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Path-dependent Hamilton-Jacobi-Bellman equation:
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Abstract

We prove existence and uniqueness of Crandall-Lions viscosity solutions of Hamilton-
Jacobi-Bellman equations in the space of continuous paths, associated to the optimal
control of path-dependent SDEs. This seems the first uniqueness result in such a con-
text. More precisely, similarly to the seminal paper [13], the proof of our core result,
that is the comparison theorem, is based on the fact that the value function is bigger
than any viscosity subsolution and smaller than any viscosity supersolution. Such a
result, coupled with the proof that the value function is a viscosity solution (based
on the dynamic programming principle, which we prove), implies that the value func-
tion is the unique viscosity solution to the Hamilton-Jacobi-Bellman equation. The
proof of the comparison theorem in [13] relies on regularity results which are missing
in the present infinite-dimensional context, as well as on the local compactness of the
finite-dimensional underlying space. We overcome such non-trivial technical difficul-
ties introducing a suitable approximating procedure and a smooth gauge-type function,
which allows to generate maxima and minima through an appropriate version of the
Borwein-Preiss generalization of Ekeland’s variational principle on the space of contin-
uous paths.
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1 Introduction

The optimal control of path-dependent SDEs arises frequently in applications (for instance
in Economics and Finance) where the dynamics are non-Markovian. Such non-Markovianity
makes difficult to apply the dynamic programming approach to those problems. Indeed, the
standard dynamic programming approach is designed when the state equation is Markovian
hence it cannot be applied to such problems as it is.
More precisely, consider the following SDE on a complete probability space (€2, F,P) where
a m-dimensional Brownian motion B = (B;);>o is defined. Let T" > 0, t € [0,T], = €
C([0,T]; R), and consider a progressively measurable process a: [0,T] x @ — A (with A
being a Polish space), where x is the initial path and « the control process. Let the state
process X : [0,T] x  — R? satisfy the following controlled path-dependent SDE:
dXs = b(s, X, as)ds+ o(s, X, ag) dBs, s € (t,T], (L1)
X, = z(s), s €[0,1]. '

Here X denotes the whole path, which, under mild assumptions, belongs to C([0,7]; R?).
We assume b: [0, 7] x C([0,T];R?) x A — R? (as well as o) to be non-anticipative, namely,



for all s € [0,T], a € A, b(s,7,a) and o(s,z,a) depend on the path x € C([0,T]; R?) only
up to time s.
The stochastic optimal control problem consists in maximizing the reward functional

T
J(t,x,a) = IE|:/ f(SaXt’x’a,Oés) dS‘FQ(Xt’x’a) )
t

with f being non-anticipative, as b and o above. In the above formula, X**% denotes the
solution to (1.1). The value function is then defined as

v(t,z) = supJ(t,z,a), V(t,z) €[0,T] x C([O,T];Rd),

where the supremum is taken over all progressively measurable control processes a.

We see that the value function is defined on the infinite-dimensional space of continuous
paths C([0,T];R?), hence it is related to some Hamilton-Jacobi-Bellman equation (HJB
equation for short) in infinite dimension.

The “standard” approach to study such problems consists in changing state space trans-
forming the path-dependent SDE into a Markovian SDE, formulated on an infinite-dimensional
space H, typically C([0,T];RY) or R? x L?(0,T;R?). In this case the associated Hamilton-
Jacobi-Bellman equation is a PDE in infinite dimension (see for instance [19, 31]) which
contains “standard” Fréchet derivatives in the space H. Some results on the viscosity solu-
tion approach are given for instance in [32, 33, 51]; however, uniqueness results seems not
available up to now, see the discussion in |31, Section 3.14, pages 363-364]).

More recently, another approach has been developed after the seminal work of Dupire [23],
which is based on the introduction of a different notion of “finite-dimensional” derivatives
(known as horizontal /vertical derivatives) which allows to write the associated Hamilton-
Jacobi-Bellman equation without using the derivatives in the space H. We call such an
equation a path-dependent Hamilton-Jacobi-Bellman equation (see equation (3.5) below),
which belongs to the more general class of path-dependent partial differential equations,
that is PDEs where the unknown depends on the paths and the involved derivatives are the
Dupire horizontal and vertical derivatives. The definitions of these derivatives will be re-
called in Appendix A. There are also other approaches, similar to that introduced by Dupire,
but based on slightly different notions of derivatives, see in particular |1, 44, 30].

The theory of path-dependent PDEs is very recent, yet there are already many papers on

this subject, see for instance |7, 21, 22, 5245, 10, 46, 25, 20,
11, 4, 15,

One stream in the literature (starting with [25] and further developed in [26, 27, 47, 50, 19,
|) looks at such equations using a modified definition of viscosity solution where maxima

and minima are taken in expectation. In this way, roughly speaking, the amount of test

functions increases and, hence, uniqueness is easier to prove.

Another stream in the literature looks at path-dependent PDEs using the “standard” def-

inition of viscosity solution adapted to the new derivatives. We call such a definition the

“Crandall-Lions” one, recalling for instance their papers [17, 18|. In such a context there are
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only two papers, namely [15]|, which only address the path-dependent heat equation, and
[53]. This last paper uses an approach different from ours in the proof of uniqueness, the
“classical” approach of doubling variables; while, as we explain below, we use a direct com-
parison with the value function. The results are hence somehow different and with different
assumptions.

In the present paper we look at this last stream proving existence and uniqueness of
Crandall-Lions viscosity solutions of HJB equations associated to the optimal control of
path-dependent SDEs. This seems the first uniqueness result in such a context. The proof
of uniqueness (or, more precisely, of the comparison theorem, from which uniqueness is
derived) is difficult due to the fact that the usual approach adopted in the theory of viscosity
solutions relies on fine properties of functions on R?, as for instance Aleksandrov’s theorem
and Jensen’s lemma (see on this |16, Appendix, pages 56-58]). The extension of those
results to functions defined on the space of continuous paths seems however impracticable
(this is probably the reason why, to circumvent such a problem, other notions of solutions
have been introduced in the literature). The proposed methodology is instead built on
refinements of the original approach developed in [13] and is based on the existence of the
candidate solution v, which is shown to be bigger than any subsolution and smaller than
any supersolution. The latter is traditionally based on regularity results which are missing
in the present context as well as on the local compactness of the underlying space in order
to generate maxima or minima. We overcome those non-trivial technical difficulties firstly
relying on suitable approximating procedures, see Lemmas B.3-B.4-B.5 and Theorem B.7
of Appendix B. Moreover, concerning the existence of maxima or minima, instead of the
missing local compactness of the underlying space, we exploit its completeness relying on a
novel variational principle on [0, 7] x C([0,T]; R?), based on a smooth gauge-type function
introduced in [53] (see Lemma 4.2) and on a variant of the Borwein-Preiss generalization of
Ekeland’s variational principle.

Once the comparison theorem is proved, we deduce from our existence result (Theo-
rem 3.4) that the value function v is the unique Crandall-Lions viscosity solution of the
path-dependent HJB equation. The existence result is based, as usual, on the dynamic
programming principle, which is proved rigorously in the present paper, see Theorem 2.9.

The rest of the paper is organized as follows. In Section 2 we formulate the stochastic opti-
mal control problem of path-dependent SDEs and prove the dynamic programming principle.
In Section 3 we introduce the notion of Crandall-Lions viscosity solution and prove that the
value function v solves in the viscosity sense the path-dependent Hamilton-Jacobi-Bellman
equation. In Section 4 we state the smooth variational principle on [0, 7] x C([0, T]; R?) and
prove the comparison theorem, from which the uniqueness result follows. In Appendix A we
recall the definitions of horizontal and vertical derivatives together with the functional It6
formula. Finally, in Appendix B we report all the results concerning the approximation of
the value function needed in the proof of the comparison theorem.

2 Path dependent stochastic optimal control problems



2.1 Notations and basic setting

Let (€2, F,P) be a complete probability space on which a m-dimensional Brownian motion
B = (B})s>0 is defined. Let F = (F;):>o denote the P-completion of the filtration generated
by B. Notice that I is right-continuous, so that it satisfies the usual conditions. Furthermore,
let "> 0 and let A be a Polish space, with B(A) being its Borel o-algebra. We denote by A
the family of all F-progressively measurable processes «: [0,7] x @ — A. Finally, for every
p > 1, we denote by S,(F) the set of d-dimensional continuous F-progressively measurable
processes X : [0,7] x Q — R? such that

1/p
IX]ls, = E[ sup |Xt|7’] < . (2.1)
0<t<T

The state space of the stochastic optimal control problem is the set C'([0, T]; RY) of continuous
d-dimensional paths on [0, T]. For every x € C([0,T];R?) and ¢ € [0,T], we denote by z(t)
or z; the value of z at time ¢ and we set x(- At) := (2(sAt))sco) OF Topr := (2(s AL))sepo -
Observe that z(t) (or z;) is an element of R, while z(- At) (or z.,;) belongs to C([0, T]; R?).
We endow C([0, T]; RY) with the supremum norm || - || (also denoted by || - ||« ) defined as

|zllr = sup |z(s)|,  x€C(0,T];R?),
s€[0,7T

where |z(s)| denotes the Euclidean norm of x(s) in R%. We remark that (C'([0, T]; R?), | - ||7)
is a Banach space and we denote by Z its Borel o-algebra. We also define, for every ¢ € [0, 77,
the seminorm || - ||; as

lzlle = lzacllr, z € C([0,T]; RY).

Finally, on [0,7] x C([0, T]; RY) we define the pseudometric do.: ([0,T] x C([0,T]; R?))? —
[0, 00) as
doo((t, ), (¢, 2")) = [t —t'|+ |Jz(- At) =2 (- At)]|,.

We refer to |15, Section 2.1] for more details on such a pseudometric. On [to, T]xC([0, T]; R%),
with tg € [0,T"), we consider the restriction of d,, which we still denote by the same symbol.

Definition 2.1. We say that w: [0,00) — [0,00) is a modulus of continuity if w is continu-
ous, increasing, subadditive, and w(0) = 0.

We refer to |31, Appendix D| for more details on the notion of modulus of continuity.

2.2 Assumptions and state equation

We consider the coefficients
b> g, f: [OaT] X C([OaT]de) XA — ]Rd> Rdxm’ Ra g: C([O,T],Rd) — ]Ra

on which we impose the following assumptions.
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Assumption (A).
(i) The maps b, o, f,g are continuous.
(ii) There ezist a constant K > 0 such that
|b(t, z,a) —b(t, 2’ a)| + |o(t,z,a) —o(t, 2’ a)| + | f(t,2,a) — f(t, 2, a)

| <K
l9(x) — g(2")| < Kllw — 2|,
b(t, x,a)| + [o(t, 2, )| + | f(t, 2, 0)| + |g(2)] < K,

foralla € A, (t,z), (t',2') € [0, T|xC([0, T];RY), with |o(t, z,a)| := (tr(co™)(t, z,a))/?
= (324, lous(t, ,a)|*)!? denoting the Frobenius norm of o(t,x, a).

Assumption (B). The maps b,o, f are uniformly continuous in t, uniformly with respect
to the other variables. In particular, there exists a modulus of continuity w such that

|b(t,x,a) - b(S,[L’,CL)| + |O'(t,£l§',a) - U(S,Z’,a)| + |f(t,x,a) - f(s,x,a)l < w(|t - S|)7
for allt,s € [0,T),z € C([0,T);RY),a € A.
Assumption (C).

(i) There exist d € N and 5: [0,T] x R™ x A — R™™ satisfying, for all (t,z,a) €
0.7] x C([0, TERY) x A,

olt,z,a) = a—(t, /[ CCLEts /[ i) d—x<s>,a),

for some continuously differentiable maps 1, ..., ¢g: [0,T] — R, where the above de-
terministic forward integrals are defined as in Definition B.1 with T replaced by t (see
also Remark 2.3).

(ii) There ezists a constant K > 0 such that

|5-(t7y7a)_5(t/7y/7a>| < K‘y_y/|7
6(t,y,a0)] < K,

forall (t,a) € [0,T]x A, y,y € R with |y —y/| denoting the Buclidean norm of y—1'
in R,

(iii) For every a € A, the map (-, -, a) is CY2([0, T] x R%). Moreover, there exist constants
K >0 and q > 0 such that

0:5(t,y,a)| + |0,6(t, y,a)| + |02,5(t,y,a)| < K (1+]y)’,

for all (t,y,a) € [0,T] x R¥ x A.



Remark 2.2. Notice that Assumptions (C)-(i)-(ii) imply the validity of (A)-(ii) for the
function o (namely, Lipschitzianity in x and boundedness). As a matter of fact, boundedness
1s obvious, while the Lipschitz property follows from the Lipschitz property of ¢ and the
integration by parts formula (2.2).

Remark 2.3. Since the functions ¢4, ..., pg appearing in Assumption (C)-(i) are continu-
ously differentiable, we can use the integration by parts formula (B.1) to rewrite the forward
integrals as follows:

_ b de
i(s)d x(s) = @;(t)x(t) — T ds, 2.2
[ erdats) = a0~ [ o) T (2.2

for every i =1,...,d, where we have used that the Lebesque-Stieltjes integral f(Ot s)dp(s)

is equal to the Lebesque integral fo d%( )ds.
Remark 2.4. By the Lipschitz continuity of b, o, f, we deduce that they satisfy the following
non-anticipativity condition:
b(t,x,a) = b(t,z.pa), o(t,x,a) = o(t,z.aa), flt,x,a) = f(t,z.p0),
for every (t,z,a) € [0,T] x C([0,T];RY) x A.

For every t € [0,T], € € S3(F), a € A, the state process satisfies the following system of
controlled stochastic differential equations:

{dXs = b(s, X, ) ds + o(s, X,a,)dBs, s € (t,T], 23)

= gs; ENS [O,t]
Proposition 2.5. Suppose that Assumption (A) holds. Then, for every t € [0,T], £ €

So(F:), a € A, there exists a unique solution X4 € Sy(F) to equation (2.3). Moreover, it
holds that

lim supE[ sup | XL4e fs,\t‘z] = 0. (2.4)
r=ttacd  Lo<s<T
Proof. See |12, Proposition 2.8| for the existence and uniqueness result. Concerning (2.4)
we refer to [12, Remark 2.9]. O

2.3 Value function

Given t € [0,T] and z € C([0,T];RY), the stochastic optimal control problem consists in
finding o € A maximizing the following functional:

T
J(t,r,a) = E[/ f(s, X5 o) ds + g (X5 .
t

Finally, the value function is defined as

v(t,z) = supJ(t,z,a),  V(t,z)e€[0,T]x C([0,T];R?). (2.5)

acA



Proposition 2.6. Suppose that Assumption (A) holds. Then, the value function v is
bounded, continuous on ([0, T]xC([0, T];RY), dw), and there exists a constant ¢ > 0 (depending
only on T and K) such that

lu(t,x) —o(t,2')| < c(|t — V2 |jx(- At) =2 (- A t')||T), (2.6)
for all (t,x), (t',2") € [0,T] x C([0,T]; RY).

Proof. The boundedness of v follows directly from the boundedness of f and g. Moreover,
the proof of estimate (2.6) can be done proceeding as in the non-path-dependent case and
follows from the Lipschitz continuity and boundedness of the coefficients. O

2.4 Dynamic programming principle

In Section 3, Theorem 3.4, we prove that the value function v is a viscosity solution of a
suitable path-dependent Hamilton-Jacobi-Bellman equation. The proof of this property is
standard and it is based, as usual, on the dynamic programming principle which is stated
below. We prove it relying on [12, Theorem 3.4] and on the two next technical Lemmata
2.7 and 2.8. For other rigorous proofs of the dynamic programming principle in the path-
dependent case we refer to [28, 29].

We begin introducing some notations. For every t € [0,T], let F* = (F!)scpo,r) be the
P-completion of the filtration generated by (Bt — Bt)scjo,r). Let also Prog(F*) denote the
o-algebra of [t, T x Q of all (F!)cp,r-progressive sets. Finally, let A; be the subset of A of
all F*-progressively measurable processes.

Lemma 2.7. Suppose that Assumption (A) holds. Then, the value function defined by (2.5)
satisfies
v(t,z) = sup J(t,z, ), V(t,z) € [0,T] x C([0, T]; RY). (2.7)
acAt
Proof. Fix (t,z) € [0,T]xC([0,T]; R?). Since A, C A, we see that v(t, x) > sup,e4, J(t, 2, @).
It remains to prove the reverse inequality

v(t,z) < sup J(t, z, ). (2.8)
ac At

We split the proof of (2.8) into four steps.

STEP 1. Additional notations. We firstly fix some notations. Let (R™)(! be the set of func-
tions from [0, t] to R?, endowed with the product o-algebra B(R™)I%! generated by the finite-
dimensional cylindrical sets of the form: C, ., (H) = {y € (R™)4: (y(t),...,y(t,)) €

H}, for some t; € [0,t], H = Hy, x --- x Hy,, H;, € B(R™). Now, consider the map
B': Q — (R™) defined as follows:

B':w > (Bs(w))o<s<t



Such a map is measurable with respect to F;, as a matter of fact the counterimage through
B! of a finite-dimensional cylindrical set C, ., (H) clearly belongs to F;. In addition, the
o-algebra generated by B! coincides with G; := o(B,,0 < s < t). Notice that

.Ft - gt\/N,

where A is the family of P-null sets.
Finally, let (E?, &") be the measurable space given by E* = [t,T] x Q and &' = Prog(F").
Then, we denote by Z': E* — E* the identity map.

STEP II. Representation of a. Given « € A, let us prove that there exists a map a’: [¢, T] X
Q x (R™) — A such that:

1) a' is measurable with respect to the product o-algebra Prog(F?) @ B(R™)4;

2) the processes oy (denoting the restriction of a to [¢,T]) and (a’(s,-, BY))sepr are
indistinguishable.

In order to prove the existence of such a map a’, we begin noticing that the following holds:
Fs = FVF. = GVF., Vselt,T],

where the second equality follows from the fact that N, the family of P-null sets, is contained
in both F; and F!. Recalling that « is F-progressively measurable, we have that oy is
progressively measurable with respect to the filtration

U(gt Vv }—;)se[t,T}‘
In other words, the map oyp: [t, 7] x Q@ — A is Prog(F") v ({0, [t,T]} ® G;)-measurable,
with {0, [t,T]} denoting the trivial o-algebra on [t, T].

Now, recall the definitions of Z! and B* from STEP I, and let denote still by the same
symbol B the canonical extension of Bf to [t,T] x © (or, equivalently, to E*), defined as
B': [t, 7] x Q — (R™)4 with (¢,w) + B*(w). Then, the o-algebra generated by the pair
(7!, BY): [t,T] x Q — E* x (R™)4 coincides with Prog(F*) v ({0, [t, T]} ® G;). Therefore,
by Doob’s measurability theorem (see for instance [38, Lemma 1.13]) it follows that the
restriction of « to [¢,7] can be represented as follows: oy = a’(Z*, Bf), for some map
at: [t,T] x Q x (R™)% — A satisfying items 1)-2) above.

STEP II1. The stochastic process X“*B'. Given a € A, let a’ be as in STEP II. For every
y € (R™)O4 let X™¥ be the unique solution in Sy(F) to the following equation:

dX, = b(s,X,a'(s,~,y))ds+ o(s, X,a'(s,-,y))dBs, se€ (t,T], (2.9)
Xs = z(s), s € [0,t]. '
From the proof (see |12, Proposition 2.8]) of the existence of a solution to equation (2.9),

based on a fixed point argument, we can also deduce that the random field X : [0, 7] x £ x
(R™)08 — R is measurable with respect to the product o-algebra Prog(F) @ B(R™)0:4,

9



. oy t .
As a consequence, we can consider the composition of X*®¥ and B!, denoted X**B". Using

the independence of G, = o(B!) and F&, we deduce that the process X“*B' satisfies the
following equation:

{dXS = b(S’X7 at(S"?Bt)) d8+U(S’X? at(s7 .?Bt))dBS? S E (t’T]? (2 10)

Xs = z(s), s € [0,1].

As a matter of fact, we have

E{ sup | Xb5B" — g(t) — / b(r, X=B" al(r . BY))dr — / o(r, Xt’x’Bt,at(r,-,Bt))dBT}
s€(t,T) t t
:E{E[ sup | XP™B —a(t) — / b(r, X" al(r, -, BY))dr

s€[t,T) t

—/ U(T,Xt’w’Bt,at(r,.’Bt))dBT QtH
t

= E[E[ sup | XDV — x(t) —/ b(r, X4Y al(r, -, y))dr

s€[t,T) t

—/ o(r, X"Y al(r,- y))dB,
¢

|,

where the last equality follows from the so-called freezing lemma, see for instance |2, Lemma
4.1]. Since X**¥ solves equation (2.9), we have

E[ sup X?Ly - I(t) - / b(?", th,y, at(rv K y))d?" - / O-(Tv th,y’ at(,ru ) y))dBr :| = 0.

s€(t,T) t t

Hence

E{ sup | X0"B —a(t)— / b(r, X" B al(r, -, B"))dr— / o(r, X" al(r,-, B"))dB, } = 0.
s€[t,T) t t

This shows that X**B" solves equation (2.10).

Now, recalling from STEP II that oy and (a'(s, -, B"))sepr are indistinguishable, and
noticing that the solution to equation (2.11) below depends on « only through its values on
t,T] (namely, it depends only on ayi 7)), we conclude that X e B solves the same equation
of Xt namely

{dXs = b(s, X, ) ds + o(s, X, ) dBs, s e (t,T], (2.11)

Xs = z(s), s € 10,t].

From pathwise uniqueness for equation (2.11), we get that X teBY and X5 are also indis-
tinguishable.

10



STEP IV. The stochastic process X"*B'. Given a € A, let a' be as in STEP II and X**B'
as in STEP III. Then, we have

T
J(t,x,a) = IE|:/ f(SaXt’x’a,Oés) ds+g(Xt7x7°‘)}
t

T
= E[/ f(s,Xt’x’Bt,at(s,-,Bt)) ds—i—g(Xt’m’Bt)].
t

Denoting by p! the probability distribution of B on ((R™)4 B(R™)I%4) and recalling the
independence of G; = o(B") and F., by Fubini’s theorem we obtain

T
E[/ (s, X8 al(s, -, BY)) ds +g(Xt’“"”Bt)]
t

T
_ / E{ / £ (s, X, al(s, ) ds + g(Xf’W)} u!(dy).
@ Ly

Now, fix some ay € A and, for every y € (R™)% denote
ﬁg = Q9 ]_[QJ)(S) + at(s, ,y) ]-[t,T]> Vs e [0, T]

Notice that Y € A;. Moreover, recalling that X**¥ solves equation (2.9), we see that it
solves the same equation of X**#”. Then, by pathwise uniqueness, X*%¥ and X**%" are
indistinguishable. In conclusion, we obtain

T
[ { [ s xemals, ) ds + g(X’*f”’y)} i (dy)
o Ly

T
-/ E[ | s ds+g(W”>}ut<dy>
@ Ly

= / J(t, @, 8%) p(dy) < / sup J(t,z,7) p'(dy) = sup J(t,x,7).
COLX (

Rm)[0,1] vEA; yEA;

This proves that J(t,z,a) < sup,cy, J(t,7,7), for every a € A. Then, inequality (2.8)
follows from the arbitrariness of «. O

Next lemma expresses in terms of v the value of the optimal control problem formulated
at time ¢, with random initial condition £ € Sy(F). In order to state such a lemma, we
introduce the function V': [0, 7] x So(F) — R defined as follows:

T
V(t, &) = supE[/ f(s, X559 ) dr + g(X55) |, (2.12)

acA
for every t € [0, T}, £ € Sy(F). Clearly, when & = 2 € C([0,T]; R?) we have V(t,z) = v(t, 7).
Lemma 2.8. Suppose that Assumption (A) holds. Let t € [0, T] and & € Sy(F), then
V(t.&) = Efu(t )] (2.13)

11



Proof. We begin noting that for t = 0 it is clear that equality (2.13) holds true, as a matter
fact Fo is the family of P-null sets, therefore £ is a.s. equal to a constant and (2.13) follows
from the fact that V (¢, z) = v(t, z), for every x € C ([0, T]; R?). For this reason, in the sequel
we suppose that t > 0. We split the rest of the proof into four steps.

STEP 1. Additional notations. Firstly, we fix some notations. For a fixed ¢ € (0,7], let
G' = (G!)s>0 be given by
Gt = FVFL Vs> 0.

Moreover, let So(G*) (resp. Sa(F;)) be the set of d-dimensional continuous G*-progressively
measurable (resp. B([0,7]) ® Fi-measurable) processes X : [0,7] x Q — R? satisfying the
integrability condition (2.1). Notice that Proposition 2.5 extends to the case with initial
condition £ € Sy(F;) rather than £ € Sy(F). In particular, given £ € So(F;) and « € A,
equation (2.3) admits a unique solution X" € Sy(G'). Then, for £ € Sy(F;) we define
V(t,€) as in (2.12).

STEP I1. Preliminary remarks. We begin noting that X% = Xb&a6@ g0 that it is enough
to prove equality (2.13) with & ,; in place of £&. More generally, we shall prove the validity of
(2.13) in the case when & € So(F?).

Now, recall that v is Lipschitz in the variable = (see Proposition 2.6) and observe that,
by the same arguments, V' is also Lipschitz in its second argument. Furthermore, both v and
V' are bounded. Notice also that given £ € Sy(F;) there exists a sequence {&;}r C Sao(Fz)
converging to &, with &, taking only a finite number of values. As a consequence, from the
continuity of v and V, it is enough to prove (2.13) with £ € Sy(F;) taking only a finite
number of values. Then, from now on, let us suppose that

¢ =) xlp, (2.14)
=1

.....

STEP III. Proof of the inequality V (t,&) < E[v(t,£)]. Since £ € So(F) takes only a finite
number of values, by [12, Lemma B.3| (here we use that ¢ > 0, so in particular F; has the
property required by [12, Lemma B.3|, namely there exists a F;-measurable random variable
having uniform distribution on [0, 1) there exists a F;-measurable random variable U: Q —
R, having uniform distribution on [0, 1] and being independent of £. As a consequence, from
[12, Lemma B.2| it follows that, for every o € A, there exists a measurable function

a: ([0,7] x Q x C([0,T];R?) x [0,1], Prog(F") @ B(C([0, T]; R%)) @ B([0,1])) — (A, B(A))

such that
Bs = aslpn(s) +as(§U) 1pm(s), Vs el[0,T]

belongs to A and

(57 (as(& U))sE[t,T]a (Bs - Bt)se[t,T}) Z (57 (as)se[t,T}v (Bs - Bt)sE[t,T])u

12



where Z means equality in law. Then, by the same arguments as in |31, Proposition 1.137],

we get = ﬁ T
a .
(Xz’s’ ) as)sE[O,T] (X‘z,s’ ’ 8)36[07 I’

Moreover, recalling (2.14), define
ﬁi,s = 1[0,t)(s) + as(xia U) 1[t,T}(S)7 Vs e [OvT]v i=1,...,n

Since X5 and Xb¥101 1 +- - 4 X5%0bn 1 solve the same equation, they are P-indistinguishable.
Hence

T T
E[/ f s X%, a) ds o+ g(th’“ﬁ B E[/ F(s, X5, B,) ds + g(Xtvf@]
t t
n T
— E[Z (/ f(S, Xﬁ%,ﬁﬂ 5@',8) ds -+ g(Xt,sz,ﬁ’L)) 1Ez:| )
i=1 t
Recalling that both {X%¥%}, and {8;}; are independent of {E;};, we have

n T
E{Z (/t f(s, X550 B, ) ds + g(Xt’”“’ﬁi)) 1Ez}

i=1

n T
S]]
i=1 t
n T
:ZE[E[/ f(s, X070 B ) ds + g (X D705 }1,3] ZE[ (t, ;) 1E2} = E[v(t,8)].
i=1 ¢

Then, the inequality V' (¢,¢&) < E[v(t, €)] follows from the arbitrariness of a.

STEP IV. Proof of the inequality V (t,£) > E[v(t,€)]. Take & € So(F;) as in (2.14). Then,
from equality (2.7) of Lemma 2.7, for every ¢ > 0 and i = 1,...,n, there exists 87 € A; such
that

T
v(t,x;) < E[/ f(s,Xt’mi’ﬁf,ﬁis) ds+g(Xt’”“’ﬁf)} +e€.
t
Let

= Z Bilg,.
=1

We have 3¢ € A, moreover X% and X®*1Fi 1 + ... + X4 1 solve the same equa-

tion, therefore they are P-indistinguishable. Therefore (exploiting the independence of both
{Xreft ) and {5} from {Ei},)

= i E [v(t, x;) 1Ez}

13



IA

n T
ZE[E[/ f(s, XP#0PE B2 ) ds + g(Xt’”“’Bf)} 1&} +e
i=1 t

- -
= E ZEM f(s, XP700 B2 ) ds+g(Xt’w“ﬁf)}1Ei} +e
- i=1

T

- i=1

r T
= E / (s, XM 52) ds+g(Xt7§’55)} +e < V(t§) +e.
LJt

From the arbitrariness of €, the inequality E[v(t,&)] < V(¢,€) follows. O

Theorem 2.9. Suppose that Assumption (A) holds. Then the value function v satisfies
the dynamic programming principle: for every t,s € [0,T), with t < s, and every
x € C([0,T);RY) it holds that

u(t,z) = SUPE[/ F(r, X529 o) dr + U(S,Xt’x’o‘)}
acA t

Proof. This follows directly from [12, Theorem 3.4] and Lemma 2.8. As a matter of fact, let
V be the function given by (2.12). From |12, Theorem 3.4| we get the dynamic programming
principle for V:

V(t,z) = sup {E[/ f(T,Xt’m’a,ozr) dr} +V(3,Xt’””’°‘)},
acA t

Moreover, by Lemma 2.8 we know that
Vs, X059 = E['U(S,Xt’x’a)},

from which the claim follows. O

3 Path Dependent HJB equations and viscosity solutions

3.1 Definition of path-dependent viscosity solutions

In the present paper we adopt the standard definitions of pathwise (or functional) deriva-
tives of a map u: [to,T] x C([0,T];R?) — R, t, € [0,T), as they were introduced in the
seminal paper [23]|, and further developed by [3, 9] and [15, Section 2|. We report in
Appendix A a coincise presentation of these tools. Just to fix notations, we recall here
that the pathwise derivatives of a map u: [tg,T] x C([0,T]);R?) — R are given by the
horizontal derivative 0fu: [to, T] x C([0,T];RY) — R and the vertical derivatives of first
and second-order dYu: [ty, T| x C([0,T];R?) — R? and 9%, u: [to,T] x C([0,T]);RY) —
R%4 We also refer to Definition A.4 (resp. Definition A.6) for the definition of the class
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CH2([to, T] x C([0,T);RY)) (resp. C’;ﬁ([to,T] x C([0,T];RY))). The reason for which we
consider CH2([ty, T] x C([0,T]; RY)) rather than simply C*2([0,T] x C([0, T]; R?)) is due to
the definition of viscosity solution adopted, for more details see Remark 3.3. Finally, we
recall that for a map u € CH2([ty, T] x C([0,T];R%)) the so-called functional Itd’s formula
holds, see Theorem A.7.

Now, consider the following second-order path-dependent partial differential equation:

Offu(t, x) = F(t, z, u(t, ), 0% u(t,z), 0y,u(t,x)), (t,z)€[0,T) x C([0,T];RY),

) Y xrx

(3.1)
U(Tv ZL’) = g(l’), S C([O,T];Rd),

with F: [0, T] x C([0,T]; R?) x R x R? x §(d) — R, where S(d) is the set of symmetric d x d

matrices.

Definition 3.1. We say that a function u: [0, T]x C([0,T]; R?) — R is a classical solution
of equation (3.1) if it belongs to 03521([0, T] x C([0, T];RY)) and satisfies (3.1).
Definition 3.2. We say that an upper semicontinuous function u: [0, T] x C([0,T]; RY) — R
is a (path-dependent) viscosity subsolution of equation (3.1) if:

o u(T,z) < g(x), for all x € C([0,T]; RY);

o for any (t,z) € [0,T) x C([0,T];RY) and p € C 2([t, T] x C([0,T); RY)), satisfying

pol

(u - @)(tu .CL’) = sup (U - (p)(tlu .flf/>,
#,x")e[t,T)xC([0,T];R%)

with (u — ¢)(t,x) = 0, we have

— 0 p(t,x) + F(t,z,u(t,z),0) p(t,x), 00t ) < 0. (3.2)

T

We say that a lower semicontinuous function u: [0,T] x C([0,T];R?) — R is a (path-
dependent) viscosity supersolution of equation (3.1) if:

o u(T,z) > g(x), for all x € C([0,T]; RY);
e for any (t,z) € [0,T) x C([0,T];RY) and p € C 2([t, T] x C([0,T); RY)), satisfying

pol

—p)(t,x) = inf — ) (. 2
(u—)(t,x) (t,’x,)e[t’Tl]XC([OvT};Rd)(U o)t "),

with (u — ¢)(t,x) = 0, we have

— O p(t,x) + F(t,2,ult,z), 0 p(t, x), 0bp(t,z)) > 0. (3.3)

Z.

We say that a continuous map u: [0, T]xC([0,T]; R?) — R is a (path-dependent) viscosity
solution of equation (3.1) if u is both a (path-dependent) viscosity subsolution and a (path-
dependent) viscosity supersolution of (3.1).
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Remark 3.3. Differently from the standard definition of viscosity solution usually adopted
in the non-path-dependent case (see for instance [10]), notice that in Definition 3.2 the
mazima,/minima are taken on [t,T] x C([0,T]; R?) with the right-time interval [t, T in place
of [0,T] (i.e. the maxima/minima are “one-sided”).

In the non-path-dependent case it is known that, even in infinite dimension, our “one-sided”
definition is equivalent to the standard “two-sided” one (see e.g. [71, Lemma 3.39]). In
addition, notice that the value function (sayv) of our stochastic control problem is a viscosity
solution of the HJB equation in both senses. As a matter of fact, the DPP, which is the main
tool in order to prove the viscosity properties of the value function, only involves the values
of v="u(s,y) for s >t.

We observe that the fact of taking the mazima/minima on the right-time interval is

generally adopted in the literature on wviscosity solutions of path-dependent PDFEs, as for
instance in [25, 20, 27, )7, 50, 49, 11], where the notion of viscosity solution introduced
involves the mazima,/minima of an expectation of future (that is on [t, T]) values of a suitable
underlying process.
In our case, the reason for considering [t, T] x C([0, T};RY) rather than [0,T] x C([0, T]; R%)
1s due to the proof of the comparison Theorem 4.5. In particular, it is due to the gauge-
type function implemented in that proof, which is introduced in Lemma 4.2 and denoted by
Keo- More precisely, given a fived point (t,z) € [0,T] x C([0,T];R?), the map (s,y) —
Koo ((8,9), (t,)) is smooth only for (s,y) € [t,T] x C([0,T];R%). However, if we would be
able to find another gauge-type function W: ([0,T] x C([0,T];R%))? — [0, +00) such that,
for every fized (t,z), the map (s,y) — Y((s,y), (t,x)) is smooth on the entire space [0,T] x
C([0,T]; R, then the same proof of the comparison theorem would work for the more usual
notion of viscosity solution where mazima,/minima are taken on [0,T] x C([0,T]; R9).

3.2 The value function solves the path-dependent HJB equation

Now, we focus on the path-dependent Hamilton-Jacobi-Bellman equation, namely on equa-
tion (3.1) with

F(t,x,r,p,M) = —ilelg {<b(t,a:,a),p> + %tr[(aaT)(t,:ﬂ,a)M} + f(t,a:,a)}. (3.4)

Therefore, equation (3.1) becomes

(

OFu(t, ) + sup,e 4 {<b(t, x,a),0Y u(t, x)>

+ %tr[(mﬁ)(t,x,a)&fxu(t,x)} + f(t,x,a)} —0, (t,2) €[0,T) x C([0,T];RY), (35

L u(T,z) = g(x), z e C([0,T];RY).

We now prove that the value function v is a viscosity solution to equation (3.5).
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Theorem 3.4. Suppose that Assumptions (A) and (B) hold. The value function v, defined
by (2.5), is a viscosity solution to equation (3.5).

Proof. Recall from Proposition 2.6 that v is continuous, moreover v(T,-) = g(-). Then it
remains to prove both the subsolution and the supersolution property on [0, 7) x C([0, T]; R%).

Subsolution property. Let (t,z) € [0,T) x C([0,T];R?) and ¢ € Céfl([t,T] x C([0, T]; RY))
be such that

(v—o)(t,z) = sup (v—p)(t,a) = 0.
(# @) E[t,T]x C([0,T];R9)

From Theorem 2.9 we know that, for every A > 0 sufficiently small,

t+h
0 — sup {E H / £ XP ) dr + %(v(t b, X v(t,x))] } |
t

acA

Then, there exists o € A such that
1 i t,x,a h 1 t,x,a
—h <E 7 fr, X5 ,ar)dr+%(v(t+h,X” ) —v(t, x))
t

1 t-‘rh h 1 h
< E[E / Pl X2l dr 4 ((t -+ b, X000 w(t>ﬂf))]>
t

where the above inequality follows from the fact that v(t,z) = ¢(t,z) and v < p on [t,T] x
C([0,T]; RY). By the functional Itd formula (A.1), we obtain

1 t—l—h h 1 t+h h h
0 < h+s / E[0f o (r, X" ]dr + 5 / E[(b(r, X", at), 0} o (r, X5"))] dr
t t

1 [ h h 1 [ h
+ E/ iE[tr[(aaT)(r, Xt oMoy p(r, XN dr + E/ E[f(r, X"™)]dr.
t t

Recalling that b, o, f are uniformly continuous in their first two arguments, uniformly with
respect to a, using (2.4), we get

1

o h 1 th h h
p) et lars [ ol o ot )
t t

1

+ itr[(mﬁ)(r, X" oMoV or, Xt’w’o‘h)} + fr, X" af)} dr

1 t+h
= ottt 4 [ E|te0al), ol (e
¢

1

+ 5trl(oon)(t, 7,005t 2)] + f(t, 2, a?)} dr + p(h),

where p(h) — 0 as h — 0%. Then, we obtain

1 t+h
0.< bt p(h) + Ol ol ) + / sup { (b(t, ), 2 (1. )
t a€A
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+ %tr[(aaT)(t,z,a)@fxap(t,z)} + f(t,:)s,a)}dr.

Sending h — 07, we conclude that (3.2) holds (with F' given by (3.4)).
Supersolution property. Let (t,z) € [0,T) x C([0,T];R?) and ¢ € C’;ﬁ([t, T] x C([0, T); RY))
be such that

- t7 = inf - t/, N = 0.
(v—9)(t, ) (t/,x/)e[t,Tl]rxlo([o,T};Rd)(v o)t 2')

From Theorem 2.9 we have, for every h > 0 sufficiently small, and for every constant control
strategy a = a € A,

1 t+h 1
0> E [ﬁ / flr, X5 a)dr + E(U(t + h, X5 — ot x))]
t

B 1 t+h ]_
> E[ﬁ / Flr X150 a) dr + - ((t + b, X102 = so(t,w»}
t

where the above inequality follows from the fact that v(t,z) = ¢(t,z) and v > ¢ on [t,T] X
C([0,T]; RY). Now, by the functional It6 formula (A.1), we obtain

1 t+h 1 t+h
02> - / E[0/ o(r, Xt’x’“)}drjtﬁ / E[(b(r, X"* a),d) ¢(r, X""*))]dr
t t

1 [tthq 1 [tth
+ E/ §E[tr[(aaT)(r, Xt a)oy p(r, X4 dr + 7 / E[f(r, X" a)]dr.
t t

Letting h — 0T, exploiting the regularity of ¢ and the continuity of b, o, f, we find
1
0 > 0(t, ) + (b(t,x,a), 07 ¢(t,x)) + Str[(o0T)(t, 2, )05 0(t )] + f(t @, a).

From the arbitrariness of a, we conclude that (3.3) holds (with F' given by (3.4)). O

4 Uniqueness

4.1 Smooth variational principle

This section is devoted to state a smooth variational principle on [0, T'] x C([0, T]; RY) which
will be an essential tool in the proof of the comparison theorem (Theorem 4.5). Notice that
such a smooth variational principle is obtained from |11, Theorem 1| (see also [0, Theorem
2.5.2]), which is a generalization of the Borwein-Preiss variant ([5]) of Ekeland’s variational
principle (|24]). More precisely, |11, Theorem 1| extends Ekeland’s principle to the concept
of gauge-type function, that we now introduce.

Definition 4.1. A map ¥: ([0, 7] x C([0, T]; RY))? — [0, +00] is called a gauge-type func-
tion if it satisfies the following properties.

18



a) (t,r) — ¥(
(to, z0) € [0

b) W((t,x),(t,x)) =0, for every (t,z) € [0,T] x C([0,T]; RY).

(t,x), (to, 70)) is lower semi-continuous on [0, T] x C([0, T]; R%), for every fized
,T] x C([0,T];RY).

c) For everye > 0 there exists n > 0 such that, for all (t',2'), (t” a") € [0, T] x C([0, T]; RY),
the inequality VU ((t',2'), (", 2")) < n implies do ((t', © ), (t",2") <e

In the proof of the comparison theorem we need a gauge-type function ¥ such that (¢,z) —
U ((t,z), (to, z0)) is smooth on [ty, T] x C([0,T];R?), for every fixed (tg, 7). Notice that d
is obviously a gauge-type function, however it is not smooth enough. The following lemma
provides a smooth gauge-type function and it is due to [53, Section 3.

Lemma 4.2. Define the map koo ([0,T] x C([0,T]; R%))? — [0, +00) as
koo ((t, 2), (¢, 2")) = (4.1)

3
(-t = 2 ppll7 — l(t) — 2 ()[?)
= lzne = @ gl

+3la(t) — '), s — 2ppllr #0,
0, 177t = &gl = 0,

forall (t,z), (t',2') € [0, T xC([0,T);RY). Then, ko is continuous and satisfies the following

imequalities:

2 2
|zne = 2|y < Boo((t @), (F,2)) < 3||zne — 2w || (4.2)

Moreover, for every fized (¥',2') € [0,T] x C([0,T);R?), the map [t',T] x C([0,T];RY) >

(t,2) = Kkoo((t, ), (', 7)) belongs to CH2([t', T] x C([0,T]; RY)) and its horizontal derivative

is identically equal to zero. Its vertical derivatives of first-order are bounded by

‘8;/i/<aoo((t,:c),(t’,x'))‘ < cHx.M —fot,HT, (4.3)

for some constant ¢ > 0, for every i = 1,...,d. Finally, its vertical derivatives of second-
order are bounded by some constant ¢ > 0.

Proof. The claim follows from [53, Lemma 3.1|. More precisely, let Y™ be the function
defined at the beginning of [53, Section 3]. Then, notice that k., corresponds to T13. As a
consequence, (4.2) follows from inequalities (3.1) in [53]. In addition, the fact that, for every

fixed (t',2') € [0, T]| xC([0,T]; R?), the map [/, T]xC([0, T]; RY) > (¢, z) — kool(t, ), (¥, 7))
belongs to CV2([t', T] x C ([0, T]; R?)) follows from |53, Lemma 3.1]. Moreover, the fact that
its horizontal derivative is identically equal to zero is proved at the beginning of the proof
of [53, Lemma 3.1]. Concerning estimate (4.3), this follows from the explicit expressions of
the first-order vertical derivatives of ko reported in (3.8) of [53]. Finally, from the explicit
expressions of the second-order vertical derivatives of ko, given in (3.14) of [53], we deduce
that they are bounded.

U
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Next result provides a gauge-type function with bounded derivatives, built starting from s,
in (4.1).

Corollary 4.3. Let po: ([0,T] x C([0,T]; R%))? — [0, +00] be defined as
o 4 elb2): 7))
Poo ((tv LU), (tlv LE‘,>) = 1+ Koo ((t’ I)’ (t/’ I/)) ’
+o0, t<t,

t>t,

for all (t,x), (t',2") €[0,T] x C([0,T]; RY). Then, ps is a gauge-type function. In addition,
for every fized (t',2") € [0,T] x C([0,T];RY), the map [t',T] x C([0,T];RY) > (t,z) —
poo((t, ), (', ")) belongs to CL2([t',T] x C([0,T];R?)) and it has bounded derivatives.

Proof. The claim follows directly from Lemma 4.2. As a matter of fact, from the con-
tinuity of ko we deduce that, for every fixed (to,zo) € [0,7] x C([0,T];R?), the map
(t,2) = poo((t, ), (to, o)) is lower semi-continuous on [0, 7] x C([0,T];RY) This proves
item a) of Definition 4.1. Moreover, item b) is obvious, while item c) follows from inequal-
ities (4.2). Finally, the fact that, for every fixed (¢,2') € [0,T] x C([0,T];R%), the map
[t T] x C([0, T]; RY) > (t,z2) = poo((t,x), (¥, 2')) belongs to CL2([t',T] x C([0,T]; R?)) and
it has bounded derivatives follows from the regularity of ., and the estimates on its deriva-
tives stated in Lemma 4.2.

O

We can finally state the smooth variational principle on [0, 7] x C([0, T]; R%).

Theorem 4.4. Let § € (0,1) and G: [0, T] x C([0, T]; R?) — R be an upper semicontinuous
map, bounded from above. Let also (ts,xs5) € [0,T] x C([0, T]; R?) satisfy

G(ts,x5) > supG — 6%

Then, there exist {(t;,x;)}; C [0,T] x C([0,T);R?Y) converging to some (t,z) € [0,T] x
C([0, T]; RY) and : [0,T] x C([0, T); RY) — [0, +00] given by

plt2) = Y ((60), (how), V() € 0,7 x C(O,THRY,  (4.4)

fulfilling the following properties.

1) poc((t,2), (i 2:)) < /27, for every i > 1, and po((£, T), (ts5, %5)) < 6; in particular, by
(4.2) it holds that

F—ts] < VG, l#( A D) s Ata)l, < VEIT—0).  (45)

i) G(ts,z5) < G(E, 7) — 6(F, 7).
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iii) For every (t,z) # (t,7), G(t,x) — dp(t,x) < G(t,T) — dp(t, T).
iv) It holds that ts <t and t; <t, for every i > 1.

In addition, the restriction of ¢ to [t,T] x C([0,T]; R?) belongs to CV2([t, T] x C([0, T]; R%))
and its derivatives are bounded by some constant ¢ > 0, independent of §.

Proof. Items i)-ii)-iii) follow from the variational principle [1], Theorem 1|, which applies
to a generic gauge-type function W (just observe that |11, Theorem 1] is formulated on a
complete metric space, while [0, T]x C([0, T]; RY) is a complete pseudometric space; however,
this does not affect the result). Notice that the quantities ¢ and ¢; appearing in |11, Theorem
1] here are taken equal respectively to 62 and §/2¢, for i > 0.

Concerning item iv), this is a consequence of the fact that we set poo((¢, z), (', 2)) equal
to +oo for ¢t < t’. More precisely, item iv) can be deduced looking at the proof of [11,
Theorem 1] (see in particular formula (18) in [11] where (¢1,z;) is introduced and, more
generally, formula (21) where (¢;, x;) is introduced), from which we get the inequalities t5 <
<ty <o <t < - <L

Finally, the properties of ¢ follows from the properties of p., stated in Corollary 4.3 and
from item iv). O

4.2 Comparison theorem and uniqueness

Theorem 4.5. Suppose that Assumptions (A), (B), (C) hold. Letuy,us: [0,T]xC([0,T]; RY) —
R be bounded and uniformly continuous functions. Suppose that uy (resp. usg) is a (path-
dependent) viscosity subsolution (resp. supersolution) of equation (3.5). Then u; < uy on
0, 7] x C([0, T]; RY).

Proof. The proof consists in showing that u; < v and v < uy on [0, T] x C([0, T]; R?), with
v given by (2.5).

STEP 1. Proof of u; < v. We proceed by contradiction and assume that sup(u; — v) > 0.
Then, there exists (tg, zo) € [0,7] x C([0, T]; R?) such that

(ug —v)(to, xg) > 0.

Notice that tg < T, since uy (T, zg) < g(x¢) = v(T, o). Now, consider the sequences {b, },,
{fu}ns {gn}n in (B.18). Moreover, for every n and any ¢ € (0,1), consider the functions
Upe € C’;fl([(),T] x C([0,T);RY)) and v,. € C2([0,T] x R?) introduced in Theorem B.7,
with v, . classical solution of the following equation:

p

O v, (t,z) + %e%r [0y Ve (8, Y57)] + SUPLea {<bn(t, z,a),0Y v, (t, )
+%tr[(acﬂ)(t,x,a)@&cvm(t,x)] + fn(t,z,a)} =0, (t,z) € [0,T) x C([0, T]; RY),
| Ve (T, ) = gn(2), x € C([0,T]; RY),
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where y5” is given by (B.9). Notice that the term 1e?tr(d,,0,.(t,y5")] depends on the
function v, . rather than on v, ., see Remark B.6.
We split the rest of the proof of STEP I into four substeps.

SUBSTEP I-A. Let ®: R — (0,2) be a strictly increasing map, belonging to C*, such that
®(0) =1 and 9'(1) > 4. An example of such a map is the following;:

2
®(t) := = arctan (¢'%) +1, VteR. (4.6)
7T

Let ]
g o= . (4.7)
V(w1 = v)(to, z0)
Given k € N, we set @ (t, ) := ®(Bk(t — to)) ui(t, ), for all (t,z) € [0,T] x C([0, T];R?),
and we define similarly oy, ., f, f,. We also define g(x) := ®(Bk(T — ty)) g(z) and g,(z) :=
O(Bk(T — to)) gn(z), for all z € C([0, T]; R?). Notice that @, is a (path-dependent) viscosity
subsolution of the following path-dependent partial differential equation:

(

Oty (t, z) + supye {<b(t, z,a), 0y i (t,z)) + %tr[(am)(t, x,a)0Y, i (t, )]

+ f(t,:):,a)} _ MW it 7). (t,z) € [0,T) x C(0,T]: RY), (48)

@ (T, z) = §(x), € C([0, T;RY).

A\

Similarly, 0, . € C’;fl([O, T]xC(]0, T]; RY)) and is a classical solution of the following equation:

)
O, (t, ) + %52®(5k(t — t0) )T [Dyy Un.= (t, y5™) | + SuPuea {<bn(t, z,a), 0¥ - (t, )

1
+ =tr|[(co")(t, x,a)0Y Uy (t, x

Str[(oo7)(t, @, a) (t2)] (4.9)

+fn(t,:c,a)} _ mfw Bc(t,z),  (ta) €[0,T) x C(0,T);RY),

{ One(T, ) = Gn(), x € C([0,T]; RY).

SUBSTEP I-B. Since v, . is bounded uniformly in n, e, moreover u; and ® are bounded, we
deduce that there exists a constant M > 0, independent of n, ¢, k, such that the map

(t, ZL’) — (’&1 — ﬁn,a) (t,l’) — (ﬁl — ﬁn,a) (to,l’o)
is bounded by M on [0, 7] x C([0,T];RY). Then, given k, ¢ € N, define

Grene(t,r) = 1(t,x) — Ope(t,x) — K|t — to]* — (€% + 3M) X (t, ), (4.10)
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for every (t,z) € [0,T] x C([0, T); R?), with

_ Keol(t2), (f0, 70))
Yoolt, ) = T (2. 2). (o 2)) (4.11)

For every § > 0, let (t5,25) € [0,T] x C([0, T]; RY) be such that

Grepo(ts, ©5) > Grepo(to, o), Grepolts, xs) > sup Gpepp — 6%, (4.12)
Notice that, by the first of (4.12) we get

Koo((s, 75), (to, T0))

K2|ts — to|* + (2 4+ 3M < M.
5 = tol" + ( TF k(s 2a), oy 20)) =
Therefore
v M v M
|ts —to| < A [z5(- Ats) — zo(- Ato)llr < 7 (4.13)

where the second inequality follows from (4.2). Indeed we get, from (4.2),

lws(- A ts) =m0 Ato)IF — _  Foo((ts, @0), (fom0)) M
14 3lws(- Ats) = zo(- Ato) [T~ 14 oo((ts, 25), (o, 70)) — € +3M

which gives
1 1

<
3+ |lws(- Ats) — xo(- Ato)|l72 — M2+ 3

and so the claim.
Now we exploit again the first of (4.12) to get

k2 [ts — tol?> < (@ — One) (ts, x5) — (@ — Tne) (to, 2o)
- [(I)(ﬁk(t(; “ ) — 1] (1 — vo.2) (to, 20)

+ B(Bk(ts — 1)) {(u1 — 0,2) (L, 28) — (1 — va2) (fo, :)30)]
< |(ur = vne) (to, mo)| + 2n([ts — to| + llzs(- A ts) — zo(- A to)|l7), (4.14)

where we have used that ® < 2, and where 7 is a modulus of continuity of u; — v, ., whose
existence follows from the uniform continuity of u; and item 5) of Theorem B.7. Now we
plug (4.13) into (4.14) and use the fact that 1 is monotone increasing (according to Definition
2.1), getting:

1 M VM ))/ (4.15)

|t5—t0| S E(‘(ul —Un,a)(to,l’o)} +277<T+7

SUBSTEP I-C. Notice that G, . i ¢ is upper semicontinuous and bounded. Then, by (4.12) and
the smooth variational principle (Theorem 4.4) with G := G, - k¢, we deduce that for every
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§ € (0,1) there exist (£,7) € [0,T] x C([0, T]; R?) and ¢: [0,T] x C([0,T] x R?) — [0, +o0]
in (4.4) satisfying items i)-ii)-iii)-iv) of Theorem 4.4. Moreover, the restriction of ¢ to
£, T] x C(]0, T]; R?) belongs to C*2([t,T] x C([0,T];R?)) and its derivatives are bounded by
some constant ¢ > 0, independent of §. Notice that, by (4.5) and (4.13), we have

v M _ VM

E—to] < Vo+ s [Z(- AE) = zo(- Ato)llr < 5/(1—5)+7- (4.16)

Similarly, by (4.5) and (4.15), we have

(4.17)

Te)

_ 1
[t —to] < \/5+E(\(u1—vn,a)(to,xo)\+2n<—+—

In particular, recalling that ¢y < T', by the first inequality in (4.16) we deduce that there
exists dp € (0,1) and ky € N such that

t < T,

whenever § < 9y and k& > ky. In the sequel, we always suppose that ¢ < dp and k& > k.
SUBSTEP I-D. By the definition of viscosity subsolution of (4.8) applied to u; at the point
(t,z) with test function (t,x) > 0,.(t,z) + k2|t — to|> + (€% + 3M)xoo(t, ) + (¢, ), We
obtain

ol t — _
D(BE(t — to))

_ 1
< 00 p(t, ) + 0 sup {<b ,a),0) o(t,z)) + itr[(acﬂ)( )oY ot x)}}

acA

Bk z)

acA

+ 2|t — to| + (¢* + 3M) sup {<b(f, Z,a),0y xo(t,T)) + 1tr[(aa ) (t, %, a)0Y, Xoo(T, :E)}}

2

acA

+ 010, (£, %) + sup {(b ,a), 0y 0, (8, 7)) + 1tr[(aaT)(f,§7, )0y, Un e (T, Z)] + f(t,a:,a)}.

Recalling that 0, is a classical solution of equation (4.9), we find

Q' (BE(t — 1))
O(BE(t — to))

+ 807 o(t,7) + dsup {<b(t, a),0Y o(t,z > + ltr[(aaT)(t )oY ot x)]}

Bk (i~ 50 ) (6:3) <~ R(BE(E— 10)r [0 el )]

acA

+ 2|t — to| + (€% + 3M) sup {(b ,a), 0y xo (L, T)) + 1tr[(aa (t, T a)@‘;xoo(f,j)]}

acA

+sup{<b Ja) = ba(E, 2, a),0Y 0, (£,2)) + F(E, )—fn(f,f,a)}, (4.18)

a€A

where y47 is given by (B.9) with ¢ and z replaced respectively by # and Z. By G, .¢(to, o) =
(u1 — vne)(to, o), inequality (4.12), item ii) of Theorem 4.4, and the fact (coming from the

24



definition of G,, ., in (4.10) and from the positivity of ¢) that G, . ks — d¢ < Uy — Uy ., We
obtain

(w1 — vpe)(to, v0) = Gpere(to, zo) Gnerilts, xs)

<
<

In addition, using the boundedness of b and o, the boundedness of the derivatives of ¢
and Yo, we deduce that there exists a constant A > 0, independent of n, e, k, £, §, such that

507 o(t,7) + dsup {<b(t, T,a),0Y ot :f)> + %tr[(aaT)(t, z,a)0" o, :E)} }

acA

+ 2|t — to| + (€% + 3M) sup {(b(f, Z,a),0) Xo(t,Z)) + 1tr[(aa ) (t, %, a)0Y, Xoo(T, E)]}

acA

< A0+ 2+ 3M) + 2E>V5 + 2k<}(u1 — W) (to, To)| + 277(— + —

where in the above inequality we have used (4.17). Plugging the last two estimates into
(4.18) we get, using also estimates (B.33) and (B.34),

Bk%(ul—vw)(to,xo) < %e%(ﬁk(f—to))ddnCne”(T‘ﬂ (1+\yﬂf\)3q

+ A5+ 0%+ 3M) + 2k>V5 + 2k<}(u1 — Une)(to, zo)| + 21 — +t 7
O(Bk(t — to)){Lilelg {|b(t,2,a) — by (t,2,0)|} + 21613 {|f( z,a)— fn(f,:f,a)‘}}.

Recall that y%? is given by (B.9). Then, from (B.11)-(B.12) we see that there exists a
constant ¢ > 0, independent of n, e, 5, k, m, d, such that

(W57, <

\—,/Z\ iI° < eVallaC AD, < ev/difluol- Ato)],

Hence

Vd, M
+e/do||T(- A ) = zo(- Ato) || < ev/du|zo(- Ato)|| 4 + e/ dnd/(1 = 8) +c T
where the last inequality follows from (4.16). Hence, from (4.19) we obtain
'(BE(t — to))
ﬁk (ﬁk(f— to)) (ul Un,s)(tme)
ST\ 34
% 20(Bk(E — to))dd,Che T (1 + e/ dpl|mo(- Ato) ||, + e/ dnd /(1= 6) + ¢ dgM)
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1/2
+ A0+ 02+ 3M) + 23V + Qk(\(ul — Une)(to, To)| + 21 g + @))
+ O(Bk(t — to)){iilelg {|b(t. 7, a) — b,(t,7,a)|} + 21615 {|ft,z,a) — fult,z, a)‘}}

Now, notice that

sup  |Z(r AT)—Z(sAT)| < sup  |Z(r AE) — mo(r Ato) + mo(r Atg) — mo(s A to)

|r—s|<2—n |r—s|<2—n
+ao(s A tg) —Z(s AT)| < 2[|Z(- AT) — zo(- A tO)HT + sup  |wo(r Ato) — mo(s Ato)]
[r—s|<2—n
2V M
< 24/0/(1—=90) + —7 T suwp |zo(r Ato) — zo(s Ato)|,
[r—s|<2—m

where the last inequality follows from (4.16). Then, using also estimate (B.16) with h and
h., replaced respectively by b and b, or f and f,, we get

O(BE(t — 1))

wfm(ul — Un,e)(to, o)
L, - S OnT d, M\ ™
<3¢ O(Bk(t — to))dd,C,e™ (1 +ev/dy||wo(- Ato)||, + ev/dnd/(1 = 8) + ¢ ; )
1/2
+ A(6 4 0%+ 3M) + 2K*V5 + 2k<\(u1 — Vpe)(to, z0)| + 21 (g + @))

KvM
0 \/7+3K sup }xo(r/\to)—:zo(s/\to)}

14 [r—s|<2—n

+ ®(BE(t —to))(1 + L) <6K 0/(1=9)+
2K 2 19 _
R ——e 2" w((t+r/n)ANT —t)dr |,
Vd(2m+1) /0 V27 (( /m j )
where we recall that w is the modulus of continuity of b and f with respect to the time

variable. Now, from (4.17), the upper bound of ® and its concavity on the positive semiaxis,
we have

O(BE(t —to)) < 2,

VM VM

' (Bk(E —ty)) > @ <ﬁkﬁ + 5(\@1 — Une)(to, To) | + 277(7 + 7»1/2).

Set e ks = kvVo + (‘(ul — Upe) (o, xo)‘ + 27](@ + @))1/2. Hence

2M(6 + 0% + 3M) + 4kan . ks
qu)/(ﬁan,e,k,ﬁ,&)

dd,,CenT (1 +ev/dy||wo(- Ato)|| + ev/dnd /(1= 8) + ¢

(U1 = vne)(to, o) <

N 2¢?
qu)/(ﬁan,s,k,f,é)

d, M\
)
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41+ L) < — 6KvVM
+ 3 (Garcs) 6K+/0/(1—6)+

N 2K N / <2
_— —e
Vd(2r+1) 0o V2w
Now we pass to the limit. First, we send ¢ — 0" so the second line above goes to zero.

Second, we send n — +oo so the fourth line above goes to zero. Third we send § — 07,
obtaining

+ 3K sup }:)30(7’ Atg) — xo(s A to)}
¢ jr—s|<2-n

—3r? w((t+r/n) AT —1) dr).

(u1 = v)(to, xo)
2N(0? + 3M) + 4k ((u1 —v)(to, zo) + 21 (ﬂ + @))W +4(1 + L)/

k
<
= BE® (B((ur — v)(to, o) + 27 (YA + YY)

Fourth, we send & — +o00 getting,

4 ((Ul —v)(tg, 20) + 21 (@))1/2

B (B((ur — v)(to, z0) + 277(@))1/2).

(up — v)(to, xg) <

Fifth, we send ¢ — +o0 finding

4\/ ul — v (to,l’o)
ﬁq)/(ﬁ\/ Uy — v) toafb’o))

Recalling from (4.7) that 8 = 1/+/(u1 — v)(to, xo), We obtain

(1) < 4

Since @'(1) = £ > 4, we find a contradiction.

STEP II. Proof of v < us. It is enough to show that

us(t,x) > sup E[/ f(r, xhra a) dr + v(s, Xt’x’“)} , (4.20)
t

s€lt,T],acA
for every (t,z) € [0,7] x C([0,T]; R?), where X% corresponds to the process X with
a = a. As a matter of fact, it holds that

sup E[/ f(r, X5, a) dr+v(s,Xt’x’“)] > v(t, ),
t

s€lt,T],acA

where the validity of the above inequality can be shown simply taking s = ¢ in the left-hand
side. For every fixed s € [0,7T], a € A, set

vt x) = E{/:f(r, Xt a) dr —I—U(s,Xt’x’“)}, Y (t,z) € [0,s] x C([0,T];RY).
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Notice that applying Proposition 2.6 with g, T, A replaced by v(s, ), s, {a}, respectively, we
deduce that v*® is bounded, jointly continuous on [0,s] x C([0,T];R?), and there exists a
constant ¢ > 0 (depending only on 7" and K') such that

lo*a(t, x) — v (', 2)| < é(|t—t’\1/2+||x(~At)—x’(~At’)||T),

for all (s,a) € [0,T] x A, (t,z), (¥, 2') € [0, s] x C([0,T];RY). By the boundedness of f and
(2.6), we also have

03 (t,2) — vt z)| < K|s' —s|+c|s' — s|'/?, (4.21)

foralla € A, s,s' €[0,T], (t,z) € [0,s A s'] x C([0,T]; R?), with ¢ being the same constant
appearing in (2.6).

In order to prove (4.20), we proceed by contradiction and suppose that there exist
(to,l’o) S [O,T] X C([O,TLRd), So € [to,T], ag € A, such that

(,Uso,ao — Ug)(to,.ﬁ(]o) > 0.

It holds that ¢ty < T, otherwise ty = so = T and uy (T, x) > g(xg) = v1% (T, 2). Moreover,
we can suppose, without loss of generality, that ty < so. As a matter of fact, by (4.21) and
the fact that ty < T, there exists s, € (o, 7] such that (v** —wus)(to, o) > 0. Therefore, it
is enough to consider s; in place of sy. For this reason, in the sequel we assume that ¢y < sg.

Now, consider the sequences {b, }n, {fn}n, {0n(S0, ) }n, {v30%}, introduced in Theorem
B.8, with v3°® being a classical solution of equation (B.35).

Let ® as in (4.6) and

b = L .
V(Wm0 —us)(to, o)

Given k € N, we set ts(t, ©) := ®(Bk(t—to)) ua(t, ), for all (t,z) € [0, 7] x C([0,T}; R%), and
we define similarly 0%, f, f,. We also define g(x) := ®(Bk(T — to)) g(x) and 0,(s¢, x) =
O(Bk(sg — to)) On(s0, ), for all x € C([0,T];R?). Notice that i, is a (path-dependent)
viscosity supersolution of the following path-dependent partial differential equation:

(08 au(t,2) + (b(t, 7, ap), 8 iia(t, 2)) + %tr[(aaT)(t, £, a0)0Y, ia(t, 7)]

< L Y(BR(t—10)) - iy
+ f(t,x,a0) = ﬁkm us(t, x), (t,x) € [0,T) x C([0,T];R?),

| U2(T, z) = g(z), x € C([0,T); RY).

Similarly, 0% € C’;ﬁ([(),T] x C([0,T];R?)) and is a classical solution of the following
equation:

rYxr Tn rrn

. L (BEE=10)) o
+ fult,x,a0) = ﬁkmvn

L 022" (80, ) = n(S0, @), z e C([0,T];RY).

(0{{27;0’“0(15, z) + (bu(t, z,a0), 0¥ 05090 (¢, ) ) + %tr[(aaT)(t, T, ag)0Y, 030 (t, )]

(t, ), (t,2) € [0,50) x C([0,T];RY),
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Since v is bounded uniformly in n, moreover us and ¢ are bounded, we deduce that there
exists a constant M > 0, independent of n, k, such that the map

(t, .CL’) — (6207110 — ?12) (t,l‘) — (@ZO,GO — ?12) (t(], ZL’(])
is bounded by M on [0, so] x C([0,T];R?). Then, given k, ¢ € N, define
Grpe(t,x) 1= T (t,x) = fia(t ) = K[t — to]* — (€2 + 3M)xoo(t, 7),

for every (t,x) € [0,s0] x C([0,T];R?), with x. given by (4.11). For every § > 0, let
(ts,ws) € [0, s0] x C([0, T]; RY) be such that

G ke(ts, 25) > Gupe(to, o), Ghrke(ts, x5) > sup G o — 67,
Proceeding as in SUBSTEP I-B, we deduce that (4.13) holds. Moreover, we have

Ity — to] < %(\(U;o,ao — u3)(to, )| + 2 (g + @))m, (4.22)

where 7 is a modulus of continuity of v;% — wu,, whose existence follows from the uniform
continuity of us and item 4) of Theorem B.8.

Notice that G,, ;¢ is upper semicontinuous and bounded. Then, by (4.12) and the smooth
variational principle (Theorem 4.4) on [0, so] x C([0, T]; RY) with G := G,, 1.4, we deduce that
for every § € (0,1) there exist (£,Z) € [0,s0] x C([0,T];R?) and ¢ as in (4.4) satisfying
items 1i)-ii)-iii)-iv) of Theorem 4.4. Moreover, the restriction of ¢ to [, 7] x C([0,T]; RY)
belongs to CV2([£, T] x C ([0, T]; RY)) and its derivatives are bounded by some constant ¢ > 0,
independent of 6. By (4.5) and (4.13), we deduce that (4.16) holds. Moreover, by (4.5) and
(4.22), we have

it —to] < V6o+ %(}(Ugo’ao — up) (to, zo)| + 277(@ + @))”Q.

In particular, recalling that ty < sg, by the first inequality in (4.16) we deduce that there
exists dp € (0,1) and ky € N such that

t < S,

whenever 0 < 0y and k > kg. Now, we can proceed along the same lines as in SUBSTEP
I-D to get a contradiction and conclude the proof. We only notice that in order to use

the viscosity supersolution property of i, at the point (¢,7) we need to extend v from
[0, s0] x C([0, T]; R?) to [0, T] x C([0, T]; R?) in such a way that the extension is still smooth.

We can do this extending by reflection (see [37]), namely defining the function
,Ul,so,ao(t l’) — ,Uflo,ao (ta ZIZ'), (t, Ilf) € [O, SO] X C([O,T], Rd),
" ’ 4090 ((3s9 — 1) /2, ) — 3v50% (255 — t,x), (¢, 1) € [s0,250] x C([0,T]; RY).

Notice that v}*0® is non-anticipative. If 2s9 > T we have finished, otherwise we extend
again v>*0% and after a finite number of extensions we find a map defined on the entire
space [0,T] x C([0,T]; R%). 0O
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Finally, we can state the following uniqueness result.

Corollary 4.6. Suppose that Assumptions (A), (B), (C) hold. Then, the value function v
in (2.5) is the unique bounded and uniformly continuous (path-dependent) viscosity solution
of equation (3.5).

Proof. If u is another bounded and uniformly continuous (path-dependent) viscosity solu-
tion of equation (3.5), then, by Theorem 4.5, we get the two following inequalities:

u < v, v <,

from which the claim follows. O

Appendix A Pathwise derivatives and functional It6’s
formula

In the present appendix, we briefly recall the definitions of pathwise (or functional) deriva-
tives following [15, Section 2|, for which we refer for more details.

As we follow the standard approach (as it was introduced in the seminal paper [23]), in order
to introduce the pathwise derivatives for a map u: [to, T] x C([0,T];RY) — R, ¢, € [0,7),
we firstly define them for a map a: [to,T] x D([0,T];R?) — R, with D([0,T];RY) be-
ing the set of cadlag paths, endowed with the supremum norm [|Z||z = supsep 7 [2(s)],
for every # € D([0,T];R?). We also define on [0,7] x D([0,T];R?) the pseudometric
doo: ([0,T] x D([0,T];RY))? — [0, 00) as

doo((t,2), (t',2)) = [t—t|+||2( At) =& ( A)]],.
On [to, T] x D([0, T]); R%) we consider the restriction of du., which we still denote by the same
symbol.
Definition A.1. Consider a map : [ty, T] x D([0, T];R?) — R, to, € [0,T).

(i) For every (t,2) € [to, T] x D([0,T];RY), with t < T, the horizontal derivative of U at
(t,2) is defined as (if the limit exists)
u(t+ 9, z(- ANt)) —u(t,z(- At))

ofu(t, ) = Jim,

Att =T, it is defined as

OF (T, z) = [lim ofa(t,z).

(ii) For every (t,) € [to, T] x D([0,T]; RY), the vertical derivatives of first and second-order
of i at (t, ) are defined as (if the limits exist)

oVa(t,#) = lim alt, & + heilyr) —a(t, @)
) h

Y
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Oy, a(t, &) = 0y (9)a)(t, &),

where ey, ..., eq is the standard orthonormal basis of RY. We also denote OY 1 =
(6;/121, P ,0;;21) and 0;;21 = (0;/;%12%]-:1 _____ d-

Definition A.2. C12([ty, T] x D([0,T];R%)), to, € [0,T), is the set of continuous real-valued

A

maps @ defined on ([to, T] x D([0,T];R?),ds), such that 0", 9}, Oy, 0 exist everywhere
on ([to, T] x D([0,T);RY),dy) and are continuous.

We can now define the pathwise derivatives for a map u: [to, T] x C([0,T]; R?) — R. To this
end, the following consistency property plays a crucial role.

Lemma A.3. If iy, 1y € CV2([ty, T] x D([0, T];RY)) coincide on continuous paths, namely
Uy (t,z) = Ust, ), Y (t,z) € [to, T] x C([0, T]; R%),
then the same holds for their pathwise derivatives: for every (t,z) € [to, T] x C([0,T]; RY),
ofay(t,x) = ofay(t, x),
OV ay(t,x) = 0¥t z),
oV iy (t,x) = O dy(t, x).
Proof. See |15, Lemma 2.1]. O
We can now given the following definition.

Definition A.4. C12([ty, T] x C([0,T];R%)), to, € [0,T), is the set of continuous real-valued
maps u defined on ([to,T] x C([0,T);R?),dy,), for which there exists 4 € CY*([ty, T] x
D([0, T);R%)) such that

u(t,z) = a(t,x), Y (t,x) € [to, T] x C(]0,T]); R).
We also define, for every (t,z) € [to, T] x C([0,T]; RY),
ofu(t,x) = offu(t,x),
OV u(t,z) = 0Yaul(t,x),
oV u(t,x) = OV a(t,x).

Remark A.5. Thanks to the consistency property stated in Lemma A.3, the definition of
pathwise derivatives of u does not depend on the map u appearing in Definition A.J.

In the present paper we also need to consider the following subset of C12([to, T]x C([0, T]; R?)).
Definition A.6. We denote by C2([to, T] x C([0,T];RY)) the set of u € CV2([to, T] %

pol

C([0, T]; RY)) such that u, 0 u, 0¥ u, Y u satisfy a polynomial growth condition: there exist

xT

constants M > 0 and g > 0 such that
‘@Hu(t,:c)} + ‘Qyu(t,x)} + ‘8&11(15,:6)} < M (1 + ||a:]|g),
for all (t,x) € [to, T] x C([0, T]; RY).
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Finally, we state the so-called functional It6 formula.

Theorem A.7 (Functional Itd’s formula). Let u € CY2([ty, T] x C([0,T};RY)). Let also
(L F, (Foeito,r), P) be a filtered probability space, with (Fi)iej, 1) satisfying the usual condi-
tions, on which a d-dimensional continuous semimartingale X = (Xy)ie,,1) 15 defined, with

X = (X', ..., X%, Then, it holds that

u(t,X) = u(to, X /OH u(s, X) ds+— / )d[ X", X, (A.1)
zg 17t
+Z/ Oy u(s, X) dX, forall to <t <T, P-a.s.
Proof. See |15, Theorem 2.2|. O

Appendix B Cylindrical approximations

B.1 The deterministic calculus via regularization

In the present appendix, we need to consider “cylindrical” maps defined on C([0, T]; R%),
namely maps depending on a path x € C([0, T]; RY) only through a finite number of integrals
with respect to . An integral with respect to x can be formally written as “f[o,T} o(s)dx(s)”.
In order to give a meaning to the latter notation, it is useful to notice that we look for
a deterministic integral which coincides with the It6 integral when x is replaced by an Ito
process (such a property will be exploited in the sequel). This is the case if we interpret
“ f[o 7] o(s)dx(s)” as the deterministic version of the forward integral, which we now introduce

and denote by f s)d~xz(s). For more details on such an integral and, more generally, on

the determlmstlc calculus via regularization we refer to [20, Section 3.2] and [13, Section 2.2].
The only difference with respect to [20] and [13] being that here we consider d-dimensional
paths (with d possibly greater than 1), even though, as usual, we work component by com-
ponent, therefore relying on the one-dimensional theory.

Definition B.1. Let z: [0,7] — R? and ¢: [0,T] — R be cadlag functions. When the
following limat

/[OT]sO(S)d‘x(s) = lim [ o(s) (T A(s+e)) —als)

e—0t 0 £

exists and it is finite, we denote it by f[o 1] o(s)d~x(s) and call it forward integral of ¢
with respect to x.

When ¢ is continuous and of bounded variation, an integration by parts formula provides
an explicit representation of the forward integral of ¢ with respect to x.
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Proposition B.2. Let z: [0,7] — R? be a cadlag function and let ¢: [0,T] — R be contin-
uwous and of bounded variation. The following integration by parts formula holds:

/ o(s)dz(s) = o(T)2(T) - / £(s) dg(s), (B.1)
(0,7

(0,77
where f(o 17 x(s) dp(s) is a Lebesgue-Stieltjes integral on (0,T].
Proof. We have

/0 ‘P(S)x(TA(HE))_x(S)ds:/O _sw(s)x(8+i_x(s)ds+/ o(s) =28 g

€ T—e €

Notice that

T—e T T
/ p(s)x(s+¢e)ds = / o(s —e)x(s)ds = / o(s —e)x(s) ds,
0 € 0
where in the last equality we set ¢(s) := ¢(0) for s < 0. Hence

/0 o(5) (T A(s+e)) —als)

3

T

1
0 € e
_ /T plo =€) = 0(8) g gy L

0 3 g

Since ¢ is continuous, we have

s—¢)
S_

—(s)

1/ p(s)a(T)ds =% (T)a(T). (B:2)

On the other hand, by Fubini’s theorem, we have

/OT o(s — 52 - @(S)x(s) ds — /OT (% /(s_&s} d<p(r))x(s) ds
- [ G st

Since z is right-continuous we have that 1 f:ﬁ z(s)ds — x(r) as e — 07. Moreover, since
x is bounded (being a cadlag function), by Lebesgue’s dominated convergence theorem we

conclude that N
1 [m= e
/ <— / 2(s) ds)dw) alN / 2(r) dio(r). (B.3)
0,71 \€ Jr (0,7)

From (B.2) and (B.3) we see that (B.1) follows. O
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B.2 Cylindrical approximations

Lemma B.3. Let h: [0,T] x C([0,T];RY) x A — R be continuous and satisfying, for some
constant K > 0, items a)-b)-d) or, alternatively, items a)-c)-d):

a) |h(t,z,a) — h(t,2',a)| < K ||x —2'||s, for allt € [0,T), x,2' € C([0,T|;RY), a € A;
b) |h(t,0,a)| < K, for all (t,a) € [0,T] x A;

) |h(t,z,a)| < K, for all (t,z,a) € [0,T] x C([0,T];RY) x A;

)

d) h is uniformly continuous in t, uniformly with respect to the other variables, namely there

exists a modulus of continuity w: [0,00) — [0,00) such that
|h(t, z,a) — h(s,z,a)] < w(|t—s|), (B.4)
for allt,s € [0,T],x € C([0,T];RY),a € A.

Then, there exists a sequence {hy}n with h,: [0,T] x C([0,T};R?) x A — R continuous and
satisfying the following.

1) h, converges pointwise to h uniformly with respect to a, namely: for every (t,x) € [0,T] x
C ([0, T];R?), it holds that

lim sup }hn(t,x,a) —h(t,z,a)} = 0.

n——+o0o a€A

More precisely, (B.16) holds.

2) If h satisfies items a) and b) (resp. a) and c)) then h, also satisfies the same items. In
particular, h, satisfies item a) with constant 2K and item b) with a constant K > 0,
depending only on K (resp. item c) with the same constant K).

3) For every n, there exist d, € N, a continuous function h,: [0,T] x R¥" x A — R, and
some continuously differentiable functions ¢n1,. .., ¢na,: [0,T] — R such that

ho(t,z,a) = hy, (t, Ona(s)d x(s),..., On.a,(s)d”z(s), a),
[0,¢] ]

[0,t

for every (t,x,a) € [0,T] x C([0,T];RY) x A. Moreover, d,, and ¢pn1,...,dna, do not
depend on h. In addition, y5* given by (B.9) is such that (B.11) and (B.12) hold.

4) If h satisfies items a) and b) (resp. a) and c)) then h,, satisfies items i) and ii) (resp. i)
and iii)) below:

i)

i)

ho(t,y,a) — ho(t,y a)| < K|y — 4|, for allt € [0,T), y,9 € R¥ a € A;

ho(t,0,a)| < K, for all (t,a) € [0,T] x A, for some constant K > 0, depending only
on K;
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iii) |hn(t,y,a)| < K, for all (t,y,a) € [0,T) x R%" x A.

5) For every n and any a € A, the function h,(-, -, a) is C2([0,T] x R%). Moreover, there
exist constants K,, > 0 and q € {0,1} such that

Ok (t,y,a)| + [0,ha(t,y, a)| + |02, hn(t,y,a)| < K, (1+ ly])*, (B.5)

for all (t,y,a) € [0,T] x R x A. The constant q is equal to 1 if h satisfies item b),
while it is equal to 0 if h satisfies item c).

Proof. We split the proof into six steps.

Step I. Definitions of xff’; and z4P°!. For every n € N, consider the n-th dyadic mesh of

the time interval [0, 77, that is

0 =ty <t} < ... <ty =T, with ¢7 = ;—nT, for every j =0,...,2".
For every y = (vo,...,y2n) € R*"+1) we consider the corresponding n-th polygonal, de-

noted a:lr’f;, which is an element of C([0,7]; R?) and is characterized by the following prop-
erties:

° xg";(tgl) =y;, for every j =0,...,2"

° xff’; is linear on every interval [t forany j=1,...,2"

jl?g]

pol

So, in particular, zP° is given by the following formula:

pol( ) = Yj _yj—ls_'_ t Y1 — 1 1Y
N

foreverysE[J ] and any j=1,...,2"

Now, given t € [0,T] and z € C([0,T]; R?), we denote

t,pol .__ _pol
P = xny;’“

with
i = Gl a0l n0) = ([ tag@den [ tugie ),
[0,t] [0,¢]

where the second inequality follows from the integration by parts formula (B.1).
It is easy to see that (in the following formulae we use the same symbol, that is | -|, to denote
the Euclidean norms on R? and R%(2"+1)

oyl < maxly| < Jyl, llely = 2le < mexly; — 5l < ly—gl, (B6)
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for every y = (o, ..., Y2 ), 7 = (fo, - - ., Jor) € R+ Similarly, we have

|zl < fllle, o> =zll < sup |a(rAt)—z(sAt)| < sup |a(r)—a(s)|. (B.7)
|r—s|<2—n |r—s|<2—n

Step II. Definitions of ¢, ; and y.*. Let x: R — R be given by

0, r <0,
(r) ! 0<r<l1
X(r) = {7 0<r <l

1+ =5

1, r > 1.

Notice that x belongs to C>°(R) and is strictly increasing on [0, 1]. Then, for every n € N,

we define the functions ¢, ..., ¢pon: [0,7] = R as follows:
1, 0<r<ty,
o) = {1 SX@R(r-),  #<r<T B8
for y =0,...,2" so, in particular,
bno(r) = 1—x(2%"r), 0<r<T.

Moreover, for every (t,z) € [0,7] x C([0, T]; R%), let y':* € R*(2"+D) be defined as

Yl = ( o Ono(s)d x(s),. .., Gnon(S) d_:v(s)). (B.9)

[0,¢]

In the rest of this step we prove that the following estimate holds:

o, 5, < 2 s A —s(sADl € 2 sup fo(r) —a(s)l.  (B.10)

,Yn ‘7,,_8‘§2—2n ‘7»_8‘§27n

We begin noting that

pol t,pol“ _
Hm e — 2P0, = max

txy n
n,Yn ]:0 ..... on (yn )] x(t] /\t)‘

where y5* = ((y5%)o, . . ., (y5%)2n) € R*Z"+D By the integration by parts formula (B.1), we
have

(") — w(tj A t) = o Pnj(s) dx(s) — 2(tf At)

= / Gn,j(s)d x(s) — a:(t;L At)
[0,(t7 +272m)Ad]

n7j

(7 +272m)At
— ¢n,j((t? + 27 A L) x((t? +27YAL) — a:(t;b At) — / z(s) @l .(s) ds.
0
Notice that ¢, ;(s) = 1 and ¢/, ;(s) = 0, for 0 < s < 7. Now, we distinguish two cases.
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L. If ¢ < {7, we have
(y,"); — =ty At) = 0. (B.11)

2. It t > t7, we have
W7 =2t AD) = Gag(6] + 27 A 2(( +277) ML) = (t])

(t}L+2 2n)
-/ £(s) df (5) ds.
t7

1

2n
Observe that ft(t e n(8)ds = (7 +27°") At) — 1, then

(yn"); — 2] At) = o((t] +27) At) — a(t])

(7 4272")
+ /t (z((t] +272") A t) — a(s)) &, ;(s) ds

n

(7 +272m)At
< sup  Jz(rAt) —x(s/\t)|(1+/ ‘(b'n,j(s)‘ds)
t

|r—s|<2—2n n

(t7+272m)At
< sup |z(rAt) —x(s/\t)\<1+/ ‘(éiw-(s)‘ds).
¢

|r—s|<2—m n

n —2n n —2n
Since [y | () ds = = o 6, () ds = 1= (8 +272) At) and

1 — ¢ (7 + 27y A L) < 1, we get

}(y};’m)j—x(t?/\t)} < 2 sup J|z(rAt)—z(sAt)] < 2 sup  |z(r)—=z(s)]. (B.12)

|r—s|<2-n |r—s|<2-n

From (B.11) and (B.12) we conclude that (B.10) holds.

Step III. Definitions of h,,h, and proof of item 3). For every n € N, let ,: R — R
be given by
2n 7L2 2
n(s) = e 2%, VseR.
n(s) o

Notice that fooo nn(s)ds = 1. Moreover, for every n € N, let (,,: R*?"+1) — R be the prob-
ability density function of the multivariate normal distribution N (0, (d(2" + 1))72 Lyani1)),
where Iyony1) denotes the identity matrix of order d(2" + 1):

(d(2" + 1))d(2n+1) o (d(2n2+1))2 |Z|2’

_ d-(27+1)
Cn(z) - (27T)d(2n+1)/2 \V/Z € R .

Now, define hy,: [0,T] x R*Z"*+D x A — R as follows:

) =[] Cu(2) (4 5) AT, 282, a) ds dz,
Rd- (2n+1)
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for all (¢,,a) € [0, T] x R"+1) x A Finally, let h,: [0,T] x C([0, T]; R?) x A — R be given

by
tult0) = . /[ ol (... /[ un(s) (), ).

with ¢, ; as in (B.8). From the continuity of h, we see that both h,, and h,, are continuous.
Step IV. Proof of item 1). For every (t,z) € [0,T] x C([0,T]; R?), let y4* € R*"+D he
given by (B.9). Then, we have (using also the equality h(t,z,a) = h(t,x.,, a))

|hn(t, z,a) — h(t, z,a)|
< / / n(Z) ‘h'((t + S) A Ta xpOIt,z ,CL) - h(t,l’./\t, a)‘ dsdz
Rd- (2n+1) n,Yn +z
< / / 1 (8) Cu(2) |B((t 4 5) AT, 2° tx+,a)—h((t+s)AT,x.M,a)}dsdz
0 JRa@+D
+/ }h( t‘l‘S)/\T,x./\t,a) —h(t,:E./\t,a)‘ds
ol
< K / /R o (2) ||=® nzﬂ—x,MH(HS)ATdsdz

+/ M ( }h( (t+s) AT, x./\t,a) — h(t,:v.,\t,a)‘ ds.
0

Since both paths xiOIt ., and x.,, are constant after time ¢, moreover recalling (B.6), (B.7)

Yn +z
and the linearity of the map y — ng’yl, we obtain
ol ol o ol
s = Tl pgnr = lome + 20 —wnll, < [l —@nell, + 12
< prdt, — 2, + ! = e + |2
Then, by (B.7) and (B.10), we get
|h,(t,x,a) — h(t,z,a)] < 3K sup |z(r) —x(s)| + K Co(2) |2| d= (B.13)
[r—s|<2—m Rd-(27+1)

+/ () |h((t+ 8) AT, z.p0,0) — h(t, .0, a)| ds.
0

Now, by (B.4) we have

/ N () ‘h((t +8) AT, ., a) — h(t, z.p, a)‘ ds
0

< /Ooonn(s)w((HsMT—t)ds = /OOO\/22_7Te_§’"2w((t+r/n)/\T—t)dr. (B.14)

Finally, consider the integral [o,.ni1) Cu(2) 2| dz. Since the integrand is a radial function,
it is more convenient to rewrite it in terms of spherical coordinates (see for instance |

Y
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Appendix C.3]). In particular, denoting by Syani1)-1(R) the surface area of the sphere
{|z| = R}, which is equal to 272" +1/2 RI2"+1)=1 /T(d(2"4-1) /2), with I'(-) being the Gamma
function, we get

B (d(2n + 1))d(2n+1) (d(2"41))? 22

_ #/ ;e—%lyﬂ |d
T od2n+1) Rd.(gnﬂ) (27)d@+1)/2 ylay

1 _1lp
- d(2“+1)(27r)(d(2"+1 1)y / \/— % R Sypni1y-1(R) dR
1 9rd(27+1)/2

d(27 4 1) (2m)@Cer)-1/2 F(d(2" +1)/2) /0 Nor
—3 BRI+ g R = 24" +D)/2-1((d(2" + 1) + 1)/2)/ /7, we find

—1R2 Rd(2"+1) dR.

Since fooo \/%—We
B T((d(2" +1) +1)/2)
/Rd.@w Gl2)leldz = V2 A2+ 1) T(d(2" + 1)/2)°

By [39] we know that the following inequality holds:

1/2
P'(z+1/2) < (z—l—ﬁ) < 24/z, Vz>1.

T(2) 2 2
Hence 5
/ G(2)|2ldz € ——. (B.15)
Rd-(27+1) d(2” + 1)
In conclusion, plugging (B.14) and (B.15) into (B.13), we obtain
halt v, 0) = hlt.z,a)| < 3K sup fo(r) — a(s)] + —am (B.16)
n(tx,a) —h(t,z,a)] < up |z(r) — z(s)| + — :
[r—s|<2—n d(2n + 1)
< 2 1.2
+ ——e 2" w((t+r/n)ANT —1t)dr.
| e (e rmaT -

Then, letting n — oo in (B.16), using Lebesgue’s dominated convergence theorem, we deduce
that item 1) holds.

Step V. Proof of items 2) and 4). It is clear that h, (resp. h,) satisfies item c) (resp.
4)-iii)) with the same constant K. If h satisfies item b) then |h(t,z,a)] < K(1 + ||z]:),
therefore, by (B.6),

|Bn(tayaa)| S K C ( 1+ “$20;+z}}
R4 (2 +1)
2K
< K(1+y)+ K G(2) |2l dz = K(1+[y]) + ———=,
R (27 +1) d(2" + 1)
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where the last equality follows from (B.15). Since d(2" + 1) > 1, we get
[hn(t,y,0)] < K (1+y]) +2 K,
which proves item 4)-ii). Concerning h,,, we have

|ha(t,z,a0)] < K (1 + Hyﬁf”t) + 2K
< K (Ll =2+ llan]],) +2 K
By (B.10) and (B.7), we obtain

ha(t, 2, )| < K<1+2 sup |x(r/\t)—:c(s/\t)|+]|x||t>—|—2K
|r—s|<2-n

< K(143[z|,) + 2K,

which proves that h, satisfies item b) with a constant K, depending only on K.
Let us now prove that h,, and h,, satisfy respectively item a) and item 4)-i). We have

|hn(t,y, a) — ha(t, §,a)]

/ /RWH) () Ga(2) [B((E + 8) AT, a2 a) — h((t+5) AT, %L, a)| dsdz
K/O /Rd-@”ﬂ) 10 (8) Ga(2) || 250 1. —x%ﬁH(mMT ds dz
= [ ) = e

where the last equality follows from the linearity of the map y — a:p"l Hence, recalling
(B.6), we obtain

IN

IA

which proves that h,, satisfies item 4)-i). Let us now prove that h,, satisfies item a). From
(B.17) we have

ho(t, ,a) — hy(t, 7, a)] < Km;»x}(yf;x)j—(yiﬁ)j}.

By the integration by parts formula (B.1), we get

(") = (ya™); = Pnj(s)d x(s) = [ ¢n;(s)d I(s)

[0,¢] [0,¢]
= 0ng(0) (al) = 30) = [ (als) = 7(5)) 6 (5) s

Hence

|(wn")s — Wa™)s] < \x(t)—i(t)HHx—th/O |#,5(s)] ds.
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Since fo |pr,. ()] ds = fo s)ds =1— ¢, ;(t) and 1 — ¢, ;(t) < 1, we conclude that
|hn(t,:z, a) — h,(t,Z,a)] < 2K|x—

which proves that h,, satisfies item a) with constant 2K.
Step VI. Proof of item 5). Recall that

ttva) = [ )G9 AT ) dsds
0 Rd-(2”+1)

= [T s = 06— ) bl A T a) s
: RA-(27+1)

for all (t,y,a) € [0,T] x RE("+1) 5 A Then, it is clear that, for every a € A, the function
ho(, -, a) € CH2([0, T x R%n). Moreover, by direct calculation, we have

Oihn(t,y,a) = / / (s =) Cu(z —y) h(s AT, ab% a) dsdz
Rd- (2n+1)
[ OG- R AT ) d
Rd- (2n+1)

8yf_Ln(t, Y, a) = _/ / 7]”(8 - t) and(Z - y) (3 VAN T, QU?I,)LOZI,, ) ds dZ,
RA-(27+1)

8§yﬁn(t, y,a) = / / (s —1) 02 JCn(z—y)h(s AT, x,pf’zl, a) dsdz.

Rd- (2n+1)

By item b) or, alternatively, item c), we conclude that (B.5) holds. O

Under Assumptions (A) and (B), the coefficients b, f, g satisfy items a), c), d) of Lemma
B.3, therefore from this lemma we get sequences {b,}n, {fn}n, {gn}n, with

bu, fo: [0,T] x C([0,T;R) x A — R* R,  g,: C([0,T];RY) — R, (B.18)

satisfying items 1)-2)-3)-4)-5) of Lemma B.3. We also recall from Lemma B.3 that d,, and
On1s-- -, Ona, are the same for b, f, g.
Finally, let

ve: [0,T] x C([0, T];RY) — R (B.19)

denote the value function of the optimal control problem with coefficients b,, o, f., gn.

Lemma B.4. Let Assumptions (A), (B), (C) hold. Consider the sequences {by}n, {fn}n,
{gn}n, {vn}n in (B.18)-(B.19). Then, v, converges pointwise to v in (2.5) as n — +oo.

Proof. For every n € N, t € [0,T], x € C([0,T];R?Y), a € A, let X4 € Sy(F) be the
unique solution to the following system of controlled stochastic differential equations:

dXs = by(s, X, a,)ds + o(s, X, ay) dBs, s e (t,T],
Xs = xz(s), s €[0,1].
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Then

|on(t, ) = v(t, @)l

T
< supE[/ }fn(S,th’x’a,Oés) _ f(S,Xt’x’a,aS) ‘ ds + }gn (Xn,t,x,a) o g(Xt,x,a) ‘}
acA t

T
S sup {K (T + 1) HXn,t,x,a o Xt,x,aHsz _'_E|:/ }fn(S,Xt’m’a,Oés) o f(S,Xt’m’a,Oés) ‘ dS:|
acA t

+EfJon (X°%) = g (x4 ) .

By standard calculations (as for instance in [10, Theorem 2.5.9]), we find
T
HX"’“”’O‘ — Xt’x’o‘sz < CKTeCKTIE{/t ‘bn (s, Xhoe as) — b(s, Xhme as) }2 ds] )

for some constant C'x, depending only on the constant K. It remains to prove that

T
sup {E[/ }bn (s,Xt’x’o‘,as) — b(s,Xt’x’a,aS)Fds}
t

acA
T

+E{/ }fn(s>Xt7x7a>O‘s) - f(&Xt’x’a,Oés)‘dS} —I—EHgn(Xt,x,a) . g(Xt7x7a)H} noteo
t

Let us address the term with f and f,, the other three terms can be treated in a similar
way. From the proof of Lemma B.3, and in particular from estimate (B.16) with h and h,
replaced respectively by f and f,,, we get

T
EU ‘fn<8=Xt’w’°"=as>—f<s7Xt’f’a,as)\d8] < BKTE| sup [xf= - X1
t

jr—s|<2-n

2KT /T ( /°° 2 1. )
+ ——t ——e 2" w((s+r/n)ANT —s)dr )ds, B.20
) (L e e rm ) (B.20)
where we recall that w is the modulus of continuity of f with respect to the time variable.

By Lebesgue’s dominated convergence theorem, we see that the last integral in (B.20) goes
to zero as n — +00. Moreover, by standard calculations, we get

E[ sup \X:vaa—xgw’aﬂ < swp fr(rAt) —a(s A+ Crer2 ™ (1+ |2]2),

r—s|<2—n r—s|<2-n

for some constant Cx 7 > 0, depending only on K and 7T'. This allows to prove that right-
hand side of (B.20) goes to zero as n — +o00 and concludes the proof. O

Lemma B.5. Let Assumptions (A), (B), (C) hold. Suppose also that there exist d € N
and functions

b, f:[0,T] xR4 x A —s RY R™ R, R4 5 R
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satisfying the following conditions. (Notice that items 1)-ii)-iii) below are not true assump-
tions for o, since Assumption (C) holds. Indeed here we are only assuming, without loss of
generality, that d from Assumption (C) coincides with d and that the functions p1,..., 05
appearing in (C)-(i) coincide with ¢y, ..., ¢;.)

i) There exist some continuously differentiable functions ¢1,...,¢;: [0,T] = R such that:

b(t,r,a) = b(t, o1(s)d"x(s),. .. ,/ bi(s)d™x(s), a),
[0,¢] [0,t]

o(t,x,a) = 5(15, o1(s)d™z(s),. .. ,/ b4(s)d x(s), a),
[0,¢] [0,t]

flt,x,a) = f(t, o1(s)d z(s),. .. ,/ b4(s)d x(s), a),
[0,4] [0,4]

g(x) = g( o1(s)dx(s),. .. ,/ b4(5) d‘x(s)),

[0,7] [0,7]

for every (t,z,a) € [0,T] x C([0,T]; R?) x A.

ii) There exist a constant K >0 such that

|b(t>y> a) - b(t>y/> a)| + |6(ta Y, CI,) - 5(t>y/a CI,)| +
+ |f(t>y>a) - .f(tay/>a)| + |§(y) - g(y/)|
b(t,y. @)l + |o(t.y, a)| + | f(t,y,a)| + 13(y)]
for all (t,a) € [0,T] x A, y,y € R%.

iii) For every a € A, the functions_l_)(-,-,a),&(-,-,a),f(-,-,a),g(-) are C12([0,T) x Réd).
Moreover, there exist constants K > 0 and ¢ > 0 such that

AN

=
—_
_l’_

<

}at[;(tvyva” + }ata-(tvyva)‘ + ‘atf(tvyva” =
0,b(t,y,a)| + [0,5(t,y,a)| + [0, f(t,y,a)| + |0,5(y)| _
|02,b(t,y, a)| +|02,5(t,y,a)| + |03, f(t.y,a)| + |05,a(y)| < K (1+1yl)",

VAN

=
—_
_l’_

<

for all (t,y,a) € [0,T] x R x A,

Then, for every e € (0,1), there exist v.: [0,T]x C([0, T];R%) — R and v.: [0, T] x R% — R,
with

v(t,x) = va<t,

for all (t,z) € [0,T] x C([0,T]; RY), such that the following holds.

o1(s)d™x(s), ..., ®4(9) d_z(s)) ,
]

[0,t [0,t]

1) v. € C22(10,T] x C([0, T);RY) and v. € C*2([0,T] x R%).

pol
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2) w. is a classical solution of the following equation in the unknown u (see Remark B.6):

/

OHu(t, ) + %52tr [0,y 0= (t, y™*)] + SuPgea {(b(t, z,a), 0y u(t,z))

+ %tr[(aaT)(t,x,a)ﬁ;/xu(t,x)] + f(t,x,a)} =0, (t,2)€l0,T)x C([0,T];RY), (B.21)

\U(T’ ZL’) = g(I)a NS C([O,T];Rd)’

where, for every (t,x) € [0,T] x C([0,T];R?), y* € R% s defined as

Yyt o= ( o o1(s)d™z(s),. .., | b4(5) d‘x(s)) . (B.22)

[0,t
3) There exists a constant C' > 0, depending only on K', K, q, such that

—C" T (14 )T < &2

_ 1 = & 3g
yiyj’Ug(t,y) < 5_20/60 (T—t) (1+ |y|) q’

for all (t,y) € [0,T] x R and everyi,j =1,...,dd.
4) There exists a constant L' > 0, depending only on T and K, such that
0 v (t,2)| < L,
for every (t,z) € [0,T] x C([0, T]; R?).
5) Finally, v. converges pointwise to v in (2.5) as e — 0%.

Remark B.6. In equation (B.21) with uknown u, the term $etr(,,v.(t,y"")] is known as
it does not depend on u but it involves the function v.. The reason for the presence of this
term is due to the fact that we first derive the HJB equation for the function v., then we
use equalities (B.29)-(B.30)-(B.31) to derive equation (B.21) for v.. However, from those
equalities we are not able to rewrite the term $e?tr(0y,v.(t, y"")] in terms of v., therefore we
have left it as it is since this is not relevant for the sequel (actually we could work with the
HJB equation satisfied by v.).

Proof (of Lemma B.5). Let ¢: [0,T] — RE@D*d be given by
¢1(t) 14

o(t) = : (B.23)
¢4(t) L

for all t € [0, T, where I; denotes the d x d identity matrix. Let by: [0, 7] x R » A — R4
and G,: [0,T] x R™ x A — RED*m he given by

bo(t,y,a) = @(t)b(t.y,a), os(ty,a) = @(t)a(t,y,a), (B.24)

44



for all (t,y,a) € [0,T] x R x A, with b(t,y,a) being a column vector of dimension d. For
every ¢ € (0,1), consider the following Hamilton-Jacobi-Bellman equation on [0, 7] x R%:

;

- 1
Oyu(t,y) + Sup,ea {<b¢(t, y,a),0,u(t,y)) + Eeztr [8§yﬂ(t, v)]

+ %tr[(%&é)(t,y, a)dy,a(t,y)] + f(t,y, a)} =0, (t,y) € [0,T) x Réd,  (B-25)

La(T,y) = 3(y), y € R

Proof of item 8). From the assumptions on b, , f, g, it follows that there exists a unique
classical solution v. € C%?([0,T] x R%) of equation (B.25) (see for instance [12, Theorem
14.15] and, in particular, the comments after Theorem 14.15 concerning the case when the
operators “L,” are linear). Moreover, by [10, Theorems 4.1.1 and 4.7.4] we have that item
3) holds. Furthermore, by [10, Theorem 4.6.2] there exists some constant C > 0, depending
only on K, such that

0-(t,y) — B(ty)| < £CeTT), (B.26)
for every (t,y) € [0,T] x R%, where v: [0,T] x R¥ — R is defined as

T
o(t,y) = supE[/ Fs, Y592 ag)ds + g(ver™) |,
acA t

with Y% = (Y ¥*) e solving the following system of controlled stochastic differential
equations:

{dY;’y’o‘ = by(s, YV o) ds + G4(s, YV a,) dBs, s € (t,T),
Y =y

Proof of item 1). For every (t,z) € [0,T] x C([0, T): RY), consider y"* € R% given by (B.22).
Then, proceeding as in the proof of [13, Theorem 3.15] (see, in particular, equalities (3.16)),
we obtain

v = ([ ada s [ [ o+ [ o)
[0.,2] t [0,1] t

- ( o1 (s)d= X" .., b4(s) d‘Xﬁ’x’a) : (B.27)
[0,7] [0,r]

for all r € [t, T], P-a.s., where, for each i = ,d, f[Or ¢i(s) d- X is intended P-a.s. as
a deterministic forward integral. From (B. 27) we get

z_J(t, $1(s)d x(s),. .., d(s)d” ) — SupE[/ F(s, vt s)d8+§(Yj§yt’z’°‘)
[0,¢] ]

[0,] acA
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T
= supE{/ f(s, X% ag)ds + g(Xt””’o‘)} = u(t, z),
t

acA

where v is the value function defined in (2.5).
Now, let v.: [0, 7] x C([0,T]; R?Y) — R be defined as

ve(t,x) = 0. (t, o o1(s)d”x(s), ..., t b4(s) d‘x(s)) , (B.28)

[0¢]

for every (t,z) € [0,T] x C([0,T];RY). Then, by direct calculations (proceeding as in the
proof of [15, Lemma D.1]), we deduce that v, C;ozl([O T] x C([0,T];RY)) and that the
following equalities hold:

ofv.(t,r) = 8t17€<t, o1(9) / o4(s) d™x( ) (B.29)
[0,4]

ot tt.o) = (o1 o) 0l ol9). 60). (B3

[0,¢]

o v(t,x) = ¢'(t )82 U < t o1(s)d™xz(s), ..., t ®4(9) d‘x(s)) o(1), (B.31)

[0¢] [0¢]

for every i = 1,...,d, where ¢,(t) denotes the i-th column of the matrix ¢(t).

Proof of item 2). Since @, is a classical solution of equation (B.25), it follows from equalities
(B.29)-(B.30)-(B.31) that v. is a classical solution of equation (B.21).

Proof of item 5). From (B.26), we have
o (t,2) —v(t,2)| = [o.(t,y") — o(t,yt*)| < eCeCTD,

for every (t,z) € [0,T] x C([0, T]; RY). This shows the validity of item 5).

Proof of item 4). Following [10, Section 6 of Chapter 4], we now formulate a stochas-
tic optimal control problem with value function v.. To simplify notation we still consider
the same probability space (€2, F,P), on which we suppose that another Brownian motion
W = (W,)i>0, d-dimensional and independent of B, is defined. For every t € [0,7], we
denote by [t = (]:Z)szo the P-completion of the filtration generated by (Bsy: — By)s>o and
(Weve —Wi)s>0. We also denote by /lt the family of all I@‘t—progressively measurable processes
a:[0,7] x Q2 — A. Then, v. admits the following stochastic control representation:

T
ve(ty) = supE{ / Fs, YRS 6 ds + g(Ya") |,
dEAt

with Yo = (YERY) oy 1y solving the following system of controlled stochastic differential
equations:

{dY;wﬁ = by(s, YoOUe &) ds + G4(s, YOUU®, G,) dB, + £ d(s) dW,, s € (t,T],
Y =y
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with ¢ as in (B.23) and by,5, as in (B.24), respectively. Now, given t € [0,T], = €

A

C([0,T];RY), & € Ay, € € (0,1), consider the solution X4 to the following system of
controlled stochastic differential equations:

AXEm8 = (s, X8 6) ds + o(s, X508 6,) dB, + e dW,, s € (¢, T,
Xebod = (), s € [0,1].

From similar calculations as in (B.27), we deduce that (recall that y* is given by (B.22))

Y'Ta,t,yt,r,@ _ < ¢1 (S) d_X?t,x,d’ . ¢J(S) d—Xsat,x,d)’
[0,r]

[0,7]
for all r € [t, T], P-a.s.. Then
T £ t A t,x A
oe(t,y™) = sup E[ / Fls, YO0 &)ds + g(v" ’a>]
AEA; t

T
= sup E {/ f(s, XoW"% a,)ds + g(Xa’t’x’d)} )
t

GeA,
Recalling (B.28) and the definition of y** in (B.22), we get
T ~ ~
ve(t,z) = sup E{/ f(s, X5 Ga,)ds + g(XE’t’x’o‘)] , (B.32)
acdy t

for every (t,x) € [0,T] x C([0,T];RY). Proceeding along the same lines as for the proof of
(B.32), we obtain

T
b(t, &) = sup E{ / f(s,XW*,ds)ds+g(XE’t@*d)},
&EA,& t

for every (t,2) € [0,T] x D([0,T]; R?). Then, from the Lipschitz property of f and g, we
derive the following Lipschitz property of .

[0:(t,2) — 0:(t,2)| < L'||2 — ]|,

for all t € [0, 7], 2,2 € D([0, T]; R%), for some constant L', depending only on T and K. As
a consequence, from the definition of vertical derivative of v., we see that item 4) holds. O

We can now state the following result, which plays a crucial role in the proof the comparison
theorem (Theorem 4.5), in order to show that u; < v.

Theorem B.7. Let Assumptions (A), (B), (C) hold. Consider the sequences {by}n, {fn}n,
{gn}n, {vn}n in (B.18)-(B.19) (recall from Lemma B.3 that d,, and ¢, ..., ¢na, are the
same for b, f, g). We also assume, without loss of generality, that in Assumption (C)-(i),
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d = d, and that the functions ©1,- .., 0g comncide with ¢ 1, ..., opa,-
Then, for every n and any € € (0,1), there exist v,.: [0,T] x C([0,T);RY) — R and
Upe: [0,T] x R¥n — R with

Une(t, ) = Upe (t, | Ona(s)d x(s),. .., | Gn.d, (S) d‘x(s)) ,

[0t [0t

for all (t,x) € [0,T] x C([0,T]; R?), such that the following holds.
1) vpe € C2([0,T] x C([0,T); RY)) and . € CH2([0,T] x Rén).

pol

t,x

2) vne is a classical solution of equation (B.21) with b, f, g,v.,y"* replaced respectively by

s [y Gns Unes YL*, where yb* is given by (B.9).

3) There exists a constant C,, > 0, independent of ¢, such that

YiYj

-~ G (T— 3 _ I o &1 3
= Cue® T (1 )™ < 05, One(ty) < 50T (L), (B.33)
forall (t,y) € [0,T] xR and everyi,j =1,...,dd,, withq as in item (i1i) of Assumption
(C).

4) There exists a constant L > 0, depending only on T and K, such that

0 vn e (t,2)| < L, (B.34)
for every (t,z) € [0,T] x C([0, T]; RY).
5) There ezists a constant ¢ > 0, depending only on K and T, such that
[One(t ) = v (', 7)) < e(jt =12+ 2(- At) = 2'(- A7),
for all (t,z), (t',2") € [0,T] x C([0,T]; R?).
6) For every n, v,. converges pointwise to v, in (B.19) ase — 0%.
7) v, converges pointwise to v in (2.5) as n — 400.

Proof. Items 1)-2)-3)-4)-6) follow directly from Lemma B.5 with b, f, g replaced respectively
by by, fn, gn- Moreover, item 5) follows from (2.6). Finally, item 7) follows from Lemma
B.4. 0

We end this section with the next result, which plays a fundamental role in the proof of the
comparison theorem (Theorem 4.5), in order to show that v < us.
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Theorem B.8. Let Assumptions (A), (B), (C) hold. For every sy € [0,T], consider the
sequences {by}n, {futn, {va(S0,*)}n obtained applying Lemma B.3 to b, f, v(so,-) (recall
from Lemma B.3 that d,, and ¢n1, ..., ¢na, are the same for b, f, v,(so,-)). We also as-
sume, without loss of generality, that in Assumption (C)-(i), d = d,, and that the functions

01, .., pq coimncide with ¢p1,. .., Pnd, -
For every (so, ap) € [0,T] x A, let v¥>%: [0, s9] x C([0,T]);RY) — R be given by

50
VO (t ) = E{/ f(r, Xt’x’“o,ozr) dr+v(so,Xt’x’“°)], Y (t,z) € [0,s0] x C([0,T];RY),
t

where X4 corresponds to the process Xv®% with o = ag. Similarly, for every n € N, let
v2090: [0, s0] x C([0,T];RY) — R be given by

50
V0N (t ) = E[/ fo (1, X5 o) dr+@n(so,Xt’m’“°)}, Y (t,z) € [0, s0] x C([0, T]; RY),
t

where the sequence {0,} is defined as in Lemma B.3 starting from the function v.
Then, for every n, there exists v50%: [0, so] x R — R, with

bt 7) — (t bna(s) d(s), .. asn,dn(s)d-x(s)),
[0,t]

[0,¢]
for all (t,x) € [0, s0] x C([0, T];RY), such that the following holds.
1) wioso e C2([0, 50] x C([0,T]; RY) and 550% € CV2([0, s0] x R%n).

pol

2) v gs a classical solution of the following equation:

Of vz (t,2) + fu(t, x, a0) + (bn(t, x,a0), OY v (¢, )

b atrl(o0n)(tz,a)dhup (0] =0, (ha) € [0,50) x O(0, THRY),  (B35)
0309 (50, 1) = Uy (S0, T), T € C([O,T];Rd),

where yL* is given by (B.9).
3) There exists a constant L> 0, depending only on T' and K, such that
|0 vpoo(t, z)| < L,
for every (t,z) € [0, s0) x C([0,T]; RY).
4) There exists a constant ¢ > 0, depending only on K and T, such that

oo (t,z) — oot a)| < et =72+ fla(- At) — (- AE)lr),

for all (t,2), (', ') € [0,T] x C([0,T]; RY).
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5) v30% converges pointwise to v°0% as n — +00.

Proof. Items 1)-2)-3) follow from the same arguments as in |13, Theorem 3.5], which indeed
goes along the same lines as in the proof of items 1)-2)-4) of Lemma B.5, relying on regularity
results for linear (rather than fully nonlinear as in Lemma B.5) parabolic equations as in
particular [35, Theorem 6.1, Chapter 5]. Moreover, item 5) follows from (2.6). Finally, item
4) follows from Lemma B.4 with g,, T, A replaced respectively by v,,(so, -), S0, {a0}- a
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