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Abstract

In this paper, we investigate the low Mach and low Froude numbers limit for the compressible
Navier-Stokes equations with degenerate, density-dependent, viscosity coefficient, in the strong strat-
ification regime. We consider the case of a general pressure law with singular component close to
vacuum, and general ill-prepared initial data. We perform our study in the three-dimensional periodic
domain. We rigorously justify the convergence to the generalised anelastic approximation, which is
used extensively to model atmospheric flows.
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1 Introduction

Flows in the atmosphere are typically characterised by two main features (see |27]): first of all, they are
weakly compressible, moreover they undergo the combined effect of a strong stratification (due to the
action of gravity) and of a strong Coriolis force (due to the rotation of the Earth, which is very fast if
compared to the space-time scales of the flows).

Neglecting the effects of the Earth rotation, the importance of the other two factors, i.e. weak
compressibility and strong stratification, may be assessed by introducing two physical a-dimensional
parameters, the Mach number and the Froude number, respectively. The smaller these parameters are,
the more predominant weak compressibility and strong stratification become. Thus, as usual in Physics,
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it is natural to look at the regime where both parameters vanish, to find reduced models for atmospheric
flows. They are simpler to deal with than the corresponding primitive system, both from the analytical
and numerical point of view.

When the Mach number and the Froude number go to zero with the same speed, the flow becomes
incompressible and stratified at the same rate. Formally, this asymptotic regime was considered already
by Ogura and Phillips in [26]. The limiting system takes the name of anelastic approximation. The
physical importance of the anelastic approximation is discussed, for example in [20] in the context of
various atmospheric flows, and in 1] in the context of astrophysics models.

1.1 The primitive system and the limit dynamics

In this paper we will give a rigorous derivation of what we call the generalised anelastic approximation,
namely an anelastic approximation with variable viscosity. The starting system (referred to as the prim-
itive system) is the barotropic Navier-Stokes equations, with bulk viscosity coefficient equal to 0 and
the shear viscosity coefficient proportional to the density of the fluid. In particular, the system strongly
degenerates close to vacuum. This choice of the viscosity coefficients is physically relevant, as viscosity
is, in general, hardly expected to be uniform for flows on large scales. Their specific form allows one to
exploit a certain mathematical structure of the system, called the BD-entropy (see more details in the
discussion below).

Assuming that both the Mach and Froude numbers are equal to a small parameter € > 0, the system
of equations reads as follows:

Oro + div(pu) = 0,

1 1 1)
O(ou) + div(pu ® u) + 5—2Vp(g) —vdiv(pDu) = g—ngG. (

The unknowns are the mass density o = o(t,#) > 0, and the velocity vector field u = u(t,z) € R3.
The function p = p(p) denotes the internal pressure, the constant v > 0 is the viscosity coefficient,
and D = % (V + Vt) is the symmetric part of the gradient. Finally, G = G(x) is a smooth function (say
G € C3(9)) describing a scalar external force acting on the flow. G typically encodes the action of gravity,
in which case G = —gx3, where g is the gravitational acceleration constant.

Due to the present state-of-the-art of the mathematical theory for system , we assume that the
fluid occupies the periodic box in R3, i.e. we consider the equations on the space domain

Q= T3. (2)

The pressure function p is assumed of the following form:

1 1 _
p(e) = pe(0) +pel0) = ~ 0" = 2o™, v>1, K>y-2, K>3 (3)

The first part is the standard barotropic pressure, while the second part is the so-called “cold pressure”,
because it is most significant in the region of temperatures close to zero. The constants 1/v and 1/k
are just normalisation factors; their presence is useful in some computations. The restriction on the
adiabatic exponent v > 1 is somehow classical in the theory of compressible Navier-Stokes equations. The
conditions on the exponent x, instead, are of technical nature.

When € — 07 in equations , we observe a competition between the large size of the pressure term
(low Mach number effect), which tends to drive the flow to incompressibility, and the large size of the
forcing term (low Froude number effect), which increases the stratification of the flow. Due to the choice



of scaling, those two terms are in balance in the limit process. Therefore, it is easy to see that, when
e — 0%, o will tend, at least formally, to the profile b = b(x) satisfying

Vp(b) = bVG. (4)

Smoothness of G(z) and strict monotonicity of p imply that there exists a smooth function b € C3()
satisfying . Monotonicity of p implies convexity of the pressure potential H (defined in @D below)
which provides existence of constants b,,b* € R such that

Ve, 0 < by <b(x) <b*. (5)
Note that, for p(p) = %2, one gets G = b up to the choice of an irrelevant additive constant, which is the
case considered in [5]. On the other hand, if G(x) = —gz3 is the gravitational potential, it is easy to see

that b = b(z3) verifies (f)).

Since o ~ b for ¢ — 07, assuming that we can identify the limits of the non-linear terms appearing
in , it is not difficult to check that (formally) the limiting system is an anelastic approximation with
variable viscosity coefficient, namely

div(bU) = 0

(6)
U + (U-V)U + Vr — b~ v div (bDU) = 0.

We refer to system @ as the generalised anelastic approximation. In the above system, 7 = 7(¢,x)
denotes an unknown scalar function, and the term V plays the role of a Lagrangian multiplier associated
with the anelastic constraint div (b U) = 0. The limiting system can be also regarded as the viscous
counterpart of the so-called lake equation, whose study was initiated in [21].

The goal of this paper is to rigorously justify the above formal derivation in the framework of global
in time finite energy weak solutions to the primitive system — for general ill-prepared initial data.

1.2 An overview of related results

Due to the physical importance of the anelastic approximation, its rigorous derivation has been the object
of intensive studies in the past years.

In |24], Masmoudi proved the rigorous derivation of the anelastic approximation, starting from the
classical barotropic Navier-Stokes system. He considered a bounded domain in R3, supplemented with
Dirichlet boundary conditions, and the limit was performed for ill-prepared initial data via a compensated
compactness argument. Soon after that, Feireisl, Malek, Novotny and Straskraba proved an analogous
result on a periodic box, and for pressure laws which are small variations of the ideal gas law, see [14].
Finally, we refer to the book by Feireisl and Novotny [15] for a complete account of the mathematical
literature on the low Mach number limit, in the presence of both low and high stratification effects. They
presented the theory for the full Navier-Stokes-Fourier system and in the framework of global in time finite
energy weak solutions. The literature related to the incompressible limit of compressible fluid equations
is of course much more extensive (see e.g. the pioneering works [8] by Ebin and [18]- [19] by Klainerman
and Majda) and recalling all relevant results goes far beyond the scope of this introduction. We thus limit
ourselves to quote a couple of recent works.

In [13], a variant of the anelastic approximation was derived, starting from a version of the Navier-
Stokes-Fourier system with neglected thermal diffusion: the potential temperature is assumed to be
just transported by the velocity field. The limit system that is identified in [13| reads as a coupling
of the anelastic approximation system @ with a transport equation for the limiting temperature. The
convergence is proven in the infinite slab R?x ]0, 1] through a spectral analysis of the singular perturbation



operator and an application of the celebrated RAGE theorem from scattering theory. The advantage of
that technique, in comparison to the one used in [24], is that it allows to get the compactness of the
sequence of velocity fields.

On the side of the incompressible limit (with no stratification effects, though), another interesting
result is [7], where the the authors deal with weakly compressible viscous fluids in a critical regularity
functional framework. In that paper, weak compressibility is obtained by taking a large bulk viscosity
coefficient limit, instead of the classical low Mach number limit. More recently, in |11], a similar idea was
implemented for fast rotating fluids.

For the degenerate Navier-Stokes system , as considered in our paper, the relevant results are
much more sparse. The first one to mention is the incompressible limit in a strong stratification regime
considered in [5] by Bresch, Gisclon and Lin. Their system includes two artificial drag terms in the
momentum equation, in order to improve the available information for the velocity field close to vacuum.
The convergence to the anelastic approximation is proven using the relative energy method, for a special
choice of pressure law p(p) = 0?/2 and for well-prepared initial data.

A similar method was used in [3] by Bresch and Desjardins and in [17] by Jiingel, Lin and Wu, for
the low Mach number and low Rossby number limit in a two-dimensional geometry. The external force
in these papers is replaced by the Coriolis force (whence the low Rossby number regime) and a capillarity
term. The resulting limiting system is a quasi-geostrophic type equation for the stream function of the
limit velocity field. We also refer to |9]- |10] for a generalisation of these results to the 3-D setting and to
the case of general ill-prepared initial data.

1.3 The content of the paper

In the context depicted above, our work can be seen as a generalisation of the result from [5], to the case
of ill-prepared initial data and of more general pressure laws (and hence, more general external forces
G). We work in the framework of global in time finite energy weak solutions to the primitive system.
Their existence, in presence of a cold part of the pressure (3)), has been established in [30], [25]. The case
without this assumption has been completed much more recently in [29] by Vasseur and Yu. In all these
results, the finite energy condition plays, of course, a major role. However, the degenerate Navier-Stokes
system possesses also a second energy inequality, usually named BD entropy inequality after Bresch
and Desjardins, who investigated this second energy conservation law in [3].

The BD entropy estimate provides a control on the gradient of a certain function of the density, whose
exact form depends on the form of the viscosity coefficient. For system , this function is V/o0. The BD
entropy also allows to control the skew-symmetric part A = % (V — Vt) of the gradient of the velocity.
This, when combined with the classical energy, provides the corresponding bound for the full gradient of
the velocity.

The classical energy inequality, the BD entropy inequality, and all the bounds that follow, are essential
also in the present paper. As a matter of fact, for any value of parameter € € ]0, 1], we consider a finite
energy weak solution (QE, us) to system , which satisfy both those energy inequalities. However, proving
that the BD entropy estimate is satisfied uniformly with respect to € requires some effort, especially when
a general pressure law is considered: this is one of the first problems solved in our paper.

Having all these estimates satisfied uniformly for a sequence of finite energy weak solutions (gg, ua)E,
the rest of the proof of the derivation of the generalised anelastic approximation @ boils down to showing
that the weak limit (b, U) is indeed a solution to @ It is well known that passing to the limit in the
weak formulation of equations , especially in its nonlinear parts, is problematic. This is because the
singular terms, along with the ill-prepared initial data, are responsible for fast time oscillations of the
solutions (the so-called acoustic waves), which may prevent, in the end, the convergence of the nonlinear
terms to the expected limit. Showing that this does not happen is the core of the whole proof.



The main concern is the convergence of the convective term in the momentum equation. To that
purpose, we use a different technique than the one from [5|. Our approach is inspired by the previous
works [23] and [24] on the incompressible limit for the classical barotropic Navier-Stokes system, and is
based on a compensated compactness argument. More precisely, we first regularise the primitive equations,
which we recast in the form of a wave system. After that, we exploit two pieces of information coming from
the wave system. First of all, we may deduce the compactness of the rotational part of the velocity fields.
On the other hand, by direct but elaborated algebraic manipulations, we may infer that the interaction
of the potential part of the velocity fields in the convective term gives rise to small quantities, which tend
to vanish when ¢ — 07. It is worth to point that this argument is robust enough to deal with other
variants of the system . For instance, we could trade the cold component of the pressure function,
which basically provides us with some integrability properties for Vu, for a turbulent drag term p|u|u,
which would give a better integrability of the momentum V := pu. In that case, most of the steps are
the same, although the derivation of essential estimates becomes significantly more laborious. The only
problem, and the breaking point, arises when one wants to pass to the limit in this artificial drag term.
This term turns out to be even more non-linear than the convective term, because of the presence of
the norm |u| of the vector u. It is not clear how to bypass this difficulty in our framework, and so, the
problem remains open.

We conclude with a short outline of the paper. In the next section, we collect our main hypotheses
on the initial data, we give the definition of finite energy weak solutions, and we state our main result.
In Section [3] we deduce, from the energy inequality and the BD entropy inequality, a long list of uniform
bounds for the family of solutions (gg, ua)6 we consider. That part of the study is rather delicate, due
to the degeneracy of the system close to vacuum. In Section [4] we use the previous uniform bounds to
extract a weakly convergent subsequence, and to derive first basic properties on its weak limit point. At
this stage we reformulate the primitive equations into the wave system, which describes the propagation
of the acoustic waves. In Section [b| we rigorously perform the convergence in the weak formulation of
equations , and conclude the derivation of the anelastic approximation @ For the convenience of the
reader, we collect some tools from Fourier analysis which we need in our study in the Appendix at the
end of the paper.

2 Statement of the main result

In this section, we first introduce our assumptions on the initial data, then we define the notion of finite
energy weak solutions to system —, and finally we formulate our main theorem.

Initial data. Problem — is supplemented by general ill-prepared initial data. Namely, for any
small parameter ¢ € )0, 1] fixed, we pick initial data

(Qv u)|t=0 = (QO,sa uO,s) (7)
satisfying the following conditions:

(i) the initial densities pp. > 0 are assumed to be small perturbations of the static state b, defined by
: more precisely, we assumeﬂ that

00c = b+ o, with  (go.). C L®(Q) and (v 1n%> C LP(Q);

£

'Here and throughout this paper, we make use of the following notation: given a normed space X and a sequence of
functions (ff)s all belonging to X, we write (fg)s C X implicitly meaning that the sequence is also bounded in X.



(ii) the initial velocity fields ug . are such that (uo,s)E C L™(Q).

Thus, up to extraction of a subsequence, not relabeled here, we may suppose that

$0e — ¢o and up . — U weakly-x in L*°(Q). (])

Energy functionals. Next, we need to introduce various energy functionals. The internal energy
function (sometimes called pressure potential) is defined by the ODE

e H'(0) — H(o) = p(o),
which implies in particular that
/

Notice that H is defined up to the sum of an affine function. Here, we fix the classical choice

H(Q)—Q/lgpz(j)dz—,Y<71_1)Q(97_1—1)+K(R1_~_1)Q(Q_H_1—1). 9)
We now denote

£(oup) = % /Qg|u\2 dr + E% /Q (H(e) ~ H(b) ~ H'®) (o~ b)) do (10)

F(g,u‘b) = /Qg ’u + VVIH%‘Q dx (11)

to be the classical energy and the BD entropy functions. We also set 5(@, u ‘ b) (T) := S(Q(T), u(7) ‘ b)
and 5(9, u ‘ b) (0) := 5(@0, ug ‘ b), and similarly for the function F.

Weak solutions to the primitive system. After this preparation, we are ready to give the definition
of weak solutions to system - which are relevant for us.

Definition 2.1 Let (Qo,uo) be such that S(Qo, ug ) b) + ]-"(go, ug ) b) < 400.

We say that the couple (,u) is a finite energy weak solution of (1))-(3) in [0, T[ xQ, with the initial datum
(go, ug), provided the following conditions are satisfied:

(1) 0 > 0 almost everywhere, with o0 € L>®([0,T[;L7(Q)) and o~ € L*>([0,T[; L*()), V /o €
L®([0,T[; L2()) and \/P12Vp € L2([0,T]; L*(9));

(2) Jou € L>([0,T[; L*(Q)) and \/oVu € L*([0,T[; L*(2));

(3) the equations of system are satisfied in the sense of distributions: more precisely, we have

/Q@of(O) d:ch/OT/Q (g@tf + gu.vg) dedt = 0 (12)

for any test function £ € D([O,T[ XQ), and

/990110'1#(0) d$+/0T/Q <gu~8t¢+gu®uzv¢> dx dt

1 T 1 T T
+2//p(g)divwdxdt+2// QVG-wdxdt—u// oDu: V¢ dzdt = 0
€”JoJq £ JoJq 0/Q
for any test function ¢ € D([O, T %8 RS);

(13)



(4) for almost every t € [0, T[, the following energy inequalities hold true:

5<Q,u’b)(t)+v/0t/ﬂgﬂl)u|2 dxdsgz‘:(go,uolb),

Honl)ore & [ [P 5 (f s [ [ o s <cesoen
0 0

where the constant Cy > 0 may depend on 5(@0, ug ‘ b) and f(go, ug ‘ b> but is independent of €.

(14)

The solution (o,u) is said global in time if the previous properties hold true for any T > 0.

For any ¢ €]0, 1] fixed, the existence of global in time finite energy weak solutions to system in the
sense of previous definition was proven in [30] and |25], in the case G = 0 (corresponding to b = const.).
The argument of those papers apply in a fairly direct way also to the case considered in this paper, where
G # 0 and b is non-constant: we explain in the next section how to modify the estimates of [30]- [25] in
order to include the force.

Main result. Before stating the main result of this paper, we need some additional tools and notation.
Following [24]- [14] (see also [22]), we introduce the twisted Leray-Helmholtz projector Py, related to the
smooth function b satisfying , as follows: for any smooth vector field v on €2, we write

v = Pb[v] + bV\I/,

where U is the unique solution to the Neumann problem
div (bV¥) = divv in Q, /\Iid:c =0.
Q

Remark that Py[v] and Qp[v] := bVV are orthogonal in the weighted Hilbert space L?(£2;R?), which is
defined as the space of functions f : 9 — R3 which are L?-summable with respect to the measure %dx.

Similarly to the case of the classical Leray-Helmholtz projector P = P; and its L?-orthognal projector
Q = Q, it is possible to prove that both P, and @ are bounded continuous functionals on LP(£2; R3),
for any 1 < p < +00.

We can now state the main result of this paper, which is contained in the following theorem.
Theorem 2.2 Lety>1andk >v—2, k>3 in (3).

Let (Qo,auo,s)a be a family of initial data satisfying hypotheses (i)-(ii) fized above, so in particular the
condition

b) + sup .7-'(@075,u075 b) < 400 (15)

sup & (QO,sa o,
e€10,1]

€€10,1]
holds. Define the couple (¢o,uo) as in ().
Let (Qg, us)e be a family of global in time weak solutions to system —, in the sense of Deﬁm’tz’on

corresponding to the previous initial data. Define the scalar quantity ¢. := QET_b.

Then, there exists a couple of functions (qb, U) such that, passing to a suitable subsequence as the case
may be, in the limit € — 0 one has

0 — b strongly in LS, (Ry; LP(Q)),  for any p € [1,3],

¢ = ¢ weakly in L, (Ry; WH2HQ))



2K

u. - U weakly-+ in L™ (Ry; LPY(Q)) N L (R WHPH(Q)),  where py =

k+1"
In addition, ¢ = ¢(b) is a function of the static profile b, while U is a solution of the target system @ m
the weak sense, related to the initial datum Ul;—g = Uy := %Pb[b ), i.e. one has div(bU) = 0 almost

everywhere in Ry x Q and

/Qbuo.w(()) da:+/0T/Q<bU-8tz/z+bU®U:Vz/z> dxdt—u/oT/QbVU:w dzdt =0  (16)

for any T > 0 and any test function ¢ € D([0,T[xQ;R?) such that div(byp) = 0.

Remark 2.3 Note that the initial condition equals

/Qbuo-g“dx:/QIP’b[buo]‘Cdx:/Qon-Cdx

for any test function ¢ € D(Q; R3) such that div(b() = 0.

3 A priori estimates

In this section, we derive uniform bounds for the family of weak solutions (Qg, ug)6 to the original Navier-
Stokes system . The main tools for this are the classical energy inequality and the so-called BD entropy
estimate.

Here and everywhere in the text, we adopt the following notation: given a Banach space X and any
p € [1,+00], we set L%.(X) := LP([0,T]; X); in the case T' = +o0, instead, we explicitly write LP(R4; X).
When convenient, we will use also the notation L} (Ry; X) := (oo LR (X).

3.1 Bounds coming from the energy inequality

The energy inequality for (gg, us), which is satisfied by assumption, reads as follows: for almost any time
T > 0, we have

T
E(QE,ua b)(T)+u// 0- Du.|? dzdt < 5(@0,5,m075 b), (17)
0JQ

where the function £ (Q, u ‘ b) has been defined in and we recall that we have set £ <,(_)5, u.

b) (T) =
8(95(T), u(T) ‘ b). Notice that, due to the cold pressure, at any value of € €]0,1] fixed, the velocity

field u. is well-defined , thus the previous notation makes sense.

From the energy inequality , we now derive first uniform bounds for the family (gg, ue)g. In fact,
owing to our assumptions on the initial data, and in particular to , the right-hand side of is
uniformly bounded: specifically, we have

sup S(go’g,uo’g b) < +o00.

e€10,1]

Then, it is easy to deduce the following uniform bounds:

(Voeus), C L™ (Ry; L*(Q)), (18)
(Ve:Du.)_ ¢ L*(Ry; LA(Q)). (19)



Let us now focus on the density functions. To begin with, following the approach of [15], it is convenient
to decompose any function h into its essential and residual parts. Thus, for almost every time ¢t > 0 and
all € €0, 1], we introduce the sets

b
0 = {aca| T <ato s2h, R = 9\ 050,
where the constants b, and b* have been defined in Then, given a function h, we can write

h = [h] + [h] where [h] = h]lﬂgss( t) -

ess res ess

Here above, 1 4 denotes the characteristic function of a set A C 2.

For later use, it is convenient to divide the residual set Q5. (¢) further: we define

by *
) = {2 00| 0% 0t < T o) = {2 9u0)] onttn) > 207}

as the regions where ., respectively, stays bounded and may become unbounded.

After this preparation, let us come back to and derive uniform bounds for the family (QE)E. In
the essential set, we can perform Taylor’s expansion of the function H; we thus get

[H() = HO) = H 1) (0-)] = clo. = b Loz 0,

ess

which implies that

sup
teRL

! [os — <C. (20)

"2
On the other hand, using the convexity of the function H, the fact that ‘ [ge — b] reS| > b, /2 and equation
@D, we discover (see e.g. [16] for details) the following bounds on the residual set:

1 K 2
tsell}&p ”[QE]rGSHLW(Q +tS€1%RIjr H[QE ]resHLn(Q) + tSGIDlRE)r H[l]reS”Ll(Q) < Ce”. (21)

The previous estimate immediately implies that

sup L(Q(t)) < Ce?, (22)
teRy

where we have denoted by £(A) the Lebesgue measure of a set A C €.
At this point, let us define the quantity

From the uniform bound , we may deduce that

H [(ﬁa]ebeLm (R4;L2) < C. (23)

On the other hand, using we can compute that for any p < ~, we have

LNl o < S ([ lledul? do + [ [hemds) < 0220,

Thus, we finally infer that

Vi<p<y, < Celrnlr (24)

H [(z)s]resHLOO ]R+ LP) —

Of course, this estimate will be useful only in the case when p satisfies the additional restriction p < 2.



3.2 The Bresch-Desjardins estimate

As it is apparent from the bounds of the previous subsection, the difficulty with system is that we lose
any control on the velocity fields u.; and their gradient Vu, close to vacuum, specifically in the region
Qfe& - The cold pressure term p. is of great help in order to bypass that difficulty.

However, the cold pressure term alone is not strong enough to give us all the pieces of information
we need to pass to the limit. On the other hand, system possesses a nice underlying structure, as
evidenced for the first time by Bresch and Desjardins (see e.g. [4], |3]). By taking advantage of that
structure, it is possible to derive, via the so-called BD entropy estimates, some uniform estimates on the
gradient of the density functions g.. This is the goal of the next lemma.

A bound coming from BD entropy estimates has been required in the definition of weak solutions, see
point (4) in Definition . Here we show that such a bound holds uniformly with respect to the small
parameter £ €]0,1]. Note that the result in Lemma is stated for smooth solutions to the Navier-
Stokes system . This is solely to justify the manipulations required to derive the inequality. Once the
inequality is proven for the smooth solutions, it is possible to deduce that it is inherited also by the finite
energy weak solutions considered in this paper (see [30] and |25] for details).

In the next statement, we resort to the notation introduced in , and we recall that we denote by
Au = (Vu — Vtu) /2 the skew-symmetric part of the Jacobian matrix of the vector field u.

Lemma 3.1 Let (o-,u.) be the smooth solution to -. Then we have the tnequality

b) (t) +

3 [ () — HO) - HO)e. - 0) dx)

e2

T / 2 T
+V2//b2p(é’a)‘v<gﬁ)’ dxdt+u//gg!AuE,2dxdt§C7
€ JoJa 0c b o Jo

where the constant C' > 0 depends only on the initial data and on T. In particular, the previous bound is
uniform with respect to € €10, 1].

sup <J’ (Qs, u.
te 10,7 (25>

Proof. The proof of this estimate follows closely [5], with the only modifications associated with more
general forms of the pressure and of the force. We proceed in several steps, assuming that p.,u. are
smooth enough to justify all the computations. For notational simplicity, in what follows we write (o, u)
instead of (QE, ug).

Step 1. From Lemma 5.1 in [5] it follows that for sufficiently smooth solutions of the continuity
equation in , the following equality holds true

1d

- g]vmgf dx—i—/QVu-VanVlng dz
2dt Jo b o

b b
—|—/ oVu - VlnbVlng dx +/ ou - VVlnbVlng dx+/ QVdivuVlng dx = 0.
Q b Q b 0 b
Step 2. In this step, one multiplies the momentum equation by vV 1In {, we get
0 2 o271 @ v 0 _
I// 0(u+u-Vu)-Vin= dz +v / oDu: V7In = dx + / (Vp(o) — oVG) - VIn = dz = 0.
Q b Q b 52 QO b

Let us now rewrite each term from the above expression. First, note that the transport term gives

V/g(atu+u-Vu)-Vand:1;—l/d/bu-VQ dx—V/gVu:Vtudx—i—l//Qu-V(V]nb)udx.
Q b dt Jo b Q Q

10



For the diffusion term, after noticing that V? is always symmetric, we have

I/Q/QDUZVQIHQdx—VZ/QVu2V21HQd$
0 b Q b

:u2/bvu;v29 dx—yz/QVu-VanVIDQ d
0 b o bY b

= 1/2/ oVu - VlnbVlmg dr — V2/ QVdiVUV]HQ dz
Q b Q b
2 4% 0
—v / oVu-Vin=-Vin= dzx.
Q b b
Finally, for the pressure and force term, using , we obtain

V(o) — oVG 0 _ 21'(0) v / / 0
I//Q 2 Vlnbdx 52 Qb ‘V ‘ dm+€2 Q(p(g)—p(b))Vb Vb dz.

Step 3. Now, we sum up the equalities from the previous steps along with the energy estimate. In our
case, after setting H(o;b) := H(p) — H'(b)(0 — b) — H(b), the statement of Lemma 5.2 from [5] gives

% Q<f(g,u‘b)+;2H(@;b)> dx—ir;/bzp ‘v( )’2 d:U—I—V/Q,Q]]D)u|2 dz

:V/QVu:Vtu da:—u/gu-(VVlnb)u dz — v* /guVVlnbVlngdx (26)
Q Q Q

- ;/Q(p/(g) —p’(b))V(rV% dz .

Now notice that

V/ o|Dul? dz — 1// oVu: Viudz = V/ olAul? dr,
Q Q Q

and so, we finally get

% (f(g,u‘b)+12H(9;b)> da + ”Q/b” v (s )‘2 dx+v/Q@\Au!2 da

4%
/ ou-(VVinb)udzr —v / ouVVInbVv In 2 7 dz — = [ (p'(0) —p'(b)) V- Vg dz (27)

62 0
Y

=1

Step 4. We have to control the terms Ji, Jo, J3 appearing in the right-hand side of . To begin
with, we can easily estimate

T T T
/ Jy dt = —u// ou- (VVInb)u dzdt < ||V? Inb|| so (ro0) // olul? dzdt < C'.
0 0Jo 0/a

For Js, instead, we get

T T h T
/ Jo At = _;ﬂ// uVVInbVin~ dzdt < y2||v21nb||Loo(Loo)/ ]-"(,Q,u’b) dt,
0 0J0 b T 0

hence Jz can be controlled by means of a Gréonwall argument.
Finally, we have to deal with J3. This estimate is a bit more involved than the previous ones, as this term
depends on the pressure. We have to distinguish some different cases.

11



Case 1: integral over (2. We start by bounding the part of Js which is restricted to the essential
set. For this, we use the Taylor expansion p’(0) = p/(b) + p”(2)(0 — b), for some z between ¢ and b, and

the fact that g is bounded in Qe to write
<”/ ||V ()bv()
~ 52 Qs b
v P ( 2
Cs [0l + 5% [ [9 ()] e,

where we have also applied the Young inequality in the last step. Here, § > 0 can be taken arbitrarily
small, to the price of increasing the value of Cs. Thus, taking § small enough, after integration in time,
we can absorbe the last term of the previous estimate in the left-hand side of , while the other term
is bounded by a uniform constant C times 7', in view of .

Case 2: integral over (2%... In the residual set, it is convenient to split J3 into two pieces, as follows:

dx

5] @e-so)ve-via

£
ess

AN

5’/2/ (p'(g)—p’(b))Vb-V%dx - ”2/ ’(Q)Vb-vgdx - % ) ’(b)Vb-V%dx (28)

res res res

The bound of the first term in the last equality is easy. We start by writing

v B [P (0)
2 o ” ()va dz = / NG Vlb( , bvb>d

Then, we observe that

Ploe=0o+o" = [ P (o) g} € L™ (Ry;L?)

res

uniformly in £ > 0, owing to (21). Indeed, one has H [ 7' (0) Q} ‘ HQHW2 + Hg_lHH/Q Thus, using
res

quantitatively and arguing as in Case 1, we deduce that
Cs 2 ) p 2
s Slv@d .+ o5 [rE2 R G o

/ Vo (e) o Vinb- (,/ é)bvb)d
505+5€”2/b2p )v( )‘2 de.

Once again, after integration in time, the last term on the right can be absorbed in the left-hand side of
, for § > 0 small enough.
It remains to deal with the last term appearing in . We start by writing

/
2 Yo)vh-ve dx—/ 1/ < p(g)bv9>dm.
[9) Qe <. Y b
0 0 0

First note that
plo)  pPrlo)+pile) oFr+1"

res

Thus, on the one hand we get

/ / 2 /
2/ AU ARSI A < %(ﬁ(ﬂies))/ P, oo
e? Jas, , VP'(0) 0 b € 0 bl

12



On the other hand, we also have

A e
Now, in view of , for 2—~ > 0 we have that
lolies V" € LX(R LY, g = 22j’y > 2, with H[g}ﬁigw\ L= llo)esl 120 S €%/
If, on the other hand 2 — v < 0, then we have
(& € IRRaLY, g = with |27 = el S &

In the latter case, in order to have ¢ > 2, we need the condition
K>y = 2.

In any case, and under the assumption that the previous requirement is satisfied in the case v > 2, we
can thus bound

S Vit p/z()b)“'( p/é@)bvi) da CE

where 1/¢ + 1/m = 1/2. In the end, using , and the definition of m, after an application of
Young’s inequality we arrive at

v [ PO)g, [ [P0, g2) 4
52/ e b ( 0 bvb>d

Finally, putting all those inequalities together, we see that

r v [T 27 (0) 0\ |?
/0 \Jg\dt505+3582/0/ﬂb T‘V(EH dz dt .

Hence, for § > 0 small enough, we can absorbe the last term of the previous inequality into the left-hand
side of . The proof of the lemma is thus completed. O

< L e

res
3

/
A
0 bl|,»

La

/
A

0 b

505—1-5%
£ L

Before moving on, let us observe that the constant in Lemma [3.I] depends on time. Therefore, all the
bounds which we are going to derive from the BD entropy estimate will be only local in time, on any
arbitrarily large but compact interval [0, T]. This contrasts with the bounds coming from the classical
energy inequality, which instead are global in time.

3.3 Consequences of the BD entropy estimate

Lemma provides us with at least three additional pieces of information with respect to the classical
energy inequality . Those additional bounds will be fundamental in order to prove convergence in our
setting.

First of all, estimate can be used to improve ([19): indeed, as Vu = Du + Au, we have

(Vos V), C Lige (R+: L*(9)) - (29)

13



Next, combining with , we gather that

VEvI (%) = 2=V (%) € mmmi i), (30)

with uniform inclusion (of course, uniform with respect to € €]0, 1]). At this point, an easy computation
shows that

\/%v(";) = 2V0: — o:VInb = 2V,/o; — (%[Qa]ess + ¢[95]res) Vinb.

Observe that ([QE]QSS)E is uniformly bounded in L>* (R x ), whereas ( [ga]res) is uniformly bounded
€

in L®(Ry; L) < L*®(Ry;L?), in view of (21)). Putting this information together with (30]), by Sobolev

embeddings we finally deduce that

(VVee). C Lige(R;L2(Q)) = (e), C Lige(R3L(Q)). (31)

The previous property provides higher integrability for o, globally (i.e. in the whole €, without having
to distinguish between essential and residual parts) and uniformly with respect to ¢ €0, 1].
Next, we consider the quantity

7 P ), < trerion, "

3

The term inside the parentheses can be written as
o (§)f - e oo (§)f

o (2) T e ()]

L ACNRE]

Thus, we get the following uniform embeddings:

<1 v (%6)”/2> 13 (Ry; LX), <1 \V (%)”/Q> C L3.(Ry; L3(9)) . (33)

9 £

e () e (2

“/2V (ng)n/z 2

This is another fundamental piece of information, since it gives, roughly speaking, a uniform control on
the gradient of g./b, with a quantitative bound O(g) in a suitable norm. However, in order to be able to
fully exploit this information, some preparatory work is needed.

To begin with, we write
ly (&)m U lg (el own
€ b € br/2 '
Therefore, the uniform bound implies that

(2 (22 -v7)) cidrari@). (34)

Let us derive a couple of properties from . We notice that we can write

v2 _gr 02 =6
G /2 '
0" + b/

14



On the one hand, from the previous relation we immediately deduce that

1
<€ Tos uas. (02 — b”)) C L (Ry; LO(Q)) .

res,B
€

We use a Taylor expansion of the function f(s) = s” to get, for a suitable point z. = z.(¢,z) between
0:(t, ) and b(z), the following fact:

ol — b =t (0: = b) + v (v - 1) 2072 (0 — b)2

This inequality, together with above, implies that

> b7 (0o — b).

(Lo oo 6-) € Dol L) -

On the other hand, on the set Qies,U p we have that o. > 20*. Hence, on that set we can write

T Y Y —
0: = b ><&>72 L o,

27 v S \2) P =
Using again, we gather that
1 1
(5 Tos, 5 Qg/Q) c L3, (Ry; L6(Q)) = (6 Lo, 5 Q€> C L] .(Ry; L?”(Q)) . (36)
€ €

The main point of the last computations is that does not really provide a uniform control on the
gradient of the functions ¢. in L2 (L?), whenever v # 2. Such a control, which is true when v = 2, would
give higher integrability of the ¢.’s in L%(LG). Estimate shows that we are not too far from getting
that property, but this fact is true only when g, stays bounded. Since we do not have L* bounds on g,
the density functions may grow in some part of the domain €2 (which has to be small, recall above).
Anyway, inequality provides us with a useful control in that region.

Actually, in Qf _  we can derive an even better control on the g.’s than . Indeed, arguing in a
similar way as for getting , from the second piece of information in we deduce

1 _ 1 _
(a Lo, , 0 ﬂ/z) C Lipe (R4 L()) = (5 Los o 1) C Lipe(Ry; L¥(2)) . (37)
13 5]
We conclude this part by showing a third consequence of the BD entropy estimate , that is a
control on the gradient functions V¢, in suitable Lebesgue norms. Since this is a key property, we put it
in the form of a proposition.

Proposition 3.2 Let v > 1 and k > 0 such that kK > v — 2. Let (Qa,ug)s be a family of global in time
finite energy weak solutions to system , in the sense of Deﬁmtion related to initial data (Q()’E, u075)8
such that holds.

Then:

e if v > 2, one has the uniform embedding ((155)6 c L? (R+; Hl(Q));

loc

(R W (9).

loc

o when v < 2, one deduces instead ((bg)e c L?

15



Proof. We start by observing that, as a consequence of , we get in particular

@<WW&»C%®ﬁm,@“WW&» Liy (R LP(Q)) . (38)

Since on the set g

U Qg we have 0 < o. < 20%, we easily get

Log vos, , bV <¢Z€>' S 0. 2 pv (ie)

which implies that, for all 7" > 0 fixed, one has

(1195»UQ Y (%)) c LA(L?). (39)

On the subset €2 ;; 5, we need to consider two cases.

Lo uos

ess res,B ’

Case 1. For 1 —~/2 < 0 we can employ the first part of and an argument similar to the one used
above to deduce that

VT >0, <]1QresUB bV <¢b>) c L3(L?).
£

Case 2. For 1 —~/2 > 0 instead, we can write

o) ¢s 1—v/2
]lees,UB Y < b5 = ]lees,UB Qe ~U= bV [Qe] res:YUB'

Since, for any T > 0 fixed, ([Qs]res)e is uniformly bounded in L(L"), we have that ([95]1 7/2) is

res,UB
uniformly bounded in L%O(LQV/ (2=7)). In turn, combining this information with implies that

VT >0, (1%1]3 Y (fj)) C Li(LY).
£

We have thus discovered that the family of V(gf)g / b) ’s is uniformly bounded in the space L2 (L"), for any
time T > 0.
In order to conclude, we simply write

o\ 1 1
V<b> = 3 Ve — 15 9: V0,

and, when v < 2, we bound (gbs) uniformly in L3 (L), thanks to and ( . When v > 2, instead,
we use . ) again, together with the fact that, by definition of ¢., we have

1
2 . 2
/g;rcsB ’gbe, dx a ? Qrcs,B ‘Qs - b‘ dx 5 gﬁ(QrES) S 1
1 1
[oela-g [ le-htess [ fw
Qres,UB € Q1res,UB € Qres,UB

1 (v=2)/~
5 ? H[ga]resHiW (L(Qres)) r'S ]-7

where we have used also the bounds provided by . We thus conclude that, when v > 2, we have
(czﬁg)E C LE(L?) for any T > 0 fixed.
In the end, the proposition is proved. O

We also notice that, as a consequence of Proposition [3.2] and Sobolev embedding, we get that

if1<y<2, (9), C Line(R; LC(Q) and if v > 2, (¢:), C Lipe (R4 L°(Q)) . (40)
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4 The singular perturbation operator and the wave system

In this section, we study in detail the singular part of the primitive equations (|1). To begin with, in
Subsection we establish first convergence properties for the sequence of solutions (95, ug)6 towards
some targe profile (@, ﬁ). Then, in Subsection we derive some constraints that the limit point (@, ﬁ)
has to satisfy. Finally, in Subsection [£.3] we introduce the system of waves, which encodes the propagation
of fast time oscillations.

4.1 Preliminary convergence properties

From the uniform bounds exhibited in Subsections and we can derive first convergence
properties for the family of solutions (gg,ug)a of our primitive system . Of course, the convergence
we are going to establish is only in weak topologies, therefore it will not be enough for deriving the limit

system @
Here below, it is convenient to work on time intervals [0, T'], for arbitrary large but fixed 7" > 0. Also,
in the notation we imply that all the convergences are taken in the limit e — 0.

The density functions. We start by considering the sequence of the density functions g.. First of all,
from and , we see that we can decompose

0 = b+ o) + o with o) — 0 in LFL?), o — 0 in LFLY). (41)

3 3

Since € is of finite measure, we can interpolate those convergence properties with to deduce that
0c — b =rg, with re — 0 in Ly (LP) Vp<3.

The uniform bounds of Section [3] allow us to find more quantitative convergence properties. Indeed,
from and it follows that there exists a function ¢ € L>(R4; L*(Q)) NLE , (R4; L%()) such that,
up to the extraction of a suitable subsequence, one has

(6] e = @ in  LF(L*) N LE(LY), (42)

where the symbol = stands for the weak-% convergence in the respective functional space. On the other
hand, owing to , we know that

[fe] .oy — 0 in L¥(LP), Vp € [1, min{y, 2}[. (43)

Of course, if v > 2, we have the previous strong convergence only for all 1 < p < 2; however, interpolating
with the bounds of , in that case we get

[fe], o — O in LA(LP),  Vpe|[l,6].

The velocity fields. As it is apparent from equations , any information on the velocity fields u.
and their gradients is lost in regions close to vacuum. This is one of the main difficulties arising in the
analysis of system . On the other hand, at least at a first sight, it is not so clear which is the right
quantity to look at; for instance, keep in mind inequalities , . Here, we decide to work with the
momentum

V. = p-u..

However, the first step is to get some uniform bounds on the velocity fields u.. This is the goal of the
next proposition.
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Proposition 4.1 Let (,Qg, ue)E be a family of global in time finite energy weak solutions to system , m
the sense of Deﬁnition related to initial data (Q()’E, uof) such that holds.
Then we have the uniform estimates

£

2K
K+1°

(uc), € L=(Ry; LP(Q)) and (Vu.), C Li, (R4 LP(Q)) pL o=

In particular, we also have that

6K
k+3°

(ue)6 - LIQOC(RJr;Lpz(Q))? where p2 =

Remark 4.2 Note that, due to our assumption x > 3, one has p1 > 3/2 and pa > 3 in the above
Proposition.

Proof. We start by writing u. = o- 1/2 /0= Uz, from which, by use of and , we immediately
deduce that (ua)8 is bounded in L3 (LP1).
—~1/2

For the gradient terms, the argument is analogous, since we can write Vu. = g- '~ ,/0- Vu, and use,
this time, and . This implies the claimed bound on the sequence (Vug)e.

Finally, the last uniform bound for the family of u.’s follows from the previous property and Sobolev
embeddings. O

We are now ready to derive some important estimates for the velocity fields V..

Proposition 4.3 Let (957115)8 be a family of global in time finite energy weak solutions to system ,
in the sense of Deﬁnition related to initial data (goﬁ,mo,g)E such that holds. For all € €]0,1],
define Vo := p. u..

Then, the following facts hold:

(i) the sequence (Vé‘)a is uniformly bounded in the space L2 (R L3/2(Q)) NLZ.
ps = 6k/(5K + 3);

(Ry; WPs(Q)), where
(ii) there exist sequences (VE)E and (Wg)e of vector fields such that
Ve €]0,1], V. =V. + W,
with the uniform embedding properties

(Vo). € Lis.(Ry; L2 (Q) and  (W.). C L} (Ry; L33(Q));

loc c loc
(1ii) after setting V. := bu., we can also write
V. = 175 + svaa,
with the uniform embedding properties

(V). C L} (Ry; WhPH()) and (We), € L2 (Ry; LY(9).

Proof. Let T > 0 be arbitrary, but fixed throughout the following computations.

The proof of the L3 (L3?) bound of item (i) is easy to get: it is enough to write V. = V0: \/0: u:
and use the uniform bounds given in and . Next, let us focus on the bounds for the gradient.
For any 1 < 5 < 3, we compute

0iVe = J0:1/0: 0ju: + u: 050 = \/0:/0: Oju: + 2\/0-u.0j\/0: := A + B..
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Repeating the previous argument, using this time and , it is easy to see that (Af)s - LQT(L3/ 2,
As for B, we start by observing that, owing to Proposition we have (ue)6 C L%(Lp) for p <
po = 56—f3. On the other hand, we have (Vy/g:), C L$(L?) and (/0z), C LF(L°). Hence, we get
(BZ_:)E c L? 7(LP3) where p3 = 5;~;+3 Notice that ps > 1 if and only if x > 3: this is precisely the place
where the strongest assumption on k appears. Item (i) is thus proven.

For showing the decomposition in item (ii), we notice that

NG
V. = \/E@ug + s\/gg\/g?ua.
Thus, if we define V., = \/l;\/g?ug, from we immediately infer that (VE)E C L%O(LQ). Next, we

define Y
W, = f V..

J12 |oc — b|. Hence, on the one hand, by using , we see

At this point, we use that ‘,/g{S \f’ < b,

that
0- — Vb
(19;5309235 Ve = V7 - ) C L7(L%);

€

on the other hand, since

O < Qfes UB (V QS o \/B) < Qfes UB Vv Q&‘ ~ ]lgfes UB 92/27
Y

£

in view of we gather that also (ﬂQfes uB ¥
get that

) is uniformly bounded in L% (L5). Therefore, we
g

<‘@ f) C LA(LY) — (W), c LE(L%?).

£

The proof of item (iii) is similar. This time, we write o — b = (\f L= \/13) (\@5 + \/5) and get

Ve = buc + (\@s_\/g)@ue + (\/éa_\/g) \/l;ue‘

If we set 95 := bu,., Proposition ensures us that the claimed bounds for this quantity are satisfied.
Next, we claim that the sequence of

. = f‘f

\/> € \/556_\/5\/6115

is uniformly bounded in L2T(L1), for all T' > 0 fixed. For this, owing to , the last part of Proposition
and Remark it is enough to show that

Vo: — Vb s of order O(e) in  L(L?). (44)

—-1/2 o

As a matter of fact, since ‘f Vb ‘ < by 0e — b, from and we immediately get that

((119555 + ]19;57 B) @) is uniformly bounded in L (L?). Finally, as done above, we have

£

0 S res UB <\/@ \/l;> < ngfes UB \/Q?’
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which, in view of again, implies that

|0 s (Ve =V0) |, < |10 s v, (20000

In the end, we have shown , which in turn implies the sought bound for the vector fields \’7\75. O

e.

~

>1/2—1/27 -

L2

From the previous proposition, we immediately deduce the following corollary. The proof is rather
straightforward, hence omitted.

Corollary 4.4 Under the assumptions of Proposition [[.3, there exists a vector field V, belonging to
L (R+; L3/2(Q)) N L? (R+; wtps (Q)) such that, up to the extraction of a suitable subsequence, one has

loc loc
V. = V in that space.
In addition, V also belongs to LS, (R+; Lz(Q)) N LE, (R+; Wl’pl(Q)), and, up to further extractions,

for all T > 0 one has that V- = V in L¥(L?) and V. = Vin LE(Whpr),

To conclude this part, we define the target velocity field U as

1
U = EV’ (45)

where V is the vector field identified in Corollary [4.4]
We notice that U is (up to a further extraction) the weak-limit point of the sequence (ug)a in the
functional spaces identified in Proposition We point out also that U belongs to the same functional

spaces to which V belongs.

4.2 Constraints on the limit

In the previous subsection, we have identified the limit points b, ¢ and V of the families (QE)E, (gbg)E and
(V,E)E7 respectively. Our next goal is to find some properties those limit points have to satisfy. We point
out that these conditions do not fully characterise the limit dynamics, which will be deduced by passing
to the limit in the momentum equation.

Proposition 4.5 Let (QE, uE)5 be a family of global in time finite energy weak solutions to system , m
the sense of Deﬁnition related to initial data (go,g, uo,g)E such that holds. For all e €]0,1], define
V. := p-u.. Let ¢ be the scalar function identified in , V the vector field identified in Corollary
and U the vector field defined in .
Then U has to satisfy the anelastic constraint
div (bU) = 0 in  D'(RyxQ).
On the other hand, ¢ = ¢(b) is determined as a function of b only.

Before proving the previous proposition, let us state a simple lemma. It will be useful to understand
how to deal with the singularity of the pressure and gravitational terms, and to put in evidence the right
singularity in the momentum equation.

Lemma 4.6 Let the assumptions of Proposition[{.5 be in force. Then, after defining

II(0:;b) := p(e:) — p(b) — p'(b) (¢ — 1),

we have the equality
1 1 , 1
5 (Vplee) = 0:VG) = ZbV(H'(5)¢:) + 5 VI(esib).

In addition, one has that (6% II(oc; b))e 1s uniformly bounded in L (R+; Ll(Q)).
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Proof. The claimed identity follows from a simple algebraic computation:
1 1
= (Vp(gs) - QEVG) = 3 (V(p(gs) = p() = (o = b) VG)
1 1
= 5 VI(e:sd) + 5 <V(p’(b) (0= — b)) — (0 — b) VG)
1 1
= g bV(H”(b) (Zsa) + ?VH(Q‘% b) )

where, in the last step, we have used the equality VG = H”(b) Vb, which holds owing to .

It remains us to show the uniform bounds for the family (8% II( oc; b))e. The argument is similar to
the proof of Lemma 4.1 in [11]; however, since that paper did not deal with non-constant limit density
profiles b nor with the presence of a cold component p. of the pressure, we report here most of the details.

First of all, using Taylor formula at the second order for the pressure function p together with ,
we easily see that

1 1
LM~ = (5 Meitl) © @I,

Next, let us denote by Iz (o:;b) and I1.(oe; b) the functions defined as II(p.; b), but using respectively pg
and p. instead of the full pressure function p. Then, a Taylor expansion again and imply that

é([HE(Qz-:;b)]res’B + [Hc(gs;b)]reS’UB) C L®[Ry; LY.

Finally, we notice that

[Me(0:30)] | S [0 and |[Me0::0)] e | S o]

for which one can deduce the sought bounds by using the controls in .
In the end, the lemma is completely proved. O

We can now turn our attention to the proof of Proposition [£:5]

Proof of Proposition[{.5 We start by considering the weak form of the momentum equation: given a test
function ¢ € D(R+ X Q), with Supp ¢ C [0,T[ x€2 for some positive time T > 0, we have

T T
—// 0 Opp dax dt — // ocu. - Vo dzdt = / 00, ¢(0) dx .
0JQ 0JQ Q

By assumption on the initial data, we know that gp. — b — 0 in L? N L™, so it is easy to pass to
the limit in the right-hand side of the previous relation. Moreover, in view of and Corollary , we
know that o. — b and p.u. = V. — V in D'([0, T x2). Thus, passing to the limit in the previous
equality yields the constraint

T
//V-Vgodxdt:O VpeD = divV =0 in D.
0/

Now, using the definition of U given in (45)) immediately gives the anelastic constraint.
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Let us turn our attention to the momentum equation. As appears in the statement, the momentum
equation does not give any relevant information on the limit points: we will discover that ¢ is a quantity
which play no role in the limit dynamics.

Indeed, we can test the momentum equation by e, where ¢ € D(R x ;R?) is a test function with
support (say) included in [0, T'[ x€2, for some 7" > 0. By the uniform bounds established in Section and
using the identity in Lemma [4.6] above, it is possible to see that all the terms in the momentum equation
tend to 0, except for the term bV(H”(b) d)g) Thus, passing to the limit for ¢ — 07, we find that

T
// H"(b) ¢div (b1p) dedt = 0 Vi eD.
0JQ

Since b never vanishes, this implies that V(H"(b)¢) = 0, and then H”(b(z)) ¢(t,x) = c(t) a.e. on
R4 x Q, for a suitable function ¢(¢) only depending on the time variable. We claim that ¢(t) = ¢(0) is in
fact constant, and does not depend on time neither. Indeed, let us denote by (f) the space average over
Q of a function f = f(¢,x), namely

) = () = ﬁ(lm /Q f(t.2) e

Using the definition of ¢., we can recast the continuity equation as
1.
Ot + gdlvV5 =0. (46)

Taking the mean value with respect to the space variable, we discover that 9;(¢) = 0, thus the mean value
of ¢ is preserved in time: (¢)(t) = (¢o) for almost all times ¢ > 0, where ¢g is the weak limit point of the
initial data ((;5075)5 specified in (§). On the other hand, coming back to the equality H”(b) ¢ = c(t) and
computing the space average, we have that (¢)(t) = (1/H" (b)) ¢(t), which in turn implies that ¢(t) = ¢
has to be a constant function.

The proposition is now proved. O

As already pointed out, the previous proposition does not allow us to identify the limit dynamics yet.
The main problem consists in passing to the limit in the momentum equation, which reveals a not so easy
task, owing to the non-linear terms appearing in it. In order to succeed, we first need to understand the
propagation of fast oscillations in time: this is the goal of the next subsection.

4.3 Acoustic equation

Lemma [4.6| and Proposition [£.5] allow us to identify the singular part of the equations of motion. Because
of the ill-preparation of the initial data, this singular part is responsible for fast oscillations in time of the
solution, the so called acoustic waves, which may eventually prevent the convergence of the non-linear
terms. In order to study those oscillations and be able to pass to the limit in the equations, we reformulate
our system as a wave system.

Let us recall that we have denoted

e = and V. = p-u..

As already remarked in the proof of Proposition in terms of those quantities the continuity equation
can be rewritten as in . Concerning the momentum equation, instead, we can take advantage of the
identity of Lemma to combine the pressure and gravitation terms together.
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In the end, we discover that system can be recasted in the following form:

€0 Ve + bV(H”(b) qSE) =cf.,
where we have defined
. . 1
f. = v div(ge Du.) — div(geu: ® ue) — EVH(Q&:;b)- (48)

By the uniform bounds , we get that the sequence (qus ® us)E is uniformly bounded in L%O(Ll),
for all times 7' > 0. On the other hand, by arguing as in the proof of Proposition it is easy to see that
(o- Dug)E is uniformly bounded in L2(L%?). Finally, the term II(o.;b) has been dealt with in Lemma
Therefore, owing to the Sobolev embedding H*(2) C L>®(2) for any s > 3/2, we get that

YT >0, Vs>5/2, (f.), c L3(H®). (49)

For later use, it is convenient to introduce a regularised version of the wave system . For this, we
employ the low frequency cut-off operator Sy, with M € N, introduced in relation in the Appendix.
Since Sj; commutes with all partial derivatives, applying operator Sjs to yields

{ e0pens + divVey =0 (50)

58tV5,M + bV(H”(b) ¢87M) = Efa,M + he,M;
where we have denoted ¢. pr = Sa(de), Ver = Sm(Vz) and f. pr = Sy(f:), and we have set

e o= [b,Su|V(H"(b)¢:) + bV ([H"(b), Su]de) -

Thanks to the uniform bounds for the sequence ((;55) in L2 (Ry; W (Q)) ifvy < 2,in L (Ry; HY(Q))
when v > 2 (keep in mind Proposition above), standard commutator estimates (see e.g. Lemma 2.97
of |2|) imply that

VT >0, enrllpz oy + llewlhenllpe gy S 27, (51)
where we agree that the Lebesgue exponent ~ is changed into 2 whenever v > 2.

We explicitly point out that, in the above estimate , the multiplicative constant is uniform with
respect to both M € N and € €]0, 1], but it may depend on the fixed time 7" > 0. Notice that, for the
uniform bound on curlh, 57, the gradient structure of the commutator terms play a key role. We remark
also that the commutator term h. s is much better controlled than the corresponding term in [24], thanks
to the uniform bounds provided by the BD entropy estimates.

In addition, as an immediate consequence of , we get that

VT >0, Vs>0, 201l 2. 1y < Cs, M), (52)

where the constants C'(s, M) > 0 depend only on the quantities inside the parentheses. Notice that these
constants blow up when M — +o00, but they have finite value for any M € N fixed.

We conclude this part by showing uniform bounds on the two sequences (qbg M) M and (VfE M)a Ve
As a matter of fact, in view of our computations in Section [5] below, it is important to introduce a fine
decomposition of those terms.

Lemma 4.7 Let T' > 0 be arbitrarily large, but fized. For any M € N, define the quantities ¢y =
Sum(pe) and Ve pr = Sy(Ve) as above.
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(i) Both sequences (¢s M) and (VE M) are sequences of smooth functions in space, which are uniformly
bounded (with respect to €, but not wzth respect to M ) in the space L2(H?®), for any s > 0 arbitrarily
large.

(i) For any M € N and any € €10,1], we can write
Gert = et + €T w0 (53)
where we have the uniform estimates

Sup Sup HSOa MHLOO L2)ﬂL2 (LG) < C a'nd VS Z 07 Sup Hﬂ'{;‘ M”Loo Hs) S C(S')M)v
MEeN e€]0,1] €€]0,1]

for suitable positive constants C'" and C(s, M), which depend only on T > 0 and on the quantities in
the brackets. In the case v > 2, one can simply take m. pr = 0.

(iit) For any M € N and € €]0,1], one has

VE,M = Veum + 5W€,M> (54)
with the uniform bounds
sup sup ||V5MHLoo (z < C and Vs>0, sup W2 215y C(s,M).
MeN e€]0,1] €€]0,1]
(iv) We can also write
Ve,M = Vs.M + EVV&,M» (55)
with the uniform estimates
sup sup M‘ < and Vs>0, sup HW M‘ < C(s,M).
MEeN e€10,1] Ve L.(Whp1) £€10,1] R0 ( )

Proof. The properties claimed in item (i) are an immediate consequence of the bounds for the families
(qu) and (V ) combined with the smoothing effect of the low frequency cut-off operators Sy;. Keep in

mlnd ., and Propositions m 3.2 and 4.3 .

The deCOmpOSItIOHb of items (iii) and (iv), together with the corresponding uniform estimates, also
follow from Prop051t10n E simply setting V. ar = Sy (V) and W,y = Sy (W.), and similarly for

Va M and WE M-
Finally, let us prove item (ii). We start by considering the case 1 < v < 2. In this case, we decompose

¢s = [d)s]ess + [QZ)E}res'

Thus, if we set . v 1= Sy ([¢€]ess)’ estimates (23]) and easily imply the uniform boundedness (both
with respect to M € N and ¢ €10, 1]) of the sequence (‘PE,M)E 1 Next, we define

1
me = a9 and Tear = Su(me),

and we conclude with the help of . When v > 2, instead, one has that (qbs)g is uniformly bounded in

LP(L?) N L4(H'), thanks to Proposition . Hence, in this case one can simply define . pr = Spr(¢e)
and 7. s = 0. This completes the proof of the lemma. O
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5 Passage to the limit

In this section, we finish the proof of our main theorem, showing the convergence (up to an extraction)
of weak solutions to to weak solutions to the target system @

The main problem is to pass to the limit in the most non-linear term, namely the convective term in
the momentum equation. This convergence will be proved in the following two subsections, by use of a
compensated compactness argument. Finally, in Subsection [5.3] we will take care of the other terms, and
complete the proof of the convergence.

Before going into the details, let us recall that convergence will be proved for any test function lying in
the kernel of the singular perturbation operator, namely (in view of Proposition for any test function

¥ € D(Ry x O R?), such that ~ div (b)) = 0. (56)

Also, it is useful to introduce the following notation: we denote by R. ps any remainder term, that is
any term such that

lim limsup
M—+oo o+

T
/0 (Rt s W)prxpdt] = 0, (57)

for some given time 7" > 0 and test function ¢ € D([O, T % R3) taken as above. Similarly, we will use
the notation R, ps for any scalar term such that

lim limsup Re.ar = 0. (58)

M—=+oo oo+

Typically, we will have
T
Rem = / (Rem s ¥)prxp dt.
0

In the next computations, the precise values of R, p; and R. p may change from one line to another.

5.1 Approximation of the convective term

Passing to the limit in the convective term is based on a compensated compactness argument, following
work [24] of Masmoudi. This argument relies on using algebraically the structure of the wave system
and performing direct computations on it. Of course, for that, we need first of all to smooth out all the
quantities with respect to the space variables: this is the scope of the next lemma.

Notice that the approximation argument here is delicate, due to the degeneracy of the system close
to vacuum. The cold pressure term p. will be of great help.

Lemma 5.1 For anyT > 0 fized and any smooth test function ¢ as in (56), such that Supp ¢ C [0, T[ xQ,
we have

T T
1
//QEUE@)UE:Vﬂ}dxdt//V5M®V€M:V1/}dxdt =0.
0/ oJab ’

lim limsup
M —+o00 e—0t

Proof. We start by observing that, in view of Propositions and we have (Vf)e C L?F(L?’/ 2) and
(ug)E C L2(LP) for all p € [1,ps], where ps = 6r/(k + 3). We also notice that, under our assumption
k> 3, we have 2/3 4+ 1/py < 1, i.e. po > 3. Thus, given any M € N, we can write

T
I = // 0:u: Q@ u. : Vip dedt
0/Q
1

T T
1
://V5®SM(bu5)IVI/Jd$dt—|—//V€®(Id—SM)(bu5)IV1/dedt,
0Ja b oJa b
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where all terms are well-defined, and the last term on the right can be bounded as follows:

Tra
5 Ve 1 = siou): Vo dede| £ IVl 100 = i)l -
0JQ

At this point, taking advantage of Bernstein’s inequalities of Lemma in the Appendix, we can bound

I(Id = Sa)(bu) s < Z 1A (bus)||s < Z 277 AV (bue)| s (59)
J>M jzM
1 1
< 3 2 a pul, < 2 Veu Y2,
Y, > 7>0

where p; = 2k/(k + 1) has been defined in Proposition 4.1} and we have set & = (k —3)/2k > 0. Owing
to the embedding LP — Bg?oo for any p € [1,+o0], we finally get

Idd = Sar)(bus)ll s < 27 [V(bue)l e S 27N,

~

As a result, the previous computations show that, in the sense of , one has

T
1
1:/ /bve®sM(bu€);wdxdt+R5,M.
0 Q

Next, we use again the uniform bound (u€)€ C L3(LP?), together with the fact that (S (b us))6 is
uniformly bounded (with respect to &, but not to M) in the space L%(L™), to get

T
//1V5®5M(bu5):vw dz dt (60)
0Jab
T T
://uE®SM(bu5):V1/J dxdt—i—a//bgzﬁaua@SM(bug):Vw dz dt
0Ja 0Ja

T
1
://bSM(bus)®SM(bus)iv¢ dzdt + Ren -
0/0

Indeed, first note that, due to , we can write, for v < 2, the following estimate:

u. ® Sy (bue) : Vi dxdtdt' S ”¢EHL§$’(L37/(3*W)) ||us||L2T(LP2) ||SM(bus)||L2T(Loo) Sl

We observe that this makes sense whenever (3 —~)/3vy + (k + 3)/6x < 1, hence for k > 3v/(7y — 6).
But, for v > 1, one always has 3v/(7y — 6) < 3, therefore the previous estimate is satisfied for all k > 3.
Notice that, since ps > 3, we can repeat the exact same computations also when v > 2, up to use the
right bound from (40]).

On the other hand, after noticing that 1/p; + 1/p2 < 1 for k > 3 and arguing in a similar way as
above, we can estimate

1
5 (Id = Su)(bue) ® Sy(bue) : Vi dzdt| < [|(Id = Sa)(0ue) | zer) 152 (bue)lpz (rr2)

<2 Vibw)|F., < 27M.

Thus, we have proven that the last equality in holds true.
At this point, to conclude the argument we may use the decomposition of Lemma 47 Indeed,
keeping in mind the definition of the vector fields V. given in Proposition above, we notice that
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Sp(bue) = 175,M = Vo — 5W57M. Thus, using the bounds collected in item (iv) of Lemma m we
easily see that

/OT/Q % Su(bu) @ Sy(bu) : Vi dadt = /

T

1
/ *VE,M ®V€’M : Vi dedt + R&M.
0/Q

b

This last equality finally ends the proof of the lemma. a

5.2 Compensated compactness

Owing to Lemma [5.1] it is enough to compute the limit of the approximate convective term

T T
1 1
—//VEM®V8M:V1/dedt://div Vo ®Ven |- dedt,
0 Qb ) ) 0 Q b ) )

for any test function ¢ € D([O, T %8 R3) belonging to the kernel of the singular perturbation operator,
namely such that div (by)) = 0. Here above, we have performed an integration by parts, because the
vector fields V. ps are smooth in the space variable.

5.2.1 Preliminary reductions

Now, we compute

1 1
div <b Veu ® V&M) = diV(V57M) Veu +Veu -V < Va,M) (61)

b

S~ S

b |1 2 1
diV(VE7M) V57M + §V ‘b — curl ( V&M) X V57M,

vV
e,M b

where the symbol x denotes the ususal external product of vectors in R? and, for a 3-D vector field U, we
have curl U := V x U. Notice that the second term in the last line identically vanishes, whenever tested
against a test function ¢ as in . Thus, this term contributes as a remainder R, s to the limit, in the
sense of relation (57]).

Therefore, resorting to the first equation in for dealing with the first term, we can write

1 1
div <b Vs,M ®V57M> = _%8t¢€,M VE,M — curl <b V61M> X V&M + Ra,M

€ 1
= B Qbs,M 6tV5,M — curl <b Vs,M) X VE,M + Rs,Ma

where, in the second step, we have included the total time derivative € 9; (d)& M Ve, M) into the remainder
R . Indeed, the time derivative can be put on the test function and the family (qbs, M Ve, M)s is uniformly
bounded in e.g. L (L?), owing to item (i) of Lemma

At this point, we use the second equation in to deal with the term presenting the time derivative,
and we get

1
div (b Vs,M ® V57M>

1 1
= _¢5,M V(H”(b) ¢5,M) + %¢5,M fs,M + g(bs,M he,M — curl <b Vs,M) X VE,M + RE,M .
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Owing to and item (i) of Lemma , it is clear that the second term in the right-hand side is a

remainder, in the sense of . Next, we claim that also the third term, i.e. (gf)E’M hs,M/b)g IVIRCE:!

remainder. For proving this claim, in the case v > 2 it is enough to employ Proposition [3.2] and recall
that estimate holds true with the Lebesgue exponent v replaced by 2. When 7 €]1,2[, instead, we
notice that the piece of information coming from is not good enough to cover all possible values of
v in that interval. Our approach is instead based on the use of item (ii) of Lemma , which allows us

to write

1 1 1
g ¢€,M ha,M = 5 Pe, M hs,M + 5(2_7)/7 E Te, M hs,M .

Thanks to and item (ii) of Lemma [4.7, we can estimate

1

M
H oot Do < etz gy Mhentllza gy S 2

)

b

LlT(LG'y/(G—'y))

which implies that this term satisfies . In addition, it is easy to see that also (8(2*7)/ Ve et/ b)6
verifies . Indeed, recall that in the case v > 2, one can simply take 7. s = 0. For 1 < < 2 one has
only to notice that

1
c2=1/v . Ter e ar

S 5(2*’7)/7 Hﬂ'&MHL%Q(LOO) ”h&MHL%O(L’Y) S C(M) 5(27’7)/7_

L3(L7)

As a result of the previous computations, we infer that

(1 1
div <b Ve,M ® VE,M> = - ¢€,M V(H”(b) ¢€,M) — curl <b Vs,M) X Vs,M + RE,M . (62)

5.2.2 Compactness of the rotational part

The next lemma takes care of the convergence of the curl term in .

Lemma 5.2 Denote by V the weak-limit of (VE)E identified in C’omllary so that Vi = SyV s
the weak-limit of (VEvM)a when € — 0F. Then, for any ¢ € D(]R+ X Q;R3), one has

T T
1 1
lim limsup (//curl <V67M> X Ve - de,dt — //SMcurl (V) X V- dxdt) =0.
M—+oo .o+ \Jo Ja b 0Ja b

Proof. We start the proof by recalling that, owing to Proposition , we have (Vf)s C LA(Whrs) hence
(curl Vo) C L7(LP*). Observe that, by dual Sobolev embeddings (see e.g. Theorem 0.5 of [15]), we
have that, for any compact K C Q, the space LP3(K) is compactly embedded into H~2(K), for instance.

Next, consider the (not regularised) wave system . Dividing the momentum equation by b and then
taking the curl (which simply consists in an adequate choice of the test function in the weak formulation),

we deduce . ¢
Orcurl (bVE) = curl (;) .

In turn, this relation, together with and the fact that b € C3(£), implies that (8tcurl (%VE) )8 is
uniformly bounded in the space L.(H %), for any s > 7/2.

Putting together these pieces of information and applying the Aubin-Lions lemma (see e.g. Lemma
3.7 of |28]), we gather that

1
(curl (bV‘E) ) is compact in LA (H4(K)),
&g
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for any compact set K C €. This implies that, for any M € N and any compact K C € fixed, the
sequence

1
(SMcurl (bVa) > is compact (with respect to €) in L3 (L*(K)). (63)
13

Next, we write

T 1
//curl <V5M> X Ve -y dedt
0 Q b k] k]
T 1 T 1
://SMcurl -V, XVEM-Q/)d$dt+//curl =, Sym| Ve | x Vo - dedt.
0Jo b ’ 0Jo b ’

By what we have just said, we have that

T T
1 1
lim // Sycurl <V5> XVeupu -y dedt = // Syreurl (V) X V- daedt.
e—=0t JoJo b ’ 0JQ b

On the other hand, using the embedding (VE)E C LQT(Wl’m) again, we have

([ )

whereas item (iv) of Lemma and Bernstein’s inequalities (see Lemma in the Appendix) imply

)

S27M
L2,(LP3)

3M (L

1
Lo
||V8’M||L%(Lpil3) 5 P2 pl3 + ECMv

for a constant C'yy which blows up when M — 400, but which is uniform in € > 0. Observe that

1 1 3 5 3 3 3
3<_l>:3<’i+ — 1+ ﬁ+>:, with - < 1.
P2 P 6K 6K K K

Thus, we deduce that

T 1
lim limsup// curl <[,5’M] V€> X Ve - doedt = 0.
M=o ot JoJo b

The proof of the lemma is now completed. |

5.2.3 Handling the pressure term

Before computing the limit with respect to M — +o0o in the previous lemma, let us treat the first term
in the right-hand side of . As a matter of fact, we need to couple it with a term coming from the

pressure function, namely
1
- / II(ge;b) divey dx,
€ Ja

where II(o-; b) has been defined in Lemma We will use a fundamental cancellation (appearing after
regularisation), which is already present in |24]. For this, we need the following preparatory lemma.
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Lemma 5.3 For any T > 0 fized and any test function ¥ as in , such that Supp ) C [0,T[ xS, the
following relation holds true, in the sense of .'

// (0e;0) divey dedt = —// qbe divyydedt + Re -

Proof. Let us start by decomposing the term on the left-hand side of the claimed equality into two integrals,
one on the essential set and the other on the residual set:

// (0c;b dlvd)dxdt—// (0c;b dlvd)dxdt—i—// (0e;0) diveyp da dt.

res

Notice that, in order to treat the integral over £, the bounds of Lemma are not enough. Instead,
in order to take advantage of the smallness bounds in , we need to introduce a finer decomposition
and split that term further into two pieces.

To begin with, let us consider Ig(o:;0) = pr(0:) —pr(b) —p(b)(0e—b) only. On the one hand, thanks
the uniform bounds of (35), we have, for some 2. = z.(t,z) belonging to the interval |o.(t,z),b(z)[, the
estimate

1
‘/ T (0o3b) divepda
Q

€2 Jqe
res,B

[ (tee) + plp(®)) ]| v o] da
res,B
56 _  _iis/3 _ 23
sy (B@R)) T S 7 = 2P

which tells us that the contribution coming from this term is a remainder, in the sense of . On the
other hand, proceeding similarly and employing the assumption p’(z) ~ 2771 we get

S

1
3
1
- ¢5
5

[

res,B

1
/’ T (0-:b) divepda
Q

g2 Jqe
res,UB

ST @t |dvelds,
g Jqs

res,UB

Now, owing to , we gather the uniform bound

1 gl 37
“1gq 1) Lh(LP = — d = — 64
<€ resUBQE >8 T( )7 " ’}/—1 an p ’Y_l’ ( )
whereas we can use (40]) to control the ¢. term. After checking that
-1 1 1 3 — -1
V1< y<2, T4 2<1 and S =200 o
g 2 q 37 37

we can thus bound

2 // £(0e;b) divepda dt

res,UB

1
- -1
S (5 H]]-Qres UB Qs ‘

< 21-1/a) |

1-1/q
) Nl gy (£(0e)

A direct computation shows that 1 — 1/¢ > 0. Therefore, for 1 < 7 < 2, we have proved that the
contribution coming from the integral over the residual set is indeed a remainder, in the sense of .

In the case v > 2, instead, we interpolate between the L%O(LV/('Y*D) bound on (]lgfcs B 92‘1)8, which
comes from , and the bounds provided by . We find that 7

37
1 2 o
(]1 Qe 00 ) c LA(L™), mi= g 2

ol O
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Hence, owing to again, when v > 2 we can set 0 := 2&:21) and estimate

. < 1 -1 R 5/6—1/m
% _ Talet) divpdsdt 5 2 1oz m @27 ) Bollipn) (£00%0))
1 0 1-0
< 1 g y— 1” H . y— 1‘ 2(5/6—1/m)
~ H Yesun O L2 (LY/(=1) Lesvp 0 Ly.(LP) ©
< g2/3 J=2/m 20(y=1)/y 10 _ _4/3 —(y=2)/2(v—1)
A simple computation shows that
2 4 v —2
Voy > -, - — —— >0,
775 3 2v-1)

which finally implies that, also in the case v > 2, the integral over the residual set is a remainder, in the
sense of .

In the end, we have proved that, for any value of v > 1, the contribution coming from the integral of
IIg over the residual set is a remainder, in the sense of relation .

Next, let us consider the integral involving I1.(gc;b) := pe(0e) — pe(b) — pL(b) (0 — b) over the residual
set. For this term, the roles of Qf 5 and Qfes’U p are inverted. For instance, by Taylor formula at the
first order we can write, for suitable z.(¢,x) € b, 0-(t, x)[, the following estimate:

[\

i /Q Hc(Qsz) divy dx 5 i /6 ( /c(zs) +plc(b)) Qe ‘ diV@b‘ dz

52 e e
res,UB res,UB
1 e ) Y6 1-2/(3
_ e — 'Y)
S 62 H]lgres,UB QE L}(LS"/) (‘C(Qres)) 5 € )

which obviously converges to 0 when ¢ — 07. In the previous computation, we have used and
to absorb the negative powers of ¢.
In Q,cs,B, instead, Taylor formula and the fact that z. (¢, z) €]o-(t,x),b[ yield

52// c(0e;b) divepda dt

res,B

S = // Ph(2e —i—pc(b)) (b— o0c) ‘dlvvﬁ‘dxdt < // 0" Vde dt
" fesB
—K _ - 2/3—-1/k
~ g2 HﬂQiCSB Qe /2‘ 12 (LS) H [QE l]resHL%O(Ln) (ﬁ(Qres)> ’

which, in view of and (21)), is of order O(e%/3).
To sum up, we have shown that also the contribution from II. over the residual set is a remainder, in
the sense of .

In light of what we have shown above, in order to complete the proof of the lemma it remains us to
deal with the integral on the essential set. For this, we remark that, by Taylor formula, we can write

// (0:;b) divepdadt = // b) ¢2 divepdodt + = // p"(22) ¢2 divepdadt,

ess ess
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for some z. = z.(t,x) belonging to the interval joining b(z) and p.(t,z). At this point, we notice that the
second integral on the right-hand side of the previous equality can be bounded, with the help of and
, in the following way:

1.

ess

" (2) ¢3 dlvwdxdt’ < H

Ll L3) H[QSE]BSSHLOO(LQ ~

ess

Putting everything together, we finally get the claimed relation. O

Of course, in the equality of Lemmal5.3] there is no dependence of the remainder on the approximation
parameter M. However, in order for this information to be useful, we need to introduce the regularisation
in the first term of the right-hand side. This is easy, thanks to Proposition [3.2) and the fact that, on the
essential set, the function ¢. possesses higher integrability in space (keep in mind property )

Indeed, for any M € N, we can write

(62, = [0e] oy benr + [0e]., (1A — Sar) e

Concerning the last term on the right, for any 7" > 0 fixed, we proceed as follows: we use the uniform
bounds ([¢] CSS)E C L2(L5) and, for 6/5 < vy < 2, the fact that

1(1d = Sar)bel| g oy S 27 ([(1d = Sar) Vol 3 1y S 274 (65)

This control follows from Bernstein’s inequality (see Lemma in the Appendix) and the uniform bounds
of Proposition by arguing in a similar way as done in . When 1 < v < 6/5, instead, we can use
an interpolation argument between Lebesgue norms (because the inequality 3v/(3 — ) > 6/5 holds for
any v > 6/7) to get, for a suitable 6 €]0, 1], the following series of inequalities:

(0 = Sar) el gossy < (0 = Sar) el 1 111 = Snr) el| 3 o)
< 2_0M HVQSEHL2 (L) ||V¢E||L2 2.(L7) N 2_0M‘

Finally, when v > 2, we can simply use Proposition and relation of the Appendix to find that
|(Td — 5M)¢6HL2T(L2) < 27
Next, we further decompose

[¢5] ess ¢6,M = [¢57M}§ss + ]IQZSS (Id - SM)¢E (ba,M .

At this point, we notice that all the uniform bounds satisfied by ((;55)E are also satisfied by (¢5,M)5,
uniformly with respect to both M € N and € €]0, 1]. Thus, the same argument as above yields

Loz, (1d = Sar)de dell s 1) S 27,

where § = 1 if v > 6/5, whereas § €]0,1[ is as above in the case 1 <y < 6/5.
In the end, putting everything together, we have discovered that

// (02b dlwdxdt_—//E b) ¢2 5 divepdadt + Rep (66)

ess
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5.2.4 Coupling the pressure with the convective term

We are now ready to deal with the first term appearing in the right-hand side of . We have to pay
attention, because here the signs are important. We start by writing, for ¢ as in ,

/quMv (b) penr) - ¥ da 1/H”( ) V2 - b da — /Qqﬁg,MH’”(b)lﬁ.Vbda:

= /H” ) V2 pp - dar + /qﬁg,MH”’(b)b div e da,
Q

where we have also used the fact that div(bi) = 0. An integration by parts shows that

1

1 1
2/QH”(b) Vo2, - do = 2/Q¢§’M H"(b)divep do + 2/Q¢§M H" (b) Vb - da

1 1
— 2/ @2 pr H'(b) divep do — 2/ @2 H” (b) bdive da.
Q Q

At this point, we insert this expression into the previous one; after exploiting the definition H”(z) =
p'(z)/z for all z > 0, we finally gather

/@Mv ) bent) - da = /@dewp”()

Owing to item (i) of Lemma and estimate , we easily see that the integral over the residual set is
small. Therefore, after integrating also in time, in the end we get

T

r " 1 2 : Ui
— // ¢57MV(H (b) ¢€,M) . ¢ dxdt = 5 / ¢8,M le¢p (b) dx dt + R&M.
0./

Qe

ess

The fundamental point, here, is that the first term on the right-hand side exactly cancels out with the
term coming from (66)).

5.2.5 Limit of the convective term: conclusion

Putting together Lemma and the computations of Subsection we finally discover that, for any
test function 1 belonging to the kernel of the singular perturbation operator, namely such that holds
true, one has

T T
1
lim <// 0:U: @ ue : Voo dodt — 2//1'[(@5;17) div dxdtdt)
e—0t 0Jo € 0Jq

T
1
= lim // Syrcurl <V> X V- dedt.

At this point, remark that, since V is a weak-limit point of the sequence (VE)E, in view of Corollary
[4.:4] and Lemma [4.7] it enjoys the following property:

2K
k+1°

V e LIO(SC(R-F;LQ(Q)) N LIZOC(R-HVVLP1 (Q))v pP1 =

In particular, we also have V- € L2 (Ry;LP2(1)), where py := 6r/(k + 3).
Hence, repeating the computations used in the final part of the proof to Lemma [5.2] we get that

T 1 T 1
lim / Syreurl ( V) XVy-¢dedt= lim / curl < VM> X V- dadt,
M—+oco 0JQ b M—+oc0 0JQ b
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and performing computations in backwards, we deduce that, for any test function  such that
div (b)) = 0, we have

T 1 Tri
lim // Sycurl [ =V | x V- dedt =  lim —//VM®VM:V1/dedt,
0Ja b M 0Jab

M—+o00 —+o0

where we have also used the fact that div'V = 0 (as it follows from taking the limit in the mass equation,
recall Proposition above).

Now, using that V € L2T(W1’p1) and arguing as in , it is easy to see that, for almost any ¢ € [0, T,
one has

[S:(V(®) = VOl o £ 277 IVVOIl 1

which immediately implies that

SuV — V strongly in LA (L),
In fact, this convergence holds true even in L%(B[l,lg) (notice that, by below, we have W1PL —; B;h?)’
owing to Lemma [A-4] and the Lebesgue dominated convergence Theorem; however, the previous weaker
convergence result is enough for our scopes.
Therefore, Sy V converges strongly to V in any intermediate space between L2.(LP') and L3.(LP?),

thus also in L2 (L?) for instance. Thanks to this latter property, we can compute

Tri Tri
lim —//VM@)VM:VUJdmdtdt: —//V@V:V¢da:dtdt.
M—+o00 0 Qb 0 Qb

5.3 Deriving the asymptotic system: final computations

In Subsections [5.1] and [5.2] we have seen how passing to the limit in the convective term and the pressure
term. About the latter, we recall that we have to make use of Lemma and more precisely of the
relation

1 1 1
5 (Vo) = 0:VG) = SbV(H"(6) 6.) + 5 VII(e:b).

where the first term on the right disappears whenever tested again a test function satisfying , whereas
the second term is combined with the convective term to give rise to small remainders, in the sense of
relations and .

On the other hand, the same computations performed in Proposition show how dealing with the
continuity equation for the densities o and with the time derivative term (8t(gs us))8 in the momentum
equation. Therefore, in order to complete the proof of Theorem [2.2] we must show convergence of the

viscosity term
T
1/// 0: Du, : Ve dx dt,
0JQ

where 1) is as in and is such that Suppy C [0, T xQ. We start by observing that only the integral
over 5 matters, owing to the uniform bounds (\/@Vug)e C L%(L?) and ([\/0c] res)8 C LP(LY),
with 1/2 + 1/(2v) < 1.

Next, on Q5 we use the strong convergence o. — b in L(L?) N L2(L°) and the weak convergence

Du. — DU in L4(LP'). We observe that 1/6 + 1/p; < 1. Therefore, we deduce that, for any test
function v as above, we have

T T
u// 0:Du, : V¢ dedt — //bID)U:VdJ dz dt when e —0".
0J0 0/Q

Theorem2.2 is now proven. O
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A Appendix: elements of Fourier analysis

We recall here the main ideas of Littlewood-Paley theory, which we will exploit in our analysis. The
classical construction is usually given in the RY setting: we refer e.g. to Chapter 2 of 2] for details.
However, everything can be adapted (see e.g. reference [6]) to cover also the case of a d-dimensional
periodic box Tg, where a € RY (this means that the domain is periodic in space with, for any 1 < j < d,
period equal to 2wa; with respect to the j-th component).

For simplicity of presentation, we focus here on the case where a; = 1 for all j, and we simply write
the spacial domain as T¢. We also denote by |T¢| = £(T¢) the Lebesgue measure of the box T¢.

First of all, let us recall that, for a tempered distribution u € S'(T%), we denote by Fu = (uk)

kezd
its Fourier series, so that we have

u(z) = Td‘l/Q Zuke
kezd

Next, we introduce the so called Littlewood-Paley decomposition, based on a non-homogeneous dyadic
partition of unity with respect to the Fourier variable. We fix a smooth scalar function ¢ such that
0 < ¢ <1, ¢ is even and supported in the ring {r € R| 5/6 < |r| <12/5}, and such that

VreR\ {0}, > p(r) =1

JEZ

Let us define |D| := (—A)'Y? as the Fourier multiplie of symbol |k|, for k € Z?. The dyadic blocks
(Aj)jez are then defined by

ViEez, Aju = (277 D)u = Y o(277|k|) g €™
kezd

Notice that, for j < 0 negative enough (in general, depending on the box T%), one has Aj; = 0. In addition,
one has the following Littlewood-Paley decomposition in S'(T%):

VuedS (T, w=1p+ Y Aju in S(TY.
JEL
Finally, we introduce the following low frequency cut-off operators: for any j € Z, we define

Sju = Uy + Z A (67)
m<j—1

We explicitly remark that, for any j € Z, the operators A; and S; are linear operators which are
bounded on LP for any p € [1, +0o0], with norm independent of j and p.

At this point, we present a simplified version of the classical Bernstein inequalities, which turns out
to be enough for our scopes. We refer to Chapter 2 of |2] for the statement in its full generality.

Lemma A.1 There exists a constant C' > 0, only depending on the space dimension d, on the size of the
torus T¢ and on the support of the function ¢ fized above, such that the following properties hold true: for
any j € Z, for any o € N, for any couple (p,q) € [1,+00]? such that p < q, and for any smooth enough
u € 8'(T?), we have

laleid(L_1
192 Spul, < 01 274G 5 g0

2Throughout we agree that f(D) stands for the pseudo-differential operator u +— F~*(f Fu).
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and o=t o=iled | Ajul| e < |[VEAjulle < ClOFL 210N A ul| s
where we have denoted |a| := 3, ;.

By use of Littlewood-Paley decomposition, we can now define the class of Besov spaces.

Definition A.2 Let s € R and 1 < p,r < +o00. The non-homogeneous Besov space By . = B;J(Td) 18
the set of tempered distributions u € S'(T?) for which
1/r
lullsg, = | l@ol" + D 2" | AjullL, < o0,
JEZ
with the standard modification in the definition of the norm in the case when r = +0o0.

It is well known that, for all s € R, the space Bj , coincides with H*, with equivalent norms:

I 1Fs ~ [aol® + ) 2% [ AjulZ. . (68)
JEZ

When p # 2, non-homogeneous Besov spaces are interpolation spaces between Sobolev spaces W*P: for

all p €]1,4+00[, one has the chain of following continuous embeddings:

0 P 0
Bp,min(n?) = L = Bp,maX(n?)‘

(69)

As an immediate consequence of the Bernstein inequalities, one gets the following Sobolev-type em-
bedding result.

Proposition A.3 Let 1 < p; < ps < +oo. The, the space By! . is continuously embedded in the space
B22  whenever

p2,T2
1 1 1 1

52<81—d<—) or 82251—d<—> and 11 < 1ry.
p1 P2 P1 P2

We conclude this appendix by recalling Lemma 2.73 of [2].

Lemma A.4 If1 <r < +oo, for any f € B, , one has

r

I ~ 5 = 0.
i |lf = S;fllpy, =0
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