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Local controllability of the bilinear 1D Schrodinger equation with

simultaneous estimates

Mégane Bournissou

July 16, 2021

Abstract

We consider the 1D linear Schrédinger equation, on a bounded interval, with Dirichlet bound-
ary conditions and bilinear scalar control. The small-time local exact controllability around the
ground state was proved in [5], under an appropriate nondegeneracy assumption. Here, we work
under a weaker nondegeneracy assumption and we prove the small-time local exact controlla-
bility in projection, around the ground state, with estimates on the control (depending linearly
on the target) simultaneously in several spaces. These estimates are obtained at the level of the
linearized system, thanks to a new result about trigonometric moment problems. Then, they
are transported to the nonlinear system by the inverse mapping theorem, thanks to appropriate
estimates of the error between the nonlinear and the linearized dynamics.
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1 Introduction and main result

1.1 Description of the controlled system

Let T > 0. In this paper, we consider the 1D Schrodinger equation,

{ i5t¢(t=$) = —@%w(tx) - U(t)ﬂ(ﬂf)w(tﬂ% (t7x) € (OvT) X (07 1)7 (1)
P(t,0) =¢(t,1) =0, te(0,T).

In quantum physics, this equation describes a quantum particle, in an infinite potential well, sub-
jected to an electric field whose amplitude is given by w(¢). The dipolar moment, px : (0,1) — R,
depicts the interaction between the electric field and the particle. This equation is a bilinear con-
trol system where the state is the wave function 1, such that [[¢(t)|[12¢0,1y = 1 for all time and
u: (0,7) — R denotes a scalar control.

1.2 Functional settings

Unless otherwise specified, in space, we will work with complex valued functions. The Lebesgue
space L?(0,1) is equipped with the classical hermitian scalar product. Let S be the unit-sphere of
L?(0,1). The operator A is defined by

d2
D(A) := H*(0,1) N H}(0,1), Ap:= _d_;g_
Its eigenvalues and eigenvectors are given by

Vie N, A= (jm)? and  ¢;:= V2sin(j7).

The family of the eigenvectors (¢;)jen+ is an orthonormal basis of L2(0,1). We also introduce, for
all 7 € N*, ¥i(t,x) == p;(x)e”Nt for (t,z) € R x [0,1], which are solutions of the Schrodinger
equation (1) for u = 0. When k = 1, 1; is the ground state. We also introduce the normed spaces
linked to the operator A, given by, for all s > 0,

[NIES

Hiy(0,1) := D(A2), il 0.1 = I (9, 05))jen

+oo

— .S A2

o he = EIU (0, 05)]
=

If J is a subset of N*, then we define
HJ = SpanC (@j) J € J)7
and we introduce the orthogonal projection on Hj, given by,

P, : L%0,1) — H,
Yo Y= (Y, 05)¢;
J¢J
For T > 0 and u € L'(0,T), the family (uy,)nen of the iterated primitives of u is defined by induction

as,

t
up:=u and Vn €N, uyq1(t) ::/ unp(7T)dT, t€]0,T].
0

We will also consider, for any integer k € N, H¥ ((0,T),R), the usual integer-order real Sobolev
spaces, equipped with the usual H*(0,T)—norm and H%(0,T) the adherence of C2°(0,T'), the set of



functions with compact support inside (0,7), for the topology || - || (o) By Poincaré inequality,
HE(0,T) can be equipped with the norm

T
Il = ([ o2

For any integer k € N*, the negative H~*(0,T)-norm is not defined by duality as usual but for every
u € L%(0,T) by

1/2

[l =k 0,7y = Tua (T)] + [ull L2 0,1y (2)

as such norms seem to arise naturally in both the nonlinear and linearized dynamics. For the sake
of simplicity, we will sometimes omit (0,7") or (0,1) on the spaces.

1.3 Main result

The regularity assumptions play a crucial role in the validity of controllability results. Therefore,
we define the following precise notion of small-time local controllability (STLC) used in this paper,
stressing the regularity imposed on both the control and the data to be controlled.

Definition 1.1 (STLC around the ground state in X with controls in Y'). Let X be a vector space
of complex-valued functions defined on [0, 1] and (Y7, || - |ly;) be a family of normed vector spaces
of real-valued functions defined on [0,7], for T" > 0. The system (1) is said to be STLC around
the ground state in X with controls in Y if for every T' > 0, for every € > 0, there exists § > 0
such that for every 1,9 in SN X with || —¢1(0)||x < 6 and |[¢y — 1 (T)||x <, there exists
u € L?(0, T)NYr with ||ul|y, < & such that the solution ¢ of (1) associated with the initial condition

¥, satisfies (T") = 1.

Since [5], it is known that if
c

there exists a constant ¢ > 0 such that for all j € N*, |(up1,¢;)| > et

3)

(25“)*'3 with

controls in H('f . However, in [5], the associated control map (o, %) — u depends on k. In this
article, two goals are tackled:

then for any k € N, the Schrédinger equation (1) is STLC around the ground state in H

e first, building a unique control map for the nonlinear system with simultaneous estimates in
various control/data spaces,

e second, dealing with control in projection when an assumption of the type (3) holds only on a

subset, J of N*.
Our main result is the following one.

Theorem 1.2. Let (p,k) € N2 with p > k, J a subset of N* and p € H>®HR+3((0,1),R) with
pCrD0) = pP (1) = 0 for allm =0,...,p — 1, such that

: . c
there exists a constant ¢ > 0 such that for all j € J, |(up1,pj)| > =t (4)

The Schridinger equation (1) is STLC in projection around the ground state in H(20(§)+m)+3 with

controls in HY*(Ty,T), for every m € {0,. .., k} with the same control map.



More precisely, for all initial time Ty > 0 and final time T > Ty, there exists C, § > 0 and a C*-map
[:Qp x Qr — HE(Ty, T),R) where

O, = {0 € SN ™ o — 1(To)l| s < 61, (5)
Qr = {1/1f e H;N H(20(§)+k)+3; ”wf — [P, (¢1(T)) HH(QO()erk)+3 < 5}, (6)

such that T'(¢1 (To),¥1(T)) = 0 and for every (vo,f) € Qr, x Qp, the solution of (1) on [Ty, T]
with control w :=T'(o,v¢) and initial condition 1y at t = Ty satisfies

P, (¢(T)) = ¢f7

with the following boundary conditions
up(T) = ... = up1(T) =0, (7)

where here (un)nen denotes the iterated primitives of u vanishing at Ty. Besides, for all m in
{=(k+1),...,k}, the following estimates hold

[ull e (1, 1) < <||¢0—¢1(T0)H 2(pm) +3 + 1oy — Py (T )\|H(2(§)p+m>+3>- (8)

To simplify the notations, in all the following, we will take the initial time Ty equal to 0, the
proof when Ty > 0 is deduced by translation of controls and a change of global phase on the state.
Moreover, from now on, if not mentioned, 7' > 0 will denote the final time, p and k two integers,
and J a subset of N*.

Remark 1.3. Assume that J contains an infinite subset of 2N and one of 2N + 1. Then, for all u
in H?P+3(0,1) with @+ (0) = (1) =0 forall n = 0,...,p— 1, assumption (4) is equivalent
to

pPPr0) £ pPP(1) £0  and V)€ J, (upr, ;) #0,

as, by integrations by parts and by Riemann-Lebesgue Lemma,
~(=1)P2(2p +2) J41, (2p+1) (2p+1) 1
(01 05) = “—gpra g (W) = u P 0)) + 0 (s )

This result is both a new control result and a toolbox for future works about nonlinear control
of the Schrodinger equation (1). Indeed, such result can for example give a framework to prove
positive controllability results on the Schrodinger equation, with nonlinear tools, when some of
the coefficients (u1, ;) vanish. In that case, building a unique control map with estimates in
simultaneous spaces can be useful to perform specific motions for the nonlinear solution. The proof
of Theorem 1.2 is in three steps.

e In Section 2, we study the well-posedness of the Schrédinger equation and more precisely the
regularity of the solutions with respect to the boundary conditions on the dipolar moment pu.

e In Section 3, we present a new result about the solvability of trigonometric moment problems
in high regularity spaces with simultaneous estimates.

e This new moment result allows in Section 4 and more precisely in Subsection 4.1 to build a
linear control operator, for the linearized system around the ground state, with simultaneous
estimates in various control/data spaces. Then, in Subsection 4.3, we prove that the iterations
of the inverse mapping theorem propagate these estimates to the nonlinear control operator

of (1).



Remark 1.4. Actually, the question of building a control function that inherits the regularity of the
data to be controlled has already been tackled by Ervedoza and Zuazua in [17], for time-reversible
linear systems. As the use of [17] is not straightforward in our case, we choose to present in this
article a new result about trigonometric moment problems solving this question. However, in Section
5, we also explain how the controllability of the linearized system with simultaneous estimates can
be proved using the results of [17].

1.4 Bibliography

Local exact controllability results. From a general negative result on the controllability of
bilinear control systems by Ball, Marsden and Slemrod [2], Turinici in [32] deduced a negative

control result for the Schrodinger equation (1): for a given initial data g € H (20)(0, 1) NS, the

((0,4+00),R), with » > 1, has an empty interior in H(QO)(O, 1)ns§s.
((0,+00),R) has been proved later in [13] by Boussaid, Caponigro, and

reachable set with controls in Lj

The case of controls in Llloc
Chambrion.

However, choosing more appropriate functional spaces, exact local controllability results for 1D
models have been proved by Beauchard in [3, 4], whose proofs have been later simplified by Beauchard
and Laurent in [5] by means of a hidden regularizing effect and an inverse mapping theorem (instead
of Nash-Moser’s one).

This strategy was later developed by Morancey and Nersesyan to control one Schrédinger equa-
tion with a polarizability term [26] or a finite number of equations with one control [25, 27]. This
was also used by Puel [30] to prove the local exact controllability for a Schrédinger equation, in a
bounded regular domain, in a neighborhood of an eigenfunction corresponding to a simple eigenvalue
in dimension N < 3.

Global approximate results. With geometric techniques for the controllability of the Galerkin
approximations, in [15] Chambrion, Mason, Sigalotti, and Boscain prove the approximate controlla-
bility of Schrédinger in L? under hypotheses later refined by Boscain, Caponigro, Chambrion, and
Sigalotti in [11]. In higher order Sobolev spaces, similar results were proved for one [13] or a finite
number of equations [12]|. Such types of results can also be proved from exact controllability results
in infinite time [29] or from a variational argument [28].

About smooth controllability. The negative controllability result [32] and the positive con-
trollability results [3, 5] proved on the same Schrodinger equation underline the importance of the
regularity assumptions asked for the validity of controllability results, for a linear infinite dimensional
equation. Nevertheless, even when the state lives within a finite dimensional space, Beauchard and
Marbach proved in [6] that the same nonlinear system, according to the functional setting, may or
may not be small-time controllable. The same authors highlighted later the same phenomenon on a
nonlinear infinite dimension parabolic equation in [7].

Moreover, for a controlled system that is already known to be controllable in a given setting,
one can ask whether the control map preserves the smoothness of the data to be controlled. More
precisely, if the data is smoother than expected, does the control constructed inherit from this
smoothness? Generally, it is not the case. However, [17] gave a method to compute such controls.
Such a question can be relevant to deal with nonlinear problems as in [16] or to compute convergence
rates for numerical approximation (see [14] for example).

About moment problems. The use of infinite moment theory for linear control problems was
introduced by the work of Fattorini and Russel (see |18, 19]). For classical results about Riesz
basis and moment problems, the reader can refer, for example, to the following works: Krabs in [23],
Avdonin and Ivanov in [1], Komornik and Loreti in [22], Haraux in [21]. In this paper, the solvability



of a moment problem at any time with estimates in simultaneous Sobolev spaces is investigated. For
the Schrédinger equation, it has already been done by Beauchard in [3] but only for a specific and
not arbitrary small time. Moreover, the solvability of a moment problem in high-regularity spaces,
but without simultaneous estimates, has been done in [5] for Schrédinger, or in [7] for a parabolic
equation, relying on the work [8].

2 Well-posedness of the Cauchy problem

This section is dedicated to the proof of the existence, uniqueness and bounds on the solution of the
Cauchy problem

10 (t,7) = —O2(t,7) — w(p(E)b(t,2) — f(t,2),  (£,2) € (0,T) x (0,1),
»(t,0) =(t,1) =0, te(0,7), (9)
¥(0,2) = o(x), x€(0,1).

Our goal is to underline the link between the regularity of the solutions and the boundary conditions
on the dipolar moment u by proving the following statement.

Theorem 2.1. Let T > 0, (p, k) € N2, u € H*®PHR43((0,1),R) with p?+D(0) = p@*+(1) = 0
forallm = 0,....,p—1, u € HS(0,T),R), 1o € H2(p+k)+3(0,1) and f € HE((0,T), H*+3 N

(0)
H(2(§’)+1(0, 1)). There exists a unique weak solution of the Schrodinger equation, that is a function

Y € Ck([0,T7, H(2(§’)+3(0, 1)) such that the following equality holds in H(20’3+3 for every t € [0,T]:

wlt) = e Ay i [ e A (i) + £(r) dr
0

Moreover, for every R > 0, there exists C = C(T,u, R) > 0 such that if ||uHH§ < R, then this
solution satisfies

loromazgs < € (Wollspssrs + Wl rssezges ) (10)

We will sometimes write ¥(+; u,y) to denote the solution of (9) associated with control u and
initial data 1y when we will need to recall the dependence with respect to the control or the initial
condition. For p = 0, no boundary conditions are needed on u. The proof of Theorem 2.1 is inspired
by [5, Proposition 2 and 5|, where the authors dealt with the cases (p =0,k = 0) and (p = 0,k = 1).

Remark 2.2. Let T, p, k, p, u, 19 and f as in Theorem 2.1. Notice that as both the control and the

source term vanish at the final time, the solution ¢ € C*([0,T], H*3) of (9) satisfies the following

(0)
equality in H (2(‘;1’)+3(0, 1)

107 (T) = A*(T).
Therefore,

w(T) € H "M% (0,1).

However, in general, the solution does not belong to CO([O,T],H?(](fJFk)Jrg), as ¢ (t) does not belong
to H(20(§)+k)+3(0, 1) if u(t) # 0. Moreover, from (10), one deduces that for every R > 0, there exists
C =C(T,u, R) > 0 such that if HU”H{; < R, then

\\1/1(T)|’H(20<)p+k)+3 <C <HT/’0HH(20()p+k)+3 + HfHHk((O,T),H2P+3r1H(2(%“)> : (11)

6



2.1 Smoothing effect

The main difficulty in this well-posedness result relies on the fact that, for a given 7 in [0,T7], f(7)

is not assumed to belong to H (2(‘;”)+3 and moreover, the operator ¢ — p) is not bounded from H (20’3+3

to H (2(§’)+3 because u(zp“) does not vanish at x = 0 and « = 1. Therefore, the proof of Theorem 2.1
stems from the regularity of the function ¢ — fot "7 f(1)dr in the spatial space H 260 +3 even when

f does not take values in such space. In the following proposition, for p = —1, we will write
H»S3NH (26’))“ to denote only the space H' to homogenize with the notation when p € N.

Proposition 2.3. Let p = —1 or p € N. There exists a nondecreasing function C : [0,4+00) —

0,+00) such that for all T > 0 and for all f € L?((0,T), H***3 N H2PH 0,1)), the function
(0)

G:t— fg e~ £(1)dr belongs to C’O([O,T],H?&Jrg(o, 1)) with the following estimate,

HGHCO([QT},H(Z(%*% < C(T)HfHLZ((()7T)7H2p+3r1H(2(%H)- (12)

Proof. Let T >0 and f € L%((0,T), H**+3n H(20’3+1). Let t € [0,T]. By definition of the function G

and of the norm H (2é’)+3, one seeks to estimate,

O = |3 [ nepe i) o) = H ([ v eermar)

J=1

JEN*||p2p+3

Yet, for almost every 7 € (0,7), f(r) belongs to H**3 H(%’)H. Therefore, performing (2p + 3)-

integrations by parts, we get, for all j € N*,

)0 = TS (L0225 1) = 02 (r0) = s 020217, VDo),

(with a minus added on each term if p = —1). Thus, there exists a constant C' > 0, not depending
on time, such that

GOl s <C

z0€{0,1}

t
</ o2 (7, a:o)ei’\deT>
0 JEN* 12

e ( /O o, \/icos(jw-»ei*jw) (13)

JEN* 12

Using the Cauchy-Schwarz inequality (in time) and then the orthonormality of the family (v/2 cos(j))jen
in L2(0,1), the square of the last term of the right-hand side of (13) is estimated by

400 t _— ' ~ 2 400 t - ' )
]2::1 /0<6m F(7),V2cos(jm))eN T dr §j§::1t/0 ‘(@ f(T),\/icos(ﬂ.»‘ dr

t
< / 0243 ()|, dr,
0

giving that

< VI Fllz2 (0,0, 243 (14)

l2

H </0t<3§p+3f(7), V2 cos(jﬂ.»eijdT)

JEN*

7



Moreover, the sum in the right-hand side of (13) is estimated using an Ingham inequality (see
for example [5, Appendix B, Corollary 4|) which gives the existence of a nondecreasing function
C :t— C(t) > 0 such that,

t
< / P f(r, xo)eMﬂdT>
0 JEN*

Therefore, (13), (14) and (15) together with the fact that H2?P+3(0, 1) is continuously embedded in
C2*2([0,1]) give

< C(t)Hangf(‘,HJO)HLZ(o,t), for xo = 0 and 1. (15)

12

HG(t)”Hﬁ%“ S COIflLz((0,0), 12043y

with a nondecreasing function ¢ — C(¢t) > 0. This bound shows that G(¢) belongs to H(2£+3(0, 1)

for every ¢ € [0,T] and that the map ¢t — G(t) € H (2(‘;1’)+3 is continuous at ¢ = 0 (as C(t) is uniformly

bounded when ¢t — 0 and || f]| £2((0,¢),120+3) — 0 when ¢ — 0 thanks to the dominated convergence
theorem). The continuity of G at any time ¢ € (0,7 can be proved similarly. O

The previous lemma stated the continuity of ¢ — fg A7 f(T)dr and from this we can deduce,
for all k € N*, the C*-regularity of such function.

Proposition 2.4. Let (p,k) € N2. There exists a nondecreasing function C : [0,+00) — (0, 4+00)

such that for all T > 0 and for all f € HE((0,T), H***3 N H(zé))H(O, 1)), the function G : t —

fot e A=) £(1)dr belongs to C*([0,T], H(2(§’)+3(0, 1)) with the following estimate,

HGHCk([Q,TLH(Qé’)JrS) < CHf”Hk((o,T),HvaLBmH(?é’)“)' (16)

Proof. Let f € HE((0,T), H#T3 N H (260)“). We will rather work with G written under the form

G(t) = /Ot e AT f(t —7)dr, tel0,T].

Step 1: Classical regularity. As f is in H*((0,T), H (2£+2), the classical theory on semi-groups gives

that G is in C’k([O,T],H(25+2). Moreover, because f(0) = ... = f*#=D(0) = 0, the derivatives, for

the H ?&H—topology, are given by,

t
VYn=0,....k, GM(t) = / eTAT Mt — Ydr, te0,T). (17)
0

Step 2: Higher regularity in space. We prove that G is in C"([0,T], H(2(§’)+3) by induction on n €
{0,...k}. The initialization (n = 0) is proved in Proposition 2.3. Let n € {0,...k — 1} and assume

that G is in C"([O,T],Hfgfg). First, as f"*1 is in L2((0,7T), H**3 N H?é’)ﬂ) (asn+1 < k),

Proposition 2.3 and (17) give directly that G™+1) is in C°([0, T7, H(2(§’)+3). Then, for t € [0,7], with

(17), one can write,

G (t+h) — GM(t)
h

1 t+h )
— G () = - / e AT M (L 4 b — 7)dr
t

! —iAT f(n)(t+h_7)_f(n)(t_7) (n+1)
[ < ) ) ) a1




By Proposition 2.3, the H, (2(‘;”)+3—norm of the second term of the right-hand side of (18) is bounded by

C1 (T)

‘f("’(- +h) - S pmey

LQ((O,T),H2P+30H(2(§’)“)
which goes to zero as h goes to zero, because f(™ is in H'((0,T), H*+3 N H(20’3+1). Besides, as

4 is an isometry from H (2(*;”)+3 to H (2(‘;1’)+3,

Proposition 2.3 and Cauchy-Schwarz inequality, one gets the following upper bound for the H (2é’)+3—

norm of the first term of the right-hand side of (18)

f (")(0) = 0, using successively a change of variables, that e~

e,’A(tJ,_h) h CiAs n n f(") <) — f(n) 0
[ [ (100 100 ], <0 |20
0 (0) LZ((O,h),H2p+3ﬁH(2£’)+1)
c1(h) / (n) &
A Oy f\™M(T)dr <c(h) (|0 ’
A 0 tf ( ) LQ((O,h),H2p+3ﬂH(2(§))+1) - 1( ) H tf LQ((07h)7H2p+30H(2(§))+1)

This bound goes to zero when h goes to zero as the function h +— ¢1(h) given in Proposition 2.3

is nondecreasing and flllg% H@t f (")H L2((0, ), H2P+30) H(Z(%+1) = (0 by the dominated convergence theorem.

And this concludes the proof. O

2.2 Proof of Theorem 2.1, the well-posedness
Let p, v, f and u satisfying the hypotheses of Theorem 2.1. We consider the map

F : C*(0,T], H*"(0,1))

(0) — Ck([07T]7H2p+3(071))
Yo g

(0)

where

E(t) = e My + i / e A (u(r)p(r) + f(7))dr, te0,T],

0
so that ¢ is a weak solution of (9) if and only if ¢ is a fixed-point of F.

F' is well-defined. For ¢ € Ck([O,T],H(zéj)Jr?’) and 7 € [0,7], by Leibniz formula and the algebra
structure of H?P*3 the map 7 +— u(7)ut)(7) + f(7) belongs to HE((0,T), H*»+3 N H(QO%H) and thus,

by Proposition 2.4, £ = F(¢) is in Ck([oaT]vH(Z(f)Jrg)‘

F is a contraction. Let 1,1 in C*([0, 7, H(20’3+3). Again, by Proposition 2.4 and the algebra structure
of H?13(0,1), we get, for all ¢t € [0,T],

[1E()(t) — F(TZJ)(f)||1LJ1(2§)+3 < C(D)|lull e llall r2vvs 19 = Dl o,17,m20+5) (19)

Equation (19) proves that if ||u|| g+ is small enough, F' is a contraction and thus by the Banach fixed-

point theorem, admits a unique fixed-point ) in C* ([0,7],H (260)”). Computing the same estimates,

by Proposition 2.4, we get that this fixed point satisfies

¥l on oy rzpesy < O ) (ol aovmrss + el oo, gy

Wk oy sy



Therefore, for u € HE(0,T) such that C(T, p)||ullgr < 1/2, we get (10). If u in B o,r)(0, R) is
not small enough in H(])f, one can consider a subdivision 0 = Ty < ... < Ty = T such that for
all i € {0,...,N — 1}, [Jull gr(z;,1,,,) is small enough to apply the previous argument on [13, Ti41].
Notice that as the constant T'— C(T') is nondecreasing, N only depends on R so that the constant
in (10) does only depend on T', u and R, as claimed in the theorem.

3 Solvability of a moment problem with simultaneous estimates

The goal of this section is the proof of a new result about trigonometric moment problems. More
precisely, the aim is to prove the solvability of a moment problem in high-regularity spaces, with
simultaneous estimates on the operator solving the moment problem. This will allow to build a
control map for the linearized system with estimates in various control/data spaces in the following
section.

3.1 Assumptions on the frequencies

Given an increasing sequence w = (wj);en of [0, +00) with wy = 0, we define, for all m € N,
RER(N, ©) = { (d))jen € 2(W,C); do € R and [[d|25 = Z\ jo+ W) &y < +oo}.

When m = 0, we will simply write [2 instead of h&r. Moreover, we will say that a sequence (wj);en
satisfies an asymptotic gap if

Wj4+1 — wj — +00 when j — 400, (AsymptGap)
and satisfies a polynomial asymptotic gap if
there exists € > 0, Ng € N and ¢ > 0 s.t. for all j > Ny, wj1 —w; >c¢j°.  (AsymptGapPoly)

If not mentioned, for all j € Z, j <0, we denote by w; = —w_j.

3.2 Solvability of a moment problem in L?*(0,T) with polynomial constraints

First, following some known results about trigonometric moment problems, one can prove the solv-
ability in high-regularity spaces of such problems but without simultaneous estimates. This can be
deduced from the solvability of a moment problem in L2(0,7") with polynomial constraints, which
is therefore the starting point of this section. The results presented in this subsection are a gener-
alization of the work [5, Appendix B|. Therein, the full proofs are left to the reader.

First, one can state that under an asymptotic gap condition, the family of complex exponentials,
with an added finite number of polynomials, has a biorthogonal family.

Lemma 3.1. Let T > 0 and (wj)jen an increasing sequence of [0,4+00) such that wy = 0 and
satisfying (AsymptGap). Then, for all n € N*, the family ©, = {t?; ¢=1,...n} U{ e“i'; j € Z}
is minimal in L?(0,T) and thus admits a biorthogonal family.

From this result and the work of Haraux [21], one can state the solvability of trigonometric
moment problem in L2(0,T) with a finite number of constraints on polynomial moments.

Theorem 3.2. Let T'> 0, n € N* and (wj)jen an increasing sequence of [0,400) such that wy = 0
and satisfying (AsymptGap). There exists a constant C > 0 and a continuous linear map ﬁg R x
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I2(N,C) — L2((0,T),R) such that for every sequence d = ((d—g)g=1,...n, (dj)jen) € R x I2(N,C),
the control u := LE(d) € L*((0,T),R) satisfies the moment problem

T T
Vi e N, / u(t)eitdt =d; and VYqg=1,...,n, / tu(t)dt = d_g,
0 0

and the following size estimate

j=—n

Then, we deduce, for any integer k, the solvability of such moment problems in Hé“ (0,7) with
only an estimate in the most regular space.

Theorem 3.3. Let T > 0, (n,k) € (N*)? and (w;)jen an increasing sequence of [0, +00) such that
wo = 0 and satisfying (AsymptGap). There exists a constant C > 0 and a continuous linear map
L R x hi’fr(h\l,@) — H(])f((O,TZ, R) such that for every sequence d = ((d—g)g=1,....n, (dj)jen) €
R™ x hi’fr(h\l, C), the control u:= LT (d) € HY¥((0,T),R) satisfies the moment problem

T T
Vj eN, / u(t)e™itdt =d; and Vg=1,...,n, / tTu(t)dt = d_g,
0 0

and the following size estimate
+o00 ) 9 1/2
lull gy <C | D ‘(5170 + wj) dj‘

j=-n

Proof. The proof follows with E{ = B o Eg o Aj where Eg is defined in Theorem 3.2, A :
R™ x hfj’fr(h\l, C) — R¥™ x 12(N,C) and By, : L*((0,T),R) — H*((0,T),R) are respectively given by

Ak ((d_q)qzl T (dj)jelN) = <(_17)k(]!d—q+que{k k—i—n}) » ((_iwj)kdj]leN*> ,
o (q_ k)' o q=1,...k4+n JEN

and
Byy(v) = (t - /0 t %m)m) . (20)
O

3.3 Solvability of a moment problem in H}(0,T) with various estimates

Notice that Theorem 3.3 provides operators Eg t((d=g)g=1,....ns (dj)jen) € R™ x hi’fr(h\l,@) = ou €
Hg((O,T), R) solving the moment problem which depend on k, preventing from having estimates
on u, for a given sequence (d;), simultaneously in various Sobolev spaces. Therefore, the goal of
this subsection is to prove that one can solve trigonometric moment problems in H{f(O,T ) with
simultaneous estimates on the control.

First, the result can be proved when dealing with only a finite number of moments.

Proposition 3.4. Let T > 0, (n,k,N) € N* x N and (wj)jen an increasing sequence of [0, 400)
such that wg = 0 and satisfying (AsymptGap). There erxists a constant Cy > 0 and a con-
tinuous linear map £f¥’T : R x ([R X CN_l) — HE((0,T),R) such that for every sequence d =

11



((d=g)g=1,..n> (dj)j=0,..n—1) € R" x (R x CN71), the control u := £1]¥’T(d) € HY((0,T),R) satisfies
the moment problem

T T
Vj=0,...,N —1, / u(t)e™'dt =dj, and Vj > N, / u(t)e™itdt =0,
0 0

T
Vg=1,...,n, / tTu(t)dt = d_g,
0

and the size estimates
1/2

N-1
lull 0.1y < On Z | (05,0 + i) dj\2 ., ¥Ym=0,...,k. (21)

j=—n
Proof. The proof follows with
N,T —
Lig™ (d=g)g=1,.m> (dj)j=0,...n-1) := L}, (d—g)g=1,..ns (djlj=o,...N-1)jen)
where Zz is defined in Theorem 3.3, using the equivalence of norms in finite dimension. [l

It remains to deal with the high frequencies. To that end, we will assume from now on that the
sequence of frequencies satisfies the polynomial asymptotic gap (AsymptGapPoly). In other words,

the goal is to prove that the map
T .
L:uw </ u(t)e“"ftdt>
0 JEN

admits a continuous-right inverse P : hi’fr(h\l,@) — HE((0,7),R) which is still continuous from
h2m(N,C) to HF*((0,T),R) for all m = 0,...,k. Usually, a continuous right inverse of L i.e. an
operator solving the moment problem is sought under the form P(d) =) d;&; where {fj*, jEZ}is
the biorthogonal family of {e™i", j € Z}. To conclude, one would need to be able to estimate such
biorthogonal family simultaneously in all the Sobolev spaces H*(0,T), for m =0,... k.

Such strategies have already been used. Explicit computations of the biorthogonal family with
good estimates have, for example, been used: in [31] to prove upper bounds for the control cost in
the case of systems governed by the Schrodinger or the heat equation, in [24] to study the cost of the
control in the case of a minimal time for the one-dimensional heat equation or in [9] to characterize
the null controllability of a system of n parabolic equations in cylindrical domains. Sharp estimates
for biorthogonal families of exponential functions without gap conditions have been given in [20] and
used to prove new results on the cost of the boundary null controllability of parabolic systems. A new
block resolution technique, together with sharp estimates, has also been used in [10] to characterize
the minimal null control time for abstract linear control problem.

However, here we choose to not compute the biorthogonal family. As the exponentials are "almost
orthogonal" for high frequencies, the main idea is to rather seek a solution of the moment problem

under the form

+oo
PA)(t) = ) die™'x(t). (22)

j=—o00

with x a weight function which allows to improve the decay of the coefficients ((ei“’f' X, ei“’P'>)j 4p at
high frequencies. As such P will no longer exactly solve the moment problem, the right inverse of L
will be constructed as an iteration of (22), quantifying the error term. Besides, the explicit form of
P will allow to easily estimate it in various spaces.

To implement such strategy, we start by introducing the operator giving the moment problem
for high frequencies and the operator which will almost be its right-inverse.
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Lemma 3.5. Define, for allm € N and N € N*,

L HP((0,7),R) — hZ(N,C)

Py RNE) - HE((0,T),R)
u (fOTu(t)ei“’J’tdt)

(dj)j=n = > di&,
JI=N

J=N

where for all j € Z, 7 <0, d] = d—_] and for all j € Z, for all t € [0,T] §~]( t) = %e_“"ftx( ) with
X € C°((0,7),R) such that fo t)dt = 1. Then, for allm € N and N € N*, L} and Py are linear

continuous applications.

Proof. Let m € N and N € N*. First, the continuity of L comes from that for all v € HJ(0,T'),
by integrations by parts,

T
w;-” / u(t Z“Jtdt
0

as the family (e*);cz is a Riesz basis. Secondly, the continuity of Py stems from the fact that for
all (dj)j>n in hZ7(N,C), by the algebra structure of H{*(0,T),

“+00

D

Jj=N

Z ‘ eiw' ‘ < CHU(m)H%?(o,T)a

> dig < lIxllamom | 3 wy'die™™ < Ol (@fd)) oy l2eve),

l7I=N HJ(0,T) li1=N L2(0,T)

as the family (e™7'),cz is a Riesz basis. The reader can for example refer to [5, Proposition 19] to
find the results on Riesz basis used in this proof. O

With these notations, our goal is to prove that, for IV large enough, the application L7} has a
common continuous right inverse for all m = 0, ..., k. To that end, we start by quantifying in which
way Py is almost the right-inverse of L.

Lemma 3.6. Let k € N*. For all € > 0, there exists Ny € N* such that for all N > Ny, for all
m=0,...,k, forall d € hff”;ﬁ(N,C),

LN o P (d) = dllnzm v,y < €lldlnzm o)

Proof. Let m € {0,...,k} and N > min(Np+1, 2) where Ny is defined in (AsymptGapPoly). Notice
that, performing integrations by parts (with no boundary terms as x has a compact support), for
all a € N*, there exists a constant C' = C(X(O‘),T) > 0 such that, for all j,p € N,

T_ . r_ . C
/ &(t)e™itdt =1 and ‘/ @(t)ewdt' < —— —ifj#k
0 0 |wr, — Wj|

The coefficient o will be chosen later as large as needed. Using this remark, together with the
following equality

(L o P(d / PR(d)(t)ertdt = dy + > / &)ertdt, Vpe N,

l7|>N, j#p

we get, using Cauchy-Schwarz inequality,

1250 P — diy, = S 2| d; / §ertal|
p>N \J|>N J#p
< Clldlzn > >
m p>N = 2m|w —w |2a
J#D
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Yet, by the triangular inequality, for all (j,p) € N*, j # p,

2m
w 1 1
2m . 2a S c 2m 2(a—m) + 2a :
W |wj — wpl W |wj — wpl |wj — wpl

Thus, as the sequence (wj);jen+ is bounded by below by w, it is sufficient to prove that for 3 large
enough, the series ) ip m converges to get that choosing « large enough, for all € > 0, there
’ 1~ %P

exists N1 > 0 such that for all N > Ny, for allm =0,...,k,

Z Z 2m’w —w ’201 < &

p>N j=N
J#p

which will conclude the proof. Yet, using the polynomial growth (AsymptGapPoly), for all j,p > N,
J# P

lwj — wp| > min <\/(wj —wj—1) (Wpg1 — wp), \/(wj+1 —wj) (wp — wp_1)> > c(j — 1)/2(p — 1)=/2.

2 . 1 .
And thus, for all 3 > =, the series ) iw Tor=onl? indeed converges. O

By iterating the error estimate given in Lemma 3.6, we deduce a common continuous right-inverse
for L%}, the operator of the moment problem.

Lemma 3.7. Let k € N*. There exists N1 € N* such that for all N > Ny, L} admits the same
linear continuous right inverse for all m = 0,...,k. More precisely, for all N > Ny, there exists
an operator My such that for all m = 0,...,k, M : h2(N,C) — H§"((0,T),R),d — My(d) is
continuous and satisfies

o MR = Idjem .

Proof. By Lemma 3.6 with ¢ = %, set N1 > 0 such that for all N > Ny, for all m = 0,...,k, we
have,

1L o PR (d) = dllnzm n0) —Hdth move), V€ h(N,C). (23)

Let N > Ny and m € {0,...,k}. In the following proof, for the sake of clarity, we will forget all the
exponents m on the name of the applications, that recall the spaces in which we work. First, if we
define ¥ := Ly o Py — Id, an induction gives that

LyoY (~1)’Py oS = Id+(~1)"S", vneN. (24)
p=0

Yet, ¥ is a linear and continuous application from h2% (N, C) to 2" (N, C) with its operator norm
satisfying ||X|p2m p2m < 1/2 by (23). Thus, the series » (—1)? Py o X absolutely converges in the
space Lc(hZm(N,C), Hi((0,T),R)). Therefore, passing to the limits [n — 4-o00] in the equality (24),
we get,

+o0o
LyoMy=1d with My :=>» (=1)’Pyo¥?,
p=0
which is continuous from hiﬁ’}n(h\l, C) to H*((0,T7),R) for all m =0,... k. O

Now, from Lemma 3.7, one can prove the solvability of a moment problem with simultaneous
estimates on the control for high frequencies.
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Proposition 3.8. Let T > 0, k € N and (wj)jen an increasing sequence of [0,4+00) such that
wo = 0 and satisfying (AsymptGapPoly). There ezists an integer N € N*, a constant C > 0 and a
continuous linear map ££\;’T : hfj’fr(h\l, C) — HE((0,7),R) such that for every sequence d = (d;)jen €
h2k. (N, C), the control u := ﬁﬁ’T(d) € HE((0,T),R) satisfies the moment problem

T
/ u(t)e™itdt = d;j, Vj > N, (25)
0
and the following estimates
400 1/2
m |2
HUHH{)"(O,T) <C Z |wj d_j‘ , Vm=0,...,k. (26)
j=N

Proof of Proposition 3.8. Let k € N and T' > 0. Let N; € N as in Lemma 3.7 and N > N;. The
proof follows with ﬁﬁ’T := My where My is defined in Lemma 3.7. Indeed, for all d € hi’fr([]\l, C), as
LyoMy = 1d, the function u := My(d) € HE((0,T), R) satisfies the moment problem (25). And the
estimates (26) hold by continuity of My from h27:(N, C) to H{*((0,T),R), for every m = 0,..., k. O

Now, from Proposition 3.4 dealing with low frequencies and Proposition 3.8 dealing with high
frequencies, one can prove the main result.

Theorem 3.9. Let T > 0, k € N, n € N* and (w;)jen an increasing sequence of [0, +00) such that
wo = 0 and satisfying (AsymptGapPoly). There exists a constant C' > 0 and a continuous linear
map L} : R"xhZ* (N,C) — HF((0,T),R) such that for every sequence d = ((d—q)g=1,...n, (dj)jen) €
R™ x h25 (N, C), the control u := L] (d) € H{((0,T),R) satisfies the moment problem

T T
vjen, / w(®)e“ltdt = d;  and Yg=1,....n, / $u(t)dt = d_, (27)
0 0

with the following size estimates,
1/2

lull a0y < € Z:H@p+wTﬁM2 ., Ym=0,..., k. (28)

j=—n

Proof of Theorem 3.9. Let T >0, k € N, n € N*. Let (d_g)q=1,..n € R" and (d;)jen € h2".(N,C).
The proof follows with

u=LF (d=q)g=1,..n> (dj)jen) = Lpg" ((d;)jen)

T T
+£11¥,T <<d_q _/0 tqﬁkll\;,T(dj)(t)dQ 1 , <dj —/0 ﬁthvT(dj)(t)eijtdt> o x 1) .
q= n It

geeegy

Indeed, by linearity and by construction of the operators £}]1\;’T and £1]¥ T (given respectively in
Proposition 3.8 and Proposition 3.4, the control u satisfies the moment problem (27). Furthermore,
by (21) and (26), there exists a constant C' > 0 such that for all m =0,... k,

1/2 1/2

400 N-1
[ull gz 0.1y < C E:\WTJHQ + D kdﬂ)+“%m)<dj_‘Q)F : (29)
=N

j=-n
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where, if v := Eth’T((dj)jeN),

T " T
Vji=0,...,N—1, d; ::/ v(t)eitdt  and Vg=1,...,n, d_, ::/ th(t)dt.
0 0

Besides, using Cauchy-Schwarz inequality and the size estimate (26) on v (for m = 0), we get, for
allj=0,...,N—1,forallm=0,...,k,

1/2 1/2
~ T ) —+o00 +oo
|d;| = ‘/0 v(t)ewjtdt‘ <VT|ollzm < C | Y 1ds1? <O D 1Go+w™dl*]
j=N Jj=-n

as the injection h2™ (N, C) C I2(N, C) is continuous. The same estimates can be proved on (d—q)g=1,....n-
Together with (29), this gives (28). O

Finally, from Theorem 3.9, one can deduce the solvability of moment problem with estimates on
the function, some of its derivatives but also some of its primitives.

Theorem 3.10. Let T > 0, k € N* and (wj)jen an increasing sequence of [0,400) such that
wo = 0 and satisfying (AsymptGapPoly). There exists a constant C' > 0 and a continuous linear
map MT - hffr(h\l,@) — HE(0,T),R) such that for every d = (d;)jen € halfr(h\l,(ﬁ), the control
u:= M¥(d) € HE((0,T),R) satisfies the moment problem

!Amea%wtzdj Vi e N, (30)
with the boundary conditions
up(T) =u3(T) = ... = ug1(T) =0, (31)
and the following size estimates,
HUHH{)”(O,T) < Clldllpzmm,e), Ym=—(k+1),...,0,... k. (32)

Proof of Theorem 3.10. Let (d;)jen in hZ:,.(N,C). The operator M{ is given by,
d:
MG ((d))jen) = DHHD o ﬁngrl (W%@&) iEN L <(qu0)q:1""’k ’ (d05j,o)j€N> ’
j

where ﬁgk 41 and Ez are defined in Theorem 3.9 and D* 1) is the differential operator u — u*+1).
Step 1. Solving the moment problem except for the first moment. Indeed, if we denote by
d;

v = f(k+1) c H(I;:(O,T) with f = £gk+l <W
J

]1j€N*> € HZ*(0,7),
JEN

then, performing k + 1 integrations by parts, as f(") has vanishing boundary terms for all m =
0,...,k, we get, for all j € N*,

T , T .
/wawﬁ:ewmﬂ/‘mwwﬁ:@, (33)
0 0

by construction of f. However, for j = 1, we get

/ Tv(t)dt = f®(1) =0, (34)
0



and therefore, the first moment needs to be corrected in a second time. Moreover, by construction,
we have the boundary conditions (31) on v and from estimates (28) on f, if we denote by u(™ = u_,,
when m < 0, we deduce

[ollm = 0™ g2 = [ FEFT g2 < Cllell pguaom < Clldllngy,  Ym=—(k+1),.... k. (35)
Step 2. Correcting the first component. If we denote by
w = ﬁg <(qu0)q:1,...,k , (d05j70)jehxl> S Hg(O,T),

then by construction, together with (33)-(34), the control u := v+w in HE(0,T) solves the moment
problem (30). Moreover, by construction, w solves the polynomial moment

T
/ F(t)dt = T4y, Vg —1,....k
0
and thus, by integration by parts, as wq(T) = dy by construction, we get the boundary conditions

(31) on w. Then, by linearity, (31) holds for u. Moreover, by construction, w satisfies the size
estimates

HwHHm(()’T) < CT‘dO‘, Vm:O,...,k. (36)

Thus, Cauchy-Schwarz inequality entails that
H’wm”L2(07T) STmeHLZ(QT) STmCT‘dQ‘, VYm = 1,,]€+1 (37)
Finally, estimates (35) on v and estimates (36)-(37) on w gives all the estimates (32) on w. O

4 Nonlinear control in projection with simultaneous estimates

The goal of this section is the proof of Theorem 1.2. It relies on the controllability of the linearized
system with simultaneous estimates, given in Subsection 4.1, which is then propagated to the nonlin-
ear system through the iterations of the inverse mapping theorem thanks to estimates on the linear
approximation of the end-point map given in Subsection 4.2. In this section, if ¢ is in S, Tsv the
tangent space at ¢ of S and Il the orthogonal projection on T'sv, are respectively given by

Tsp:={€ € L*(0,1); R(&,¢) =0} and TIy(&) ==& — R(E, ).

4.1 (O'- regularity of the end-point map

Let T"> 0. We consider the end-point map defined by,
Or SN S0 Tm) A

(38)
(o, u) = (o, Iy, ) o Py [(T)])

where 9 is the solution of

00t ) = —O2(t,7) — u(Op(@)e(t D), (43) € (0,T) x (0,1),
P(t,0)=¢(t,1)=0, te(0,T),
¥(0,2) = Po(x), x=€(0,1).

Remark 4.1. To prove Theorem 1.2, we want estimates (8) on the control with respect to the
final state but also to the initial data, that is why the initial data is added as an argument of the
end-point map ©p. Moreover, in the definition of ©p, the end-point of the solution is composed
with P; as we investigate exact controllability in projection. It is also composed with IL, (1) as only
the imaginary part of the first component of the solution can be controlled (we gain back the real
part of the first component as the solution lives in the L?(0, 1)-sphere S).
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The C'-regularity of this end-point map is given in the following proposition.
Proposition 4.2. Let p € H*PHR+3((0,1),R) with p®**D(0) = pu® (1) = 0 for all n =
0,...,p— 1. The map O defined in (38) is C'. Moreover, for every (v, u) in H(20()p+k)+3(0, 1) x
HE(0,T), the differential at (1o, u) is given by,

dO1 (o, u).(Vo,v) = (W0, Ty, 7y o P, [U(T)]),  (Wo,0) € Higl ™M 3(0,1) < HE(0,T),

where W is the solution of the linearized system around the trajectory (u,¥(-; u,vyg)) given by
0,0 (t, x) = —07U(t,x) — u(t)u(x)U(t,x) — v(t)u(@)P(t; u, o),

U(t,0)=U(t,1) =0, te(0,7T), (39)
U(0,2) =¥, x€(0,1),

Notice that O is well-defined thanks to Remark 2.2. The proof of Proposition 4.2 is the same as
[5, Proposition 3, Proposition 6| using Theorem 2.1 (and Remark 2.2) instead of their well-posedness
result and thus is left to the reader.

In the following proposition, we state that one can build a right inverse of d®p(¢1,0) which is
continuous simultaneously in several spaces, meaning that one can control the linearized equation
of (1) around the ground state with various estimates on the control.

Proposition 4.3. Let p in H>®PTR*3((0,1),R) with p®*+t)(0) = pCr+t(1) = 0 for all n =
0,...,p— 1 and satisfying (4) . Then, the linear map

A0r(ip1,0) : Tspr N H{GT™ ™) x H — [T 0 H{G ™ ™) x [Tt (T) 0 M 0 GG ™)

has a continuous right inverse

dO1(p1,0) 7"+ [Tspr 0 Higl ™ 2] x [Tsyn (T) N H, 0 Higl ) = [Tsor 0 Higl ™% < H,

which satisfies that there exists a constant Cp > 0 such that for all g in Tsp1 N H(20(§)+k)+3 and Yy

in Tsy1 (T) N Hy N H?O()”Jrng, the control uw € HE(0,T) defined by (vo,u) := dOr(p1,0)~ (o, 1¢)

satisfies the following boundary conditions
up(T) = ... = w1 (T) =0 (40)
and the following size estimates
[ull e 0.7 < € H(%’¢f)HH(QO()P*W”(OJ)fo()()l’*m)“(o,l) , Ym=—(k+1),....k (41)

The proof follows from the solvability of a trigonometric moment problem with simultaneous
estimates given in Theorem 3.10.

Proof of Proposition 4.3. By Proposition 4.2, for all u € HE(0,T) and ¢ € H(20(§)+k)+3(0, 1),

dO7(¢1,0).(¢0,u) = (Yo, P; [¥(T)]),

where W is the solution of the linearized system (39) around (u, ;) and can be computed as

—+o00 +00 T .
W) = 3 (Worgs) U(T) +iY <<u<p1, o)) / u(t)elw—wdt) (). (42)
7=1 j=1 0
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Let (vo,v¢) € [Tse1 N H(20()P+k)+3] x [Tsy(T)NH; N H(20()P+k)+3]. The equality P,¥(T) = 1)y is then
equivalent to the trigonometric moment problem

/T u(t)e!N gy = <wf’1/}]:(T)> — (0, ;)
0 Z(:W’Dla 90]>

= j—1(¢07¢f)7 \V/j € J (43)

Applying Theorem 3.10 with (w; := A\j41 — A1)jen which satisfies (AsymptGapPoly), the proof of
Proposition 4.3 follows with

dO7(p1,0) ™ (o, ¥r) = (vho, M [d(vho, ¥y)]) , (44)

where d(vo,v7) = (d;j(vo,¥r)Ljes) ;o and M? is defined in Theorem 3.10. Indeed, by construc-

tion, the control u := MZ [d(1o, 1 )] satisfies the moment problem (43) after a shift in the indexes,
entailing that the function defined by (44) is a right inverse of d©7(¢1,0). Finally, Theorem 3.10
also gives that the control satisfies the boundary conditions (40) and gives the existence of a constant
Cr > 0 (not depending on 1)y nor on 1s) such that,

lulzpor) < Clldllpzmaey. Ym=—(k+1),... k.
Yet, as the function u satisfies the hypothesis (4), we get for all m = —(k + 1),...,k,

lull o) < CH(ps 05(T)) = (Wos @)l p2imen 1350

< € (sl mrss 0+ Wollgzromsy )
O

Remark 4.4. The boundary conditions (40) allow to ease the propagation of estimates (41) to the
nonlinear dynamics (see in the following Proposition 4.5 where those boundary conditions are useful
to quantify the error between the nonlinear and the linearized dynamics). Notice that one can’t
add the boundary condition u1(7T") = 0 to (40) as the term w;(T") drives the behavior of the first
component of the linearized system (see (42)).

4.2 Error estimates between the nonlinear and linearized dynamics

The proof of Theorem 1.2 relies on the inverse mapping theorem: the control steering the solution
of the Schrédinger equation (1) from Wq to Wy is constructed as the fixed point of the map

D : (Yo, u) — (Yo, u) — dO1(1p1,0) 1. [Or (o, u) — (¥o, ¥y)] .

Notice that such function can be rewritten as,

® (1o, u) — (1,0) = —dO7(p1,0) . [O7 (¥, u) — dO(p1,0).(Yo — 1,u) — (P, Ty)].

Therefore, estimates on the nonlinear control map (¥, ¥¢) — u are closely linked to estimates on
the linear approximation of the end-point map Or, given in the following proposition.

Proposition 4.5. Let T > 0, (p,k) € N? with p > k, p € H>@R)+3(0,1) with p2*+D(0) =
pP (1) =0 foralln =0,....,p—1, u € HE0,T) and vy € H(zo()erng(O, 1). For every R > 0,
there exists a constant C = C (T, u, R) > 0 such that if HUHH{;(QT) <Randus(T)=... = up1 (1) =
0, then the following estimates hold

107 (tho, u) = O1(p1,0) — dOT(p1,0).(Yo — ¢1, U)||H(20()p+m>+3xH(20<)p+m>+3

< Cllullam <H¢o - 901|!H(20<)p+k)+3 + HUHH(I;> , Vm=—(k+1),...,k (45)
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Remark 4.6. The assumption p > k appears here to make sure that all the spaces Hfo)(O,l)
involved are positive Sobolev spaces.

To prove Proposition 4.5, we first show estimates on the solution of the Schrédinger equation in
regular spaces.

Proposition 4.7. Let T > 0, (p,k) € N2, p € H*PTR+3((0,1),R) with p2+D(0) = p+D(1) =0
foralln=0,...,p—1,u € HE(0,T),R), ¢ € H(20(§)+k)+3(0, 1). Then, if ¥ = (+; u, ),

¥ — € CF(0, T, Hig ™ (0, 1)) 0 HH((0,T), Heg ™ (0, 1)).

Moreover, for all R > 0, there exists a constant C = C(T, p, R) > 0 such that if HUHH{;(O,T) <R
then the following estimates hold

”all (¢ - 1/}1)|’00([0’T]7H(2(§’)+3) <C <”¢0 - (P1HH(20()p+n)+3 + HU”Hn> , Yn=0,...,k, (46)

[0 = )|

<C — ). 47
pamyaigny < € (0= 91lgeors + il ) (47

Proof. Let p in H?P+HR+3((0,1),R) with x4 (0) = p®*+D(1) =0 for all n = 0,...,p — 1 and
Yo in H(20(f+k)+3(0,1). Let R > 0 and u € HE(0,T) such that ||uHH§(0’T) < R. First, as v is the
solution of (1), b — 4y is the solution of the following Cauchy problem

0 (Y — 1) = =02 (Y — Y1) — u(t)u(x)y,
(Y — 1) (£,0) = (¢ — 1) (t,1) =0, (48)
(¥ — 1) (0,+) = Yo — 1.

By Theorem 2.1, ¥ — )1, is in C*([0, T7, H(2(§’)+3(0 1)) and there exists C' = C(T, u, R) > 0 such that

HT/’ - wl“cn([07T},H(2(%+3(0,1)) < C <”w0 - (101|’H(20()P+”)+3(0’1) + HUHH"(O,T)> ’ Vn = 07 s 7k7

using that ¢ is bounded in C¥([0,T], H2**3 0 H2™Y). To get (47), we differentiate (48) in a

(0)
distribution sense, using Leibniz formula,
k
107 (1 — ) = ADF (¥ — 1) — Yy uMo Ty (49)
n=0
k 2p+3 Tk 2p+1

Yet, as ¢ —1); and ¢ belong to C*(]0, T, H (0,1)), wisin H§(0,7T") and the space H )" is stable
by multiplication by p, the right-hand side of (49) belongs to L?((0,7), H(2(§’)+1(0 1)), giving that

OF (v — ) € (0, 7), Hi3)H (0. 1)),

with the following estimate,

k+1 k
[N C) . sy < 108 0 = 00) s o gy + Nl oo o g
C <||¢0 - 901||H(20<)p+k>+3 + ||U\|Hk> ;
as v is bounded in C*([0,T], H*3(0,1)) and using estimate (46) for n = k. O

(0)
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Now, we can prove Proposition 4.5.
Proof of Proposition 4.5. By Proposition 4.2,

O1 (v, u) = O1(p1,0) — dO1(1,0). (Y0 — p1,u) = (0, (¥ — ¢ — ¥)(T)),

where ¢ := ¢(+; u,1p) and ¥ is the solution of the linearized system (39) around (y1,%1). Then,
1 — 11 — W is the solution of the following Cauchy problem

(Y — 1 = ) = =03(¢b — 1 — ¥) —u(t)u(z) (¥ — ),
(Y = = U)(t,0) = (¢ 1 = 0)(t,1) =0, (50)
(= = 0)(0,-) =

Let R > 0 and a control in u € H¥(0,T) such that HuHHg(QT) < Rand up(T) = ... = up1(T) = 0.

Step 1: m € {0,...,k}. Estimate (11) on ¢» — 11 — ¥ and (46) on ¢ — 1y give C' > 0 such that

”(1/} - 1/}1 - \Il)(T)|’H(20()P+7”)+3(071) < C <”w0 - (101|’H(20()P+7”)+3(0’1) + Hu”Hm(O,T)> .

Therefore, one gets (45) for all m € {0,...,k} by inclusion of spaces.

Step 2: m € {—(k+1),...,—1}. For the sake of simplicity, we will only treat the worst case
m = —(k 4+ 1). The general case for any m € {—(k + 1),...,—1} can be proved exactly the same.
First, notice that, solving explicitly (50), the quadratic remainder is given by

T .
(b — iy — U)(T) =i /O w(t)e AT 0 (o — ) ()t

To estimate (¢ — ;1 — ¥)(T') with respect to uxy1, one can compute k + 1 integrations by parts in
time to get, using Leibniz formula,

(¢ =1 = U)T) = qur (T)p (¢ — 1) (T')
T ' k+1
+(~ 1) /O w1 (AT NG A) (pOf " (= ) (1)) dt

n=0

First, by definition (2) of the H~®*+1)(0, T')-norm and using (46) as H(20’3+3 is included in H(zo(;z)—[k+1])+3’

ur (T (3 — 1) (T )H 2()13 er+3 < |l - (0,T) (WJO - 901”H2P+3 + HU”L2> .

Besides, by Proposition 4.7 and as the space H(2(§))+ is invariant by multiplication by u, for a.e.

€ (0,7, /L(T[) — 1) (t) is in H(2(‘;D)+1 and so (1A)" <,u8k+1_” (Y — 1) (t)) is in H(zo(sn_n)ﬂ. When
n=0,...,k, e is an isometry from Hz(p M 4 H( (f n)+1 (as 2(p —n) + 1 > 0 because p > k)

and thus the triangular inequality dlrectly gives that

T k
H /0 Upop1 (£)e AT Z(ZA)" (HOFHE (3 — ab) ( dt‘

n=0

2(p n)+1

< [ et S 1057 (6 = ) Ol

n=0

< urgal 2 <H¢0 - 901|’H(20<)p+w+3 + HUHH’“> ;
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using Cauchy-Schwarz inequality in time and estimates (46)-(47) on ¥ — 1. By inclusion of spaces,
such bound still holds when we take the H2P~*+1)+3_norm of the left hand-side. For the term
n=0,forae te(0,7T),pu—1p)(t)isin HPBAHZP so AL (1 (1 — 1py)) is in H2P-FH1D+30

(0)
H(Zo(f_[kﬂ])ﬂ. As p— [k + 1] > —1, Proposition 2.3 gives the existence of a constant C' > 0 such

that

H /OT uk+1(t)e—iA(T—t)Ak+1(M (1 — ) (t))dt‘

2(p—[k+1])+3
H)

< Clluggrlz2llp (v — 1) HCO([O’T]7H2P+3OH(2§’)+1) < Cllug41]| 2 <”¢0 - 901|’H(2$+3 + HU”L2> )
using the algebra structure of H?P*3 and estimate (46) on v — 1. O

4.3 Proof of Theorem 1.2: STLC with simultaneous estimates on the control

Let p > k and p in H2P+HR43(0,1) with p"+D(0) = "+ (1) = 0 for all n = 0,...,p — 1 and
satisfying (4). By continuity with respect to the control (see Theorem 2.1), there exists R > 0 such

that for all u in By (HE(0,T)) and g € S0 Hygl+%(0,1)

RW(T; u,1ho), (1)) > 0.

Let > 0 so that for all ¢y in SN ]l[(20(§v+lc)+i’>(07 1) such that ||¢f — wl(T)|]H(2(),,+k)+3 < 1, we have
0

(g, 1 (T)) > 0.

Finally, let R € (0, R).

Step 1: Apply the inverse mapping theorem. By Proposition 4.2 and 4.3, the end-point map O is C*
on Banach spaces with its differential at (¢1,0) that admits a continuous right inverse. Therefore,
by the inverse mapping theorem (see for example [5, Subsection 2.3| for more details), there exists
§ € (0,n) and a Cl-map T': Qg x Qr — HE((0,7),R) (where Qg and Qg are respectively defined by
(5) and (6)) such that for every (¥o,¥¢) € Qo x Qr,

Pyp(T; T'(Wo, Wy), Wg) = Uy

Step 2: Gaining the simultaneous estimates and boundary conditions on the nonlinear control. To
prove that the estimates (8), true at the linear level (see Proposition 4.3), propagate to the nonlinear
system, one must look inside the proof of the inverse mapping theorem. Let (Wq,¥¢) in Qy x Q.
At Step 1, the inverse mapping theorem gave the existence of (g, u) € Qg X Bgr (Hg(O,T)) such
that

Py(T; u,vpo) =y and  Wo = 1.

This antecedent is constructed as the fixed point of the following application

Dy, Q0 x Br(HEO,T)) — Qx Bg(H;(0,7))
(tho,u) (o, u) —dOp(p1,0) . [Or (o, u) — (Wo, iy, (V)] -

and therefore is given by
(Yo, u) — (¢1,0) = —dO7(p1,0) 1. [O7 (o, u) — dOT(¢1,0).(v — @1, u) — (Yo, Iy, (1) T y)] . (51)

Step 2.1: Boundary conditions on the control. The linear control map is constructed in Proposi-
tion 4.3 so that any linear control defined as (1o, u) := dO7(¢1,0) " (o, 1 s) satisfies the boundary
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conditions (7). Thus from (51), one deduces that the nonlinear control also satisfies (7). Step

2.2: Simultaneous estimates on the control. Equation (51) together with Proposition 4.3 give the
existence of a constant C' = C'(T') > 0 such that, for all m = —(k+1),...,k,

|| (¢07 u) - ((1017 0) ||H(20()P+””)+3 (0,1)><H6”(0,T)
< C||©7(vo,u) — dO1(¢1,0).(Yo — p1,u) — (\1’07le(T)\I/f)HH(20()p+m)+3(0’1)XH(20()ZJ+M)+3(O’1) :

Moreover, Proposition 4.5 gives C = C(T, u, R) > 0 such that, for all m = —(k+1),... ,k,
107 (tho, u) = O1(p1,0) — dOT(p1,0).(Yo — ¢1, u)HH(z()()”+m)+3(071)><H(20()p+m)+3(071)
< Clulmio (I = ll s + llsion )

Therefore, by the triangular inequality, as O (p1,0) = (¢1,P;01(T)), one gets,

[1(%ho, u) — (1, 0)HH(20<)P+7")+3(0,1)xH(gn(o,T) < Cllullgmo,r) (HT/JO - 901HH(20<)p+k>+3(071) + HUHHk(o,T)>
+ Cl[Wo — 1, ¥y — Pyt (T)HH(zo()p+m>+3(071)xH(2()<)p+m)+3(071)-

Therefore, if 6 > 0 and R > 0 are small enough so that, for example,

1
one deduces that, as Uy = 19 by construction, for all m = —(k + 1),..., k,

[ull gm0,y < Cllvo — 1, ¥y — Pythy (T)HH(20()p+m)+3(071)XH(ZQ()p+m)+3(O71)7 vm = —(k+1),...,k

5 Linear control with simultaneous estimates with [17]

The goal of this section is to explain another proof of Proposition 4.3, relying on the ideas of [17]
instead of the moment result given in Theorem 3.10.

5.1 Building smooth controls for smooth data

In [17], Ervedoza and Zuazua developed a method to construct a control map which preserves the
regularity of the data to be controlled for time-reversible linear systems. However, to use such result
in our case, we need to modify slightly the result of [17] as we want to deal with control in projection
and not exact controllability. From [17], we can deduce the following result.

Theorem 5.1. Let X,U two Hilbert spaces, H a closed subspace of X, P the orthogonal projection
on H, (eA)er a strongly continuous group on X with generator A : D(A) ¢ X — X and B in
L(U,X_1) an admissible operator in the sense of [17, Definition 1.1]. Assume that Po A = AoP
and that the system

2 = Az + Bu (52)

1s exactly controllable in projection in some time T in H: for all zg € H, there exists a control
u € L2((0,T*),U) such that the solution of (52) with the initial condition 2o and control u satisfies

Pz(T*) = 0. (53)
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Let T > T*, § > 0 such that T — 26 > T*, s € Ny and n € C*(R) such that n(t) =0 if t ¢ (0,7T)
and n(t) = 1 if t € [6,T — 08]. There exists a constant C = C(s,T,n) > 0 and a linear map
V:D(A*)NH — H{((0,T7),U) such that for every zo € D(A®)NH, the solution of (52) with control
V :=V(z9) and initial condition zo belongs to C*([0,T],X) and satisfies the requirement (53) with

T
dt
/0 HV(t)HQU@ <Clallx  and  Ym e (0,5), |Vilagm.v) < Clzollpam). — (54)

Proof. This proposition is a consequence of the work [17] noticing that, as Po A = A o P, for every
20 € H and every control u € L2((0,T),U)

Pz(5 u,20) = y(+5 u, 20), (55)
where z is the solution of (52) and y is the solution of
y = Ay + P o Bu. (56)

Therefore, we apply [17] to the system (56) working on the Hilbert space H endowed with the scalar
product of X, with the operators defined by D(ﬁ) = D(A)NH, A = A which still generates a strongly
continuous group and B = Po B still an admissible operator. From (55), the exact controllability in
projection of (52) entails the exact controllability of (56). Therefore, [17, Proposition 1.3, Theorem
1.4 and Corollary 1.5] give the existence of a linear continuous map V : D(A*) — H§((0,T7),0)
with the size estimates (54) such that for every zy € D(A®) = D(A®) N H, y(-;V(20), 20) belongs to
C*(]0,T), H) with y(T'; V(z0),20) = 0 and thus Pz(T;V(z0),20) = 0 by (55). O

5.2 Proof of Proposition 4.3 with [17]

The goal of this subsection is to apply Theorem 5.1 to the linearized Schrodinger equation. To that
end, we first state that with a change of global phase, one can work with a stationary equilibrium
rather than around the ground state.

Remark 5.2. By Proposition 4.2, for all u € H}(0,T) and 1 € H(20(§)+k)+3(0, 1),

dQT((pla 0)(¢07 ’LL) = (¢07 [PJW(T)) )
where W is the solution of the linearized system around the ground state,

10U (t,x) = —02U(t,x) — ut)u(z)1(t,z), (t,z) € (0,T) x (0,1),
U(t,0)=U(t,1) =0, te(0,T), (57)
\I’(O, $) = 1,[)0.

To work with a stationary equilibrium, one can perform the change of function ¥(t, x) = \Tf(t, x)e Mt
to work instead with

i0,0(t,7) = (~02 — A 1d) U(t,z) — u(t)u(x)or (x),  (t.2) € (0.T) x (0,1),

U(t,0)=W(t,1) =0, te(0,T), (58)
\IJ(Oa ‘T) = 1/}0'
Such solutions will be denoted \TJ(, u, ). To prove Proposition 4.3, it is then equivalent to prove
that there exists a constant Cp > 0 such that for all (¢,%¢) in [Tsep1 N H(20(§)+k)+3] X [Tsp1 NHy;N

P,U(T; u,1o) = 1y with the boundary conditions (40) and the estimates (41).

], there exists u € HE(0,T) (constructed as a linear function of 19 and ;) such that
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To apply Theorem 5.1, we must check that (58) is controllable in projection in an appropriate
functional setting. This is done by solving a trigonometric moment problem.

Proposition 5.3. Let T > 0 and pu in H***3((0,1),R) satisfying (4). The linear equation (58) is
exactly controllable in projection in H(2(§3+3(0, 1) NTspy in time T': for all vy € H(2(§’)+3(0, 1)NTse1,
there exists a control u € L?((0,T),R) such that

Py (T; wu,1b) = 0.

Proof. Let v € H(201'3+3(0, 1) NTsp1. Solving explicitly (58), one gets

~ +oo ) +oo T '
V(T) = (Wo, ) N 407y <<u901, 5 /0 “(t)e_’“j”l)(T‘”dt) v
J=1 j=1

Therefore, the equality P J\TJ(T) = 0 is equivalent to the following trigonometric moment problem

T .
/ u(t)ei(kj_)‘l)tdt =——1T (Yo, ¢4 =:dj_1, Vjeld
0 i{ppt, ;)

Yet, assumption (4) on p together with the fact that ¢y belongs to H (2é’)+3(0, 1) entails that the

sequence (d;1jecr)jen is in I2(N, C) (as 1o belongs to Tisp1). Thus, the solvability of a trigonometric
moment problem in L2(0,T) given for example in Theorem 3.2 concludes the proof. O

Then, we can apply Theorem 5.1 to our system.
Lemma 5.4. Let T > 0 and p in H>PTF)+3((0,1),R) with p®r+t)(0) = p@ntD)
n=20,...,p—1 and satisfying (4). There exists a linear map L : Tsp; N Hy N H(

HE((0,T),R) and a constant C' > 0 such that for all 1o in Tsp1 NH, ﬂH( %Hk +3(0 1), 1 L(g),

(1) = 0 for all
0(§J+k)+3(0 1) =

PyW(T; u, o — (Wo, p1)¢1) = 0.
Moreover, every control satisfies the boundary conditions
u(T) =ue(T) = ... =up1(T) =0, (59)
and the following size estimates

[ull gm0,y < C'lltb0 — W)o,901>901||H(20()p+m)+3(071) ;o VYm=—(k+1),... k. (60)

Proof. First, notice that the equation (58) can be put into the abstract setting

zﬂ — AV — Bu
dt

with
Ap = (A=N1d)p, D(A):=Hy™(0,1) C X = Hg™(0,1) N Tser,
Bu=ux pup1, B:R— H(2(§’)+1(0 1)

The operator A generates a strongly continuous group on X. Let 1y € H; N H(20()p +k)+3(0 1) and
oo =: C(1pp) in H; N H(2(§’)+4k+5(0 1) the solution of the elliptic equation,

(—iA)" g = g — (Yo, p1)p1  with (Yoo, 1) = 0.
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Let T* € (0,T), § > 0 such that T —2§ > T* and 5 : R — [0,1] in C%**Y(R) such that n(t) = 0
if t ¢ (0,7) and n(t) = 1if ¢t € [§,T — §]. As the system (58) is admissible by Proposition 2.3
and exactly controllable in projection in time 7™ by Proposition 5.3, by Theorem 5.1, there exists
a constant C' > 0 and a control V = V(¢go) in HZ¥((0,T),R) N L*((0,T), %) (with V a linear

map) such that the solution W(-; V,4g0) of (58) belongs to 02k+1([0,T],H(2£+3(0, 1)) and satisfies
P JQ(T; V., 1p9) = 0 with the following estimates on the control,

dt
/ V(S5 < Crllholges (61)

”VHH{)”(O,T) < C”w()OHH(QO()erm)+3(O71), Vm=1,...2k+ 1. (62)

Then, if u := V& ¢ H{f(O,T), by uniqueness, \TJ(, u, Yo — (Yo, 1)01) = Gfﬂi(-; V, 1) and
thus satisfies P, U(T; u, o — (Yo, 01)p1) = (—iA)FHIP,W(T) = 0. By construction, u satisfies the
boundary conditions (59) and the size estimates (60) on u are deduced from (61)-(62) as for all
m=0,...,2k+ 1, [|¢oo] , 2+ = || ¥o — (%o, <,01><,01\|H(20()p+mf(k+1))+3(0’1). Therefore, the proof

is concluded with £ := D(k‘”) oVo C where DEHD . 7y Y (k4D O
As stated in Lemma 5.4, the change of variables done in Remark 5.2 to work with a stationary

equilibrium entails that we miss the first coordinate. However, we can correct it in a second time
using a moment problem and thus prove Proposition 4.3.

Proof of Proposition 4.5. We prove Proposition 4.3 using the strategy of Remark 5.2, first for 1)y = 0
and then, by the time-reversibility of the system, for any target ¢y € H;.

Step 1: Proof for )y = 0. More precisely, we prove that there exists a linear operator ¢/ such that for

all g in Tspq ﬂHJﬂHfo()p+k)+3(0 1), the control U := U(thy) € HE(0,T) satisfies P, W (T; U, o) = 0

with the size estimates (41) (with ¢y = 0) and to prepare Step 2, solving the polynomial moment
problem

T
/ U@t =0, ¥m=1,.. k. (63)
0
By linearity,
U(T; u+v,40) = U(T; u, (Yo, 01)¢1) + U(T; v,90 — (Yo, 01)¢1).

Yet, by Lemma 5.4, we have [PJ\I’(T; L(10), %0 — (o, p1)p1) = 0 with every control L(1)g) satisfying
the estimates (60) and the polynomial moment problem (63) thanks to the boundary conditions
(59). Therefore, to prove Step 1, it is enough to prove the existence of u € H}(0,7) such that
P,U(T; w, (tho, p1)¢1) = 0 with the size estimates (41) and the polynomial moment problem (63).
Besides, solving explicitly (58) with initial condition (1, p1)p1, we get

~ +o<) T .
\I,(Tv u, <¢07 (101>(101) = <1/}07 (101>(101 +ZZ <<N(1017 Q0]>/0 u(t)e_Z()\j_)\l)(T_t)dt> (10]

j=1

Thus, the equality [PJ\TJ(T) = ( is equivalent to the trigonometric moment problem

T
/ u(t)ePa At gy — _7@0’“0”5]?1, Vi€ J. (64)
0 (e, p;5)
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: ._ _ \k+17.0 (Po,p1) ) . pT
By Theorem 3.2, if d(v)g) := <<( 1) k‘!iiww’@ﬂ&q,k)q:l o (0)j€|]\]*> , the control w := L (d(v0))

geeey

in L2(0,T) solves the following moment problem,

T
/ w(t)e'N MG =0, V) e N, (65)
0
T
Ha(t)dt = (—1)H PO 5y ok 66
with the size estimate,
lwlzzo < € |22
’ i{ppr, 1)

Let denote by u the k-th primitive of w with vanishing terms at ¢t = 0,

t ot pto th—1
u(®) ;:// / / wite)dtpdts 1 ... dty, V€ [0,T],
0 Jo 0 0

meaning that u solves u*) = w with (™ (0) = 0 for all m =0,...k — 1.

Equation (65) for j = 1 and equations (66) for ¢ = 1,...k — 1 entail that «(™)(T) = 0 for all
m = 0,...k — 1. Therefore, u € H(lf(O,T) and using Poincaré inequality repeatedly, one gets the
existence of C' > 0 such that for all m = —(k+1),...,k,

HUHH(’)”(O,T) < CHUHHg(o,T) = CHwHL2(0,T) < Cl(vo, 1),

giving the size estimates (41) as we deal with only one moment. Then, performing integrations by
parts as u has vanishing boundary terms, one can use (66) for ¢ = k and (65) for all j > 2 to prove
that u satisfies the moment problem (64). Finally, one can use (66) for ¢ = k+1,...,2k to get (63).

Therefore, Step 1 is concluded with
U:=BroLllod+L,
where By, is the operator primitiving k times, given in (20).

Step 2: Proof for any target. Let (1o, v¢y) in [Tsp1 N H(20(§)+k)+3] X [TsprNH;N H(20(§)+k)+3]. By Step

1, there exists U :=U (1/)_f - [PJE_MTM)) € HF(0,T) (where U is constructed at Step 1) such that
Py U(T; U,y — PyeiATy) = 0,

with the polynomial moment (63) and the size estimates (41) on U. Then, if we denote by Yo =
\T/(T; U,r — Pje_igTwo) and V := U(T — -), by uniqueness,

U(t; Vo) = U(T — t; U,y — Pye=iATqpy),

and so,

PyW(T; V,4) = ¢y — Pye ATy,

And, finally, the solution associated with initial condition g and control V' is given by

U (t; V,aho) = emiAl (1/10 - 150) +U(t; V),
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and thus, as % is in ’HJL by construction,

P, U (T; v,100) = ;.

Besides, estimates (41) hold for U and so for V' by translation. Moreover, the polynomial moments
of U given in (63) entails the boundary conditions (40) on V because, for all m = 1,...,k,

r-om

T sm
Vior (T) = /0 o vinar = /0 LU= 0.

Therefore, the proof of Proposition 4.3 holds with

dO7(p1,0) (o, ¥f) :==Tr o U (beei’\lT — IPJG_Z"ZT%) ;

where 7p : U +— U(T — -) is the translation operator. 0

Remark 5.5. The key point to prove Proposition 4.3 from [17] is Remark 5.2 as the work [17] asks
to work with a stationary equilibrium. Therefore, it seems like such strategy would not hold when
linearizing around a more complicated trajectory than (¢1,u = 0). For example, when linearizing
around a linear combination of trajectories ¢;, for j € N*, it would not be straightforward anymore
to find a good change of variables allowing us to work equivalently with a stationary equilibrium.
That is why in Subsection 4.1, we gave another proof of Proposition 4.3, relying on the solvability
of a moment problem with simultaneous estimates, giving a strategy that could maybe work when
linearizing around other trajectories, if needed. Notice that both strategy rely on the use of a weight
function.
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