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Abstract

We formulate a path-dependent stochastic optimal control problem under general conditions, for which we
prove rigorously the dynamic programming principle and that the value function is the unique Crandall-
Lions viscosity solution of the corresponding Hamilton-Jacobi-Bellman equation. Compared to the liter-
ature, the proof of our core result, that is the comparison theorem, is based on the fact that the value
function is bigger than any viscosity subsolution and smaller than any viscosity supersolution. It also
relies on the approximation of the value function in terms of functions defined on finite-dimensional
spaces as well as on regularity results for parabolic partial differential equations.
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1 Introduction

The optimal control of path-dependent stochastic differential equations (SDEs) arises frequently in ap-
plications (for instance in Economics and Finance) where the dynamics are non-Markovian. Such non-
Markovianity makes difficult to apply the dynamic programming approach to those problems. Indeed, the
standard dynamic programming approach is designed when the state equation is Markovian hence it cannot
be applied to such problems as it is.
More precisely, consider the following SDE on a complete probability space (2, F,P) where a m-dimensional
Brownian motion B = (B;)¢>o is defined. Let T > 0, t € [0,7], z € C([0,T];R?), and consider a progres-
sively measurable process a: [0,T] x 2 — A (with A being a Polish space), where z is the initial path and «
the control process. Let the state process X : [0, T] x  — R? satisfy the following controlled path-dependent
SDE:

{dXS = b(s, X, o) ds +0(s, X,a,)dBs,  s€ (t,T), a1

Xs = x(s), s €[0,t].
Here X denotes the whole path, which, under mild assumptions, belongs to C([0,T];R%). We assume
b: [0,T] x C([0,T);RY) x A — R? (as well as o) to be non-anticipative, namely, for all s € [0,T], a € A,
b(s,z,a) and o(s,z,a) depend on the path x € C([0,T]; R?) only up to time s.
The stochastic optimal control problem consists in maximizing the reward functional

T
J(t,.fC,O[) = ]E|:/ f(SvXtﬁzﬁa;as) dS“l‘g(Xt’z’a) ,
t

with f being non-anticipative, as b and ¢ above. In the above formula, X%%® denotes the solution to (1.1).
The value function is then defined as

v(t,z) = supJ(t,x,a), VY (t,x) € [0,T] x C([0, T]; RY),

o



where the supremum is taken over all progressively measurable control processes a.
We see that the value function is defined on the infinite-dimensional space of continuous paths C([0, T]; R%),
hence it is related to some Hamilton-Jacobi-Bellman (HJB) equation in infinite dimension.

The “standard” approach to study such problems consists in changing state space transforming the path-
dependent SDE into a Markovian SDE, formulated on an infinite-dimensional space H, typically C([0, T]; R?)
or R x L2([0,T];R%). In this case the associated Hamilton-Jacobi-Bellman equation is a PDE in infinite

dimension (see for instance [19, 31]) which contains “standard” Fréchet derivatives in the space H. Some
results on the viscosity solution approach are given for instance in [32, 33, 51]; however, uniqueness results
seems not available up to now, see the discussion in [31, Section 3.14, pages 363-364]).

More recently, another approach has been developed after the seminal work of Dupire [23]. This is based
on the introduction of a different notion of “finite-dimensional” derivatives (known as horizontal/vertical
derivatives), which allows to write the associated HIB equation without using the derivatives in the space
‘H. We call such an equation a path-dependent Hamilton-Jacobi-Bellman equation (see equation (3.5) below),
which belongs to the more general class of path-dependent partial differential equations, that is PDEs where
the unknown depends on the paths and the involved derivatives are the Dupire horizontal and vertical
derivatives. The definitions of these derivatives are recalled in Appendix A. There are also other approaches,
similar to that introduced by Dupire, but based on slightly different notions of derivatives, see in particular
[1, 44, 36).

The theory of path-dependent PDEs is very recent, yet there are already many papers on this subject, see
for instance [7, 21, 22, 53, 45, 10, 46, 25, 26, 27, 34, 47, 13, 14, 50, 49, 48, 3, 11, 4, 15].

One stream in the literature looks at such equations using modified definitions of viscosity solution. In
particular, we mention the notion of viscosity solution introduced in [25] and by now well developed (see
[26, 27, 47, 50, 49, 11]), where maxima and minima are taken in expectation. We also mention the recent
paper [7], where a notion of “approximate” viscosity solution is introduced, for which existence, comparison,
and stability results are established under fairly general conditions.

Another stream in the literature, to which this article belongs, looks at path-dependent PDEs using the
“standard” definition of viscosity solution adapted to the new derivatives. We call such a definition the
“Crandall-Lions” one, recalling for instance their papers [17, 18]. In such a context there are only two
papers, namely [15] and [54]. Paper [15] only addresses the path-dependent heat equation, however it is the
first work where the main tools used in [54] and in the present paper were introduced, namely the use of a
smooth gauge-type function and a smooth variational principle on the space of continuous paths in order to
generate maxima,/minima on [0, 7] x C([0,7]; R?), therefore relying on the completeness of the underlying
space in place of the missing local compactness. Concerning [54], a comparison theorem for path-dependent
HJB equations is provided using the approach of doubling variables. The proof of such a result turns out
to be technically more involved compared to our approach, even though we impose stronger assumptions on
the diffusion coefficient.

In the present paper we prove existence and uniqueness of Crandall-Lions viscosity solutions of HJB
equations associated to the optimal control of path-dependent SDEs. The proof of uniqueness (or, more
precisely, of the comparison theorem, from which uniqueness is derived) is built on refinements of the original
approach developed in [43] and is based on the existence of the candidate solution v (the value function), which
is shown to be bigger than any subsolution and smaller than any supersolution. The latter is traditionally
based on regularity results which are missing in the present context. We overcome this non-trivial technical
difficulty relying on suitable approximation procedures as well as on regularity results for parabolic partial
differential equations, see Lemmas B.3-B.4-B.5 and Theorem B.7 of Appendix B. Moreover, in order to
generate maxima or minima for functions on [0, 7] x C([0,T]; R%), we use the idea introduced in [15], and
also adopted in [54], of relying on a smooth variational principle of Borwein-Preiss type and on a smooth
gauge-type function. Here, we exploit the smooth gauge-type function introduced in [54] (see Lemma 4.2),
which turns out to be simpler than that built in [15].

Once the comparison theorem is proved, we deduce from our existence result (Theorem 3.4) that the
value function v is the unique Crandall-Lions viscosity solution of the path-dependent HJB equation. The
existence result is based, as usual, on the dynamic programming principle, which is proved rigorously in the



present paper, see Theorem 2.9.

The rest of the paper is organized as follows. In Section 2 we formulate the stochastic optimal control
problem of path-dependent SDEs and prove the dynamic programming principle. In Section 3 we introduce
the notion of Crandall-Lions viscosity solution and prove that the value function v solves in the viscosity
sense the path-dependent Hamilton-Jacobi-Bellman equation. In Section 4 we state the smooth variational
principle on [0, T x C ([0, T]; R?) and prove the comparison theorem, from which the uniqueness result follows.
In Appendix A we recall the definitions of horizontal and vertical derivatives together with the functional It
formula. Finally, in Appendix B we report all the results concerning the approximation of the value function
needed in the proof of the comparison theorem.

2 Path dependent stochastic optimal control problems

2.1 Notations and basic setting

Let (2, F,P) be a complete probability space on which a m-dimensional Brownian motion B = (B:)i>0
is defined. Let F = (F;);>0 denote the P-completion of the filtration generated by B. Notice that F is
right-continuous, so that it satisfies the usual conditions. Furthermore, let 7" > 0 and let A be a Polish
space, with B(A) being its Borel o-algebra. We denote by A the family of all F-progressively measurable
processes a: [0,T] x 2 — A. Finally, for every p > 1, we denote by S, (F) the set of d-dimensional continuous
F-progressively measurable processes X : [0, T] x © — R? such that

}1/1?

IXlls, = E| swp [X:"] " < oo (2.1)
0<t<T

The state space of the stochastic optimal control problem is the set C([0, T]; R¢) of continuous d-dimensional
paths on [0,7]. For every € C([0,T];R%) and t € [0,T], we denote by z(t) or z; the value of  at time ¢
and we set x(- At) := (x(s At))sepo,r) OF T.a¢ = (2(5 At))sepo,r)- Observe that x(t) (or x;) is an element of
R?, while (- A t) (or z.,¢) belongs to C([0, T]; R%). We endow C([0,7]; R?) with the supremum norm | - ||
(also denoted by | - ||oo) defined as

ez = sup |z(s), =€ C(0,T];RY),
s€[0,T]

where |z(s)| denotes the Euclidean norm of z(s) in R?. We remark that (C([0,7];R?),]| - ||) is a Banach
space and we denote by 2 its Borel o-algebra. We also define, for every ¢t € [0, 7], the seminorm || - ||; as

lzle = llzaelz, =€ ([0, T);RY).
Finally, on [0, T] x C(]0,T]; R?) we define the pseudometric do. : ([0, 7] x C([0,T]; R9))? — [0, 00) as
doo ((t, ), (t',2")) = [t =¥+ ||z(- At) =2’ (- At

We refer to [15, Section 2.1] for more details on such a pseudometric. On [tg,T] x C([0,T]; R%), with
to € [0,T), we consider the restriction of d., which we still denote by the same symbol.

Definition 2.1. We say that w: [0,00) — [0,00) is a modulus of continuity if w is continuous, increasing,
subadditive, and w(0) = 0.

We refer to [31, Appendix D] for more details on the notion of modulus of continuity.

2.2 Assumptions and state equation
We consider the coefficients
b, o, f:[0,T] x C([0,T];RY) x A — R, R*™ R, g: C([0,T;RY) — R,

on which we impose the following assumptions.



Assumption (A).
(i) The maps b, o, f,g are continuous.
(ii) There exist a constant K > 0 such that
[b(t,x,a) — b(t, 2, a)| + |o(t,x,a) —o(t,x’,a)| + | f(t,x,a) — f(t,2',a)| < K|z — 2|,

l9(x) — 9(2')| < K|z — 2|z,
bt, 2, a)| +|o(t, 2z, a)| + |f(t,2,0)| + |g(z)| < K,

for all a € A, (t,x),(t,2") € [0,T] x C([0,T];R?), with |o(t,z,a)| := (Zi7j|ai7j(t,x,a)|2)1/2 =
(tr(oom)(t,z,a))"/? denoting the Frobenius norm of o(t,z,a).

Assumption (B). The maps b,o, f are uniformly continuous in t, uniformly with respect to the other
variables. In particular, there exists a modulus of continuity w such that

[b(t,z,a) — b(s,x,a)| + |o(t,z,a) — o(s,z,a)| + |f(t,x,a) — f(s,z,a)] < w(|t—s]|),
for allt,s € [0,T],z € C([0,T];RY),a € A.
Assumption (C).
(i) There existd € N and &: [0, T] x R% x A — R¥™ satisfying, for all (t,x,a) € [0,T]x C([0,T]; R%) x A,

o(t,z,a) = 6(t, /[O,t] gpl(s)d_a:(s),...,/mﬂ wg(s) d_aj(s),a),

for some continuously differentiable maps @1, ...,pz: [0,T] = R, where the above deterministic forward
integrals are defined as in Definition B.1 with T replaced by t (see also Remark 2.3).

(ii) There exists a constant K > 0 such that

Kly -y,
K

|5'(t7 Y, a) - 5.(t/7 y/a a)|

<
o(t,y,a)] <

for all (t,a) € [0,T] x A, y,y/ € R with |y — y| denoting the Buclidean norm of y —y' in R4,

(iii) For every a € A, the map &(-,-,a) is C2([0,T] x Rd‘z). Moreover, there exist constants K > 0 and
q > 0 such that
|0 (t,y, )| + [0y (L, )| +[05,5(t v )| < K (1+1y])",

for all (t,y,a) € [0,T] x R x A,

Remark 2.2. Notice that Assumptions (C)-(i)-(ii) imply the validity of (A)-(ii) for the function o (namely,
Lipschitzianity in x and boundedness). As a matter of fact, boundedness is obvious, while the Lipschitz
property follows from the Lipschitz property of & and the integration by parts formula (2.2).

Remark 2.3. Since the functions o1, ..., @z appearing in Assumption (C)-(i) are continuously differentiable,
we can use the integration by parts formula (B.1) to rewrite the forward integrals as follows:

i(s)d x(s) = @;(t)x(t) — v; T _ txs %S s
/[O,t](pZ()d (8) = wilt)z(t) — ¢i(0) z(0) /0 (s) ——(s)ds, (2.2)

for every i = 1,...,d, where we have used that the Lebesgue-Stieltjes integral f(o . x(s)dp(s) is equal to the

Lebesgue integral fg x(s) d;’;" (s)ds.



Remark 2.4. By the Lipschitz continuity of b, o, f, we deduce that they satisfy the following non-anticipativity
condition:

b(t,x,a) = b(t,x.At,a), o(t,z,a) = o(t,z.a,0), ft,zya) = f(t,x.pt,0),
for every (t,z,a) € [0,T] x C([0,T]; R?Y) x A.

For every t € [0,T], € € S2(F), a € A, the state process satisfies the following system of controlled stochastic
differential equations:

(2.3)

dXs = b(s,X,as)ds+ o(s, X, as) dBs, s € (t,T],
XS = 587 S E [O,t].

Proposition 2.5. Suppose that Assumption (A) holds. Then, for everyt € [0,T], £ € So(F:), o € A, there
exists a unique solution X% € So(F) to equation (2.3). Moreover, it holds that

lim supE{ sup |X§’A£;O‘—§Mt|2} = 0. (2.4)
r=tt aed  Llo<s<T

Proof. See [12, Proposition 2.8] for the existence and uniqueness result. Concerning (2.4) we refer to [12,
Remark 2.9]. O
2.3 Value function

Given t € [0,T] and z € C([0,T];R?), the stochastic optimal control problem consists in finding o € A
maximizing the following functional:

T
J(t,z,a) = E{/ f(5, X5%% ag) ds + g(XB™) |.
t

Finally, the value function is defined as

v(t,x) = suEJ(t,x,a), Y (t,x) € [0,T] x C([0, T]; RY). (2.5)

Proposition 2.6. Suppose that Assumption (A) holds. Then, the value function v is bounded, continuous
on ([0,T] x C([0,T];R?Y), ds), and there exists a constant ¢ > 0 (depending only on T and K) such that

o(t,@) = o(',2")] < et =12 + la(- At) = 2'(- AE)lIT), (2.6)
for all (t,z), (t',2") € [0,T] x C([0, T]; RY).

Proof. The boundedness of v follows directly from the boundedness of f and g. Moreover, estimate (2.6)

follows from [53, Theorem 3.7] (notice however that in [53, Lemma 3.6] the right-hand side of estimate (29)
should be replaced by c(|t —t'|'/2 + ||z(- At) —z(- At')||T), as in the right-hand side of (2.6) but with z = 2';
this is indeed a consequence of the proof of that lemma when estimating the term denoted “Part1”). O

2.4 Dynamic programming principle

In Section 3, Theorem 3.4, we prove that the value function v is a viscosity solution of a suitable path-
dependent Hamilton-Jacobi-Bellman equation. The proof of this property is standard and it is based, as

usual, on the dynamic programming principle which is stated below. We prove it relying on [12, Theorem 3.4]
and on the two next technical Lemmata 2.7 and 2.8. For other rigorous proofs of the dynamic programming
principle in the path-dependent case we refer to [28, 29].

We begin introducing some notations. For every t € [0,T7], let F* = (F!)sc[o,7] be the P-completion of
the filtration generated by (Bgv: — Bt)scjo,r)- Let also Prog(F') denote the o-algebra of [t,T] x € of all
(Ft )seft,r]-Progressive sets. Finally, let A; be the subset of A of all Ft-progressively measurable processes.



Lemma 2.7. Suppose that Assumption (A) holds. Then, the value function defined by (2.5) satisfies

v(t,x) = sup J(t z, ), VY (t,x) € [0,T] x C([0, T); RY). (2.7)
aEA;
Proof. Fix (t,z) € [0,T] x C([0,T];R?). Since A; C A, we see that v(t,z) > sup,e 4, J(t, 2, ). It remains
to prove the reverse inequality
v(t,z) < sup J(t,z,q). (2.8)
aEA;
We split the proof of (2.8) into four steps.

STEP 1. Additional notations. We firstly fix some notations. Let (R™)[%! be the set of functions from [0, ]
to R%, endowed with the product o-algebra B (Rm)[o’ﬂ generated by the finite-dimensional cylindrical sets of
the form: Cy,. . (H) = {y € R™)OU: (y(t1),...,y(tn)) € H}, for some t; € [0,t], H = Hy, x --- x Hy,,
H;, € B(R™). Now, consider the map B*: Q — (R™)[% defined as follows:

Bt:w — (BS(W))OSSSt'

Such a map is measurable with respect to F;, as a matter of fact the counterimage through B? of a finite-
dimensional cylindrical set Cy, . ¢, (H) clearly belongs to F;. In addition, the o-algebra generated by B?
coincides with G; := 0(B,,0 < s < t). Notice that

Fi = GiVN,

where N is the family of P-null sets.

Finally, let (E*, &) be the measurable space given by E' = [t,T] x Q and &' = Prog(F"). Then, we denote
by Z¢: E* — E! the identity map.

STEP I1. Representation of a. Given o € A, let us prove that there exists a map at: [t, 7] x Qx (R™)[% — 4
such that:

1) a’ is measurable with respect to the product o-algebra Prog(F*) @ B(R™)0:;
2) the processes o 7 (denoting the restriction of « to [t,T]) and (a’(s, -, B"))sep 7] are indistinguishable.

In order to prove the existence of such a map a’, we begin noticing that the following holds:
Fs = RRVFL = GVFL,  VseltT),

where the second equality follows from the fact that A, the family of P-null sets, is contained in both F;
and F!. Recalling that « is F-progressively measurable, we have that a|¢,7) is progressively measurable with
respect to the filtration

O'(Qt V ]:t)

s/se(t, T]"
In other words, the map oy 7: [t,T] x Q — A is Prog(F*) v ({0, [t, T]} ® G;)-measurable, with {0, [t,T]}
denoting the trivial o-algebra on [¢t, T].

Now, recall the definitions of Z! and B! from STEP I, and let denote still by the same symbol B the
canonical extension of B to [t,T] x Q (or, equivalently, to E'), defined as B*: [t,T] x Q — (R™)*4 with
(t,w) — B*(w). Then, the o-algebra generated by the pair (Z,B): [t,T] x Q — E* x (R™)I% coincides
with Prog(F*) v ({0, [t,T]} ® G¢). Therefore, by Doob’s measurability theorem (see for instance [35, Lemma
1.13]) it follows that the restriction of a to [t,T] can be represented as follows: ;7] = a’(Z*, BY), for some
map a’: [t,T] x Q x (R™)[%Y — A satisfying items 1)-2) above.

STEP 1I1. The stochastic process X*B'. Given a € A, let a’ be as in STEP I1. For every y € (R™)04] et
X%®Y be the unique solution in Sa(F) to the following equation:

{dXS - b(S7X7at(Sa'ay))dS+U(57X7at(57'7y)) dBSa s € (th]a (2 9)

Xs = z(s), s €[0,t].



By the standard Picard iteration argument for the existence of a solution to equation (2.9), together with
Proposition 1 in [52], we can deduce that the random field X : [0, T] x Q x (R™)[%Y] — R? is measurable with
respect to the product o-algebra Prog(F*) @ B(R™)[%!. As a consequence, we can consider the composition

of X**% and B!, denoted X**B'  Using the independence of G; = o(B!) and Fk, we deduce that the
process X t2.B" gatisfies the following equation:

{dXS = b(s, X,al(s,-,B?))ds + o(s, X,al(s, -, B?)) dBs, s e (t,T], (2.10)

Xs = x(s), s €[0,¢].

As a matter of fact, we have

IE[ sup Xﬁ’w’Bt —z(t) —/ b(r, Xt’I’Bt,at(r, - BY)dr —/ o(r, Xt’””’Bt,at(r, - B"))dB, }
s€lt,T] t ¢
= E[E[ sup Xﬁ’w’Bt —z(t) — / b(r, Xt’I’Bt,at(r, - BY)dr

s€t,T] t

_/ O'(T,Xt’w’Bt7at(’f',',Bt))dBT gt:|:|
¢

= E[E{ sup | XETY — 2(t) — / b(r, XY al(r, -, y))dr

s€t,T] t

a / U(T7 Xt)m)yaat(Tv'vy))dBT
t

.

where the last equality follows from the so-called freezing lemma, see for instance [2, Lemma 4.1]. Since
X% solves equation (2.9), we have

E[ sup X070 = a(t) — [ or. X0, al(r, - )i [ a(r,xtﬁfﬁy,a%r,-,y»d&] ~ 0.
s€[t,T] t ¢
Hence
E[ sup X;f’””’Bt—:v(t)—/ b(r,Xt’I’Bt,at(r,-,Bt))dr—/ U(T,Xt’w’Bt,at(r,-,Bt))dBT} = 0.
sE[t,T] t t

This shows that X%*B" solves equation (2.10).

Now, recalling from STEP II that o 1) and (al(s,, Bt))se[t,T] are indistinguishable, and noticing that the
solution to equation (2.11) below depends on « only through its values on [t, T] (namely, it depends only on
ajt,11), we conclude that Xt#B" golves the same equation of X»®% namely

{dXS = b(s,X,as)ds+ o(s, X, as) dBs, s € (t,T], (2.11)

Xs = x(s), s € [0,1].

From pathwise uniqueness for equation (2.11), we get that X t2.B" and XH®e are also indistinguishable.

STEP IV. The stochastic process Xt*B" Given a € A, let a' be as in STEP II and Xt*B" a5 in STEP II1.
Then, we have

T
J(t,z,a) = { f(s, Xto, ozs) ds + g(Xt’z’o‘)}
t

(
(

E

T ) t

E{/ f(s, xt=B ,a'(s,-, BY)) ds+g(Xt,z,B )]
t



Denoting by u! the probability distribution of B on ((R™)(%4, B(R™)[04)  and recalling the independence
of G; = ¢(B") and F%, by Fubini’s theorem we obtain

T
IE|:‘/ f(S’Xt7I7Bt7at(Sv'7Bt)) dS+g(Xt’I’Bt):|
t

T
-/ E[ [ flsxtemals, ) ds + g(Xt’I’y)]ut(dy)
@moa - LJe

0] denote

Now, fix some ag € A and, for every y € (R™)
BY = aolp(s) + a'(s,-,y) Lt 71, Vs e[0,T).

Notice that 8Y € A;. Moreover, recalling that X%®¥ solves equation (2.9), we see that it solves the same
equation of X*%8" Then, by pathwise uniqueness, X**¥ and X**#" are indistinguishable. In conclusion,
we obtain

T
/ E{ / £, X550 al(s, - y)) ds + g(Xt*z*y)} it (dy)
@myod LJi

T
= [ [t s ds (et )
(Rm)[o,t] t

/ J(t, @, 8Y) p'(dy) < / sup J(t, z, ) p'(dy) = sup J(t,z,7).
(RM)[0.¢] (Rm)10.8] yEA, YEA;

This proves that J(t,z,a) < sup,ec 4, J(t,,7), for every a € A. Then, inequality (2.8) follows from the
arbitrariness of «. O

Next lemma expresses in terms of v the value of the optimal control problem formulated at time ¢, with
random initial condition £ € S3(F). In order to state such a lemma, we introduce the function V': [0, 7] x
S2(F) — R defined as follows:

T
V(t,§) = suplE[/ F(s, X0 ag) dr + g(XP5) | (2.12)
acA t

for every t € [0, T, £ € So(F). Clearly, when ¢ = = € C([0,T]; R?) we have V (¢, z) = v(t, ).

Lemma 2.8. Suppose that Assumption (A) holds. Let t € [0,T] and & € So(F), then

V(L&) = E[u(t,9)). (2.13)

Proof. We begin noting that for ¢ = 0 it is clear that equality (2.13) holds true, as a matter fact Fo
is the family of P-null sets, therefore ¢ is a.s. equal to a constant and (2.13) follows from the fact that
V(t,z) = v(t,z), for every x € C([0,T];R?). For this reason, in the sequel we suppose that ¢ > 0. We split
the rest of the proof into four steps.

STEP 1. Additional notations. Firstly, we fix some notations. For a fixed ¢t € (0,77, let G' = (G!)s>0 be
given by
g;f = F \/]-'St, Vs>0.

Moreover, let So(G') (resp. S2(F:)) be the set of d-dimensional continuous G'-progressively measurable
(resp. B([0,T]) ® Fi-measurable) processes X : [0, 7] x Q — R? satisfying the integrability condition (2.1).
Notice that Proposition 2.5 extends to the case with initial condition £ € So(F;) rather than £ € So(F). In
particular, given ¢ € So(F;) and o € A, equation (2.3) admits a unique solution X*%< € S5(G?). Then, for
& € So(F) we define V(¢t,€) as in (2.12).



STEP II. Preliminary remarks. We begin noting that X$® = XH&ru® 5o that it is enough to prove
equality (2.13) with & A; in place of §&. More generally, we shall prove the validity of (2.13) in the case when
5 €Sy (]:t)

Now, recall that v is Lipschitz in the variable x (see Proposition 2.6) and observe that, by the same
arguments, V is also Lipschitz in its second argument. Furthermore, both v and V' are bounded. Notice
also that given & € Sy(F;) there exists a sequence {&x}r C So(F:) converging to &, with & taking only a
finite number of values. As a consequence, from the continuity of v and V, it is enough to prove (2.13) with
& € Sy(F;) taking only a finite number of values. Then, from now on, let us suppose that

£ = Z«TilEm (2.14)
i=1

for some n € N, z; € C([0,T];R?), E; € F;, with {E;}i—1..._, being a partition of €.

STEP II1. Proof of the inequality V(t,€) < E[uv(t,&)]. Since & € S(F) takes only a finite number of values,
by [12, Lemma B.3] (here we use that ¢ > 0, so in particular F; has the property required by [12, Lemma
B.3], namely there exists a Fi-measurable random variable having uniform distribution on [0, 1]) there exists
a JFp-measurable random variable U: Q — R, having uniform distribution on [0, 1] and being independent
of &. As a consequence, from [12, Lemma B.2] it follows that, for every a € A, there exists a measurable
function

a: ([0,T] x @ x C([0, T|; RY) x [0,1], Prog(F") @ B(C([0, T}; R")) @ B([0,1])) — (A, B(A))

such that
Bs = as 1[0,t) (S) + as(ga U) 1[t,T](S)a Vs e [07 T]

belongs to A and
Z
(57 (as(&,U))sept,)s (Bs — Bt)se[t,T]) = (57 (as)sepe,r)y (Bs — Bt)se[t,T])a

where Z means equality in law. Then, by the same arguments as in [31, Proposition 1.137], we get

o 4
(Xz)f) 7a5)s€[0,T] = (Xz)g)B’BS)SG[O’T]'

Moreover, recalling (2.14), define
Bis = aslp)(s) +as(zs, U) 1y 7(s), Vsel0,T],i=1,...,n.

Since Xt¢# and X®*vA1i1p + ... 4 XH¥hn 15 solve the same equation, they are P-indistinguishable.
Hence

T T
T S Y R ]
t t

T
= E[Z (/t f(S,Xt’zi’ﬁi,ﬁi,s) dS—Fg(Xt’zi’ﬁi))lEi].

=1

Recalling that both {X*®#%}, and {f;}; are independent of {F;};, we have

n T
E{Z < /t s, XU 3 ) ds + g(XWBi)) m]
=1

T
= E{ZE[/t f(S,Xtvxiqﬁi”Biﬁs) ds + g(Xtvxivﬁi):| 1Ei:|
=1
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= i]E[E[/tTf(s,Xt’%Bi’ﬁivs) ds + g(X BB ] ] ZE{ t, ;) 1EZ] = E[v(t,¢)].

Then, the inequality V(t,&) < E[v(t, £)] follows from the arbitrariness of «.

STEP IV. Proof of the inequality V (t,£) > E[v(t,€)]. Take £ € So(F;) as in (2.14). Then, from equality (2.7)
of Lemma 2.7, for every € > 0 and ¢ = 1,...,n, there exists 35 € A; such that

T
ot ) < E{/ f(&Xt,wi,ﬂf’ﬁis) d5+g(Xt,m,ﬂf)] +e.
t

Let .
= Zﬂz‘ 1g,.
i1

We have ¢ € A, moreover X&F" and Xt#181 1 + .-+ 4+ X4®Fu 1 solve the same equation, therefore
they are P-indistinguishable. Therefore (exploiting the independence of both {X*%i:8i}; and {#5}; from

{Ei}i)
E[v(t,€)] = iE{v t,x; lE}

> E

1=

<

IN

1

E[/ (s, X10BE 5 ) ds+g(Xt’zi’5f)}1Ei} +e

T
=E E[/ Fs, XPmoP B ) ds + g(X1o0P )}1&} +e

Il
=
\imsims

( (s, X 1m0 65 ) ds —l—g(Xt’”“’ﬂiE)) 1E1] te
f

=E

(s, X157 ﬁa)dsjtg(X“ﬂ)]JrE S VLo +e

From the arbitrariness of €, the inequality E[v(t,&)] < V (¢, €) follows. O
Theorem 2.9. Suppose that Assumption (A) holds. Then the value function v satisfies the dynamic
programming principle: for every t,s € [0,T], with t < s, and every x € C([0,T]; R?) it holds that
v(t,z) = sup E{/ f(r, Xhoe ozr) dr + v(s, Xt’””’o‘)} .
acA t

Proof. This follows directly from [12, Theorem 3.4] and Lemma 2.8. As a matter of fact, let V' be the
function given by (2.12). From [12, Theorem 3.4| we get the dynamic programming principle for V:

V(t,x) = sup {E{/j f(r, Xt’:”’a,ozr) dr] + V(S,Xt7m7a)}'

acA

Moreover, by Lemma 2.8 we know that
Vs, X05) = E[’U(S,Xt’m’a)},

from which the claim follows. O
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3 Path Dependent HJB equations and viscosity solutions

3.1 Definition of path-dependent viscosity solutions

In the present paper we adopt the standard definitions of pathwise (or functional) derivatives of a map
u: [to, T] x C([0,T);RY) — R, to € [0,T), as they were introduced in the seminal paper [23], and further
developed by [8, 9] and [15, Section 2]. We report in Appendix A a coincise presentation of these tools.
Just to fix notations, we recall here that the pathwise derivatives of a map u: [to, 7] x C([0,T];R?) — R
are given by the horizontal derivative 9/ u: [to, T] x C([0,T];R%) — R and the vertical derivatives of first
and second-order 0Yu: [to,T] x C([0,T];R?) — R? and Y, u: [to,T] x C([0,T];R?) — RI¥*9 We also
refer to Definition A.4 (resp. Definition A.6) for the definition of the class C*2([t, T] x C([0, T]; R)) (resp.
C22([to, T x C ([0, T];RY))). The reason for which we consider C12([to,T]x C([0, T]; R?)) rather than simply
CH2(]0,T] x C([0,T];R?)) is due to the definition of viscosity solution adopted, for more details see Remark
3.3. Finally, we recall that for a map u € CY2([tg, T| x C([0, T]; R?)) the so-called functional It&’s formula
holds, see Theorem A.7.

Now, consider the following second-order path-dependent partial differential equation:

Of u(t,z) = F(t,x,u(t,z),0Y u(t,z),0  u(t,z)), (t,x)€[0,T)x C([0,T];R?), 51)
3.1
w(T,z) = g(x), z € C([0,T|;RY),
with F: [0,T] x C([0,T]; R?) x R x R? x S(d) — R, where S(d) is the set of symmetric d x d matrices.
Definition 3.1. We say that a function u: [0,T] x C([0,T];RY) — R is a classical solution of equation
(3.1) if it belongs to C23([0,T] x C([0,T};R?)) and satisfies (3.1).

pol

Definition 3.2. We say that an upper semicontinuous function u: [0,T] x C([0,T];RY) — R is a (path-
dependent) viscosity subsolution of equation (3.1) if:

o u(T,z) < g(z), for all z € C([0,T);RY);
e for any (t,z) € [0,T) x C([0,T);RY) and p € C 2([t, T] x C([0, T); RY)), satisfying

pol

(U - w)(ta I) = sup (u - @)(t/a I/)v
(t',2")et, T)xC([0,T];R)

with (u — ¢)(t,z) =0, we have
—0f o(t,x) + F(t,z,u(t,z),0) ¢(t, x), 00 ¢(t,x)) < 0. (3.2)
We say that a lower semicontinuous function u: [0,T] x C([0,T];RY) — R is a (path-dependent) viscosity
supersolution of equation (3.1) if:
o u(T,x) > g(x), for all z € C([0,T]; RY);
e for any (t,z) € [0,T) x C([0,T];R?Y) and ¢ € C23([t,T] x C([0,T);R?)), satisfying

pol

—o)(t,z) = inf — o), 2),
(u—@)(t, z) (t,)w,)e[tﬁgC([O)T];Rd)(u @)t x")

with (u — ¢)(t,z) =0, we have
—0flp(t,x) + F(t.,ult,2),9) ¢(t,2), 0, 0(t,z)) = 0. (3-3)

We say that a continuous map u: [0,T] x C([0,T];RY) — R is a (path-dependent) viscosity solution of
equation (3.1) if u is both a (path-dependent) viscosity subsolution and a (path-dependent) viscosity superso-
lution of (3.1).

12



Remark 3.3. Differently from the standard definition of wviscosity solution usually adopted in the mon-
path-dependent case (see for instance [16]), notice that in Definition 3.2 the mazima/minima are taken on
[t,T] x C([0,T); R?) with the right-time interval [t,T) in place of [0,T] (i.e. the mazima/minima are “one-
sided”).
In the non-path-dependent case it is known that, even in infinite dimension, our “one-sided” definition is
equivalent to the standard “two-sided” one (see e.g. [31, Lemma 3.39]). In addition, notice that the value
function (say v) of our stochastic control problem is a viscosity solution of the HJB equation in both senses.
As a matter of fact, the DPP, which is the main tool in order to prove the viscosity properties of the value
function, only involves the values of v = v(s,y) for s > t.

We observe that the fact of taking the mazima/minima on the right-time interval is generally adopted in
the literature on viscosity solutions of path-dependent PDEs, as for instance in [25, 20, 27, /7, 50, /9, 11],
where the notion of viscosity solution introduced involves the mazima/minima of an expectation of future
(that is on [t,T]) values of a suitable underlying process.
In our case, the reason for considering [t,T] x C([0,T);R%) rather than [0,T] x C([0,T];R?) is due to
the proof of the comparison Theorem 4.5. In particular, it is due to the gauge-type function implemented
in that proof, which is introduced in Lemma 4.2 and denoted by ko. More precisely, given a fized point
(t,x) € [0, T]xC([0, T);RY), the map (s,y) — kool((5,9), (t,x)) is smooth only for (s,y) € [t, T]xC([0,T]; R%).
However, if we would be able to find another gauge-type function U: ([0, T] x C([0, T]; R%))? — [0, +00) such
that, for every fized (t, ), the map (s,y) — ¥((s,y), (t,)) is smooth on the entire space [0, T]x C([0, T]; R%),
then the same proof of the comparison theorem would work for the more usual notion of viscosity solution
where mazxima,/minima are taken on [0,T] x C([0,T]; R%).

3.2 The value function solves the path-dependent HJB equation

Now, we focus on the path-dependent Hamilton-Jacobi-Bellman equation, namely on equation (3.1) with

F(t,z,r,p,M) = — (Sllélg {<b(t,x, a),p) + %tr[(aaT)(t,x, a)M] + f(t, =, a)}. (3.4)

Therefore, equation (3.1) becomes

OHu(t,r) + SUPge A {<b(t, z,a),0Y u(t, x)>

(3.5)

+ %tr[(JJT)(t,x,a)@&u(t,xﬂ + f(t,x,a)} =0, (t,7)€[0,T)xC([0,T);R?),
u(T,z) = g(z), z € C([0,T]);RY).

We now prove that the value function v is a viscosity solution to equation (3.5).

Theorem 3.4. Suppose that Assumptions (A) and (B) hold. The value function v, defined by (2.5), is a
viscosity solution to equation (3.5).

Proof. Recall from Proposition 2.6 that v is continuous, moreover v(T,-) = g(-). Then it remains to prove
both the subsolution and the supersolution property on [0,7) x C([0,T]; R%).

Subsolution property. Let (t,x) € [0,T) x C([0,T];R) and ¢ € C;f]([t, T] x C([0,T]; R%)) be such that

(’U - @)(tv'r) = sup (1) - @)(t/a I/) =0
(t',z’)et, T x C(]0,T];R4)

From Theorem 2.9 we know that, for every h > 0 sufficiently small,

1 t+h 1
0 = sup E|:E/ f(’f', Xt’x’a,ar) dr + E(’U(f‘f’h,Xtyl‘,a) —’U(f,fb)):| )
t

acA
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Then, there exists o € A such that
1 t+h t h h 1 t h
—h <E 7 fr, X5 o) dr + E(U(IH_ h, X5297) —u(t, x))
t

1 [tth ‘ R 1 ‘ h
< E 7 fr, X055 oty dr + E(cp(t—i—h,X T )—cp(t,:t)) ,
t

where the above inequality follows from the fact that v(t,z) = ¢(t,z) and v < @ on [t, T] x C([0, T]; R?). By
the functional Ito6 formula (A.1), we obtain

1o . I h n
0 < htsy / E[0/ p(r, X" dr + + / E[(b(r, X", 1), 0; o (r, X700)) [ dr
t t

1 t+h h h 1 t+h h
+ —/ gE[tr[(aaT)(r, Xbae ,a?)(?;/m(p(r,Xt’z’o‘ )Hdr—l— E/ E[f(r, X )}dr.
t t

Recalling that b, o, f are uniformly continuous in their first two arguments, uniformly with respect to a,
using (2.4), we get

1 [tth . 1 [tth . X
E/ ]E[af@(r, xXtea )} dr + E/ E{(b(r, xtwe 7a?),a;/¢(,r,, X bTo )>
¢ t

1
+ §tr[(007)(r, Xt’m’ah,aﬁ)axﬁgo(r, Xt’:”’o‘h)} + f(r, Xt’w’ah,af)] dr

1 t+h
= offptto)+ 3 [ E[0le.a) 0l eta)
t
1
+ Str[(ooT)(t 2, 00)0 o (t 2)] + f(t,, a?)} dr + p(h),
where p(h) — 0 as h — 07. Then, we obtain

1 t+h
0<h+ o)+ p(to)+ 5 [ sup {(blt.,0), 0 plt )
h t acA

+ %tr[(ooT)(t,:E,a)ag‘{mcp(t,;v)] + f(t,x,a)}dr.

Sending h — 0T, we conclude that (3.2) holds (with F' given by (3.4)).
Supersolution property. Let (t,z) € [0,T) x C([0,T];R?) and ¢ € C22([t,T] x C([0, T];R%)) be such that

pol

—©)(t = inf —o)(t',2") = 0.
(v—9p)(t,) (t,@,)e[tﬁgcqmﬂﬂd)(v @)t ")

From Theorem 2.9 we have, for every h > 0 sufficiently small, and for every constant control strategy
a=a€A,
1 [tth 1
0> E[— / flr, X5% q)dr + E(v(t + h, X5 — u(t, :E))]
t

_I1 t+h 1
By [ 10X @4 (ol 1 X) ol 2) |
t

Y

h

where the above inequality follows from the fact that v(¢,z) = o(t,2) and v > ¢ on [t,T] x C(]0,T]; R?).
Now, by the functional It formula (A.1), we obtain

1 [th 1 t+h
0 > E/ E[Bflgo(r, Xt’w’“)]dr—i—ﬁ/ E[(b(r,Xt’m’“,a),B;/go(r, Xt’w’“)ﬂdr
¢ t
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1

t+h 1 [tth
+ 7 / §E[tr[(007)(r, Xb5 a)oy o(r, X5 dr + 7 / E[f(r, X" a)]dr.
t t

Letting h — 0T, exploiting the regularity of ¢ and the continuity of b, o, f, we find
1
0 > 9fp(t,x) + (b(t,z,a),0) o(t,x)) + §tr[(007)(t, z,a)0y, ¢t x)] + f(t,z,a).

From the arbitrariness of a, we conclude that (3.3) holds (with F' given by (3.4)). O

4 Uniqueness

4.1 Smooth variational principle

This section is devoted to state a smooth variational principle on [0,T] x C([0,T];R¢) which will be an
essential tool in the proof of the comparison theorem (Theorem 4.5). Notice that such a smooth variational
principle is obtained from [41, Theorem 1] (see also [6, Theorem 2.5.2]), which is a generalization of the
Borwein-Preiss variant ([5]) of Ekeland’s variational principle ([24]). More precisely, [41, Theorem 1] extends
Ekeland’s principle to the concept of gauge-type function, that we now introduce.

Definition 4.1. A map ¥: ([0, T] x C([0, T};R%))? — [0, +00] is called a gauge-type function if it satisfies
the following properties.

a) (t,z) — U((t,),(to,70)) is lower semi-continuous on [0,T] x C([0,T);R?), for every fized (to,zo) €
[0, 7] x C([0, T} R).

b) ¥((t,z), (t,x)) =0, for every (t,z) € [0,T] x C([0,T]; RY).

c) For every e > 0 there exists 1 > 0 such that, for all (t',2'), (t",2") € [0,T] x C([0,T]; R?), the inequality
U((t,a"), (", 2")) <n implies doo ((t', 2"), (t",2")) < e.

In the proof of the comparison theorem we need a gauge-type function ¥ such that (¢,z) — U((¢, ), (to, o))
is smooth on [to, T] x C([0, T]; RY), for every fixed (g, o). Notice that d., is obviously a gauge-type function,
however it is not smooth enough.

Lemma 4.2. Define the map koo : ([0,T] x C([0,T];RY))? — [0, +00) as

koo ((t, @), (t',2")) = (4.1)

3
(l-nt = 2 purll7 — 2(t) — 2" ()]*)

= 1A = & ne 17

+3lz(t) =2/ ()% feae =2l llr #0,
Oa ||I~/\t - I{/\t/”T = 07

for all (t,x),(t',2") € [0,T] x C([0,T];R?). Then, ko is continuous and satisfies the following inequalities:

4
T

4

- (4.2)

S HOO((taI)a(t/aI/)) S 3Hx~/\t_x{/\t/

/
Hfll/\t — T ay

Moreover, for every fized (t',2') € [0, T]xC([0, T); RY), the map [t', T]xC([0, T);RY) 3 (t,2) = koo((t, ), (', 2"))
belongs to CY2([t', T| x C([0,T];R?)) and its horizontal derivative is identically equal to zero. Its vertical
derivatives of first and second-order satisfy

3

|8V/£OO( ), t,x/))‘ < cHx.At—x{M, T (4.3)
‘ zzj ( ,(t/,.’IJ/))‘ S CHSE»/\t_J;{/\t/ ;, (44)
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for some constant ¢ > 0, for every i,j =1,...,d. Finally, the following pseudo-triangle inequality holds:
[E= 1+ oo (1,2), (1,0) < 3-2% (It = tol' + koo (), (t0,30)) +[to = #[* + e ((Fo, 70), (F,27)) ), (4.5)

for all (t,x), (t',2'), (to, z0) € [0,T] x C([0,T]; R?).

Proof. The claim follows from [54, Lemma 3.1], apart from (4.5). More precisely, let Y™ be the function
defined at the beginning of |54, Section 3]. Then, notice that k., corresponds to T23. As a consequence, (4.2)
follows from inequalities (3.1) in [54]. In addition, the fact that, for every fixed (#',z’) € [0,T] x C([0, T]; R%),
the map [/, T] x C([0, T};R?) 3 (t,7) — kool(t, ), (', 2")) belongs to CH2([t', T] x C([0, T]; RY)) follows from
[54, Lemma 3.1]. Moreover, the fact that its horizontal derivative is identically equal to zero is proved at
the beginning of the proof of [54, Lemma 3.1]. Concerning estimate (4.3), this follows from the explicit
expressions of the first-order vertical derivatives of ko, reported in (3.8) of [54]. Finally, estimate (4.4)
follows from the explicit expressions of the second-order vertical derivatives of ko given in (3.14) of [54].
Regarding (4.5), by (4.2) we have

=t + R (8, 2), () < [t —t/|* +3[|x(- At) =2/ (- Aty < 3t =+ 3]Ja(- At) =2’ (- At)|-

IN

3(1t — tol + ' — tol)* + 3([l2- A1) — 2o A o)+ [l A ) — o Ato)]l)
< 32 (je—tol* + ' = to]') +3-2° ([l A ) = 2o(- Ato) |7 + [/ (- AE) = wo(- Ato)|7)

3. 23(|t —tol* + [t —to|* + Koo (£, 2), (to, T0)) + Koo ((t',2'), (to, xo))).

A

IN

Next result provides a gauge-type function with bounded derivatives, built starting from koo in (4.1).
Corollary 4.3. Let ps: ([0,T] x C([0,T]; R?))2 — [0, +00] be defined as
Koo ((t, ), (t, 2’
|t—t/|2+ (( ) ( /))/ ,
poo ((t,2), (', 2)) = 1+ koo ((t,2), (¢, 27))
_|_oo7 t < t/,

t>t,

for all (t,x),(t',2") € [0,T] x C([0,T);R%). Then, ps is a gauge-type function. In addition, for every
fized (t',2") € [0,T] x C([0,T);RY), the map [t',T] x C([0,T];RY) > (t,z) = poo((t,x), (¥, ")) belongs to
CH2([t',T] x C([0,T); RY)) and it has bounded derivatives.

Proof. The claim follows directly from Lemma 4.2. As a matter of fact, from the continuity of ko, we
deduce that, for every fixed (¢, z0) € [0, T] x C([0, T]; R?), the map (t,x) = poo((t, ), (to, T0)) is lower semi-
continuous on [0, 7] x C([0, T]; R?). This proves item a) of Definition 4.1. Moreover, item b) is obvious, while
item c) follows from inequalities (4.2). Finally, the fact that, for every fixed (¢,2') € [0,T] x C([0, T]; R%),
the map [/, T] x C([0,T); R?) 3 (t,2) = poo((t,z), (¢, 2")) belongs to CL2([t', T] x C([0,T); RY)) and it has
bounded derivatives follows from the regularity of ko, and the estimates on its derivatives stated in Lemma
4.2. O

We can finally state the smooth variational principle on [0,7] x C([0, T]; R9).

Theorem 4.4. Let A > 0, § > 0, and let G: [0,T] x C([0,T];R%) — R be an upper semicontinuous map,
bounded from above. Let also (to, 7o) € [0,T] x C([0,T];R?) satisfy

G(to,z0) > sup G(t,z) = A
(t,z)€[0,T]x C([0,T];R4)
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Then, there exist {(t;,x;)}i>1 C [0,T] x C([0,T]; R?) converging to some (£,z) € [0,T] x C([0,T];R?) and
©:[0,T] x C([0, T);RY) — [0, +00] given by
+oo 5
@(tv'r) = Z ?poo((tv'r)v (t’iv'ri))7 V(t,I) € [OvT] X C([OaTLRd)a (46)
i=0
fulfilling the following properties.
i) poo((£,Z), (ti, i) < N/ (280), for every i > 1, and poo((t, ), (to, z0)) < A/4.
G(to,w0) < G(1,7) — ¢(t, 7).

)
iii) For every (t,x) # (¢,Z), G(t,z) — o(t,z) < G(t,Z) — ¢(t, T).
)

ii

iv) It holds that to <t and t; < t, for every i > 1.

In addition, the restriction of o to [t, T]x C([0, T];R%) belongs to CY2([t, T] x C([0, T]; R?)) and its derivatives
are bounded by cd, for some constant ¢ > 0, independent of A, J.

Proof. Items i)-ii)-iii) follow from the variational principle [41, Theorem 1|, which applies to a generic
gauge-type function ¥ (just observe that [41, Theorem 1] is formulated on a complete metric space, while
[0, 7] x C([0,T); RY) is a complete pseudometric space; however, this does not affect the result). Notice that
the quantities € and §; appearing in |11, Theorem 1] here are taken equal respectively to ¢ = X and §; = §/2¢,
for i > 0.

Concerning item iv), this is a consequence of the fact that we set poo((¢, 2), (¢, 2")) equal to +oo for ¢ < ¢'.
More precisely, item iv) can be deduced looking at the proof of [41, Theorem 1] (see in particular formula
(18) in [11] where (t1,21) is introduced and, more generally, formula (21) where (¢;, z;) is introduced), from
which we get the inequalities t5 <t <ty <--- <t; <--- < L.

Finally, the properties of ¢ follows from the properties of p, stated in Corollary 4.3 and from item
iv). O

4.2 Comparison theorem and uniqueness
Theorem 4.5. Suppose that Assumptions (A), (B), (C) hold. Let uy,uz: [0,T] x C([0,T];R?) — R be

such that

ui(t, @) —wi(t',2")] < Ci(lt = t'|" + [lz(- At) — 2" (- A1), (4.7)
for every i = 1,2, (t,z),(t',2') € [0,T] x C([0,T);RY), for some constants C; > 0, q;,p; € (0,1]. Suppose
that uy (resp. us) is a (path-dependent) viscosity subsolution (resp. supersolution) of equation (3.5). Then
uy < ug on [0,T] x C([0,T]; RY).
Proof. The proof consists in showing that u; < v and v < ug on [0, 7] x C([0, T]; RY), with v given by (2.5).

STEP 1. Proof of u1 <wv. We proceed by contradiction and assume that sup(u; — v) > 0. Then, there exists
(to,z0) € [0,T] x C([0,T]; R?) such that

(u1 — v)(to, o) > 0. (4.8)
Notice that tg < T, since u1 (T, zo) < g(zo) = v(T, o). Now, consider the sequences {b,}n, {fn}tn, {gn}n
in (B.18). Moreover, for every n and any € € (0, 1), consider the functions v, . € C’;fl([(), T] x C([0,T); R9))
and v, . € CT2([0, T] x R?) introduced in Theorem B.7, with v, . classical solution of the following equation:
1
Of vn,e(t, x) + 5260 [Dyy e (8, Y3")] + SUPge {<bn(t, 7,0),0; vne(t, 7))
1
+ §tr[(aaT)(t,x,a)(?;;vnﬁ(t,x)} + fn(t,:v,a)} =0, (t,z) € [0,T) x C([0, T); RY),
Une(T,x) = gn(x), r € C([0,T);RY),
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where y%® is given by (B.9). Notice that the term 1&2tr[d,,Un (¢, y%")] depends on the function o, . rather
than on v, ¢, see Remark B.6.
We split the rest of the proof of STEP I into four substeps.

SUBSTEP I-A. Given k € N, we set @1 (t, ) := e/~ uy (¢, x), for all (£, z) € [0,T]x C([0, T];R?), and we define
similarly @, ¢, f, fn. We also define g(z) := T~ g(z) and g,(z) := eT~% g, (z), for all x € C(]0,T];R?).
Notice that @; is a (path-dependent) viscosity subsolution of the following path-dependent partial differential
equation:

Oty (t, ) + sup,e 4 {<b(t, z,a), 0¥ uy(t,x)) + %tr[(ao"’)(t, z,a)0Y, 01 (t, )]

# ft0)} = it 0), (t,2) € [0.T) x C([0, T):RY), 49)
ay (T, z) = g(z), z € C([0,T];RY).
Similarly, o, . € C’;fl([(), T] x C([0,T]); R?)) and is a classical solution of the following equation:
1
OH D, o (t,z) + 5526t’t0tr[8yy6nﬁs(t, yL®)] + sup,e 4 {<bn(t, z,a),0Y vy (t,2))
1
+ =tr[(oo™)(t, z,a)dY, n.(t, )
2 [ } (4.10)
Fhtaa}=idta), (o) €0.1)x CO.THRY),
ne(T,x) = gn(z), x € C([0,T]; RY).

SUBSTEP I-B. We begin noting that by (4.7) and item 5) of Theorem B.7, there exist constants M’ > 0 and
p € (0,1/2], independent of n, e, such that

/

| (@ = Bne) (£ 2) = (i1 = Bu ) (#,2)] < M7 (It =17+ llo(- A8) = ' A7),

for all (t,z), (t',2") € [0,T] x C([0,T); R?), with |t —#'| <1 and ||z(- At) —2'(- At')||7 < 1. By (4.2), we find

[ (@1 = ) (t2) = (@0 = Bn,e) (2] < M7I(It_t'|p+ lz(- At) =2 (- At)IIE)
- MT/ (lt =P+ la(-At) —a'(- A t/)”ﬁ)

< MTI (|t — P + koo (1, 2), (t’,x’)ﬁ).

Then, by the concavity of the map y — y%, we obtain

[(1 = Bn,e) (t,2) — (G — Tne) (¢, 2)] < 7121—% (|t — " + koo ((t,2), (¢, x’)))%

p
4

M’(|t — [+ R (1, 2), (t’,:v'))) , (4.11)

IN

for all (¢,z), (t',2') € [0,7] x C([0,T];RY), with |t —¢'| <1 and ||z(- At) —2'(- At))||r < 1. Let M > 0 be
such that
M > 2¥tP35 ). (4.12)
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Since in particular M > M’, from (4.11) we deduce that

(i1 — G0 ) (£, 2) — (i1 — o) (F, )| < M(|t — ]+ Koo ((t, ), (t’,x’)))%. (4.13)
Now, let \
- (f/;i)y 1 (4.14)

Notice that by (4.12) it follows that ~ is strictly positive (in fact v > 1). Moreover, let ¥ € (0,1) be such

that 1
L S— 4.15
T 3B+ (4.15)

Now, for each r € (0,7), let C,. > 0 be such that the map y — rv — 2 s strictly positive for y > C,.. Then,

VY
given r € (0,7) and k > C,, we construct a map G, ¢ x: [0,7] x C([0,T];R%) — R of the form

Gresor(ba) = (i1 = Be) (1) = hicr ([t = tol* + roo ((£:2). (f0.0)
_ WT(H —tol* + koo ((t, 7), (to, xo))),
for some smooth functions hy , and vy ,, such that Gy, ., satisfies the following properties:

1) Gpekr(to,z0) = (U1 — On,e)(to, 0);

(
2) G gor(t,x) < (1 — One)(to, xo) + MrP, for |t — to|* + koo ((t, T), (o, z0)) < 14
(
(t,

)
)
) Grepor(t,7) < (il — D) (t0, 0) — SMrP, for [t — to|* + Koo ((t, ), (to, 20)) = 7%;
) G
)

- W

n,e,k,r t ) >~ (ﬁl - ’Dn,s)(thIO) - %MTP, for |t - t0|4 + ’ioo((tax)a (t()v'r())) > T4;

5) the horizontal and vertical derivatives of first and second order of the map [to, T] x C([0, T]; RY) > (t,x)

B (|t — to]* + Koo ((t, ), (to, 0))) are bounded by £ 7 on the set {|t —to|* + Koo ((t, ), (to, 20)) < 7}, for
some constant D, > 0, possibly depending on r, but independent of n, ¢, k.

Notice that from properties 2) and 4) it follows that

sup Gnn&“,k,r(tv ,T) < (ﬂl - ’Dn,a)(thxO) + MrP. (416)
(t,z)€[0,T]xC([0,T];R4)

In order to construct Gy, ¢k r, we consider a function ¢y ,: [0,00) — [0, 00), such that:

a) Yr, € C?([0,00)) and has polynomial growth together with its derivatives of first and second-order;
b) kr(s) =0 for 0 < s < r4;

c) for s > yrt, with v > 1 as in (4.14), ¢y, satisfies

4
Vrr(s) > 20’2(3 235 +3- 2% 4)f —iMrp, (4.17)

i=1
where C” > 0 is as in (4.25) and 31 := q1, B2 :=p1, B3 :=1/2, B4 := 1.

Then, we define G, ¢ 1, as follows:

Bl
)
| =
—

Grckn(t,2) = (i — Bne)(t,) 3M\/E{ (ﬂl

,T

((t,I), (tOwTO))) - 1
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= e (1t = tol + e ((8,2), (t0, 20)) )

for every (t,z) € [0,T] x C([0,T]; R?), with

k
1
gk,r - <ﬁ> . (418)
TR

Since we are assuming k > C,., then rE— TT’; > 0.

We begin noting that

Gn,s,k,r(tvfb) = (ﬂl _'Dn,s)(tyx) (419)
- 3M\/E{ (E: + |t = to|* + Koo ((t, ), (to,xo))) - %}

for [t — to|* + Koo((t, ), (to,20)) < 7% As a matter of fact, if [t — to|* + Koo((t, ), (to,z0)) < r* then
Vi (|t — to]* + Koo((t, ), (to, 0))) is equal to zero by property b) of ¥y ..

Property 1). Notice that property 1) above holds true:

G e (to,20) = (U1 — Un,e) (to, o).

Property 2). This property follows from (4.13), the fact that hy, > 0 and ¢, > 0:

G (t, @) — (U — One) (fo, w0) < (U1 — Un,e) (¢, 2) — (41 — On,e) (fo, 20)

P

< M(|t—t0|4+f<aoo((t,:v),(to,xo)))4 < MrP.

Property 3). Regarding property 3), by (4.13) and (4.19), for all (¢, z) € [0, T] x C([0, T]; RY), with |t — to|* +
'k‘./oo((tu :E)u (t07 :EO)) = 7'4,

Grepr(t,x) = (1 — Une)(t,2) — (41 — n,e) (fo, 0) + (41 — Tn,c ) (o, 20)

_3M\/E{ (ﬂle + [t — to]* + koo (£, 2), (to,xo)))_ - }

[y

)

T =

T

1 G 1
+ (al _ﬁn,a)(tO,fEO) _3M\/E{( —|—7‘4) — T}
gk,r glf

]

< M(|t —to* + koo ((t, ), (to, :vo)))

— Mrp+(al—@n,s)(to,xo)—sM\/E{@l +r4)%— 1 }

k,r KI’:T

)

Now, notice that

1
1 oo 1
Mr? —3MVk +rt) -/ < —ZMrP, (4.20)
Ly r EIE 2

from which property 3) follows. As a matter of fact, (4.20) can be written as

%
%r” < 3MVE ! +rt) - } ,
2 L 55

,T
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which becomes

rp+2\l/E < 2\/E< ! +r4) : (4.21)

% 4y,
Ek,r o

On the other hand, using the concavity of the map y — y*/*, we have

1
1 ® 1 1
2( +T4) > 2flv< . —I—Ti> > — —|—r%,
Ly r 0F 0%
k,r k

where the last inequality follows from the fact that 21/% > 1. Therefore, (4.21) holds true if

rp+2\1/E < \/E< : —I—r%).

I I
b b
This yields
% rP > 1
r - T = )
VE ~ gé

which is indeed an equality due to the expression of ¢ , in (4.18).

Property 4). Regarding property 4), we have, for every [t — to|* + koo ((t, 2), (to, z0)) > 14,

Gn,s,k,r(t; I) = Gn,s,k,r(tv -I) - Gn,s,k,r(t/y -I/) + Gn,s,k,r(t/; I/)
= (ﬁl - 5n,5) (t7 fE) - (ﬂl - '[)n,s) (t/a 517/) + Gn,s,k,r(tlv :E/)

—3M\/E{< ! —|—|t—t0|4+lioo((t,$),(t0,x0))> —k%}

gkr

)

+3M\/E{< !

1

® 1
7 +|t’—to|4—I—moo((t’,:v’),(to,xo))) —T}
k,r

— g (|t — tol* + koo ((t, ), (to, xo)))
(@ — Bne) (6, @) = (@1 — Bne) (¢, @) + e (', 2') (4.22)
— e (1 = tol* + e (8,2), (t0, 70)) )

IN

for any [t/ — to|* + koo (¢, 2'), (to, 20)) = r*, where we used (4.19), namely that v, does not appear in the
expression of Gy, 1. (t',2"), and also that the map

%
s —> 3M\/E{( ! —i—s) — } }
lrr 0F

,T

is non-decreasing.
Now, we prove that the set A := {(¢,z): [t — to|* + koo ((¢, 7), (to,0)) > 7%} can be written as A; U Az, with
Aq and A, disjoint sets, where:

e A is the set of points (¢, z) € A for which there exists (¢/,2’) (with [t/ —to|* + ke ((#', '), (to, 7)) = )
satisfying |t — /| < 1, ||lz(- At) —2'(- At)||r < 1, [t —t'[* + koo ((t, 2), (t',2")) < (irPM/M')“/”;

e A, is the set of points (¢,x) € A such that
|t_t0|4 +’{oo((t7'r)7(t0;:170)) > FYT47 (423)

with v > 1 given by (4.14).
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Let us prove that A;, Ay form a partition of A. To this end, consider a point (¢,2) € A\A; and suppose
that [t — #'|* + koo (£,2), (', 2")) > (22 M/M')? for any (#',2') with [t/ — to|* + Kae (', 2), (to, T0)) = 1.
By (4.5), we have (recalling the definition of v in (4.14))

4 4
1 1M » (M/M")»
|t—t0|4—|—Iioo((t,$),(t0,$0)) > 393 <ZMTP> g <MT%—1 rd = fy'r4.

This shows that (¢,z) € Ay. Now, suppose on the other hand that |t —¢'| > 1 (in the case ||z(- At) — 2'(- A
t)||7 > 1 we proceed along the same lines). Then [t — #/|* + koo ((t, ), (t',2")) > 1. Therefore, by (4.5), we
get

LN o> gt

3.23 ’

which shows that (¢,2) € A, where the last inequality follows from the fact that r € (0,7) and the definition
of 7 in (4.15).

For the rest of the proof of Property 4) we distinguish two cases depending on the point (¢, x).

Case 1: (t,x) € A1. By (4.11) and property 3) of G, ¢ .r, from (4.22) we find

|t - t0|4 + KOO((t, ,T), (to,xo) >

P
4

Gnepr(t,z) < M’(|t — " + koo (¢, 2), (¢, x/))) + (@1 — Tn,e) (to, o) (4.24)

1
_ EMTP — 1/}k,r(|t — t0|4 + Hoo((t, ZE), (to,fto)))_
Then, by (4.24), recalling that ¢y, > 0,
o 1
Gn’a’k’T(t’ :E) < (Ul - ’Un,E) (to,{[,‘o) - ZM’]"Z),

which proves property 4) for such (¢, z).

Case 2: (t,x) € Ay. We begin noting that by (4.7) and item 5) of Theorem B.7, there exists a constant
C’" > 0, independent of n, e, such that

‘(’al — ﬁn)a) (t, .’L') — (’[Ll — 6n,a)(tl, xl)‘
< C(jt =11+ [la(- A t) =2 AE + 1=+ e At =2 (A7)
4
C' Yy ([t =t + (- Aty = (- A1), (4.25)
i=1
for all (¢,z), (¢, 2') € [0,T] x C([0,T);R?), where 31 := q1, B2 := p1, 3 := 1/2, B4 := 1. Hence (recalling
(4.2))

IN

4

(i = B0 (1.2) = (i1 — 50 ) (s 2)] < 20" (ft =¥+ 2l A ) =2/ AE)IE) T
=1
4 Bi
< 20’Z(|t—1t’|4+/-coo((1t,f1:),(t’,ﬂc’)))T

Now, by (4.5) we have
[t =t + koo (1, 2), (£, 2)) < 3 23(|t — to] + Foo (£, 2), (to, ;vo))) 3. 9234,

Hence

™

3

<3 . 23(|t —tol* + koo ((t, ), (to,xo))) +3- 23T4) T.

B

|(i1 = Tne) (8, ) — (U1 — Bne) (¢, 2)| < 2C7 _
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Using the last inequality, together with (4.22) and property 3) of Gy, ¢ k.», we get (recall that (¢',2”) satisfies
|t = to]* + ko ((t', 2"), (to, 0)) = 1)

Gn,s,k,r(t; I) S (ﬁl - 'Dn.,s)(t; I) - (ﬁl - 1777,,5) (tlv $/) + Gn,s,k,r(t/; I/) - 1/)k,r (|t - t0|4 + Hoo((ta I)a (t07 .I())))

4 Bi

E 1
2¢" Z <3 : 23(|t — tol* + koo ((t, @), (to,xo))) +3- 237"4) + (@11 — Un,e ) (to, T0) — §M7"p

i=1

IN

— wk,r(lt —tol* + Koo ((t, @), (to,fco))) < (@1 — On,e) (to, To) — iMr”,

where the latter inequality follows from property c) of ¥, (namely from (4.17) with s = |t — ¢o|* +
Koo ((t, ), (to,x0))) and the fact that (¢, z) satisfies (4.23).

Property 5). We recall that the function hy , takes the following form:

Bpr(t,z) = 3M\/E{(€:T ((t,x),(to,:z:o))> _

=
~
T | —
—

Its derivatives are given by:

3
O hpr(t,z) = oo A(t — to) _
k VEk (ﬁ_" |t—t0|4"’Hoo((t,x),(to,:zro))) -%
Y hyp(tx) = N O oo ((t, 7). (t0, 29)) 5
k \/E( + [t = tol* + Koo((t, @), (to, 20))) ' *
(9;/11 hkr(t x) = % 8”‘”/% (( ),(to,xo))

vk (g + [t = tol* + Koo (

N % (E ~ 1) OY koo ((t,

t,2), (to,z0))' "
s (t07 xo))as‘sfj KOO((tv ‘T)v (t07 ‘TO))

T -

2__
(t+|t_t0|4+,‘goo((t,$),(toax0))) *

(
)

The claim follows if we prove that the quantities multiplying ﬁ are bounded on the set {|t — to|* +

Koo((t, ), (to, z0)) < r*} by some constant D, > 0, independent of k, but possibly depending on r. Consider
for instance the first term appearing in the second-order derivative (the other terms can be treated in a
similar way):

| mlm] (( ),(t0,$0))|

1—-4-
(7 + 1t = tol* + Koo ((t, ), (t0, 7))~

By (4.2) and (4.4), we have
102 Koo (£, 2), (to, 20))|
(1 |t—to|4+noo<<t,x>,<to,xo>>>1“
< 0 F 10 ke ((8,2), (fo, 20))| < el F (roo((F @), (t0, 20))

< cz,lw (It = to|* + Koo ((t, 2), (to, 70))) * < ce};; 2,

=

-

Recalling the expression of ¢, in (4.18), we find

1 k—1

1—% k— &

cé,” r? = c<7> r?
T



We conclude that the quantity c€ r is bounded in k£ by some constant depending on r.

SUBSTEP I-c. By (4.16) and the smooth variational principle (Theorem 4.4) with G := Gy ¢, and A :=
MrP, we deduce that for every § > 0 there exist (f,7) € [to,T] x C([0,T];R?) and ¢: [0,T] x C([0,T] x
R?) — [0,+0cc] in (4.6) satisfying items i)-ii)-iii)-iv) of Theorem 4.4. Moreover, the restriction of ¢ to
[t,T] x C([0, T]; RY) belongs to CY2([t, T] x C(]0,T]; R?)) and its derivatives are bounded by cd, for some
constant ¢ > 0, independent of n,e, k,r,d. Moreover, from properties 1)-3)-4) of Gy, ¢k and item ii) of
Theorem 4.4, it follows that

[t —to|* + koo (£, Z), (to, z0)) < 7. (4.26)
In particular

[t —to] < 7

Recalling that tg < T', we see that ¢ < T for r small enough.
Using again (4.26) and (4.2), we obtain

|Z(- AE) —zo(- Ato)||, < 7 (4.27)
SUBSTEP I-D. We apply the definition of viscosity subsolution of (4.9) to @; at the point (¢,Z) with test

function (¢, ) — On (¢, ) + hir(t, ) + @(t, ), where (recall from (4.19) that 1y does not appear because
of (4.26))

hir(t,x) = 3Mf{<&” +|t—t0|4+noo((t,x),(t0,xo))>’1°_il}.

Then, we obtain
y(t, )

< Oy (t,Z) + sup {(b(t z,a),0) by (£,7)) + %tr[(UJT)(f,a_j, )0y, b (8, 2)] }

acA

+ 0f p(t,T) + (sllelg {<b(t z,a),0Y ot )+ %tr[(aaT)(f, z,a)0Y. o(t, z)] }

+ 00, (1, Z) + sup {(b(t, Z,a),0) On-(t,7)) + %tr[(mﬂ)(f, z,a)0),0n(t,7)] + f(t. 2, a)}.
acA

Recalling that @, . is a classical solution of equation (4.10), we find

1 - s
(’&’1 - 67175)(15’ j) < _562675*150“. [ayyﬁnyi (ta yf{m)}

+ 0 hy. - (t, ) + sup {(b(t, z,a),0y hir(£,7)) + %tr[(am)(ﬂ z,a)0y, hir (L, )] }

a€A

+ 0 p(t, T) + (sllelg {<b( z,a),0Y ot, 3’:)> + %tr[(aaT)(f,a_j, a)dY. o(t, 5:)]}
+sup {(b(f,jz,a) — bu(t,7,0),0Y B o (E,2)) + f(E 2, 0) — fn(t_,a_:,a)}, (4.28)

where yf;j is given by (B.9) with ¢ and z replaced respectively by ¢ and Z. By item ii) of Theorem 4.4 and
the fact that ¢ > 0, we have

(U1 — Un,e)(tos o) = (U1 — Une)(to, o) < (ﬂl — Upe — SD) (t,z) < (ﬂl - 5n,a)(t_7 z).

In addition, using the boundedness of b and o, and recalling from Theorem 4.4 that the derivatives of ¢ are
bounded by ¢d, we deduce that there exists a constant A > 0, independent of n, e, k, r, d, such that

O o(t, ) + sup {<b(t, z,a),0Y ot, 3_:)> + %tr[(mﬂ)(f, z,a)0Y. o(t, a‘:)} } < AS.

acA
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Similarly, recall from property 5) of SUBSTEP I-B that the derivatives of hy , are bounded by % on the set

{It = to|* + koo ((t, ), (to, o)) < r*}. Since by (4.26) it holds that [t — to|* + koo (£, Z), (to, 70)) < 72, there
exists some constant =, > 0, independent of n, e, k, d, but possibly depending on r, such that

(1]

T

8tHhk1T(t_, Z) + sup {<b(t_, z,a), 8thm(t_, a_:)> + %tr[(aa*)(_, T, a)(?;;hkm(f, 3‘:)] } <
a€A

=

Plugging the last three estimates into (4.28) we get, using also estimates (B.33) and (B.34),

1, e s . =,
(U1 — Une)(to, ®o) < §€2€t7t0 dd, C, e“nT=D (1+|ys" )3q +A+ — (4.29)

Vk

+eg’t°{ils11€1§{‘b(f,:f,a) = balt.7,0)|} + sup {| /(7. ,0) - falt, 70|} }.

Recall that y57 is given by (B.9). Then, from (B.11)-(B.12) we see that there exists a constant ¢ > 0,
independent of n, e, d, such that

(57| < cllzt AD)]lp  Vi=1,...,da.

7] = [ 0L < eV Ay < evdlleot At
J

1
v/} A8 = o Ato)]ly < eVallzol Ato) | + eV

where the last inequality follows from (4.27). Therefore, from (4.29) we obtain

Hence

_ _ 3q
(o s trn) 58000, Gt (1 /Bl 0]+ )

+AS+ % + ef—“{iigg{\b(f,m) = bu(t 7. 0)|} + sup {[ /(1.7 a) - falz,0)[}}-

Now, notice that
sup  |Z(s A ) —Z(s' AT)| < sup  |Z(s A E) — mo(s Ato) + zo(s Ato) — zo(s’ Ato)
|s—s/|<27n |s—s/| <2
+ao(s' ANto) —z(s" AE)| < 2/|T(- AE) —mo(- Ato)||,+  sup  |zo(s Ato) —xo(s’ Ato)]
|s—s’|<27m
< 2r+  sup  |wo(s Ate) — (s’ Ato)l,
|s—s’|<27m

where the last inequality follows from (4.27). Then, using estimate (B.16) with h and h,, replaced respectively
by b and b, or f and f,, we get

_ = 34 =
e2et~tdd, CpeT (1 + C\/d—nHUCO(' Ato)||, + C\/Z%) + A+ :/TE

+e 71+ L) <6Kr +3K  sup  |xo(s Ato) —xo(s" Ato)| (4.30)
‘Sisl|§277l

N~

(w1 — vn,e)(to, z0) <

37’ w((t+r/n) AT —1) dr>,

n 2K n / <2
—_— —e
Vd(2m +1) o V27
where we recall that w is the modulus of continuity of b and f with respect to the time variable.

Now we pass to the limit. First, we send ¢ — 0% so the first term on the right-hand side of (4.30) goes to
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zero. Then, we send n — +0o so the second term on the second line in (4.30) goes to zero, together with
the two terms on the third line. Afterwards, we let k¥ — oo and 6 — 0. Finally, we send r — 0T, obtaining

(u1 - ’U)(to,xo) S 0,
which gives a contradiction to (4.8).

STEP II. Proof of v < usg. It is enough to show that

us(t,x) > sup E[/ f(r,Xt’””’a,a) dr—i—v(s,Xt’z’a)}, (4.31)
s€t,T),acA t

for every (t,z) € [0,T] x C([0,T];R%), where X»*® corresponds to the process X" with a = a. As a
matter of fact, it holds that

sup IE[/ f(r, xtwa a) dr + v(s, Xt’w’“)] > o(t,x),
s€[t,T],aeA t

where the validity of the above inequality can be shown simply taking s = ¢ in the left-hand side. For every
fixed s € [0,T], a € A, set

v>e(t,x) = E[/:f(r, Xh®e a) dr—i—v(s,Xt’m’a)}, Y (t,x) € [0,s] x C([0,T]; RY).

Notice that applying Proposition 2.6 with g, T, A replaced by v(s,-), s, {a}, respectively, we deduce that v*
is bounded, jointly continuous on [0, s] x C([0,T]; R?), and there exists a constant ¢ > 0 (depending only on
T and K) such that

o> (t2) — o™t a)| < et =t + e At) = 2/ (- AE)llz),

for all (s,a) € [0,T] x A, (¢,7),(¥,z') € [0,5] x C([0,T];R?). By the boundedness of f and (2.6), we also
have )
oS (t, z) — vt x)| < Kl|s' —s| +c|s’ — s|'/2, (4.32)

for all @ € A, s,5" € [0,T], (t,x) € [0,5 A s'] x C([0,T]; R?), with ¢ being the same constant appearing in
(2.6).

In order to prove (4.31), we proceed by contradiction and suppose that there exist (tg,x0) € [0,7] x
C([0,T);R%), s € [to, T, ao € A, such that

(USO’GO—’U,Q)(to,.I()) > 0.

It holds that to < T, otherwise tg = so = T and uz (T, x0) > g(xo) = v (T, z0). Moreover, we can suppose,
without loss of generality, that to < so. As a matter of fact, by (4.32) and the fact that ¢ty < T, there exists
s1 € (to, T such that (v — ug)(to, o) > 0. Therefore, it is enough to consider s; in place of sg. For this
reason, in the sequel we assume that ty < sg.

Now, consider the sequences {b, }n, { fn}n, {0n(S0, ) }n, {vi%}, introduced in Theorem B.8, with vZ0:%0
being a classical solution of equation (B.35).

We set iia(t, ) := et 10 uy(t, z), for all (¢, z) € [0,T] x C([0,T]); R?), and we define similarly 550%, f, f,,.
We also define §(x) := e!~% g(z) and 9, (sg, ) := e* =% 9,,(s0, ), for all z € C([0, T]; RY). Notice that s is
a (path-dependent) viscosity supersolution of the following path-dependent partial differential equation:

O a(t, x) + (b(t, . ap), OY ia(t, 2)) + %tr[(aaT)(t, r,a0)0Y,fia(t, )]
+ f(t, x, a0) = Gs(t, x), (t,z) € [0,T) x C([0, T]; RY),

t2(T, x) = g(x), z € C([0,T]; RY).

26



Similarly, 950:% € C;;QI([O, T] x C([0,T];R?)) and is a classical solution of the following equation:

O o500 (¢, ) + (bn(t, @, a0),0) 50 (t, x)) + %tr[(UUT)(t,JJ, ag) 0y, 50 (t, )]
—i—fn(t,:v,ao) = 9500 (t, 1), (t,x) € [0,50) x C([0, T]; RY),
050090 (80, ) = T (80, ), r € C([0,T]; RY).

We begin noting that by (4.7) and item 4) of Theorem B.8, there exist constants M > 0 and p € (0,1/2],
independent of n, e, such that
|(050°%0 — g (t, ) — (050" — o) (', 2")| < M([t —t'[P + |la(- At) — ' (- A)|F),

for all (¢,x),(t',2') € [0, s0] x C([0,T);RY), with [t —#'| <1 and [|x(- At) — 2'(- At')||]r < 1. To alleviate
notation, we use the same symbols M and p as in STEP I. Now, we proceed along the same lines as in
SUBSTEP I-B. In particular, we consider the function

o
+ |t - t0|4 + K/oo((tux)ﬂ (t07x0))) - é% }
k,r

)

G o (£ ) 1= (0370 = W) (,2) = 3M\/E{ (61

k,r

= o (It = tol* + koo (¢, 2), (t0, 20)) )-
As in SUBSTEP I-B we can prove that, for &k > C,.,

sup Gnir(t,x) < (f;f;”a“ - 112) (to, o) + MrP.
(t,x)€[0,50] X C([0,T];R?)

Then, by the smooth variational principle (Theorem 4.4) on [0, so] x C([0,T];R?) with G := G, 1, and
A := MrP, we deduce that for every § > 0 there exist (£,Z) € [to, so] x C([0, T];R%) and ¢: [0, T] x C([0,T] x
R%) — [0,+0c] in (4.6) satisfying items i)-ii)-iii)-iv) of Theorem 4.4. Moreover, the restriction of ¢ to
[t,T] x C([0,T);RY) belongs to CL2([t,T] x C(]0,T]; R?)) and its derivatives are bounded by ¢4, for some
constant ¢ > 0, independent of n, k,r,§. Moreover, from the properties of G, i, and item ii) of Theorem
4.4, it follows that

[t —to] < 7 |Z(- At) —20(- Ato)||, < 7

Recalling that ¢y < sg, by the first inequality we deduce that ¢ < sq for r small enough.

Now, we can proceed along the same lines as in SUBSTEP I-D to get a contradiction and conclude the
proof. We only notice that in order to use the viscosity supersolution property of g at the point (¢,%) we
need to extend v:0:% from [0, so] x C([0, T};RY) to [0,T] x C([0,T];R?) in such a way that the extension is

still smooth. We can do this extending by reflection (see [37]), namely defining the function
oo (g, ) _ [ 2) (t,) € [0,50]  C([0, T} ),
" ’ 4u30:90((3s9 — t)/2,x) — 30309 (289 — t, ), (t,7) € [s0,250] x C([0,T]; RY).

Notice that v}:%0-% is non-anticipative. If 2s9 > T we have finished, otherwise we extend again v}:*0-% and
after a finite number of extensions we find a map defined on the entire space [0, T] x C(]0, T]; RY). O

Finally, we can state the following uniqueness result.

Corollary 4.6. Suppose that Assumptions (A), (B), (C) hold. Then, the value function v in (2.5) is the
unique (path-dependent) viscosity solution of equation (3.5) in the class of functions satisfying (4.7).

Proof. If u is another (path-dependent) viscosity solution of equation (3.5) satisfying (4.7), then, by Theo-
rem 4.5, we get the two following inequalities:

u < v, v < o,

from which the claim follows. O
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Appendix A Pathwise derivatives and functional Itd’s
formula

In the present appendix, we briefly recall the definitions of pathwise (or functional) derivatives following [15,
Section 2], for which we refer for more details.

As we follow the standard approach (as it was introduced in the seminal paper [23]), in order to introduce
the pathwise derivatives for a map wu: [to,T] x C([0,T];R?) — R, to € [0,T), we firstly define them for
a map u: [to, T] x D([0,T];R?) — R, with D([0,T]; R%) being the set of cadlag paths, endowed with the
supremum norm [|Z|7 = sup¢jo 7y [£(s)], for every & € D(0, T]; R?). We also define on [0, T] x D([0, T]; R9)
the pseudometric ds : ([0, 7] x D([0,T];R))2 — [0, 00) as

doo ((t,2), (t',2")) = [t—t'|+

(-At) =& (A,

On [to, T] x D([0,T];R%) we consider the restriction of d, which we still denote by the same symbol.
Definition A.1. Consider a map a: [to, T] x D([0,T];R?) — R, to, € [0,T).

(1) For every (t,2) € [to,T] x D([0,T];R?), with t < T, the horizontal derivative of 0 at (t,%) is defined
as (if the limit exists)

u(t+ 6, 2(- Nt)) —a(t,z(- At
OFi(t,4) = lim 2UFOECAD) ZAEICAY)
o0+t
Att =T, it is defined as
ofa(T, ) = lim ofa(t,z).
t—T—

(i) For every (t,%) € [to, T] x D([0,T];R?), the vertical derivatives of first and second-order of i at (t,%)

are defined as (if the limits exist)

ﬂ(t, T+ heil[t,T]) - ﬁ(t, .CE)

ova(t &) := lim

3

* h—0 h
Vo oals oA VqV s .
8:Ei:l?ju(t5 I) = 8I]‘ (8:1?7,11’) (t7 x)?
where ey, ..., eq is the standard orthonormal basis of R%. We also denote 8Y 1 = (8;/111, cee 8;211) and
8;;’&’ = (8;/;@],11)1'13‘:1 ----- d-

Definition A.2. CV2([to, T] x D([0,T);RY)), to, € [0,T), is the set of continuous real-valued maps @ defined
on ([to, T] x D([0,T);RY),dw), such that 0F 4, OYa, 0V 4 exist everywhere on ([to, T] x D([0,T]; R%), dso)

and are continuous.

We can now define the pathwise derivatives for a map wu: [to, 7] x C([0,7];R?) — R. To this end, the
following consistency property plays a crucial role.

Lemma A.3. If iy, 1 € CY2([to, T] x D([0,T];RY)) coincide on continuous paths, namely
a(te) = da(t,x),  V(ta) € [to, T] x C([0, TRY),

then the same holds for their pathwise derivatives: for every (t,z) € [to, T] x C([0,T]; R?),

8tH’lALl(t,CC) = 85{112@,17),
(9;/’&1 (t, l‘) = a;/ag(t, LL‘),
8;;’&’1 (tvx) = 8;;17‘2( aI)'
Proof. See [15, Lemma 2.1]. O
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We can now given the following definition.

Definition A.4. C12([to, T] x C([0,T];RY)), to, € [0,T), is the set of continuous real-valued maps u defined
n ([to, T) x C([0,T);RY), dw), for which there exists 4 € C12([to, T] x D([0,T];R?)) such that

u(t,x) = alt,x),  V(t,z) € [to, T] x C([0,T]; R?).
We also define, for every (t,z) € [to, T] x C([0,T]; R%),
ofu(t,z) = offa(t,x),
Vau(t,z) = oYal(t,z),
oY u(t,x) = AV a(t,x).

Remark A.5. Thanks to the consistency property stated in Lemma A.3, the definition of pathwise derivatives
of u does not depend on the map U appearing in Definition A.4.

In the present paper we also need to consider the following subset of C12([ty, T] x C([0, T]; R%)).
Definition A.6. We denote by C2([to, T] x C([0,T); R%)) the set of u € CV2([to, T] x C([0,T]; R?)) such

pol
that w, O u, 0¥ u, OV, u satisfy a polynomial growth condition: there exist constants M > 0 and q¢ > 0 such
that
|0 u(t, z)| + |0 u(t, x)| + |Op,u(t,z)] < M (1+ |z|f),

for all (t,z) € [to, T] x C([0, T]; RY).
Finally, we state the so-called functional It6 formula.

Theorem A.7 (Functional Ito’s formula). Letu € C12([to, T]|x C([0, T]; RY)). Let also (2, F, (Fi)tefto, 1], P)
be a filtered probability space, with (Fi)ic[,, 1) Satisfying the usual conditions, on which a d-dimensional
continuous semimartingale X = (X¢)iep,, ) 15 defined, with X = (X1,...,X%). Then, it holds that

u(t, X) = u(to,X)+ 8 u(s, X) ds+ / X)d[Xx?, X7, (A1)
to z_] 1
—|—Z/ 8V (s, X)dX, for all to <t <T, P-a.s.
Proof. See [15, Theorem 2.2]. O

Appendix B Cylindrical approximations

B.1 The deterministic calculus via regularization

In the present appendix, we need to consider “cylindrical” maps defined on C([0,T];R?), namely maps
depending on a path z € C([0,7];R?) only through a finite number of integrals with respect to z. An
integral with respect to = can be formally written as “f[o,T] ©(s)dx(s)”. In order to give a meaning to the
latter notation, it is useful to notice that we look for a deterministic integral which coincides with the Ito
integral when z is replaced by an Itd process (such a property will be exploited in the sequel). This is

the case if we interpret “ f ( )dx(s)” as the deterministic version of the forward integral, which we now
introduce and denote by f ©(s)d~z(s). For more details on such an integral and, more generally, on the
deterministic calculus via regularlzatlon we refer to [20, Section 3.2] and [13, Section 2.2]. The only difference

with respect to [20] and [13] being that here we consider d-dimensional paths (with d possibly greater than 1),
even though, as usual, we work component by component, therefore relying on the one-dimensional theory.
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Definition B.1. Let z: [0,7] — R? and ¢: [0,T] — R be cadlag functions. When the following limit

T (T A (s+¢€)) —x(s)

/ o(s)d™z(s) = lim ©(s) ds
(0,7

e—0+t 0 €

exists and it is finite, we denote it by f[o 7] o(s)d™z(s) and call it forward integral of ¢ with respect to
x.

When ¢ is continuous and of bounded variation, an integration by parts formula provides an explicit
representation of the forward integral of ¢ with respect to .

Proposition B.2. Let z: [0,T] — R? be a cadlag function and let p: [0,T] — R be cadlag and of bounded
variation. The following integration by parts formula holds:

/ o(s)d () = o(T—)2(T) — p(0)(0) — / £(s) dip(s), (B.1)
[0,T7]

(0,7]
where f(O.T] x(s) dp(s) is a Lebesgue-Stieltjes integral on (0,T).
Proof. We have

T —x(s T—e¢ (s — (s T T — 2(s
/ ga(s)x(T/\(S+a)) ( >d52/ (p(s)wds_;_/ (p(s)uds
0 0

€ € T—e €

Notice that - " r
/0 o(s)x(s+¢e)ds = /E o(s—e)x(s)ds = /0 o(s —e)x(s) ds,

where in the last equality we set ¢(s) := 0 for s < 0. Hence

/O o(5) (T A (s+¢e)) —x(s) ds

€

Since ¢ is cadlag, we have

T +
2 eamyas = proa(m). (B.2)

On the other hand, by Fubini’s theorem, we have

/OT wx@) ds = —/OT (é /(S_E)S] dgo(r)):v(s)ds

rte rte rte
. /(m (2] atoras)aet) = - /(] (2] atoras)aetr) - /(m (2] atoras)aetr
- o [Cawa- [ (1] ety ds ) ot

Since x is right-continuous we have that %f:ﬁ z(s)ds — z(r) as e — 0". Moreover, since z is bounded
(being a cadlag function), by Lebesgue’s dominated convergence theorem we conclude that

[ G ewa)at = [ sz

30



Hence

9 9

1 5 1 r+e eyt
— cp(O)—/O x(s)ds — /(O,T] (—/T x(s) ds) de(r) — —p(0)z(0) — /(O,T} x(r)dp(r). (B.3)
From (B.2) and (B.3) we see that (B.1) follows. O

B.2 Cylindrical approximations

Lemma B.3. Let h: [0,T] x C([0,T];R?) x A — R be continuous and satisfying, for some constant K >0,
items a)-b)-d) or, alternatively, items a)-c)-d):

a) |h(t,z,a) — h(t,z',a)| < K ||z — 2'||;, for all t € [0,T], z,2" € C([0,T);R?%), a € A;

b) |h(t,0,a)| < K, for all (t,a) € [0,T] x A;

¢) |h(t,z,a)| < K, for all (t,z,a) € [0,T] x C([0,T); R%) x A;

d) h is uniformly continuous in t, uniformly with respect to the other variables, namely there exists a modulus

of continuity w: [0,00) — [0,00) such that
|h(t,$,&) —h(S,.ﬁE,CL)| < w(|t—s|), (B4)
for all t,s € [0,T],z € C([0,T];R%),a € A.

Then, there exists a sequence {hy}n with hy: [0,T] x C([0,T]);RY) x A = R continuous and satisfying the
following.

1) hy converges pointwise to h uniformly with respect to a, namely: for every (t,z) € [0,T] x C([0, T]; R%),
it holds that
lim sup‘hn(t,:zr,a) —h(t,x,a)| = 0.

n—-+o0o aEA

More precisely, (B.16) holds.

2) If h satisfies items a) and b) (resp. a) and c)) then hy also satisfies the same items. In particular, hy,
satisfies item a) with constant 2K and item b) with a constant K > 0, depending only on K (resp. item
¢) with the same constant K).

3) For every n, there exist d, € N, a continuous function hy,: [0,T] x R%n x A — R, and some continuously
differentiable functions ¢n1,...,¢na,: [0,T] — R such that

ho(t,z,a) = hy, (t, On,1(s)d”z(s) + z(0),..., On.d, (8) d”z(s) + 2(0), a) ,
[0,] [0,]

for every (t,x,a) € [0,T] x C([0,T];RY) x A. Moreover, d, and ¢y 1,...,bn.a, do not depend on h. In
addition, y&® given by (B.9) is such that (B.11) and (B.12) hold.

4) If h satisfies items a) and b) (resp. a) and c)) then h, satisfies items i) and ii) (resp. i) and iii)) below:

i) |hn(t,y,a) — ha(t,y,a)| < K|y —y|, for all t € [0,T), v,y € R¥n a € A;
i) |hn(t,0,a)| < K, for all (t,a) € [0,T] x A, for some constant K > 0, depending only on K ;
|h

iii) |hn(t,y,a)| < K, for all (t,y,a) € [0,T] x R%» x A.
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5) For every n and any a € A, the function hy(-,-,a) is CY2([0,T] x R%). Moreover, there exist constants
K, >0 and g € {0,1} such that

|0hn (t,y, )| + |0y (t,y, a)| + |02, ha(t y,a)| < Ku (1+y])?, (B.5)

for all (t,y,a) € [0,T] x R4 x A. The constant q is equal to 1 if h satisfies item b), while it is equal to
0 if h satisfies item c).

Proof. We split the proof into six steps.

Step 1. Definitions of :cgé; and z%;P°'. For every n € N, consider the n-th dyadic mesh of the time interval
[0, 7], that is

0 =ty <t < ... <ty =T, with ¢7 = ;_nT’ for every j =0,...,2".

For every y = (yo,...,y2n) € R (2"+1) we consider the corresponding n-th polygonal, denoted x?lf’;, which
is an element of C([0,7]; R?) and is characterized by the following properties:

o zbO(t]) = y;, for every j =0,...,2"

e B is linear on every interval [t} ,,t7], for any j =1,...,2".

So, in particular, :Cp"l is given by the following formula:

pol oy _ Yi—¥i—1_ Y1ty
Tny(s) = 0 15 tn—tn ’
i _

for every s € [t} _;,t7] and any j =1,...,2".

Now, given t € [0,7] and z € C([0,T]; R?), we denote

ptpol pol
n . n,y;z’
with
3 = (@l A et A D)) = (/[ ]1[07tg)(s)dx(s)—i—x(O),...,/{ ]1[07t;n)(s)dx(s)+x(0)),
0,t 0,t

where the second equality follows from the integration by parts formula (B.1).
It is easy to see that (in the following formulae we use the same symbol, that is | - |, to denote the Euclidean
norms on R¢ and R*(2"+1))

1 ~ ~
ey lr < maxy;| <y, ey —whglle < maxly; = g5l < |y —gl; (B.6)

for every y = (yo,...,%2n),J = (fo, ..., Jon ) € REC"+D Similarly, we have

5P e < el flap® =zl < sup Ja(rAt) —a(s At < sup () —a(s)]. (B.7)
|r—s|<2-n |r—s|<2-n

Step II. Definitions of ¢, ; and y5*. Let x: R — R be given by

0, r <0,
(r) L 0<r<l1
r) = 7/7'5 T )
X 1+el/(11 )
1, r>1.
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Notice that x belongs to C°°(R) and is strictly increasing on [0,1]. Then, for every n € N, we define the

functions ¢y, 0, ..., Pn,2n: [0,T] = R as follows:
1, 0<r<ty,
Pnj(r) = )
L= x(@2%(r —13)), ty <r<T,
for 7 =0,...,2"; so, in particular,
Gno(r) = 1— x(2%77), 0<r<T.

Moreover, for every (t,z) € [0,T] x C([0, T]; R?), let %% € R*("+1) he defined as

yf{w = ( ¢n,0(5) d_{E(S) + ‘T(O)ﬂ R ¢n,2” (S) d_JJ(S) + JJ(O)) :
[0,t] ]

[0,t

In the rest of this step we prove that the following estimate holds:

prdt,m - :Efz’pC’lHt <2 sup |x(rAt)—ax(sAt) <2 sup |z(r) —x(s)|

™ Yn |r—s|<2—2n |r—s|<2—m
We begin noting that
fo;ylf;”” — xf{pOIHt = _max ‘(y;z)J - x(t? A t)‘
where y5% = ((y4%)o, . . ., (y5%)an ) € R“Z"+D By the integration by parts formula (B.1), we have

W) =@ A0 = [ onsle)d7als) +a(0) —a(t] A1)

_ / 6ni(5)d”(s) + 2(0) — 2(t? A1)
[0,(t7+2-2")At)

= (47 —2n n —om i B (tF+272")At .
Ong (5 + 275 A ) 2((t +272) A ) —a(tf At) = | 2(s) ¢, ,(s) ds.

Notice that ¢, ;(s) = 1 and ¢], ;(s) =0, for 0 < s <#?. Now, we distinguish two cases.

1. Ift < t?, we have
(yp®); — z(tj At) = 0.

2. It ¢t > 17, we have

(y®); — 2(t] At) = dnj((£] +272") At) (8] +272") At) — x(t])
(7 +27°")AL
- /t x(s) (biu (s) ds.

n
3J

(t7+272")At
n

Observe that [, 1 (8)ds = ¢ (17 +272") At) — 1, then

J

(") — () At) = x((t] +272") At) — x(t])

(tF+272")At
+ /t (x((t? +27)AL) — :E(s)) qﬁiw»(s) ds

n

IN

(74272 At
sup  |z(rAt) —x(s/\t)|<1—|—/ ‘gb;”(s)‘ds)
t

|,,,75|§272n ;l
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(t7+272")At
<  sup |z(rAt) —x(s/\t)|(1+/t }d”(s)}ds)

[r—s|<2—n n
2n n 2n
Since [ 2 |y, ()] ds = — [0 T2MG, (s) ds = 1= (£ +2720) AL) and 1 (8] +
272n) /\t) <1, we get

|(h®); — (i At <2 sup  Jz(rAt)—a(sAt)] < 2 sup  |a(r) —a(s)]. (B.12)

r—s|<2-n r—s|<2-n

From (B.11) and (B.12) we conclude that (B.10) holds.
Step III. Definitions of h,,h, and proof of item 8). For every n € N, let n,,: R — R be given by

2 ’7l2
M(s) = \/%67752, VseR.

Notice that fooo nn(8)ds = 1. Moreover, for every n € N, let (,: R*("+1) 5 R be the probability density
function of the multivariate normal distribution N (0, (d(2" + 1))~2 Iy2n41)), where Iyony1) denotes the
identity matrix of order d(2" + 1):

(d(2n 4 1))d(2n+1) - (d(2n2+1))2 |z|2,

_ d-(2"+1)
Cnlz) = @m)iz 2 VzeR .

Now, define hy,: [0,T] x R*(2"+1) x A — R as follows:

n(t,y,a / / YCn(2) ((t—l—s)/\T,xﬁoerz, )dsdz,
Rd- (2"+1)

for all (t,y,a) € [0,T] x R*"+1) x A, Finally, let h,,: [0,T] x C([0,T]; R?) x A — R be given by

ho(t,z,a) = hy <t, Gn,0(s)d”z(s) + z(0),..., Gn,2n(8) d™x(s) + x(0), a>,

[0,¢] [0,¢]

with ¢,, ; as in (B.8). From the continuity of i, we see that both h,, and h,, are continuous.

Step IV. Proof of item 1). For every (t,z) € [0,T] x C([0,T];R%), let y5* € R*(2"+1) be given by (B.9).
Then, we have (using also the equality h(t,x,a) = h(t,z.A¢,a))

|hn(t, x,a) — h(t,x,a)]
/ / }h(t—l—s)/\T:z: o ,a) — h(t,z.p¢,a)| ds dz
Rd- (2"+1) nYn otz

/ / () Cn(z)‘h((t—l—s)/\T,:chOIw ,a) —h((t+s) AT, z.pn¢,0)| ds dz
0 R4 (27 +1) n,Yyn tz

IN

IN

+/ Mn(S) ‘h((t +3)A T,x.M,a) - h(f,{E./\t,a)‘ ds
0

o0
K/O /Rd-(2"+1) n(8) prd' ST /\tH (t+8)AT ds dz

—|—/ M (8) |[h((t+ ) AT, z.nt,0) — h(t, z.p¢,0)| ds.
0

IN

Since both paths 2P, ,
n,Yn +Z

of the map y — ;vg?;, we obtain

and z.,; are constant after time ¢, moreover recalling (B.6), (B.7) and the linearity

e~ ilanr = e+ =l < a2~
1925 =l = N+ =l o8 =l 4 1
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< 2P = 2R, + 128 = alle + 2.

Then, by (B.7) and (B.10), we get

|hn(t,x,a) — h(t,z,a)] < 3K  sup |a(r) —z(s)| + K Cn(2) |2 dz (B.13)

r—s|<2-n R (2" +1)
+ / e ’h((t + 8) AT, pnp,a) — h(t, z.ar, a)’ ds.
0
Now, by (B.4) we have

/ Mn(8) ’h((t—i— S)ANT,z.pp,0) — h(t,x.At,a)’ ds
0

S/O mn(s)w((t+s) AT —t) ds =/0 \/22_7Te*%’“2w((t+r/n)AT—t)dr. (B.14)

Finally, consider the integral [p,.n1) ¢n(2) 2] dz. Since the integrand is a radial function, it is more conve-
nient to rewrite it in terms of spherical coordinates (see for instance [30, Appendix C.3]). In particular, denot-
ing by Sg(an+1)—1(R) the surface area of the sphere {|z| = R}, which is equal to 274" +1/2 RA(2"+ D=1 /p(q(2"+
1)/2), with T'() being the Gamma function, we get

(d(2™ +1))2C"+) _wenin? e
n dz = 22
/]Rd‘(2n+1) C (Z) |Z| : Ad‘(2n+1) (27T)d(2n+1)/2 € |Z| <

= ! / 1 e—%|y|2| | d
B d2" +1) Jra-ern (27T)d(2"+1)/2 yiay
1 1 S B
T d@2" +1) 2mEEED-D2 /0 Norai R Syan41)-1(R) dR

= 1 27Td(2n +1)/2 1 /OO 1 e*%RZ RIC"D) 4R
d(2™ + 1) (2r)@d@+D)-1/27(d(2" +1)/2) J, V27

Since [;° \/%_Fe_%Rsz@"“)dR = 242" +D/2-1((d(2" + 1) + 1)/2) /+/7, we find

T((d(2" +1)+1)/2)
2" £ )I(d(2" +1)/2)°

[ al)lelde = V2
Rd-(27+1) d(
By [39] we know that the following inequality holds:

D(z+1/2 1/2 1
M < (2+\/§) < 2/z, Vz>§.

(z) 2
Hence 5
/Rd«zml) Cn(2) |2]ldz < \/ﬁ (B.15)
In conclusion, plugging (B.14) and (B.15) into (B.13), we obtain
|hn(t,z,a) — h(t,z,a)] < 3K  sup |z(r) —x(s)| + 2k (B.16)
|r—s|<2-n d@2n+1)

> 2 1,2
+/0 \/Eefﬂ w((t+7r/n) AT —t) dr.

Then, letting n — oo in (B.16), using Lebesgue’s dominated convergence theorem, we deduce that item 1)
holds.
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Step V. Proof of items 2) and 4). It is clear that h, (resp. h,) satisfies item c) (resp. 4)-iii)) with the
same constant K. If h satisfies item b) then |h(t, z,a)| < K(1 + ||z||¢), therefore, by (B.6),

ha(t,y,a)| < K Go(2) (1+ [[ab2,.],) d2

Ra- (27 41) n,y+z|l¢

2K
1+ +K/ dz = K(1+y|) + —————,
KA+ +K [ Ge)k (o) + s
where the last equality follows from (B.15). Since d(2" + 1) > 1, we get

IN

|hn(t,y,a)] < K(1+y|)+2K,

which proves item 4)-ii). Concerning h,,, we have

|hn (t, 2, a)l

IN

K (1+ [lyn"]],) + 2K
K (1 + ||ny”” - IpolHt + foipOlHt) +2K

IN

By (B.10) and (B.7), we obtain

[ (t,z,a)| < K(1+2 sup |z(r At) —x(s At)| + ||x||t) +2K
|r—s|<2—n

< K(1+3|z:) + 2K,

which proves that h,, satisfies item b) with a constant K, depending only on K.
Let us now prove that h,, and h,, satisfy respectively item a) and item 4)-i). We have

|hn(t,y, @) — ha(t, 5, a)
/ /]Rd (2"+1) n(z)‘h((t+s)/\T,x£°;+z,a) h((t—|—s)/\T,a:Z°;+z, )‘dsdz
K[ /Rd o PG [ =

i o - WHM 2

where the last equality follows from the linearity of the map y — azpC’l Hence, recalling (B.6), we obtain

IN

IN

|Bn(tuy7a)_ﬁn(tagua)| < ija“xlyj_gj| < Kly_g|7 (B17)

which proves that h,, satisfies item 4)-i). Let us now prove that h,, satisfies item a). From (B.17) we have
|hn(t7 €T, a) - hn(tv z, a)' < ijax ‘ (yfl,m)] - (yfl,i)]’

By the integration by parts formula (B.1), we get

(W) — (W%); = / i (5) d~(5) — /Ot]%,j(s)df(s)

= (1) (2(t) — #()) - / (a(s) — #(s)) ¢ (s) ds.

Hence

|(e); — (%) < Ja(t) — )] + = — 7]l / 16,.4(5)] ds.
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Since fo |1, i(s)|ds = — fo s)ds =1— ¢, ;(t) and 1 — ¢, ;(t) < 1, we conclude that
|hn(t,:1:,a) - hn(taiva’” < 2K||{E - j||757

which proves that h,, satisfies item a) with constant 2K.
Step VI. Proof of item 5). Recall that

ho(t,y,a) = / /Rd o )Cn(2) h((t+s) AT, xfféﬂ, a)dsdz
— / / (s —1t)Cu(z —y)h (s/\T,a:Ef’;, )dsdz,
+ Rd- (27 +1)

for all (t,y,a) € [0,T] x R*"+1) x A, Then, it is clear that, for every a € A, the function h,(-,-,a) €
C12([0,T] x R4n), Moreover, by direct calculation, we have

Othn(t,y,a) = —/ / (s —t)Cu(z —y)h (s/\T,IﬁOZI, )dsdz

t R4 (27 +1)

[ O G ) AT 0)

Rd- (27 +1)

Oyhy(t,y,a) = — / / (s —t) Oyln(z —y) b (s AT, xzoi, ) dsdz,
Rd- (27 +1)
02 hn(t,y,0) = / / 1) O2,Cu(z — ) h(s AT, a7 a) ds d.
R4 (2"+1)
By item b) or, alternatively, item c), we conclude that (B.5) holds. O

Under Assumptions (A) and (B), the coefficients b, f, g satisfy items a), ¢), d) of Lemma B.3, therefore
from this lemma we get sequences {by}n, {fn}n, {gn}n, with

bny fu: [0,T) x C([0, T;RY) x A — RL R, g,: O([0,T;RY) — R, (B.18)

satisfying items 1)-2)-3)-4)-5) of Lemma B.3. We also recall from Lemma B.3 that d,, and ¢p1,...,¢n.d,
are the same for b, f, g
Finally, let

vn: [0,T) x C([0,T);RY) — R (B.19)

denote the value function of the optimal control problem with coefficients b,,, o, fn, gn.

Lemma B.4. Let Assumptions (A), (B), (C) hold. Consider the sequences {bn}n, {fu}ns {gntn, {vn}n
n (B.18)-(B.19). Then, v, converges pointwise to v in (2.5) as n — +o0o.

Proof. For every n € N, t € [0,T], x € C([0,T];R?), a € A, let X% € S5(F) be the unique solution to
the following system of controlled stochastic differential equations:

dXs = bn(s,X,as)ds+ o(s, X, as) dBs, s € (t,T],
Xs = z(s), s €10,¢].

Then

|Un(t7 ‘T) - U(tv CL‘)|

T
< supB| [ (X005 0) 1o X0 0 ds k[ (X04) < g (x0)
acA t
T
< sup {K (T +1) || Xm0 — XWWHSZ + EU | (s, X5 ) = f (5, X5 ) | ds}
acA t
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+ B[ (x02) - g (xt=)[] .

By standard calculations (as for instance in [10, Theorem 2.5.9]), we find

T
[t — xta|2 < CKTeCKTE[ / |bn(s,Xt’””’o‘,as)—b(s,Xt’m’O‘,as)|2ds].

for some constant Ck, depending only on the constant K. It remains to prove that

T
sup {E[/ ‘bn (57 Xt’z’aa 045) - b(sv thﬂ? as) ‘2 ds]
t

acA
T

B| [ (s X000 = F (5. X0 00) [ ds] + Bl (X05) - g(x0=) | 25 0
t

Let us address the term with f and f,, the other three terms can be treated in a similar way. From the
proof of Lemma B.3, and in particular from estimate (B.16) with h and h,, replaced respectively by f and
fn, we get

T
E[/ ‘fn(s,Xt’m’a,as)—f(s,Xt’””’o‘,as)|ds] < BKTE| sup |Xpme - xtoo|]
t

lr—s|<2-n

+ \/% +/tT </OOO \/QQ_We*%”w((str/n) AT —s) dr)ds, (B.20)

where we recall that w is the modulus of continuity of f with respect to the time variable. By Lebesgue’s
dominated convergence theorem, we see that the last integral in (B.20) goes to zero as n — +00. Moreover,
by standard calculations, we get

E[ sup \X;E@va—X;W]?} < sup  Jz(rAt)—az(sAt))P+Crr27" (1+]]7),

r—s|<2-n lr—s|<2-n

for some constant C'x,r > 0, depending only on K and 7. This allows to prove that right-hand side of
(B.20) goes to zero as n — 400 and concludes the proof. O

Lemma B.5. Let Assumptions (A), (B), (C) hold. Suppose also that there exist d € N and functions

b, 7, f:[0,T] x R x 4 — RY, RI™ R, g: RU ., R,

satisfying the following conditions. (Notice that items i)-ii)-iii) below are not true assumptions for o, since
Assumption (C) holds. Indeed here we are only assuming, without loss of generality, that d from Assumption
(C) coincides with d and that the functions @1, ..., g appearing in (C)-(i) coincide with ¢1,...,¢;.)

i) There exist some continuously differentiable functions ¢1,...,¢4: [0,T] = R such that:
b(t,x,a) = b(t, ¢1(s)d™z(s) + z(0),. .. ,/ ¢4(s)d”x(s) + x(0), a>,
[0,¢] [0,¢]
o(t,z,a) = 6<t, d1(s)d”x(s) —I—x(()),...,/ ®4(s) da:(s)+x(0),a),
[0,¢] [0,¢]
fa) = (o[ o a0 [ oaa) +o0)a).
[0,¢] [0,¢]
o) = a [ o dats 1) [ ograals) +20).
[0,7] [0,7]
for every (t,z,a) € [0,T] x C([0,T]; R?) x A.
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ii) There exist a constant K > 0 such that
|l_)(t7 Y, a) - l_)(ta y/a a‘)| + |5'(t7 Y, a) - 5'(t7 ylv OJ)| +

+ |f(t7y7a) - f(tvylva” + |g(y) - g(y/”
b(t, y, )| + 1o (t,y, a)| + | f(t, 9, a)| + |3(v)]

IN

Kly_yl|7

A
sk

for all (t,a) € [0,T] x A, y,y' € R4,

iii) For every a € A, the functions b(-,-,a),(-,-,a), f(+,-,a),g(-) are C*2([0,T] x Rd‘i). Moreover, there

exist constants K > 0 and q > 0 such that

‘atl—)(tvya a)‘ + |8t5'(ta Y, CL)| + ‘8tf(t7ya a)‘
|0,b(t, y, a)| + (0,5 (t, y, a)| + [0, f(t.y, a)| + (9,3 (y)|
yajyg(tayua)

IN

K (1+y))?,
< K (1+y))",
+102,5(t,y,a)| + |02, f(t.y.a)| + |02,5(y)| < K (1+]y])",

A

for all (t,y,a) € [0,T] x R x A.

Then, for every € € (0,1), there exist v.: [0,T] x C([0,T);R?) — R and v.: [0,T] x R4 5 R, with

ve(t,x) = . (t, o1(s)d”x(s) + z(0),. .., P4(s)d”x(s) + 3:(0)) ,

[0,] [0,]
for all (t,x) € [0,T] x C([0,T);RY), such that the following holds.
1) ve € Cp([0,T] x C([0, T); RY) and v € CV2([0,T] x Rdd).
2) v is a classical solution of the following equation in the unknown u (see Remark B.6):

OHu(t,r) + %EQtr[Bny)g(t, y")] + supgea {<b(t, z,a),0Y u(t,x))

+ %tr[(JJT)(t,x,a)@&u(t,xﬂ + f(t,x,a)} =0, (t,z) €[0,T)x C([0,T];RY),
w(T,z) = g(x), z € C([0, T RY),

where, for every (t,x) € [0,T] x C([0,T];RY), y** € R4 s defined as

yor o= ( o d1(s)d™x(s),. .., b4(s) d‘x(s)).

[0,¢]
3) There exists a constant C' > 0, depending only on K, K, q, such that

_C«/eé/(Tft) (1_|_ |y|)317 < 92

2y 0elty) < 50T (1),
for all (t,y) € [0,T] x R and every i,j=1,...,dd.
4) There exists a constant L' > 0, depending only on T and K, such that
|0 ve(t, )] < L,

for every (t,z) € [0,T] x C([0, T]; RY).
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5) Finally, ve converges pointwise to v in (2.5) as e — 0T.

Remark B.6. In equation (B.21) with unknown u, the term %EQtr[ayyﬁg(t,yt’m)] s known as it does not
depend on u but it involves the function v.. The reason for the presence of this term is due to the fact that
we first derive the HIB equation for the function U., then we use equalities (B.29)-(B.30)-(B.31) to derive
equation (B.21) for v.. However, from those equalities we are not able to rewrite the term 3e2tr[0y,v.(t,y"*)]
in terms of ve, therefore we have left it as it is since this is not relevant for the sequel (actually we could
work with the HJB equation satisfied by o).

Proof (of Lemma B.5). Let ¢: [0,T] — R@D*d he given by

$1(t)1q
() = : (B.23)
b4(t)1a

for all t € [0, T], where I; denotes the d x d identity matrix. Let bs: [0,T] x Réd x A — R4 and de: [0,T] x
R4 x A — RED*™ he given by

B¢(tuy7a) = d)(t) B(tvyva)v 6¢(t7yua) = ¢(t) 6(t7yua)7 (B'24)

for all (¢,y,a) € [0,T] x R x A, with b(t,y, a) being a column vector of dimension d. For every ¢ € (0,1),
consider the following Hamilton-Jacobi-Bellman equation on [0, 7] x R9:

_ - _ 1 _
Oyu(t,y) + SupPgea {<b¢(t, y,a), Oyu(t,y)) + 552t1r [8§yu(t, y)]

+ %tr[(ﬁqﬁ;)(t,y,a)[);yﬁ(t,y)} + f(t,y,a)} =0, (t,y) € 10,T) x R4, (B.25)

a(T,y) = g(y), y € R%.

Proof of item 3). From the assumptions on b, &, f, g, it follows that there exists a unique classical solution

7. € OY2([0,T] x RY) of equation (B.25) (see for instance [12, Theorem 14.15] and, in particular, the
comments after Theorem 14.15 concerning the case when the operators “L,” are linear). Moreover, by [40,
Theorems 4.1.1 and 4.7.4] we have that item 3) holds. Furthermore, by [10, Theorem 4.6.2] there exists some
constant C' > 0, depending only on K , such that

[0:=(t,y) — v(t,y)| < eCeTY, (B.26)

for every (t,y) € [0,T] x R4 where : [0,T] x R4 5 R is defined as

T
3(ty) — supE[ [ Fsveve,agds + g
acA t

with YH¥:@ = (Yst’y’a)se[t’T] solving the following system of controlled stochastic differential equations:

{dYSt’y’O‘ = by(s, YV ag)ds + 4(s, YE¥ ag) dBs, s e (t,T),
Yo =y,

Proof of item 1). For every (t,z) € [0,T] x C([0,T];R%), consider y** € R4 given by (B.22). Then,
proceeding as in the proof of [13, Theorem 3.15] (see, in particular, equalities (3.16)), we obtain

yiv' e = < or(s) dals) + | “onsydxtee, [ go(s)d-als) + / " 44(s) dXﬁ*W)
t t

[0,¢] [0,]
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= < o p1(s)d- XEm b4(s) dX;*z’o‘) ; (B.27)

[0,7]
for all r € [t,T], P-a.s., where, for each i = 1,...,d, f[o ¢i(s) d~ X1 is intended P-a.s. as a deterministic
forward integral. From (B.27) we get

¢g(5)d_$(8> SUPE{/ Fls, YV a)ds + (V2™ )]

acA

a(t, bu(s)d"a(s), ...
[0,%]

[0,¢]

- supxa[ / £, X570 0,)ds +g<X‘*wva>] = u(t, ),
acA t

where v is the value function defined in (2.5).
Now, let v.: [0,T] x C([0, T]; R?) — R be defined as

ve(t,x) = U (t, ¢1(s)d”x(s),..., ®4(s) d‘x(s)) , (B.28)

[0,¢] [0,¢]

for every (t,x) € [0,T] x C([0, T]; R%). Then, by direct calculations (proceeding as in the proof of [15, Lemma
D.1]), we deduce that v, € C;;QI([O, T] x C([0,T];R?)) and that the following equalities hold:

ov.(t,z) = 0,7, (t, d1(s)d™x(s), ..., ®4(s) dx(s)) , (B.29)
(0,¢]

[0,t]

8;/1,1;5(15,35) = <8y65 (t, o p1(s)d™x(s),. .., o ¢g(5)d$(s)),¢i(t)>, (B.30)

oV v.(t,x) = (1) asyl_zs <t, d1(s)d”x(s),. .., ®4(s) da:(s)) o), (B.31)
[0,2]

[0,2]
for every i = 1,...,d, where ¢,(t) denotes the i-th column of the matrix ¢(t).

Proof of item 2). Since 7. is a classical solution of equation (B.25), it follows from equalities (B.29)-(B.30)-
(B.31) that v, is a classical solution of equation (B.21).

Proof of item 5). From (B.26), we have
Jve(t,2) —v(t,2)] = [ve(t,y"") = 0(t,y"*)| < eC T,

for every (t,z) € [0,T] x C([0,T]; R?). This shows the validity of item 5).

Proof of item 4). Following [10, Section 6 of Chapter 4|, we now formulate a stochastic optimal control
problem with value function #.. To simplify notation we still consider the same probability space (2, F,P),
on which we suppose that another Brownian motion W = (W;);>0, d-dimensional and independent of B,
is defined. For every t € [0,T], we denote by F* = (F%),>o the P-completion of the filtration generated by

(Bsvt — Bit)s>0 and (Wyyy — Wy)s>0. We also denote by A; the family of all [t progressively measurable
processes &: [0,T] x Q@ — A. Then, 9. admits the following stochastic control representation:

T
e(t,y) = sup E{/ F(s, YO0 ) ds + g(Ye ") |
deAt

with Y&tv:& = (l/'f’t’y’d)se[tﬂ solving the following system of controlled stochastic differential equations:

{dy;&tvyvd = by (s, YEUUS ) ds + Gy(s, YOV 4,) dBs + € ¢(s) dW,, s € (£,T),

e,t,y,& _
}/t - ya
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with ¢ as in (B.23) and by, 5, as in (B.24), respectively. Now, given ¢ € [0,T], z € C([0,T};R%), & € Ay,
e € (0, 1), consider the solution X% to the following system of controlled stochastic differential equations:

AXEEe6 — s, XEPTE 4 ) ds + o(s, XoH™6, 4,)dB, +edW,, s € (8,7,
Xetod = p(s), s €10,t].

From similar calculations as in (B.27), we deduce that (recall that y*® is given by (B.22))

vees = ([ ozt [ ogea i),
[0,7] [0,7]

for all r € [t,T], P-a.s.. Then

T
wlt) = swp B[ [V d)ds + g7 )
GEA; t

T
= sup E{/ f(s,XE’t’m’d,ds)ds—i—g(XE’t’m’é‘)].
dGAt t

Recalling (B.28) and the definition of y** in (B.22), we get

T
ve(t,r) = sup EU f(s,Xg’t’m’d,ds)ds+g(X€’t’w’d)], (B.32)
dEAt t

for every (t,z) € [0,T] x C([0, T]; R%). Proceeding along the same lines as for the proof of (B.32), we obtain

T
b(t,2) = sup E[/ f(s,Xg’t’j’d,ds)ds—i—g(Xg’m’d)],
dGAt t

for every (t,4) € [0,T] x D([0, T]; R%). Then, from the Lipschitz property of f and g, we derive the following
Lipschitz property of v, -
|’05(t7§5) _@E(taj}/” < L/H‘i_j/nta

for all t € [0,T], 2,%" € D([0,T]; R?), for some constant L', depending only on 7 and K. As a consequence,
from the definition of vertical derivative of v., we see that item 4) holds. O

We can now state the following result, which plays a crucial role in the proof the comparison theorem
(Theorem 4.5), in order to show that u; < v.

Theorem B.7. Let Assumptions (A), (B), (C) hold. Consider the sequences {bn}n, {futn, {gn}n, {Un}n
in (B.18)-(B.19) (recall from Lemma B.3 that dn and ¢n1,...,Pn.q, are the same for b, f, g). We also
assume, without loss of generality, that in Assumption (C)-(i), d = d, and that the functions @1,..., ¢z
coincide with ¢p. 1,...,énd, -
Then, for every n and any ¢ € (0,1), there exist v, c: [0,T] x C([0, T};RY) — R and vy, [0,T] x R4n — R,
with

Une(t, ) = Upe <t, Gn1(s)d”z(s),. .., On.d, (9) d_x(s)> ,

[0,¢] [0,t]
for all (t,x) € [0,T] x C([0,T);RY), such that the following holds.

1) vne € C3([0,T] x C([0, T RY)) and v, € CH2([0,T] x Rn),

2) vp is a classical solution of equation (B.21) with b, f, g, ve, y"* replaced respectively by by, fn, Gn, Un.e, Y57,
where y4,® is given by (B.9).

n
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3) There exists a constant C,, > 0, independent of €, such that

o 1 - A
— Co @ T (14 )™ < 02, Bueltiy) < gcnecn(T*” (1+1y)™, (B.33)

for all (t,y) € [0,T] x R4 and every i,j = 1,...,dd,, with q as in item (i) of Assumption (C).

4) There exists a constant L > 0, depending only on T and K, such that
|0} vne(t, )| < L, (B.34)

for every (t,z) € [0,T] x C([0, T]; R%).

5) There exists a constant ¢ > 0, depending only on K and T, such that
[one(t,2) = vne(t',a)| < e(lt =t + [la(- At) = ' (- A)ll7),

for all (t,z), (t',2") € [0,T] x C([0, T]; RY).
6) For every n, v, . converges pointwise to vy, in (B.19) ase — 07.
7) v, converges pointwise to v in (2.5) as n — +oo.

Proof. Items 1)-2)-3)-4)-6) follow directly from Lemma B.5 with b, f, g replaced respectively by by, fn, gn-
Moreover, item 5) follows from (2.6). Finally, item 7) follows from Lemma B.4. O

We end this section with the next result, which plays a fundamental role in the proof of the comparison
theorem (Theorem 4.5), in order to show that v < us.

Theorem B.8. Let Assumptions (A), (B), (C) hold. For every so € [0,T], consider the sequences {by}n,
{fu}ns {vn(s0,")}n obtained applying Lemma B.3 to b, f, v(so,-) (recall from Lemma B.3 that d, and
Prds---sOn,d, arethe same forb, f, v,(so,-)). We also assume, without loss of generality, that in Assump-
tion (C)-(i), d = d,, and that the functions @1, ..., ¢  coincide with ¢ 1, .., dn.d, -

For every (so,a0) € [0,T] x A, let v*0:%: [0, 50] x C([0, T];R?) — R be given by

V00 (¢ z) = E[/ f(r,Xt’””’ao,ozT) dr—l—v(so,Xt’””’ao)], Y (t,x) € [0, sp] x C([O,T];]Rd),
¢

where X5%% corresponds to the process X% with o = ag. Similarly, for every n € N, let vio% : [0, so] x
C([0,T);R?) — R be given by

S0
v (tx) = EU fo(r, X520 ) dr+ﬁn(50,Xt’m’“°)} v (t,z) € [0,50] x C([0, T]; RY),
t

where the sequence {0} is defined as in Lemma B.8 starting from the function v.
Then, for every n, there exists v50:%0: [0, s0] x R44n — R, with

VI (¢ ) = oo (t,/ On1(s)d"xz(s),. .., On.d,, (S) d;C(S)) ,
[0,] [0,¢]

for all (t,x) € [0,s0] x C([0, T); RY), such that the following holds.
1) vgo:a0 e CH2(10, s0] x C([0,T);RY)) and v30% € C12([0, 50] x Rddn).

pol
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2) vio% 45 a classical solution of the following equation:

O vgoao(t,x) + fult, @, a0) + (bn(t,x, ag),dY vio®(t,z))

1
+ itr[(mﬂ)(t,x,ao)ﬁg‘ﬁgvff’“”(t,x)] =0, (t,x) € [0,50) x C([0,T]; R%), (B.35)
03090 (g0 2) = 0, (S0, ), x € C([0,T]; RY),
where yL* is given by (B.9).

3) There exists a constant L> 0, depending only on T and K, such that

}8;/1};0’“0(1%,:6)’ < L,

for every (t,z) € [0, s0] x C([0,T]; RY).

4) There exists a constant ¢ > 0, depending only on K and T, such that

oo (t, @) — oo (t,a')| < e(|t =tV + [la(- A ) =2’ (- At)]T),

n

for all (t,z), (t',2") € [0, s0] x C([0,T];RY).

5) vi0:% converges pointwise to v as n — +00.

Proof. Ttems 1)-2)-3) follow from the same arguments as in [13, Theorem 3.5|, which indeed goes along the
same lines as in the proof of items 1)-2)-4) of Lemma B.5, relying on regularity results for linear (rather than
fully nonlinear as in Lemma B.5) parabolic equations as in particular [35, Theorem 6.1, Chapter 5|. Moreover,
item 5) follows from (2.6). Finally, item 4) follows from Lemma B.4 with g,,,T, A replaced respectively by

@n(SO;')5507{a’0}' U
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