. We will also use the following result generalizing the left inequality in
(2.14).

Lemma 2.4. Let u € H* @D/2(R x S¥1), suppu C [~1,1] x S, and u(s,f) =
u(—s,—0) for all (s,0) € R x S¥L. Then,

a(v, d)||vllr @) < l[ullppra-r2@xsi-),
where v := R[u] is defined by (2.13) and a(v,d) is the same as in (2.14).

In fact, the proof of Lemma 2.4 is identical to the arguments of [13, Theorem 5.1] for
the left inequality in (2.14). In addition, we use also that u = R[v]. Note that v defined
by (2.13) might not be compactly supported; see, for example, [14] for the asymptotic
analysis of R™'[u] at infinity.
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3 Stability estimates in 1D

The main result of this section is the following theorem.

Theorem 3.1. Let f,w € L*([—1,1]) and || F.[f]—w||z2 < J for some § € (0,1). Suppose
that f € H"([-1,1]), v > 0. Then,
1 = Ftlwllleaq oy < e (1 )7 (1+ p)exp (e8] i

2ep (3.1)

+C(1 + 02)11/2”][‘”%”([_171]) (2 —+ % . m) ,

where a € (0,1), p = éalog(é‘l), n* = n*(c,a,0) is defined by (1.9), C is the constant

from (2.11), and ~1,72,73, 74 are some positive constants independent of ¢, «, 9.

Theorem 3.1 follows directly by combining estimate (2.10) with x4 = 0, estimate (2.11),

Lemma 1.3, and the following lemma.

Lemma 3.2. Let ¢, o, 9, p, n* be the same as in Theorem 3.1. Then

) <ma”u+@%u+mwmp(

2clog(1
‘Iu J | Tc Og( +p)) 51—04‘ (32)

2ep
We prove Lemma 3.2 in Section 5. The proof of Lemma 3.2 is based on two additional

technical lemmas, namely, Lemma 5.1 and Lemma 5.2.

Theorem 3.1 implies the following corollary, which is equivalent to Theorem 1.4 in
dimension d = 1. This corollary is also crucial for our considerations for d > 2 given in
Section 4.2.

Corollary 3.3. Let f,w € L2([—1,1]) and || F.[f] — w| 2 < M for some § € (0,1) and
M > 0. Suppose that f € H"([—1,1]), v > 0. Let o € (0,1) and n* be defined by (1.9).
Then, for any B € (0,1 —«) and any p € (0,v),

If = Fo[w]ll c2-1,1y < C1M6” + Col| fllagr (1,11 (log 671) ",
where C; = Cy(c,a, ) > 0 and Cy = Cy(c, o, v, 1) > 0.

Proof. 1t is sufficient to prove Corollary 3.3 for the case M = 1. The case M # 1 is
reduced to M = 1 by scaling f — f = f/M and w — @ = w/M. Therefore, it remains
to show that, under the assumptions of Theorem 3.1, the following estimate holds for any
p € (0,1 —a)and any p € (0,v):

1f = Flelwlllz2oray < C10% + Coll fllaer 1,1 (log 671) 7, (3.3)

11



where Cy = C(c,a, f) > 0 and Cy = Cy(c, o, v, 1) > 0.

Under our assumptions, we have that:

n2clog(1+p) 2c

_ 4 1y < (.
p=_alog(d—") > 0; 5op S oo

m2c.
2e ’
and, for some positive constants m; = my(c, a, 3,74) and my = ma(c, o, v, p),
(1+ p)6'= < myo?;
ee._p " —1)
(24 ) " <malioss™) "

Applying these estimates in (3.1), we derive (3.3) with
Cy=me 21+ 0)736“2"’/(26)7711, Co=C(1+ 02)”/2m2.

This completes the proof of Corollary 3.3. n

4 Multidimensional reconstruction

In this section, we prove Theorems 1.1 and 1.4.

4.1 Proof of Theorem 1.1

Let R[v] be the Radon transform of v; see formula (1.5). Since suppv C B,, we have that
R[v](t,8) = 0 for |t| > o. (4.1)

Therefore, we only need to integrate over t € [—o, o] in (2.12). Then, using the change of

variables s = rx, t = oy and recalling ¢ = ro, we get that
27\ ¢ L[
grol@) = (£) (ra0) = / R0y, O)dy,  we[-1,1).  (42)

-1

Using (4.1), (4.2) and recalling the definitions of F, and f,,, we obtain that

Rlv)(oy,0) = o' F  grol(y) = 0" fro(y, 0). (4.3)

Let
V5(q) == v(0q), q € R (4.4)

12



Using (1.5) and the change of variables ¢ = o¢/, we find that
Rv|(oy,8) = / v(q)dq = ad_l/ v(oq)dqd = o Rlv,)(y, 0).
g€RY : gh=0y q'€RY: ¢'O0=y

Thus, also using (4.3), we get
Rlve] = fro (4.5)

Applying the inverse Radon transform and formula (4.4) completes the proof.

4.2 Proof of Theorem 1.4

We will repeatedly use the following bounds for the Sobolev norm with respect to the
argument scaling.
Lemma 4.1. Let v € H"(R?) for some n € R. Then, for any o > 0,

on—d/2 (140)"

oy 0l < lvsllsne) < g=llollam@ay, — forn =0,
140)" n—d/2
B ollpn ey < 0o lreneny < Fmomllollsqeey,  for n <0,

where v, is defined by v,(q) = v(0q), ¢ € R

Proof. Recall that

I9lEee = [ (12 lo0)
HUU“%[W(R"Z) - /Rd(l +p2)n|60(p)|2dp

= [ (160l
= [ (L (o) e Py

Bounding

we derive that

min{1, o H|o[3, gy < 091106341 ey < max{1,o*"}Ho|[3 a)-

13



To complete the proof, it remains to observe that

L+o0)*, ifn >0,
max{1,02’7} < ( J277 ) .

m, if n § O,

o >0

winl, o™} > ¢ 0 =

(1+0)%7, ifn<O0.
O

Now we are ready to prove Theorem 1.4. Let v, be defined by (4.4) and
vi(q) :=(oq),  qER™
Applying Lemma 4.1 with v = v —v® and n = —d%l, we find that

HU - U6|’H7(d71)/2(Rd) < (1 + O')(dil)/zgd/ZHUU — 'UngH—(d—l)/2(Rd). (46)

Using the formulas for f,, and u,, of Theorems 1.1 and 1.4, we find that
Vg — Ug = R_l[fr,a - ur,0]~

Note also that both f,, and w,, are supported in [—1,1] x S*"!. Applying Lemma 2.4

for w = f,, — Uy, we get that

[ve — UgHH—(d—l)/Q(Rd) < %Hfr,a - ur,aHﬁQ(Rde*lﬁ (4.7)

where a = a(—%1, d) is the constant from (2.14).

Observe that
Hfr,o - uﬁUH%Q(RXSd—l) = /Sdl ||f7“,<7('7 9) - ur,a(': 9)”%2([—1,1])d9' (48>

Applying Corollary 3.3 with functions f = f, ,(-,6) and w = w, g, we obtain that, for any
1€ (0,v+ %) and almost all § € S*,

[ fro (- 0) = tro (-, )| 221,17y < CLM(0)6° + CoH(6) (log ) ™",
M(6) = %ng,e — Wrollc2(-1.1)), (4.9)
H(Q) = ||fr,a(" 9)”7—[”(‘1*1)/2([—1,1])7

where f,,, gr9 and w, ¢ are defined in Theorems 1.1 and 1.4, C' and Cj are the constants

of Corollary 3.3 with v + d;Ql in place of v. Here, the assumption of Corollary 3.3 that
H‘Fc[fr,o('7 9)] - wTﬂ“EQ([fl,l}) < (5M<9)
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is fulfilled automatically, since f,,(-,0) = F. '[g,o] on [—1,1] by definition.
In fact, the functions M, H belong to £2(S1); see formulas (4.11) and (4.12) below.
Combining formulas (4.8), (4.9) and the Cauchy—Schwarz inequality

HO)M(0)d0 < [ M| p2(go1) | Hll gzsiy.

Sd—1

we get that

N2
Hfr,a- - ur7g‘|%2(RXSd71) < /d (ClM(Q)(Sﬂ + CQH(Q) (log 5_1) ,LL) de
Sd—-1

. (410)
< (CluMHﬁz(Sdfl)&ﬁ + OQ”HH[?(Sdfl) (log (571)_#) .
Next, we estimate || M||z2ga-1y and || H||z2(ge-1y. Since ||w — 9|, <IN, we get
1
||M||f:2(sd—1) = /Sd_1 ﬁ”gr,@ - wrﬁ”%ﬁ([—l,l})de
L [9.\ 2 r
=L (i) / / w(s6) — o(s0)[2ds db. (4.11)
r o sa-1 ),
2d 2d
2 (2 A 2 (2
= Z (B w-o2< 2 (Z) N
In addition, using (4.5), we get
[ H || 22s0-1) = | frollzpt@-nr2@xsi-1) = |RVo] || +@-1/2@xsi-1y- (4.12)

Using formula (4.12), the right inequality of (2.14), and applying Lemma 4.1 with v = v

and 1 = v, we obtain that

1+o)
| H | 2oty < Bllvallper gy < BT 0l o). (4.13)

where b = b(v, d) is the constant from (2.14).
Combining (4.6) — (4.13), we derive the required bound (1.12) with

2(2m)%(1 (d=D/2¢c b
Ky V2(2m)4(1 + o) L Ko = (1 + o) +@=D12¢,

ao‘%ﬁ a

5 Proof of Lemma 3.2

To prove Lemma 3.2, we need two additional technical results given below.
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Lemma 5.1. For any p > 0, the equation
TlogT =p (5.1)

has the unique solution T = 7(p) > 1. Furthermore,

14

Proof. Observe that u, (1) = 7log 7 is a strictly increasing continuous function on [1, +00),
ui(1) = 0, and u;(7) — 400 as 7 — +oo. Then, by the intermediate value theorem,
equation (5.1) has the unique solution 7(p) € (0,+oc0) for any p > 0.

Next, note that us(7) = 7 — 7log 7 is a strictly decreasing function on [1, +00) since

its derivative ub(7) = —log 7 is negative for 7 > 1. Therefore,

7(p) —p=7(p) — 7(p) logT(p) < uz(1l) = 1.

Thus, we proved that 7(p) < 1+ p. Then, we get log(7(p)) < log(1l + p) which implies
the other bound

_ P P
7(0) = o) 2 Toatia)
The remaining inequality m > 1is equivalent to e/ — 1 > 0 with § = log(1+p). O

Lemma 5.2. Let o, € (0,1) and 7 be defined according to (5.1) with p = éalog(é‘l).
Then, for any q = 0, we have

enllosn=r) < (4_17)‘15_04’
where k is defined according to (2.7) and n =n(q, a, d,¢) == q+ T%.
Proof. First, observe that
n(logn — k) = (¢ + 75 )(logn — k)
= q(logn — k) + 75 (log(7) — log(5) + logn — log(T57))
= q(logn — k) + 7 log 7 + 7 (logn — log(7)).
By the definition of 7, we have that
T logT = alog(671).
Besides,

T%(logn — log(r%)) = Tezc log (1 -+ %) < q.
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Combining the formulas above and recalling the definition of s, we derive that

n(logn — k) < qllog — log(%¢)) + alog(6~") + g = glog (22) + alog(67).

The required bound follows by exponentiating the both sides of the last formula. m

Now, we are ready to prove Lemma 3.2. First, we combine formulas (2.4) and (2.6)
to get

2T —ii(log fi—k)
= cA(n*c) € ’ (5.3)

‘,un*,c

where 1 = n* + % Note that (2.6) requires n* > max {3, 2?0} . The inequality n* > 3 is
immediate by the definition of n*. In addition, using that 7 > 1 by Lemma 5.1, we can

estimate

Thus, we justified (5.3).

Using the inequalities 1 < 7 < 1+ p from Lemma 5.1, we estimate

n* <3+T% <3(c+ 1)1 < 3(c+1)(1+ p).

Using the inequality 7 > m from Lemma 5.1, we also find that

e(ﬂc)2/4n* < eﬂzc/(e‘r) < exp (WzCIOiSl—’_p)) '

Thus, we get that
A, 0) =ty (=) etron
n*,c) =11(n e
) 1 C+1

2
<3 (e 1) e (14 p) exp (TelBLE))

(5.4)

Similarly as before, using the inequalities 1 < 7 < 1+ p from Lemma 5.1, we estimate
n<35+7F <35(c+1)(1+p).

Then, using Lemma 5.2 with ¢ :=n — TGZC and observing that 0 < ¢ < 3.5, we find that

st ¢ () o < (MY e

Cc

Substituting the bounds of (5.4) and of (5.5) into (5.3), we derive estimate (3.2) with

V2 p—

Note that if v3 < 0 then we can replace it with zero, since (14 ¢)? < 1 in this case. This

completes the proof of Lemma 3.2.
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