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Abstract

The Bingham model for viscoplastic materials involves the minimization of a non-differen-
tiable functional. The regularity of the associated solution is investigated here. The simplified
scalar case is considered first: The total variation minimization problem seeks the unique
minimizer u € BV(Q) of bounded variation of the energy 1[u — f||%2(9) + |ulgv(q) for
data f € L?*(Q) in a bounded Lipschitz domain @ C R™. Our main result proves for a
convex domain (2 that f € H'(Q) implies u € H'(Q). A modification for homogeneous
Dirichlet conditions involves an additional trace term ||u|11(9q) and then f € H{ () implies
u € HY(Q). In the case of the vector Bingham model without viscosity, the boundary
conditions are difficult to handle, but we prove the local H} ()" regularity of the solution
for a right-hand side f € H _(Q)™. The proofs rely on several generalizations of a lemma
due to H. Brézis and on the approximation with small viscosity. As a consequence, we
obtain Euler-Lagrange characterizations of the solution. Homogeneous Dirichlet conditions
on the viscous problem lead in the vanishing viscosity limit to relaxed boundary conditions
of frictional type.

Keywords: Inviscid Bingham model, Mosolov problem, total variation minimization, regularity,
Euler-Lagrange equations, relaxed Dirichlet boundary conditions.

Subject classification: Primary 35J20, 76A05.
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1 Introduction and main results

The steady Bingham problem for viscoplastic materials can be written

D
au—divﬁ = f inQ, (1.1)
where a > 0, the unknown u has values in R”, Du := (Vu + (Vu)")/2 and |A| := />, A%,
is the Frobenius norm of a matrix A. This problem is the simplest to describe non-Newtonian
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materials. When viscosity is present, this problem has been the object of many works, including
the study of numerical approximations, see for example [14, 13]. This problem is very close to
the scalar Mosolov problem, or total variation minimization problem. In this case, maximum
principle methods are available, but many results do not rely on them. The H? regularity of the
solution to the viscous problem has been established in [6]. The inviscid case is much less studied
[5, 3], but nevertheless it is possible to include time dependency [5] and nonlinear transport terms
[4]. The solution has to be looked for in the space of functions of bounded variation or bounded
deformation (in the Bingham vector case). Then numerical approximations are more difficult
to analyse, and optimal estimates as in [9] are difficult to obtain. The main result of this paper
is that if the right-hand side f belongs to H'(Q) in a bounded convex domain Q C R”, the
solution u belongs to H'(), proving that sharp discontinuities are indeed not possible. A result
of the same type was obtained in [16] for a two-dimensional incompressible flow and in [8] for a
class of convex minimization problems.

One consequence of the H'(f2) regularity are Euler-Lagrange characterizations of the solution.
Homogeneous Dirichlet conditions on the viscous problem lead in the vanishing viscosity limit
to relaxed boundary conditions of frictional type.

Our main results are stated in Subsection 1.1 for the (scalar) Mosolov problem and in Subsection
1.2 for the (vector) Bingham problem. The remainder of the paper is devoted to their proofs.

1.1 The total variation minimization problem

The inviscid Mosolov problem is a simplified steady scalar formulation of the vector inviscid
Bingham model for viscoplastic fluids. It is also used (in its time evolution version) in image
processing for denoising purposes. In this context, it is called the total variation minimization
problem. It can be formulated as follows. Given a positive parameter o > 0 and a data
f € L*(Q) in a bounded Lipschitz domain Q C R", seek a function u such that

ou — div|gz| =f inQ, (1.2)
and
u=0 on JN. (1.3)

The problem (1.2)-(1.3) is equivalent (at least formally) to the minimization of the total variation
functional

(6%
J(v) = 5”””%2(9) + [vlevi) + B llvlLi@an) — /va dz, (1.4)

with 8 =1, over all v € V := BV(Q2) N L?(Q2) with a finite total variation
[vlBv(Q) == sup{/ vdivedr : ¢ € CL(Q) with |p| < 1in Q}. (1.5)
Q

The latter semi-norm is also equal to |v|gy () = [ |Vv|dz, where Vv denotes the distributional
gradient of v, a measure for v € BV(£2). The trace theorem for BV functions justifies the
existence of the L' integral [|v]|11(50) on the boundary 99 of the domain. This term models
homogeneous Dirichlet boundary conditions on v. The identity (A.2) justifies that |U\BV(Q) +
Bllvl[z1(a0) is a lower semi-continuous functional on L2(Q) for B = 1, which would not be true
for 5 > 1.



The boundary L' term is not taken for the unconstrained model problem with 8 = 0 in (1.4)
and this corresponds to (1.2) with the Neumann boundary condition

Vu

—— v =0 on 09 1.6

o , (16)
where v denotes the unit outward normal to 9€2. In this paper, the two cases § =1 and =10
will be referred to as Dirichlet and Neumann case, respectively. It is known [7] that the minimum
Invin J(v) = Lrgl(lél J(v) = J(u) is attained at a unique minimizer v € V' characterized by

f€au+ap(u) in LA(Q) (1.7)

in terms of the subdifferential 9¢(u) of the convex and lower semi-continuous functional ¢ :
L*(Q) — [0, 00] defined by

| vlev) + B lvlliee  ifve L2(Q)NBV(Q),
Ylo) = { +oo if v € L2(Q)\BV(Q). (18)
More explicitly, (1.7) means that u € V' and that u satisfies the variational inequality
YoeV / flv—u)dx < a/ u(v —u)dxr + P (v) — P(u). (1.9)
Q Q

1.1.1 Statement of the main results

The two cases § = 1 and S = 0 model homogeneous Dirichlet boundary conditions through
B8 = 1, for which we set H := H&(Q), and Neumann boundary conditions through 5 = 0, for
which we set H := H'(Q).

Theorem 1.1 (H' regularity) If Q is conver and f € H, then the minimizer u of (1.4) in
BV(Q) N L?(Q) verifies u € H and o IVullp2i) < IV £llz2 -

The proof in Section 3 utilizes a fundamental lemma of H. Brézis (for § = 1) in the case of a
smooth boundary or a variant (for 5 = 0) proved in Subsection 2.1. The case of a nonsmooth
convex domain is established in Subsection 2.2 with an approximation argument of functions of
bounded variation by smooth functions of compact support provided in the appendix.

The Euler-Lagrange equations (1.2) characterize the minimizer u € H.

Theorem 1.2 (Euler—Lagrange equations) If Q is conver and f € H, then the minimizer
u of (1.4) in'V := BV(Q) N L?(Q) is characterized by u € H'(Q),

au—dive = f in Q for some o € L™ (Q)",

lo| <1 ae., o= ’gz‘ where Vu # 0, and (1.10)

u€ Hy(Q) forB=1 or o-v=0o0ndQ for §=0.



The last statements refer to the Dirichlet or Neumann case and the normal component ¢ - v €
H=Y2(Q) is well defined for o € H(div,Q) [17], i.e., the condition ¢ - v = 0 on 99 for 8 = 0
means that [, vdive = — [, Vv - o holds for all v € H'(Q).

Similar results hold for the time-dependent problem

Vu

_di
Oy iv Yl

=f inQ (1.11)

with either Dirichlet (8 = 1) or Neumann (8 = 0) boundary conditions. It can be formulated as

u € H'(0,T;L*(Q)) N Br, (1.12)
f(t) € Opu(t) + 0 (u(t)) forae. t € (0,T), and (1.13)
u(0) = u®. (1.14)

The given data are v from (1.8), f € L?(0,T; L*(Q2)), u° € V := L?(2) N BV(£), and the space
Br is defined for T' > 0 by

Br = {u e L*0,T; L*(Q / Y(u(t))dt < oo} (1.15)

It has been proved in [5] that (1.12)-(1.14) has a unique solution, and that (1.13) is equivalent
to the variational formulation

T

T T
/ (), 0(8) — u(t)) gy dt < / (Bru(t), v(t) — u(t)) L2 dt + / ($(o(t)) — lu(®))dt  (1.16)
0 0

0

for all v € By with the inner product (-,-)2(q) in L?(€2). Recall the two cases H = H{()
if 3 =1and H = HY(Q) if 3 = 0. The linear space C([0,T]; H'(2)-weak) of H'(2)-valued
weakly continuous functions on the compact time interval [0, 7] consists of bounded functions
f:[0,T) — H'() such that t, — t implies the weak convergence f(t,) — f(tso) in H ().

Theorem 1.3 (Time-dependent Mosolov problem) If Q is conver, f € L?(0,T; L*(Q)) N
LY0,T; H), and u® € BV(Q) N H, then the solution u to (1.12)-(1.14) verifies u(t) € H for all
t€[0,T] and

IVa(t)] 20y < (V60 220y + / IV 22 (1.17)

Moreover, the solution u is characterized by
u € HY(0,T; L*(Q)) N C([0, T); H ()-weak), (1.18)

Owu —dive = f in (0,T) x Q for some o € L*°((0,T) x Q)",
lo| <1 a.e., o= ;; where Vu # 0, (1.19)
u(t) € H(Q) for all t € [0,T) for =1 and
o-v=0 ondQ for a.e. t€[0,T] for B =0,

u(0) = u®. (1.20)



The H? regularity of the solution to the steady Mosolov problem with positive viscosity p > 0
has been proved by H. Brézis [6] in the presence of Dirichlet boundary conditions. In the case
of Neumann boundary conditions, we can establish a similar result.

Theorem 1.4 (Steady Mosolov problem with viscosity) LetQ be C3 or conver, f € L*(12),
a, i >0, and let w € H be the unique minimizer of the functional

a/vgdaH—M/ |Vv|2dx—|—/ |Vv]dx—/fvda: (1.21)
2 Ja 2 Ja Q Q
amongst allv € H. Then u € H*(Q) and

1 C(Q
lll oo < C'(2) <HuHL2<Q) 42l ey + L)) . (1.22)

The constant C(2) stems from Lemma 2.1, 2.2, or 2.4 with C(2) = 0 if Q is conver and the
the two constants C'(Q2) and C'(2) solely depend on €.

We can state also a local result without the convexity of 2.

Theorem 1.5 (Local regularity and relaxed Dirichlet condition) Let be a bounded Lip-
schitz domain open subset in R™, f € L?(Q) ﬂHﬁ)C(Q), a >0, and let u be the unique minimizer
of (1.4) in BV(Q)NL*(Q). Then u is the weak limit in L*(Q) as u — 0 of the minimizer u, € H
of the viscous functional (1.21). Moreover, u € HL (Q) and, for any ¢ € C(Q) with ¢ > 0,
one has

Comn
le*Vullzzoy < =22 (Ifll20) + 162V 2oy +1) (1.23)

with a constant Cy, p, that depends only on ¢ andn. The solution u is characterized by u € L?(Q),
Vu e LY(Q)",
au—dive = f in Q for some o € L*(Q)",
lo| <1 a.e., 0:|§Z where Vu # 0, (1.24)
o -v = —sign(u) where u # 0 on IQ for f =1, and
o-v=0 on 0 for B =0.

In the presence of Dirichlet boundary conditions 5 = 1, we observe that u does not necessarily
satisfy u|gq = 0, but satisfies the weaker relaxed Dirichlet condition

o - v = —sign(u) where u # 0 on 0S. (1.25)

This condition can be interpreted as a friction condition on the boundary.
The proofs for the Mosolov problem are given in Section 3, except for Theorem 1.5 for which
the full proof of the analogous, but more difficult, Theorem 1.8 is given in Section 4.

1.1.2 Comments
H! regularity in convex minimization

The condition f € H also arises in the Hﬁ)c stress regularity of a class of degenerated convex
minimization problems in [8]. The very different assumptions with two-sided p-growth and
convexity control in [8] do not apply to the example at hand with multiple values for signVu in

the set where Vu = 0 vanishes.



H' regularity for nonconvex domains

For the H! regularity, if  is smooth but not convex, Theorem 1.1 does not apply and the proof
does not work. The H?-regularity works however, as stated in Theorem 1.4. This is due to the
H? term in (2.2) that cannot be absorbed for an H' estimate unless C(Q2) = 0. This H? norm
comes from the estimate of the gradient of u. on 0€2, see (2.9). Nevertheless, the local result
from Theorem 1.5 can be applied and implies the ngc—regularity, because the local analogue
(4.6) of (2.2) involves only an H'-norm of u. in (2 instead of 9. We do not know whether the
global H! regularity can fail for a non-convex domain.

Inviscid limit and boundary layers

It is important to understand that in Theorem 1.5 and in the presence of Dirichlet boundary
conditions 3 = 1, it is not assumed that f € H}(2). Indeed if f € H}(Q) (and  is convex)
then Theorem 1.1 implies u € H}(2), i.e., u vanishes on 9. In Theorem 1.5 f can be nonzero
on 0f), and so u can be nonzero on 0f2, even if u is the limit of wu,, the solution to the viscous
problem, that vanishes on 9€). This means that there can be boundary layers as in the following
example.

Example. Take n =1, Q = (0, L), and a global constant f = cst in Q2. Then one can directly
verify the following. In the Neumann case, the solution reads u = ¢st = f/a and o is any
constant in [—1,1]. In the Dirichlet case, there are two possibilities: If |f| < 2/L, then the
solution u = 0 vanishes and o(z) = oy, — f(z — L/2), for any o, satisfying |o,,| < 1 — |f|L/2.
If | f| > 2/L, then the solution reads u = cst = sign(f)(|f| — 2/L)/a and o(z) = —Zsign(f)(z —
L/2), which satisfies (1.25). We can compute the viscous solution w,. In the Neumann or
Dirichlet case with |f| < 2/L, u, = v and 0, = 0. In the Dirichlet case with |f| > 2/L, the
solution u,, has a boundary layer given by

wy () = Sigz(f) (171 - L/;_ o) oula) = —zl/g;(_fl@ _ g) for A<z <L—A: (1.26)

f - Ch(\/%(A — min(z, L — x)))

up(z) = =
o o
S/
where the width A € (0, L/2) of the boundary layer satisfies

ch<\/§A> - |f|(§ - A). (1.28)

This is illustrated in Figure 1. We remark that in accordance with Theorem 1.5, when p — 0,
u,, is bounded in H () but is not bounded in H'().

, ou(x) = —sign(f)sign(z — L/2) otherwise,

(1.27)

Optimality of the exponents

In case of viscosity, the solution given by (1.26)-(1.27) satisfies u, ¢ C?. In particular u, ¢ H3,
even if f is smooth (a constant here). In the inviscid case, the construction of the one-dimensional
solution given in [5] shows that even for f smooth, in general u ¢ C!, whence u ¢ H2. Tt remains
as an open problem to investigate the regularity W?2?® for the viscous case (respectively, W1» in
the inviscid case) for some p > 2.



Figure 1: Viscous solution wu,(z) given by (1.26), (1.27) for L =1, a =1, f = 4, and different
values of the viscosity p. The black line is the inviscid solution.

1.2 The Bingham problem

In the case of the vector Bingham problem with viscosity, we have a local analogue to Theorem
1.4. The steady Bingham problem with viscosity can be written formally as

au — pAu — div =f inQ, (1.29)

Du

| Dul
where u has values in R" and Du = (Vu + (Vu)!)/2. The rigorous way to define the solution to
(1.29) is to minimize the functional

/W /yw2+/ \DU\—/f-v for v € H, (1.30)

where either H := H{(Q)" (Dirichlet boundary conditions) or H := H(Q2)" (Neumann bound-
ary conditions). This problem has a unique solution and is equivalent to seek u € H such
that

Yv e H /f-(v—u) Sa/u-(v—u)+u/Vu:(Vv—Vu)+/ |Dv|—/ |Du|, (1.31)
Q Q Q Q Q
with the scalar product A : B := tr(A!B) for two matrices 4, B.

1.2.1 Statement of the main results

In the case of the Bingham problem, we mostly prove local regularity results and to this purpose
we often consider a smooth, compactly supported function ¢ € C°(2) with ¢ > 0. We then
use the notation C,, or Cy, to denote a generic (positive) constant, whose value can change at
each occurrence provided it exclusively depends on ¢ or on ¢ and n, respectively.

Theorem 1.6 (Bingham problem with viscosity) Let Q be a bounded open subset of R™,
f € LX), a,u > 0, and let u be the unique solution to (1.31) with either H = H(Q)" or
H = HYQ)". Then u € H2 ()" and any ¢ € C(2) with ¢ > 0 satisfies

1 1 1
1629l < Con (5 + Pz + 7= ) (132

(The constant Cy,, exclusively depends on ¢ and n and V2u denotes the Hessian composed of
the second derivatives of all components of u.)



Given any compact set K C €, there exists classically some ¢ € C°(Q2) with ¢ > 0 in R™ and
¢ =11in K. Thus, (1.32) implies that V?u is square integrable in a neighboorhood of K.

Let us consider the Bingham problem (1.29) in the case without viscosity (1 = 0), i.e., (1.1).
We define, for all v € L?()",

Y(v) 1= SUPyey () Jov-w € [0,00], where (1.33)

V(Q) = {w € L*(Q)": 3% € CHO)™ ™ w; Za i+ @), Z o7 < 1in Q} (1.34)

3,j=1

Note that the set V(£2) does not change if we consider only symmetric ®’s (®;; = ®j;). As
shown in [5], the definition (1.33) of (v) is the right definition for [, |Dv|. Indeed, one has
Y(v) = [o|Dv| for all v € H'(Q)", and ¥ is convex lower semi-continuous on L*(Q)" with
0 € 09(0). As for the Mosolov problem, the definition (1.33) models Neumann boundary
conditions. In the case of Dirichlet boundary conditions, we define v for all v € L?(Q)" by

Y(v) = sup /Qv-w € [0, c0. (1.35)

weV (R™)

In other words, it is the functional (1.33) on R™ applied to the zero-extension T of v from 2 to
R". Then we have ¢(v) = [, |Dv] for all v € Hg(€)", because in this case v € H'(R™) with
Jgn 1DU| = [ |Dvl. We consider the solution to (1.1) with Dirichlet or Neumann boundary
conditions in the variational sense, which means to minimize the functional

/U|2+1/) /f v for v e LA(Q)" (1.36)

with v either defined by (1.35) (Dirichlet) or by (1.33) (Neumann). Since v is convex lower
semi-continuous in L?(Q)™ with 0 € 91(0), this problem has a unique solution u. The solution
u € L?(Q)" is characterized by

2 n (v —u al u-(v—u v)—yY(u). .
Vo € L2(9) /Qf( )s/ﬂ( ) + () — P(u) (1.37)

Then ¥ (u) < oo and it is equivalent to consider only test functions v in (1.37) with ¢(v) < oo.

In contrast with Theorem 1.1, the local setting below does not assume €2 be convex.

Theorem 1.7 (Inviscid Bingham problem) Let Q@ C R™ be a bounded Lipschitz domain,
FeLXQ"NHL ()", a >0, and let u be the unique solution to (1.37) with ¢ either defined
by (1.85) (Dirichlet) or by (1.33) (Neumann). Then u is the weak limit in L?(2)"™ as u — 0 of
the solution u, € H to the viscous problem (1.31). Moreover, u € HL ()" and any ¢ € C()
with ¢ > 0 satisfies

Com
l¢2Vullzzo) < =22 (Ifl 20 + 162V 2oy +1)- (1.38)

(The constant C., ,, exclusively depends on ¢ and n.)



It follows from u € L?(Q)" N HL ()" and ¢(u) < oo that Du € LY(Q)™™ and ¢(u) =
| Dul|1(qynxn. This is a remarkable regularity of the solution u in the space of bounded de-
formations with only the absolutely continuous part of the symmetrized gradient Du. (Lemma
A.2 and ¥ (u) < oo imply that Du € LE ()™ " is a finite measure, cf., e.g., [2] and references
quoted therein).

Throughout this paper, the dyadic product a ® b, a rank-one matrix for vectors a,b € R", allows

for the symmetrized dyadic product

a®Rb+bR®a

a®b:=syma®b:= 5

(1.39)

Theorem 1.8 (Euler-Lagrange equations for the Bingham problem) Under the assump-
tions of Theorem 1.7, u is characterized by u € L*>(Q)", Du € L1 ()X

sym ?
au—dive = f in Q for some o € L*(Q)27", o' = o,
D
lo| <1 ae., o= |D—Z’ where Du # 0, (1.40)

upy © v
lup © v|

where up # 0 on 092, or opr = 0 on 0N2.

op = —

The ”or” in the last statement (i.e., the third line of (1.40)) refers to the considered Dirichlet
or Neumann case and involves the traces uy of u and o, of o on OS) defined in Lemma A.2.

We remark that the relaxed Dirichlet condition can be written also in terms of opv, which makes
sense as a weak trace

up + v(up - v)
(2(Jus|? + (up - )2)) "/

where up, # 0 on 0€2. (1.41)

oY = —

Nevertheless, the only value of o3, that achieves (1.41) and satisfies |op| < 1 is the one given in
the third line of (1.40). Indeed, since |up @ v+ v @ up|? = 2(Jup|> + (up - v)?), (1.41) implies that

ab:<— ub®l/>:1 where up, # 0 on 0€2. (1.42)
lup © v

For the Neumann case, the boundary condition involves the normal trace oy = opv € H—/2(90Q)"

of o € H(div,Q)™ The condition ov = 0 is equivalent to [yv-dive = — [ Dv : ¢ for all

ve H ().

1.2.2 Comments
Regularity up to the boundary for the Bingham problem

We do not have any result of global H' regularity for the inviscid Bingham problem, nor of
global H? regularity for the viscous problem. The difficulty is to obtain appropriate estimates
of boundary integral terms, as is possible for the Mosolov problem in the proof of Lemma 2.2
for the terms 77 and T5.



Physical viscosity

The viscous Bingham problem (1.29) is stated here with a viscous term of the form —pAuwu, while
a term of the form — div(uDu) might appear physically more relevant. However, we are not
able to deal with such a term: Lemma 4.1 does not successfully apply in a proof of a possible
generalization of Theorem 1.6 or 1.7; an analogue to Lemma 4.1 with — div(uDu) replacing the
Laplacian does not seem to hold.

The remainder of the paper is devoted to the proofs.

2 Brézis’ lemma and variants

2.1 Smooth domain

The regularity of the minimizer u of (1.4) in V = BV(Q) N L?(Q) follows from the following
lemma from [6].

Lemma 2.1 (Brézis (1971)) For any open bounded set @ C R™ of class C3, there exists some
constant C(Q) > 0, with C(2) = 0 if Q is convex, such that the following holds: Given any
e >0 and u € H}(Q), the (unique) solution u. € HE(Q) to

Ue — AUz =u mQ and u.=0 on O (2.1)
satisfies u- € H*(Q) and

IVuelLi) < [[Vullig) + eCE) |[uell g2q)- (2.2)

The proof of Lemma 2.1 is given in [6, p.118]. We require the following variant for homogeneous
Neumann boundary conditions. Recall that v is the outer unit normal along the boundary 9f2.

Lemma 2.2 (variant for Neumann BC) For any open bounded set Q C R" of class C3,
there ezists some constant C(Q) > 0, with C(Q) = 0 if Q is convex, such that the following
holds: Given any e > 0 and u € H' (), the (unique) solution u. € H*(Q) to

U —eAus =u mQ and Vusr =0 on 99 (2.3)
satisfies u. € H?(Q) and the estimate (2.2).

Proof. Since  is of class C3, the unique solution to (2.3) verifies u. € H3(). In particular,
V2uc has a trace in L?(0f2). As in [6] we consider some regularisation of the Euclidean norm
| - |. We choose here a C? regularisation. Given any § > 0 and ¢ € R™, we define

S — fle| <6
gl gkl s "

js(§) == 3
|f\—§ if [£] > 0.

10



Then j; € C?(R") is convex and nonnegative, js; and its derivative j; are globally Lipschitz
continuous, and |js| < 1. The convexity of j; leads a.e. in  to

Js(Vue) = js(Vu) < j5(Vue) - (Vue — Vu). (2.5)

Since u. € H3(Q), (2.3) leads to Vue — Vu = e A(Vu,). The integral of (2.5) over € reads

. . - . 9?
/jg(VuE)dm — / Js(Vu)dz < Emzl/gj(’;(Vug) . @Vugdm (2.6)
= —¢ Z j5 (Vue) ) - iVu6 dr +¢ Zn: 75(Vue) - iVus U ds.
6a:m =1 o0 0 m
Since jj is C' and globally Lipschitz continuous, it follows a.e. in Q that
0 7 0
89Um (Ja(vus)) =Js (VUE)%VUE- (2.7)

The substitution of (2.7) in the first term 73 on the right-hand side of (2.6) shows that

= —¢ Z / %Vua jg’(vug) (&Vugdx <0,

since the Hessian j§(Vuc) of the convex function js is symmetric and positive semi-definite.
Since j§(0) = 0 as 6 — 0, we have j5(§) — %][57&0 for all £ € R™. Thus (2.6), 71 < 0, and
Lebesgue’s theorem lead to

. Vu, 0
— < 1 — = mds =: Th. 2.
/Q\Vus|dx /Q]Vu|d;v < stZI/aQ Vue£0 Vol (ameuE) Umds 5 (2.8)

The analysis on the right-hand side 7% of (2.8) requires an extension of the normal field v.
According to Lemma 2.3 below, the signed distance function d(z) := dist(x, 092) for z € 2 and
d(x) := —dist(z,0Q) for x € R™ \ Q allows for v = —Vd in a neighbourhood of 952, and v € C?
because Q is C3. In this neighbourhood of 9 intersected with Q, Vv = —D?d and, with the
abbreviation v := Vu. - v € H?(),

mz: (a:fmw) Vi = V. + D*d V..

The substitution of this in 75 reads

1

T = 6/ Vu:70 (Vus Ve + Vue - D%d Vug) ds.
oa Vel

The boundary condition in (2.3) reads v, = 0 on 0f, so that the tangential derivatives of v,

along 0 vanish as well. Hence Vv, = v dv./Ov on 092. This and v, = Vu, -v = 0 on 92 proves

Vue - Vv = (0v:/Ov)Vu, - v = 0 there. Consequently,

Iy,
Ty = 5/ V20 Gy, - D?d Vueds. (2.9)
o0 |VUE|
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With the maximum C(£2) > 0 of the real eigenvalues of the (symmetric) Hessian D?d of the
distance function along the compact boundary 99 (and C(€) := 0 if there are no positive eigen-
values), one has Ty < eC(Q)||Vuel[r1(an)- This, (2.8), and a trace inequality, lead to (2.2). In
the case of a convex domain 2, Lemma 2.3 below guarantees that the distance function d is
concave. Therefore, V2d is (symmetric and) negative semidefinite and C(Q2) = 0. O

Lemma 2.3 Let Q2 be an open bounded subset of R™ of class C?. Then the function d(z) :=
dist(z, 00Q) for x € Q, d(x) := —dist(x,09) for x € R™\Q is of class C? in a neighbourhood
of 0 with gradient Vd(x) = —v(z(x)) for the projection z(z) of x on 9. Moreover, if Q is
convex, then —d(x) is locally convez in a neighbourhood of OS2.

Proof. Since Q is of class C?, the mapping
0 x (—n,n) — R",  (z,t) —> x =z — tv(z) (2.10)

is a C! diffeomorphism onto an open set W,, containing 0f) for sufficiently small n > 0. Its
inverse can be denoted by (z(z),t(x)) for z € W,. Moreover, since 9 is of class C2, it has a
lower-bounded curvature radius. Therefore, if 7 is smaller than the minimum curvature radius,
for all z € W), the point z(x) uniquely achieves |z — z(z)| = nggflz |z — z| = dist(z, 092), and thus

dist(z,0Q) = |t(z)|. We have that ¢(z) > 0 if and only if = € Q, therefore d(z) = t(z) for all
x € W,. Differentiating (2.10), we deduce

dr = dz — tdv(z) — v(z)dt. (2.11)
Since v(z) - dz = 0 and v(z) - dv(z) = 0, we obtain v(z) - dr = —dt, which means that
Vit(x) = —v(z(z)) forall z € W, (2.12)

It follows that ¢(x) is of class C2. This concludes the proof of the first part of the lemma.

Assume that € is convex in the second part of the proof and define d(z) = dist(z,2). Then d
is convex on R". Indeed, take z,y € R” and 0 < 6 < 1 and define w = (1 — )z + y. There is
some b, € Q such that d(z) = |z — b;| and some b, € Q such that d(y) = |y — by|. Since Q is
convex, we have

d(w) < |(1 = 0)a + 0y — (1= O)by + 0b,)| < (1= O)w — by| +0ly —by|.  (2.13)

This proves the convexity of d on R". Any z € W,\Q satisfies d(z) = dist(x,00) = —t(z).
Consequently, d is C? and convex, whence D?t < 0 in W,\Q. It remains to prove that

0< (V(z(x)) - V(Z(y))) (x—y) forall z,y e W, NAQ. (2.14)
In fact, (2.12) and (2.14) impy that D?t(z) < 0 in W,, N Q. Since D*¢(z) < 0 in W,,\Q and since

t(z) is C% in W, this shows D?t(x) < 0 in W,, and that —t(x) is locally convex in W,.
Thus it remains to prove (2.14), which is equivalent to

0 < (v(21) —v(22)) - (21 — tiv(21) — 22 + tov(22)) (2.15)
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for all z1, 29 € 09, t1,ty € (0,m). To verify this, it is sufficient to prove that
0<v(z):- <z1 — 29+t (u(zz) — I/(21>)>. (2.16)
(Exchanging indices gives v(z2) - (22 — 2+t (v(z1) - u(zz))) > 0 and adding this to (2.16)
shows (2.15); note that v(z1) - (v(22) — v(21)) = v(22) - (v(21) — v(22)).) To prove (2.16), set
w =23 — ta(V(22) —v(21)) =y +tav(z1) for y:i=zp —tov(22) € W, NQ. (2.17)

Then ty = t(y) = dist(y,09), and since |w — y| = t2 = dist(y, 02), this implies either w = 25
or w & 9. If w = 29, then v(29) = v(z1) and (2.16) is obvious: 23 € Q is convex and v(2;) is
normal to the tangent plane on 02 at z;. If w ¢ 92 and 6 € (0,1), then

W = (1 —0)y—}—9w :y+9t2u(21) (218)

verifies |y — wy| < to = dist(y,0Q); whence wy ¢ 9. In summary, wy ¢ 92 holds for all
6 € [0,1]. Since y € §, this implies w € Q. As previously, v(z1) - (21 —w) > 0 follows and results
in (2.16). This concludes the proof. O

2.2 General convex domains

Lemma 2.1 and 2.2 also hold for general convex (non-smooth) domains. Recall the notation
H := H}(Q) (resp. H := H'(Q)) for 3 =1 (resp. 8= 0) from Subsection 1.1.

Lemma 2.4 (convex domain) For any convezr bounded open set Q@ C R™, any e > 0, and any
u € H, the solution u. € H to (2.1) for 8 =1 and to (2.3) for 3 = 0 satisfies ||Vue|[11q) <
[Vull 1) -

Proof. Given u € H, the solution u. € H of the assertion satisfies
/ugvd$+6/Vu5~Vvdx:/uvdx for all v € H. (2.19)
Q Q Q

A convex domain (2 is a Lipschitz domain [15]. Hence there exists a bounded linear extension
operator E : H — H}(R") for 8 =0 and H = H'(f2), while E is the extension by zero for 3 = 1
and H = H}(Q). Let ||E|| > 0 denote the operator norm of E such that

1Ev|| grwey < NIE|| 0|51y for all v e H.

It is known that the convex domain €2 allows for an outer approximation by a smooth and convex
domain Q5 D Q for any § > 0, such that the volume measure |5 \ | of the difference Q; \ Q
tends to zero as & — 0; apply [1, Corollary 2] to Q for a proof. The two cases for 3 and the
domain s lead to the two cases Hs := H{(Qs) if 8 =1 and Hy := H'(Q;) if B3 = 0. We define
us := (Eu)|q, € Hs and consider the solution us. € Hs to

/ UseV dx + € Vuse - Vodr = / usvdx for all v € Hy. (2.20)
Qs Qs Qs
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The test with v = ug. € Hy in (2.20) and a Cauchy—Schwarz inequality show
[use |7 2(05) + 26 Vttse |22 gy < lusllizioy) < NEIP ullFnq)- (2.21)

For any fixed ¢ > 0, this proves that |lus| g1 (o) is bounded by some M(e) independently of
§ > 0. Hence, for some sequence d; — 0, there exists a weak limit u} € H*(Q) such that

us,elo — vz  weakly in HY(Q) as j — . (2.22)

The subsequent analysis proves u} € H, which is obvious for 8 = 0. If 8 = 1, then us. € H} ()
and its extension gz by zero (outside €)s) is bounded in H!(R™). Extracting a subsequence, if
necessary and not relabelled, we deduce that us,c converges weakly to some limit in H LR") as
j — oo. For any open ball w C R"\ Q outside ), us; € H}(R™) vanishes outside 25 and the
measure of {25 Nw C 5\ 2 tends to zero as § — 0. This, the bound |[us.|| g1 (rny < M(e), and
a Cauchy—Schwarz inequality prove

[6e |21 ) = 52l L1 (snw) < [[Toell n2(04)125 \ 2] — 0 as 6 — 0.

We conclude that u5,; — uZ weakly in H L(R™) as j — oo, with the extension u* by zero outside
Q of u?. Hence, u* € H'(R™), and it follows that u} € H}(Q) = H for 8 = 1.

The proof continues for 3 =1 or f = 0 knowing that u} € H. For any test function v € H and
its extension vs = (Ev)|q, € Hs, (2.20) shows that

Vuse - V(Ev)dx = / (Eu)(Ev)dx for allv € H. (2.23)

/ use(Bv)de + ¢
Qs Qs

Qs

Since Ev € H!(R™), the non-concentration of Lebesgue functions on small sets shows that
[Ev| z2(05\0) — 0 for [Q25\ Q| — 0 as 6 — 0. Similarly [|V(Ev)||r2(,\0) — 0. Consequently, the
integrals over €5 in (2.23) can be replaced by the respective integrals over €2 in the limit 6 — 0.
This and the weak convergence (2.22) prove in the limit for 6; — 0 as j — oo that u} € H solves

/quda:—i—s/Vu:-Vvdx:/uvda: for all v € H. (2.24)
Q Q Q

A comparison with (2.19) shows that u. = u}. Lemma 2.1 or 2.2 apply for the smooth and
convex domain €25 for 6 > 0 and lead to [[Vuse||r1(q,) < [|[Vus||r1 oy for the extension ug =
(Eu)|o; € Hs. This implies that [|[Vuse|lr1q) < [[V(Eu)|[L1(qs)- The weak convergence (2.22)
in H'(Q) and the sequential weak lower semi-continuity of the L' norm prove

IVuclzr@) = Vel < lim inf [[V(Euw)|z1@) = IVullr@- O

3 Mosolov problem: Proofs

3.1 Proof of Theorem 1.1

Given a convex domain €, recall H := H}(Q) for 8 =1 and H := H'(Q) for 8 = 0. Recall the
notation (1.8), i.e., ¥(v) := |v|gy(q) + BllvllL1(aq) for v € V :=BV(Q) N L?(92). The minimizer
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u of (1.4) in V is equivalently characterized as the solution u € V' to the variational inequality
(1.9), i.e.,

/Q(f —au)(v—u)dr <P(v) —¢P(u) foralvel. (3.1)

The subsequent analysis involves a regularization through viscosity. Given the energy functional
J in (1.4), define, for any p > 0, the regularized functional

T (v) = %Hvunim) +J(v) forallve H.

The Mosolov problem with viscosity p > 0 is the minimization of J, in H. The minimal
energy ml}n Jy = Ju(uy) is attained at a unique minimizer v, € H. The latter is equivalently

characterized as the solution u, € H to the variational inequality

/(f —ouy) (v —uy)de < u/ Vuy, - (Vo — Vuy)de + (v) —(u,) forallve H  (3.2)
Q Q

We remark that 1 (v) = |v|gyv() = [|[Vv|1(q) holds for all v € H. Take ¢ > 0 and consider
the solution w., = u. € H to (2.19) for v := u, € H. Then Lemma 2.4 guarantees that
[Vueullpiy < [[Vupllpio)- Elementary algebra in the first equation is followed by (2.19) for
v = Ugy, to verify

[ uep — “u”%%g) + /Quu(usu —uy)dr = /Queu(ueu —uy)dr = _EHV“auH?ﬂ(Q)'

The same algebra for the gradients is followed by (2.19) for v = us, — u,, to verify

1
|Uep — u#’%ﬂ(ﬁ) + /Q V- V(uey — uy)de = /Qvueu V(uey — uy)de = _guusu - “uH%Q(Q)'

The final argument recalls ||Vue, 1oy < VUl o) and rewrites this as 9 (uey) < 9(uy,). The
two previously displayed identities lead with v = u., in (3.2) to

w
Ea‘uﬂt’%{l(ﬂ) + gHugu - uMHZLQ(Q) < /Qf(uu — Ugy)dx. (3.3)

Since f € H, one can take v = f in (2.19). This gives

/Qf(uu — Uep)dr = E/QVf Vueudr < el f | (q)ltep| mi(a)- (3.4)

This and (3.3) imply the bound alucu|gi(q) < |flg1(q), which is independent of € and p.
The estimate (3.3) provides also |lu, — u5“||%2(9) < i||f||L2(Q)||UH — Uepllr2(q)- This proves
lime 0 ||uy — uepl £2(q) = 0. Consequently, for any fixed p > 0, any weak limit of a subsequence
of ug, as € — 0 in H is equal to u,. This and the sequential weak lower semi-continuity of the
semi-norm in H!(£2) shows in the limit € — 0 that

lup| gy < 1fla o) (3.5)

This bound for the H' semi-norm of u, is independent of p. It is standard to test with v = 0
and v = 2u,, in the variational inequality (3.2) to obtain

o 1
allugll7z ) + mlul i ) + ¥ (u) = /Qf“u dx < 5”“#”%2(9) + %Hf“%%m-
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The result is a uniform bound of the L? norm lupllp2() of uu. With (3.5), this reads

aflupllgr@) < [Ifllaq)  for all uw> 0.

Thus, there exists a weakly convergent sequence u,;, — u* € H with p; — 0 as j — oo and
alu*|gi) < |flai@)- The passage to the limit in (3.2) involves the sequential weak lower
semi-continuity of ¢ and leads to

/Q(f —au®)(v—u")der <P(v) —Y(u*) forallve H. (3.6)

It remains to prove u = u*. Since u* € H C BV(Q)NL2(2), comparing (3.6) to (3.1) shows that
we have to prove that (3.6) holds not only for all v € H, but indeed for all v € BV(Q) N L?(Q).
This follows from approximation arguments, which are detailed in the proof of Lemma 4.2 for a
related assertion and apply here as well; we therefore omit further details. O

3.2 Proof of Theorem 1.2
If u € HY(Q) satisfies (1.10), then any v € C°(12) satisfies

/Qauv—l—/QU-Vv:/va. (3.7)

A density argument in the Dirichlet case verifies (3.7) for all v € H{ (). The condition o-v =0
on 9 in the Neumann case implies that (3.7) holds for all v € H'(£2). Thus in any case, (3.7)
holds for all v € H. The test function v = u and o - Vu = |Vu| a.e. verify

/Qau2+/Q|Vu\ :/qu. (3.8)

Since (3.7) holds for all v € H and since |o| <1 a.e. in €2, we have

/(f —au)v < / |Vu| for all v € H. (3.9)
Q Q

The combination of (3.8)-(3.9) reads

/Q(f—au)(v—u)g/Q]VM—/Q\VM for all v € H. (3.10)

The approximation argument from the end of the proof of Theorem 1.1 concludes the proof that
w is the solution to (3.1). The arguments are displayed in proof of Lemma 4.2 below for a related
assertion; we therefore omit further details.

Conversely, let u solve (3.1). Following the proof of Theorem 1.1, u is the weak limit in H as
p — 0 of uy, the solution to the viscous problem (3.2). This u, is itself the weak limit in H as
0 — 0 of the solution u,s; € H to the regularized problem

/(f—aum;)(v—um;) < u/ Vum;-(Vv—Vuug)—i—/ jg(Vv)—/ Js(Vuy,s) forallve H (3.11)
Q Q Q Q
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with the approximation js of the norm from (2.4). The test with v = u,s & tw for an arbitrary
w € H and t > 0, the division by ¢, and the limit as ¢ — 0 leads to

/(f — QU5 )W = ,u/ Vuys - Vw + / Js(Vuys) - Vw  for all w € H. (3.12)
Q Q Q

Recall |j5] < 1 so that

Ous = jg(Vumg) (3.13)
satisfies |o,5] < 1. Some sequence 0,5 —* 0, converges in L>({2) weak star as 6 — 0 with
|ou] <1 a.e. The passage to the limit in (3.12) leads to

/(f—auu)w—,u/Vuu-Vw—F/aH-Vw for all w € H. (3.14)
Q Q Q

The test with w = w,s in (3.12) will be exploited below. The convexity of js, [j5| < 1, and
0 = 75(0) lead to 0 < j5(Vups) < j5(Vuus) - Vuus < [Vuys| a.e. Since j5(Vuys) - Vs = |Vuys|
where |Vuy,s| > 6, it follows that (|Vu,s| — 5)+ = max{0, |Vu,s| — 6} < j5(Vuys) - Vs ae. in
Q). Hence, we have

/Q(\vum —-4) < /ng(vum;) V. (3.15)
This and the lower semi-continuity of norms lead for w = s in (3.12) in the limit as § — 0 to
,u/ ]Vuu\z +/ |Vu,| < /(f — 0y ) Uy (3.16)

Q Q Q

Recall that u, — u weakly in H as p1 — 0. Some sequence o, —* o converges in L>(Q) weak
star as p — 0 and |o| <1 a.e. This leads in (3.14) and (3.16) to

/(f—au)w:/J-Vw for all w € H; (3.17)
Q Q

/QIVUI S/Q(f—au)w (3.18)

The test w = u in (3.17) and the comparison with (3.18) show [, |Vu| < [0 - Vu < [ [Vl
with |o| <1 a.e. in the last step. This proves o = Vu/|Vu| a.e. where Vu # 0. Finally, (3.17)
shows the first line of (1.10), and the boundary condition in the Neumann case. O

3.3 Proof of Theorem 1.3

For the time-dependent case, we use the time-discrete approximations that have been proved to
converge in [5]. Define the time step 7 := T'/n for a positive integer n and

1 kT
fr= / ft)dt fork=1,...,n. (3.19)
T J(k=1)7
Define the approximations u* € L%(Q) N BV(Q) successively by
k_ k=1
e 7Y L gpk) fork=1,...,n. (3.20)
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These values define the piecewise constant approximate solution u,(t) by
U,(0) :=u® and Up(t):=uf for (k—1)r<t<krandk=1,...,n. (3.21)

According to [5, Theorem 3.8], the piecewise constant function 1, (t) converges in L?(f) to the
solution u(t) to the problem (1.12)-(1.14) uniformly with respect to ¢ € [0,7] as n — co. Since
f € LY0,T; H), one has f*¥ € H. Notice that (3.20) can be written as

k-1 uk

€—+ o(u”) (3.22)

u
A+

and so allows an application of Theorem 1.1 with a = 1/7 and with a right-hand side ¢* =
fF+ ukfl/r € H. Mathematical induction over k = 1,...,n proves that «* € H and that

a[[VaF(l 2y < IV 2 ) < el Ve 2y + IV 5l 20)- (3.23)

This and the definition of f* in (3.19) result in

IVl 2 () = Ve 20 <TZHVfJHL2 _/0 IVF ()]l 2 () dt. (3.24)

Consequently,
e [Vl < Il + [ 1970yt (3.25)

=1,...

Therefore, u,(t) from (3.21) belongs to H for all € [0, 77, with a uniform bound on ||V, (t)| 12(q)
given by the right-hand side of (3.25). Because of the uniform convergence in L?(Q) of 1, (t) to
u(t), we conclude that u(t) € H with the same bound. This concludes the proof of (1.17).

It remains to prove the characterization (1.18)-(1.20). Assume first that u verifies (1.18)-(1.20).
Then u clearly satisfies (1.12) and (1.14). Moreover Oiu(t) — divo(t) = f(¢) holds at a.e.
€ (0,7) in the sense of distributions in §2. Thus, at a.e. t € (0,7, the following holds:

/Q duult)v + /Q o(t) - Vv = /Q F()o for all v € H. (3.26)

The test function v = u(t) and o(t) - Vu(t) = |Vu(t)| shows at a.e. t € (0,T) that

/Q w(t)Ou(t) + /Q V()] = /Q Fbu(b). (3.27)

Recall |o] <1 a.e. in (0,7) x 2 to deduce from (3.26) at a.e. t € (0,7) that

/ (F() = Bu(t))w < / Vol for all v € H. (3.28)
Q Q

The combination of (3.27)-(3.28) results at a.e. t € (0,7)

(f(t) — Owu(t)) (v — u(t |Vv| ]Vu for v € H. (3.29)
Q
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The approximation argument from the end of the proof of Theorem 1.1 concludes the proof of
/ (F(t) — Dru()) (v — u(®)) < b(v) — / V()| forall v e BV(Q)NI2(Q).  (3.30)
Q

at a.e. t € (0,T). Recall that ¥(u(t)) = [, [Vu(t)|dx for u(t) € H, so that (1.13) follows.

Conversely assume that u solves (1.12)—(1.14). According to (1.17), u(t) is bounded in H. Since
u € HY0,T;L*(Q)) c C([0,T); L*(%2)), it follows that u € C([0,T); H-weak). Thus u verifies
(1.18) and (1.20). It remains to prove (1.19). We know from the above that w(t) is the limit of
Un(t) defined in (3.21) in L?(2) uniformly in time. Theorem 1.2 applies to (3.22) so that, for
allk=1,...,n,

uk — k1
/’U+/O'k'VU:/fkv forallve H (3.31)
Q T Q Q
holds for some % € L>®(Q)", |o*| < 1, 0% = Vu¥/|Vu*| where VuF # 0. The latter condition
is equivalent to
/ V| < / ok vk (3.32)
Q Q
According to [5], the piecewise constant function
uf — k-1
Siin(t) = ——— for (k—1V)r<t<krandk=1,...,n (3.33)
T

converges weakly in L2(0,T; L?(€2)) to dyu as n — co. We analogously define
on(t) =0 for (k—1)7<t<krandk=1,...,n. (3.34)
Then o, € L*=((0,T) x ), |o,| <1, and (3.32) show

//IVun Idt</ /an - Vi, (t) dt. (3.35)

Define f, similarly as, e.g., (3.34) in terms of f*. Then it follows from (3.31) that

T
//mn dt+/ /an -Vo(t)dt = //fn t)dt for all v € L*(0,T; H).
0 Q

(3.36)
The test function v = u,, and the combination with (3.35) result in

//mn Tt dt+/ /|wn ydt</ /fn

Since %((u’“)2 (uF~12) < (uF — uF~1)uP, this results in

/Q;(an(:r)ﬁ—/gé(uo)u/o /Q\van(mdtg/o /an(t)an(t)dt. (3.37)

At least for some (not relabelled) subsequence, recall that 2, — u in L?(£2) uniformly in time,
S¢ti, — Opu weakly in L2(0,T; L*()), fn — f strongly in L%(0,T; L%*(Q)), and 0, —* o in
L>((0,T) x Q) weak star as n — oo with |o| <1 a.e. In the limit of (3.36)-(3.37), we obtain

/OT/Q@“ d”/ / - Vo(t)dt = / /f t)dt for all v € L2(0,T; H); (3.38)
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1(u(T))Q— 1(uo)2+ ! |Vu(t)|dt < ' f(t)u(t)dt. (3.39)
Q2 Q2 o Ja 0o Ja

The test function v = u in (3.38) and the combination with (3.39) result in

/OT/QWU(t)’dt < /OT/Qa(t)'W(t) dt. (3.40)

It is a standard argument to rephrase (3.38) equivalently as

/Qatu(t)w/ga(t).vv:/ﬂf(t)v for v € H (3.41)

at a.e. t € (0,7T). Altogether, (3.40)-(3.41) conclude the proof of (1.19). O

3.4 Proof of Theorem 1.4

The proof of Theorem 1.1 shows that the minimizer u € H to (1.21) solves the variational
inequality (3.2). We proceed as in the proof of Theorem 1.1 and take in (3.2) v = u. from
Lemma 2.1, 2.2, or 2.4, that satisfies (2.19) and (2.2). Since ¢(u:) — ¥ (u) < eC(Q)|uc| g2 (),
the analog of (3.3) reads

sa/ﬂ \VUEP + 'Z/Q(u6 — u)2 < eC () ||uel| g2 —|—/Qf(u — Ue). (3.42)

Since —eAu, = u — ug, this reveals that

o /Q Vuel? + /Q Aue? < CQ) a2y — /Q FAu.
< COQluslmaey + |11z | Atell 2. (3.43)

Since Q2 is C® or convex and u. satisfies either Dirichlet or Neumann boundary conditions, the
elliptic regularity theory [15] applies to —A + Id and shows that

HueHm(Q) < Cr()|lue — AU&HB(Q) < Cl(Q>(HUsHL2(Q) =+ HAUeHL%Q))- (3.44)

Recall [Jucl[z2(q) < |lullz2(q) (from (2.19)) and deduce from (3.43)-(3.44) that

W 1
§HA%HQL2(Q) < C(Q)C1(Q) (lull 2o + [|Aue |l L2(0)) + ﬂ”f”%?(ﬂ)

S (C@C@)?

n 1
HUH%Q(Q) +2 + ZHAUEH%%Q) + ﬂ”f”%?(g)-

2
s(c@)c .
OO | 272, g This, el < lelloy,

and (3.44) provide an upper bound on ||uc||g2(q) that is independent of €. In the limit ¢ — 0,
we obtain (1.22) with a constant C’(Q2) that exclusively depends on C;(2). O

Consequently, 2HAU6H%Q(Q) < HUH%Q(Q) +
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4 Bingham problem: Proofs

This section is devoted to the proofs related to the Bingham problem.

4.1 Preliminaries

We require a local variation of Lemma 2.2. Recall that C,, (resp., Cy, and C,,) denote generic
constants whose value exclusively depends on ¢ (resp., on ¢,n and on n).

Lemma 4.1 (local estimate) Given a bounded open set @ C R, u € H'(Q)", p € CX(Q)
with ¢ > 0, and a positive € < 2_4Hch<szzo(Q)n, there exists a unique solution u. € HY(Q)" to

/u£~w—|—5/cp4Vu5:Vw:/u‘w for all w € HY(Q)™. (4.1)
Q Q Q
Moreover, p*V2u. € L?(Q)"<0  pAv3yu, € L2(Q)xnxnxn - gnd

uell2@yn < [lullp2)yn (4.2)

1
||VU ||L2 Q)nxn S
ellL2(Q) 1-— 86||¢V80||2m(9)n

||VUHL2(Q)an, (43)

13
HVUEH%Z(Q)"Xn + §||<,02Au5||%2(9)n < /QVUE :Vu + 258”90v90”%00(§2)"||vu||i2(Q)n><m (4.4)
HQOQV2U5HL2(Q)Hann S H()OQAU€HL2(Q)'"‘ + C%RHUHHI(Q)"v (45)
||DUE||L1(Q)n><n S ||DUHL1(Q)n><n + Cg;’ng (HDUHLI(Q)an + HQOQVUEHLZ(Q)YLXR) . (46)

Proof. Since the uniqueness is obvious, the proof focuses on the existence of a solution to (4.1).
Given any v > 0, let u., € H*(Q)" solve

/ug,y-w+5/(g04+'y)Vum:Vw:/u-w for all w € H'(Q)™. (4.7)
Q Q Q

The test function w = u., shows

[uerll2@)m < llull2@)n- (4.8)

Since
Uery — ediv((p* +7)Vuey) =u  in Q (4.9)

holds in the sense of distributions, we have div((¢? + 7)Vuey) = (uey — u)/e € LAHQ)", so
that (¢* + 7)Vue, € H(div,Q)". The comparison of (4.7) with (4.9) proves Vue,v = 0 in
H=Y2(00)". Since

div((¢" + V) Viey) = (¥ + V) Aty + vusvv(904) (4.10)

(the Laplacian acts componentwise), we have (p* +v)Aue, € L2(Q)"; whence Au., € L?(Q)™.
This and the above homogeneous Neumann boundary conditions prove

/ Ve, : Vo = —/ v+ Aue, for all v e HY(Q)™ (4.11)
Q Q
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The test function v = u.y — w in (4.11) and (4.9)-(4.10) verify

/ Vey 1 (Vey — Vu) = —s/ Aty - ((<p4 +v)Auey + VUSVV(QOZL)). (4.12)
Q Q
The crucial point is the observation that

IV (e")| = 4¢° V| < 4oVl oo )n 7 (4.13)

This, a Cauchy—Schwarz inequality, and a weighted Young inequality result in

UQ Aty - (vuevv(¢4))} < 4H(PVSOHL°°(Q)"”902Au5’YHL2(Q)nHvu€’)/”L2(Q)"><"
< 8”<pv()0”%00(9)"HVUE’YH%Q(Q)an + %HSOQAUEWHQH(Q)W

Its direct consequence

1
3 (" DI =BVl Vot aycn < [ At (94100t + Vit V1)

is substituted in (4.12) for the proof of

3
(1 —8e|ygow||%w(mn) [V tter |72 (ynrn + 2/§2(¢4+7)|Au57|2 < /QVua,y (Vu. (4.14)

Recall that ¢ < 2_4||<,0Vg0||230(9)n and deduce

1
[Vuey | L2@pnxn <

= 8eloVelmgy @

The combination of (4.14)-(4.15) reveals that

€

2
HVUWHL2(Q)an+2

/Q(<P4+V)\Ausv\2 < /Qvusv t Vurt 2| oVl Foe ) [ Vul| 2 gy~ (4.16)
The bounds (4.15)-(4.16) on u., imply that u., is bounded in H!(2)" and ¢?Au.. is bounded in
L?(Q)™ as v — 0. Hence, there exists a sequence ~; — 0 such that ue,, — u. weakly in H* ()"
and gpzAuEW — % Au, weakly in L?(Q)". This and the sequential weak lower semi-continuity of
norms show that the weak limit u. € H(Q)" solves (4.1) and, owing to (4.8) and (4.15)-(4.16),
satisfies the estimates (4.2)-(4.4).

The further investigation of the unique solution u. € H'(Q)" to (4.1) rewrites it as
ue — ediv(e'Vu) =u  in Q (4.17)

in the sense of distributions. Since v. = ¢?u. € H'(Q)" has compact support, its extension by
zero v, € H'(R™)" satisfies

Ve = 9*Vue +ue @ V(¢?) € L*(Q)™" (4.18)
and, in the sense of distributions in R” for any 7,5 =1,...,n,
62-21-1)5 = @28%% + 07uc0; (%) + 9i(p?)Djue + uaﬁfj(apZ). (4.19)
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Recall that ¢?Aue € L2(Q)" to deduce from (4.19) that Av. € L?(Q)" satisfies
|Ave || f2()n < H@QAUEHB(QW + Cynllue |l g1y (4.20)

Since v, has compact support in , v. € H'(R")" satisfies Av. € L?(R")". Invoking a Fourier
transformation or the elliptic regularity of the Poisson problem on a large ball that includes €2
[15, Equ. (3,1,2,2)], we deduce that v. € H?(R")" satisfies

||V2UEHL2(Q)TLX’IL><7L S ||AU€||L2(Q)7L. (421)
Recall (4.2)-(4.3) with e < 2_4||<,0Vg0||230(9)n to infer [Juc || g1()n < 2||ull g1 (o). This and (4.19)
show that ©?V2u. € L?(2)"*"*" satisfies
H902V2uEHL2(Q)nXWn < C JlHuHHl(Q)" + Hv2U5HL2(Q)n><n><n S C’%nHuHH1(Q)n + HQO2AU,5HL2(Q)7L
using (4.20)-(4.21) in the last step. This is (4.5).

Since div(¢*Vue) = p*Aue + VuV(p?), (4.17) shows V(p*Au.) € L?(R™)™ " with compact
support in . This and the above arguments for the proof of (4.20)-(4.21) eventually lead to
©*V3u. € L2(Q)™mxn. further details on this are omitted here.

It remains to prove (4.6). Define js as in (2.4) but let the argument & be a (symmetric) matrix
rather than a vector. Recall the above properties of js hold in the example at hand as well. For
instance, the convexity of js implies that

js(Du) — js(Du) < j5(Due) : (Due — Du). (4.22)

Moreover, js € C? is convex (its Hessian is positive semi-definite) and js as well as its derivative
Js are globally Lipschitz continuous with |j5(F)| < 1 and |F||j5(F)| < 1 for any F' € R™*". We
remark that for a symmetric matrix S and an arbitrary matrix A, one has S: A=S5: A' =S :
(A + A')/2. Consequently,

Js(Dug) — js(Du) < j5(Due) : V(ue — u). (4.23)

Recall (4.17) to compute, for any i,j = 1,...,n, the derivatives in the sense of distributions as
follows:

e [V (ue — w)liy = [V(div(e*Vue))]i; = 95 (0" Oul)
k=1

= Z (¢ Oul + 0 (") Opul)
k=1

= > (9" Dl +20;(p") (Duc)rs — 95(")dru)
k=1

= Z O <cp4632ku§ +20; (") (Due )i — 0105 () tr(Due)
k=1

— (") (Ol — i “(Duf))>

with the Kronecker delta d;;,. Since >}, Ok(O;uk — ;1 tr(Due)) = 0, this is recast as

V(ue —u) =Y 0 (904(9kvus +2(Due)* ® V(') = tr(Duc)e” ® V(SDZL)) (4.24)
k=1 |

—e((Vue)! — tr(Vue) Id) V(o).
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The integral over 2 of the combination of (4.23)-(4.24) reads

/Q js(Due) - /Q js(Du)

<e), /ijs(Dua) : O (9048Nua +2(Duz)* @ V(p*) — tr(Duc)e® V(so4)> (4.25)
k=1
— 5/ J5(Due) + (Vue)t — tr(Vu.) Id)V2(<p4).
Q

An integration by parts in the first term on the right-hand side of (4.25) shows that

2/35 (Due) : O (p* 0 Vue) = Z/@k 35(Duy) .@48k(Dua)
— _Z/ oY (Du,) : Op(Due) : Ok (Due) =: Z/ oY (Du,) Ok(DuE)®2

(4.26)

with the abbreviation j§(Du.) : V€2 = j#(Du.) : V : V. An integration by parts in the second
term on the right-hand side of (4.25) shows the identity below, which is followed by a Cauchy—
Schwarz inequality with respect to the symmetric and positive semi-definite Hessian of js. This
proves

2/35 Du.) : 8(2(Dus)* ® V(") — tr(Duc)e® @ V("))
:_Z/ (Due) : 0 (Due) : (2(Due)* ® V(") — tr(Dus)et @ V(ph))
<Z / /(Due) - (24 (Due))*?)

<95 (Dug) : (2(Du5)k ® V(ph) — tr(Dua)ek ® V(cp4))®2>
2

C

2

<Z / (D) (D)) 4 =2 [ (Du)] Dl
supp ¢

1/2

1/2

with (4.13) and a Cauchy—Schwarz inequality in L?(12) in the last step. Since |Du.||j¥(Du.)| < 1

,n

a.e. in §2, the last term is controlled by

fsu |Du.|, and we have
PP ¥

Z/ j5(Dug) : O (2(Du5)k ® V(p?h) — tr(Du.)ef ® V(<,04))

c2.,
<Z/cp4]g Dug) : (0(Due)) 2+Z’/ | Dug|.

supp

(4.27)

Since |j5(Duc)| < 1 and [V2(p?h)] < Cpp? ae. in €, the last term on the right-hand side of
(4.25) is

—/ j(/;(Dug) : ((Vug)t — tr(VuE)Id)V2(<p4) < C%n/ ¢2\Vug\. (4.28)
Q Q
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The combination of (4.25)-(4.28) involves the cancellation of the upper bound (4.26) with the
first term on the right-hand side of (4.27). This proves

CQ
[ isu) - [ suy <222 [ e [ ST
Q Q supp ¢ Q

The passage to the limit as § — 0 leads to

/IDual—/ | Dul <€ /|DU5|+€C¢n/g0 Ve, (4.29)

and a Cauchy—Schwarz inequality over the support of ¢ concludes the proof of (4.6). O

4.2 Proof of Theorem 1.6

The test functions v = 0 and v = 2u in (1.31) provide

a/ﬂ]u\Q—l—,u/Q\VuF—i-/ﬂ\Du]:/Qf‘u. (4.30)

This leads to the explicit bounds on u in H'(Q)", namely

[ £l 2y (RIS
n < - nxn < - .
[l 2y < - and [Vl 2 @ynxn < NG

Given ¢ € C2°(Q) with ¢ > 0 and £ > 0 sufficiently small, Lemma 4.1 provides an approximation
ue to the solution u € H to (1.31). Recall that u. satisfies (4.17) and ¢ has compact support, so
that e is equal to u outside the support of ¢; whence u. € H (also in case of Dirichlet boundary
conditions). Thus, if u € H}(Q)", we have also u. € H(Q)". The test function v = u. € H in
(1.31) plus elementary algebra proves

(4.31)

allue = ultsays + e = uliaye + [ 1D = [ 1D
§a/u€-(u€—u)+,u,/Vu6:(Vug—Vu)—i-/f-(u—ug). (4.32)
Q Q Q

The integrals [, ue - (ue —u) and [, Vue : (Vue — Vu) are controlled by (4.1) (with w = u.) and
(4.4), respectively, while HDuEHL1 (@rxn— [ Dul[ L1 (qynxn on the left-hand side of (4. 32) is bounded
from below by (4.6), and (4.17) rewrites the integral [, f-(u—ue) = —¢ [, f-div(¢*Vu.). These
arguments and a division by € > 0 lead in (4.32) to the estimate

L .
5”902AU6H%2(Q)" + @H@QVUsH%2(Q)an +/Qf - div(p'Vue)
< Com ([|1Dullprynxn + |9°Ve| 2qynxn ) + 25:“’”90V‘PH%OO(Q)"HVUH%%Q)”X”' (4.33)

Recall the convention on the generic constants C,, and estimates like (4.13) or the estimate
Vel p2pnxn < 2||Vul|p2(@ynxn from (4.3) (for small €) to rewrite this as

7
ng

+ Hf”L?(Q)"HSDzAusHH(Q)n + Hf”L?(Q)nHVUHB(Q)an- (4.34)
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Except the term HfHLz(Q)nngQAuEHLz(Q)n, that shall be absorbed, the a priori bounds (4.30)-
(4.31) control the remaining terms on the right-hand side of (4.34). This leads to

1

i 1
l¢*Atell 7@y < (5 + DI 2y +

Cr

1
Vo

The combination with (4.5) bounds H(p2v2uEHL2(Q)n><nxn independently of ¢ > 0. Moreover, the
first two terms in (4.32) have been neglected before, but lead to the control of

[PAIFETESER (4.35)

a i
19* V2| p2ymxncn + el g ye + Ol Uel[ T2 + Zlu - Uel 1 qyn

by a global upper bound independently of € > 0 as € — 0. Hence, there exists a sequence € — 0
(not labelled explicitly) such that u., Vue, p>V?u. are bounded and convergence component-
wise weakly in L%(Q) to the weak limit u, Vu, 0®>V?u. In particular, p?V2?u € L2(Q)"xnxn,
This and (4.35) lead to the assertion (1.32). O

4.3 Proof of Theorem 1.7

The test functions v = 0 and v = 2u in (1.37) provide

a/Q\u|2+w(u):/ﬂf-u. (4.36)

This leads to the explicit bounds on u in L?()", namely

_ 171y
i a .

and  ¥(u) (4.37)

lull 2 < £l z2()n

«
Given any p > 0, let u, € H solve (1.31) with either H = H{(Q)" (Dirichlet) or H = H'(Q)"
(Neumann). Theorem 1.6 proves that u, € H N HZ ()" satisfies (1.32) (with wu,, replacing u
therein) for any ¢ € C2°(Q2) with ¢ > 0. Apply Lemma 4.1 as in the proof of Theorem 1.6 and
define u. as an approximation to w, (replace w in the lemma by wu,) and recall the estimate
(4.33) (with u,, replacing u). Since f € L2(Q)" N HL ()", the first term in the right-hand side
of (4.33) reads

. « 1
—/ f - div(g'Vue) = / @'V Ve < *HSD2VU5||%2(Q)MTL + *HSOZVfH%?(Q)an- (4.38)
Q Q 2 200
Rewrite the a priori bounds (4.30)-(4.31) as

11172 0n
[ Dupl| i ymsn + sl V|22 gpxn < % (4.39)

Use (4.38)-(4.39) in (4.33) and follow the arguments in the proof of Theorem 1.6 to deduce

oY 1 11132
§HSDQVUEH%2(Q)"X” < %HSOQVfH%%Q)m + Crep (HSDQVUsHH(Q)" + % . (4.40)
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This and Chy||@?*Vel| 2(qpnxn < Ch,/a+ %HQOQV’LLEH%Z(Q)HXR provide the e-independent bound

_ Cy
e M2 uy, — Uell L2 () + 1192 Ve || L2 @ynxn < Of (L4 I fllz2@yn + 197V fll2@ynxn) - (4.41)

The first term in (4.41) stems from the first term in (4.32) and was simply suppressed in the
above formulas. Given any fixed p > 0, there exists a sequence € — 0 (not labelled explicitly)
such that u. — u, in L*(Q)" and ¢*Vu. € L?(£)"*" is bounded by the p-independent upper
bound in (4.41). Recall |luyl[z2()n < [[f[l2()n/a from (4.31). Hence, there exists a sequence
p — 0 (not labelled explicitly) such that w, — u* € L*(Q2)" converges weakly in L*(Q2)" with
[w*[| L2 < || fllz2()n /o and ©*Vu* € L?(2)" " bounded by the upper bound in (4.41).

It remains to prove that u* = u solves (1.37). Recall that u, € H solves (1.31) and deduce the
elementary bound u [, Vuy, : (Vv —Vu,) < 4 [, |[Vo|? for any test function v € H. Recall that
1 is defined either by (1.35) (Dirichlet) or by (1.33) (Neumann), that ¥ (v) = |[Dv]||p1(qynxn for
v € H, and that ol e |[12(q)n +1(e) is sequentially weakly lower semi-continuous. This and the
above weak convergence lead in the limit as ¢ — 0 in (1.31) to

/f-(v—u*)Sa/u*'(v—u*)—i—w(v)—w(u*) for v € H. (4.42)
Q Q

Lemma 4.2 below shows that u* = u and the uniqueness of the weak limit also implies u, — u
in L?(Q)™ not only for some sequence yu — 0 but for any. O

Lemma 4.2 Any function u* € L*(Q) with (4.42) is equal to the solution u to (1.37).

Proof. In the Dirichlet case, suppose v € L?(2)" satisfies 1(v) < oo with ¢ defined by
(1.35). A modification of Lemma A.1 for BD (rather than BV) functions shows that v can
be approximated by a sequence v, € H}(2)" such that v, — v in L? and ¥(vy,) — ¥(v) as
m — 00.

In the Neumann case, suppose v € L?(Q)" satisfies 1(v) < oo with ¢ defined by (1.33). The
existence of a sequence v, € H(Q)" such that v,,, — v in L2(Q)" and ¥ (vy,) — ¥(v) as m — 0o
follows from standard regularization [11].

Take the admissible test function v = v, € H in (4.42) for m and then pass to the limit as
m — oo to deduce that (1.37) holds for the test function v € L?*(Q)". The uniqueness of the
solutions to (1.37) concludes the proof. Note that the assumption 992 Lipschitz applies only
here in each of the two cases. g

Remark 4.3 The above passage to the limit as p — 0 and u, — u in L*(Q)™ also shows

. 2 _ : _
i%M/S]|VuM| =0 and ilg%iﬁ(uu)—l/f(u)-

(The proof compares the limit of (4.80) (written in terms of w, replacing u therein) with (4.36)
and utilizes the sequential weak lower semi-continuity of 1 and (u,) = || Duyl| 1 ()nxn-)
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4.4 Proof of Theorem 1.8

In the first part of the proof of the characterization, suppose u solves (1.37). Theorem 1.7
asserts that Du € L2 (Q)™™ N LY(Q2)"*" and that u is the weak limit in L*(Q)", u, — u as
i — 0, of the solution w, € H to the viscous problem (1.31). For any g > 0, the solution
u, € HN HL (Q)" satisfies the bound (1.38) and is itself the weak limit in H as § — 0 of the

loc
solution u,s € H to the regularized problem

/(f —atys) - (v —uus) < u/ Vs : (Vo — Vaus) + / Js(Dv) — / Js(Duys) for all v e H,
Q Q 0 Q (4.43)

with the approximation of the norm js from (2.4) for § > 0. Recall that js is C? and deduce
from (4.43) that

/(f — Q) U = ,u/ Vs : Vo + / js(Duys) : Dv for allv e H (4.44)
Q Q Q
(test with v = uys = tv for v € H and t > 0, divide by ¢, and let t — 0). Note that

ous = Js(Duys) (4.45)

is symmetric and satisfies |o,,5| < 1 a.e. The pointwise boundedness leads to a sequence § — 0
(not labelled explicitly) such that 0,5 —* 0, weak star in L>(Q)"*" with |o,| < 1 a.e. The
passage to the limit in (4.44) leads to

/(f—ozu#)-v:u/Vu#:Vv—i—/aM:Dv for allv € H. (4.46)
Q Q Q

The same arguments apply in the passage to the limit as ;1 — 0 and the weak convergence u,, — u
in L2(Q)" towards the solution u to (1.37) and some weak star limit o of o, in L>(£)"*" with
o =o' and |o] <1 a.e. This and Remark 4.3 show that

/(f—au)~v=/o:Dv for all v € H. (4.47)
Q Q

Consequently, o € H(div, Q)" N L= ()70 with dive = au — f. For the Neumann case H =
HY(Q)™, (4.47) also shows the asserted boundary condition ov = 0 in H~/2(9f); but there is
no information on the boundary for test functions in H = H{(Q)" from (4.47).

The traces in BD are considered in [2] and the normal traces in H(div,2) are well known [17].
For o € H(div,2)" N L*(Q)g5, the normal trace ov € H~1/2(99Q) belongs to L>®(9Q)", as we
now show. Since this result can be of independent interest, we state it as a separate lemma.

Lemma 4.4 (traces in BD) If o € H(div,Q)" N L>(Q){" satisfies o < 1 a.e. in Q, then
the normal trace ov € H™1/2(0Q)" satisfies ov € L=(0Q)"™ with |ov| < 1 a.e. on the boundary
0Q and the integration by parts formula

/Q(v ~dive +o0: Dv) = /6(2 v-ov  holds for all v € L*(Q)" with Dv € LI(Q);IYXH?.
Recalling the notation a ® b from (1.89), the trace satisfies ov = (z ® v)v a.e. on I8 for a
(unique) function z € L>®(0Q)™ with |z ®v| <1 a.e. on 0. The above boundary integral reads

Joqv-ov = [q(zOV): (vOV).
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Proof of the lemma. The first step of the proof recalls the trace v, € L'(9Q)" of a function
v e L*(Q)" with Dv € L'(Q)2%" [2] that satisfies the integration by parts formula

/(v ~div®d + @ : Dv) = / vy - Pv for all € CI(R")ZYXH?. (4.48)

Q o0

Since v is unique, we simplify the notation and write v rather than v in the Lebesgue integral
over the boundary 9f2.
The second step designs a sequence of smooth approximations ®; € C2°(R™){ 0 with (i) [@;] <1
in Q for all j € N, (ii) its strong convergence ®; — ¢ in H(div,Q)", (iii) its weak star convergence
®; =" o in L>(Q)&, and (iv) ®jlaq —* 0, (weak star) in L>(9Q){T, as j — oo.
It is a standard argument in the approximation of Sobolev functions by mollification in the
Lipschitz domain €2 [12, p. 128-129] to consider a suitable partition of unity Zz’]\io ¢; = 1. Then,
for € > 0 sufficiently small, one sets ®. := ({po) * - + Zf\il 0 * N, where the function 7. is the
mollification kernel, o;(x) := (¢;0)(x + e7;) for all z € Q@ Nw;, and the translation vector 7; is
such that B(z,e) +er; € Q for all z € QNw; and all i € {1,..., N} with ¢; supported in w;.
Since (; is scalar-valued, we have div((;o) = oV (; + (;(divo). The arguments in [12] then show
that ®. € C°(R™)™ " with strong convergence to o in L?(Q)"*" and strong convergence of
divergence div ®. — divo in L?(Q)", i.e., strong convergence in H (div,Q2)". Moreover, ®. takes
symmetric values and max |®.| < 1+ Ce for some constant C, that depends only on the smooth
and fixed functions (p, ...,y in the partition of unity. The pointwise boundedness implies the
weak star convergence of a subsequence P, .
The third step substitutes ® = ®.; for the sequence ®., — o in H(div,{2)" from step two for a
fixed v € L?(Q)" with Dv € L'(Q)2X" in (4.48). The weak star convergence in L>(Q)2x" and
in L°(02) g leads to the asserted integration by parts formula in the passage to the limit as
Jj — 0.
The fourth step concludes the proof: Given any o := o(z) € R{!' and v = v(z) € R" with
lo| <1 = |v| (at almost every point = € 92), the linear functional ¢ — ¢ -ov =0 : (p O V)
has a unique Riesz representation z € R™ in the Hilbert space (R", (o, ®))) with respect to the
scalar product

(a,b) :=(aGv): (boOv) fora,beR". (4.49)

Then ((z,¢) = 0 : (p ®v) for all ¢ € R™ implies (z ® v)v = ov and |z ©® v|? = ((2,2)) = 7 :
(zov) <l|ol|lz®v| <|z®v|, whence |z ® v| < 1. This pointwise definition of o(z) — z(x) at
a.e. x € 0f) specifies a measurable function z € L>(0Q)". O

Let us resume the proof of Theorem 1.8. Lemma 4.4 applies to the solution v = u and its trace
up € LY(0N). Substitute dive = au — f from (4.46) in the resulting identity and compare with
(4.36). This proves

Y(u) = / oc:Du—-p (zOV): (up O V) (4.50)

Q o0

for 5 = 1 in the Dirichlet case and = 0 in the Neumann case. (The integration by parts
formula (4.47) shows that ov = 0 in the sense of traces in H—Y2(9Q)" if H = H'(Q)", but
traces are involved in the Dirichlet case displayed for 5 = 1.) The appendix reports on the traces
of BV and BD functions and the weak definition of ¢ for the Dirichlet (8 = 1) and Neumann
(8 =0) case. Lemma A.2 clarifies for u € L'(Q)" with Du € L'(Q)™*" that

(u) = /Q Dul + 8 /8 w vl (4.51)
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The equality of (4.50)-(4.51) implies that ¢ : Du = |Du| a.e. in £ and, if 5 =1, that (z ©v) :
(up ©v) = |up © v| a.e. on IN. Since |o| <1 ae. in Q and [z ©v| <1 a.e. in 91, the preceding
identities imply that equality holds in the Cauchy—Schwarz inequality (pointwise a.e. in ).
Consequently, o and z ® v are (pointwise a.e. in ) a non-negative multiple of Du and up ® v,
respectively. This leads to the final formulas and concludes the proof of (1.40).

The second part of the proof establishes the converse implication: Suppose u € L?(2)" satisfies
Du € LY ()™ ™ and (1.40). Lemma 4.4 applies to v = u and the arising integrals therein satisfy
(from (1.40)) that

o:Du=|Du|] ae inQ and op:(upOv)=—|up®v| a.e. on IN

(the second identity holds for 8 =1 only). It follows (for 8 =0 and § = 1 as above) that

—/u-divaz/\DuH—ﬁ/ lup © V.
Q Q o9

The combination of this with dive = au — f € L?(2)" and (4.51) proves that u satisfies (4.36).
Given any v € H, an integration by parts with dive = au — f € L?(2)" does not involve any
boundary terms (ov = 0 if 8 = 0 and H = H*(Q)", while v € H}(Q)" for 8 = 1). This and
lo| <1 a.e and ¢(v) = || Dvl|p1(qynxn for v € H verify

/Q(f—OéU)-v—/Qa:DUSw(v). (4.52)

The comparison of (4.36) and (4.52) proves that u* := u satisfies (4.42). Thus Lemma 4.2 shows
that u solves (1.37) and concludes the proof of Theorem 1.8. O

Appendix: Jump of BV and BD functions across the boundary

The regularity proof for the Mosolov problem requires an approximation result regarding the
boundary conditions. It corresponds to 8 = 1 in the function v in (1.8), thus including the L'
integral along the boundary. For this, one has to understand the jump of functions in BV (Q2)
across the boundary 02 of 2. A similar analysis is possible in the case of functions of bounded
deformation (v € BD(Q2) means v € L*(Q)" has a distributional Green strain, the symmetrized
gradient, Dv that is a finite measure).

Throughout the remainder of this appendix, let 2 C R™ be a bounded Lipschitz domain with
unit outer normal v along the boundary 02, abbreviate Cl(R");‘yﬁ‘ as the set of symmetric-

valued functions ® € CT(R™)™*", and let M(Q)™ " denote the space of finite (matrix-valued)
measures over 2. Recall the notation a ® b from (1.39). Given any function v € BV(2), its zero

v ov(x) ifzeq,
o) = { 0 ifzeRMQ. (A-1)

extension reads
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Lemma A.1 (Jump of BV functions across the boundary) Given any v € BV(Q), its
zero extension U is in BV(R™) with

[lev®r) = [vlBv(Q) + [[V]L180)- (A.2)

Moreover, for all v e LP(Q2), 1 <p < oo, and all € > 0, there exists some v, € C°(Q2) with

[velBv(Q) < IvlBv(Q) + V]2 00 (A.3)
and ve — v in LP(Q) as € — 0.

Proof. One has 7 € BV(R") according to [18, 5.10.4], and the trace of v on 9 belongs to
LY(09) [18, 5.10.7]. For any ¢ € C°(R™)", the Gauss-Green formula shows that

—/vdivgp—/go-Vv—/ v -, (A.4)
Q Q [2}9)

and is an identity on measures in R" of the form
Vo = Vv — (vv)daq- (A.5)

The two measures on the right-hand side are supported at the disjoint sets €2 resp. 0f2, the total
variation of the sum is the sum of the total variations. This proves (A.2).

The existence of the approximation v, is shown here for a strictly star-shaped domain €2, which
means that there is some z¢ €  such that for any = € €, one has [zg,z] C Q (recall that
[0, 2] := {tzog + (1 —t)z | t € [0,1]}) and for any = € 9, one has [rg,x) C Q. The case of a
convex domain falls into this scope and we refer the reader to [11] for the general case.
Without loss of generality, suppose that €2 is strictly star-shaped with respect to the origin 0.
Taking 0 < &£ < 1/2, we define Q. :=Q/(1 —¢) D Q and

0. = idist(@@a, ). (A.6)

Since €2 is strictly star-shaped with respect to the origin, any half-line from the origin contains
a single point belonging to 0. It follows that a. > 0 and a. — 0 as ¢ — 0. Define p.(x) =
az"p(w/a2), where p € C2*(B(0, 1Y), [0, p = 1, and

Ve () := /Qv(y)ps(w —y)dy = / v(y)pe(x —y)dy at x € R, (A7)
and
ve(x) 1= Ve <1 — €> at x € R™. (A.8)
Then, v. € C°(Q),
|U£|BV(Q) =(1- €)n71\5a\BV(Q€) < WBV(RW (A.9)
and with (A.2), we obtain (A.3). Standard results on the convolution (A.7) show the conver-
gence in LP(Q). O
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Lemma A.2 (Jump of BD functions across the boundary) (i) For all v € L'(Q)" with
Dv := (Vv + (Vo)) /2 € M(Q)"*", there is a unique trace vy, € L*(0Q)™ such that

/ ®: Dv+ / v-divd = / v, Ov forall ® e Cl(R”)Qan’f. (A.10)
Q Q o0
(ii) For all o € L>(Q){ with |o| <1 a.e. in Q and dive € M(Q)", there exists some trace
op € L2050 with |op| <1 a.e. on 0 and
/ p-dive +/ o:Dyp :/ oo ®Ov  forall o € CHR™)". (A.11)
Q Q o0

(iii) For all v € L*(Q)", ¥ (v) < oo (with x defined by the right-hand side of (1.33)) if and
only if Dv € M(Q)"*™. In this case, one has

Un(v) = /Q Dy, (A12)

For all v € L2(Q)", v¥p(v) < oo (with ¢p defined by the right-hand side of (1.35)) if and only
if Dv e M(Q)™*™. In this case, one has

Yp(v) :/ | Dv| —i—/ lvp © V. (A.13)

Q o0
Proof of (i). This is proven in [2]. O
Proof of (ii). Let oy, for all i, j = 1,...,n, denote the components of o. For all j =1,...,n,
we consider the vector /) = (0j1,...,0;n). Then ¢ € L®(Q)" and dive) € M(Q) is a

finite measure. It is proven in [10] that there exists a trace f; € L%(02) such that

/ ¢ divo +/ o). V¢ = / of; forall ¢ € CLR™). (A.14)
Q Q a0
The substitution of ¢ = ¢; and the sum over j = 1,...,n shows that
/(p-diva+/a:D<p—/ - f forall p € CHR™)", (A.15)
Q Q o

with f = (f1,..., fa). If 0 € CHQ)W, then f; = o) - v and f = ov on 09, whence

(p.f:(ptO'I/:O'ZLp@V a.e. on 0f). (A.16)

Since |o| == (0 : 0)'/2 < 1 a.e. on 99, it follows that
1
o fI* <lo v = S(Plvf* + (¢ v)?) ae. on o0 (A.17)

For an arbitrary (non-smooth) field o, one can argue as in Lemma 4.4 (even for a measure div o)
and deduce that (A.17) remains valid for an arbitrary field o.
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At almost any fixed point = on 02, with unit vector v := v(z), we consider the inner product
on R™ such that

(a,b) :=acv:bov:=(aov): (bov) forallabeR" (A.18)

(Since ((a,a)) = i(la*|v[* + (a-v)?) and |v| = 1, ((e,e)) is an inner product on R".) Letting
f = f(z) € R™, the Riesz representation g € R™ of the linear form ¢ — ¢ - f in the Hilbert
space (R™, ((e, ))) satisfies

o - f=(e,9)=(ov):(gov) forall peR" (A.19)

Recall the calculation |¢ - f|> < (¢, ) for all ¢ € R™ from (A.17). Hence, the functional
© +— - f has norm at most one in the Hilbert space (R", (e, ®))) and so is the norm of its Riesz
representation g bounded from above by one, i.e., we have

90 = (9,9) = 1ol >+ (g v < 1. (4.20)

Therefore, the symmetric tensor op(x) := g ® v satisfies |o(x)| < 1. This calculation applies to
almost any x € 9§ and leads to a measurable bounded function oy, € L>(9S2)¢ 1 with |op| < 1

and oy : OV = - f a.e. on I (from (A.19)). This and (A.15) conclude the proof of (A.11). O

Proof of (iii). Recall the definition of V() in (1.34) and consider v € L?(Q2)" and w € V()
with w = divsym ® for ® € C}(2)"*". With the duality (e, e) in the sense of distributions, the
integral in (1.33) reads

n

/v w= - Z/Uz zy+q)j2):_ Z(a“u Dij + Dji)

” . wi=1 (A.21)
=-3 Z (0jv; + Opvj, ®y5) = —(Dv, D).
1,j=1

The supremum over all ® € C}(Q)"*" with |[®| < 1 a.e. in (A.21) leads to the equivalence
between ¢y (v) < oo and Dv € M(Q2)™*™ and to the formula (A.12).

Since V() € V(R™) and therefore ¢)x < ¥p, ¥p(v) < oo implies Dv € M(Q2)"*". Hence,
the formula (A.10) can be employed for v € L?(2)" with Dv € M(Q)™*" and its unique trace
vy € L0 to investigate the supremum (1.35). For any symmetric ® € C}(R™)2%" with
w = div @, the integral in (1.35) reads

/v-w:/v-div‘b:—/@:Dv—i—/ QO (A.22)
Q Q Q 19)

The supremum over all ® € CH(R™)2X" with max |®| < 1 in the right-hand side of (A.22) can be

Ssym
replaced by the supremum over all ‘i]) € C2(R™)2x" with max |®| < 1. This means that ¢(v) is
the total variation of a measure, which is the sum of two measures corresponding to each term
in the right-hand side of (A.22). Since one of the later measures is located in Q and the other
on 99, the total variation of the sum is the sum of the respective total variations [, [Dv| and

[vp © V|| L1 (a0 This concludes the proof of (A.13). O

Remark A.3 (Uniqueness) The trace oy in (A.11) is not unique since the matrices p © v,
for ¢ € R™, do not generate the whole space of symmetric matrices. Indeed, we see in (A.11)
that only oy v is unique; however, oy is unique in the above format g ® v.
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