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This supplement contains in Sections 1 and 2 the proofs of the results described in the main
part of this article as well as some theoretical extensions that complement the analysis of the over-
penalization procedure.

1 First proofs

1.1 Proofs Related to Section I'V-A

Proof of Proposition IV.1. We fix ,0 > 0 and we set z > 0 to be chosen later. Let us set
for any I € m, p; = (P (I))_l/2 17. The family of functions (¢r);.,, forms an orthonormal basis of
(m, |||l5). By Cauchy-Schwarz inequality, we have

Xn(m): sup (Pn_P) (Zaﬂp[> ,
(ar)rem€Be2 Iem
where By == {(ar)em 5 Dorem @7 < 1}. Furthermore, the case of equality in Cauchy-Schwarz

inequality gives us

Xn (m) = (Py — P) (Z a?@z) with a3 = Un =P (1)

Iem Xn (m)

Hence, by setting A (s) := Ba[) {(aI)IEm i SUPrem ‘al (P (I))_I/Q‘ < 8} for any s > 0, we get

(Pn—P) <Z al@[)

Iem

(1)

Xn (M) 1o, @)L {x,(m)>s} < SUD
* (aI)IEmEA(G/Z)

Apply now Bousquet’s inequality ([3]) to the supremum in the right-hand side of (1). This gives for
any 0 > 0,

202,x 1 1\ bpx
P (Xn (1) Lo, (6)Ln(m) 22} 2 (14 0) B 44/ — "= + ( + > > (2)

0 3/ n
(Pn — P) (Z aI‘PI)

202 x 1 1\ bz
> (14+6)E, m ) mz
Sarer )| (14 Bt [ +(5+3> n)

<P ( sup
(ar);em€A(0/2)

gexp (—.Z') )
with
B < Bl (m)] SEV2 [ (m)] = /2% ¢ o2 < swp v (Zam (&)) <1

n (aI)IGmEBQ Iem
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and

by = sup
(@1)rem €A(0/2)

Injecting the latter bounds in (2) and taking z = \/(D,,) /n++/2x/n, we obtain that with probability
at least 1 — exp (—z),

)t < 040 2 2 (G ) ®)

By taking 6 = V0x (Dp, + v22Dy,) 1/2 , the right-hand side of (3) becomes

arpr <

Iem

0
z

[e.9]

Von o Von " /Dy, + 22Dy 3 (VD +V22) /1

o (2) ) ()

which gives (20). Inequality (19) is a direct consequence of (20). m

Proof of Proposition IV.2. Let us set for any I € m, ¢y = (P(I))"*/?1;. The family of

functions (¢r) forms an orthonormal basis of (m, ||-||;). By Cauchy-Schwarz inequality, we have
(a[)IEmGBz

- P) (Z aI‘PI)
Iem
where By = {(a1) rem i dorem a7 < 1}. As
2
o5 = arpr (&1) | <
(aI)IEmEBQ (Z )

Iem

Iem

Xn (m) = sup

)

and

> arer

Iem

< sup [|¢rlo = sup
(az)IemeBz Iem Ic

we get by Klein-Rio’s inequality (see [5]), for every x,0 > 0,

P <xn (m) < (1— 6)E [xn (m)] — ﬁ - (; + 1) bjf) < exp(~x) . (4)

Note that we have b, < /D, Ay*. Now, we bound E [x,, (m)] by below. By Theorem 11.10 in [2]
applied to x, (m), we get, for any ¢ > 0,

0.2
E (3¢, (m)] — B2 [y (m)] <7 + 42 [y (m)]
Dy Ay
<o+ 4R ()
-1
by Do 4 w2 (m) o)

The latter inequality results from 2ab < Ca?+¢~'b? applied with a = E [y, (m)] and b = 2 DmAxl/n.
As E [X?L (m)] = D,n/n, (5) applied with ¢ = n='/2 gives

1 D _1 D, 1
> - —

Dpm o 1/2 1/4
>\ /= (1 La, D7V v~ ) (6)
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Hence, by using (6) and taking z = aln(n 4+ 1) and 6 = n=/4/In(n + 1) in (4), we obtain with
probability at least 1 — (n +1)™¢

Xn (M)

(1_\/111:14—1)\/1) (1_LAA1 \/1>
/4 /D,, " ni/4
2aln(n+1) < nl/4 1) ay/ Dy, In(n + 1)

n In(n + 1) Apxn
- D,, I In(n+1) 1 2 ln(n +1) In(n+1)
= 7 1-— Ap n1/4 — LAy, a4
D,, VIn(n —|— 1) n(n —|— 1)
Z T 1 - LAA1
n

which concludes the proof. m

1.2 Proofs related to Section IV-B

Concentration inequalities for the centered empirical bias are provided in Section IV-B of the main
part of the article and we give below the proofs of these results.

The results in this section are based on the Crameér-Chernoff method (see [2]| for instance). Let
us recall that if we set S :=>"" | X; — E[X;], where (X;);" ; are n i.i.d. real random variables, and
for any A > 0 and y € Ry,

s (A) = In (E [exp (AS)]) = n (In (E [exp (AX1)]) — AE [X1])

and
¢ (y) == sup {Ay—ps (N},
AER,
then
P (S >y) <exp(—vs(y)) - (7)

Proof of Proposition IV.3. We first prove concentration inequality (22). We set X; :=
In(f/ f«) (&) and use Inequality (7). For A € [0,1], as E [X;] = —K (fs, f), we have

s N/ n =1 (P [(£/ F]) + M (S 1)
A (PLf] £)) 4+ MK (fer f) = M (£, )

where the inequality derives from the concavity of the function x +— z*. By setting K = K (f+, f),
we thus get

05 (y) > sup {Ay—ps (N} > (y —nK),
A€[0,1]

which implies,
P((Pn = P)(In(f/fs) = 2) <exp(=n(z = K)y) . (8)
Inequality (22) is a direct consequence of (8). Moreover, we notice that for any v € R, exp (u) <

1 +u+ % exp(uy) and In (1 +u) < u, where uy = u V0. By consequence, for A € [0,1], it holds

vs (A)/n=1n(E[exp (AX1)]) — AE [X{]

)\2
<In (1 +AE[X1] + TE [V exp (A (X1)+)]> — \E V1]

2 2 2
TE[XPexp (A(X1),)] < B [Xexp ((X2),)] < v
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Now, we get, for any y > 0,

©5 (y) > sup {Ay—ps (M)}
X€(0,1]

A2 y? nv
> Ay—n— » = [ =— 1 <ny (——)]l no | - 9
>, vy ) = (e (0 5) o) o

So, by using (7) with (9) taken with = y/n, it holds

P (P~ P) (/1) 2 2) < oxp (- (21 +(e- D) 1)) (10)

To obtain (23), we notice that Inequality (10) implies by simple calculations, for any z > 0,

2uz

P ((PTL - P) (ln(f/ f*)) > legnv/2 + (% + %) I[Z>7w/2> < exp (_Z) .

To conclude the proof, it suffices to remark that

V20z/n1 <y + (2/0+0/2) Lsnyo < /202/n+ 22/n.

Proof of Proposition IV.4.  Let us first prove the inequality of concentration (24). We set
Y := In(fe/ f)(&) and use (7) with S = > ", Y; — E[Y;]. For A\ € [0,7], we have by Holder’s

inequality, P [( ./ f)*} < P[(f./ f)]V". Hence,

s N)/n =1 (P [(£/ D]) = M (£ 1)
<A( w(P((f) f) ])—/C(f*,f)>~

Let us notice that by concavity of In, we have L In (P[(f./ f)']) — K (f., ) = 0. Now we get, for
any y 2> 0,

5 (y) > sup {Ay—ps (M)}
A€[0,r]

e G 5.1

=(ry—n(n(P[(f/ )] = rK(fe, /)

Using (7), we obtain, for any = > 0,

P((Pn— P)(In(f/f+)) < =) <exp (—n(rz —In[(fe/ f)"]+ 7K (fo, £))+) - (11)

Inequality (24) is a straightforward consequence of (11). As in the proof of Proposition IV.3, we
notice that for any u € R, exp (u) <14+ u+ % exp( +) and In (1 +u) < u, where uy =« V0. By
consequence, for A € [0,r], it holds

vs (A)/n=—=AE[Y1] + In (E [exp (\Y7)])

)\2
<In <1 +AE V)] + B [V exp (A (Y1)+)]> — \E[Y1]

)\2 ) )\2 N AQ
< ?E [Yl exp ()\ (Y1)+)] < ?E [Yl exp (7" (Y1)+)] < 3@07« )
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Now we get, for any y > 0,

@5 (y) > sup {Ay—ps(A)}

A€[0,r]
n 2w, y? MW,
> Ay— - 1 ( _ )11 :
- ,\Sel[lol,)r] { Y 2 } 2nw, Y= Ty 2 y=rmor

which gives
2

B((Pa— P)(In(f/f.) < —) < exp (—n (‘””

2nw,

rnw
]lxgrnwr +r (55 - 9 r) ﬂx>rnwr)> (12)

Inequality (25) is again a consequence of (12), by the same kind of arguments as those involved in
the proof of (23) in Lemma IV.3. m

1.3 Proofs related to Section IV-C

We provide here the proofs of the margin-like relations that stated in Section IV-C of the main part
of the article.
Proof of Proposition IV.5. Let us take ¢ > 1 such that 1/p+ 1/¢g = 1. It holds

()Nl )
Sip(enCG)) .
S (e () (0 (w(£)) )
< </(f*Af) (1 (}2))26&1); [ S (i (J{i))zdu

-~

=1

P

S =
Q=

=

where in the last step we used Holder’s inequality. Now, by |6, Lemma 7.24], it also holds

Sy (m (J{i))zduslcm,f) .

In order to prove (27), it thus remains to bound I in terms of p, cy and c_ only. First, we decompose
I into two parts,

y v p 2 f * 2
) o (o)
2
+/f§: <1n (;)) Ly>y.dp. (13)

For the first term in the right-hand side of (13), we get

) 2
£ (ln (é)) pzsdp <7 [ 17 (ln <{)> "

< 4cP ((m eV 1) /ff ((m £)2V 1) dp < 400 (14)
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where in the second inequality we used the following fact: (a + b)2 <4 (a2 \Y 1) (b2 \% 1), for any real
numbers a and b. The finiteness of the upper bound is guaranteed by Assumption (26). For the
second term in the right-hand side of (13), it holds by same kind of arguments that lead to (14),

2 2
[ (1)) vtz (o )

<4 ((1nc+)2 v 1) /fj—P ((1n AR 1) dp < +00 , (15)

where in the last inequality we used the following fact: (a — b)2 <4 (a2 \% 1) (b2 \% 1). Again, the

finiteness of the upper bound is guaranteed by Assumption (26). Inequality (27) then follows from
combining (13), (14) and (15).
Inequality (28) follows from the same kind of computations. Indeed, we have by the use of

Holder’s inequality,
o) ()] (5 e) (o (5))
(fV1) On<ﬂ>)_ [ (FGmvr) (n(5)) @

"
S (sl ()
frifoapT LS

YY)
(een(e(1)) "o

, i 2 17721 fpvfr+1ff_f1 <n<f)>2
<(Junn(n(f)) ) ") AL (w(f))

=1,

P

2(r+1)

In order to prove (28), it thus remains to bound I, in terms of p, c; and c_ only. Again, we split I,

into two parts,
fp\/fr+1frrfl <1 (f>>2d _ ff <1 <f*>>2 )
JRE I A o 5 8 / e\ ) Lrzrdn

+ /f* <1n <£>>2 Ly>pdp (16)

The first term in the right-hand side of (16) is given by (14) above. For the second term in the
right-hand side of (16), it holds

J (o)) s (o ()

<2(In(cy))? + 2P ((mf*)?) . (17)

Furthermore we have ff_l—l—f*_p >1,s0P ((ln f*)Q) <P (ff_l (In f*)2> +P (f*_p (In f*)2> < J+Q
and by (17),

/f* <ln <J{>>2 Tyspdu <2 ((ln (c))* + J+Q) < +oo,

where the finiteness of the upper bound comes from Assumption (26). Inequality (28) then easily
follows. m

Proof of Proposition IV.6. Let us first prove Inequality (29). Considering the proof of Inequality
(27) of proposition IV.5 of the main part of the article, we see that it is sufficient to bound the second
term in the right-hand side of (13), applied with f = f,,,, in terms of Ay, J and p only. It holds

p 2
[ ) st [ () (o) o 00
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Now, we set h an auxiliary function, defined by h (z) = 2P (In :U)2 for any x > 1. It is easily seen that
h is convex. As the function f,, is piecewise constant relatively to the partition A,,, the notation
fm(I) = fm(x) for any x € I and I € A,, is consistent. Using this notation it holds, for any I € A,,,

) =) = [ G it

From the latter inequality and from (18), we deduce

/ fi;ml <1n (?L)) L,>pdp < Amm ( Af£n> dp
2

*

dp

(f

< 4AP ((1 Amin)? V

min

1)7.
Inequality (29) is thus proved.

In the same manner, to establish Inequality (30) it suffices to adapt the proof of Inequality (28)
given above by controlling the second term in the right-hand side of (16), applied with f = f,,
in terms of Apy,p and P (In f*)2 only. Let us notice that the function f defined on [1,400) by
f(z)=x(nz)?is convex. We have

[ (o)) st ) )

Now, for any I € A,,, it holds f (fm(I ) =f (f[ y TM) it ( § ) o(ry- Hence,

mln

2
/f* <ln (?)) 1, >pdp < Amin/f (Af*. ) dp < 2P (In £.)? +2 (In Apin)”

which gives the desired upper-bound and proves (30). In the event that f. € Lo (1), we have to

prove (31).
We have inf,cz fi(2) <inf.czfin(2) < || fmllo < || fsllos sO it holds
()]
e
Now, Inequality (31) is a direct consequence of Lemma 1 of Barron and Sheu [1], which contains the

2 T 2 rV1
(Fv) () e ) () )= (5s) 7
following inequality,
fm
(%)) | 2o (i (52)] ) o

This finishes the proof of Proposition Proposition IV.6. =

P vV P

P <2exp<

2 Further Proofs and Theoretical Results

2.1 Proofs Related to Section ITI-A

Most of the arguments given in the proofs of this section are borrowed from Castellan [4]. We
essentially rearrange these arguments in a more efficient way, thus obtaining better concentration
bounds than in [4] (or [6]).

We also set, for any £ > 0, the event 2, (¢) where some control of fm in sup-norm is achieved,

U (6) = { fmf fn SE} |
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As we have the following formulas for the estimators and the projections of the target,

fm: Z }ZL(II)]IJ ,  fm = Z P(?]l

I
IeA, ( ) I€eA, /'L( )

we deduce that,

fm - fm = sup
fm IeAn, p (I)
Hence, it holds Q, (€) = Njem {1Pn () = P(I)| < P (I)}.
Before giving the proof of Theorem III.1, the following lemma will be useful. It describes the
consistency in sup-norm of the histogram estimators, suitably normalized by the projections of the
target on each model.

Lemma 2.1 Let a, Ay and Ap be positive constants. Consider a finite partition m of Z, with
cardinality D,,. Assume

n

< i < — <
O<AA_Dm11é1£1{P(I)} and O<Dm_A+ln(n—|—1)_n (20)
Then by setting
o ~ [2(a+1)DpIn(n+1)  (a+1)Dyln(n+1)
Ry (m) = V o plat D oubint ] (21)
we get
fm — fm 00 —a
P T <RX(m)|>1-2n+1)"%. (22)

In other words, P (Qp, (Ry° (m))) > 1—=2(n+1)"% . In addition, there exists a positive constant A,
only depending on o, Ay and Ap, such that RS (m) < A D In(n+1)

n

WST:W<057,

or if n > ng (o, Ay, Ap), then R° (m) < 1/2 .

. Furthermore, if

Proof of Lemma 2.1. Let 5 > 0 to be fixed later. Recall that, by (19) we have

fm_fm

[ (23)

= sup —————
IeAI?n P(I)

By Bernstein’s inequality (see Proposition 2.9 in [6]) applied to the random variables 1¢,cr we get,
for all z > 0,

(P— P ()] > 22D T

n 3n

P <2exp(—z) .

Taking = S1n(n + 1) and normalizing by the quantity P (I) > 0 we get

](Pn—P)(I)|> 2BIn(n+1) PBln(n+1)

0 > P()n - P (D) 3n <2n+1)77. (24)

Now, by the first inequality in (20), we have 0 < P (I)~! < A\'D,,. Hence, using (24) we get

<2n+1)77, (25)

|(P, — P)(I)] - 26Dy, In(n+ 1) N BDp, In(n + 1)
- Aan 3Axn
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We then deduce from (23) and (25) that

|

and, since D,,, < n, taking 5 = a+1 yields Inequality (22). The other facts of Lemma 2.1 then follow
from simple computations. In particular, the value of 7 is fixed to be the largest value satisfying the
following inequality, v27 +7/3 < 1/2. m

Proof of Theorem III.1. Recall that « is fixed. By Inequality (19) in Proposition IV.1 applied
with @ = RS° (m)—where Ry° (m) is defined in (21) with our fixed value of a—and =z = aln(n + 1),
it holds with probability at least 1 — (n +1)~%,

2D,
(n+1)8

fm_fm

m

> Ry (m)] <

D,, Ry (m 2aln(n +1
Xn (M) L, (Roe(m)) < A/ — + (1 +V2RX (m) + ( )> ( ) : (26)
n 6 n
As R (m) < Laa, Axv/DmIn(n+1)/n < Ly a, a,, (26) gives
D,, In(n+1
Xn (M) Lo, (ree(m)) <\ —— + La,A, A, In(n +1)
n n
Dy, In(n+1)
=\ L+ La,a, Ay 7Dm (27)
We set the event {2y on which we have
fm - fm
— | <RX(m),
‘ 7
D, In(n+1
Xn (m) S 7 1 + LQ,A+,AA (D) ) (28)

and

In(n+1) +/In(n+1) Dy,
1-A4, v —.

D,, nl/4 n

In particular, Qo C Qp, (R° (m)). By (27), Lemma 2.1 and Proposition IV.2, it holds P (£y) >
1—4(n+1)~. It suffices to prove the inequalities of Theorem III.1 on Q. The following inequalities,
between the excess risk on m and the chi-square statistics, are shown in [4] (Inequalities (2.13)). For
any € € (0,1), on Q,, (¢),

1—¢ l+e

5 X5 (M) - (29)

2)(31 (m) <K (fmafm) < m

2(1+¢)

Under the condition (o + 1) A;Ay! < 7, Lemma 2.1 gives R (m) < 1/2. Hence, by applying the
right-hand side of (29) with e = R° (m) < 1/2, using (28) and the fact that (1 —€)~! < 1 + 2¢ for
e <1/2, we get on Q,

L+ Ry (m)

IC mo Am S n m
(s fn) 56 e Gyt
2
1 Dy, In(n+1)\ Dy, In(n+1)
< §+La,A+,AA — | L+ La,ag Ay D,

Then simple computations allow to get the right-hand side inequality in (12)).
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By applying the left-hand side of (29) with ¢ = R (m) < 1/2 and using the fact that (14¢)~!
1 — €, we also get on €,

1— R°(m) 2
2(14 R (m))
2

oo n—|—1 \/lnn—i—l Dy,
(1_R ( ) nl/4

K (fns fn) =

2n

o n(n+1) \/ln n+1) D,,

The left-hand side inequality in (12) then follows by simple computations, noticing in particular that
n~V4 /In(n + 1) < /In(n +1)/Dy, V /Dy In(n + 1) /n.

Inequalities in (13) follow from the same kind of arguments as those involved in the proofs of
inequalities in (12). Indeed, from [6, Lemma 7.24]—or [4, Lemma 2.3] —, it holds

5 [ (G 1) <1nj?”> A <K (Fon ) < 5 [ (G £) (mﬁ) i

We deduce that for € € (0, 1), we have on €, (¢),

(ha) dusn(fm,fm)_”gffm( f’”) du . (30)

As for every & > 0, we have (1Vz) ™' < (z — 1) 'Inz < (1 Az)™", (30) leads by simple computa-
tions to the following inequalities

1—¢ lL+e

5Xn (M)

QXn( )<K(fmafm> §m

2(1+¢)

We thus have the same upper and lower bounds, in terms of the chi-square statistic X% (m), for the
empirical excess risk as for the true excess risk. m

2.2 Oracle inequalities and dimension guarantees

Using the notations of Section III-B of the main part of the article, we define the set of assumptions
(SAp) to be the conjunction of assumptions (P1), (P2), (P3), (Asm) and (Alr). The set of
assumptions (SA) of Section III-B of the main part thus consists on assuming (SAg) together with

(Ap).
For some of the following results, we will also need the following assumptions.
(Apy) The bias decreases as a power of D,,: there exist 1 > 0 and C; > 0 such that

]C(f*yfm) < C—I—Dr_nﬁ+ :
(Ap) The bias decreases like a power of D,,: there exist S_ > ;4 > 0 and C,C_ > 0 such that
C_Dyp~ < K(fur fm) < Cy DR

Recall that an oracle model m, is defined as follows:

My € argmrg/i&n {K(f*a fm)} .

We obtain in the following theorem some oracle inequalities and dimension bounds for the oracle
and selected models, under a slightly less restrictive set of assumptions than for Theorem III.2 of the
main part of the article. Indeed, when putting assumption on the decay of the bias of the models,
we use (Ap,) instead of (Ap).
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Theorem 2.2 Taken > 1 andr € (0,p — 1). Assume that the set of assumptions (SAg) holds and
that for some 6 € (1/2,4+00) and A >0,

Dy,
pen (m) = (0 + Ael (m)) o
for every model m € M,,. Then there exists an event S, of probability 1 — (n + 1)72 and some
positive constants A1, As depending only on the constants defined in (SAg) such that, if A >
(0 —1)_ Ay + Ay > 0 then we have on Qy,

-\ 1420 1), +Liga)g, (In(n+1))""2 .
. o, (< (02}
’C(ff)— 1-2(0-1)_ g, VXA
(Inn + 1)) %677
n(n + 2(p+1+r
+ L(SA)707T Db . (31)
npt+i+r
Assume furthermore that Assumption (Apy,) holds. Then, for any oracle model m., that is
* i IC k9 Am 9
m. € arg min (fi fm)
it holds on §2,,
1
2464 (1-55) e
D < Lisa)npn In(n+1) , Dp, < Lgan' ™ .
In particular, if we are in the case where p < B4 then Inequality (31) reduces to
(In(n + 1)) 267177
N n(n + 2(p+1+r
K (f*7 fﬁz) < L(SA),H,T 2 : (32)
np+i+r

Note that in Inequality (32) above, the rate is sub-optimal in a minimax sense, since a regular
histogram m of dimension D, ~ nt/(+6+) achieves on Q,, a better rate of order n=/+/(+6+)  We
do not know if the fact that the selected model cannot recover the rate of an oracle model in this
case where p < 4 - which cannot happen in the bounded setting where p = +o00 - is an artefact of
our proof or a real limitation of model selection by penalization.

Theorem III.2 of the main part of the article is a direct corollary of the following theorem, where
we use indeed the same set of assumptions (SA) as in Theorem III.2 of the main part, consisting in
the conjunction of (SAy) with (Ap).

Theorem 2.3 Take n > 1 and r € (0,p — 1). Assume that the set of assumptions (SA) - that is
(SAy) and (Ap) - holds and that for some 0 € (1/2,400) and A > 0,

pen (m) = (0-+ A (m)) 2

for every model m € M,,. Then there exists an event S, of probability 1 — (n + 1)~2 and some

positive constants A1, As depending only on the constants defined in (SAg) such that, if A >
(0 —1)_ A1+ Az > 0 then it holds on Q,,

s I
1) nA—(+51) ) 2484 (1- 751
LA,G,(SA)W < D < L' (sa)™ P In(n+1),
n(n -

Pt
Liga 007~ < Dy < LV, )nﬁ
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and

P+
c (f*, fm) < 1+2(0— 1)+ + f(‘_g‘;)’(@érf 1()1+5+)ﬁ \/]n(n +1) mlerjf/ln {/C <f*, fm>}

3p—1—r
(In(n + 1))W

D
npet+itr

+ Lisa)or (33)

Furthermore, if B <p(1+B+)/(1+p+7) orp/(L+7r)>p_+ B_/B+ — 1, then we have on Qy,,

~1/2

o 1+2<9—1) +L(SA)9r(ln<n+1)) o

K (furfa) < + 2 inf {K(fofm)} - 34

Jodm) < 1-2(0-1)_ ik, U e Im (34)

In order to avoid cumbersome notations in the proofs of Theorem 2.2 and Theorem 2.3, when a

generic constant L or an integer ny depends on constants defined in the sets of assumptions (SAy)

or (SA), we will note L(ga) and no((SA)). The values of the these constants may change from line
to line, or even within one line.

Proof of Theorem 2.2
e Proof of oracle Inequality (31):
From the definition of the selected model m given in ((3)) of the main part, m minimizes

crit (m) := Py (=10 fn) + pen (m) ,
over the models m € M,,. Hence, m also minimizes
crit’ (m) = crit (m) — P, (—1In fy) (35)
over the collection M,,. Let us write
K (for fn) = Po (=10 fon) + K (Jons fin) + (Pa = P) (3 (£2) = 7 fim)
+ K (fs ) = Pa(=In f) .

By setting

b1 (m) =K (fma fm) ,

p2 (m) =K (s fn)
and

penig (m) = pi (m) +p2 (m) +6 (m)
we have R R
K (fus fin) = P (1(F) ) + p1 (m) +p2 (m) 46 (m) = Po (7(£2))

and by (35),

crit’ (m) = K (f*, fm) + (pen (m) — peniyq (m)) . (36)

As m minimizes crit’ over M, it is therefore sufficient by (36) to control pen (m) — pen/, (m) in

terms of the excess risk K ( fe fm>, for every m € M, in order to derive oracle inequalities. We

() ()]

further set

K =K (fis fm) + vm=P
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(L) (%))

Set z, = (24 aym)In(n+1)+21In2. Let £, be the event on which we have, for all models m € M,,,

and

Wy, = P

20m2Zn  22p

& (m) < P (37)
- 2Wmzn  22zn
_ D, Dy, Dy,
~Lisayatn (M) 5 = <p1(m) — 5 = < Lisa)acn (M) o (39)
_ Dy, Dy, D,,
—L(sA)a€n (M) o < p2(m) — o < Lisa)acy (m) o (40)

By Theorem III.1 applied with & = 5 + axg and Propositions IV.3 and 1V.4 applied with z = z,,
we get

P(Q,) > 1— Y  [4n+1) 5°‘M+<)2
mEMn

= 1- > (+1) 7 M>1-(n+1)2.
mEMn

D'm
n -

The following simple remark will be used along the proof: for any m € M, z,/n < L(g A)E:{ (m)
Notice also that ¢, (m) < &} (m) (see Theorem I11.1).
By using (29) of the main part, (36), (37), (39) and (40), we get that on €, for A of the form

0—1)_ LE;)A) + LE?A) with L%)A) and LE?A) sufficiently large,

crit! (1)
>K (f l) T pen () — pr (7)) — po () — 1 2BZn _ 22n
*y p D1 D2 n n
~ Dﬁz 1 —~ Dm 2AM ,— Tl?Ll/pzn
>K (f*, A)‘i‘(e—l) - + (A —Lisa)) & (m)n—\/ -
) Dy —1 Dy,
Sk (o fa) —20-1) (22— _ = () 27
>K (f ) 2(0-1) ( (SA)En (M) - >
A— (LY (8 1@ ¢ Da [24um KL,
(8 (2lday 0 1)+ Lgy)) ) & () S - n

QAMR,JC;{l/pzn

2(1—2(0—1)_)K(f*,fm)—\/ n

Note that 1 —2(f —1)_ > 0. Let us take n € (0,1/2 — (§ — 1)_), so that

(41)

1-2(0-1)_—-n>1/2—(0-1)_>0.

—1
By Lemma 2.6 given at the end of this supplementary material, applied with a = (nlCm)pTP, b=

p—1
T _ 2 _ 2
n 2 \J2ANR_2Zn/N, U = T and v = STy We have

2AMR7JCi{1/pzn In(n+1 i1 1
/J <+ ana (2E) (1)

n n n

p—1
p+1
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By using the latter inequality in (41) we obtain,
In(n + 1)\ 71 (1) 75
. ~ A nn P P
crit’ (M) > (1-2(0—1)_ —n)K (f*, fm) — Lisa)a <n> <n> L (42)

We now Compute an upper bound on crit’ for each model m. By Lemma 2.6 applied with a =

—1-r
(nKm, ) ,b=n % V2AMR~2n /N, u= = 2p —and v = pfﬂw we have

1_T‘+1 p p—1—r
2AMm R _K Pz In(n+ 1)\ pFi+r /1) pFi+r
¢ gy, (D) (1)

n n n

By (30) of the main part, (36), (38), (39), (40) and by using Lemma 2.6 we have on €,

crit’ (m) = K (fo. fin) + pen (m) = p1 (m) = pa (m) = 8 (m
S’C(f*afm)+2(9_1)+ <l2)n_L(SA n DT:n>

_l’_

_r+1
_ (1) @)+ Dy, 2AMR-Km 7 2n 22,
D,

<201, +0)K(fo fn) + (A4 O 1, Ligy + Ly, ) ot (m) ="
11—

In(n + 1)\ 775w (1Y prier
n(n pF1+r p+1+r
e (52 ()

n n

Recall that we took A = L(l)

(SA) 0—-1)_+ LE2) for some positive constants sufficiently large, so

SA)

W @ @)
A+ (0-1), L)+ Liga), <101 Ligy + Ly,

and we finally get,

. 2 Dy,
crit’ (m) < (1420 = 1), +0) K (£o ) + (10 =1 Ligy) + LGy, ) & (m) =2 (43)
1 ( + 1) +117+ 1 pﬁ:
n(n pHitr pHi+r
e (5) TG
n n

Now, as m minimizes crit’ we get from (42) and (43), on Q,,

() < g gyt (K (o) 4 ot o) 222)

P p—1l—r
ln(n + 1) p+i+r (1 \ p+i+r
+L(sA).0.r — — .

n
We distinguish two cases. If Dy, > L(ga) (In(n + 1))2 with a constant L(ga) chosen such that

1
A0€

<1,

2\/111 n+1)

where Ag and ¢;} (m) are defined in Theorem III.1, then by Theorem IIL.1 it holds on €,

K<f*’fm*) = (1_ 2 ln(1n+1)> l;n; '
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On the other hand, if Dy,, < Liga) (In(n + 1))? then by Theorem III.1 we have on 2,

(In(n 4 1))

Dy,
(f*,fm*> + Lsa) o6 (4) oS Lisayg.r

Hence, in any case we always have on €2,,,

K (For on ) + Lisayanes (ma) 2

n
In(n+1 _ P
<Lismor PO (1 gy 4 0) ) K (1)

By taking n = (In(n + 1))_1/2 (1/2 — (6 —1)_) and using the fact that in this case,

1+2(9—1)++77< 1+2(0—1), + Lon
1-20-1)_-n— 1-2(0-1)_

we deduce that Inequality (44) gives,

. (f*, fm) gl +2(0 - 1)+1ilé((s€A)_,e,{«)(_ln(n +1))7'/? nf {K (f*, fm)}

3p—1—r
(In(n + 1))267170

p
np+it+r

+ L(sA)0,r

which is Inequality (31).
e Proof of Inequality (32):

1
By Lemma 2.5 below, we know that Dy, < Lgayn'**+ on €2,. Furthermore, we have on €2,
by simple computations,

K (Fes i) =K (Fes ) + K (Fims Fn
<CLDLt + (14 Lisayes (m)) 5
Dy,
<Lsa) (D;f+ + ="+
n
This yields

. D,, 1 1 1

TI’LEMTL

_ P+
+64

<Lsayn
To conclude, it suffices to notice that if 54 > p then

P
n F <n P <n sEe ,

which finally gives

p—1—1r
L4200 — 1), + Lisapa (e D)7E ] (In(n + 1))W
1-2(60-1)_ Mlenﬁf/,n { <f*= fm)} Lisa)o,r .

nm

Proof of Theorem 2.3
Note first that Theorem 2.2 is valid under the assumptions of Theorem 2.3, so we may use any result
established in the proof of Theorem 2.2.
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e Proof of Inequality (33):

L 7@

From (Ap), we know by Lemma 2.5 below that there exist L( Ay Lisa) > 0 such that

By 1
LE;)A)n(1+,B+)B_ < Dy, < LE;)A)anM.

(m.) <max | Dy, 1 n—i—l In(n +1) ln(n+1)
* m* m*

<Lga)max {n 2(1+5+) n (1+ﬁ+)5 } VIn(n + 1)

and so

ﬁ+
:L(SA) 1+ﬁ+ \/ln n + 1) (45)
Assume for now that we also have
Aog;f (my) < (In(n + 1))_1/2 , (46)

where Ag and € (m) are defined in Theorem III.1. Then by Theorem III.1 it holds on €,

K (furfn) = (1= (n(n+1))72) % |

In this case, we deduce that

D
+ ms
(f*,fm*) + Lisayo.0En (Mx) -
By A
< (1 i L(SA),O,rn (+84)5- \/In(n + 1)) K (f*,fm*> , (47)

and Inequality (33) simply follows from using Inequality (44).
If Inequality (46) is not satisfied, that is

Apeyy (my) > (In(n+1)) 712 (48)

then by (45), this means that there exists a positive constant L(sa) such that

Py
Ligayn 007~ /In(n +1) > (In(n +1))"/% .

Consequently, this ensures that in the case where (48) is true, we also have n < ny ((SA)). Hence,
as

; By
K <f*7fm*) > C_D, - > Lgan 5 >0,

this yields Inequality (47) with a positive constant L(sa),,r in the right-hand term sufficiently large
and then the result easily follows from using Inequality (44).
e Proof of Inequality (34):

If D, > Liga) (In(n + 1))? with a constant L(ga) chosen such that

Age)l (my) <1/2,
where Ag and & (m) are defined in Theorem III.1, then by Theorem III.1 it holds on €,

K (forfn.) = €D 4 D
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— 1 —
By Lemma 2.5 below we know that L%)A)n(“rﬂ)ﬂf <D, < L%)A)” 8+ on €,. This gives

A __— _ By
K <f*7 fm*) > L(SA)TL 8 4+ L(SA)” 1+(1+6+)67

and we deduce by simple algebra that if 3_ < p (1 + B+) /(14+p+r)or p/(1+7r) > B4 /(8- (1 + 54))—
1, then

3p—1—r
_ A In(n + 1)) 26e+1+n
Lisay (inn + 1)K (. £ ) » O

npFiE
On the other hand, if Dy,, < Liga) (In(n + 1))?, this implies in particular

7

B4
(;A)nmma- < Lsa) (In(n +1))* .

Hence, there exists an integer ng((SA)) such that n < ng((SA)). In this case, we can find a constant
L(sa) such that

3p—1—r
(In(n + 1))26+10

D
npt+i+r

Lisa) (n(n+ 1) K (fur fn.) =
and through the use of inequality (33), this conclude the proof of Inequality (34).

Lemma 2.4 (Control on the dimension of the selected model) Assume that (SAg) holds to-

gether with (Ap,). If B4+ < % then, on the event ), defined in the proof of Theorem 2.2, we have

1
2+B+(1* r+1

Dy < LA,H,T,(SA)” i ) \/ ln(n + 1) . (49)

If moreover (Ap) holds, then we get on the event Qy,

By
nB- (14+84)

(In(n +1))7-

1
srp (1T
LY < Dm < L(AQ,)G,(SA)n2+ o Vin(n+1) . (50)

A0,(54)

Lemma 2.5 (Control over the dimension of oracle models) Assume that (SAg) holds together
with (Apy,). We have on the event Q,, defined in the proof of Theorem 2.2,

1

Dm* S L(SA)TLH'BJr .

If moreover (Ap) holds, then we get on the event Qy,

Py

O T < p. < 1@ T (51)
(SA) = Pm. = Bisa) :

In the proofs of Lemmas 2.4 and 2.5 below, we assume for ease of presentation that for any
A € (0,1), there exists a model m € M,, such that D,, = {”W Note that our reasoning would still
work by invoking assumption (P3) of (SAy).
Proof of Lemma 2.4. Recall that m minimizes

crit’ (m) = crit (m) — Py(=In fi) = Ky — p2 (m) — 6 (m) + pen (m)

over the models m € M,,. Moreover, pen (m) = (6 + Ae; (m)) D,,/n. The analysis is restricted on
Q.
1. Upper bound on crit’ (m):
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r+1
p

Moreover, by Proposition Proposition IV.5, we have w,, < Ay R’,/Cm_ and so,

1_7‘+1
%—F \/2AMR,—ICm ¥

n n

1
crit’ (m) <K, + <9 -5t Lasa)En (m))

—B4 (1—rtL
ln(n—i—l)+ Dy, +< P )ln(n—i—l)

n n

_ D
<Lagsa) | Dyt + Tm +

1
Now, if B4 < %5, then for mg such that Dy, = [n“fﬁr-‘ we have

_ _r+1
) e,
<n 2(1+84) <n Ay
n
By

crit' (mo) < LAﬁ,(SA)n_ 464 vV ln(n + 1) . (52)

1
. L
Otherwise, if 84 > 25, then for my such that Dy,, = {n“m(l P )w, we have
b - (1-2) e (o)
i (R

and
s G )
crit’ (m1) < Lagsayn >+ 075) in(n+ 1) . (53)
2. Lower bound on crit’ (m): we have
1 D
patm) < (5 + Liswer (m)) 22

TN - reg
= n n

1—
Moreover, by Proposition Proposition IV.5 we have for some constant Ayrr,— > 0, vy, < Apyr,—Kim
For A large enough we thus get,

1-1
1\ Dy, 2AMR,—Km P 2n
crit’ (m) > K + (9 - 2) =2 \/ ME, z (54)

1

P

D
Assume that 8 < 25. We take Dy, < L(n/In(n+1))#*D%- for some constant L > 0. If L is

small enough, we have by (Ap) K,, > (SAMR,_zn/n)p/(pH) and by (54), crit’ (m) > K,,/2. Now if
P -
n a+pBs— nB-(+84)
) A
(

D, <L <ln(n—|—1 W (55)
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with L sufficiently small, only depending on A,f and constants in (SA), then by (52) we ob-

tain crit’ (m) > crit’ (mo). As 8y < ;27 < p, the upper bound in (55) reduces to Dy <
By

N
Ln?-0+6+) / (In(n 4+ 1)) #- . This proves the left-hand side of (50).
Assume now that f; > Py If

1+ﬁ+(1_r+l)
1

yd
sem Y CHCHE (R
Dm = L <n)> Tas

)

In(n +1 (In(n + 1)) %~

with L sufficiently small, only depending on A, 6 and constants in (SA), then by (53) we ob-
tain crit’ (m) > crit’ (m1). As 8y < ;7 < p, the upper bound in (55) reduces to D, <
By 1
Ln?-0+61) / (In(n 4+ 1))#- . This proves the left-hand side of (50).
N S

Assume that g1 < %. We take D,, < L(nln(n+ 1))2+5+(1‘%) for some constant L > 0. If
L is large enough, then we get by (54) and simple calculations, crit’ (m) > (6/2 —1/4) Dy, /n.
Furthermore, if

D, >L <(n In(n + 1))2“3*%1_%) A nﬁ In(n + 1)) (56)

with L sufficiently small, only depending on A, and constants in (SA), then by (52) we obtain

1
crit’ (m) > crit’ (mo). As B+ < ;25 < p, the lower bound in (56) reduces to D, < L (nln(n + 1)) 2484 (1-5)
This proves the left-hand side of (50).
Assume now that gy > A5 If

1

Dy, > L | (nln(n + 1))2+5+(1*%) vVn

1
2464 (1-51)

n(n + 1) (57)

with L sufficiently large, only depending on A, 6 and constants in (SA), then by (52) we ob-

tain crit’ (m) > crit’(m1). As By < A5 < p, the upper bound in (55) reduces to D <
By 1
Ln?-0+54) / (In(n + 1))~ . This proves the left-hand side of (50). As 7 > 0, (57) reduces to
1

(o)

D,, > Ln In(n + 1), which proves (49) and the right-hand side of (50).
Proof of Lemma 2.5. By definition, m, minimizes

K (for fn) = K + 01 (m)

over the models m € M,,. The analysis is restricted on €2,,.
1. Upper bound on K (f*, fm> we have

) 1 Dp,
K (f*,fm) <CyD,’* + (2 +Lisaen (m)> W

D, 1 1
+n<n+>>,
n

n

<Lsa) (D;f+ -

1
Hence, if mg is such that D,,, = n*™?+ then

B4

(f*,fmo) < Ligayn 97 . (58)
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2. Lower bound on K ( fe fm there exists a constant A, only depending on constants in (SA),

such that
1 D,,
K (f*vfm >K (2 A05 ) 7

3/2 \/—
Z/Cm—i—Dm—AomaX{<Dm> VIn(n 4+ 1); DrmInn + } (59)
n

2n
If (Ap) holds, then for

_ 3 _ 2
n 3128 n 1F28_

Dm < L(SA) min 1 N 1
(In(n+1))**2*~ (In(n+ 1))+~

with Lga) sufficiently small, we have
—B- 3/2
D D /D 1 1)
K >C_ =2 ZAOmaX{<m> VIn(n +1); n(n + }
n

In this case, we have by (59), K (f*, fm> > Km/2+ (D) [2n > C_Dy’- /2. Moreover, if m is such

Py
that D,, < L(SA)n(“ﬁ”ﬁ— with L(ga) sufficiently small, we also have

Bt

D,, < L(SA)n(HBJr)B,
P 3 2

+ 1, 3F28 n 1F28-

< L(ga) min n (146+)8—

?

3 1 1
(In(n 4+ 1))~ (In(n+ 1))
and by we get *s Am < *s Am , which gives the left-hand side o .
d by (58 KA\ fs, frmo K\ fe, [ hich he left-hand side of (51

1
We turn now to the proof of the right-hand side of (51). Let m € M,, be such that D,,, > Lin'*%+.
By (58) we deduce that if L; is large enough, depending only on constants in (SA), then we have

% >IC<f*,me> .

In addition, if D,, > Ly (In(n +1))* and D,,, < Ly'n/In(n + 1) for some constant Ly sufficiently

large, then
Dy, D\ /2 VD 1
ZAomaX{< > Vin(n +1); n(n +1)
n n

4n n

and by (59), we deduce that K < fe fm> > K ( fe fmo). The latter inequality implies that D,,

1
Lin™7+ . Our reasoning is valid if n is such that Ly (In(n +1))* < L1n1+3+ < Ly'n/In(n+1). At
the price of enlarging Li, we can always achieve Ly (In(n + 1))? < L1n1+5+ with L; not depending
1
on n. Then if Ly 'n/In(n 4 1) < Lyn™7+ | we still have

n 1
D,,.. < max D,, < A — <A LoLin'*tP+ .
v M 4 1))~ T

1
In every case, there exists L > 0 only depending on constants in (SA) such that D,,, < Ln'*#+.
Lemma 2.6 Let (a,b) € R7 and (u,v) € [1,00] such that 1/u+1/v =1. Then

ab < max{a";b"} <a" +b" .

Proof. By symmetry, we can assume a* > bY. Then b = (b”)l/v < a¥v = ¢! and so, ab <
a1 =a*<a“+0b'. m
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