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TRANSPORT PROOFS OF SOME FUNCTIONAL INVERSE SANTALO
INEQUALITIES

MATTHIEU FRADELIZI, NATHAEL GOZLAN, AND SIMON ZUGMEYER

ABsTrRACT. In this paper, we present a simple proof of a recent result of the second author
which establishes that functional inverse-Santalé inequalities follow from Entropy-Transport
inequalities. Then, using transport arguments together with elementary correlation inequali-
ties, we prove these sharp Entropy-Transport inequalities in dimension 1. We also revisit the
proof of the functional inverse-Santal6é inequalities in the n dimensional unconditional case
using these ideas.

1. INTRODUCTION

The classical Blaschke-Santalo inequality [San49] gives the following sharp relation between the
volume of a convex body K in R™ and the volume of its polar K* = {y e Rz -y < 1,Vz e K}:
there exists z € R™ such that |K||(K — 2)*| < |B%|?, where B} denotes the Euclidean ball of
radius one. Mahler [Mah39b]| conjectured that the following optimal lower bound holds:

KK = 2
n!

for any centrally symmetric convex body K, with equality for example if K is a cube. Among
general convex bodies K, the conjecture is that the lower bound should be reached for simplices.
Both conjectures were proved by Mahler in dimension 2 [Mah39a], while the conjecture for sym-
metric bodies was established by Iriyeh and Shibata in dimension 3 [IS20a] (see also [FHM™21]).
The conjectures were proved for particular families of convex bodies like unconditional con-
vex bodies [SR81, Mey86], zonoids [Rei86, GMRS&S]|, bodies having symmetries [BF13, IS20b].
Bourgain and Milman [BM87] (see also [Kup08, Naz12, Blo14, GPV14, Ber20a, Ber20b]) estab-
lished an asymptotic form of the conjectures by proving that there exists a constant ¢ such that
|K||K*| = ¢™/nl.

Functional forms of the Mahler conjectures were proposed where the convex bodies are replaced
by log-concave functions and polar convex bodies by Fenchel-Legendre transform. More precisely,
it is conjectured that for any convex function V : R — Ru{+} such that 0 < [ e Vidr < 4+,

it holds
/efv dx/efv* der = e",
where the Fenchel-Legendre transform of V' is defined by
Vi) = sup fo -y —V(2)},  yeR™
TE n

If in addition V is even, it is conjectured that
/efv dx/efv* dr = 4".
Date: September 2, 2021.
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These functional forms were proved in dimension 1 in [FM08b, FM08a, FM10] and the even case
was proved in dimension 2 in [FN21|. The inequality was proved for unconditional functions
in [FM08b, FM08a|. These conjectures are slightly stronger than Mahler’s conjectures for sets,
because the latter are implied by the former, whereas the inequality for sets must be true in any
dimension for the functional inequality to hold, as proved in [FMO8b].

To present the class of Entropy-Transport inequalities considered in this work, we need to
introduce some definitions and notations.

The set of all Borel probability measures on R will be denoted by P(R™). For k > 1, we
will denote by P (R™) the subset of P(R"™) of probability measures admitting a finite moment
of order k. Recall that n € P(R") is said log-concave, if it admits a density with respect to
the Lebesgue measure of the form e~V where V : R® — R U {+0} is a lower semicontinuous
convex function. The function V' will be referred to as the potential of 7. Note that we will not
consider log-concave measures supported by a strict affine subspace of R™. The moment measure
associated to a log-concave probability measure 1 with potential V' is the measure v = VV#n
defined as the pushforward of 17 under the map VV': in other words, for any bounded measurable
test functions

[ t@vtds) = [ 59V n(d).

We recall that convex functions are differentiable Lebesgue almost everywhere so that this def-
inition makes sense. When 71 does not have full support, i.e. when supp(n) # R™, some extra
regularity will be required at the boundary. We will say that a log-concave probability mea-
sure 1 with potential V has an essentially continuous density if e~V (z) = 0 for H,_; almost
all x € 0 Supp(n), where Supp(n) denotes the support of 7. (Note that this terminology slightly
differs from the one of [CEK15] where this was the potential V' that was called essentially con-
tinuous).

Definition 1.1 (Entropy-Transport inequality). We will say that the inequality ET,,(c) is sat-
isfied for some constant ¢ > 0 if, for all log-concave probability measures 11,72 on R™ having
essentially continuous densities, it holds

(1) H(m) + H(nz) < —nlog(ce®) + T (11, 1),

where v, 5 are the moment measures of 71, 7.
Similarly, we say that ET,, s(c) is satisfied if equation (1) holds for all log-concave measures 11, 72
that are also symmetric (i.e. v;(A) = v;(—A) for all measurable sets A).

In the definition above, H(n) denotes the relative entropy of n with respect to the Lebesgue
measure (which is also equal to minus the Shannon entropy of ) and is defined by

H(n) = /log<j—z> dn.

The quantity 7 appearing in (1) is the so-called maximal correlation optimal transport cost,
defined for any w1, ug € P1(R™) by

- *
T (p1, p2) —fel}%n){/fdm +/f dm},

where F(R™) is the set of convex and lower semicontinuous functions f : R” — R u {+00} which
are proper (i.e take at least one finite value). Since elements of F(R") always admit affine lower
bounds, note that [ g du; makes sense in R U {+00} for all g € F(R™), so that T (u1, p2) is well
defined whenever 1, po € P1(R™). In the case where 1, o € Po(R™), it follows from Kantorovich
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duality theorem [Vil09] that

T (1, p2) = sup  E[X;-Xo]= sup /ac -y m(dzdy)
Xi~p1,Xo~p2 eIl (p1,p2)
where II(u1, p2) denotes the set of probability measures on R™ x R™ with marginals pq and po.
Definition 1.1 is motivated by a recent result of the second author [Goz21|, which states
that inequality (1) is equivalent to the functional version of Mahler’s conjecture (also called
inverse Santald inequality), as formulated by Klartag and Milman [KMO05] and Fradelizi and
Meyer [FMO8b] that we now recall.

Definition 1.2 (Inverse Santalo inequality). We will say that the inequality IS, (c) is satisfied

for some c, if for all functions f € F(R™) such that both [ e~/ dz and [ e~/* @ dg are positive,
it holds

(2) /eff(m) dx/eff*(x) dx = c".

Similarly, we say that IS,, s(c) is satisfied if equation (2) holds for all even functions F(R™).
With this definition, the functional forms of Mahler’s conjectures are IS,,(e) and IS,, 5(4).

Theorem 1.3 ([Goz21]). The inequality ET,,(c) (resp. ET, s(c)) is equivalent to IS, (c) (resp.
IS, s(c)).

As shown in Theorem 1.2 of [Goz21]|, inequalities ET,,(c) or ET,, s(c) can be restated as
improved versions of the Gaussian log-Sobolev inequality. In particular, the results of [FMO8D,
FMO08a] lead to sharp lower bounds on the deficit in the Gaussian log-Sobolev inequality for
unconditional probability measures (see Theorem 1.4 of [Goz21]).

The main contributions of the paper are the following. In Section 2 we give a new proof of
the implication

ET,(c) = IS, (c),

and we show in particular in Corollary 2.4 that only a restricted form of the inequality ET,,(c) is
enough to get IS,,(¢). This new proof significantly simplifies the proof given in [Goz21]. Then, we
prove in Section 3 using transport arguments together with correlation inequalities that ET; (e)
and ET; s(4) are satisfied. In particular, this gives new and short proofs of the sharp functional
Mabhler conjecture in dimension 1. Finally, in Section 4, we propose a short proof of IS,, s(4) when
we restrict ourselves to unconditional functions, i.e. functions that are symmetric with respect
to all coordinate hyperplanes, blending tools from this paper and the proof given in [FMO8b].

2. ENTROPY-TRANSPORT AND INVERSE SANTALO INEQUALITIES

2.1. From Entropy-Transport to Inverse Santalé inequalities.

Lemma 2.1. Let V : R™ — R U {+0} be a convex function such that Z := [ e~V dx € (0, 0)

and let v be the moment measure of n(dx) = %e‘v dx. Then, it holds

3) ~log (/ eV dz) _ / “V*du + T(vam) + Hy).

Proof. According to Proposition 7 of [CEK15] and its proof, V* € L'(v) and V € L'(n). We
claim that

(4) T(v,n) = /v* dy+/Vdn - /z~VV(:c)77(d:c).
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Indeed, by definition of T, it is clear that the left hand side of (4) is less than or equal to its
right hand side. On the other hand, if f € F(R"™), then

[rave [ran= [ £(9V@) + fe)niao)

> /VV(:C) - xn(dz)
_ /v*(vv(:c)) + V(z) n(dz)

=/V*d1/+/Vd77.

Therefore, optimizing over f € F(R™), yields the converse inequality in (4). To conclude the
proof of (3), just observe that

H(n) = —1ogZ—/Vd77.
O

It will be convenient to introduce the following class of potentials. We will denote by V(R"™)
the class of all convex functions V' : R” — R such that V* : R" — R (thus V, V* are continuous
and with full domain).

Remark 2.2. Note that we proved Lemma 2.1 for convex V without assuming essential continuity.
In the case where the measure is assumed to be essentially continuous, then Lemma 4.2 applies,
and equation (3) reduces to

—1og(/e_v dac) = /—V* dv+n+ H(n).

This is true in particular whenever V' is assumed to have full domain, i.e. to never take the value
+00. This case was already treated in the proof of Corollary 3 in [Goz21]|, for example.

Thanks to Lemma 2.1, we can show the following.

Proposition 2.3. Let V € V(R"); denote by n(dz) = Le~V dx, n*(dz) = Z—l*e*V* dx, where
Z,Z* are the normalizing constants, and let v,v* be the moment measures associated to n,n*.

If
(5) H(n) + H(n*) < —nlog(ce?) + T (v,v*),

then
/efv dz/efv* dr = c"

Note that, according to e.g Lemma 4 in [Goz21|, if V € V(R") then Z := [e~V dz and

Z* = | e~V* dz are both finite, and so the log concave probability measures n and n* are well
defined.

Proof. Applying Lemma 2.1 and Lemma 4.2 to V and V* yields

—1og(/ Vdac) /V*du+T(un)+H /V*du+n+H()

—1og(/e_v* dac) =/—Vdu* +n+ H(n*).
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Adding these two identities yields

—1og(/evdx/ev* dac) = —(/V*du+/Vdu*) + H(n) + H(n*) + 2n

< =T, v*)+H(n)+ Hn*) +2n
< —nlog(ce?) + 2n = —log(c"),

where the first inequality comes from the definition of 7 (v, v*) and the second inequality from (5).
U

Corollary 2.4. Inequality IS,,(c) (resp. IS, s(c)) holds true as soon as for all V e V(R™) (resp.
for all symmetric Ve V(R™))

H(n) + H(n*) < —nlog(ce?) + T (v,v¥),

where n(dz) = e~V dz, n*(dz) = Z—l*efv* dx with Z,Z* the normalizing constants and where

v,v* are the moment measures associated to n,n*.

Proof. According to Proposition 2.3, it holds

_ _yU*
/e Vdac/e Vide = ¢,

for all V e V(R™). Let V e F(R") be such that 0 < [eVdz [e V" dz < 0. For all k > 1,
consider ) )
Vk(x)=VD(k:u)(x)+ﬂ zeR"
2 2%’ ’

where | - | denotes the standard Euclidean norm on R™ and O is the infimum convolution operator,
defined by

fog) =nf{f(y) +gx—y):yeR"},  xzeR"
Since the infimum convolution leaves the class of convex functions stable, it is clear that Vj is still
convex for all k > 1. Tt is also clear that Vj, takes finite values on R™. Since (f + ¢)* = f*0Og*
and (equivalently) (f Og)* = f* + ¢* for all f,ge F(R"), it is not difficult to check that

2 2
and so V;* takes finite values on R™. In other words, V;, € V(R™) for all £ > 1. Since
| ) |2 * * | ) |2
Vk>VDk2 and Vk>VDk2 ,
one gets that

/evm(k;) dz/ev*m(k;) dx = /erk dz/ef & da ="

2
Note that V' O (kz%) is the Moreau-Yosida approximation of V. In particular, it is well known
[- 2

that if V e F(R™), V D(kT) (x) = V() for all x € R™ as k — oo (see e.g [FN21, Lemma 3.6]).

Since V O (k:—‘) =Vao ( %) it easily follows from the dominated convergence theorem that

|2
2
/(;VD(k%) dz%/e_v dx
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as k — o. Reasoning similarly for the other integral, one concludes that

— _y*
/e de/ev dx = c",

which completes the proof. O

Remark 2.5. Note that the functions Vj, and V;* are both continuously differentiable on R™. This
follows from a well known regularizing property of the Moreau-Yosida approximation (see e.g
[Roc97, Theorem 26.3]). Therefore the conclusion of Corollary 2.4 is still true if the Entropy-
Transport inequality (5) is only assumed to hold for V' € V; (R™), where V;(R™) denotes the set
of V e V(R™) such that V' and V* are continuously differentiable.

2.2. Different equivalent formulations of inverse Santalé inequalities. The following
result gathers different equivalent formulations of IS, (¢).

Theorem 2.6. Let ¢ > 0 ; the following statements are equivalent:
(i) the inequality 1S, (c) holds,
(i1) the inequality ET, () holds,
(#9i) for all V e V(R™),

H(n) + H(n*) < —nlog(ce?) + T (v,v*),

where n,n* are the log-concave probability measures with respective potentials V,V* and
associated moment measures v, v*,

(tv) for all V e V(R™),
H(n) + H(n*) < —nlog(ce?) + /V* dv + /Vdu*,

with the same notation as above.
The same equivalence is true for IS, s(c) and ES, .(c) assuming in (iii) and (iv) that V € V(R™)
18 symmetric.

Proof. (i) = (ii) follows from Theorem 1.3 proved in [Goz21].

(%) = (i4t) is straightforward.

(iii) = (iv) follows from the inequality T (v,v*) < [V*dv + [V dv*.

(iv) = (i) follows from the proof of Proposition 2.3 and Corollary 2.4. O

Remark 2.7. Let us make some comments on Theorem 2.6.

(a) The proof of (i) = (i7) given in [Goz21] makes use of the following variational char-
acterization of moment measures due to Cordero-Klartag [CEK15] and Santambrogio
[Sanl6]: a measure v is the moment measure of a log-concave probability measure n with
an essentially continuous density if and only if it is centered and not supported by an
hyperplane ; moreover the measure 7 is the unique (up to translation) minimizer of the
functional

Pi(R") = Ru {+0}:n—T(v,n) + H(n).

(b) In [Goz2l], the implication (i¢) = (i) has been established using the following duality

formula: for all V € V(R™) such that [e~V™ dz > 0, it holds

L(V) := —log (/ e V" dx) = {/ ~Vdv - K(y)} :

with K(v) = inf,ep, &, {7 (v,n) + H(n)}, v € P1(R"). This equality, established in
[Goz21], shows that the functionals L and K are in convex duality. The route followed
in the present paper, based on the basic Lemma 2.1, turns out to be simpler and more
direct.
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(c¢) Let us finally highlight the fact that the equivalence of (ii¢) and (iv) is a bit surprising.
Namely, for a fixed V € F(R"), the formulation (ii7) is in general strictly stronger than
(iv), because the inequality T (v,v*) < [V*dv + [V dv* is strict in general. Indeed,
equality here means that (V*, V) is a couple of Kantorovich potentials between v and
v*. If v has a density with respect to Lebesgue, this means that VV'* transports v onto
v* which is not true in general.

3. PROOFS OF ENTROPY-TRANSPORT INEQUALITIES IN DIMENSION 1

In this section, we show that inequalities ET; 5(4) and ET;(e) hold true. The reason why
the case of dimension 1 is simple is that optimal transport maps for the cost 7 are given in an

explicit form. Recall that the cumulative distribution function of p € P(R) is the function
Fu(z) = p((—o0,z]), zeR.

Its generalized inverse is the function denoted F}; ! defined by
F ' (t) = inf{z : F(z) > t}, te (0,1).

Lemma 3.1. Let 1,12 € P1(R) be such that T (n1,n2) is finite. Then one has

1
TOn,m) > / Fl () F («) d,

with equality if n1,m2 € P2(R). More generally, if v1 = S1#m and va = Sa#ns with S1, 52 : R
R two measurable maps, and if v1,ve € P1(R) are such that T (v1,v2) is finite, then

T, ) > /O 81 (Fo) (@) Sa(Fi ) ()

Proof. Tt is well known that if X is uniformly distributed on (0,1), then (F, (X)), F; *(X)) is a
coupling between 7, and 7, called the monotone coupling. Therefore, (S1(F;,* (X)), S ( X))
is a coupling between vq,v9. Suppose that 7 (v1,v2) is finite, then if f e F(R) is such that
feL'(v) and f* € L'(1o), Young’s inequality yields

FSLELH (X)) + ¥ (S2(F,1(X))) = S1(F, (X)) S2(F,H (X)),
Therefore, [S1(F;, ' (X))S2(F,," (X))]+ is integrable, and taking expectation we get
/01 S1(F (2))82(F (@) dir = B[S (i (X))Sa(F, /fdu1 N /f .
Optimizing over f gives the desired inequality. In the case where S; = So = Id and 7,75 have
finite moments of order 2, then it is well known that the monotone coupling is optimal for W2

and so also for 7. n

Lemma 3.2. The inequality ET1(c) is satisfied as soon as for all concave functions f1, fa :

[0,1] = Ry such that f1(0) = f2(0) = f1(1) = f2(1) =0

1 1
0 | oxthiydo < —tostere) + [ gy

Similarly, the inequality ET1 s(c) is satisfied as soon as inequality (6) holds for all functions
f1, fa that are also symmetric with respect to 1/2, i.e. fi(x) = fi(1 —x) for all x € [0,1].
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Proof. Let n;(dz) = e”"Vidx, i = 1,2 be two log-concave probability measures on R with essen-
tially continuous densities. This latter condition means that for some —o0 < a; < b; < 400 the
convex function V; takes finite values on (a;, b;), is +00 on R\ (a4, b;) and is such that V;(z) — 40
when z — a; and £ — b;. As shown in the proof of Lemma 2.1,

b;
T(ni,vi) = / 2V} () n;(dx) = / 2V (z)e” Vi) dx = 1,
a;
where the second equality comes from an integration by parts thanks to the boundary conditions
(see the Appendix for the case of dimension n). To prove ET(c), one can assume that T (v, v2)
is finite, otherwise there is nothing to prove. Using Lemma 3.1 with S; = V;/, we see that the
inequality

1
@ () + Him) < —log(ee?) + | VIF @) V(P @) da

implies ET;(c). For i = 1,2, define

filz) = FT’” o Fnjl(:c) =exp(—V; o Fnj_l(x)), z € (0,1).

Note that since F, is strictly increasing and differentiable on (a;, b;), the function F, Lis the
regular inverse of the restriction of Fj, to (a;,b;) and is also differentiable on (0,1). Since
F,'(z) — b as @ — 1 and exp(=V;(y)) — 0 as y — b;, one sces that fi(z) — 0 as z — 1.
Similarly, f;(z) — 0 as © — 0. Setting f;(0) = f;(1) = 0 thus provides a continuous extension

of f; to [0,1]. The function f; is moreover concave on [0, 1]. Indeed, denoting by f/ and V; the
left derivatives of f;, V; which are well defined everywhere on (0, 1), we see that for all z € (0,1),

F”_ oFf_l T
5B @ i ).
F’r” © Fni (:C)

So f! is decreasing on (0,1), and thus f; is concave. Finaly, note that

filz) = (Fy, 0 F; ) (@)

1
H(m) + H(n2) = / log(f1.f2) dx
0
and
1 1
| i@ = [ g
0 0
so that inequality (7) becomes

1 1
/ log(f1f2) d < — log(¢?c) + / fi1h d.
0 0

It is furthermore clear that whenever 7,72 are symmetric, then fi, fo are also symmetric with
respect to 1/2, which concludes the proof. O

Remark 3.3. The functions f; are related to the isoperimetric profiles of the measures 7; in
dimension 1. Moreover, there is a one to one correspondence between log-concave measures 7
and concave f on (0, 1), see for example [Bob96, Proposition A.1].

3.1. The one-dimensional symmetric case.
Theorem 3.4. The inequality ET; 5(4) is satisfied and the constant 4 is optimal.

Proof. Let f1, f2 be two concave functions on [0, 1], equal to zero at 0 and 1, and symmetric with
respect to 1/2. Let us show that inequality (6) holds true with ¢ = 4. It is enough to prove that
1/2

1/2
/ log(fif2)dx < —1 —1log(2) + 115 dzx.
0 0
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We use the following correlation inequality: if h, k : [a,b] — R are two nonincreasing functions
(or nondecreasing), then

b

(8) /abh(x) d:c/abk:(x) dr < (b—a)/ h(z)k(z) dz,

a

which follows from the integration of the inequality

(h(x) = h(y))(k(z) — k(y)) = 0.

As a result, since f] and f4 are nonincreasing, we get, for all « € [0, 1], that

T z T 1/2
_ / Fltydt / fo(tydt < / Afwd <z [ o0
0 0 0 0

since fi(t)f5(¢) = 0 for all ¢t € [0,1/2]. Then, after integrating,

1/2 1/2 1 1/2
[ osth@neyi < [ 1og<x>dx+§1og( f{(t)fé(t)dt>
0 0 0

1 1 1 1/2 1 1 1

<=log|=)-= "W dt + =log = ) — =

5 0g(2) 2+ ; J1(t) fa(t) +2 0g(2) 5
1/2

=—1—log(2) + 1) f5(t) dt

0
where we used the inequality log(z) — log(1/2) < 2z — 1.
To see that this inequality is sharp, we can use the functions fi(z) = min(z,1 — z) and f,

an approximation of the constant function equal to 1/2, the optimal constant is reached at the
limit. O

Remark 3.5. The choice f1(z) = min(z, 1—x) corresponds to the log-concave probability measure
n(dz) = e~1*ldz/2, the polar transform of which is the uniform probability measure on [—1,1].
These densities are the equality case in the functional Mahler inequality [FMO08b|. However, the
uniform probability measure on [—1,1] is not an admissible measure in our case, since it is not
essentially continuous, thus the optimality is only reached at the limit.

Remark 3.6. Inequality (6) is also satisfied if we assume 0~nly one of the functions to be symmetric.
Indeed, if fo is symmetric with respect to 1/2, define fi(z) = 2(f(z) + f(1 — z)). On the one
hand, using the concavity of the logarithm,

/0 log(f1(2)f2(z)) do = /0 log f1 () da + /O log f() da
1/t 1
> 5/0 log(f1(x)) +log(f1(1 — z)) dz +/0 log fo(x) dx

1

= / log f1(z) dx + log fo(z) dox = / log(f1(x)f2(x)) dx
0 0

and on the other hand,

/f{féd /fl ) fia /f1 V51— ) da

hence the claim, since f5(z) = —f5(1 — z) for all z € [0, 1].
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3.2. The one-dimensional general case.
Theorem 3.7. The inequality ET1(e) is satisfied and the constant e is sharp.

Proof. Let us show that if fi, fo : [0,1] — R* are concave functions vanishing at 0 and 1 then

1 1
/ log(f1f2) dz < 73+/ 115 dx.
0 0

Just like before, it is enough to show that

1/2 3 1/2 o
/ log(f1f2)de < —= f1f5da.
0 0

[\]

Applying the inequality log(b) < log(a) + @ tob = fife and a = z(1 —x), z € (0,1), and
using again the correlation inequality (8) fif2(x) <z [y f1(t)f5(t)dt for all z € (0,1), we get

/01/2 log(f1f2) dw < /01/2 (M + log(a(l - ) = 1) o

z(1—2)
3. (71 R
<3+ [T ([ nosar) as
3 1/2
-3+ [ s,

and Lemma 3.9 below concludes the proof of the inequality.

To see that the inequality is optimal, we choose for f; and f; approximations of the functions
x — x and  — 1—x, which of course are not admissible, since they are not zero on the boundary.
It is a straightforward calculation to see that equality is reached at the limit. O

Remark 3.8. The function f;(z) = z is the isoperimetric profile of the log-concave probability
measure v(dz) = e_(1+””)1[_17+30[dx, which density is an equality case in the functional Mahler
inequality [FMO8D].

Lemma 3.9. Let f,g:[0,1] - Ry be two concave functions vanishing at 0 and 1. The following
inequality holds:

1/2 1/2

(9) | f'()g'(t)log(2 — 2t) dt < | F'(t)g'(¢) dt.

Proof. For 0 <t < 1/2, we define ¢(t) = 1 —log(2) — log(1 — t) and ®(t) = fot ¢(z) dz. Notice
that ¢ is increasing on [0,1/2] and ¢(0) = 1 —1log(2) > 0 hence ¢ > 0 on [0,1/2]. Let v = f" and
v = ¢g’. The functions u and v are non-increasing and satisfy fol udr = fol vdr = 0. Applying

again the correlation inequality for monotone functions with the same monotony but integrating
with respect to the measure with density ¢ on [0,1/2], we get

1/2 1/2 1/2 1/2
/ gad:c/ uvp dx 2/ ucpdz/ vpdz.
0 0 0 0

Integrating by parts one has

1/2 12 1/2 1 1 1/2
/ updr = {u@} +/ (—u)®dr =u (—) o (—) +/ (—u")® du.
0 0 0 2 2 0

A quick calculation shows that ®(1/2) = 1 —log(2) = (0). Since ¢ is increasing, it follows that
O(z) = ¢(0)x = ®(1/2)x. Using this inequality, the fact that u is non-increasing and integrating
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again by parts we get

/01/2(—u’(x))<l>(ac) x> @ (%) /01/2(—1/(:5))95 e — @ (%) (- [u(z)a] (1)/2 + /01/2 u(@) dx) .

Thus, using again that « is non increasing, we get

[tz n (3) (30 3) " wr) =0 (3) [ e

One also has f01/2 vpdx = 0 so we conclude that f01/2 uvy dx > 0, which establishes (9). O

4. REVISITING THE UNCONDITIONAL CASE
Recall that a function V : R® — R is said unconditional if
V(z,...,xn) = V(|21 ..., |2al), Vo e R™.
The following result is due to Fradelizi and Meyer [FM08b, FM08a)].

Theorem 4.1. Let V : R” — R u {+®©} be a convex unconditional function such that 0 <
fR" e Vdr < o then

(10) / eV dw/ eV dz = 4™

Below, we show how the elementary Lemma 2.1 can be used to shorten the proof of [FMO08b].
More precisely, from Lemma 2.1 we derive very quickly the inequality (12) below (which is the
key step of the argument), and then the rest of the proof follows the same path as in [FMO8b].

Proof. Reasoning as in the proof of Corollary 2.4, it is enough to prove (10) when V,V* have
full domain and are continuously differentiable on R™. Since V' and V* are unconditional, it is
clear that (10) is equivalent to

(1) /

Let us prove (11) by induction on n.
- For n =1, (11) follows from Theorem 3.4.
- Let V : R® - R, with n > 2, satisfying the assumption of the theorem. For all £ > 0, let

a(t) = fRi e~V dx and n;(dx) = a(lt)e*tv(z)lRi (z)dz. Applying Lemma 2.1 to n; and Jensen

eV dx/ efv* dr > 1.
R

n n
+ +

inequality yields

H(n:) +n+loga(t) = t/V*(VV) dny = tV* ( \A% dnt> : t>0.

RTL
n
Here we have used that T(v,n) = [g. 2 VV(z)e™V(®) dz = n because the boundary terms in
+
the integration by parts are 0. A simple integration by parts shows that for all ¢ > 0
G(t)

YV dn, =
R? RZI0)

where G(t) = (a1(t), ..., an(t)) and a;(t) = [pn1 e Vi(®) dz with
+

Vi) =V (z1,...,2i-1,0,Zi11,. .-, Tn), zeRi_l.
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Since H(n:) + loga(t) = (( )) we get

a{t) n G(t)
12 —=V* t>0.
(12) a(t) T3 v <ta(t) ’ vi=0
Denoting o —tV* dx and T(¢ ai(t),...,an(t)) with o4 wer e~ tVF)i(@) gy a

g f]Rn ( ) ( 1( )a ) n( )) Z R? ’
similar calculatlon gives
/

(13) M) >V I . Vt>0.

alt) t ta(t)

Adding (12) and (13) and applying Young’s inequality gives, for all ¢ > 0,

a(t) o) 2 (G(t)) +V ( L) ) > G0 10O _ t2a(t1)a(t) ;“i(t)ai(t)

a(t)  aft) t ta(t) ta(t) ta(t) ta(t)

Note that for all 1 < i < n, (V))* =
coordinate). By 1nduct10n for all 1< n and t > 0,

t"a;(t)i(t) = / e tVi dx/ e~ WV)F gy > 1.
R171 Rn71

(V*); (because V is non-decreasing with respect to each
i <

Therefore, for all ¢ > 0,
a(t) o) 2n - n
at)  aft)  t T ttla(t)a(t)

which amounts to
F'(t) = nt" !,
with F(t) = t>"a(t)a(t). Since F(0) = 0, one gets F(1) > 1 which is exactly (11). O
APPENDIX

For completeness’ sake, we provide here the proof of the following technical result, which
mostly follows the arguments given in [CEK15].

Lemma 4.2. For all essentially continuous log-concave probability measure n € P(R™), its mo-
ment measure v satisfies T (n,v) = n.

Proof. Let n(dz) = e~V dx be a essentially continuous probability measure, and v = VV#7
its moment measure. As established in Lemma 2.1, the maximal correlation is given by

T(p,v) = /:L' VYV (x)e”V® de.

Assuming everything is smooth, an integration by parts immediately proves that

T(u,v) = /div(z)e_v(z) dx — / - nagomv (z)e™V @ dH, 1 (z) = n
ddomV
since eV (®) = 0 for H,,_;-almost all € dom V. In the general case however, V is only Lipschitz
on the interior of its domain. Thus, choose xg in the interior of the domain of V. According
to [CEK15, Lemma 4],

/VV(:E)@‘V(C”) dx =0

by essential continuity, and thus

T(p,v) = /:C . VV(:L')@‘V(JE) dr = /(:C O vv(z)e—\/(z) da
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Convexity of V' implies that the function « — (xr — x¢) - VV(z) is bounded from below by some
constant (which is, of course, integrable against 1), and so, if (K x)nen is an increasing sequence
of compact sets such that |J Kn = domV,

/(ac —20) - VV(2)e V@ dg = lim (z —x0) - VV(x)e V@ da.

N—w Kn
For N € N, with N > min V, the sets {V < N} are convex, closed because of lower semicontinuity,
with non empty interior since [e~" > 0, bounded since limy,_, ;o V(z) = +o0 and strictly
increasing by the essential continuity. Since convex bodies may be approximated by smooth
convex bodies (see [H07, Lemma 2.3.2]), we can find a sequence (K ) of smooth convex bodies
such that

{V<N}cKyc{V<2N}

for all N > minV. It is clear that then UN Ky = domV. Since Ky is smooth, and V is
Lipschitz on Ky, the divergence theorem applies:

/ (z —x0) - VV(2)e™V® dg = / div(z)e™V®) dz — / Ny (2) - (2 —0)e ™V @ dH, 1 (z),
Kn Kn KN
where ng,, () is the outer normal vector to Ky at z. Clearly,
. . —V(x) _ . _
J\}linoo . div(z)e dx =n Nligkloo n(Ky) =n,

and we will show that the second term converges towards zero. To that end, note that since
e~V () is integrable, there exist constants a > 0,b such that V(z) > alz| + b. As an immediate
consequence, for all N > b, the sublevel set {V < N} is included in the ball of center 0 and of
radius Ry = (IV — b)/a. Hence, whenever N is large enough so that 2o € Ky,

/91( Nicy (@) - (x — x0)e™V @ dH, 1 (z)

< / |z — zole™V @ dH, 1 (x)
oK N

<2Ron e N H, 1 (0K N)

Finally, if K, L are two convex bodies such that K < L, then H,,_1(0K) < H,—1(0L) (see [Sch14,
(5.25)]), and so H,—1(0KN) < Riy"Hpn—1(S"™1), which is enough to conclude that

/ niy (@) - (& — zo)efv(m) dH,—1(x)
oK N

where p is some polynomial, which proves our claim. O

< p(N)e ™V
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