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Abstract. In this paper, we consider a three-tiered food web model in a

chemostat, including chlorophenol, phenol, and hydrogen substrates and their
degraders. The model takes into account the three substrate inflowing con-

centrations, as well as maintenance, that is, decay terms of the species. The

operating diagrams give the asymptotic behavior of the model with respect
to the four operating parameters, which are the dilution rate and the three

inflowing concentrations of the substrates. These diagrams were obtained only

numerically in the existing literature. Using the mathematical analysis of this
model obtained in our previous studies, we construct the operating diagrams,

by plotting the curves that separate their various regions. Hence, the regions

of the operating diagrams are constructed analytically and there is no require-
ment for time-consuming algorithms to generate the plots, as in the numerical

method. Moreover, our method reveals behaviors that have not been detected
in the previous numerical studies. The growth functions are of Monod form

with the inclusion of a product inhibition term. However, our method applies

for a large class of growth functions. We construct operating diagrams with
and without maintenance showing the role of maintenance on the stability of
the system.

1. Introduction. The anaerobic digestion (AD) process is of increasing interest
since it is able to produce renewable energy while treating waste/wastewater. Un-
derstanding and exploiting this process appears to be a major challenge to tackle
contemporary issues in the field of wastewater treatments and the development of
renewable energy, and to improve next future bioprocesses.

The generic AD model No.1 (ADM1) developed in [3] is characterized by its
extreme complexity with 32 state variables and a large number of parameters. A
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simple two-step AD model (called AM2) proposed by [6] provides satisfactory pre-
diction of the AD process and demonstrates the ability to reproduce the experimen-
tal data and the dynamical behavior. Many papers in the literature have studied
the AM2 model (see [4, 7, 11, 14, 17, 24, 25, 27, 33] and the reference therein).

A mathematical model of a chlorophenol-mineralizing three-tiered microbial “food
web” has been proposed by Wade et al. [30], by introducing an additional microor-
ganism and substrate into a two-tiered feeding chain model considered by Xu et al.
[33]. Since the chlorophenol mineralization may occur under aerobic or anaerobic
conditions with different microbial consortia involved, the three-tiered food-web is
a generic model that is also found in anaerobic digestion. The organisms involved
in the resulting three-tiered model are the chlorophenol-dechlorinating bacterium,
the phenol degrader and the hydrogenotrophic methanogen. Several authors stud-
ied the three-tiered model, see [12, 21, 20, 26, 29, 30]. Using specific growth rates,
Wade et al. [30] have proven that the model can have up to eight steady states. Sari
and Wade [26], have considered the case with only chlorophenol input substrate and
general growth rates. The existence of the steady states has been characterized an-
alytically. It was shown that the stability conditions can be explicitly determined,
in the case without maintenance terms. In [29], the original three-tiered model
of [26, 30] was considered in the case neglecting maintenance. The authors con-
firmed the existence of eight steady states and proved analytically the persistence
of the model when maintenance is excluded. In [21], we have extended the results
of [26] by considering the phenol and hydrogen inflowing concentrations. We have
analytically determined the necessary and sufficient conditions of the existence of
the steady states in the case with maintenance. The necessary and sufficient condi-
tions of the local stability are performed analytically when maintenance is excluded.
Then, these results of local stability are extended in [20] to the case where main-
tenance is included. Using a large class of growth functions, we have provided
rigorous proofs for the results of [30] on the existence and stability of the steady
states, which, for the most part, were obtained only numerically and for specific
kinetics in [30].

In this work, we consider the three-tiered model proposed in [30], and we are
interested to complete the mathematical analysis of this model by studying theo-
retically the operating diagrams. Using the existence and stability conditions of
all steady states determined analytically in [20, 21], our main contribution in this
paper is the construction of the operating diagrams, by plotting the curves which
separate their different regions, in both cases with and without considering decay
terms. The operating diagram shows the dynamic behavior of the system according
to the conventional chemostat operating parameters (the dilution rate and the input
concentrations of the substrates) such that the values of the biological parameters
are fixed. It is the best tool for biologists since it allows to predict qualitatively the
different asymptotic behaviors of the process according to its control parameters.
As it was claimed in [28], the operating diagram remains the most useful answer
for the analysis of the behavior of the model according to the parameters. This
diagram is often performed both in the biological literature [22, 27, 30, 33] and the
mathematical literature [1, 2, 7, 8, 9, 10, 13, 14, 15, 16, 17, 19, 23, 25, 26, 32, 31].

In [30], the operating diagrams have been constructed numerically with a resolu-
tion of 5000×5000 solution points. The authors determined numerically the steady
states for a realistic range of operational and kinetic parameters. Using Matlab,
they solve complex polynomials to calculate the components of the steady states
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and the characteristic polynomials to determine which are stable. By considering
sets of operating parameters and repeating this method with numerous ones, the
diagrams are drawn, showing the region of stability of each steady state. Never-
theless, the operating diagrams plotted in [30], with respect to the concentration
of chlorophenol and the dilution rate did not depict all the behavior of the model.
More precisely, the destabilization of the positive steady state via a Hopf bifurca-
tion with the emergence of a stable limit cycle had not been observed. In [26], the
operating diagrams were obtained, analytically in the case without maintenance
and numerically in the case with maintenance. The authors were able to provide
analytical expressions of the boundaries between the different stability regions al-
lowing to give operating diagrams describing the exhaustive behavior of the system.
Adding the maintenance terms, they highlighted by a numerical stability analysis
the presence of the region of instability of the positive steady state and showed the
possibility of a Hopf bifurcation, with the appearance of a stable limit cycle which
were not depicted in [30], a fact that were confirmed in [29] in the case where the
maintenance terms are neglected.

The one parameter bifurcation diagrams of the three-tiered model presented in
[20, 21] were analytically constructed in the cases with and without maintenance.
They show that the model has in both cases rich dynamics including bistability,
coexistence and occurrence of the limit cycle due to supercritical Hopf bifurcation.

In this paper, we describe analytically the operating diagrams and we highlight
the impact of the maintenance terms and the importance of the phenol and hydrogen
input concentrations, on the asymptotic behavior of the model. We compare our
results with the findings of previous numerical analysis in [30] where several regions
have been omitted.

The paper is organized as follows. In section 2, we present the mathematical
model of three-tiered microbial species of [30]. Next, in section 3, we describe
analytically the operating diagrams in both cases with and without maintenance
terms. First, with respect to the chlorophenol input substrate concentration and
the dilution rate and second, with respect to the hydrogen and the phenol input
substrate concentrations. Finally, we discuss our results and we give some conclu-
sions in section 4. In Appendix A, we present the change of variables that are used
to simplify the analysis of the general model and we describe the results of [20, 21]
on the existence and local stability of the steady states. Numerical computations
are reported in Appendices B and C. The equations of the surfaces that delimit the
regions of the operating diagrams are provided in Appendix D.

2. Mathematical model. The three-tiered microbial food web model, considered
in [30], can be written as follows:

Ẋch = (Ychf0 (Sch, SH2
)−D − kdec,ch)Xch

Ẋph = (Yphf1 (Sph, SH2)−D − kdec,ph)Xph

ẊH2
= (YH2

f2 (SH2
)−D − kdec,H2

)XH2

Ṡch = D
(
Sin

ch − Sch

)
− f0 (Sch, SH2

)Xch

Ṡph = D
(
Sin

ph − Sph

)
+ 224

208 (1− Ych) f0 (Sch, SH2
)Xch − f1 (Sph, SH2

)Xph

ṠH2
= D

(
Sin

H2
−SH2

)
− 16

208f0 (Sch, SH2
)Xch+ 32

224 (1−Yph)f1 (Sph, SH2
)Xph

−f2(SH2
)XH2

,

(1)

where Sch, Sph and SH2 are the chlorophenol, phenol and hydrogen substrate con-
centrations, respectively. Xch, Xph and XH2 denote, the chlorophenol, phenol and
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hydrogen degrader concentrations. D is the dilution rate. fi, i = 0, 1, 2 are the spe-
cific growth rates, Sin

ch, S
in
ph and Sin

H2
are the inflowing concentrations in the chemo-

stat, kdec,ch, kdec,ph and kdec,H2 represent the maintenance (or decay) rates, and
Ych, Yph and YH2 are the yield coefficients. The value 224/208 (1− Ych) represents
the fraction of chlorophenol converted to phenol, 32/224 (1− Yph) is the fraction
of phenol that is transformed to hydrogen and 16/208 represents the fraction of
hydrogen consumed by the chlorophenol degrader Xch.

The growth functions take the following form:

f0 (Sch, SH2
) =

km,chSch

KS,ch+Sch

SH2

KS,H2,c+SH2
,

f1 (Sph, SH2) =
km,phSph

KS,ph+Sph

1
1+SH2

/KI,H2
, f2 (SH2) =

km,H2SH2

KS,H2
+SH2

.
(2)

The mathematical analysis of (1) given in [20, 21, 26] is carried out with a general
class of growth functions, of which functions (2) are a particular example. Under
these assumptions, system (1) can have up to eight steady states labelled as in [30]
by SS1,SS2, . . . ,SS8 and detailed as follows:

• SS1: the washout steady state where all populations are extinct.
• SS2: only the hydrogenotrophic methanogens are maintained (XH2 > 0).
• SS3: only the chlorophenol degraders are maintained (Xch > 0).
• SS4: only the hydrogenotrophic methanogens are washed out (Xch and Xph >

0).
• SS5: only the phenol degraders are washed out (Xch and XH2

> 0).
• SS6: all three populations are present (Xch, Xph and XH2 > 0).
• SS7: only the phenol degraders are present (Xph > 0).
• SS8: only the chlorophenol degraders are washed out (Xph and XH2

> 0).

The components of these steady states are given in Table 6, the conditions of their
existence and stability are provided in Table 7.

Remark 1. The steady state SS1 always exists. There exist at most two steady
states of the form SS4, that we denote by SS41 and SS42. The other steady states
are unique if they exist (see Appendix A and [20, 21]).

3. Operating diagrams. The operating diagrams show how behaves the system
when the operating parameters D, Sin

ch, Sin
ph and Sin

H2
are varying in (1). To plot the

operating diagrams, we must fix the values of the biological parameters and two
of the four operating parameters D, Sin

ch, Sin
ph and Sin

H2
. The biological parameter

values used for plotting the operating diagrams are provided in Table 10 of [21].
These parameter values were used also in [20, 26, 30]. In what follows, we study
the operating diagrams of system (1) in the cases with and without maintenance
terms. In section 3.1, we fix Sin

ph and Sin
H2

and we determine the operating diagrams

in the plane
(
Sin

ch, D
)
, and in section 3.2, we give the operating diagrams in the(

Sin
H2
, Sin

ph

)
-plane, where Sin

ch and D being constant.

First, from Table 7, we define in Table 9 the surfaces Γi, i = 1, . . . , 18 which

delimite the different regions of the
(
Sin

ch, S
in
ph, S

in
H2
, D
)

-space.

3.1. Operating diagrams in the
(
Sin

ch, D
)

plane when Sin
ph and Sin

H2
are fixed.

Giving fixed values for Sin
ph and Sin

H2
, the intersections of the surfaces Γi, i = 1, . . . , 14

with the
(
Sin

ch, D
)
-plane are curves of functions of D. However, the intersections of

surfaces Γi, i = 15, . . . , 18 with the
(
Sin

ch, D
)
-plane are straight lines. Following [30],
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we consider several cases to examine the effect of the operating parameters Sin
ph

and Sin
H2

on the behavior of the model, in the cases with and without maintenance.

First, only chlorophenol input is added to the system (Sin
ph = Sin

H2
= 0). Then, the

hydrogen input is added to the system and the phenol input is excluded, (Sin
ph = 0

and Sin
H2

> 0). Next, the phenol input is added and the hydrogen input is excluded,

(Sin
ph > 0 and Sin

H2
= 0). Finally, the hydrogen and phenol inputs are added to the

system, (Sin
ph > 0 and Sin

H2
> 0).

3.1.1. Only chlorophenol is in the input. Assume that Sin
ch > 0, Sin

ph = Sin
H2

= 0.

In this case, system (1) has only the steady states SS1, SS41, SS42 and SS6, see
Table 7. The operating diagram in the plane

(
Sin

ch, D
)

is shown in Fig. 1. Fig.
1(a) looks very similar to Fig. 1(b) except near of the origin, as it is shown in
the magnifications at the right of Fig. 1(a)–(b). In the case with maintenance,
the value of Sin

ch, in which the positive steady state SS6 is destabilized is greater
than in the case without maintenance. These results are supported by numerical
experimentation and are proven in Appendix B. Note that, each region that has a
different asymptotic behavior is colored by a distinct color as in [30].

(a)

J1

J2

J3

Γ1

Γ2

Γ3

��	
Sin
ch

D

J1

J3

J4
J5

Γ1

?

Γ2

?

Γ3
�

Sin
ch

D

(b)

J1

J2

J3

J5

��	

Γ1

Γ2

Γ4

��	 Sin
ch

D

J1

J2
�

J3J4

? J5

Γ1Γ2

Γ4

Sin
ch

D

Figure 1. Operating diagrams in the plane
(
Sin

ch, D
)
, when Sin

ph =

Sin
H2

= 0: (a) case without maintenance and on the right its magni-
fication showing the regions J4 and J5, (b) case with maintenance
and on the right its magnification showing the regions J4 and J5.

The existence and the stability of the steady states of (1) in the five regions Ji,
i = 1, . . . , 5, of the operating diagrams of Fig. 1 are determined in Table 1.

Remark 2. Each region is denoted by its steady states, indicating which are stable
and which are unstable. For instance, the region J2 = (142, 41) in Table 1 means
that when the operating parameters are taken in J2, then the steady states SS1
and SS42 are stable, the steady state SS41 is unstable, and there is no other steady
state (SS6 does not exist).
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Table 1. Existence and stability of steady states in the regions of
the operating diagrams of Fig. 1 when Sin

ph = Sin
H2

= 0. The letter S

(resp. U) means that the corresponding steady state is LES (resp.
unstable). No letter means that the steady state does not exist.

Region SS1 SS41 SS42 SS6 Color

J1 = (1) S Red
J2 = (142, 41) S U S Teal
J3 = (16, 4142) S U U S Yellow
J4 = (1, 4142) S U U Red
J5 = (1, 41426) S U U U Sienna

When Sin
ch > 0 and Sin

ph = Sin
H2

= 0, from Table 1 and Fig. 1, we can deduce that
there are no new regions that emerge under the influence of the maintenance terms.
Moreover, Fig. 1(b) corresponds to Fig. 2 in [30] and highlights the existence of the
region J5 of instability of SS6, a fact that was not reported in [30]. Actually, the
behavior of the system when Sin

ph = Sin
H2

= 0 was already clarified in [26], where the
instability of SS6 has been studied analytically in the case without maintenance,
but only numerically in the case including maintenance. In fact, Fig. 1(a) is the
same as Fig. 4 in [26]. Both figures are obtained analytically by plotting the
curves separating the regions Jk from the existence and stability conditions which
depend on the operating parameters. However, although Fig. 1(b) shows the same
behavior as Fig. 9 in [26] achieved only numerically, our operating diagram is
obtained analytically (see Appendix B). Thus, our theoretical study confirms the
numerical findings presented in [26], in the case including maintenance.

3.1.2. Hydrogen is added in the input. Assuming that the inflowing concentrations
Sin

ph = 0 and Sin
H2

= 2.67×10−5 are those of Fig. 3(a) in [30], we determine the

operating diagrams in the
(
Sin

ch, D
)
-plane in both cases with and without mainte-

nance. In this case, system (1) has further three steady states SS2, SS3 and SS5, see
Table 7. Fig. 2(a) represents the operating diagram in the plane

(
Sin

ch, D
)
, in the

case without maintenance. The three magnifications shown in Fig. 2(b)–(d) put
in evidence the regions J8, J10 and Ji, i = 12, . . . , 21. Fig. 2 is obtained analyt-
ically by plotting the curves separating the regions and is supported by numerical
experimentation (see Appendix C). Fig. 3(a) represents the operating diagram in
the

(
Sin

ch, D
)
-plane, in the case with maintenance. The magnifications presented in

Fig. 3(b)–(d) show that the regions J1 and Ji, i = 6, . . . , 13 are similar to those
in Fig. 2. In fact, the operating diagram of Fig. 3 is determined analytically as
Fig. 2 using the same method shown in Appendix C. For the sake of brevity, we do
not give the numerical experimentations and the details for Fig. 3 as well as for all
remaining operating diagrams in Figs. 4 to 9 since they can be obtained similarly.
The addition of hydrogen input substrate leads to the occurrence of sixteen new
regions besides the region J1 which is identical to that of the operating diagrams in
Fig. 1. The existence and the stability of the steady states of (1) in the seventeen
regions J1 and Ji, i = 6, . . . , 21, of the operating diagrams in Figs. 2 and 3, are
determined in Table 2.

Our theoretical study of the operating diagrams shows the emergence of new
regions which are not reported in Fig. 3(a) of [30], namely the region J8 of the
stability of SS5 and the region J13 of the stability of SS3 with the instability of
SS6. Since these regions J8 and J13 are very thin for the set of parameters, they
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(a)

J1

J6

J7

J9
J10

J11

Γ18

Γ5
Γ7

Γ6

?
Γ1
Γ2

Sin
ch

D (b)

J6 J7 J8�
J9

J10
6

J12

?J14

?

J11

J16

AAU
J13

J15AAK

Γ5 Γ6Γ7 Γ1 Γ2

Γ11

Γ3

Sin
ch

D

(c)

J6 J7

J9
AAK

J13

J12

J19
-

J11

AAU
J16J15

J14

J20

AAKJ17

J8
-

J18

AAU

Γ5 Γ6Γ7

Γ1

?

Γ2

Γ11

Γ12

?
Γ13

?
Γ10
-

Γ3

Sin
ch

D (d)

J13

J12

J14

J15

J16

J17

J18

J19

J20

J21
AAK

Γ2Γ6 Γ7

Γ11

Γ3Γ10
-

Γ12

?

Sin
ch

D

Figure 2. Operating diagram in the plane
(
Sin

ch, D
)
, when Sin

ph =

0, Sin
H2

= 2.67×10−5 and kdec,i = 0. Magnifications (b) for D ∈
[0, 0.13] showing the regions Ji, i = 12, . . . , 16, (c) for D ∈ [0, 0.013]
showing the regions J8 and Ji, i = 17, . . . , 20, (d) for D ∈ [0, 0.002]
showing the region J21.

Table 2. Existence and stability of steady states in the regions of
the operating diagrams of Figs. 2 and 3.

Region SS1 SS2 SS3 SS41 SS42 SS5 SS6 Color

J1 = (1) S Red
J6 = (2, 1) U S White
J7 = (2, 13) U S U White
J8 = (5, 123) U U U S Blueviolet
J9 = (3, 12) U U S Dimgray
J10 = (342, 1241) U U S U S Green
J11 = (36, 124142) U U S U U S Pink
J12 = (3, 124142) U U S U U Dimgray
J13 = (3, 1241426) U U S U U U Magenta
J14 = (2, 134142) U S U U U White
J15 = (2, 1342) U S U U White
J16 = (6, 12342) U U U U S Blue
J17 = (6, 123425) U U U U U S Blue
J18 = (5, 12342) U U U U S Blueviolet
J19 = (5, 1234142) U U U U U S Blueviolet
J20 = (., 123426) U U U U U Brown
J21 = (., 1234256) U U U U U U Silver

were not detected in the numerical analysis of the operating diagram of Fig. 3(a)
in [30]. In the region J13, close to the boundary with J11, the system exhibits a
bistability behavior between SS3 and a stable limit cycle that emerges through a
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(a)

J1

J6

J7

J9
J10

J11

Γ18

Γ5
Γ7

Γ6

?
Γ1
Γ2

Γ4
Sin
ch

D
(b)

J6

J7

J9 J10

J11

J13

��	

Γ5

Γ7

Γ6

?
Γ1

Γ2

Γ4
Sin
ch

D

(c)

J6 J7

J9
�J8 J10

6

J12

? J13

J11

Γ5 Γ6Γ7
Γ1
Γ2

Γ4

Sin
ch

D (d)

J6 J7 J8-

J9

Γ5 Γ6Γ7

Sin
ch

D

Figure 3. Operating diagram in the plane
(
Sin

ch, D
)
, when Sin

ph = 0

and Sin
H2

= 2.67×10−5 with maintenance. Magnifications (b) for
D ∈ [0, 0.6], (c) for D ∈ [0, 0.12] showing the regions J12 and J13,
(d) for D ∈ [0, 0.03] showing the region J8.

Hopf bifurcation at the positive steady state by crossing the surfaces Γ3 and Γ4 from
J11 to J13 in the case without and with mortality, respectively, (see Figs. 2 and
3). Note that all the steady states are unstable in the regions J20 and J21, where
the numerical simulations can show that the solutions converge to a periodic orbit
for any positive initial conditions. In the case with maintenance, the regions Ji,
i = 14, . . . , 21 are empty. Thus, the maintenance has an effect on the disappearance
of some regions.

For very low values of D, in the case without maintenance, there cannot be any
destabilization of SS6 via a Hopf bifurcation because of the existence of regions
J15 to J19 (where SS6 does not exist or is stable) below regions J13, J20 and J21

(where SS6 is unstable). However, in the case with maintenance, there can always
be occurrence of a limit cycle for low values of D because the curve Γ4 has the Sin

ch

axis as a horizontal asymptote and separates the two regions J11 and J13 (see Fig.
3).

3.1.3. Phenol is added in the input. Considering the input concentrations Sin
ph =

10−2 and Sin
H2

= 0 as those of Fig. 5(a) in [30], we construct the operating diagrams

in the
(
Sin

ch, D
)
-plane in both cases with and without maintenance terms. In this

case, system (1) has further two steady states SS7 and SS8. However, the steady
states SS2, SS3 and SS5 do not exist since Sin

H2
= 0, see Table 7. Figs. 4(a) and

5(a) represent the operating diagrams in the plane
(
Sin

ch, D
)
, in the cases without

and with maintenance, respectively. The magnifications shown in Fig. 4(b)–(c) put
in evidence the regions Ji, i = 22, . . . , 30. The magnification presented in Fig. 5(b)
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Figure 4. Operating diagram in the plane
(
Sin

ch, D
)
, when Sin

ph =

10−2, Sin
H2

= 0 and kdec,i = 0. Magnifications (b) for D ∈ [0, 0.12]
showing the regions Ji,for i = 22, . . . , 28, (c) for D ∈ [0.02, 0.04]
showing the regions J29 and J30.

shows that the regions Ji, i = 1, . . . , 5, 22, . . . , 30 are similar to those in Fig. 4. The
addition of phenol input substrate leads to the emergence of twelve new regions Ji,
i = 22, . . . , 32, besides the regions Ji, i = 1, . . . , 5 which are identical to those of the
operating diagrams in Fig. 1. The existence and the stability of the steady states
of (1) in the sixteen regions Ji, i = 1, . . . , 5, 22, . . . , 32 of the operating diagrams of
Figs. 4 and 5 are summarized in Table 3.

(a)

J1

J2

J3

J24

AAU

Γ1
Γ2

Γ15

Sin
ch

D (b)

J1

J4
J5

J3

J32 J31
���

J22

���

J23

?

J24 ���

J30

J28

A
AU

J26
J25

J27

J29

A
AU

Γ1

?Γ2

?

Γ4

Γ15

Γ16
Γ8 = Γ14

Γ6Γ9

Sin
ch

D

Figure 5. Operating diagram in the plane
(
Sin

ch, D
)
, when Sin

ph =

10−2, Sin
H2

= 0 and kdec,i > 0. Magnification (b) for D ∈ [0, 0.058]
showing the regions Ji, for i = 4, 5, 22, . . . , 32.

Our theoretical study of the operating diagrams in the case with phenol addi-
tion in the input shows the occurrence of new asymptotic behaviors which are not
detected in Fig. 5(a) of [30]: namely, the region J22 of the bistability between
SS6 and SS7, which appears in a small area between J3 and J23, and the regions
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Table 3. Existence and stability of steady states in the regions of
the operating diagrams of Figs. 4 and 5.

Region SS1 SS41 SS42 SS6 SS7 SS8 Color

J1 = (1) S Red
J2 = (142, 41) S U S Teal
J3 = (16, 4142) S U U S Yellow
J4 = (1, 4142) S U U Red
J5 = (1, 41426) S U U U Sienna
J22 = (67, 14142) U U U S S Chocolate
J23 = (6, 1427) U U S U Blue
J24 = (6, 14278) U U S U U Blue
J25 = (8, 1427) U U U S Orange
J26 = (8, 17) U U S Orange
J27 = (7, 1) U S Olive
J28 = (7, 14142) U U U S Olive
J29 = (8, 141427) U U U U S Orange
J30 = (7, 141426) U U U U S Olive
J31 = (., 14267) U U U U Cyan
J32 = (., 142678) U U U U U RosyBrown

J5,J30,J31 and J32 of instability of SS6. Indeed, crossing the surfaces Γ3 and Γ4

from J3 to J5 or from J22 to J30 or from J23 to J31 or from J24 to J32 in the
cases without and with mortality, respectively, the positive steady state SS6 losses
its stability via a Hopf bifurcation with emergence of a stable limit cycle (see Table
3 and Figs. 4 and 5). Notice that, in the case with maintenance and for D fixed, the
value of Sin

ch at which SS6 losses its stability, is larger than that in the case without
maintenance. Moreover, the new regions J31 and J32 appear under the influence of
the maintenance terms.

3.1.4. Hydrogen and phenol are added in the input. In the following, we study the
operating diagrams of system (1) in the

(
Sin

ch, D
)
-plane by assuming that Sin

ph = 1

and Sin
H2

= 2.67× 10−2 as in Fig. 5(d) of [30]. Figs. 6(a) and 7(a) repre-

sent the operating diagrams in the
(
Sin

ch, D
)
-plane, in the cases without and with

maintenance, respectively. The magnifications shown in Fig. 6(b)–(f) put in ev-
idence the regions Ji, i = 16, 17, 33, . . . , 44. Fig. 7 shows that the regions Ji,
i = 1, 6, . . . , 10, 16, 17, 33, . . . , 38 are similar to those in Fig. 6. We see also that
the maintenance has an effect on the disappearance of regions Ji, i = 39, . . . , 44.
Moreover, the addition of both the phenol and hydrogen input concentrations to
the system contribute to the emergence of twelve new regions Ji, i = 33, . . . , 44,
which do not exist with only phenol addition. The existence and the stability of
the steady states of (1) in the twenty regions Ji, i = 1, 6, . . . , 10, 16, 17, 33, . . . , 44,
in the operating diagrams of Figs. 6 and 7 are summarized in Table 4. Since the
concentrations of Sin

ph and Sin
H2

are large enough comparing with the case of Fig. 5

where Sin
ph = 10−2 and Sin

H2
= 0, all asymptotic behaviors were detected in Fig. 5(d)

of [30].

3.2. Operating diagrams in the
(
Sin

H2
, Sin

ph

)
plane when D and Sin

ch are

fixed. Now, let D and Sin
ch be fixed. Then, the intersections of the surfaces Γi,

i = 3, 4, 8, 9, 11, 12, 13, 15 with the
(
Sin

H2
, Sin

ph

)
plane are curves of functions of Sin

H2
.
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(a)
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(c)

J6 J7 J8 J16

J34J36

J39

J17
AAK

J35

J37J38

Γ5 Γ6 Γ7
Γ13
Γ2
Γ17

Γ10

Sin
ch

D (d)

J34J35

J36

J37
�

J40J41J42�

Γ6 Γ13 Γ7

Γ15

Sin
ch

D

(e)

I37 I36

I35
6

I42 I41

I44
6

Γ15

Γ13

Γ6Γ5

Γ9�

Sin
ch

D
(f)

I37I38

I43

I42

I44
6 Γ15

Γ13

Γ5

Γ9

Sin
ch

D

Figure 6. Operating diagram in the plane
(
Sin

ch, D
)
, when Sin

ph =

1, Sin
H2

= 2.67× 10−2 and kdec,i = 0. Magnifications (b) for
D ∈ [0, 0.6] showing the regions J10 and J39, (c) for D ∈ [0, 0.37]
showing the regions J17, J35 and J37, (d) for D ∈ [0, 0.002] show-
ing the regions J40, J41 and J42, (e) for D ∈ [0, 0.00012] showing
the region J44, (f) for Sin

ch ∈ [0, 0.00005] showing the region J43.

However, the intersections of the surfaces Γj , j = 1, 2, 5, 7, 10, 14, 16, 17, 18 with the

plane
(
Sin

H2
, Sin

ph

)
are straight lines. We consider the input concentration Sin

ch = 0.5

and D = 0.25. These values are those of Fig. 6(a) in [30]. The operating diagrams

in the plane
(
Sin

H2
, Sin

ph

)
are shown in Figs. 8 and 9, in both cases without and

with considering maintenance, respectively. The magnification shown in Fig. 8(b)
puts in evidence the regions Ji, i = 2, 3, 22, 23, 24, 40, 45, . . . , 49. The magnification
presented in Fig. 9(b) shows the regions Ji, i = 1, 2, 3, 22, 23, 24, 40, 45, . . . , 51. The
existence and the stability of the steady states of (1) in the twenty-four regions Ji,
of the operating diagrams of Figs. 8 and 9 are summarized in Table 5.
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(a)

J1

J6

J7

J9
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J33
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Γ6

�
���

Γ17
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D
(b)

J6
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J10

���
J33

J16

J34J36

J39
A
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J38-

Γ5Γ6

?

Γ7

�
�� Γ1
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Γ17
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@
@R
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(c)

J6 J7 J8 J9

J16

J34

J33

J35J36

J37

J38

J39

J17

AAK

Γ5 Γ6

Γ7

Γ17

Γ10

Γ11,Γ13

Γ2

Sin
ch

D

Figure 7. Operating diagram in the plane
(
Sin

ch, D
)
, when Sin

ph =

1, Sin
H2

= 2.67×10−2 and kdec,i > 0. Magnifications (b) for D ∈
[0, 0.55] showing the regions J10 and J39, (c) for D ∈ [0.2, 0.4]
showing the regions J17, J35 and J37.

Table 4. Existence and local stability of steady states in the re-
gions of the operating diagrams of Figs. 6 and 7.

Region SS1 SS2 SS3 SS41 SS42 SS5 SS6 SS7 SS8 Color

J1 = (1) S Red
J6 = (2, 1) U S White
J7 = (2, 13) U S U White
J8 = (5, 123) U U U S Blueviolet
J9 = (3, 12) U U S DimGray
J10 = (342, 1241) U U S U S Green
J16 = (6, 12342) U U U U S Blue
J17 = (6, 123425) U U U U U S Blue
J33 = (42, 123) U U U S Purple
J34 = (6, 123428) U U U U S U Blue
J35 = (6, 1234258) U U U U U S U Blue
J36 = (6, 12358) U U U U S U Blue
J37 = (8, 123) U U U S Orange
J38 = (8, 12) U U S Orange
J39 = (6, 1235) U U U U S Blue
J40 = (6, 1234278) U U U U S U U Blue
J41 = (6, 12342578) U U U U U S U U Blue
J42 = (8, 123427) U U U U U S Orange
J43 = (8, 127) U U U S Orange
J44 = (8, 12342) U U U U S Orange

From Table 5 and the operating diagrams shown in Figs. 8 and 9, the new regions
J1, J9, J33, J50 and J51 appear under the influence of the maintenance terms. The
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(a)

J10

J11

J16

J17 J39

J36J35J34

Γ2

Γ11 = Γ12

Γ13Γ7

Γ17
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H2
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ph

(b)

J10
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J16
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J3

J2 J49
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J47

J46

Γ2

Γ11 = Γ12

Γ15

Γ17

Γ18Γ5

Γ14

Sin
H2

Sin
ph

Figure 8. Operating diagram in the plane
(
Sin

H2
, Sin

ph

)
, when D =

0.25, Sin
ch = 0.5 and kdec,i = 0. Magnification (b) for Sin

H2
∈ [0, 10−5]

showing the regions J2, J3, J40, Ji, i = 22, . . . , 24 and Jj , j =
45, . . . , 49.

(a)

J9

J10

J11

��	 J16

J17 J39

J36J35J34

J33
Γ1

Γ2

Γ13Γ7

Γ17

Γ11 = Γ12

Sin
H2

Sin
ph

(b)

J1

J2

J9J51

J49

J48

J47

J46

J45J24

J23

J22
J50 AAKJ3 J10

J11

J16

J34

J40

Γ1

Γ11 = Γ12

Γ2

Γ15

Γ17

Γ18Γ5

Γ14

Sin
H2

Sin
ph

Figure 9. Operating diagram in the plane
(
Sin

H2
, Sin

ph

)
, when D =

0.25, Sin
ch = 0.5 and kdec,i > 0. Magnification (b) for Sin

H2
∈ [0, 10−5]

showing the regions J1, J2, J3, J40, Ji, i = 22, . . . , 24 and Jj ,
j = 45, . . . , 51.

regions Ji, i = 1, 3, 9, 11, 22, 48, 50, 51 are not reported in the numerical operating
diagram of Fig. 6(a) of [30] in the case including maintenance.

4. Conclusion. In this work, we gave an analytical study of the operating dia-
grams of the three-tiered food web model (1) developed in [30]. Considering the
three input substrate concentrations, as well as the maintenance, we compare our
results with those obtained by the numerical method in [30]. Using the mathemat-
ical analysis of the existence and the stability of the steady states of model (1) in
[20, 21] for a large class of growth functions, we have determined theoretically the
operating diagrams to provide a complete description of the dynamical behavior of
the process, according to the control parameters Sin

ch, Sin
ph, S

in
H2

and D.

For Sin
ph = Sin

H2
= 0, the operating diagrams in the

(
Sin

ch, D
)

plane of Fig. 1
show the same number of regions in both cases with and without maintenance,
with variations only in their shape and extension. In the case of maintenance,
our analytical study of the operating diagrams confirmes the numerical results of
[26] where a stable limit cycle bifurcates from the positive steady state via a Hopf
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Table 5. Existence and local stability of steady states in the re-
gions of the operating diagrams of Figs. 8 and 9.

Region SS1 SS2 SS3 SS41 SS42 SS5 SS6 SS7 SS8 Color

J1 = (1) S Red
J2 = (142, 41) S U S Teal
J3 = (16, 4142) S U U S Yellow
J9 = (3, 12) U U S DimGray
J10 = (342, 1241) U U S U S Green
J11 = (36, 124142) U U S U U S Pink
J16 = (6, 12342) U U U U S Blue
J17 = (6, 123425) U U U U U S Blue
J22 = (67, 14142) U U U S S Chocolate
J23 = (6, 1427) U U S U Blue
J24 = (6, 14278) U U S U U Blue
J33 = (42, 123) U U U S Purple
J34 = (6, 123428) U U U U S U Blue
J35 = (6, 1234258) U U U U U S U Blue
J36 = (6, 12358) U U U U S U Blue
J39 = (6, 1235) U U U U S Blue
J40 = (6, 1234278) U U U U S U U Blue
J45 = (6, 134278) U U U S U U Blue
J46 = (6, 13427) U U U S U Blue
J47 = (6, 1342) U U U S Blue
J48 = (36, 14142) U S U U S Pink
J49 = (342, 141) U S U S Green
J50 = (427, 141) U U S S Navy
J51 = (3, 1) U S DimGray

bifurcation. Indeed, this behavior is unreported in the numerical operating diagram
of Fig. 2 in [30].

Considering the inflowing concentrations Sin
ph = 0 and Sin

H2
= 2.67×10−5 of Fig.

3(a) in [30], Fig. 2 shows the destabilization of the positive steady state in the case
without maintenance. In the regions J20 and J21, all the steady states are unstable
so that there is coexistence around a limit cycle for any positive initial conditions.
Adding the maintenance, the regions Ji, i = 14, . . . , 21 disappear. In addition,
Fig. 3 shows that the regions J8 (stability of SS5) and J13 (stability of SS3 with
instability of SS6) have been omitted. Crossing J11 to J13, there is bistability of
SS3 and a limit cycle. In the regions J8 and J13, the outcome of the process is
different than that found in the numerical operating diagram in [30].

Similarly, for the input concentrations Sin
ph = 10−2 and Sin

H2
= 0 in Fig. 5(a) of

[30], Figs. 4 and 5 prove that the region J22 (bistability of SS6 and SS7), and the
regions J5,J30,J31 and J32 (instability of SS6) were not been detected.

However, when the input concentrations Sin
ph = 1 and Sin

H2
= 2.67×10−2 are large

enough as in Fig. 5(d) of [30], our analytical operating diagrams in Figs. 6 and 7
show that all asymptotic behaviors were detected.

Finally, when Sin
ch = 0.5 and D = 0.25 are fixed as in Fig. 6(a) of [30], our

operating diagrams in
(
Sin

H2
, Sin

ph

)
plane of Figs. 8 and 9 prove that the regions Ji,

i = 1, 3, 9, 11, 22, 48, 50, 51 are unreported. In fact, there can be stability of only
SS1 (i = 1) or SS3 (i = 9, 51), or bistability of SS1 and SS6 (i = 3) or of SS3 and
SS6 (i = 11, 48) or of SS6 and SS7 (i = 22) or of SS4 and SS7 (i = 50).
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Thus, our mathematical study of the operating diagram of the three-tiered food
web model (1) shows the omission of several fairly important asymptotic behav-
iors in the numerical study of [30]. Especially validated models with realistic
parametrization from experimental data, more attention should be paid to numer-
ical resolution. However, the theoretical study of the operating diagram remains
the only way to ensure the accuracy of the results. Moreover, our results allow us
to answer the delicate question: the maintenance does not destabilize the steady
states but modifies the shape of the regions. It has also an effect on the appearance
and the disappearance of some regions.

Appendix A. Mathematical analysis of the model. In this section, we recall
from [20, 21] the main results of existence and stability of all steady states of
system (1). Following [26], we can rescale model (1) to reduce the number of yield
parameters and ease the mathematical analysis. We use the following change of
variables:

x0 = Y
Y0
Xch, x1 = Y4

Y1
Xph, x2 = 1

Y2
XH2 , s0 = Y Sch, s1 = Y4Sph, s2 = SH2 , (3)

where the yield coefficients are

Y0 = Ych, Y1 = Yph, Y2 = YH2 , Y3 =
224

208
(1− Y0), Y4 =

32

224
(1− Y1),

with Y = Y3Y4 and ω = 16
208Y . The inflowing concentrations are:

sin
0 = Y Sin

ch, sin
1 = Y4S

in
ph, sin

2 = Sin
H2
, (4)

the death rates are a0 = kdec,ch, a1 = kdec,ph and a2 = kdec,H2
. Under the scaling

(3), the growth functions become:

µ0(s0, s2) = m0s0
K0+s0

s2
L0+s2

, µ1(s1, s2) = m1s1
K1+s1

1
1+s2/KI

, µ2(s2) = m2s2
K2+s2

, (5)

where

m0 = Y0km,ch, K0 = Y KS,ch, L0 = KS,H2,c, m1 = Y1km,ph,

K1 = Y4KS,ph, KI = KI,H2 , m2 = Y2km,H2 , K2 = KS,H2 .

Using the change of variables (3) and (4), and Table 2 in [21], we can recall now
the steady states of system (1) in Table 6. From Table 3 in [20] and the change of
variables (4), all necessary and sufficient existence and stability conditions of the
steady states of (1) in the case with maintenance are stated in Table 7.

Remark 3. In the case without maintenance, the necessary and sufficient condi-
tions of existence and local stability can be deduced from Table 7 by taking ai = 0,
except for the stability condition of SS6 which is given by

φ3(D) ≥ 0, or φ3(D) < 0 and φ4(D,Sin
ch, S

in
ph, S

in
H2

) > 0, (6)

where the function φ3 is defined in Table 1 in [21] and φ4 is defined by:

φ4(D,Sin
ch, S

in
ph, S

in
H2

) = (EIx0x2 + EGφ3(D)x0x1)(Ix2 + (G+H)x1

+(E + ωF )x0) + (Ix2 + (G+H)x1 + ωFx0)GIx1x2,
(7)

with

E = ∂µ0

∂s0
(s0, s2), F = ∂µ0

∂s2
(s0, s2), G = ∂µ1

∂s1
(s1, s2), H = −∂µ1

∂s2
(s1, s2), I = dµ2

ds2
(s2).
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Table 6. The steady states of (1). The function µi are given by
(5). The function Mi, ψi and Ψ are given in Table 11 in [21]. For
the general case, the functions are given in Table 1 in [21].

s0, s1, s2 x0, x1, x2

SS1 s0 = Y Sin
ch, s1 = Y4Sin

ph, s2 = Sin
H2

x0 = 0, x1 = 0, x2 = 0

SS2 s0 = Y Sin
ch, s1 = Y4Sin

ph, s2 = M2(D + a2) x0 = 0, x1 = 0, x2 = D
D+a2

(
Sin

H2
− s2

)

SS3

s0 = s0
(
D,Sin

ch, S
in
H2

)
is a solution of ψ0(s0) = D + a0

s1 = Y4Sin
ph + Y Sin

ch − s0
s2 = Sin

H2
− ω

(
Y Sin

ch − s0
) x0 = D

D+a0

(
Y Sin

ch − s0
)
, x1 = 0, x2 = 0

SS4

s2 = s2
(
D,Sin

ch, S
in
ph, S

in
H2

)
is a solution of

Ψ(s2, D) = (1− ω)Y Sin
ch + Y4Sin

ph + Sin
H2

s0 = M0(D + a0, s2), s1 = M1(D + a1, s2)

x0 = D
D+a0

(
Y Sin

ch − s0
)
,

x1 = D
D+a1

(
Y Sin

ch + Y4Sin
ph − s0 − s1

)
,

x2 = 0

SS5
s0 = M0(D + a0,M2(D + a2)),

s1 = Y Sin
ch + Y4Sin

ph − s0, s2 = M2(D + a2)

x0 = D
D+a0

(
Y Sin

ch − s0
)
, x1 = 0,

x2 = D
D+a2

(
Sin

H2
− s2 − ω

(
Y Sin

ch − s0
))

SS6
s0 = M0(D + a0,M2(D + a2)),
s1 = M1(D + a1,M2(D + a2)),

s2 = M2(D + a2)

x0= D
D+a0

(
Y Sin

ch − s0
)
, x2 = D

D+a2
((1− ω)

(Y Sin
ch − s0) + Y4Sin

ph + Sin
H2
− s1 − s2

)
,

x1= D
D+a1

(
Y Sin

ch + Y4Sin
ph − s0 − s1

)
SS7

s0 = Y Sin
ch, s1 = s1

(
D,Sin

ph, S
in
H2

)
is a solution of ψ1(s1) = D + a1,
s2 = Y4Sin

ph + Sin
H2
− s1

x0 = 0, x1 = D
D+a1

(
Y4Sin

ph − s1
)

, x2 = 0

SS8
s0 = Y Sin

ch, s1 = M1(D + a1,M2(D + a2)),

s2 = M2(D + a2)

x0 = 0, x1 = D
D+a1

(
Y4Sin

ph − s1
)

,

x2 = D
D+a2

(
Y4Sin

ph + Sin
H2
− s1 − s2

)

Appendix B. Proof of the operating diagrams in Fig. 1. In this section, we
present the method used to construct theoretically the operating diagrams presented
in Fig. 1. To this end, we plot the various curves from the existence and stability
conditions which depend on the operating parameters. In addition, we will see in
the following that the proof is supported by numerical experimentation when the
biological parameter values are fixed and Sin

ph = Sin
H2

= 0. In this case, it is easy to
see from Table 7 that only the three steady states SS1, SS4 and SS6 exist. In the
case with or without maintenance (ai = 0), SS1 always exists and it is stable, since
all stability conditions in Table 7 hold, as

µ0

(
Sin

chY, S
in
H2

)
= µ1

(
Sin

phY4, S
in
H2

)
= µ2

(
Sin

H2

)
= 0 < D + ai.

From Proposition 2 in [21], SS4 and SS6 exist, respectively, if and only if

(1− ω)Sin
chY ≥ φ1(D) and (1− ω)Sin

chY > φ2(D). (8)

Recall first the surfaces Γi, i = 1, . . . , 18 defined in Table 9. From the first condition
of (8), SS4 exists in the region bounded by the curve Γ1 and located at the right
of this curve, see Figs. 10 and 13. From Remark 3.2 of [20], when it exists, SS41

is unstable and the second stability condition of SS42 in Table 7 is always satisfied.
The first stability condition of SS42 holds for all

(
Sin

ch, D
)

in the region bounded by
the curve Γ2 and located at the left of this curve. The third stability condition of
SS42 holds for all D > D, where D is the unique solution of φ3(D) = 0, see Fig.
11(a). Numerical computations show that the curves Γ1 and Γ2 are tangent for
D = D and φ1(D) < φ2(D), for all D in their definition domains. Then, SS42 is
stable in the region located between the two curves Γ1 and Γ2 and above the line



OPERATING DIAGRAMS FOR A THREE-TIERED MODEL 17

Table 7. Case of maintenance: necessary and sufficient existence
and local stability conditions of steady states of (1). The functions
c3, c5, r3 and r5, used in the stability condition of SS6, are given
in Table 2 in [20]. All other functions are given in Table 8 of [20].

Existence conditions Stability conditions

SS1 always exists
µ0

(
Sin

chY, S
in
H2

)
< D + a0,

µ1

(
Sin

phY4, Sin
H2

)
< D + a1, µ2

(
Sin

H2

)
< D + a2

SS2 µ2

(
Sin

H2

)
> D + a2 Sin

chY < ϕ0(D), Sin
phY4 < ϕ1(D)

SS3 µ0

(
Sin

chY, S
in
H2

)
> D + a0

µ1

(
Sin

chY +Sin
phY4−s0, Sin

H2
−ω

(
Sin

chY −s0
))
<D+a1

Sin
H2
− ωSin

chY < M2(D + a2)− ωϕ0(D)

with s0 solution of equation ψ0(s0) = D + a0

SS4

(1− ω)Sin
chY + Sin

phY4 + Sin
H2
≥ φ1(D),

Sin
chY > M0 (D + a0, s2),

Sin
chY + Sin

phY4 > M0 (D + a0, s2)

+M1 (D + a1, s2),

with s2 solution of equation
Ψ(s2) = (1− ω)Sin

chY + Sin
phY4 + Sin

H2

(1− ω)Sin
chY + Sin

phY4 + Sin
H2

< φ2(D),
∂Ψ

∂s2
(s2, D) > 0 and φ3(D) > 0

SS5
Sin

chY > ϕ0(D),

Sin
H2
− ωSin

chY > M2(D + a2)− ωϕ0
Sin

chY + Sin
phY4 < ϕ0(D) + ϕ1(D)

SS6

(1− ω)Sin
chY + Sin

phY4 + Sin
H2

> φ2(D),

Sin
chY > ϕ0(D),
Sin

chY + Sin
phY4 > ϕ0(D) + ϕ1(D)

c3 > 0, c5 > 0, r4 > 0, r5 > 0

SS7 µ1

(
Sin

phY4, Sin
H2

)
> D + a1

Sin
phY4 + Sin

H2
< M1

(
D + a1,M3

(
Sin

chY,D + a0

))
+M3

(
Sin

chY,D + a0

)
,

Sin
phY4 + Sin

H2
< ϕ1(D) +M2(D + a2)

SS8
Sin

phY4 > ϕ1(D),

Sin
phY4 + Sin

H2
> ϕ1(D) +M2(D + a2)

Sin
chY < ϕ0(D)

D = D. From the second condition of (8), SS6 exists in the region bounded by the
curve Γ2 and located at the right of this curve, see Figs. 10 and 13.

(a)

Γ1

Γ2

Γ4

��	

J1

J2

J3

J5

��	
D

Sin
ch

D
(b)

Γ1 Γ2

Γ4

J1

J2

�

J3

J4

? J5

D

Sin
ch

D

Figure 10. With maintenance: (a) curves Γ1, Γ2 and Γ4 and the
line D = D. (b) Magnification for D ∈ [0, 0.11] showing the region
J4.

B.1. Case of maintenance. To determine the regions of stability of SS6 in the
case of maintenance, we must establish the signs of the various stability conditions
given in Table 7 by

c3(D,Sin
ch) > 0, c5(D,Sin

ch) > 0, r4(D,Sin
ch) > 0 and r5(D,Sin

ch) > 0. (9)
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φ3

D
D

(b)

Sin
ch

D

r5 < 0r4 < 0

c5 > 0

c5 = 0
HHj

r4 = 0

�
��	

r5 > 0

r4 > 0

c5 < 0
HHj

Γ4(r5 = 0)

Γ1

@@R

Γ2

Figure 11. With maintenance: (a) curve of the function φ3. (b)
Signs of c5, r4 and r5 according to different regions.

To this end, we plot in Fig. 12 the functions c3, c5, r4 and r5 for different fixed
values of D such that

Sin
ch > σ(D) := φ2(D)/(1− ω)Y,

that is, from the existence condition of SS6. Fig. 12(a) illustrates that the function
c3(D,Sin

ch) is positive for various values of D from the starting points in red of
abscissa σ(D). Fig. 12(b)–(d) shows the signs of the functions c3, c5, r4 and r5,
and the solutions (green points) of the equations

c5(D,Sin
ch) = 0, r4(D,Sin

ch) = 0 and r5(D,Sin
ch) = 0, (10)

for various values of D. Then, solving the set of equations (10) in Maple [18], we

(a)

c3(Sin
ch)

Sin
ch

(b)

c5(Sin
ch)

Sin
ch

(c)

r4(Sin
ch)

Sin
ch

(d)

r5(Sin
ch)

Sin
ch

Figure 12. With maintenance: curves of the functions c3, c5, r4

and r5, for Sin
ch > σ(D) (in red) for various values of D, showing

the solutions in green of the set of equations (10).

construct the corresponding curves in the operating diagram of Fig. 11(b). From
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the results in Fig. 12, we deduce the various signs in the region of Fig. 11(b).
Hence, all stability conditions of SS6 in (9) hold in the region bounded by the curve
Γ4 and located at the right of this curve, which corresponds to r5

(
Sin

ch, D
)
> 0.

Therefore, SS6 is stable (resp. unstable) in the region J3 (resp. J5) located at the
right (resp. left) of the curve Γ4 (see Fig. 10). Table 8 summarizes the various
regions in the operating diagrams, according to Sin

ch and D.

Table 8. Case of maintenance: existence and stability of steady
states of (1) according to the five regions Ji of Fig. 1(a).

Condition 1 Condition 2 Region SS1 SS41 SS42 SS6

D > 0 (1− ω)Sin
chY < φ1(D) J1 S

D ≥ D φ1(D) < (1− ω)Sin
chY < φ2(D) J2 S U S

φ2(D) < (1− ω)Sin
chY J3 S U U S

D < D

φ2(D) < (1− ω)Sin
chY and r5 > 0 J3 S U U S

φ1(D) < (1− ω)Sin
chY < φ2(D) J4 S U U

φ2(D) < (1− ω)Sin
chY and r5 < 0 J5 S U U U

B.2. Case without maintenance. Recall that the stability conditions of SS6 are
given by (6) in the case without maintenance. For all D ≥ D, Fig. 14(a) shows
that SS6 is stable since φ3(D) ≥ 0. Inversely, when D < D, we must determine
the sign of the function φ4(D,Sin

ch). For several values of D ∈ [0, D[, Fig. 14 (b)
shows the signs of the function Sin

ch 7→ φ4(D,Sin
ch) and the uniqueness of the solution

(green point) of equation φ4(D,Sin
ch) = 0. Using Maple [18], we plot the curve Γ3

of equation φ4(D,Sin
ch) = 0. As in the region bounded by the curve Γ3 and located

at the right of this curve, we have φ4(D,Sin
ch) > 0, then SS6 is stable in this region

(see Fig. 13). The existence and stability of steady states in the five regions of the
operating diagram in Fig. 1 (b) can be summarized as in Table 8 by replacing just
r5 > 0 by φ4 > 0.

(a)

Γ1

Γ2

D

J1

J2

J3

Sin
ch

D
(b)

Γ1 Γ2

Γ3�

D

J1

J2

�

J3

J5

J4

?
Sin
ch

D

Figure 13. Without maintenance: (a) the curves Γ1, Γ2 and Γ3,
and the line D = D. (b) Magnification for D ∈ [0, 0.15] showing
the regions J4 and J5.

Appendix C. Proof of the operating diagram in Fig. 2. The operating
diagram in Fig. 2 considers the case without maintenance when Sin

ph = 0 and

Sin
H2

= 2.67×10−5. In the following, the proof is based on the existence and stability
conditions of all steady states provided in Table 7 by taking ai = 0, except the
stability condition of SS6 given by (6). Thus, SS7 and SS8 do not exist.
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(a)
φ3

D
D

(b)

D

φ4(Sin
ch)

Sin
ch

Figure 14. Without maintenance: curves of the functions φ3(D)
(a) and φ4(Sin

ch) (b) for Sin
ch > σ(D) (in red) and for several fixed

values of D, showing the solution (in green) of φ4(D,Sin
ch) = 0.

SS1 always exists and is stable in the region located above the curve Γ5 and the
line Γ18, that is, above the line Γ18 (see Fig. 15(a)) since the stability conditions
become

µ0

(
Sin

chY, S
in
H2

)
< D, µ2

(
Sin

H2

)
< D.

SS2 exists in the region located below the line Γ18, and it is stable in the region
located above the curve Γ6 (see Fig. 15(a)–(c)) since the existence and stability
conditions are (respectively),

µ2

(
Sin

H2

)
> D, Sin

chY < ϕ0(D).

(a)

Γ18

Γ5
Γ7

Γ6

?
Γ1
Γ2

Γ10

?

D

Sin
ch

D (b)Γ5 Γ6Γ7 Γ1 Γ2

Γ11

Γ3

Γ10

D

Sin
ch

D

(c)
Γ5 Γ6Γ7

Γ1

?

Γ2Γ10

Γ11

Γ12

?
Γ13

?
Γ3

Sin
ch

D
(d)

Γ2Γ6 Γ7

Γ11

Γ3Γ10
-

Γ12

?

Sin
ch

D

Figure 15. (a) All curves of the operating diagram in Fig. 2.
Magnification for (b) D ∈ [0, 0.13], (c) D ∈ [0, 0.013], (d) D ∈
[0, 0.002].
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SS3 exists in the region located below the curve Γ5 (see Fig. 15(a)) as the
existence condition is

µ0

(
Sin

chY, S
in
H2

)
> D.

The stability conditions of SS3 become

F (D,Sin
ch) := µ1

(
Sin

chY − s0, S
in
H2
− ω

(
Sin

chY − s0

))
−D < 0,

Sin
H2
−M2(D) + ωϕ0(D) < ωSin

chY.

Fig. 16(a) shows that the first stability condition holds in the region located above

(a)F (Sin
ch)

Sin
ch

(b)

D

φ4(Sin
ch)

Sin
ch

Figure 16. Curves of the functions (a) F (Sin
ch) and (b) φ4(Sin

ch),
for several fixed values of D.

the curve Γ11. Consequently, SS3 is stable in the region located between the two
curves Γ7 and Γ11, see Fig. 15.

For SS41 and SS42, the existence conditions become

(1−ω)Sin
chY +Sin

H2
≥ φ1(D), Gi(D,S

in
ch) := Sin

chY −M0

(
D, s∗i2

)
−M1

(
D, s∗i2

)
> 0.

Hence, the first existence condition holds in the region located at the right of the
curve Γ1, see Fig. 15(a)–(c). Fig. 17 shows that the second existence condition of
SS41 (resp. SS42) holds in the region located at the left (resp. right) of the curve
Γ12 (resp. Γ13), see Fig. 15(a)–(c).

(a)
G1(Sin

ch)

Sin
ch

(b)
G2(Sin

ch)

Sin
ch

Figure 17. Curves of the functions (a) G1(Sin
ch) and (b) G2(Sin

ch),
for several fixed values of D.

Thus, SS41 exists in the region located between the curves Γ1 and Γ12, while
SS42 exists in the region located at the right of the curves Γ1 and Γ13, see Fig.
15(a)–(c). Recall that, SS41 is unstable, when it exists, and the stability conditions
of SS42 become

(1− ω)Sin
chY + Sin

H2
< φ2(D), φ3(D) > 0.

The first stability condition of SS42 holds in the region located at the left of the curve
Γ2. As in Fig. 14(a), the second stability condition holds, for all D > D ' 0.078.
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Then, SS42 is stable in the region located between the two curves Γ1 and Γ2 and
above the line D = D (see Fig. 15(a)–(b)).

For SS5, the existence conditions become

Sin
chY > ϕ0(D), Sin

H2
− ωSin

chY > M2(D)− ωϕ0(D).

The first (resp. second) condition holds in the region located at the right (resp.
left) of the curve Γ6 (resp. Γ7). Then, SS5 exists in the region located between the
two curves Γ6 and Γ7, see Fig. 15. The stability condition of SS5 becomes

Sin
chY < ϕ0(D) + ϕ1(D).

Thus, SS5 is stable in the region located at the left of the curve Γ10 (see Fig. 15).
For SS6, the existence conditions become

(1− ω)Sin
chY + Sin

H2
> φ2(D), Sin

chY > ϕ0(D) + ϕ1(D).

They hold in the region located at the right of the curves Γ2 and Γ10, see Fig. 15.
Similarly to the section B.2, we have SS6 is stable for all D ≥ D where φ3(D) ≥ 0.
Inversely, when D < D, Fig. 16(b) shows that φ4(D,Sin

ch) > 0 for all Sin
ch greater

than the abscissa of the green point. Hence, SS6 is stable in the region located at
the right of the curve Γ3, see Fig. 15.

Appendix D. Table. In Table 9, we summarize the definitions of surfaces which
are the boundaries of different regions of the operating diagrams.

Table 9. Definitions of the surfaces Γi, i = 1, . . . , 18 where s0 is
the solution of ψ0(s0) = D + a0 and s∗i2 , i = 1, 2 are the solutions
of Ψ(s2, D) = (1− ω)Y Sin

ch + Y4S
in
ph + Sin

H2
.

Γ1 =
{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY (1− ω) = φ1(D)− Sin
phY4 − Sin

H2

}
Γ2 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY (1− ω) = φ2(D)− Sin
phY4 − Sin

H2

}
Γ3 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, φ4

(
D,Sin

ch, S
in
ph, S

in
H2

)
= 0
}

Γ4 =
{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, r5

(
D,Sin

ch, S
in
ph, S

in
H2

)
= 0
}

Γ5 =
{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY = M0

(
D + a0, Sin

H2

)}
Γ6 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY = ϕ0(D)
}

Γ7 =
{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY ω = Sin
H2

+ ωϕ0(D)−M2(D + a2)
}

Γ8 =
{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY = M0

(
D + a0, s∗1

2

)}
Γ9 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY = M0

(
D + a0, s∗2

2

)}
Γ10 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY = ϕ0(D) + ϕ1(D)− Sin
phY4

}
Γ11 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, µ1

(
Sin

phY4 + Sin
chY − s0, S

in
H2
− ω

(
Sin

chY − s0
))

= D + a1

}
Γ12 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY = M0

(
D + a0, s∗1

2

)
+M1

(
D + a1, s∗1

2

)
− Sin

phY4

}
Γ13 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

chY = M0

(
D + a0, s∗2

2

)
+M1

(
D + a1, s∗2

2

)
− Sin

phY4

}
Γ14 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, M1

(
D + a1,M3

(
Sin

chY,D + a0

))
+M3

(
Sin

chY,D + a0

)
= Sin

phY4 + Sin
H2

}
Γ15 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, D + a1 = µ1

(
Sin

phY4, Sin
H2

)}
Γ16 =

{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

phY4 + Sin
H2

= M2(D + a2) + ϕ1(D)
}

Γ17 =
{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, Sin

phY4 = ϕ1(D)
}

Γ18 =
{(
Sin

ch, S
in
ph, S

in
H2
, D
)
, D + a2 = µ2

(
Sin

H2

)}
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