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The self-induced stress in mortars caused by autogenous shrinkage phenomenon at very early age has 
been investigated by taking advantage of the experimental results and application of hygro-Cosserat the-
ory. Three cement matrices, prepared with three different types of cement, have been considered to ana-
lyze the role of cement paste composition on the development of these initial stresses surrounding the 
aggregates. The induced bulk deformations around the aggregates have been thereafter scrutinized by 
means of hygro-Cosserat elasticity taking into account the size effect in an explicit manner and a newly 
defined parameter called Cosserat size effect number (CS). By taking advantage of the autogenous shrink-
age experiments on the cement pastes, the parallel time-dependent finite element analyses have been 
achieved considering the aggregate-to-cement ratio. The aforementioned parameters are put into prac-
tice to create an analytical pseudo-stochastic geometry using a spherical-packing algorithm. The numer-
ical outcomes were analyzed and compared to the experimental outcomes coming from the Scanning 
Electronic Microscopy observations at 48 h after hydration.

1. Problem statement and scientific backbone

1.1. Physico-chemical approach: basic mechanisms of autogenous
shrinkage

The physico-chemical and micro-structural evolution of early-
age cementitious matrices are characterized by significant volume
variations. These volume changes are related to the chemical reac-
tions between cement and water. They are due to Le Chatelier

contraction3 and to the exothermic hydration reactions that lead
to the thermally-induced material deformations. The progressive
hardening of the cement-based matrix restricts the development of
volume variations, without being able to completely prevent it. In
high-performance cementitious matrices with low initial water

content, the hydration also causes water desaturation of the capil-
lary pore network. This creates an internal capillary depression,
resulting in a macroscopic contraction of the mineral skeleton. These
autogenous deformations develop even when the material is pro-
tected from drying excluding the external loads.

The early-age autogenous shrinkage of cement matrices, if re-
strained, may cause damage to the material: in fact, at early-age,
the driving mechanisms involved in the evolution of shrinkage
(hydration and Le Chatelier contraction) grow quickly. This fast
change, coupled with a significant increase in stiffness of the mate-
rial due to its hardening, induces the development of internal
stresses, when the material is not free to deform.

In concrete, this situation particularly occurs around the aggre-
gates: in this zone, the hindering effect pertaining to the cement
paste deformations gives rise to the self-induced stresses. When
theyarehighenough, they sustainmicro-crackingof the cementma-
trix. This risk is particularly high at early-age, during the first days of
hydration, when the tensile strength of the material is still weak.

1.2. Effects of cement paste composition

All cements do not behave similarly in front of the risk of early-
age micro-cracking. According to their chemical compositions and
physico-chemical properties (particle size distribution and specific
surface area), they can exhibit higher or lower autogenous
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shrinkage and ability to relax stress and mechanical performances.
Despite the large number of studies carried out in this field, it is not
easy to reach rational conclusions about the relationships between
the free or restrained autogenous shrinkage and the chemical com-
position of the considered cement. Indeed, the measurement of
early-age autogenous shrinkage remains an extremely difficult
task. A recent study demonstrated that, even with sophisticated
equipments, it is difficult to obtain a reproducible measurement
of early-age autogenous shrinkage [1]. Moreover, the issue of the
initialization of self-desiccation deformations from a reference

time or so-called time zero is still an open problem in the cement
and concrete society.

Several questions still remain unanswered, concerning the
influence of supplementary cementitious materials on the autoge-
nous shrinkage of cement-based matrices. It was observed that the
blast furnace slag (BFS) cements showed higher free autogenous
shrinkage than that of Portland cement [2–4]. This difference is

generally explained by a higher chemical shrinkage and a finer
porosity of BFS cement matrices, which cause more intense capil-
lary pressure [5]. The previous studies have also substantiated that
the early-age deformations of BFS cement concrete were character-
ized by an initial expansion phase [6,7]. This expansion is usually
attributed to the formation of crystalline hydration products,
which generates pressure on the pore walls resulting in swelling
of the mineral skeleton. Other authors did not observe such phe-
nomena [8–10,4], even when the autogenous deformations were
monitored from the very first hours after the mixing action.

The partial substitution of Portland cement with limestone filler
induces an increase of early-age chemical shrinkage expressed in
mm3 per gram of Portland cement [11]. This increase is caused by
the accelerating effect of limestone filler on Portland cement
hydration [12,11,13]. Itim et al. [14] also observed that the
early-age autogenous shrinkage of super-plasticized mortars in-
creased by 10% when the cement content was changed from 15%

Nomenclature

Constants
a first isotropic curvature-based constitutive lawmodulus

in (N) or (Pa m2)
aC�H Chemo-hygric expansion coefficient in (–) or (m/m)
b second isotropic curvature-based constitutive law mod-

ulus in (N) or (Pa m2)
A
C aggregate-to-cement ratio in (–)
W
B water-to-binder ratio in (–)
W
C water-to-cement ratio in (–)
c third isotropic curvature-based constitutive law modu-

lus in (N) or (Pa m2)
k first Lamé’s coefficient in (N/m2) or (Pa)
l second Lamé’s coefficient in (N/m2) or (Pa)
lc Cosserat couple modulus in (N/m2) or (Pa)
m Poisson’s ratio in (–) or (–)
E modulus of elasticity in (N/m2) or (Pa)
G shear modulus in (N/m2) or (Pa)
K bulk modulus in (N/m2) or (Pa)
Lc characteristic length scale in (m)
LRVE length indicating a representative volume elementary in

(m)

Third-rank tensor quantities
e third-rank permutation tensor or Levi–Civita tensor in

(–)

Sets
M

3�3 or R3 � R
3 set of real 3 � 3 s-rank tensors

N Natural set
R

3 first-rank Euclidean space
R

27 or R3 � R
3 � R

3 third-rank Euclidean space

Second-rank tensor quantities
��M mechanical first Cosserat stretch tensor in (m/m) or (–)
A dual tensor of micro-rotation in (rad)
�kM mechanical curvature tensor or mechanical wryness

tensor in (rad/m)
� :¼ symr � u = symru total infinitesimal strain in (–)
�C�H infinitesimal chemo-hygric strain in (–)
bA rotation matrix
cW skew-symmetric matrix dealing with the pure confor-

mal deformation
1 identity tensor in (–)
r � / gradient of micro-rotation vector in accordance with the

Einstein’s summation convention in (1/m) or (rad/m)

r � u gradient of displacement vector in accordance with the
Einstein’s summation convention in (–) or (m/m)

r/ :¼ ðr� /ÞT ¼ /i;jêi � êj micro-rotation gradient in (1/m) or
(rad/m)

ru :¼ ðr� /ÞT ¼ /i;jêi � êj displacement gradient in (–) or (m/
m)

�e Cosserat first stretch tensor in (–) or (m/m)
r asymmetric stress tensor in (N/m2) or (Pa)
F

C decomposed gradient deformation tensor indicating
chemical-based stretch in (–)

F
H decomposed gradient deformation tensor indicating

hygric stretch in (–)
F
Me decomposed gradient deformation tensor indicating

elastic stretch in (–)
F
Mp decomposed gradient deformation tensor indicating

plastic stretch in (–)
F
T decomposed gradient deformation tensor indicating

thermal stretch in (–)
F gradient deformation tensor in (–) or (m/m)
k linear Cosserat curvature or wryness tensor in (rad/m)
m stress moment tensor in (N m/m2) or (Pa m)
X and Y arbitrary second-rank tensors
�C chemical-based strain in (–)
�H moisture-induced strain or hygric strain in (–)
�Me elastic strain in (–)
�Mp plastic strain in (–)
�T thermal strain in (–)

Scalar quantities
DP relative humidity change in (–) or (m3/m3)
p̂ dilatation
P relative humidity in (–) or (m3/m3)
T temperature in (�C)
Wcurv(k) curvature energy density in (J/m3)
CS Cosserat size effect number in (m/m)

Vector quantities
b̂ translation vector
/ micro-rotation vector in (rad)
a, b and x arbitrary vectors
f vector indicating body force in (N/m3)
u displacement vector in (m)
x position vector in (m)
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to 25% of limestone powder. Furthermore, Mounanga et al. [15]
found out that the presence of limestone filler in the cement paste
could provide a decrease of autogenous shrinkage expressed in
mm3 per gram of binder. This phenomenon was attributed to the
dilution effect of limestone filler leading to an increase of the
water-to-clinker ratio and a consecutive diminution of the capillary
pressure effects. The fineness of cement also plays an essential role,
a finer cement inducing a higher autogenous shrinkage rate. Indeed,
the finer cements hydrate faster. At a given time, the chemical
shrinkage develops more rapidly for the finer cements rather than
coarser cements. It is well worth noting that the chemical shrinkage
is proportional to the degree of hydration [16,17]. The reduction of
relative humidity, i.e. P, due to the self-desiccation, is also acceler-
ated and results in higher values of the capillary pressure. Therefore,
it sustains greater autogenous shrinkage deformations [18–20].

1.3. Effects of aggregates

Historically, Pickett [21] was first to propose the analytical
description of the influence of aggregates on concrete shrinkage.
This analysis stems from the theory of elasticity. The aforemen-
tioned analytical description has undergone several improvements
and modifications. These improvement take into account the
deformation of aggregates and the elastic properties of various
phases of the material, e.g. hydrated cement paste, anhydrous ce-
ment grains and aggregate [22–24]. They involve also the presence
of an interfacial transition zone (ITZ) between aggregates and ce-
ment paste. More recently, some models based on the multi-scale
approaches have been developed to simulate more precisely the
shrinkage mechanisms at the microscopic and nanometric scales
[25–28]. In addition to the above-mentioned parameters, these
models take into account the effects of cement type, water-to-ce-
ment W

C

� �
ratio, and aging of cement paste.

However, these models do not allow describing all of the hygro-
mechanical interactions that may exist between the aggregates
and cement matrix. Indeed, from a mechanical point of view, the
restraining of the matrix deformation causes the internal stresses
that can conduct radial micro-crackings and debonding of the ce-
ment paste from the aggregates phenomena [29–33].

The 2D mathematical analysis suggested by Hsu [29] and Gol-
termann [34,35] on a two-phase material, and followed by the
analysis of Garboczi [36] on a three phase material, showed that
the micro-cracking of the cement paste depends on the inter-gran-
ular distance and the behavior of each phase (expansion or con-
traction). Hsu stated that the compressive and tensile stresses
would be seen at the interface between paste and aggregate and
in the cement paste matrix [29]. The stress distribution depends
on the concentration of aggregates. When the tensile stresses in
the radial direction get greater than the tangential direction, there
is a separation between the aggregate and the cement paste.4

Otherwise, the cracking of the cement paste develops radially from
the aggregates [29,36]. More sophisticated 2D multi-scale models
have been recently proposed considering aggregates with more real-
istic shapes [37] and moisture transfer between the interface zone
and the bulk of cement paste [38].

1.4. Paper highlights

� To complete and improve the analysis of mortar shrinkage phe-
nomenon, the authors propose a multi-scale approach based
upon the hygro-Cosserat theory [39] using the conformal
energy density [40–45]. To achieve this goal, the Cosserat size

effect number, defined as the ratio between a characteristic
length scale (Lc) and a representative volume elementary length
of the material, is used (LRVE):

CS ¼
Lc
LRVE

ð1Þ

� The potential effects of the chemical composition of cement on
the self-induced stress field at very early-age and subsequent
risk of micro-cracking are particularly investigated. The
required parameters for the hygro-Cosserat numerical experi-
ments are obtained from the experimental studies using three
different types of cement, i.e. CEMI, CEMII and CEMIII,

� The free autogenous shrinkage and dynamic Young’s modulus
are measured at very early-age on the cement pastes. The scan-
ning electron microscope observations of the ITZ are also per-
formed within the same period of time, to evaluate the
relevance of the numerical analysis.

2. Theoretical and numerical multi-scale approach: hygro-

Cosserat theory background

2.1. Cosserat theory based on the conformal curvature energy density

One of the most outstanding features of Cosserat theory [46,47]
is that one can involve the size effect in an explicit manner. This
issue can be explained by the fact that smaller sample behaves stif-
fer than larger sample of the same material. Consequently, the
parameters of material are no longer material constants but rather
depending on the size of specimen. The Cosserat media can be clas-
sified as a member of the generalized continuum media (see
Appendix A).5 In the Cosserat theory which is a sub-group of the
generalized continuum family, besides the Lamé’s coefficients (k
and l), the application of Cosserat theory needs the knowledge of
four supplementary varying parameters (a, b, c and lc) explicitly re-
lated to the size effect. According to the previous studies
[41,42,56,45,57], these additional unknown material parameters or
so-called material moduli can be determined from the characteristic
length scale and the curvature energy density [41–43]. First, let us
get started with establishing the coupled kinematical relations for
the linear Cosserat models:

�eT ¼ ru� A; first Cosserat stretch tensor ð2aÞ
k ¼ r/; curvature tensor or wryness tensor ð2bÞ

where u 2 R
3, / :¼ axl A ¼ �eijkAjkêi 2 R

3, A :¼ anti/ ¼ �eijk/kêi
�êj 2 soð3Þ � R

3 � R
3, e :¼ eijkêi � êj � êk 2 R

27 and k 2 R
3 � R

3 are
the displacement vector, micro-rotation vector, dual tensor of the
micro-rotation vector, third-rank permutation tensor or Levi–Civita
tensor and curvature tensor or so-called wryness tensor,
respectively.

We collect the balance equations excluding the body force and
body moment vectors under strong form [42,56], the constitutive
laws for the isotropic Cosserat elasticity models:

Divr ¼ f ; balance of linear momentum ð3aÞ
� Divm ¼ 4 lc � axlðskew�eÞ;

balance of angular momentum ð3bÞ

4 It is of great importance to note that the interface strength is neglected.

5 The generalized continuum media include the additional micro-structural state
field variables, e.g. micro-dilatation in micro-dilatation theory [48,49] which can be
related to the porosity variation into the porous solids [50,51] like cement-based
materials, micro-rotation vector in the micro-polar theory [52,53], micro-rotation
vector as well as micro-dilatation in the micro-stretch theory [54,55] and micro-
deformation second-rank tensor in micro-morphic theory [55].
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r ¼ 2l � sym�eþ 2lc � skew�eþ k � tr½�e� � 1

m ¼ cr/þ bðr/ÞT þ atr½r/� � 1
ð3cÞ

where r 2 R
3 � R

3;m 2 R
3 � R

3; e 2 R
27, 1 ¼ dijêi � êj 2 ISOð3Þ

� R
3 � R

3; k ¼ mE
ð1þmÞð1�2mÞ, l ¼ G ¼ E

2ð1þmÞ, lc, a, b and c are non-

symmetric stress tensor, non-symmetric couple stress or stress
moment tensor, third-rank Levi–Civita tensor, second-rank isotro-
pic identity tensor, first and second Lamé’s coefficients, Cosserat
couple modulus and first, second and third material moduli in
stress moment-wryness relation (m �r/), respectively.

Among recently scrutinized curvature energy densities in
[40,41,45,42,45], we utilize the conformal case due to the fact that
it is capable of describing the heterogeneous micro-structures, pro-
viding the most stable parameters [45,41] in this study.

� Conformal case [41,42,58,43]: This case corresponds to
a ¼ � lL2c

3 and b ¼ c ¼ lL2c
2

Wcurvðr/Þ :¼
lL2c
2

kdev symr/k2 ð4Þ

This case is applied in modeling of the micro-structural behavior of
cement-based mortar, in which the sand grains and cement matrix
provide a non-homogeneous mixture. This non-homogeneous mix-
ture sustains the heterogeneous deformations. These deformations
are illustrated in Fig. 1 (see [41]). The pure translation, rotation,
dilatation and conformal deformations are displayed in Fig. 1a–d,
respectively. In the next subsection, we will numerically evaluate
the size effect on the cement-based mortar.

2.2. Analytical and numerical multi-scale approach based on Cosserat
size effect number

The size effect in the Cosserat theory can be captured by means
of the torsion test. This feature has been applied for the multi-scale
investigations. The numerical simulation is performed on the rect-
angular Cosserat bar (160 � 40 � 40 [mm]) to reveal the size effect
of mortar. The mechanical properties applied for the numerical
experiments are presented in Table 1.

The 3D-FEM outcomes of the rectangular Cosserat bar are plot-
ted in a semi-logarithmic diagram using a dimensionless parame-
ter called Cosserat Size effect number (CS) in Fig. 2. In the current
paper, LRVE is assumed to be equal to 100 [mm] for the cement-
based mortars (see [27,39] for more details). It is of great impor-
tance to note that LRVE is a material constant. To identify the more

relevant scale level for the analysis of micro-crack initiation
around the sand grains and through the cement paste matrix, three
specific scales are considered and schematized in Fig. 3, corre-
sponding to three distinct zones in Fig. 2:
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0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Pure translation

(b)

-0.2 0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

x2 Pure rotation

(c)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Pure dilatation

(d)

0.0 0.5 1.0 1.5 2.0
-0.5

0.0

0.5

1.0

1.5

x1

x2 Pure Conformaldeformation

Fig. 1. Conformal deformation decomposition into four major deformations ð/ ¼ 1
2 2haxlðcW Þ; xi � axlðcW Þkxk2
� �

þ ðp̂1þ bAÞxþ b̂Þ: (a) pure translation (p = 0, b1 = 0.25,
b2 = 0.50, a = 0, k1 = 0, k2 = 0), (b) pure rotation (p = 0, b1 = 0, b2 = 0, a = �0.25, k1 = 0, k2 = 0), (c) pure dilatation (k1 = 0, k2 = 0, a = 0; b1 = 0, b2 = 0, p = 0.5) and (d) pure conformal
deformation (b1 = 0, b2 = 0, k1 = 0.3, k2 = 0.5, a = 0, p = 0), i.e. each part of the solid deforms differently.

Table 1

Size-independent and dependent mechanical properties of chosen cement-based
mortar applied to the Cosserat conformal curvature energy assumption involving the
rectangular Cosserat bar for extracting relevant so-called Cosserat size effect number
CS ¼ Lc

LRVE
corresponding to the micro-structure.

Material constants name Material constants values

Modulus of elasticity, E in (N/mm2) 30 � 103

Poisson’s ratio, m in (–) 0.28
Cosserat couple modulus, lc in (N/mm2) lc ¼ l ¼ E

2ð1þmÞ

Characteristic length scale, Lc in (mm) 0 6 Lc 6 105

RVE size, LRVE in (mm) 100 (see [27])
Cosserat Size effect number, CS ¼ Lc

LRVE
in (–) 10�5

6 CS 6 105
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Fig. 2. Relevant size effect with respect to Log(CS) or Log Lc
LRVE

� �
via 3D-FEM

numerical experiments of a rectangular Cosserat bar including 1.2 Mi DOFs, semi-

logarithmic diagram of torque moment versus Log(CS) or Log Lc
LRVE

� �
for conformal

case, i.e. a ¼ � lL2c
3 ; b ¼ c ¼ lL2c

3 and lc ¼ l ¼ E
3ð1�2mÞ [39].
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� At macro-scale, which corresponds to Zone I in Figs. 2 and
3, RVE size, LRVE ¼ SizeðRVE � R

3Þ, relative to the character-
istic length Lc signifies the material itself as a whole and
then the stiffness and the strength of the material will not
be changed whatever the specimen size. Consequently, the
response from RVE � R

3 is obviously a homogenized or
averaged out value same as those found out in the Cauchy-
Boltzmann’s media.

� At micro-scale, which could correspond to Zone II in Figs. 2 and
3, the material is composed of granular inclusions (sand grains)
embedded in a cement-based matrix. This is the appropriate
scale to investigate the development of self-induced stress
around the sand grains. To characterize this scale, we introduce
a new size named as RVE]. This indicates that our mortar RVE]

should be smaller than the classical RVE in Fig. 3.
� At sub-micro scale, RVE0 should be too much smaller than RVE]

and it can be understood in Zone III in Figs. 2 and 3. Different
chemical compounds of anhydrous cement, hydrates and water
constitute the material. This scale does not make sense for the
case in which we concentrate on.

Therefore, our RVE] should be located between Zone I (Cauchy-
Boltzmann’s media) and Zone III. The last difficulty is where RVE] is
exactly located in Zone II. In this work, we propose to use RVE]

equal to 100 � RVE or CS ¼ Lc
LRVE

¼ 100, where we would expect
the stress localizations surrounding the grains through the cement
matrix at micro-scale viewpoint.

2.3. Hygro-Cosserat theory: brief review of the state-of-the-art
formulation

The hygro-Cosserat theory is mainly a multi-disciplinary prob-
lem including the size effects in the sense that there are not only
the hygric effects stemming from the water action but also their
impact on the mechanical response at a specific scale. This is
achievable for the infinitesimal deformation measurements under
Duhamel–Neumann additive decomposition rule, e.g.

Khoshbakht et al. [59] and Lin et al. [60] for the hygro-mechanical
problems.6

In the current paper, we take into account only the chemo-hyg-
ric strain tensor, �C�H and all the other effects are excluded, i.e. iso-
thermal elastic behavior assumptions:

� :¼ �Me þ �C�H ð6Þ

In (6), �Me 2 Symð3Þ � R
3 � R

3 and �C�H � R
3 � R

3 are the elas-
tic mechanical and infinitesimal chemo-hygric strain tensors,
respectively. By taking advantage of the above-mentioned
deformation measurement decomposition, the following hygro-
Cosserat constitutive laws can be extracted including the linear
volumetric or so-called bulk hygric deformation assumption:

Fig. 3. Schematic illustration of scale observation for the cement-based mortar materials using the characteristic length scale, Lc coming from the Cosserat theory, Top:
RVE0 2 R

3 which is a subset of RVE], middle: RVE] 2 R
3 which is a subset of RVE, Bottom: specimen size beyond RVE 2 R

3 in which materials sustain the homogeneous or
averaged out response [39].

6 To establish a unified methodology for treating this problem, it is necessary to get
started with the total infinitesimal strain concept. The total strain can be divided
into several parts: mechanical strains, thermal strains, moisture-induced strains or
so called hygric strains and other strains, e.g. chemical-based strains [61] The total
strain additive decomposition or so called Duhamel–Neumann’s rule comes from the
fact that the strains are infinitesimal and there is neither large deformation nor large
rotation measurements for the considered solid. This is often true for the masonry
structures and cement pastes. In our case, we expect the infinitesimal strains due to
the small amount of deformations. Otherwise, we must decompose the gradient
deformation tensor into the elastic, plastic, thermal and hygric parts
ðF :¼ 1þru ¼ F

MeF
MpF

H
F
T
F
CÞ. The mechanical strains are those strains whose

effects can be measured by forces and/or moments. Indeed, they deal with the only
the mechanical points of view. The thermal and moisture-induced strains handle the
hindered or preventing effects based upon the applied boundary conditions. The last
strain in (5) deems all strains generated due to the chemical reactions and other
effects.

� :¼ �Me þ �Mp þ �T þ �H þ �C ð5Þ

where � 2 Symð3Þ � R
3 � R

3; �Me 2 Symð3Þ � R
3 � R

3; �Mp 2 Symð3Þ � R
3 � R

3;

�T 2 ISOð3Þ � R
3 � R

3; �H 2 ISOð3Þ � R
3 � R

3 and �C 2 R
3 � R

3 are the total strain

tensor, elastic strain, plastic strain, thermal strain tensor, moisture-induced strain

tensor and chemical-based strain tensor, respectively. The above-mentioned strains

are symmetric second-rank tensors in accordance with the Cauchy-Boltzmann con-

tinuum media assumptions. The thermal stress tensor (�T ) could be well approxi-

mated in terms of temperature variation (DT).
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�� :¼ ��M þ ��C�H ð7Þ

where

��T ¼ ru� A and ��C�H ¼ aC�H � DP � 1 ð8Þ

where ��M 2 Symð3Þ � R
3 � R

3, ��C�H 2 ISOð3Þ � R
3 � R

3,
ru :¼ ðr� uÞT ¼2 R

3 � R
3, A 2 soð3Þ � R

3 � R
3, 1 :¼ dij êi � êj

2 ISOð3Þ � R
3 � R

3;DP 2 R and aC�H are the elastic mechanical
strain tensor, infinitesimal chemo-hygric strain tensor, gradient of
displacement vector, dual vector of the micro-rotation vector, sec-
ond-rank identity tensor, relative humidity variation and chemo-
hygric expansion coefficient, respectively. By substituting the
mechanical strains obtained from (7) into (3c), new constitutive
laws can be inferred as following (see Appendix B):

r ¼ ktr½���1þ 2lsym��þ 2lcskew ��� aC�Hð3kþ 2lÞDP � 1
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{v:¼aC�Hð3kþ2lÞDP�1

ð9aÞ

and

m ¼ cr/þ bðr/ÞT þ atr½r/� � 1 ð9bÞ

where v 2 ISOð3Þ � R
3 � R

3 is a pseudo Duhamel–Neumann’s sec-
ond-rank tensor or called hygro-Cosserat Duhamel–Neumann’s ten-
sor (see [39] for more detail).

3. Random aggregate distribution through cement paste matrix

3.1. General motivation

The definition of a realistic geometry suitable for the descrip-
tion of the meso-structure of cement-based materials includes a
bunch of studies in the literature. One way to use more realistic
geometry is to take advantage of the spherical packing methods
including the homogenization technique and/or damage analysis
[62,63]. Basically, the spherical packing issue has been treated by
means of the following approaches (see [64] for more details):

1. Dynamic simulation approach using iterative growth algo-

rithm [65,66].
2. Geometric approach ([67–69] and lately [64,70]).

The dynamic simulation approach is used to prepare the sample
geometries for soil [71,72], concrete [73,74], powders [75], Van der
Waals forces [76] and cohesion problems [77]. Alternatively, the
geometric methods have been proposed and taken into account
for the random spherical packing issue.7

Remark 1. The geometric approach is not only more stable
(mechanical aspects) but also it is much faster than the dynamic
simulation approach. Nevertheless, the geometric approach is less
stochastic than the other approach. That is why we call it as
pseudo-random spherical packing herein.

The main goal is to mimic and create the geometry as close as
possible to the real mortar meso-structure. This geometry can be
used to go the further stages, i.e. numerical modeling.

3.2. Pseudo-randomly motivated 3D spherical packing: brief review of
the very early algorithm

In the current contribution, we deem a simplified geometry in
which one can readily distinguish the inclusions and cement paste

altogether. By taking advantage of the geometric spherical packing
algorithm involving FEM free tetrahedral mesh generator algo-
rithm, we can create a pseudo-random spherical packing with ran-
dom radii including the sphere overlapping restrictions. It is also
possible to reduce the FEM mesh density to reach the target aggre-
gate-to-cement ratio A

C

� �
. The latter tune-up during the spherical

packing generation sustains both main objectives, i.e. the morpho-
logical and topological issues. The main steps of the spherical
grains generation could be summarized as follows:

1. The cement paste cell generation, e.g. cubic cells.
2. The free tetrahedral meshing via the usual built-in mesher

algorithms.
3. The determination of center and radius of the spherical grains

using the available mesh nodes and tetrahedral side lengths.
4. The verification of the overlapping zones and some additional

boolean operations.
5. The evaluation of the extracted target aggregate-to-cement

ratio A
C

� �
.

6. The previous meshes and nodes removal and mesh generation
for the newly obtained geometry.

In Fig. 4, some steps are illustrated. In the current study, we use
an easy-to-use and fairly simple steps in extracting the final geom-
etry. More importantly, the DEM (grains inclusions) and FEM (ce-
ment paste matrix) are taken into account altogether. One of the
most outstanding feature of the aforementioned mixture of these
methods is that one can get more realistic outcomes in the sense
that both cement paste matrix and grains are elastic solids and
the interfacial zone (ITZ) stress assessment would be better than
the other assumptions, e.g. rigid-solid interaction in the cement
paste mixture.8

4. Experimental study

4.1. Materials and test methods

To investigate the impact of the chemical composition and
physico-chemical properties of cement on the autogenous defor-
mations via the numerical modeling, the early-age behavior of
three cementitious matrices has been taken into account. The vol-
umetric autogenous shrinkage and Young’s modulus measurement
are performed on the cement paste samples at very early-age, dur-
ing the first 72 h after the mixture preparation. The mortars are
also prepared with the same cement pastes in order to observe
the micro-structure of the early-age cementitious matrices in the
vicinity of aggregates, using Scanning Electron Microscopy (SEM).

The applied cements are a CEMI 52.5 N Portland cement (named
as CEMI) and two blended cements, one with 24% of limestone fil-
ler (CEMII 32.5 R, named as CEMII), and the other containing 62% of
blast furnace slag (CEMIII/A 42.5 N, named as CEMIII). Their com-
position and physico-chemical properties are given in Table 2.
The sand used for the mortar preparation was a 0/2-mm standard-
ized siliceous sand from Leucate, France (EN 196-1). It was com-
posed of 97% silica and 3% quartz-schist and its absolute density
is equal to 2650 kg

m3

h i
.

The cement pastes and mortars are prepared with the same W
C

mass ratio, W
C ¼ 0:30

� �
, and the aggregate-to-cement A

C

� �
mass ratio

in mortars A
C ¼ 1
� �

. The preparation procedure is similar for all ce-
ment pastes and mortars: the mixtures are obtained by mixing the

7 The geometric approach can be readily applied to the large scale spherical issue

as a suitable approach. These spherical packings are widely used to build the Discrete
Element Method (DEM) modeling of the complex geometrical configurations [64,70].
Based upon the above-mentioned concept, YADE code was developed (see https://
yade-dem.org/wiki/Yade for more detail).

8 The grains generator algorithm and aggregate-to-cement ratio tune-up matter are
still at the early stages and some further enhancements are required to mimic the
reality as far as possible [78]. Anyway, the described methodology is good enough to
capture the reality of the early shrinkage of the cement pastes very often.

6



solid constituents with tap water at 20 ± 2 �C in a 5-L mixer during
3 min. The autogenous shrinkage is measured upon the hydrostatic
weighing tests on cement paste samples cast in latex membranes
and immersed in a 20 �C-thermostated water bath. The samples
were rotated during the whole test period using a rotational water-
proof device in order to avoid bleeding of the cement pastes
[11,79].

The dynamic Young’s modulus has been extracted via the im-
pulse excitation tests achieved by means of the Grindosonic device
on cement paste prismatic specimens (160 � 40 � 40 [mm]) at
20 ± 2 �C. The specimens were wrapped with several self-adhesive
aluminum layers to avoid drying and ensure sealed curing condi-
tions. Before each test, two small zones of the specimens are
uncovered to apply a light and elastic impact and the flexural res-
onant frequency of the signal is monitored either. The mean value
of three readings of the flexural resonant frequencies is utilized to
determine the dynamic Young’s modulus [80].

The micro-structure of the cement paste surrounding
aggregates is investigated on the mortar samples using a Scanning
Electronic Microscope (SEM). The observations are performed on
48 h-aged specimens, which are wrapped in a polyethylene film
to avoid drying, and kept at 20 ± 2 �C, until the moment of testing.
The precise description of the testing procedures can be found out
in the previous studies [15,39].

4.2. Experimental results analysis

Fig. 5a and b represent the experimental curves of autogenous
shrinkage and dynamic Young’s modulus for our cement pastes,
respectively. The early-age autogenous shrinkage (or external
shrinkage [81]) curves generally show two main phases: a first
phase with a high shrinkage rate that develops from the mixing
to the setting period, followed by a second phase characterized
by a lower strain rate. These two phases can be clearly identified
in Fig. 5a for the studied cement pastes. During the first phase,
the material is nearly saturated with water and the volume varia-
tions are mainly due to the chemical shrinkage. The progressive

consumption of water, which initially fills the pores, and the for-
mation of the solid mineral skeleton cause the development of
internal cavities (see [33] for more details). These self-desiccation
phenomena and cavitations give rise to capillary pressure or so-
called matric pressure during and after the setting period. This
matter induces a global contraction of the solid skeleton, called
as the self-desiccation deformations.

Fig. 5a shows that, at 60 h, the autogenous deformation of CEM-
III cement paste is about 2.7 times greater than the CEMII paste and
1.7 times greater than the CEMI paste. This gap is partly due to the
first phase of the autogenous shrinkage curve (’’chemical’’ phase)
of our cement pastes. The chemical part of deformations is much
higher for CEMIII cement and extends over a longer period. Several
authors also found out that the use of ground granulated blast fur-
nace slag in the cement usually causes a significant increase in the
early-age autogenous shrinkage [2–4,82]. This phenomenon is ex-
plained very often by a higher chemical shrinkage [15], a finer pore
distribution [5], and a slower evolution of stiffness of cementitious
matrices containing slag, as shown in Fig. 5b. Among the aforemen-
tioned cements, the CEMII cement exhibits lower autogenous
shrinkage than the others: this may arise from a dilution effect of
limestone filler on chemical shrinkage [15] and self-desiccation,
leading to a decrease of autogenous deformations, in comparison
with the CEMI cement.

Concerning the dynamic Young’s modulus outcomes (Fig. 5b),
the evolution of the curves of our chosen cement pastes can be di-
vided into three main phases: a first phase of ‘‘zero’’ stiffness (be-
fore the setting of the material), followed by a second phase of
rapid change in the stiffness (from setting to 48 h), and, beyond
48 h, a third phase of slower evolution. This third phase mainly ap-
pears due to a change in the cement hydration process, which
passes from a relatively rapid nucleation-growth process of
hydrates to a slower process of controlled diffusion when the
thickness of the layers of CSH reduces the water accessibility to
the unhydrated cement particles. The CEMI cement, richer in clin-
ker than the CEMII and CEMIII ones, shows higher stiffness
(Fig. 5b). At 72 h of hydration, the magnitude of stiffness of the

Fig. 4. Illustration of the pseudo-random spherical packing geometric algorithm (early simple and efficient version), (a) geometrical configuration, (b) free tetrahedral
meshing including mesh size control, (c) grains generation, (d) grains including the tetrahedral mesh (quadratic-linear tetrahedral solid element), (e) cement matrix and
grains and (f) cement matrix and grains including the tetrahedral mesh (quadratic-linear tetrahedral solid element).
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CEMI paste is about 1.3 and 1.4 times larger than those of CEMII
and CEMIII pastes, respectively.

4.3. Time-zero of self-desiccation shrinkage

The previous sub-section highlighted the existence of two
phases in the evolution of autogenous shrinkage. The second
phase, corresponding to self-desiccation shrinkage, is of interest
in investigating the development of early-age self-induced stress.
As a matter of fact, the first phase mainly deals with the chemical
shrinkage and develops before the setting while the material is still
plastic. During this period, the material behaves as a concentrated
mineral suspension, whose free deformations do not sustain the
stress development through the cement matrix. Therefore, it is
necessary to define a ‘‘time zero’’ to separate the chemical part
from the ‘‘self-desiccation’’ part of autogenous shrinkage. The
determination of time-zero is fundamental for the computation
of self-induced stresses and several studies have been dedicated
to this issue [33,83–86].

Sant et al. [84] proposed to use various analysis procedures of
chemical shrinkage and autogenous strain data to identify the
‘‘time zero’’. They found a reasonable correlation between time-
zero obtained from these procedures and the values determined
by the electrical conductivity and acoustic emission tests. Lately,
Sant et al. [86] compared the performances of various techniques
(chemical and autogenous shrinkage, calorimetry, rheology, elec-
trical conductivity and ultrasonic pulse conduction) in identifying
the fluid–solid transition in cementitious systems and observed
that the solidification is detected within a similar time interval.
However, these studies solely focused on CEMI.

In the present study, time zero is determined from the mea-

surement of the stiffness evolution using impulse excitation tests
performed with the Grindosonic device. During the first hours of
hydration, the stiffness of the cement pastes remained close to
zero. It is assumed that the fluid-to-solid transition corresponded
to the moment when the stiffness begins to grow drastically. For
each cement, this moment is determined as the intersection point
between the linear extrapolated experimental curve and time axis.
This gives rise to 3.4 h, 5.1 h and 6.5 h for CEMI, CEMII and CEMIII
cements, respectively. It is worth noting that this time-zero takes
place during the Vicat setting time period of the cements, except
for CEMIII cement. For this cement, it was observed that the
time-zero corresponds approximately to the knee-point marking
the transition between chemical shrinkage and self-desiccation
shrinkage (see [15] for more details).

The time-zeroed curves are plotted in Fig. 6: the initial order of
the curves (CEMII < CEMI < CEMIII, see Fig. 5a) can be clearly distin-
guished. Fig. 6 shows that, at 60 h, the initialized self-desiccation
strain of CEMIII cement paste is about 3.4 times greater than the CE-
MII paste and 1.3 times greater than the CEMI paste. Finally, these
curves are used as the input data for the numerical computations
of self-induced stresses through the considered cement pastes.

4.4. Micro-structure of the interfacial zone between cement paste and
aggregates

Fig. 7 provides the SEM micrographs made on the interfacial
transition zone between the matrix and the aggregates for our
three different cement pastes at 48 h of hydration. It is important
to note that the samples were kept in the autogenous conditions
and at constant temperature until the time of testing. However,
the preparation protocol of the samples included a 4-h drying se-
quence at 40 �C and a polishing sequence of the surfaces observed,
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Fig. 5. Experimental results for CEMI, CEMII and CEMIII cement pastes W
C ¼ 0:3

� �
, (a) autogenous shrinkage and (b) dynamic Young’s modulus.

Table 2

Chemical and general properties of chosen cements.

Mineralogical
composition (weight%)

CEMI
52.5 (–)

CEMII/B-LL
32.5 (–)

CEMIII/A 42.5
(clinker, slag)

CaO 64.35 62.00 50.40, 43.37
SiO2 20.20 15.90 29.12, 36.96
Al2O3 4.85 3.90 8.85, 11.33
Fe2O3 2.80 2.15 1.02, 0.4
MgO 0.90 0.80 5.35, 7.33
SO3 3.05 2.85 2.49, 1.53
Na2O 0.16 0.14 0.19, 0.27
K2O 0.98 0.80 0.70, 0.42
Ignition loss 1.65 11.05 1.5, –
Insoluble residue 0.22 0.45 0.19, –
Active alkalis 0.80 0.70 0.65, –
Free CaO 1.30 0.84 0.52, –

Blaine surface area (cm2/g) 3390 3950 4300, –

Bogue composition (weight) – – –
C3S 62.01 45.22 67.5
C2S 11.13 11.47 10.7
C3A 8.11 6.70 2.64
C4AF 8.45 6.49 12.8
Gypsum 6.56 5.70 –
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before the introduction in the SEM chamber. In spite of all pains-
taking efforts during the experiments, such operations could in-
duce micro-cracks in the matrix. To evaluate these potential
artifacts, the SEM observations are achieved on a CEMI cement
paste sample, with no aggregates, using the same protocol. On this
cement paste sample, no microscopic cracks are detected [15].
Hence, it is assumed that the development of micro-cracks ob-
served in mortars (Fig. 7) is mainly related to the restraining effect
of aggregates on the cement paste autogenous shrinkage. The
autogenous micro-cracking results from the partial restraint of ce-
ment paste strain due to the presence of aggregates: it depends on
the simultaneous evolution of autogenous deformation and gain of
stiffness of the cement paste, leading to the development of self-
induced stresses. When these stresses exceed the tensile strength
of the matrix, micro-cracking appears. From this point of view,
Fig. 8 shows a clear influence of the cement type on the micro-
structure of the cement paste surrounding the aggregates. The
CEMI cement paste, which exhibits the higher stiffness at early-
age (Fig. 5b) but not the higher autogenous strains (Fig. 5b), is
characterized by a very pronounced network of interconnected ra-
dial and tangential micro-cracks (Fig. 7a). The opening width of
these micro-cracks is between 0.3 and 2 lm. The CEMIII cement
paste shows the higher shrinkage rate but a lower stiffness com-
paring to the CEMI cement paste. This also presents some micro-
cracks but with both lower density and lower average opening
width (0.2–1.5 lm). Among the investigated cements, CEMII
seems to be less sensible to the early-age micro-cracking. These
observations demonstrate that the measurement of free shrinkage
is not sufficient to assess the risk of early-age micro-cracking of
cement paste. Therefore, a numerical approach is necessary to
handle the complexity of mechanisms involved and improve the
understanding of early-age behavior of cement pastes. The next
section deals with the analysis of the results obtained from the
modeling described herein.

5. Numerical experiments

5.1. 3D-FEM hygro-Cosserat modeling of CEMI, CEMII and CEMIII

To pursue the hygro-Cosserat modeling of our chosen mortars,
i.e. CEMI, CEMII and CEMIII, one-eight symmetry assumption has
been used throughout the computations herein (Fig. 8). The pseu-
do-random spherical packing considering the appropriate aggre-
gate-to-cement ratio A

C is taken into account (Fig. 9). The
autogenous deformation measurements during the very early-age

as well as the size-independent mechanical properties variations
are deployed in the forthcoming computations. As pointed out ear-
lier, the autogenous deformations are considered as a bulk strain
tensor by neglecting the shear strains, i.e. the autogenous shear
strain components are considered to be very small. It is well worth
noting that the pseudo-randomly generated geometry is utilized
for our selected mortars, i.e. the mortars using CEMI, CEMII and
CEMIII. Therefore, the pseudo randomly-motivated geometry
including the matrix and grains remains the same throughout
the current mesoscopic numerical modeling and only the material
properties are different. This approach helps us to wipe out the
geometrical issues from the material-based effects. Based upon
our numerical experiments for the cement mortars, it seems that
the extreme values (minimum and maximum internal stresses)
are not substantially affected via the grain shapes.9 It is of great
importance to remark that the discretization issue has been carried
out by means of the isoparametric quadratic-linear Lagrange shape
functions, i.e. quadratic shape function for displacement vector
u 2 R

3 and linear shape function for micro-rotation vector / 2 R
3

(Fig. 10).

Remark 2. In the generalized continuum mechanics, we must
verify the mesh-independency issue, i.e. the number of elements
should not manipulate the results. This issue and convergence of
the problems have been evaluated in the current study. However,
we abstain to present more detail herein (see [45,56] for more
details pertaining to the non-linear and linear Cosserat theory
convergence and mesh-independency).

5.2. 3D-FEM results for CEMI, CEMII and CEMIII

The SEM observations at 48 h after mixing action for different
cement types in Fig. 7 emphasizes the role of chemical composition
and its impact on the stress development and consequently the mi-
cro-cracking phenomenon. This matter can be investigated using
the numerical modeling of a pseudo-stochastic mixture of ce-

ment paste and sand grains at meso-scale. Furthermore, the use
of experimental techniques does not always undertake these
observations in a continuous manner or it would take too much ef-
forts. That is why the numerical experiments are relevant way to
cover these issues.

In Fig. 11, CEMI, CEMII and CEMIII are illustrated at 48 h after
the hydration. As shown in Fig. 11, the internal stress development
through the CEMII matrix is less than CEMI and CEMIII. Therefore,
one can expect less micro-cracking for CEMII matrix comparing to
the others. The SEM observation at 4 8 h after hydration is fairly
agreed with the 3D-FEM outcomes (Fig. 7).

Considering the same pseudo-random geometry, the mesh den-
sity and boundary conditions for CEMI, CEMII and CEMIII, the
stress development across the cement paste in CEMI is slightly
greater than CEMIII. The high stress development zones are posi-
tioned around the sand grains very often. Evidently, this comes
up from the hindering effects of sand gains against the cement ma-
trix bulk deformation.

In Fig. 12, once again, the internal stress distributions of the
CEMI, CEMII and CEMIII specimens are highlighted. The internal
stress distributions are displayed as median slices (xy-slice at

9 Evidently, very smooth spherical grains are taken into account herein. The
smooth ellipsoidal aggregates with random orientations could be considered as well.
The use of irregular and stochastic shapes for the grains would be the most realistic
case. However, this drastically increases the size of problem and a huge amount of
DOFs must be solved via our parallel implementations. The problem gets worse when
we deal with the Cosserat theory whose application implies more DOFs comparing to
the classical theory or Cauchy-Boltzmann’s theory. Furthermore, this entails some
further discrepancies in conjunction with the analytical geometry creation.
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z = 0.25 [mm]). The internal stress curves are plotted for the same
positions including the same mesh density. These curves substan-
tiate that the stress development in CEMI is a little greater than
CEMIII. Some numerical oscillations can be also seen in Fig. 12. This
is due to the discretization issue. These numerical noises could be
neatly wiped out while more mesh density was applied for the
computations. This matter leads to very huge computations, which
are out of scope of the current paper.

The use of fairly dense mesh densities usually fulfill the
above-mentioned requirement. That is why the mesh density for
all computations are restricted to only 2.5 Mi DOFs in which the
computations are fairly affordable and less numerical noises can
be expected. The 18-node solid elements (Fig. 10b) are utilized
for CEMI, CEMII and CEMIII in the present study.

It is well worth mentioning that the mesh density has been
gradually increased from 0.3 Mi to 2.5 Mi for CEMI, CEMII and CE-
MII. As indicated before, the use of an appropriate mesh density
can perfectly provide the smoother stress development graphs.

As illustrated in Fig. 12b, d and f, the stress distribution through
the cement matrix steadily grows and it exceeds the tensile
strength of cement pastes except CEMII. As a matter of fact, CEMII

does not provide the micro-cracking network at 48 h and one can
expect the same trend beyond 48 h until 96 h after hydration.

6. Results synthesis

In Fig. 12, the higher stress development zones are generally
positioned around the sand grains, and these self-induced stresses
sharply decrease when moving away from the aggregates. Evi-
dently, this comes up from the hindering effects of sand grains
against the cement matrix bulk deformation. This stress-distribu-
tion is in agreement with the conclusions of Goltermann [34],
who demonstrated that the stresses in cement paste take the larg-
est values next to the aggregates margin. As displayed in Fig. 12,
the rapid increase of self-generated stresses at early-age (between
12 and 48 h of hydration) can be seen due to the simultaneous in-
crease of autogenous deformation and stiffness of cement pastes
during the first days of hydration.

The computed stress values obtained after 48 h of simulated
hydration are high: between �46 [MPa] (compression) and
39 [MPa] (tension) for the CEMI cement paste, between �11 and
8 [MPa] for CEMII and between �49 and 36 [MPa] for CEMIII
(Fig. 11). These high values could be due to the fact that the com-
putations did not take into account the stress relaxation related to
the viscoelastic behavior of cement-based materials. Indeed, sev-
eral researchers showed that the stress relaxation due to creep
phenomena could significantly reduce self-induced stress in
early-age cementitious systems (see Lura et al. [88] and Darqu-
ennes et al. [7]). However, the accurate modeling of cement paste
creep at early-age remains a complex task and out of the scope of
the present study. Further works are currently in progress to devel-
op this aspect in our modeling approach. We emphasize these
aspects in the next section.

Considering the same pseudo-random geometry, the mesh
density and boundary conditions for CEMI, CEMII and CEMIII,
numerical results show that the stress development through the
CEMII matrix is far lower than for the CEMI and CEMIII ones.
Therefore, one can expect less micro-cracking for CEMII matrix,
comparing to the others. The SEM observation at 48 h after
hydration is fairly agreed with the 3D-FEM outcomes (Fig. 7):
as a matter of fact, CEMII cement does not exhibit visible
micro-cracking network. As pointed out earlier, the numerical re-
sults also reveal relatively close self-induced stress values for
CEMI and CEMIII cements, even if the stress development across
the CEMI cement paste is slightly greater than for the CEMIII
one. Consequently, a similar risk of early-age cracking for these
two cements would be expected. However, two important param-
eters ought to be taken into account when considering the risk of
autogenous micro-cracking of cement-based materials, i.e. the
tensile strength and the stress relaxation capacity. The previous

Fig. 7. SEM images of our mortar and micro-cracking observations (WC ¼ 0:30; A
C ¼ 1; 48 h after mixing) (a) CEMI, (b) CEMII and (c) CEMIII.

Fig. 8. One-eight symmetry assumption for the 3D-FEM hygro-Cosserat elasticity
modeling using three planes of symmetry.
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results have shown that the CEMIII cement paste considered in
this study has slightly lower tensile strength values than the
CEMI cement paste [15]. Concerning the stress relaxation, the
effect of slag strongly depends on its content in cement: accord-
ing to Lura [6] and Darquennes et al. [7], blended cement with
slag content from 42% to 76% slag seems to present larger capac-
ity for relaxing tensile stresses at early-age, whereas Pane and
Hansen [89] observed that the relaxation of concrete containing
cement with only 25% of slag did not significantly differ from
OPC concrete. For the composition of blended cement considered

here (62% of slag), it may be supposed that the stress relaxation
properties of CEMIII cement paste were greater than CEMI. This
is confirmed by the SEM observations in Fig. 7, showing that
the CEMI cement paste surrounding the aggregates seems much
more sensitive to cracking than the CEMIII cement paste.

Concerning the magnitude of computed stress values, the com-
parison with the experimental data available in the literature is not
evident, because of the stress relaxation phenomenon mentioned
earlier and which is not considered in the model, but also because
self-induced stresses are usually measured on concrete specimens

Fig. 9. Illustration of the cement paste matrix and randomly distributed grains, (a) cement paste matrix geometry, (b) cement paste matrix mesh density, (c) grains geometry
and positions across the cube cell and (d) grains mesh density.

(a) (b)

Fig. 10. Ansatz shape function illustration using isoparametric quadratic-linear Lagrange shape functions [87,42], (a) hexahedral elements (28-node solid element) and (b)
tetrahedral elements (18-node solid element) [56].
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using a Thermal Stress Testing Machine (TSTM) [2,90–92,7]. For a
given water-to-binder ratio W

B

� �
, the presence of aggregates induces

a dilution effect, which reduces the intensity of self-desiccation
phenomena and therefore the magnitude of the average self-
induced stresses measured on a specimen section. Table 3 summa-
rizes some experimental tensile stress values, mainly located
between 0.8 and 3.2 [MPa] in accordance with the type of chosen
concrete.

The experimental data on self-induced stresses obtained on ce-
ment pastes are seldom available in the open literature
[94,19,95,33]. In these studies, the cement paste generally cracks
earlier than concrete and the self-induced stresses rapidly became
very low and vanish. Using a spherical stress sensor embedded in
cement paste, Dela and Stang [94] and Bentz et al. [19] recorded
high early-age self-generated compressive stresses. Dela and Stang
reported values ranging between 15 and 20 [MPa] for a cement
paste with W

C ¼ 0:30 and 20% of silica fume. Bentz et al. investigated
the effect of cement fineness on the early-age crack sensitivity of
cement pastes with W

C ¼ 0:35 and maintained at 30 �C. They
observed that the compressive stresses for the finest cement rap-
idly decayed, at 50 h, probably resulting from micro-cracks at the
interface with the sensor. The coarser cements exhibited self-
induced compressive stress ranging between 4.5 and 7 [MPa] at

the end of period of investigation (about 700 h of hydration). Using
a mini-TSTM adapted to cement paste, Koenders et al. [95]) mea-
sured self-induced stresses between 2 and 5 [MPa] on Portland
cement and blast furnace slag (BFS) cement pastes with a water-
to-cement ratio of 0.35 and maintained in sealed conditions. Based
on the latter investigation, the Portland cement paste cracks after
30 h of hydration at 3.5 [MPa] of self-induced stress, whereas the
BFS ones do not crack during the period of investigation. This result
is in agreement with the microscopical observations made on the
cement pastes, which revealed a denser network of micro-cracks
in the case of CEMI cement, compared to CEMII and CEMIII
cements.

7. Conclusions and outlooks

The hygro-Cosserat numerical approach described in this pa-
per is used to investigate the effects of cement paste composition
on the development of self-induced stress caused by autogenous
shrinkage in hydrating mortars. The above-mentioned numerical
approach inherently undertakes the size effects, which are absent
in the classical continuum theory [96]. The use of the Cosserat
Size effect number sustains these effects in an explicit manner

Fig. 11. Mesh density and hygro-mechanically induced stress development (tension = +, compression = �), rxx at 48 h after hydration (stress tensor in [MPa]), (a) mesh
density including the grains and cement paste for our chosen numerical samples, (b) CEMI, (c) CEMII and (d) CEMIII.
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Fig. 12. Hygro-mechanically induced stress development on the median slice on xy-plane at z = 0.25 mm (tension = +, compression = �), rxx at 48 h after hydration (stress
tensor in [MPa]), (a) CEMI slice at z = 0.25 mm and y = 0.29 mm, (b) CEMI plot at z = 0.25 mm and y = 0.29 mm, (c) CEMII slice at z = 0.25 mm, (d) CEMII plot at z = 0.25 mm and
y = 0.29 mm, (e) CEMIII slice at z = 0.25 mm and (f) CEMIII plot at z = 0.25 mm and y = 0.29 mm.
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and it enables the size effect within MT � Log(CS) diagram. This
diagram provides a smoothly motivated multi-scale modeling in
the sense that for every CS value, one can obtain a distinct scale
through the cement paste. Three cement pastes with a Portland
cement (CEMI), a limestone cement (CEMII) and a slag cement
(CEMIII) are considered. The free autogenous shrinkage and
Young’s modulus measurement have been performed on the
cement pastes between 0 and 72 h of hydration are used as input
data. The SEM observations are carried out at the interface
between cement paste and aggregates and compared to the
numerical outcomes.

Considering the same numerical conditions, i.e. pseudo-random
geometry, mesh density and boundary conditions, the computation
results shows that the stress development through the CEMII ce-
ment matrix is lower than CEMI and CEMIII. The scanning electron
micrographs made at 48 h after hydration confirm that the CEMII is
less sensitive to early-age cracking risk than the others. The
numerical results reveal relatively close self-induced stress values
for CEMI and CEMIII, while the microscopical observation of the
interface matrix/aggregate clearly shows a denser network of mi-
cro-cracking for CEMI around the aggregates. This higher sensitiv-
ity of CEMI cement to early-age cracking, compared to CEMIII
cement, is attributed to a lower stress relaxation capacity at
early-age. This promising modeling approach can be improved by
exploring the following further steps:

1. The effects of the exothermic chemical reactions and thermal
deformations will be investigated through another multi-disci-
plinary problem (thermo-hygro-Cosserat elasticity). This issue
should be involved to attain more realistic numerical modeling.

2. The impact of the grains geometry (spherical grains or ellipsoi-
dal grains) on the stress development within cement matrices.

3. The creep phenomenon should be also taken into account in the
shrinkage micro-cracking analysis. This issue needs to be inves-
tigated very carefully due to the fact that macro-mechanically
and the micro-mechanically viscoelastic behavior of cement-
based materials must be well known and distinguished at
meso-scale via the experiments.
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Appendix A. More about the Cosserat theory

The main idea in the generalized continuum media is that each
point in the material is small enough to be considered as a contin-
uous medium (continuummechanics compatibility issue including
a conservative displacement vector assumptions) and it is large en-
ough to sustain the micro-structural effects in the statistical man-
ner [97]. As a matter of fact, contrary to the local approaches in
fracture and fatigue failure using the classical continuum theory,
e.g. [98–100], the Cosserat theory involves the built-in non-local
aspects [101–103] using the characteristic length scale concept
(see Fig. A.13).

Appendix B. Hygro-Cosserat constitutive laws

The hygro-Cosserat constitutive laws can be extracted via the
following kinematical relations:

��T ¼ ru� A ðB:1aÞ
�k ¼ r/ ðB:1bÞ

and the total deformations measurement for Cosserat first stretch
tensor and curvature tensor or wryness tensor in function of
mechanical Cosserat first stretch tensors ��M and mechanical curva-
ture tensor or wryness tensor, �kM:

�� :¼ ��M þ ��C�H where ��C�H :¼ aC�HDP 1 ðB:1cÞ

�k :¼ �kM ðB:1dÞ

The constitutive laws are defined in function of the mechanical
deformation measurements as below:

r ¼ k tr½��M�1þ 2lsym��M þ 2lcskew��M ðB:2aÞ

m ¼ a tr½�kM�1þ bð�kMÞT þ c�kM ðB:2bÞ

By substitution of (B.1c) and (B.1d) into (B.2a) and (B.2b), one
can simply obtain the following equations:

Table 3

Brief literature review of the self-induced stresses in early-age concretes (sealed conditions).

References Concrete type Cement type W
B and T Maximum intensity of tensile self-induced

stresses in isothermal curing

Igarashi et al. [93] High strength concrete
mixtures

Portland cement added or not with 10%
of silica fume

0.25;
0.33 and
30 �C

Between 1.4 and 3.1 MPa at 6 days of hydration
(concrete with W

C ¼ 0:33 and silica fume cracked)

Lura et al. [2] High performance concrete
(HPC) mixtures

Portland cement (CEMI 52.5 R) and
blast-furnace slag cement (CEMIII/B
42.5 LH HS) added with 5% of silica

0.35 and
20 �C
(±1.5 K)

Between 1.5 and 2.5 MPa at 6 days of hydration
(no cracks observed)

Bjøntegaard and Sellevold
[91]

Super high strength (SHS)
and normal high strength
(HS) concrete mixtures

Portland cement (CEMI 52.5 LA) added
with 20% and 5% of silica fume

0.23;
0.40 and
20 �C

(1) Crack of the SHS concrete at 0.8 MPa only a few
hours after setting, (2) crack of the HS concrete at
3.2 MPa at 4 weeks of hydration

Bisschop et al. [92] High strength concrete
(HSC) mixture

Portland cement (CEMI 52.5 R) and
blast-furnace slag cement (CEMIII/B
42.5 LH HS)

0.37 and
30 �C

Between 2 and 2.7 MPa at 6 days of hydration
(two concrete cracked at 48 h and 80 h of
hydration)

Sule and van Breugel [90] High strength concrete
(HSC) mixture

Portland cement (CEMI 52.5 R) and
blast-furnace slag cement (CEMIII/B
42.5 LH HS)

0.33 and
20 �C
(±1.5 K)

About 2.6 MPa at 6 days of hydration (no cracks
observed)

Darquennes et al. [7] High strength concrete
(HSC) mixtures

Portland cement (CEMI 52.5 N) and
blast-furnace slag cements (CEMIII/A
42.5 LA and CEMIII/B 42.5 HSR LA)

0.45 and
20 �C
(±1.5 K)

Three investigated concretes cracked at 3 MPa,
reached at 3.3, 4.6 and 5.1 days of hydration,
depending on the concrete mixtures
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r ¼ k tr½��� aC�HDP1�1þ 2lsymð��� aC�HDP1Þ

þ 2lcskewð��� aC�HDP1Þ ðB:3aÞ

m ¼ a tr½�k�1þ b�kT þ c�k or m

¼ a tr½r/�1þ br/T þ cr/ ðB:3bÞ

We can simplify further the above-written equations, i.e. (B.3a) and
(B.3b) using the following relations:

tr½��� aC�HDP1� ¼ tr½��� � tr½aC�HDP1� ¼ tr½��� � 3aC�HDP ðB:4Þ

symð��� aC�HDP1Þ ¼ sym��� symðaC�HDP1Þ

¼ sym��� aC�HDP1 ðB:5Þ

skewð��� aC�HDP1Þ ¼ skew��� skewðaC�HDP1Þ
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{skew ðaC�HDP 1Þ¼0

¼ skew�� ðB:6Þ

The isotropic elastic Cosserat constitutive laws can be inferred
including the hygric deformations as below:

r ¼ k tr½���1þ 2lsym��þ 2lcskew��� aC�Hð2lþ 3kÞDP1
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{v:¼aC�Hð2lþ3kÞDP 1

or
r ¼ k tr½���1þ 2lsym��þ 2lcskew��� v ðB:7aÞ

m ¼ a tr½�k�1þ b�kT þ c�k or m

¼ a tr½r/�1þ br/T þ cr/ ðB:7bÞ

where v 2 ISOð3Þ � R
3 � R

3 is an isotropic second-rank tensor deal-
ing with the bulk deformations induced via the chemo-mechanical
effects throughout the porous solid subjected to the autogenous
shrinkage phenomenon.

Appendix C. Notations

Let X � R
3 be a bounded domain with Lipschitz boundary. @X

and let C be a smooth subset of @X with non-vanishing 2-dimen-
sional Hausdorff measure. For a; b 2 R

3 we let a � b denote the sca-

lar product on R
3 with associated vector norm

kak2R3 ¼ a � b ¼ aibi for i ¼ 1;2;3 where i 2 N. We denote by M
3�3

or R3 � R
3 the set of real 3 � 3 s order tensors, written with capital

letters and sym denotes symmetric second orders tensors. The
standard Euclidean scalar product on M

3�3 is given by
hX;Yi

M
3�3 ¼ X : Y ¼ trXYT ¼ trXTY ¼ XijY ij for i; j ¼ 1;2;3 where i;

j 2 N, and thus the Frobenius tensor norm is

kXk2 ¼ X : X ¼ hX;Xi
M

3�3 . In the following we omit the index
R

3;M3�3. The identity tensor on M
3�3 will be denoted by 1, so that

trX ¼ hX;1i ¼ X : 1 ¼ Xijdij for i; j ¼ 1;2;3 where i; j 2 N. We de-
note the scalar product of permutation tensor (third-rank tensor)
eijk and a second-rank tensor X, so that e � X ¼ eijkXklêi � êj � êl
and e : X ¼ eijkXjkêi. The gradient of a vector can be denoted so that

ra ¼ aj;iêi � êj where ra 2 M
3�3 We set symðXÞ ¼ 1

2 ðX
T þ XÞ and

skewðXÞ ¼ 1
2 ðX � XTÞ such that X = sym(X) + skew (X) where

X 2 M
3�3. For X 2 M

3�3 we set for the deviatoric part
devX ¼ X � 1

3 trX1 2 slð3Þ where slð3Þ is the Lie-algebra of traceless
matrices. The set Sym (n) denotes all symmetric n � n-matrices.

The Lie-algebra of SO (3):¼{X 2 GL (3)jXTX = 1, det X = 1} is given
by the set soð3Þ :¼ fX 2 M

3�3 j XT ¼ �Xg of all skew symmetric
tensors. The canonical identification of soð3Þ and R

3 is denoted
by axlA 2 R

3 for A 2 soð3Þ. Note that ðaxlAÞ � n ¼ A:n for all
n 2 R

3, such that

axl
0 a b

�a 0 c

�b �c 0

0
B@

1
CA :¼

�c

b

�a

0
B@

1
CA ðC:1Þ

Aij ¼
X3

k¼1

� �ijk � axl Ak;

kAk2
M

3�3 ¼ 2kaxlAk2
R
3

hA;Bi
M

3�3 ¼ 2haxl A; axl Bi
R
3

ðC:2Þ

Fig. A.13. Schematic illustration of Cosserat media, Left top: typical presentation of the elastic heterogeneous materials, right top: equivalent lattice model involving the
micro-structural or so-called inner Degree Of Freedoms (DOFs), Left bottom: stress and stress moment tensors illustration and Right bottom: independent micro-rotation idea
illustration including the macro-rotations in a typical Cosserat solid [104,105].
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Under the Einstein’s summation convention, the dual vector (axl)
and dual tensor (anti) could be shown as below:

X :¼ antix ¼ �xieijkêj � êk ¼ �eijkxkêi � êj

¼ �e � x where x 2 R
3 and X 2 M

3�3 ðC:3aÞ

x :¼ axlX ¼ �
1
2
eijkXjkêi ¼ �

1
2
e : X where x 2 R

3 and X 2 M
3�3

ðC:3bÞ
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