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Abstract

We consider an epidemic SIS model described by a multitype birth-and-death
process in a randomly switched environment. That is, the infection and cure
rates of the process depend on the state of a finite Markov jump process (the
environment), whose transitions also depend on the number of infectives. The
total size of the population is constant and equal to some K € N*, and the
number of infectives vanishes almost surely in finite time. We prove that, as
K — oo, the process composed of the proportions of infectives of each type
XX and the state of the environment =X, converges to a piecewise deterministic
Markov process (PDMP) given by a system of randomly switched ODEs. The
long term behaviour of this PDMP has been previously investigated by Benalm
and Strickler, and depends only on the sign of the top Lyapunov exponent A of
the linearised PDMP at 0: if A < 0, the proportion of infectives in each group
converges to zero, while if A > 0, the disease becomes endemic. In this paper,
we show that the large population asymptotics of XX also strongly depend on
the sign of A: if negative, then from fixed initial proportions of infectives the
disease disappears in a time of order at most log(K'), while if positive, the typical
extinction time grows at least as a power of K. We prove that in the situation
where the origin is accessible for the linearised PDMP, the mean extinction time
of XX is logarithmically equivalent to KP?*, where p* > 0 is fully characterised.
We also investigate the quasi-stationary distribution u® of (X ,Z%) and show
that, when A < 0, weak limit points of (1)~ are supported by the extinction
set, while when A > 0, limit points belong to the (non empty) set of stationary
distributions of the limiting PDMP which do not give mass to the extinction set.



1 Introduction

In the mid-seventies, in an influential paper [35] Lajmanovich and Yorke developed and
investigated a deterministic SIS (Susceptible-Infective-Susceptible) model of infection,
describing the evolution of a disease that does not confer immunity (such as gonorrhea)
in a population divided into d groups. The model is given by a differential equation on
[0, 1]¢ having the form

d!lﬁ'i d .
T (1- Iz)(z Cijrj) — Dixy, i € [1,d], (1)
j=1

where C' = (Cjj)(i,j)ep,qp2 is an irreducible matrix with nonnegative entries and D; > 0.
Here x; € [0, 1] represents the proportion of infected individuals in group ¢. They are
assumed to be infective and C}; represents the rate at which group ¢ transmits the
infection to group 7, while D; is the intrinsic cure rate in group ¢. The irreducibility of
C implies that each group indirectly affects the other groups. It is easily seen that the
origin is an equilibrium of (), called in this framework the disease-free equilibrium since
it corresponds to the absence of the disease in each group. The dynamics of () is fully
described by Lajmanovich and Yorke, and is surprisingly simple : either the disease-
free equilibrium is linearly stable, in which case, every solution converges to 0; or it
is unstable, and there exists a unique positive equilibrium z,, globally asymptotically
stable on [0,1]¢ \ {0}. When it exists, z, is called the endemic equilibrium, and it
represents the proportion of infectives in each group when the disease is eventually
ingrained in the population.

In order to be more realistic, one should take into account the following features
of real life : the populations are finite, and the events of contamination and cure
involve randomness. A rigorous derivation of the Lajmanovich-Yorke equation from an
individual-based stochastic model was performed by Benaim and Hirsch in [I1] : ()
appears as the limit, when the size of the population goes to infinity, of a finite-state
discrete-time Markov chain. Actually, Benaim and Hirsch consider an extended version,
allowing for a exogenous source of infection, corresponding to the addition of constants
Q; > 0 in the right handside of [l When @; > 0 for all ¢, the Markov chain is irreducible
and the authors show that when the size of the population goes to infinity, its stationary
distribution concentrates near the unique stable equilibrium point of the ODE (which
in turn converges, in the limit of vanishing @);’s, to the endemic equilibrium when it
exists, or to 0).

More generally, the links between stochastic population growth models and their
mean-field ODE approximation are the topics of numerous papers, especially since the
pioneer works of Kurtz (see e.g. [34]). A very important difference between stochastic
and deterministic population models concerns the extinction phenomena : in (), if
there are infectives initially, it remains so at all times, while in a stochastic individual-
based model with no external source of infection, the disease will die out with probability
one in finite time. Typically, in such a model the extinction time of the disease, starting
from a fixed proportion of infectives, will grow with the size K of the population. How-
ever, the speed of that growth drastically changes depending on whether the limiting



ODE is endemic (i.e. the disease-free equilibrium is unstable) or not. For a classical
monotype stochastic SIS model, Kryscio and Lefévre [33], Andersson and Djehiche [2],
and Doering, Sargsyan and Sander [23]| proved that, if the disease-free equilibrium is lin-
early unstable for the ODE, the typical extinction time starting from a fixed proportion
of infectives grows exponentially with K, while if it is linearly stable, this extinction
time is of order log(K'). In particular, in the endemic case, for large populations, it is
very unlikely to observe the extinction of the disease. Instead of that, we have better
chance to see the population reaching a metastable equilibrium, which can be related
to the existence of a quasi-stationary distribution (QSD) for the Markov chain. Once
again, the behaviour for large K of the QSD strongly depends on the nature of the
limiting ODE (endemic or not). Nasell [39], [40] studied this question for the classical
monotype SIS model. More recently, in a series of papers, Chazottes, Collet, Méléard
and Martinez study the behaviour of monotype [I7] and multitype [I8] [16] birth-and-
death processes involving a scaling parameter K and such that 0 is linearly unstable
for the limiting ODE. They get sharp asymptotics for the extinction rate, the rate of
convergence to the QSD, and the total variation distance between the marginal law of
the process and a mixture of the QSD and the Dirac mass at 0. They also show that,
as K goes to infinity, the QSD of the birth-and-death process approaches a Gaussian
law centered on the unique non-zero equilibrium of the ODE (see [16, Appendix Cl).
Results on the extinction rate and the concentration of the QSD around the endemic
equilibrium have also been obtained by Schreiber, Huang, Jiang and Wang in [43| for
discrete-time epidemiological stochastic models converging to discrete-time determinis-
tic dynamical systems, based on arguments in the seminal paper of Faure and Schreiber
[27].

The randomness in the aforementioned Markov chain models is the reflect of demo-
graphic stochasticity, given by the fact that infections and cures arrive at random time.
Another way to add randomness is to take into account environmental stochasticity. By
this we mean that the population lives in an environment subject to random fluctua-
tions that influences the rates of infections and cures (for more details on demographical
and environmental stochasticity, we refer to the nice review of Schreiber [42]). Inspired
by a paper by Ait Rami, Bokharaie, Mason and Wirth [I], Benaim and Strickler re-
cently considered in [I4] the case where the matrix C' and the vector D = (D;);ep1,q) in
(@) are selected in finite families (C%)¢ep and (D%)¢cp, and changed at random times.
More precisely, they consider a stochastic process (X (t))i>0 = (X1(t),..., Xa(t))t>0
with values in [0, 1]¢ evolving according to

dX;i(t)
dt

=(1- X)) C5Yx,(t) - DYYX(t), i€ [1.d], (2)

where (Z(t));>0 is a continuous-time Markov chain on the finite set £ with some rate
matrix @ = (¢(§,£)) ¢e)er2-

The process = represents an environment subject to abrupt random changes, for
instance changes in the weather or in the public health policy (such as lock-down). The
process X = (X, Z) belongs to the class of Piecewise Deterministic Markov Processes
(PDMP), a term coined by Davis in one of the first general study on this kind of
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processes (see [22]). In the last decades, PDMPs generated by switching ODEs have
been extensively studied by numerous authors in the context of population dynamics
and epidemiology, see e.g , Takueshi et al. [45], Du, Dang, and Feng [24], Benaim and
Lobry [13], Costa [20], Hening and Strickler [30] for population dynamics or Gray et al.
[28] and Li, Liu and Cui [37] for epidemiology.

After Gray et al. [28] studied the case of a one dimensional SIS model in two
environments, system (2)) was fully analysed in [I4],where it is shown that the behaviour
of X near 0 only depends on the sign of a Lyapunov exponent A € R of the linearised
PDMP at 0, satisfying

1
A= lim Slog Vi as., (3)

where Y, solves Y; = A%'Y;, with A¢ = C¢ — Diag(D¥) (see Section [ for a more explicit
definition of A). The results in [I4], completed by Nguyen and Strickler [41] who
handled the critical case A = 0, can be summed up by the following theorem :

Theorem 1.1 (Benaim and Strickler, [14]; Nguyen and Strickler, [41]). Let A be as
defined by Equation [3.

1. If A > 0, there exists a unique invariant probability distribution p* of X on
[0,1] x E such that u*({0} x E) = 0 and, provided that Xo # 0 a.s., (X3, =)
converges in law to pu*.

2. If A <0, then X, converges almost surely to 0 exponentially fast.
3. If A =0, then X; converges in probability to 0 as t — +o00.

In the first case (A > 0), the PDMP (X, =) is said to be persistent, while in the
second case (A < 0), it is said to be non-persistent. These results can be seen as an
extension of the Lajmanovich and Yorke dichotomy in random environment. Despite
its apparent simplicity, Theorem [[.T] can lead to striking results : indeed, in [14], ex-
amples are exhibited where A is positive even though the disease-free equilibrium is
globally asymptotically stable for each individual environment! In other words, if the
environment was fixed in one of its possible states, the disease would disappear, but
the disease is able to persist due to environmental changes.

Naturally, the next step forward is to combine both demographic and environmental
stochasticity. That is, to consider a stochastic individual-based model evolving in a ran-
dom environment, see e.g. the paper of Cogburn and Torrez [19]. The particular case of
epidemiological birth-and-death processes in randomly switched environment has been
considered by Artalejo, Economou and Lopez-Herrero [7], and in several works of Ba-
caér, notably [§] (see the references therein). In [8], Bacaér investigates a monotype SIS
stochastic model, with a constant population of size K, evolving in a Markovian envi-
ronment switching between two states. The process giving the proportion of infectives
admits, as a scaling limit when K goes to infinity, a PDMP satisfying (2]) in dimension
d = 1. Bacaér focuses on the persistent case, which he calls supercritical, and makes the
following conjecture, relying on various heuristic approximations as well as numerical



simulations. If the two environments are favourable to the disease (strongly supercrit-
ical case), then the mean extinction time starting from a fixed initial proportion of
infectives grows exponentially in K. In contrast, if one environment is unfavourable to
the disease (weakly supercritical case), the time of extinction is of order K%, for some
explicit positive constant w.

The aim of this paper is to investigate the behaviour of a family of individual-
based multi-type SIS models in random environment whose scaling limit as the size
of the population goes to infinity is precisely the PDMP (X, =) described above. Let
d € N*, E be a finite non empty set, (C%)¢cp be a family of nonnegative irreductible
d x d matrices, (D%)¢cp be a family of elements of (R})%, and Q = (¢(&, &) ¢ener?
be a transition rate matrix on E. For all K > d, we consider a process (N%(t));>o
describing the evolution of the number of infectives in a population of size K divided
into d groups, with group i of size K; > 1. The process N¥ takes values in Hle[[o, K],
the i-th coordinate counting the number of infectives of type i. Together with N¥,
we consider a process (2 (t));>o modelling the evolution of the environment, taking
values in a finite set £. We assume that (N%,ZX) is a continuous-time Markov chain
on Hle[[o, K] x E, with three different kinds of transitions possible starting from a
state (n, ). First, a susceptible of group ¢ may become infected, at rate

d
n.
(K; _”i)ch,jfjw
J

i=1

In this formula, (K; — n;) is the number of susceptibles in group i, C’i ; is the rate
at which a given individual in group ¢ contacts people in group j, and n;/K; is the
proportion of infectives in that group. Second, an infective may cure : in group i, each
infective cures at rate Df, which amounts to a total cure rate equal to nZDf Finally,
the environment may switch to another state &', at rate ¢(§,&’).

Let us assume that, in the large population limit, each group represents a fixed
non-zero fraction of the total population, i.e. K;/K — «; > 0 as K — +oo for all
i € [1,d]. Then, as we will show, the scaled process XK = (XE ZK) with

- (M0, M)

K, 77 Ky

converges, as K goes to infinity, to the PDMP X = (X, Z) where X evolves according
to (2), and = is a continuous-time Markov chain on F with rate matrix Q.

We denote by 74 the hitting time of 0 by N¥ (or equivalently X*), which we call
the extinction time. It corresponds to the extinction of the disease in all the groups.
This time is almost surely finite, due to the finiteness of the state space of the Markov
chain (N¥ =) and the accessibility of {0} x E. Our first main result gives bounds on
the extinction time starting from any initial condition, as summarised in the following
theorem (see Theorems [A.1] and [L.9 for more precise statements).



Theorem 1.2. Let A be defined by FEquation[3. Then,

1. If A > 0, there exists p* € (0,+00] such that, for all p € (0,p*), there exists
Ch,C] > 0 such that, for all K large enough, alln € N* and all t > 0,

In particular, conditional on N*(0) # 0 we have

e~

2. If A > 0 and p* < 400 then for all p’ > p*, there exists Cy, Ch > 0 such that for
all K large enough, all initial conditions and all t > 0,

, Cost
P(rd > t) < Clexp (—K—QP,) .

In particular, in that case, for all p < p* < p', for all K large enough, conditional
on N5(0) # 0 we have

- o Ch o
K? < B(rif) < 2K"'.
1 C12

(&

3. If A < 0, there exists C3,C% > 0 such that for all K large enough, all initial
conditions and all t > 0,

, Cst
P(rl* > t) < Cjexp <_log(3K)) .

In particular,

Ky _ C3
E(r)') < @log(K).

Let us describe and comment the above results. We discuss first the case A > 0,
meaning that the limiting PDMP is persistent. The prefactor exp(—C7/n?) in ()
corresponds to a lower bound on the probability of a major outbreak of the epidemic
starting from n infectives, meaning that a macroscopic fraction of the population gets
infected. We see that this bound does not depend on K. Then, starting from a large
initial number of infectives, at least for p > 0 small enough the extinction time 7 is
greater than K? with high probability. In some situations (p* < o0), this extinction
time is also smaller than K? with high probability for p’ large enough. What’s more,
item [2] shows that when p* < 0o, the mean extinction time is logarithmically equivalent
to KP". The finiteness of p* depends on the possibility for the linearised PDMP Y to get
arbitrarily close to 0 (see Theorem B.4]) : for example, if the disease-free equilibrium is
linearly asymptotically stable in at least one environment, then p* is finite. In the one-
dimensional case, the conditions A > 0, p* < oo correspond to the weakly supercritical
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case studied by Bacaér in [8] that we mentioned before. We will check in Example
that our p* is equal to his constant w ; hence, our results prove rigorously the conjecture
of Bacaér on mean extinction times. The fact that the extinction time grows as a power
of K when A > 0 and p* < oo contrasts with the case of a constant, supercriticical
environment studied in [17, [I8], where the extinction time grows exponentially in K
(see [17, Corollary 3.5] and [I8, Theorem 3.2]). Intuitively, this comes from the fact
that when p* < oo, there is a scenario where X is led to reach values of order 1/K by
environmental switches and then goes extinct, which facilitates the extinction compared
to the case where there is only one environment with an endemic equilibrium. Finally,
when the scaling limit PDMP is non-persistent (A < 0), the extinction time is of order
at most log(K’), which corresponds to the time needed for the limiting process X to
reach values of order 1/K starting from a macroscopic initial condition.

Altough the disease eventually dies out with probability one, in the persistent case
the typical extinction time is very long. From basic results on finite continuous-time
Markov chains with an accessible absorbing set (here {0} x F) which are irreducible on
the complement, the distribution of XK (t) conditional on 7 > ¢ converges, as t goes
to infinity and for any non-zero initial condition, to the unique QSD u* (see Section
for a recall of the definition of this notion). Provided the convergence of conditional
distributions is quick with respect to the time scale of extinction, the QSD u” reflects
a metastable behaviour of XX . The study of the speed of convergence to the QSD is an
important issue, but we postpone its study to future works. Our primary focus, which
is the object of our second main result, concerns the asymptotic behaviour of the family
(1) k=a. Recall that a basic property of the QSD is that if X% (0) ~ x* then 7/ has
an exponential distribution with rate parameter A% € (0, +00). We let = denote the
weak convergence of probability measures.

Theorem 1.3. Let A, u*,p* be as defined by Equation ([3), Theorem 1 and Theorem
[Z.2 respectively.

1. If A > 0, then
K—+4+oc

Furthermore,

log(AF)

log(K) K—+oo

*

2. If A <0, then
K
) ( X E) K?oo 50.

Briefly put, this theorem states that, when the limiting PDMP is non-persistent,
the QSD p degenerates into a measure concentrated on the extinction set {0} x E as
K goes to +infty. On the contrary, if the PDMP is persistent, then u* converges to
p*, which is concentrated on the survival set ([0,1]?\ {0}) x E. Moreover, in the case
p* < 400, the extinction rate A under the QSD is of order K7, while if p* = oo, \¥
is rapidly decreasing with K, in the sense that \¥ = O(K ) for all p > 0.

The main difficulty in the proof of the above theorem is the proof of the convergence
of ¥ to p* in the persistent case. A result of Strickler [44][Theorem 6.1] shows that
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every weak limit point of (u%)g>4 is an invariant probability measure of the limiting
PDMP X. Since by Theorem [I.1] ;+* is the unique invariant probability measure that
gives no mass to {0} x E, all the problem is to show that (%) >4 is tight on ([0, 1]\
{0}) x E. Compared to the case with a constant environment, this result is harder
to establish in random environment because even though X is persistent, it might go
arbitrarily close to the extinction set.

To the best of our knowledge, this paper is among the first ones to provide a rig-
orous study of the large population asymptotics related to the extinction time and
quasi-stationary distributions for non-branching birth-and-death processes in randomly
switched environment.

The paper is organised as follows. First, in Section 2 we construct properly the
processes XX and X on the same probability space, give our precise assumptions as
well as the convergence rate of XX to X. In Section [, we slightly complete the analysis
of the PDMP X performed in [I4]. Our main results are stated precisely in Section
[l and proved in Section Finally, some annex results are proved in the Appendix,
Section [7l

2 Description and construction of the processes

In this section, we give a precise description of the different processes, in a more general
framework than the one presented in the introduction. Indeed, as noticed by Benaim
and Hirsch [11], the dichotomy exhibited by the Lajmanovich-Yorke model is valid for a
wide range of vector fields with some monotonic properties (see below), which enables
to choose more general infection and cure rates. We also allow the environmental
transition rates to depend (continuously) on the vector of proportion of infectives.
Before proceeding further, let us introduce the following notations and conventions.
We let F()) denote the set of real-valued measurable functions on a measurable space
(Y, %), and F,(Y) denote the subset of bounded functions. If ) is a topological space,
then C(Y) stands for the set of real-valued continuous functions on ). Given k,n,p €
N*, Z C R" and f: Z — RP, we say that f is of class C* if it can be extended into a
function f defined on some open subset of R™ containing Z, which is of class C* in the
usual sense. In that case, we assume that such an extension is fixed and write 9; f(2),
j € [1,n] the partial derivatives of f at z € Z and Df(z) = (0;fi(2) i jyep ppxrng the
Jacobian matrix of f at z. Moreover, if ¢ is a function defined on Z x E, for all £ € E
the notation ¢¢ stands for g(-,£) and we say that g is of class C* if each ¢ is of class
C*. We let ||-|| denote the ¢*-norm on R¢ i.e. ||z|| = |z1]| + ... + |z4| for all z € R%
Given a function f : Ey — Es, where (Es, ||-||g,) is some normed vector space, we let
| flloo == supyep, ||f(2)||p,. Finally, if By is a subset of R?, we let ||f||Lip denote the

quantity sup {|[f(y) — f ()| g./llz — yll; 2,y € Rz # y}.



2.1 Description and assumptions

Let d € N*. We assume that we are given sequences of positive integers (K;(K))xk>ds
i € [1,d]], and (ay,...,a4) € (0,1)% such that

Y Ki(K)=K, lim % = a; > 0. (5)

K—o0

In the sequel, to avoid cumbersome notations, we will write K; instead of K;(K). The
integer K is the total size of the population, K; is the size of group ¢. The limit in
(@) is to be interpreted as follows : for K large enough, the proportion of individuals
belonging to group ¢ is approximatively a; € (0,1). We set o = min;ep g 0.

We let £ = {1,...,|FE|} with |E| > 2 denote the set of possible states of the
environment. Settlng X 0,14 and X% = X N ][, (K;'N?), we consider the
state spaces X = X x E and XX = XX x E. In addition, we set X, = X\ {0},
XE = x5\ {0}, X, = X, x E and XK X& x E, which correspond to survival sets
of the disease.

We assume that X% := (X*(t), Z5(t));>0 is a continuous-time Markov chain on
XX with the following transition rates, for all z € XX i € [1,d], and (¢,¢') € E? with

§#E:

Transition Rate
(@08 = (r+ 226 Kl = a)bi(x.8)
(0.6 = (0= 708 Kad(n,)
(£,6) = (2. a(2,€,€),

where (eq,...,eq) denotes the canonical basis of R%, by, d; : X — R, and q(-,&,¢&) -
X — Ry. In the following, we put ¢(z,&,§) = — > . q(x, &) for all £ € £ and
denote by Q(z) = (¢(z,&, ') ¢ ¢nepe the environmental transition rate matrix. More-

over, we denote by LX € R %% the transition rate matrix of X*. Note that the
special form of the transition rates does indeed imply that XX cannot leave the state
space XX . The number b;(z, £) represents the total rate of contact and transmission of
the disease from infectives to a susceptible individual in group ¢, when the proportion
of infectives in each group is z; and the environment is in state £. As for d;(x, &), it
represents the individual cure rate of an infective in group ¢ in environment £. In the
Lajmanovich-Yorke example given in the introduction, we have b;(x,§) = 3_; C’f’ ;25 and

We first make a regularity assumption, that stands in the rest of the paper.

Assumption A (Standing assumption). For all € € E and i € [1,d], the functions b
and d are of class C* on X, and the function x — Q(z) is continuous on X.



We let LK . Fxx) - A]:(/'\?K), f — LXf, denote the infinitesimal generator
of XK. Letting B, 8., : X — R, be defined by B (7,&) = (1 — z;)bi(z,€) and
B, (x,&) = x4d;(x, ), the generator writes

P = 5 K o) | (2405 ) = @+ 2 alo6€) [ - (@)
hzee{[[—llcf]]l} gﬁ’i?

For all f € Cl()g ,R) we have, with a slight abuse of notation,

LEf@R,6) — Lf(@) Zﬁ 0SS (@) + Y alw,€.€) [1€(@) - f(@)] ()
K-z ¢'ekE

§'#E

where the Fj are the coordinates of the C2-vector field F : X — R? defined by

N =3 (55 0) - ) = > (=2t (@) — wid(@)) e

i=1 1=

Note that since Ff(z) > 0 when z; = 0 and F{(z) < 0 when z; = 1, the space [0, 1]¢
is positively invariant under FS. By this, we mean that for all o € X, the Cauchy
problem & = F¢(z), (0) = z admits a solution defined on R, which takes values in
X. This solution is unique and denoted by t — ¢¢(z9). We call ¢ : Ry x X — X,
(t, z0) — V¢ () the semi-flow induced by FE.

The right handside of ([6)) coincides with the expression of the generator L of a
PDMP X = (X (t),Z(t))s=0 with state space X satisfying

{X(t> = F(X(@)
P (2(t+h) = € | (X(9)ososes E(1) =€) = ha(X(1),€,€) + o(h)

for all t > 0 and &,&' € E,& # £ We refer to ((F®)¢ep, Q) as the local characteristics
of the switched dynamical system X. The convergence ([6]) strongly suggests that X
is a scaling limit of X as K — +oo. We will see later (Proposition 2.2]) that this is
indeed the case.

In the following, we say that a square real matrix is Metzler if it has non-negative
off diagonal entries; such a matrix is said to be irreducible if, adding a sufficiently large
multiple of the identity, we obtain a non-negative irreducible matrix in the usual sense.
We introduce a second set of standing assumptions.

Assumption B (Standing assumption). For all £ € E :
B1. b5(0) = 0 for alli € [1,d];
B2. d5(z) >0 for alli € [1,d] and z € X;

B3. (@-bf(:c)) is non-negative and irreducible for all x € X';
1<i,j<d
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B4. Q(x) is irreducible for all x € X.

It is easily seen that all these hypotheses are satisfied by the model presented in
the introduction. They all have a natural interpretation in an epidemiological context.
Assumption [BI] reflects the fact that there is no external source of infection for the sys-
tem. Assumption [B2lmeans that infectives always have the ability to recover regardless
of the situation. As for Assumption [B3| it expresses the fact that the apparition of
new infectives in one group increases, directly or indirectly, the infection rate of all the
other groups. Finally, Assumption [B4] means that the environment may transit from
any state to any other state while the number of infectives (for X*) stays the same.

From the mathematical point of view, [Bl entails that the extinction set {0} x E is
absorbing both for the Markov chain X* and the PDMP X. Moreover, [B2l ensures that
the extinction set is accessible from every state in X% for X*. Together, Assumptions
[B2] B3] and [B4 ensure that /'\?f is an irreducible set of states for the Markov chain XX,
for all K > d. Let us explain why. Thanks to[B4] it is enough to show that X’ f x {&} is
irreducible, for some fixed £. Assumption [B2 entails that, starting from the state (1,¢)
where 1 = (1,...,1), one can access every other state in X x {¢}. Moreover, for all
i,j € [1,d] such that 9;65(0) > 0, we have b5 (ce;) > 0 for all £ > 0 small enough, hence
bf(x) > 0 for all z € X such that z; > 0 since b§ is non-decreasing with respect to all
variables. This entails that, provided z; > 0 and x; < 1, a new infective may appear
in group i. Using the irreducibility of the matrix (0jb§(0)),~7je[[1,dﬂ, we obtain that (1,¢)
is accessible from every state in X f x {&}, which yields the claimed irreducibility of
X K. Another important consequence of [B3lis the fact that A := DF¢(0) is Metzler
and irreducible, given that its off-diagonal entries coincide with the 9;b;(0), i # j.

Finally, we introduce an additional set of assumptions which are also satisfied by
the Lajmanovich-Yorke vector fields, that we will sometimes need, in order to obtain
global and ergodic properties for the PDMP X. Contrary to Assumptions [A] and [B]
the following hypotheses will stand only when explicitly stated. We let R%, denote
the set of elements of RY with positive entries, and for z,y € R?, we write z < vy if
y—zeRL, andz <yify—x € RIL

Assumption C. Forallé € E :
C1. F¢ is cooperative, meaning that DF¢(x) is Metzler for all x € [0,1]% ;
C2. F¢ is irreducible on [0,1)%, meaning that DFS(z) is irreducible for all z € [0,1)%;

C3. F*¢ is strongly sub-homogeneous on (0,1)¢, i.e. F&(\x) < AF*(x) for all X > 1
and all x € (0,1)? such that Az € (0,1)%.

Note that given [B3] a sufficient condition to have and is that 0;d; < 0 on
X for all i, j, expressing the fact that the apparition of new infectives in one group
may only degrade the individual recovery rate of infectives in each group (for instance
due to the stress put on the healthcare system). Finally, condition refers to the
fact that increasing the proportion of infectives in each group by a factor A > 1 results
in a smaller increase in the rate of progress of the disease. This can be understood
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since when the number of infectives is increased by a factor A > 1, the number of
susceptibles is decreased by a factor (1 — Az)/(1 — x) < 1, hence the total number
of possible contacts between infectives and susceptibles is likely to be increased by a
factor less than A. Provided that this effect is not compensated by the decrease of the
individual recovery rates (for instance if they are constant as in the Lajmanovich-Yorke
model), this yields the strong sub-homogeneity of F¢. Such a phenomena is also known
by the economists as a decreasing returns to scale, meaning e.g. that doubling some
factors of production (here, the number of infectives), does not double the production
(the disease).

Assumption implies that for all & € E, 9% is a strongly monotone, strongly
subhomogeneous semi-flow on X', see e.g. the works of Hirsch [32] [II] or Takac [46].
Strong monotonicity means that for all ¢ > 0 and all z,y € R% such that z <y, z # y,
we have ¥f(z) < 1¥%(y); and strong sub-homogeneity means that holds replacing
F¢ by wf , t > 0. These two properties of the semi-flow are sufficient to obtain the
same structure of equilibria as in the Lajamnovich-Yorke model : either the disease-
free equilibrium is linearly stable for F¢ in which case it is globally asymptotically
stable ; or it is unstable, and there exists an endemic equilibrium ¢ € (0,1)%, globally
asymptotically stable on X, see [14, Theorem 4.2].

2.2 Coupled construction of the processes

For comparison purposes, it is useful to construct the processes XX and X start-
ing from all possible initial conditions on the same probability space. From now
on, we generally write the time variable ¢ in subscript to increase readability. Let
(Q°, F°, (F)o<t<oo, P) be a filtered probability space satisfying the usual conditions,
equipped with a (%;)-Poisson point measure .4 on R% x (([1,d] x {-1,1}) U E) of
intensity Leb®? @ Zye([[l,d]]x{—l,l})uE dy. We let A% and A% denote the traces of .4 on
R2 x [1,d] x {—1,1} and R% x E respectively. For each K > d and & = (z,&) € X,

L o K
we let XK% = <Xt e x) solve
£>0

) he.
X = T\ + / 1 _ K3\ — N5 ds, du,dz,dh 7
' Lelx (0,4 xRy x[Ld] x {~1,1} {uskie, (X2} x( ) @)

—K& _ X 1 =K@ o - /
= [ Moy (€3 ey s dude)

P-almost surely for all ¢ > 0, where |x|x = (| K12]/Ky,. .., [ Kax]/K4). Moreover,

we let X¥ = (X7, E8)150 solve
t
Xf‘:x+/ F(X%)ds (9)
0
=2 = ¢ 4 | = )1 oo 1Az (ds, du, d€). 10
B R I

The proof of existence and uniqueness for systems (7)- (&) and (@)-(I0) is given in Section
I Tt is shown that X%% is indeed a continuous-time Markov chain of transition
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rate matrix L and that X% is a switched dynamical system of local characteristics
((F)¢er, Q), and that these two processes satisfy the strong Markov property with
respect to (FF)o<i<oo. Moreover, we can choose the versions of X x, i € X in such a
way that (Z,t,w°) — X7 (w°) is measurable (with respect to B(X) ® B(Ry) @ F°)
and that P(dw®)-almost surely, the sample path ¢ — Xf (w°) is cadlag for all & € X.

In the following, most of the time it will be notationally convenient to drop the
exponent associated to the initial condition z. One way to do this is to work When
needed in the extended filtered space (Q,.%, (% )o<i<oo) Where Q = X x Q°, =
BX)Q F°, F = BX)® F¢, 0 <t < oo, equipped with the family of probablhty
measures P¥ = p @ P, p € P(X ) and with the processes (X/<);>o and (X;);0 defined
by XK (&, w®) = X%(w®) and X,(#,w°) = X (w°). As usual, we write P¥ = P%,
i € X. For every random element S defined on (Q°,.7°), we still denote by S its
natural extension to (£2,.%), writing S(z,w®) = S(w°).

Let ,/VX denote the compensated measure associated to .#x, namely JVX = Ny —

Leb®* ® <Zz€[[1,d]]><{—1,1} 5Z>. Equation (7)) yields
t A
XK =xk +/ F(XF)ds + M[F, (11)
0

where, for all 2 € X,

ME = he;

| . o </1(X(d8 du, di, dh)
/(O,t}xRer[[l’d}]X{_l’l} {SKzﬁhei(X }

PZ-almost surely for all £ > 0. The process M¥ is a (.#;)-martingale under each PZ.

2.3 Convergence to the PDMP and key estimates near the ex-
tinction set

As seen above, when K — 400 the generator of XK converges to the one of X, see
(6), which strongly suggests that we have convergence in distribution of XK 40
X% with respect to the Skorokhod topology when #% — #. Such a convergence was
established in a similar setting by Crudu, Debussche, Muller and Radulescu [21], who
investigated a set of chemical reactions involving a group of molecules in large number
(of order K') and a group of molecules in small number (of order one), playing the role
of the environment. Here, the coupled construction enables us to prove convergence in
probability, with respect to the topology of uniform convergence, see Proposition
below.

Although useful, such a convergence is, however, largely insufficient for our purposes.
Indeed, when examining questions related to the extinction of X, one needs much finer
estimates about its behaviour near zero. A first crucial estimate is given by Lemma
below which controls || X® — X || relatively to || X||. Essentially, this control is good
for # = (2,€) € XF such that ||z|| > a/K with a large. It is completed by a second
key estimate, given by Lemma 2.5 about the behaviour of X% on the complementary
region 0 < ||z|| < a/K.
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Let us set Cr = maxeep||F¢||Lip. Let 1= (1,...,1) and let (-, -) denote the standard
inner product on R?%. Recall that ||-|| denotes the ¢*-norm on R¢. We will repeatedly
use the fact that since F&(0) = 0 for all £ € E, we have |(1, F(2))] < Cpljz| for all
&= (z,£) € X. Since for all t € Ry, [@) yields

t
1X7] = (1, X7) = ||| + / (1, F(X¥))ds

this entails that
zlle”“r < | XF| < Jlafle“r. (12)

We also define d : X xX — Ry by d((z,£), (2/,€)) = ||z —a'|| +1ezer. This is a distance
on X, which induces the usual topology. Note that for e € (0,1), d((z,€), (/,&)) > ¢
if and only if € # & or ||z — /| > e.

The following lemma yields a general and precise control of the gap between XK
and X, starting from the same environment but possibly from different proportions of
infectives. It relies on the use of Gronwall’s lemma and of Chernoff bounds given by
Lemma [71] to control the martingale M* in (IIl). The proof is presented in Section
6. 11

Lemma 2.1. There exists Cy, Cy, > 0 and Ky > d such that for all K > Ky, T > 0,
reX,ye XK e Fande > |ly—z|,

P{ sup d ()A(tK’(y’g), )A(t(x’g)) > e

0<t<T

Ko(e,T,z,y) §(e, T, x,y)
< 2d — A1l
= e ( Co (Cé(TeCFTIIIII +e)
+T|E| sup 1q(2,61,&) — q(2,61,&)] -
&1#£&a, ||z—7||<e
(13)

where 8(2, T, 2, ) = (ee=CFT — |y — o))

A first consequence of the above lemma is that it enables to establish, as announced,
the convergence in probability of XX to X as K — +oo with respect to the topology of
locally uniform convergence, provided the initial condition converges. More precisely we
prove the following proposition, which in addition yields uniformity of the convergence
with respect to the initial condition.

Proposition 2.2 (Functional law of large numbers). For all T, e > 0,
sup P [ sup d (Xf{’(y’f),f(fx’g)) > ¢ 0. (14)

EEE, X, yc XK 0<t<T
ly—z||<h

o
(K, h)—(+00,0)

~

In particular, for every & € X and every sequence (i%)gsa € [[aq XX such that
K =2 as K — 400,

) G ' (15)

K—+4+oc

on D(R4, X) equipped with the (metrisable) topology of locally uniform convergence.

14



Proof. Let T e > 0. For all ¢’ € (0,¢),

sup §(e', T, x,y) — e " > 0.
€CB, zEX, yc XK h—0
ly—zll<h
Hence, letting pr : R% — [0, 1] be defined by
pr(r) = limsup sup P [ sup d ()A(f{’(y’g),f(t(x’g)) >rl,
(K,h)—)(—l—oo,O) (eR, xeX, yEXK 0<t<T
ly—zl<h

applying Lemma 2] and using that ||z|| < d for all x € X', we obtain

pr(e) < pr(e') < T|E| sup q(2,61, &) —q(2,&,8)]|
€162, |l2—'||<e/

By uniform continuity of the functions ¢(, &1, &2), & # &2, letting €’ — 0 yields pr(e) =
0, which ends the proof of (I4]). The convergence ([I3]) follows immediately. O

Although useful and intellectually satisfying, this functional law of large numbers
is not fine enough for our purposes, which require a much more precise control of X%
near 0. The true aim of Lemma 2] is actually to prove the following estimate, which
enables to control || X% — X/| relatively to ||.X]|.

Lemma 2.3. For all T > 0, there exists Cr,er > 0 such that, for all K large enough,
all & = (x,€) € XX and all e € (0,e7],

ps [ sup [ X5 = x| > a||Xt||}

0<t<T
< 2de~Crilelle® L | E| sup lq(2,61,62) — q(#, 61, &), (16)

§1#&2, |lz—yl<ee” OFT||z|

Proof. Let Cp, Cy > 0 and Ky > d be given by Lemma 2Tl Let K > Ko, # = (2,¢) €
X5 T > 0. Using (I2) and Lemma 21, we have, for all € > 0,

Pf[ sup XK = X,|| > e||Xt||] < Pf{ sup XK = X,|| > ee—CFTnxn}
0<t<T 0<t<T

Kee 2C°T || z|| ce2CrFT
< 2d — A1l
- eXp( Co (C’(’)(TeCFT—i-ae—CFT) )

+TE| sup q(2,61, &) — q(#, &1, &)

G1#62, |lz—yll<ee” OFT |||

If we choose e € (0, 1] small enough, then for all € € (0, e7],

€—2C’FT €—2C’FT 6—2CFT

€ € €
ANl = > .
CL(TeCrT 4 ce=CrT) CL(TeCrT 4 ce=CrT) = C{(TeCrT 4 e=CrT)

Hence, we obtain (I6) with Cp = e~ 4“*T (CoCY) (Te“rT + €_CFT)>_1- 0
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Let us define, for all K > d and all p € R, the entrance times
=imf {t>0: | X[ <p}, THo=inf{t>0:[X || >p}.

When z — Q(x) is not constant, we also need the following lemma, showing that for
large K, with high probability X% satisfies bounds similar to (I2)), i.e. the relative
variation of its norm is not too big. We give the proof in Section 6.2

Lemma 2.4. Let T > 0. Set M = 2¢“r" and m = e~ "7 /2. There exists C' > 0 and
Ko € N* such that, for all K > Ky and & = (x,§) € XF,
& [=K K —C'K ||z
P? [Fjal A Tongey < T < 2670, (17)
The bounds (I8) and (I7) involve the terms 2deCrKl#lle* and 2¢=C"Kli=ll For fixed

T,e > 0, they are small when K{|z|| is large. The following lemma, which we prove in
Section [6.3], enables to control the behaviour of X%% when 0 < K||z| < a.

Lemma 2.5. LetT,a > 0. There exist ¢, > 0 and Ky € N* such that for all K > K,

inf P <T] >c (18)
i=(@ )X, ||z <a/K

and

inf P? 7K, <T] > . (19)
d=(,£)€X], |z]|<a/K

3 Complementary study of the PDMP

The long-term behaviour of X has been investigated in [14]. One of the main tools to
achieve this study is the polar decomposition of X, together with the use of rsults of
Stochastic Persistence theory in [10]. We first recall briefly this polar decomposition
and the results obtained in [I4]. Then, in Section B.4] we present a new result, Theorem
[B.4 Tt enables to get precise information about the growth rates of p-th moments of
|| X || near the extinction set, for all p € R, yielding key Lyapunov and reverse Lyapunov
conditions (Proposition B.6)).

3.1 Polar decomposition and linearised PDMP

In order to understand the behaviour of the PDMP X near zero, we will need its
polar decomposition. Here we use the ¢*-norm, which is particularly well adapted for
calculations. Note that results in [14] are given for the ?-norm, but by equivalence of
the norms, they translate immediately for the ¢!-norm. Set A = {z € R% : ||z]| = 1},

U=1{(p0,§) cR. xAXE:plecXyand U, =U\ ({0} x A x E). Let & = (z,€) €
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?E'Jr. Since X*# does not hit 0, its polar decomposition remains defined for all + > 0, and
@) yields

X0l

X# tp(x® 1, F(X%))X?
t xz ‘l‘/ ( i‘s) < ) ( 5/,8)2> S dS.
o \ || XZ 1 X2l

t
IXE] = e+ / (1, F(X%))ds,

Let u = (p,0) = (|lzll, z/[l=]l), & = (u,8), U = (R}, 6F) = (IXF(L XF/1XF]), = =
=7 and U = (U, Ef), t > 0. The above set of equations can be written

t
Ri=p+ / RYG(U)ds (20)
0
t
O = e+/ H(U%)ds (21)
0

where F, G, H are defined on U, by
F(i) = F(p0,&)/p, G(a) = (1, F(a)),  H(@) = F(@) — G(a)0.

As a matter of fact, F can be extended on U by setting (0,6, &) = A%0. That way, for
all & = (p,0,&) € U we have

F(a) = /0 1 DF4(uph)6 du. (22)

Since F'is C2 on X, F is C! onU. We extend G and H to U accordingly. In other words,
the functions Gy = G(0, -, -) and Hy = H(0, -, -) are given, for all § = (0,£) € A x E, by

Go(0) = (1,A%0),  Ho(0) = A%H — (1, A0)6.

This enables to define U0 for all f = (0,8) € AxE. We still set ROH — | X% =0
and 209 = =% where & = (0,£). As for 09 we define it to be the unique solution of

210, i.e.

R t R
0P — g+ / H, (609,209 ds. (23)
0

That way, ([20) and (2I)) are satisfied for all @ € U. In what follows we write ©° and
=¢ instead of 0 and 29 and we set ©f = (07, Z¢). The process =¢ is a continuous-
time Markov chain of transition rate matrix Q(0). The processes X%, U" and 0’ are
PDMPs generated by switched flows, on the compact state spaces X.Uand A=AxE
respectively. We denote by (PX)er,, (PY)ier, and (PP),er, the associated semi-
groups. As shownl! in Proposition 2.1 of [12], these semi-groups are Feller. That is, for

n [12] the authors assume for simplicity that the vector fields driving the dynamics of the PDMP
between the jumps are smooth. However their proof of the Feller property only requires C!-regularity,
which is satisfied here.
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all f € C(X) and t > 0 we have PtXf e C(X), and ||PtXf — flloo e 0, and the same
—

holds replacing (X, X) by (U,U) and (6, A).
It turns out that ©¢ is also the angular process of the linearised version of X at 0.

That is, for § = (y,£) € R x E, let (Y}!)i0 solve
¢
Vi =y + / AZE Y s, (24)
0

or, in compact form,
dy;y
dt
The process (Y?,Z¢) is also a PDMP, generated by switched linear flows. It is easily
seen that if y # 0 then Y¥/||Y? = 6% where 6 = (y/||y|,£), and

=8 0 i
= A"t Y;y’ }/Oy = y

¢ A
1Y) = [yl + / Go(©)ds. (25)

3.2 Top Lyapunov exponent

The polar decomposition enables us to define rigorously the quantity A from the intro-
duction. As explained below, it corresponds to the mean growth rate of ||Y|| under the

unique invariant probability measure of (PP)cr, -
Assumption [Bl and |14, Proposition 2.13] imply the following :

Proposition 3.1. The semi-group (PP )iecr, admits a unique invariant probability mea-
sure .

It follows from the Feller property (P?):cr . and a classical compactness-uniqueness

argument that for all @ € A x E, the empirical measure A s ¢! f(f 1 A(éf)ds converges
almost surely as t — 400 to my for the weak topology. Hence, using (23]) we obtain
that, for all § € R% \ {0} x E,

1 ; | Y L
lim - log||Y’|| = lim —/ Go(©)ds = A a.s., (26)
t—oo t t—oo T Jg
where A is defined by
A = 7o(Gy) = / Go(0)mo(dh). (27)
A

It is proven in [14] that A coincides with the top Lyapunov exponent in the sense of
Oseledets’ Multiplicative Ergodic Theorem (see [4, Theorem 3.4.1| and [14], Proposition
2.5]). The main results in [14] state that the asymptotic behaviour of X depends only
on the sign of A. More precisely, if A < 0, then X; converges to 0 exponentially fast
with positive probability, while if A > 0, then X is stochastically persistent, meaning
that X spends an arbitrarily large proportion of time away from 0. Assuming [C]
these results can be strengthened to Theorem below (it corresponds to Theorem
[T of the introduction). We say that a probability measure € P(X) is persistent if
1({0} x E) = 0 (in other words p € P(X,)).
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Theorem 3.2 (Benaim and Strickler [14]). Under Assumption[Q, the following hold.

1. If A > 0 and x — Q(x) is constant, then X admits a unique persistent stationary
distribution and, provided that Xo # 0 a.s., (X;,Z;) converges in law to p* as
t — 4o0.

2. If A <0, then for all x € /'\?Jr,

. 1
P (limsupglog | X < A) = 1.

t—o00

The first item is a consequence of [14, Theorem 4.12]. As for the second one, it
essentially follows from Theorem 3.1 of the same paper. We fully justify it in Section
just below with Lemma [3.3]

One can also associate a top Lyapunov exponent A to each fixed environment & € E,
which corresponds to the principal eigenvalue of AS. By principal eigenvalue, we mean
that

A e Sp(A5)NR and A® =max{Re(\), A € Sp(4°)},

which exists thanks to the Perron-Frobenius theorem, using that A¢ is Metzler. The
disease-free equilibrium is linearly (asymptotically) stable for the semi-flow ¢ if and
only if A is (strictly) less than 0. What’s more, by irreducibility of A% there exists a
unique right eigenvector #¢ € A := ANRZL, | and for all y € (R% \ {0}), we have
log([ley||)/t — AS and e y/|e'y|| — 6¢ as t — +oo. The analog of (27) is that
AS = Go(05,€). As we mentioned in the introduction, except when d = 1 there is no
way in general to deduce the sign of A = 7my(Gyg) from the signs of the A = Gy(65, €),
¢ € E. When d > 2, one can have A¢ > 0 for all £ and A < 0, see [14, Example 4.6];
and one can have A* < 0 for all £ and A > 0, see |14, Example 4.7|.

3.3 Accessibility

Before proceeding further, we need to define the notion of accessible points, that appears
in the statement of Theorem [B.4] below. Let M be a closed subset of R, let F =
(F)¢er be family of Cl-vector fields from M to R? leaving M positively invariant,
and let (¢%)¢cp the associated family of semi-flows. For i = (iy,...,4,) € E™ and
u = (u,...,u,) € RY, we denote by ¢!, the composite flow : ¢}, = ¢im o...0 .
For x € R? and t > 0, we denote by v, (x) (resp. 7 (z)) the set of points that are
reachable from z at time ¢ (resp. at any nonnegative time) with a composite flow:

v () = {¢h(x), (,u) € E™ x RT,m € Nyuy + ... + u,, = t},

v (@) = | Jd (@),

>0

Finally, given a subset M’ of M, we let the set of F-accessible points from M’ be defined
by

F(Mlv‘F) = meM’f}/J’_(x)v
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where the topological closure is taken in the Alexandroff compactification of M. That
is to say, if () is unbounded for all x € M’ then we write oo € I'(M’, F). Note that
by construction, T'(M’, F) \ {oo} is positively invariant by each F¢. Now, we define
three different sets of accessible points by taking F to be the family of driving vector
fields associated to the PDMPs X, © and Y, by setting

D(X) = T(X., (Fo)eep)s T(Y) = TR0} (5 = A%y)eer); T(O) =T (A, (Hf)ecr ).

A A ~

Moreover, we let I'(X) = I'(X) x E, I'(Y) =T'(Y) x £ and I'(©) = I'(©) x E. This
choice of notation is motivated by the fact that I'(X) coincides with the set of points
that are accessible from X, x E for X as a Markov process, see e.g. [12 Lemme 3.2].
That is, § = (y,§) € F(X) if and only if, for all neighbourhoods @ of y and all # € X,
there exists ¢ > 0 such that P(X? € O x {¢}) > 0. The same property holds replacing
X by Y (resp. ©) and X, by RZ \ {0} (resp. A).

Next lemma will be very useful in the following.

Lemma 3.3. Assume[Q. If 0 € T'(Y) then 0 € T'(X). In particular if A < O then
0 e I'(X).
Proof. Assume Then for all £ € E, ¢ is monotone and sub-homogeneous. Hence,
for all 2,y € X such that = < y and for all t > 0, we have ¥f(z) < ¢f(y) < h"¢f (hy)
for all 0 < h < 1, which yields, letting h — 0, ¢¢(z) < Dys(0)y. Now, by classical
results on differential equations, D¢ (0)y = ¢5(y) where ¢ is the semi-flow of the linear
ODE % = Afz. Using this inequality recursively entails that for alli € E™ and u € R,
Y (z) < ¢L(z).

Now assume what’s more that 0 € I'(Y). Let z € X and € > 0. Then, there exist
i € E™ and u € R such that ||¢!,(x)|| < e. Thus, by the previous inequality on the
composite flows, ||¢i(z)|| < e. This implies that 0 € I'(X).

Finally, let us prove the final claim. We only assume that A < 0 and that [Cholds.
Then, it is clear from (20) that 0 € I'(Y'), and thus 0 € I'(X). O

This lemma enables to fully justify the second item of Theorem B.2l Indeed, As-
sumption [Cland A < 0 imply that the condition 0 € T'(X) is satisfied, which allows to
apply [14, Theorem 3.1].

3.4 Moment Lyapunov exponents of the linearised PDMP

The sign of the Lyapunov exponent A gives the almost sure stability or unstability of the
linear process Y. Another classical question is the p-moment stability, for some p € R.
That is, the asymptotic behaviour of E(||Y;||?). It is classical in the multiplicative
ergodic theory to consider the p-moment Lyapunov exponent, starting from y = (y,€) €
(R%\ {0}) x E, given by

. ) 1 ;
g(p,y) = limsup 7 log E([[Y]]7).

t—o00
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Using again the polar decomposition of Y, the p-moment Lyapunov can also be ex-
pressed as t
g(p,y) = limsup % log E {exp (p/ Go(ég)ds)} (28)
t—o0 0
where § = (y/llyll,€)- The p-moment Lyapunov exponent for linear stochastic systems
has been notably studied by Arnold and his co-authors in the real and the white noise
case (see [3], [5] and [6]). Under irreducibility type conditions, they prove that g does
not depend on ¢, that the map p — ¢(p) is analytic, convex, and that its derivative at
p = 0 is the top Lyapunov exponent of the linear system under consideration. They use
the fact that g(p) can be interpreted as the principal eigenvalue of the generator of an
irreducible, compact positive semigroup (7} )0 which, for p close to 0 is a perturbation
of the initial semigroup of the process on the sphere.

This consideration was extended to jump linear systems by Leizarowitz [36] who
showed that, in general, g(p) can only be seen as an approximated eigenvalue. He
has also proved that, under irreducibility conditions, if g is differentiable at 0 then its
derivative must coincide with the top Lyapunov exponent. It was proven by Fang in
its PhD thesis [26] that the derivative of g from the right is the Lyapunov exponent
(see |26, Theorem 3.4.12|) and that, in general, ¢ is not differentiable at 0 (see |26,
Example 3.4.11]). Moreover, he gives an irreducibility condition under which g is this
time differentiable at 0 (see |26, Proposition 3.4.11]). However, this condition is not
satisfied in our context.

In the one-dimensional case (d = 1), a general result from Bardet, Guérin and
Malrieu (see [9, Propositions 4.1 and 4.2]) implies that ¢ is convex, differentiable at
p = 0, and can be explicitly computed as ¢g(p) = 7,, where 7, is the principal eigenvalue
of the matrix @, := Q + pDiag(Al, ..., AlEl).

Here, we are able to prove the following theorem, which states that the aforemen-
tioned results still hold when switching between Metlzer, irreducible, d x d matrices.
The key tool is the use of the Hilbert projective metric, with respect to which the
dynamics of the angular process © is contractive.

Theorem 3.4.
1. For all p € R, there exists g(p) € R such that

¢ )
g(p) = lim 11og sup E {exp (p/ Go(éz)ds)}
0

=00 0eAXE

t .
= lim 1log “inf E {exp (p/ Go(éz)ds)} : (29)
0

t—+oo ¢ feAXE

In particular, Equation [28) yields that for all § € (RL\ {0}) x E,
1 N
AN T - J||p _
9(p,§) = lim ~log E([Y"[|") = g(p).

2. The function p — g(p) is convex and satisfies
)

max A® < lim 9(p) < max Go(f), min Go(f) < lim 9(p) < min AS.

(eE T potoo P 0eT(6) fer(6) - pmo0 P (el
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3. The function p — g(p) is differentiable at p =0 and satisfies

4. Assume that A > 0 and let p* = inf{p > 0: g(—p) > 0}. Then p* is finite if and
only if 0 € T'(Y).

5. Assume that A < 0 and let p, = inf{p > 0: g(p) > 0}. Then p, is finite if and
only if co € T'(Y).

Example 3.5. Consider the one dimensional Lajmanovich and Yorke model in switched
environment, studied by Bacaér and mentioned in the introduction : that is, F = {1, 2},
b (x) = bz and d€ = d for some b', 0% d > 0, and Q(x,1,2) = q1, Q(z,2,1) = ¢, for
some q1,qo > 0. For the associated one dimensional PDMP, it not hard to show that
A= qqu2q2(b1 —d) + q;’qul(b2 — d). In particular, to have A > 0, one needs at least
that one of the b;’s, says by, is greater than d. This means that if the environment
was fixed in state 1, the disease would persist in the population (for the deterministic
associated model). In that persistent case (A > 0), Bacaér distinguishes two regimes
. strongly supercritical, with b' > b2 > d, and weakly supercritical, with b* > d > b2.
In the strongly supercritical regime, the rate of infection is higher than the cure rate
in both environments, while in the weakly supercritical regime, the rate of infection
is lower that the cure rate in the second environment. It is thus straightforward that
in the strongly supercritical case, I'(Y) does not contain 0 while it does in the weakly
supercritical case. Moreover, using the result of Bardet, Guérin and Malrieu discussed
above, we have that p* is the unique positive solution to 7, = 0, where 7, is the principal
eigenvalue of the matrix

Q :(—ql+p<d—bl> o )
8 72 ~@+p(d-0?))"

A quick computation gives that
det(Qy) = p [p(d = b)(d = 1) — @i (d — 1) = ga(d — 8")] .

which yields

= qi(d —0?) + qa(d — b")
(d—b)(d—1b2)

or equivalently
«_ P2 Q1
Cd- b -d
which coincides with the w given by Bacaer in [§]. Note that the assumptions A > 0
and b' > d > b? imply that p* > 0.

p
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3.5 Lyapunov condition for the nonlinear PDMP

Another important conclusion in [I4] is the existence of a Lyapunov function when
A > 0. Indeed, in that case, it has been proven that for p > 0 small enough, there
exists T,n > 0 and 7o € (0, 1) such that, for all = with ||z| <7,

E? [[|X7]|77] < olllI ™.

Theorem [3.4] and the Feller regularity of (PtU)teR . enable to complete this result and
yield the following proposition, which plays a key role in our study.

Proposition 3.6.

1. Let p € R such that g(p) < 0. There exist T >0, o € (0,1) and n > 0 such that
forall & = (x,§) € Xy such that ||z]] <n,

E* (|| X77] < ol (30)

2. Let p € R such that g(p) > 0. There exist T >0, 5o > 1 and n > 0 such that for
all z = (x,&) € X4 such that ||z|| <n,

E* (|| X7[7] = Foll|”- (31)

Proof. We only prove the first point, the proof of the second one is similar. Let p € R
such that g(p) < 0. For all u = (p,0,&) € U, [20)) yields, for all ¢ > 0,

7t = peso [ G0 ) (32)
hence
B((e] = 78 [exp (v [ G02)05)] (33)

We claim that for all ¢ > 0 the function

t
Wy t— E {exp (p/ G(Ug)ds)]
0

is continuous on U. Indeed, the Feller property of (PtU)teR . entails that the probability
distribution of U® is continuous with respect to @, where P (D(R+,L?)> is equipped
with the weak topology associated to the Skorokhod topology (this fact is a corollary

~

of Theorem 2.5 in Chapter IV of [25]). Now, since convergence in D(R,U) implies
convergence Lebesgue-almost everywhere, it follows from the continuity of G and the

dominated convergence theorem that for all ¢ > 0, u — exp (p fot G (us)ds> is a bounded

continuous functional on D(R4,U), yielding the continuity of W, ;.
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Given that g(p) < 0, it follows from Proposition [3.4] that we can choose T > 0 such
that

¢ A
Y(T):= sup W,r(0,0) = sup E {exp <p/ GO(Gg)ds) <1
0

GeEAXE 0eAXE

By continuity of W), 7, we can find 7 > 0 small enough so that

Yo:= sup W,r(u) <1
A€[0,n] x AXE

Combining this with (33), we obtain that (B0) holds for all # € X such that ||z| < 7.
U

Proposition enables to control the tail near 0 of persistent stationary distribu-
tions of X:

Corollary 3.7. Assume that A > 0, and let pu be a persistent stationary distribution
of X. Then :

1. For allp € (0,p*),

]| 7P p(da, d€) < +oo.
Xy

2. If 0 e T(Y) and Assumption[Q holds, then for all p > p*,

Nl plda, dE) = +o0.
Xy

Proof. For all p € (0,p*) we have g(—p) < 0, hence Proposition entails that
(z,€) — ||2||? is a Lyapunov function for X. Then, it follows from classical arguments
(see e.g. Proposition 4.24 in [29]) that this function is integrable with respect to p.
Now, assume that 0 € I'(Y) (i.e. p* < oo) and that [C] holds. Fix p > p*. We
have g(—p) > 0 and we let T, n > 0 and 55 > 1 be given by Proposition applied to
—p. Let ¢ : X = Ry be defined by ¢(z,§) = 1jso0(||z]| 7P V77P). A straightforward
consequence of the definition of ¢ and Proposition is that for all z = (z,¢) € X,

E? (@(XT)) > 0P (&) La<n + P(E)Ljaf>n-
Integrating the above equation with respect to p and using the invariance of p yields

wp > pp + (Jo — 1)#(901{£e2€+: IISL‘IISn})‘

Now, due to Lemma B3] 0 € I'(X), and therefore {0} x E is in the topological support
of 11 by Proposition 3.17 in [I2]. Since 5o > 1 and ¢ > 0 on X, this implies that the
second term in the right handside of the above inequality is strictly positive. Hence,
we must have pp = 400, which entails that f&HxH_p,u(dx, dé) = +o0. O
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4 Main results

Our main results concern the behaviour of X for large K, in two aspects. In Section
[4.1] we give stochastic bounds on the extinction time of the disease, starting from any
initial condition. Then, in Section [4.2] we describe the asymptotic behaviour of the
unique quasi-stationary distribution of XK as K goes to infinity. The results are very
different depending on whether the limiting PDMP is persistent or not.

4.1 Asymptotics for the extinction time

As mentioned in Section 2.1 Assumption [Bl entails that {0} x E is accessible from
every state in XX for the Markov chain X*. Due to the finiteness of X, this ensures
that the extinction time of the disease

K =inf{t >0: X} =0},

is finite almost surely, under every P#. A natural question is to know what is the order
of magnitude of 7. Our first main results, Theorems 1] and [£.9] below, show that
the answer to that question depends on whether the limit process X is persistent or
not. Together, these three theorems form Theorem [I.2] stated in the introduction in
the simplified framework.

4.1.1 The persistent case

We begin with the case where the limiting PDMP X is persistent, i.e. A > 0. Our
first theorem yields two results. First, we obtain a lower bound, independent of K,
on the probability that a macroscopic fraction of the population gets infected, starting
from any initial condition with at least one infective. Second, our theorem yields a
stochastic lower bound on the extinction time of the epidemic. When the initial number
of infectives is large i.e. K| X/ || > 1, the extinction time is greater than K? with high
probability, for all p < p*.

Theorem 4.1. Assume that A > 0, and let p € (0,p*). There exist n,Cy,Cy,Cy >0
and Ko € N* such that, for all K > Ko, all & = (z,£) € XE and all t > 0,

1
_Cl

A%

R C//
z (=K > o 1
P (7 <OO)—€XP< <Kr|x||>p) ‘

and o o
N t
P (7l > t) > exp (—71) exp <——1) .
(7" > 1) SEE K7
In particular, for all K > Ky,

_Ci

inf E?(rf) > ¢
zexk 1

K?.
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We prove this theorem in Section Let us explain the main ingredients of the
proof. The first crucial step consists in transfering to XK the Lyapunov property of
& — ||z]| 7 for p € (0,p*) given by Proposition B8 for X. More precisely, we have the
following proposition.

Proposition 4.2. Let p € R such that g(p) < 0. Let T > 0 and n > 0 be given by
Proposition [3.8. There exist v € (0,1), a > 0 and Ko € N* such that for all K > K
and all & = (z,&) € XE satisfying a/K < ||z| <n, we have

B [IXE 1L ey < 7l (34)

The proof relies on the use of Lemma 2.1} which entails that || X %] /|| X|| stays close
to 1 with high probability on [0, 7], as well as the control of X¥ given by Lemma 2.4
As we see below, it is crucial that this Lyapunov condition holds for ||z| as small as
a/K.

Thanks to the above proposition, we can use a supermartingale argument to bound
from above the probability for || X ]| to reach low barriers before higher ones.

Lemma 4.3. Assume that A > 0 and let p € (0,p*). Let n > 0 be given by Proposition
(2.6, item 1. There exist a >0,Cs5>1 and Ky € N* such that for all K > Ky, p >0
and & = (x,§) € XE such that ' /K < p < ||z|| <1, we have

P? () <7) < Cs(||=ll/p) 7"

Let us fix some 7 < 7. Intuitively, assuming that || X{|| > 5, the trajectory of X¥
before its norm goes below some level p astisfying a/K < p < 1’ can be decomposed
into successive excursions of the following form. First, wait for || XX to go below 7'.
Then, wait for it to either exceed 1 again, in which case we call it a failed excursion and
repeat the procedure, or to go below p, in which case we call it successful excursion and
the decomposition is over. By means of the above lemma, we can obtain a lower bound
on the probability of a failed excursion. In addition, the duration of a failed excursion
can be bounded from below with high probability by some constant 7", using Lemma
2.4 which shows that || X || varies slowly. This decomposition yields a lower bound on

Iff , as stated by the following lemma.

Lemma 4.4. Assume that A > 0, and let p € (0,p*). Let n > 0 be given by Proposition

7.0, There exist T',a" > 0,¢; > 0, § € (0,n) and Ky € N* such that for all K > Ko,
p€ld/K,0), &= (x,&) € XE such that ||z|| > n and t > 0, we have

PZ (If){ > t) > 6—clpp [t/T,]‘

This yields a lower bound on the extinction time starting from a macroscopic fraction
of infectives, using that 74 < sz/ - Here we see that in order to get the time scale K?
in Theorem ] it is crucial to be able to take p of order 1/K. Finally, Theorem [A.T]
follows from the above lemmas together with Lemma 2.5 which yields a lower bound
on the probability that the total number of infectives reaches some prescribed value a”.
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Remark 4.5. In case A > 0 and 0 ¢ I'(Y), we have p* = 400 hence Theorem [A.1]
implies that the typical extinction time starting from a large initial number of infec-
tives (i.e. K|z| > 1) grows faster than any power of K. Thus, one may wonder if
the extinction time grows exponentially fast with K in that case, as for the classical
stochastic SIS epidemic model in constant environment in the supercritical case, and
numerous other models where 0 is an unstable equilibrium of the limiting ODE, see e.g.
[23, [17, [18]. However, this is not case in general. Consider the context of Example B.5]
that is, £ = {1,2}, b¢(z) = bz and d¢ = d for some b',0%,d > 0, and Q(x,1,2) = ¢,
Q(z,2,1) = g, for some q1,q2 > 0. Assume that b' > d and that b*> = d. This implies

that A = qquQ%(bl —d) > 0. Moreover, in that case, A' = b' —d > 0 and A> = 0. In

particular, 0 is not in I'(Y'). Let & = (z,¢) € ?E'f be an initial condition for X*. First,
the environment = reaches state 2 before time 1 with probability at least 1 — e~ 9.
Then, as long as it stays in state 2, KX* coincides with a critical stochastic SIS pro-
cess, whose mean extinction time, starting from a maximal initial number of infectives,
is asymptotically equivalent to Cv/K for some C' > 0, see [23, Section 2.2]. What'’s
more, the probability that the environment stays in state 2 during a period of time
longer than ¢ is equal to e~ %!, Therefore, for K large enough we have

P (7 < 20VE)
> (1— e_ql)P(m’z) <T0K < 2CVK — 1)

> (1= e e nEVEDPE) (1 <o0VK — 1|t € [0,20VE — 1], Z = 2)
> Cle—QqQC\/E

where C' = (1 — e~9)e?2¢ /3, using Markov’s inequality. Then the use of the Markov

) |t/(2CVE) |

property shows that for all # € XX, P¥(7f > t) < (1 — (e~ 22CVE , which

entails that E? (1) < 20C"~'V/Ke22OVE  Hence, it is possible to have A > 0, p* =
400 and a mean time of extinction which is subexponential in K.

We complete the lower bound on the extinction time given by Theorem [.1] by an
upper bound. In the case where 0 € I'(Y) i.e. p* < 0o, we prove that for all p > p*,
the extinction time is smaller than K? with high probability, under Assumption [Cl

Theorem 4.6. Assume that A > 0, 0 € I'(Y) and that Assumption [A holds. Let
p > p*. There exist Cy,Ch > 0 and Ko € N* such that for all K > Ko, all & € XX and
allt >0,

P (TOK > t) < CYexp <_ﬁ) )
In particular, for all K > Ky,

T K Cé D
supE(TO)SFK.

N CK 2
TEX

The two above theorems yield the following control on the mean extinction time,
uniform in the initial condition. Under Assumption [Cl, the mean extinction time is
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logarithmically equivalent to K?" if p* < oo, and grows faster than any power of K if

p* = oo.

Corollary 4.7. Assume that A > 0. Then,

loginf,_prx E* (1)

lim inf *
K—+00 log(K)

If, in addition, Assumption [ holds, then

> p". (35)

log inf, g B (1) log sup; ¢ pxc B (75°)

*

N L
Kot log(K) K log(K)

Proof. Assume that A > 0. Applying Theorem [£.1], letting K — +oo and then p — p*
yields (B3). If 0 € T'(Y'), which is equivalent to p* = +o00, then the proof is complete.
If 0 ¢ I'(Y) and [Cl holds, then Theorem F.6] entails

: log sup; ¢ E?(75%) i}
lim sup <p,

K—+o0 IOg(K)

which concludes the proof. O
The proof of Theorem is given in Section [6.6l Its ingredients are very similar

to those of the proof of Theorem HIl This time, we transfer to the process XX the

"reverse" Lyapunov property verified by & — ||z||7? with respect to X when p > p*.

Proposition 4.8. Assume that A > 0 and 0 € T'(Y), and let p > p*. Let T > 0 and
n > 0 be given by item[2 of Proposition[3.8 applied to —p. There exist ¥ > 1, a > 0 and
Ko € N* such that for all K > Ky and all & = (x,€) € X satisfying a/K < ||z|| <n,

B [IXE 171 ey | 2 7 o7 (36)

Using a submartingale argument, combined with Lemma and the fact that 0 €
I'(X) (Lemma B3), we can show that the probability of extinction before a time of
order log(K) is of order at least K P, uniformly on the starting point in X f . Theorem
then follows from the Markov property.

4.1.2 The non-persistent case

We conclude on the extinction time with the non-persistent case. In this situation, the
extinction time is of order at most log(K).

Theorem 4.9. Assume that A <0 and that[Q holds. There exist Ky € N*, C3,C% >0
such that for all K > Ky, all & € Xf and all t > 0,

A , Cyt
P* ('7-0[{ > t) S C3 exXp <—%) .

In particular, for all K > Ky,

!
sup E*(78) < %log(K).
zexk 3
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We give the proof in Section Since ¢'(0) = A < 0 (see Theorem B.4)), we can
choose p > 0 such that g(p) < 0 and make use of Proposition By a supermartingale
argument and using once that 0 € I'(X) thanks to Lemma B3] we are able to bound
from below by a constant the probability of extinction before a time of order log(K),
uniformly on the starting point in X K. Theorem then follows from the Markov

property.

4.2 Scaling limit of quasi-stationary distributions

As we know, with probability one the disease eventually dies out. A good way to gain
understanding on the behaviour of XX Defore extinction is to study its quasi-stationary
distribution(s) (QSD). A probability measure p on ?E'f is a QSD for XX if and only
if, for all £ > 0,

pr (XK e |7 > t) = 1K ().

Due to the finiteness of the state space XX and the irreducibility of Xf for the
continuous-time Markov chain X, there exists a unique QSD u for XX by clas-

sical arguments based on the Perron-Frobenius theorem. Furthermore, the distribution
of XX conditional on non-extinction converges exponentially fast to u, in the sense
that for some positive constants C'(K),v(K),

HP” (XtK e |7 > t) —MKH < C(K)e 5, (37)

TV

for every initial distribution v € P(X. '), where [|-||7v denotes the total variation norm.
We refer to the nice survey [38] for the proof of these basic results and much more
about quasi-stationary distributions. An interesting question, not treated here and
left for future works, would be to find bounds on C(K) and v(K). This was done
by Chazottes, Collet and Méléard for the multitype birth-and-death processes they
studied in [18], which are similar to the multitype SIS model considered here in a
constant environment ¢ in the persistent case. They obtained C'(K) = O(1) and ~v(K)
of order 1/log(K), see their Theorem 3.1. Hence, in that context convergence to the
QSD occurs on a time scale log(K), which is very small with respect to the time scale of
extinction, exponential in K. We expect that this separation of time scales is also true
in our context if A > 0, [Clholds and = +— Q(x) is constant. Indeed, in that case, on the
one hand the typical extinction time starting from a large initial number of infectives
(i.e. K[| XE]| > 1) grows at least as a power of K; one the other hand, the limiting
PDMP X has good mixing properties, see Theorem B2, item [ (and more precisely [14]
Theorem 4.12|), which makes us think that convergence to the QSD for the conditional
marginals of XX takes place on a much smaller time scale than extinction. If this
is valid, then at least in that case, the QSD u* yields a good approximation of the
marginal distributions of X for a large period of time, which motivates its study.
Here, we are interested in the behaviour of u® as K goes to infinity. Once again,
this behaviour strongly depends on the sign of A. Our main result is Theorem [Z.TT]
below, which treats the persistent case. We also consider the non-persistent case in
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Proposition below. Together with Proposition E.10] these three results extend
Theorem [L.3] from the introduction to our more general framework.

Before presenting our results, let us recall that a few basic facts about the QSD (see
e.g. [38]). Under P**, the extinction time 7/ has an exponential distribution with
a rate parameter \X € (0, +00), called the extinction rate. In particular, E#* [r] =
1/AX. For all t € Ry, let us define the submarkovian kernel P/ on XX by

PK(2,A) = P* (XtK €A K > t)

for all # € XX and A ¢ XX. The family (P/);cr, constitutes a submarkovian semi-

group on X% called the killed semi-group of XK, By definition of the QSD and the
fact that P** (75 > t) = et we have uX PK = e 2" 1,K for all t € R..

The persistent case. First, we consider the case where A > 0. From Corollary [4.7]
and the fact that E*" [75] = 1/A%, we immediately deduce the following result.

Proposition 4.10. Assume that A > 0. Then \X K—> 0, and more precisely
—+00

*

lim su M
K—>+o£) log(K) N

If, in addition, Assumption[d holds, then
log(AK)

log(K) Koo

In order to study the asymptotic behaviour of the sequence ()4, we see these
QSDs as probability distributions on the compact state space X, with the advantage
that P(X) is compact for the weak topology. In his PhD thesis [44, Lemma 6.3],
Strickler proved that the convergence of A¥ to 0 entails that all weak limit points
of (15) k>4 in P(X) are stationary probability distributions of the limiting PDMP X.
However, it remains to know whether part of the mass could escape to {0} x E. Roughly
speaking, in a large population (K > 1), knowing that the disease is still present in
the population at some large time ¢, is it likely that the proportion of infectives in the
population is very low ? Or on the contrary, is it likely that a significant proportion
of the population is still infected ? Intuitively, due to the tendency of the epidemic
to invade the population from low levels of infectives in the persistent case, one is
naturally inclined to choose the second option. In other words, it is quite intuitive to
think that .2 C P(X,), where .2 denotes the set of weak limit points of (1) xsq.
This is what happens for several models in constant environment, such as the birth-
and-death processes studied in [I7, [16] and the supercritical stochastic SIS model (in
discrete time) studied in [43], where the QSD converges to the unique non-zero stable
equilibrium point of the limiting ODE.

Our main result, Theorem [£.11] below, states that this is indeed the case. In the
following, we say that a collection (or a family) of elements of P(X,) is persistent if
it is tight on X,. By Prohorov’s theorem, .2 C P(X,) is equivalent to saying that
(u") k>q is persistent.
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Theorem 4.11. Assuming that A > 0, the following hold.

1. The sequence () k>q is persistent. Furthermore, for all p € (0,p*), there exists
Cy > 0 such that, for all p € £,

el p(de, d€) < Cu

Xy

2. Every element of £ is a persistent stationary distribution of X.

3. If Assumption[Q holds and x — Q(x) is constant, then

K
1% — ,u ,
K—+4+oco

where p* 1s the unique persistent stationary distribution for X given by Theorem

2.2

The second item is a consequence of the first one and the fact that £ is included
in the set of invariant probability measures. As we just said, this fact follows from [44]
Lemma 6.3], but for the sake of completeness we provide the proof in Section (see
Proposition [6.6). As for item [3] it follows from item 2] and the unicity of the persistent
stationary distribution when [Clholds and = — @(x) is constant, given by Theorem
Note that in the case of a constant environment, this says that u* converges to the
Dirac mass on the endemic equilibrium, as in [43], 17, [16].

The difficult part of Theorem is item [II Although we argued that the result is
somewhat intuitive, the mathematical proof requires a fine analysis of the microscopical
behaviour of the process near the extinction set. We stress that the convergence of XK
to a persistent process X s not enough. Let us explain why, on a simple example.
Consider the classical supercritical stochastic SIS model, corresponding to d = |E| =1,
XK = NK /K where N¥ is a birth-and-death process with state space [0, K], birth rate
bn(l — n/K) and death rate dn in state n, with b > d > 0. Consider also the slightly
modified Markov process XX = NX/K where N¥ is another birth-and-death process,
with the same transition rates as N¥ except starting from state 1, where we set the
birth rate and the death rate equal to some very small ex € (0,1]. The value of e
will be fixed later. We know that if XX K, Tos then X% converges in distribution

to the solution of the Cauchy problem
=x(b—d—bx), z(0)=ux, (38)

in the Skorokhod space D([0,T],R), for all 7" > 0. It is not hard to see that the
same goes for XX 1 if Xl — 0, then X® — 0 in distribution on D([0, 7], R); while
if XOK — x0 >0, XK has the same distribution as X until the hitting time of 1/K,
which tends to +o00, hence XX converges in distribution in D([0,7],R) to the solution
of B8 However the process X% has the particularity that the state 1/K is almost
absorbing, in the sense that the total jump rate from 1/K is very small, equal to
2¢k. Due to the irreducibility of K~'[1, K] and the accessibility of 0 for the process
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XX it admits a unique QSD A%, We claim that by choosing ek small enough, we
can make " ({1/K}) arbitrarily close to 1. The QSD i* satisfies the eigenequation
GELE = —NE[GK for some AX > 0, where L¥ is the infinitesimal generator of the
killed semi-group of XX ie. the transition rate matrix of XK restricted to the states
K'[1, K]. Setting m/ = p*({i/K}) and £f; = L*(i/K, j/K), i,j € [1, K], we have

ANLE({1/KY) = —mif (2ex) +my (2d) = Ay

and for all ¢ € [2, K — 1],

3K, K
ATm;

At LA (i) KY) = mi<

i—1,i _mKw ‘_'_mz—l—lez—l—lz -

Thus, we have
my <mf(ex/d) and Vie[2, K —1], mf, <m |/, .

Since the rates [(/%],£f,;, i € [2,K — 1], do not depend on ek, these inequalities
entail that we can ﬁX the value of e small enough so that ZZKQ mK < CKEKm{( for
some constant C'x which does not depend on . leen that ZZ ,m;* =1, we obtain

K >1/(1+Ckek). Hence, if we fix e = 1A(KCk)™!, we obtain m1 >1-1/(K+1).
With such a choice, we see that the QSD i* converges Weakly to 09 as K — +o00, even
though XX converges to the solution of an ODE repelled by 0.

Let us go back to the general framework. As we just explained, the proof of the first
item of Theorem [T requires fine control of the microscopical behaviour of the chain
XE near the extinction set {0} x E. This is what the following proposition provides.

Proposition 4.12. Assume that A > 0 and let p € (0,p*). Let T,a > 0 be given by
Proposition [{.3 applied to —p, and for all K > d, let off : X — R* be defined by
ol (z,&) = ||z|| 7P A (a/K)™P. There exist 6 € (0,1) and Cg > 0 such that :

i) for all K large enough,

PEQK < oK + C; ; (39)

@) limsupy_, , o p o < Cg/(1—0).

In order to obtain the global Lyapunov condition (39) for ¢X with respect to the
killed kernel f’ff , there are two main ingredients. Obviously, the first one is given by
Proposition A2 which yields the Lyapunov condition on the set {(z,&) € X* : |jz| >
a/K}. The second main ingredient is given by Lemma 25 Equation I8 which yields
a lower bound, independent of K, on the probability of extinction of XX in constant
time starting from {(z,£) € X¥ : 1 < ||z| < a/K}. This notably prevents that XX
stays too long in that region, which was the problem for the "pathological" process X
constructed above. We stress that in order to be able to glue these two ingredients and
get a constant ¢ independent of K, it proved crucial that the Lyapunov condition given
by Proposition be able to cover a region which is at distance of order only 1/K
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of the extinction set. Finally, item [ii)| easily follows from the integration of (74) with
respect to uf and the fact that A converges to 0.

Let us mention that the idea of using a global Lyapunov condition with respect to
the killed semi-group in order to control moments of the QSD was inspired to us by the
reading of the works of Champagnat and Villemonais, see e.g. [15, Lemma 9.6]. Here,

we do not need a reverse Lyapunov condition because we already have an upper bound
K
on \*.

The non-persistent case. To complete the picture, we give the following result for
the non-persistent case, which is a direct consequence of [44] Theorem 6.2].

Proposition 4.13. Assume that A < 0 and that Assumption [Cholds. Then

K-
H ( % E) KT—EOO 50.

5 Perspectives

A first important question that we have left for future work concerns the rate of conver-
gence to the QSD of the marginal distributions of XX conditional on non-extinction,
in the persistent case. We believe that the environmental variation should not pre-
vent a rate y(K) of order 1/log(K) from being obtained in ([B7), as for the multitype
birth-and-death processes in constant environment studied in [18].

Second, although we have focused on SIS epidemic models in this paper, it seems
clear that several of the techniques that we have developed in this paper can be used
or adapted for other classes of birth-and-death processes in random environment. We
are in particular thinking of Lotka-Volterra competitive or prey-predator models in
random environment. For these processes, when we are interested in coexistence of
all the species, extinction corresponds to at least one of the species being extinct.
Conditions for coexistence of the limiting PDMP are given by signs of average growth
rates of the species when rare, see e.g. [13]. It is also possible to build Lyapunov
functions of the form (x,&) — |x;|7? for the PDMP near the extinction set of species i
and thus, probably, for the associated birth-and-death process. One important issue in
the birth-and-death Lotka-Volterra models, that was missing in the epidemic model we
investigated, is the non finiteness of the state space : the population can grow to infinity
and is no more bounded by K, which is in that case a scaling parameter representing
the typical size of the population at equilibrium. However, if the limiting PDMP as an
attracting compact set, as it the cases for most models, we believe that the behaviour
at infinity can be handled with a bit of work. Moreover, using techniques borrowed to
Champagnat and Villemonais [15], it is certainly possible to prove the existence and
uniqueness of a quasi-stationary distribution for each K. We leave this extension for
future research.

Finally, it would be interesting to be even more precise and general in our asymp-
totics. To begin with, the critical case A = 0 remains open. In addition, for the
persistent case, when p* < oo we have obtained a logarithmic equivalent of the extinc-
tion time but not an equivalent. When p* = 400, Remark showed that it can lead
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both to subexponential and exponential order for the extinction time, hence it would
be nice to determine under what conditions the extinction time is exponential in K.
Finally, in the non-persistent case A < 0, we conjecture that the typical extinction time
from fixed proportions of infectives is of order log(K)/|A|, as suggested by 26 and the
fact that XX is likely to die in a time of order one as soon as it gets of order 1/K.

6 Proofs

6.1 Proof of Proposition [2.1]

Let us fix K large enough so that for all ¢ € [1,d], K;(K)/K > «a/2. Let T > 0,
reXE yeXand £ € E, and set & = (1,€), § = (y,&). Finally, let € > ||z — y]|, and
introduce the following stopping times :

BB —inf{t > 0: | XY — XZ|| > e}, pf% =inf{t >0: 25 £ =7}

We claim that for some constants Cy, C{, > 0, which do not depend on K, z,y, e nor
T, the following hold :

Co Co(TerTz]| + &

p [nK,f@ <TA O-EK’:%’Z)] < T|E| sup ‘q(zu 517 52) - q(zl7 glv £2)| (41>
§1#8&2, llz2—2'||<e

P (0545 < T Aqf#9] < 2dep (_K(S(a,T,x,y) ( 6(e,T,,y) ) A 1)) (40)

Let us start by the proof of ([@0). In the following, we simplify the notations by
writing 0% = ¢%%9 and n* = 9. Combining (Il and (@), we obtain that P-almost
surely for all t < n¥,

t
17 = XP < Ny — 2 +CF/ IX57 — X7 s + |10,
0

where

hei

M :/ 1 ; L —e/VX(ds,du,di,dh)
t (0] xRy x [Ld] x {—1,1} {usKibne, XN} R

Thus Gronwall’s lemma yields, almost surely for all t < %,

sup [ X9 — X7 < O (ny o+ sup ||M§<v@||) .
0<s<t 0<s<t

It follows that

(o < T Ak} { wp XK XE| > }

0<s<TAnK A K

e { s 000k 2 0 T )} (42

0<s<T
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where §(e, T, x,y) = (ce"“FT — ||z —y]|) 1. Let ME%¢ i e [1,d], denote the coordinates
of M9, We have

M = [ G A, du, (3} ah)
c (0,t] xRy x{—1,1}

GKvgvi f— B *A h 3
’u = I {S<TIK<U§}1{UASK1- hei (XSI(’ )}E ( )

Let C3 = supie[[l’dﬂ’he{_l’l}’CEE||ﬁ,§ei Lip- Forall s <T AnK i€ [1,d] and h € {-1,1}
we have, using that ﬁfwl(()) =0forall ( € F,

Bre(X:27) < Co(IXE || +e) < Cp(ll]|er ™ +¢). (44)

Using (43)), (44]) and applying Lemma [[.T] we obtain

P < sup ||MN7KA0K|| > 6(e, T, x y))

0<s<

< Z P ( sup |M[23KZMK| > (e, T, y)/d)

ic[Ld] 0<s<T
Ko(e, T, x,y) de, T, z,y)
<2d - log(2

which yields (40) with Cy = 4da and Cj = 4d(Cs Vv 1)/ log(2).
Now, we prove (). Let us introduce the counting process (D);>q defined by

DK:/ Lresme ) | Luzaoo ) — Lusaors =2 o) |42 (s, du d€).
t Of]xB, B {g#22_} | H{u<ax P22 o0} T H{u<a(xE =2}

Recalling Equations (8) and (I0), and given that =%¥ and =% coincide before n’, we
see that DX has the useful property that

{UK < T/\UsK} = {DZI[{/\nK/\Ug( = 1}‘
It follows that
P [ <TA0}§E«D30))
TAnK Aol
_E /0 Lppcory O |a(X59, 25, €) — q(XE, 22, €] ds

§'#54

S T|E| sup |Q(Za§1>€2) _Q(zla§1a§2)| ;
lz—2"lI<e, &17#E2,
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which ends the proof of ([@Il). Now we can conclude :

P { sup a (X/9, XF) > | <P [ nnt < 1]

0<t<T

<SPof <TAn"]+P 0" <T Ao

Ké(e, T, x,y) o, T,z,y)
< 2d — Al
= eXp( Co (%(TeCFTna:n +e)

+T‘E‘ sup |q(27517£2) _q(z/7£17£2)| .
§1#&2, |lz—2'||<e

6.2 Proof of Lemma [2.4]
Let K > d and & = (z,€) € XK. We work under P?. Equation (IT)) yields

t
IXK]| = (1, X5 = || + / (1, F(X5))ds + (1, M),

Since for all s > 0, —Cp||XK| < (1, F(XK)) < Cp||XK|, applying generalized Ito’s
formula to t — e“F| X5 and t — e~ | X K| yields

XS > o]l - 25 and O XE < 2] + 2 (45)

where

d t
zk = —Z/ eCrsd MK (s)
i=1 Y0+t

h ooy = .
L ek, (350} EecF Nx (ds, du, di, dh),

[0,t]><R+ x[1,d]x{-1,1}

t
Zf{ ::/ e~ Orsd MK (s)
0+

%e_CFsJ@((ds, du, di, dh).

Lucrs (%K
/(O,t]XR+x[[1,d}]X{_171} {SKlﬁhei(Xsf)}

Using (45]), we get

=K K =K =K
{TMuanTK < T} CH{zmpen < T ATwrpg } YTy < T

—m||z||
—K
c{sup 75 zna:n/z}u{sup Z5 znxn}.
0<t<T

0<t<T M|z || M|z||

We can bound the probability of each event of this union using Lemmal[71l Set Cjs =
Lip- We suppose that K is large enough so that K;(K)/K > a/2.

SUP;e[1,d],he{-1,1} I ﬁfLei
Since

K
Zt/\?

G, winMx(ds, du, di, dh)

/(O,t} xRy x[1,d]x{-1,1}

K
Mz
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with

CrT

h

2e
‘Gsum‘ ‘_1{S<TMII H} {usKine, (XE }_eCFS

S ok Heskosmal)

almost surely for all (s,u,i,h) € [0,T] x Ry x [1,d] x {—1,1}, Lemma [Tl yields

e VI

rf‘<sup 75, >|uw/2):zexp<—ngWxn>

where
, o’ alog(2)

= > 0.
128dCsMe2CrTT ~ 8eCrT

Similarly, we obtain
% K —/
P*( sup Zyox = all ) < exp (~C'K]a]))
0<t<T

—/
for some C" > 0. Hence,

P (T A T < T) < e~ C'Klall 4 o~CKlie| < 9o=C'Klal

—m/x||

with ¢’ =C' A C" > 0. O

6.3 Proof of Lemma

Let T,a > 0. We first prove the existence of a constant ¢ > 0 satisfying (IS]).
Assumption Bl we have

Cp:= sup ||5§_||Lip < oo and d:= min d§(0) > 0.
e il
¢cE 132

By continuity of the df, there exists Ky € N* such that for all K > K,

min  inf d(x) > d/2
i€[Ld] (z,)eX
l[zl|<a/K

Let K > Ky and & = (x,€) € XX such that ||z| < a/K. We can get a very rough
lower bound on the probability of extinction before time 7' starting from & by giving a
condition on 4% which ensures that :

(a) there is no infection on [0, T;

(b) there is at least K;x; recoveries in each group i.
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Recalling (7)), we see that [(a) holds P?-a.s. on the event
I:={Ax([0,T] x [0,Cpa] x [1,d] x {1}) =0},

since K,ﬂfmi(y) < KGy|ly| for all i € [1,d] and (y,{) € X*. Moreover, [(b)] holds
P?-a.s. on the event

R = (" {Ax (10.7] x [0,d] x {i} x {~1}) = a}.

i=1

Indeed : (i) ||z|| < a/K entails that in each group 4, the initial number of infected
individuals K;x; is less than or equal to a; (ii) each atom of A% in [0, 7] x [0, d] x {3} X
{—1} causes a new recovery in group ¢ as long are there are still infected individuals
in that group, since K;8°, (y) = Ky d5(y) > d for all y € XK such that ||y| < a/K.
It follows that {I N R} C {7f < T} P*almost surely. Hence, (I8) is satisfied with
c:=P%(I N R), which is positive and does not depend on .

By a similar argument, we can prove the existence of a constant ¢ > 0 satisfying

(19). By Assumption [Bl we have

b:= min max 9;b(0) > 0,
Jel1,d] i€[1,d]
(e

and for all i € [1,d] and £ € E,
Bei(@,€) = (1 — 2:)bf (2 23 5 (0)a; + of | ]))- (46)

Fix j € [1,d], £ € E, and let i = i;¢ € [1,d] be such that 9;65(0) > b. Expansion
(@6]) entails that we may choose K{ large enough so that for all K > Ky, the rate of
infection in group ¢ satisfies

inf Kife,(2,€) = Ki(br; + o(1/K)) = (ab)/2, (47)

since x; > 0 implies z; > 1 /K. Let us introduce the events

Lo = {A% ([0,T] x [0, (ab)/2) x {ije} x {1}) > a},
R = {Ax ([0, ] x [0,d] x {1,d} x {~1}) =0},
= {45((0,T] x 0,g] x E) = 0}

where d = maxepi g||dil| and 7 = sup,cy 20 q(#,¢, (). Let K > Ky and 2 € X
such that ||z|| < a/K and x; > 0. We work under P@. The event E’ implies
that the environment = remains equal to & on [0,7], and R’ implies that there is
no recovery on [0,7]. What’s more, inequality (47) entails that each atom of A% in
[0, 7] x [0, (ab)/2] x {i} x {1} arriving at a time ¢ such that =; = &, [|[X[F| < a/K
and X[(t) > 0 causes a new infection in group i. Hence, we see that I}, N R’ N E'
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implies {7"{5 k< T}. This entails that for all K large enough, for all x € X* such that
|z]| < a/K and x; > 0, we have

PO (7 <T) > ¢,

where ¢, = P@<) (]Jl'é NR' N E’) > 0, which does not depend on z. Then, ¢ = min ¢},
satisfies (I9) for all K large enough, which concludes the proof.
OJ

6.4 Proof of Theorem [3.4]
Let p € R. Let fp : Ry — R be defined by

f,(t) =1log sup E [exp <p /0 t Go(éi)ds)].

0eAXE

The Markov property of the family @Y entails that fp is a subadditive function, i.e.,
fols+1t) < fo(s)+ f,(t) for all s,¢ > 0. Since f, is Borel measurable and f,(t)/t €
[—121|Gollsos [PI|Gol|oo] for all t > 0, the fundamental theorem of subadditive functions
[31, Theorem 7.6.1] entails that

RGN

t t—+o0

for some A, € [—|p|[|Gollse; P|||Gollsc]. For all t > 0 and § € A x E the function
p ?p(t) is a supremum of cumulant generating functions, hence it is convex, and
consequently, p — A, is convex, being a limit of convex functions.

Similarly, the function ip: R, — R defined by

f (t)=log inf E {exp (p /t Go(éf)ds)}
P 0cAXE 0

is Borel-measurable, superadditive, and

1.0
— U
t t——+o00

for some v, € [~ [p|Golloc, [Pl Gollo-

We must show that v, = A,. In order to do this, we are going to compare the
trajectories of © starting from different initial conditions. For all ¢ € E, let ¢ :
R, x A — A be the projection of the linear flow induced by A¢ on the simplex, i.e.

¢
etA* g

$(t,0) = ————.
80 ( Y ) <1’€tA59>

Equivalently, one can check that ¢¢ is the flow associated to the vector field Hg on
the simplex A. The fact that A¢ is Metlzer and irreducible entails that for all ¢t > 0,
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' belongs to M?, | the set of d x d matrices with positive entries. Indeed, €4 =

4o
e~rtet(A+r1a) where r > 0 can be chosen large enough so that A¢ 471, is nonnegative and
irreducible in the usual sense. Positive matrices have very nice geometrical properties,
with respect to the Hilbert geometry. Let dy : Rﬂlr L X Rﬂlr + — Ry denote the Hilbert
metric, defined by

maX;e[i,d] (L/yz)

minie[[l,d]] (Iz/yz) .

This is in fact a pseudo-metric (dy(x,y) = 0 < 3IX > 0,2 = A\y), which induces a true
metricon A, = AN Rﬂlr +- The induced topology is equivalent to the usual one and
moreover,

dH(':Cv y) = IOg

161 — baf| < et @12 —1 (48)

for all 01,0, € A, ,. A theorem of Birkhoff entails that every positive matrix 7" induces
a strict contraction with respect to the Hilbert metric, i.e. there exists x[T] < 1 such
that

dH(Tx> Ty) < K[T]dH(za y)

for all x,y € R‘_iH. This entails that for all t > 0, £ € E and 0,05 € Rle, we have

du (9°(t,01), §(t,02)) < (61, 65) (49)

with k; = maxeep ke ] < 1. Let 61,0, € A, £ € E, p e R, and ¢ > 0. We write
ei = (9275) and

A ¢
Mgi(t) = exp (p/ Go(@zi)ds) :
0
For all t > 0 we have
- - t - -
M0 = e o [ (6u(62,29) - Gao, =) a5
hence, using Holder’s inequality,

%logE M) < ﬁ log B [M%,,,(1)] + ﬁ log B |L:2(5)]  (50)

where, setting Cg = Sup<€E||G8||Lipa
o t R N
L2 (1) = exp (|p|<1 +71)Cq / (S @?HdS) -
0

Let us bound E [Lf;}é%(t)]. For all t > 0, @fl,@fQ € A,, and (49) implies that

t— dH(@fl,@fz) is decreasing. Moreover, we can show that, roughly speaking, the
rate of decrease is exponential provided that the environmental process Z¢ does not
switch too often. Let § > 0, and for all £k € N*, set

Xt = L{s2()(k=1)6,k6]x[0,3) x E)=0} 5
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where § = maxcxc ¢(0,(,¢’). The variables xj, k € N* are i.i.d. with P(xx = 1) =
e %E[@ and have the property that, for all k > 2,

Do =1 < {vee (k- 1o ko], = =25}
C {vz e {1,2},0% = Fo-s (57 @?2_1>5>}
< {au (00, 0%) < s (Oft 11500 15) }
using ([A9)) for the last line. In addition, if kg = inf {k € N* : xx = 1}, then
dn(6f5,0%,) < Dj < o0,

where Dj is the dy-diameter of the compact {¢°(6,60), (,{) € Ax E} C Ay, It
follows that for all n € N, if we set S, = > _; Xk,

(S, >1} C {Vt € [n6,n + 18], dy (@fl, @fz) < /i?"_lD(;}.

Combining this with (48] and using that e*—1 < ue for all u > 0 and supy e [|0—0']] <
d, we obtain that for all n € N and ¢ € [nd, (n + 1)d],

|00 — 0% || < Cswsn, (51)

where C5 = d V (k; ' DseP?).
Set Cpe = |p|(1 +e7")Cq, and for all n € N, set L, = LV (nd) and u, = E[Ly).
We have

Lot < Lnexp (CpedCs 1577) s, znszy + exp(Cpeddn) (s, <n 2y
hence

Upy1 < Apty, + by (52)

where a,, = exp (Cp@(?Cg /@?/2> and b, = exp(C,.don)P [S, < n/2]. We may assume
that J is chosen small enough so that e %El4 = E[x;] > 1/2. Then, we can use the
Cramér-Chernoff bound

P(S, <n/2) < e s/2)

where I5 is the Cramér transform of the Bernouilli distribution of parameter e=9F1°

given by I5(r) = rlog(re?®1?) + (1 — r)log ((1 —r)/(1 — e~ @) for r € (0,1). Since
I5(1/2) — 400 as 6 — 0, we may choose § = J,. small enough so that B,. :=
Is, .(1/2) — Cpodbp. > 0. By an elementary induction (52)) entails that for all n € N,

n—1 n n—1 00 00
Uy < <H ak) uy + Z <H ak> bji_1 < (H ak) <1 + Zly) < C'I'm (53)
k=0 j=1 \k=j k=0 j=0
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where C! _ = exp (C:0Cs5(1 — \/k5) ™) (1+ (1 — e~ Pre)~1) . Thus,

sup E [Lgffz (t)] = supu, < C, _.

t>0 n>0

Since constant C} _ does not depend on (61, 6s,&), by plugging this into (50), we obtain
that for all £ € E and all t > 0,

1
~1 E [M"9(1)] <
og sup B [M"(1)] < 7 log fnf

log inf E [M(gz’g))(t)} + log(CI;E). (54)

p(l4e (1 + )

Since @Q(0) is irreducible, ¢; := inf;gcp P [E? = 5} > (0. Thus, using the Markov
property at time 1 we obtain that for all ¢ > 1, ¢’ € F and £,&' € E,

B 530 > ep 1o (o [ )|

> o~ PIA+)Golle . inf B [exp ( (1+¢ / Go(629)d )]
= O2eA

—2|p|(1 Golleo (0,)
> e [p|(14¢)[|Gol| c1 elzléf E |:Mp(f+€)(t)i| .

Combining this with (54) yields, for all t > 1,

1log sup E[Mg(t)}

fcAXE

1
< 1 f E[M + log(e2PI0FolGolle o 71) 4 clog(C )
< T e (ogeelng [ (14 (¢ )} og(e 1) +elog(Cy )

Hence, letting ¢ — 400, we obtain that \, < vpa4¢)/(1 4+ €). Moreover we have
Up(ite) < Ap(1+¢) by definition, thus, for all ¢ € R and € > 0,

(L4 &) Ag/14e) S Vg S Ag

Since ¢ — A, is convex on R, it is continuous, hence, letting ¢ — 0, we obtain that
vy = Ay =: g(¢). This ends the proof of item [II

We now prove item 2l We already know that p — ), is convex, hence g is convex.
Now let us investigate lim, , . g(p)/p. This limit exists due to the convexity of g. For
all p> 0, £ € E and t > 0 we have, recalling that 6¢ is an equilibrium of the flow ¢*
and G (0%, €) =

E {exp < / Go(@(eé )ds)] >P [‘v’s c[0,1], 25 = 5] exp (ptGo(é’f,f))
> exp (pA%t) exp (—]q(0,€,6)It),

hence, when p > 0, ?p(t)/t > pAs —1q(0, €, €)|. Dividing by p and letting ¢ — 400 and
then p — +o0 yields

i 9@

im

227 > max AS.
p—+o00 D 132
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Let § € F(@) Since F(é) is positively invariant by the flow ¢¢ for all & € E, we get
that ©¢ € I'(©) almost surely for all t > 0. In particular, for all p > 0,

¢ A
ip(t) <logE {exp (p/ Go(ég)ds)} < pt max Gy,
0

r(é)

hence g(p)/p < maxp ) Go. The proofs are similar for the bounds when p goes to —oc.
Let us prove item Bl Obviously ¢(0) = 0. Let us show that ¢’(0) exists and equals
A. We claim that

I ::/ osc(PSéGo)ds < 0 (55)
0

where osc( jf) = sup f — inf f denotes the oscillation of f. Let us prove this claim. Let
0=1(0,0),0 =(0,)e AxE. Forall t >0, we have

PEGy(0) = PEGo(0') = E | (Go(©)) = Go(©])) Lizic.csum]
+B[(Go(6)) - GolO))) 1mcerzm| - (36)

where T,(¢,¢’) denotes the first coalescent time of Z¢ and Z¢', i.e. T.(¢, (") = inf{t >
0: = = 2%}, By construction, =6 and Z¢ coincide after T.(¢,¢’) and moreover,
using the irreducibility of Q(0), inf¢, c,er P (70.((1, (2) < 1) > 0. This entails, using the
Markov property, that there exists C,a > 0 such that for all ¢;,(, € E and t > 0,
P(T.(¢1,¢) > t) < Ce ™. Hence, the absolute value of the first term in the right
handside of (56) can be bounded by 2||Goll.cCe™*/2. As for the second term, the
Markov property at time ¢/2 yields

‘E [(Go(@f) - Go(@f/)> 1{Tc(§,§’)§t/2}] ’ <  sup ‘E [GO(QE%’Q) _ Go(é,ﬁf;’é))] ’ .

01,02€A, E€E

Fix some § > 0, and let ;1,05 € A, £ € E. Let (Xk)ren+, (Sn)nen and Cs be as above
(in the proof of item [Il). Then for all u > 0 we have, recalling (51I),

B[00 — 0] < CoB [s5*] =GB [w0]1# < Creme

where C" = Cs/E [r¥'] and o' = —log E [kX'] /6 > 0. It follows that the absolute value
of the second term in the right handside of (56) can be bounded by CgC’e™%*2. Hence,
plugging the bounds into (B4)) yields, for all ¢ > 0,

osc(PtéGO) < 2||G0||oooe—at/2 + C/e—a’t/2’

which finally proves the claim (B5]) with I = 4||Gyl|sC/a + 2C"/d'.
A useful consequence of (Bol)is that

sup
t>0, 0eAXE

t A A
tA — / POGy(0)ds
0

<1< o, (57)
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using that tA = tmo(Gy) = fg T0POGyds and ’WOPSQGO — POGy(6)| < osc(PP). Let

t>0and € Ax E. Set Z = f(f Go(@f)ds and let ¢ : R — R, denote its cumulant
generating function, i.e. ¢(p) = logE [ef”Z}. The function ¢ is of class C*> and for all
p € R we have ¢'(p) = E,[Z] and "(p) = E,[Z?] — E,[Z]?, where E, is the expectation
operator associated to the probability distribution of density eP? /E[eP?] with respect
to P. Hence 0 < " < #?||Gy||s and a second order Taylor expansion at 0 yields, for all
p €R,

t
y 1
() <p | PEGUO)s + 3Gl
0

Combining this with (57), we obtain that
— 1
Tp(t) < pAL+ [P + 50"t Golloc.

Now, by the subadditive theorem we have g(p) = A, = inf,~o f,(s)/s, hence

pll 1
g(p) < pA+ % + §p2t||Go||oo-

Since g is convex, it has a right (resp. left) derivative at 0, denoted ¢/, (0) (resp. g (0)),
and the above inequality yields, for all £ > 0,

40 =1m P <l gy sa L
p—0 t p—0 t
p>0 p<0

Letting ¢ go to 400 and using that ¢’ (0) < ¢/, (0) by convexity, we conclude that g is
differentiable at 0 with
g'(0) = A.
We now prove item[dl Assume that A > 0. Recall that for all § = (y,£) € R4 xE, Y
denotes the spatial component of the linear PDMP given by YOQ =y and Y;y = A= Yf}.
Assume first that 0 € T'(Y'). Then, Proposition 3.14 in [12] implies that there exist

0 > 0, a finite open coverage Oy,..., O, of A, and positive numbers t; < ... < t; such
that, for all g = (y,&) € A x E,

S
veo. = p(Inil<z)z0

By linearity of y — Y;g, we deduce that there exists a measurable map 7T : Rﬂlr — R,
such that, for all § € Rﬂlr x B,

1 Y
JCENEE S EY (58

Moreover, T'(y) € {t1,...,t;} for all y € R%. Let us fix § € (RL\ {0}) x E, and write
Y = Y9 We construct a increasing sequence of stopping times (7},),en, defined as
follows :

TO = 0, Tn+1 = Tn + T(YTn)7 n € N.
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Note that since T'(y) > t; > 0 for all y € Ri, lim,,_, 71,, = +00. We define the event

n—1

1Yz,
B = () { ¥l < P1Y

=0

The strong Markov property and Equation (58) imply that P(E,) > 6". We let (NV,)icr,
be the counting process associated to the (T,,),en @ Ny = sup{n € N : T, < t}, and
we set n; = Li] and m; = Li] For all ¢ > 0 we have n; < N; < nj, and, on the event
Enga

IVl < [¥oll2elt=0lnt < [y 2=,
where M = etlGolle  Thus, for all g€ Ax Eandallt>D0,

P (|IVil| < 27" M) > P(E,) > 5"
This yields
P (|Vi]| < 2Meat) > et
where ¢; = log(2)/t; and co = —log(d)/t1, and thus
E (Y, 77) > (2M) Pelerr—et

This implies that for all p > ¢3/c1, g(—p) > 0. Thus, item @l follows from the convexity
of g and the fact that ¢’(0) = A > 0. Moreover, p* < ¢5/¢y.

Assume now that 0 does not belong to I'(Y'). By definition, there exists ¢ > 0
and § € A x E such that, P-almost surely, ||Y;’|| > ¢ for all ¢ > 0. In particular, for
all p > 0, logE(HY;gH_p) < —plog(e). This implies g(—p) < 0 for all p > 0, hence
g(—p) < 0 for all p > 0 due to the convexity of g and the fact that ¢’(0) > 0. Thus,
p* = +00, which ends the proof of item [l

The proof of item [ is very similar, we just give a sketch of it. If oo ¢ T'(Y), there
exists M > 0 and y € A, such that, almost surely, ||Y;|| < M. This implies that
g(p) < 0 for all p > 0, hence p, = +00. If co € I'(Y'), we can adapt the proof of Lemma
3.16 (and thus of Proposition 3.14) in [12] to show that that there exist § > 0, a finite
open coverage Oq,...,Or of A, and positive numbers ¢t; < ... < t; such that, for all
g=(y,§) EAXE,

yeo, = P(IlIz2) 24
(just replace the definition of O(i, u, ) in the proof of Lemma 3.16 in [12] by O(i, u, 8) =
{x e A :||®(2)|| € [3,4], p(z,i,u) > B}) . As before, we can deduce from this that
for some measurable map 7', and some 6 > 0, P(||Yﬁ(y)]| > 2|lyl]) > 6. Reasoning

like in the proof of item [ we deduce that g(p) > 0 for p large enough, and therefore,

6.5 Proof of Theorem 4.1

Proposition 6.1. Let p € R such that g(p) < 0. Let T > 0 and n > 0 be given by
Proposition [3.8. There exist v € (0,1), a > 0 and Ko € N* such that for all K > K
and all & = (z,&) € XX satisfying a/K < ||z| < n, we have

B [IXE 1L gy < VIl (59)
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Proof. We first make the proof in the case where p > 0 is such that g(—p) < 0. Let
T, Yo, n be given by Proposition B.6l Let Cr,e7 be given by Lemma 2.1] set M = 27T
and m = e “*T/2 and let C' and K; be given by Lemma 24 Let K > K, and
& = (x,€) € XX such that ||z|| < 7. For all ¢ € (0, 7], we have, combining Proposition
3.6, Lemma 2.1l and Lemma 2.4]

B [|1X51 71 e |

— B (X1 L] + B |LXF 7

K =K K
o: <T<TM||x/\Im||x}}

T K|—-p
+ E {HXT I 1{a§v<?ﬁ”x/\szm”><T<r({<}}

< (1—e)PE* [| X7[| "] + (m]|z])) PP [of <T] + (1/K)"P* [?ﬁ”xu AR < T

Tonlla
< |l=|™ ((1 — &) Py + 2mPdeCrK el

+m_pT|E| sup ‘q(27 517 52) - q(y7 517 £2)| + 2(K’|x||)p6_C,K“m”> '
§1#&2, llz2—yl<de

Since the functions ¢(+, &, &) are uniformly continuous, we can choose € > 0 small
enough so that

=1 —=¢e) Py +mPT|E| sup lq(z,&, &) —q(y, &, &) < 1,
§1#82, |lz—yll<de

and then, we can choose a > 0 large enough so that

vi=v + 2m Pde Cree 4 sup <2ype_cly> < 1.
y>a

We can conclude : for all K > Ky and all & = (z,€) € )Ef such that a/K < ||z|| <,

B (I I ey | <00

In the case where p > 0 is such that g(p) < 0, the proof is similar, and even simpler,
with the use of the bound

E? ||X§(||”1{T<Tg<}} <(1+)’E* [| Xz|["] + (M||z])PP? [0f < T
T [=K K
+ d"P” [Ty A ooy < T

O

Lemma 6.2. Assume that A > 0 and let p € (0,p*). Let n > 0 be given by Proposition
(3.8, item . There exist a’ >0, C5 > 1 and Ko € N* such that for all K > Koy, p >0
and & = (z,&) € XX such that o/ /K < p < ||z|| < n, we have

PY (zf <7) < Cs(||=ll/p) "
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Proof. Let p € (0,p*). Let T, n be given by Proposition and v, a, Ky be given by
Proposition respectively. Let K > K, and set, for all n € N,

2 = X85 " gy

Let @’ > a, which remfxins to be fixed Alater in the proof. Let p > 0 and an initial
condition & = (,&) € X be given for X, such that o’/K < p < |jz|| < n. Set

=K K
gK — TT? /\Ip .
T

Then the process (Z § K np)neN 18 @ non-negative, bounded supermartingale, with respect
to the filtration (%,1)nen. Indeed,

E? |:Z,{7<K/\(n+1)‘g"T] = Z;{Kl{ﬂKSn} +E° [Zrﬁll{-?%n}}”@nﬂ
. B
= ZEulgrncny + 1rmom B [ XF]| 1]
< ZKilgrany + 1igram Z
_ ZK
— 4 gKan

where the second equality comes from the Markov property of XX and the inequality
comes from (BY)). Consequently,

E* [Z5x17x ooy < Z0 = 2|77 (60)

Set M = 2¢°FT and m = ¢~ 97T /2 and let C" > 0 be given by Lemma 2.4 We may

assume that K is large enough so that minep ¢ K;(K)/K > a/2 for all K > K,

which implies that || X5 || > p — 2/(aK) P*-almost surely. Using the strong Markov
Tp

property of the process X at 7)¥ A7/ and Lemma 24, we get, for K > K,

i [ oK ~ S pi (K _ =K . w0 | ( K| —p )
B [t 2P <T) b B |t (I )
p=2/(aK)<|lylI<p

> p? (Iff < ?nK) (Mp)™?|1-— sup P (?ﬁp < T)
(y,0)eX
llyll>(a’—2/a)/ K
> PP (78 < 7E) (Mp)™(1 — 2e7C (@ =2/2)), (61)

Choosing o’ large enough so that 1 — 2¢=¢"(@~2/@) > 1/2 and combining (60) with
(61), we obtain
P? (zy <7y) <2MP(|lz]l/p)77,

which ends the proof.
For all p > 0, we set )EPK = {(m,g) e XX ||z| > p}.
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Lemma 6.3. Assume that A > 0, and let p € (0,p*). Letn > 0 and a’ > 0 be given
by Proposition and Lemma respectively. There exist T',¢; > 0, 6 € (0,m) and
Ko € N* such that for all K > Ky, p € [d'/K, 0], & € X and t >0, we have

P? (Iﬁ{ > t) > 6—clpp [t/T/]‘

Proof. Let p € (0,p*). Let T > 0, n > 0 be given by Proposition and let a’ > 0,
Ky € N* and C5 > 1 be given by Lemma [6.2l Set M = 2¢“#T. Let K > K, and set

o =inf {t > LI?{/M XS >}
Let p € [d'/K,n/(2M)] and define ¢ : Ry — [0, 1] by
K(t)y= inf P*(z) >1).
#8(t) = inf P*(z; > 1)
Let 2 = (z,¢) € 2\?,71( and ¢t > 0. We have

Pi(zf>t)ZPi(aK<I§, 15—0K>t—aK)

ZPi(aK<I§, UKZ2T, Iﬁ{—aK>t—2T)

+Pi(aK<1£{, o < 2T, If—aK>t).

Using the strong Markov property of X at time o and the definition of ¢*, we get

P (rl > t) > P (o™ <), o™ >27) ¢"(t —2T) + P* (o < I, o < 2T) ¢" (1)
= Pi(aK < zf) o™ (t — 27) +P‘E(0K < zf,aK < 2T) (QSK(t) — " (t - 2T)) )
(62)
Let C’ > 0 be given by Lemma 2.4l We may assume that Kj is large enough so that for
all K > K, 2e="Kn/CM) < 1/4 and minep g1 (n/M — 1/K;) > n/(2M), which implies
that || X% || > n/(2M) P*-almost surely. Using the strong Markov property at time
—n/M

I;z{/ 1 and Lemma [6.2, we obtain

P? (o < 7)) > inf PWwO (7K < 7K
( ) (W,Q)ERE, |lyl|>n/(2M) (7 <z))

>1-C5pf
where CL = C5(n/(2M)) ™" and, using Lemma [2.4]
P? (o™ <z, o <2T) < P* (o < 2T)
< P? (Lff/M <T) + P? (O'K—If]{/M <T)
< 96=C'Kn 4 9u=C'Kn/(2M)
<1/2.

Since the function qbff is non-decreasing, plugging these inequalities into (62)) and taking
the infimum on z € ?é'nK yields

6, (t) = (1= Cyp") by (t = 2T) + (1/2) (6 (t) — oy (t — 2T)) ,
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hence
¢y (1) > (1= 2C35p") ey (t —2T).
Now, let us fix § € (0,17/(2M)] small enough so that so that 2C:6? < 1/2. For all
€ [d'/K, ], given that qbf (0) =1 and that qbf is non-increasing, we obtain

e ()

> ( 20/ )W 2T)]
> e 405" W(2Tﬂ

where we used that log(1 — h/2) > —h for 0 < h < 1 in the last step. O

We now turn to the proof of Theorem lL1l Let n,T", ¢1, Ko be given by Lemma
For all K > K, applying this proposition with p = o'/ K yields, for all & € XnK and all
t>0,

N a®? [t ca? Cit
P (TOK > t) > P? (7‘ K > t) > exp (—cle [F—D > exp <— o7 ) exp <_ﬁ)

where C7; = ¢1a”/T’. For a general initial condition z € X ', the strong Markov
property at time ﬁf then yields, for all ¢ > 0,
z (= Cla'/p Cit
P* (15 >t) > P (TWK<T§)6XP<— KP) p( KP> (63)

Let C5 be given by Lemma [6.2 and @” > o’ be large enough so that C5(a”/a’)™? < 1/2.
Let K > K and let & = (z,§) € XE. First, if ||z|| > «”/K, then Lemma [6.2] yields

-~ ||| )_p ( 2C5a’? )
P? (7K < 7)) > p? (7K < Ty >1-C >exp|———], (64
(7 <) (70 < 7yi) 5<GVK (K= (64

using that 1 —h > e72" for all 0 < h < 1/2. Second, if ||z| < a”/K, then

P? (7‘ <) > P (7h " K <7) geipKf/ PY (?ff <1).
ol /K

It follows from Lemma that one can bound from below the first factor in the right
handside by a constant ¢ > 0 independent of x. As for the second factor, it is greater
than or equal to 1/2, hence

P(T <15) >d)2 (65)

Let us choose CY large enough so that Cf > 2C5a” and exp(—CY/(a")) < ¢//2. Comb-
ing (64) and (GH), we obtain that for all z € X,

Cy
P? (7’ <7 ) > exp( (K||5L’H)p) ) (66)

49



We can conclude by plugging this into (63). Using that [[z]| < d for all z € X and
setting Cf = C + C1(da’)P, we obtain, for all K > K, all # = (2,£) € X and all

>0,
. ! Cit
P? (7l > t) > exp (—71> exp <——) )
(0" > 1) WG ir

Finally, by integrating over time, we obtain, since K ||z|| > 1,

T 5 / , P
8-t (e
+ +

which ends the proof. O

6.6 Proof of Theorem

Proposition 6.4. Assume that A > 0 and 0 € T'(Y), and let p > p*. Let T > 0 and
n > 0 be given by item[2 of Proposition[3.8 applied to —p. There exist 7 > 1, a > 0 and
Ko € N* such that for all K > Ky and all & = (z,€) € XX satisfying a/K < ||z|| <n,

B [IXE 171 ey | 2 7 o7 (67)

Proof. The proof is similar to the proof of Proposition Let p € (p*,+00), and let
T, 7, n be given by item 2] of Proposition applied to —p. Let Cr,er be given by
Lemma 2T}, set M = 2¢“7" and m = e~“"" /2 and let ¢’ and K, be given by Lemma
24 Let K > Ky and & = (z,£) € XX such that ||z|| < 5. For all £ € (0,e7], we have,
combining Proposition 3.6 Lemma 2.1l and Lemma [2.4]
B [I1XK 11 iy | 2 B (1K1 rcomy]

> (1+¢)PE® [| X7 P 1ireoy)
= (1+&) ™ (E* [[| X2 77] = E* [| X7 P Lior<ry])
> (1+)7" (ollal| 7 = ([lale”1I=T) 7P [oF < T1)
> |z p( (14 &)7Pp — 2deP!ClleT o=Cr K lolle?

- €p||G”°°TT|E| sup |Q(Za &1, 52) - Q(ya &1, fz)‘)
&1#£E2, [|z—y||<de

Since the functions ¢(+, &, &) are uniformly continuous, we can choose € > 0 small
enough so that

A1 = (14 €)7PFp — ePllCl=TT| )| sup 1q(2,61,82) — q(y,61,62)| > 1,
&1#£8&2, |lz—yll<de

and then, we can choose a > 0 large enough so that

7 1= Ay — 2dePlClleT g=Crast . 7

50



We can conclude : for all K > Ky and all # = (z,£) € XX such that a/K < |jz|| <7,
B [IXK 1y ] = el

OJ
We now turn to the proof of Theorem Let p > p*. Let T, n,7,a, Ky be given
by Proposition [6.4. Let K > K, and set, for all n € N,

ZE =~y X5 BTV

and IK = [(?ff /\L[f/K)/T-‘. Let & = (z,£) € X such that a/K < ||z|| < 7. Using

([@T), we see that under P* the process (ZX ,«)nen is a bounded submartingale with
respect to the filtration (%,7).en (see the proof of Lemma for the details of a
similar argument). Moreover, P* (7% < +00) = 1 due to the irreductibility of the

chain X% on X f . Consequently, the optional sampling theorem yields
E* [Z5x] 2 E[Z§] = ||| (68)
Let m be defined as in Lemma [24] and let C’ be given by the same lemma. We have
E [Z5x]
=E |:Z§K1 K K}:| + E |:Z_9K1{ K<Ta/K}:|

& | x-15 /T @ K -
< [T (1 s (I )

0<s<T
<KpEf”[ /T }+ su Ey[ su ( XK|r1 )(1 +1 )}
g:(y,g)z;éK OSSET | | {s<ri} {T<Iﬁuyu} { i <T
llyll>n
< KpEi [f?_ng/T} + (mn)—p + 2Kp€—C’K77’ (69)

using the strong Markov property of X% at time 7‘ and Lemma 24 Let K| > K
such that supys g, (2K7e~"%") < (mn)7P, and fix 7 > 0 small enough so that ¢; :=
n'~P —2(mn)~P > 0. Let us suppose that K > K|, and ||z|| < 7'. Combining (69) with
([68), we obtain that

Efc [,?—st/T} > ClK—p‘
This enables us to bound stochastically ICIL(/K from below. For all ¢t > 0, using that
ey T
a/K <
ol < 1{15,(9&} + 5 yields
P [ <t] > K -5

Set t(K) = (T/log(7)) (plog(K) — log(c1) +1og(2))+, so that FHO/T < e K7P /2. We
obtain that for all K large enough and & = (z,&) € XF with ||z|| <7/,

P? 18 <tHK)] > aK?)2. (70)
Moreover we claim that there exists constants co,c3, 7" > 0 such that, for K large

enough : all & = (z,£) € XK -
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(a) forall z = (z,¢) € Xf such that ||z < a/K, we have P? [7f < 1] > ¢;
(b) for all & € XX such that ||z|| > 7/, P* [IK, <T] > e

Item [(a)] is a consequence of Lemma 2.5l As for [(b)] by Lemma .3 we have 0 € T'(X),
hence [12] Proposmon 3.14] entails that there exists ¢, 7" > 0 such that, for all € X K
with 2] > o, |

P* (3t € 0,77, | Xill <n'/2) = ¢
Let Crr e > 0 be given by Lemma 2], and choose € € (0,e7v A (1’ /2d)] small enough
so that

T/‘E‘ sup |Q(Z7£17£2) _Q(y7£17£2)‘ < C//?)‘
§17#&2, |lz—yl<de

Then, using Equation (I6) we obtain that, for all K large enough and all & = (z,¢) €
X¥ such that ||z|| > 7/,

/
- N N 2 ,
P[5 < T']> P? (Hte[O,T’], 1X:] < %) ~ Pk < T > ;  ode-CrEe S %

which ends the proof of [(b)] with ¢5 = ¢//3. A
Combining @, @ and ([70), we obtain that, for all K large enough and & € XK,

P [ <HEK)+ T +1] > s K77

where ¢y = ¢cac3/2. Let us assume that K is large enough so that ¢(K) < ¢5log(K)
with ¢ = T'(p+1)/ log( ). Then, for all n € N, the Markov property at time ncs log(K)
entails, for all # € XX ,

P? [0 > (n+ 1)cslog(K)] < P* [75 > neslog(K)] sup P [75° > ¢5log(K)]

- DK
yeXJr

< PP 15" > neslog(K)] (1 — caK7P).

By induction we deduce that, for all K large enough, all z € X f and all ¢ > 0,

R t
PZ K 1—c K7P [¢/(c5log(K))) < _& -1 )
(TO ) ( ¢4 ) = exp KP Cs log(K)

Since this holds for all p > p*, we easily deduce Theorem [ The majoration of
E* (7'0 ) follows by integrating the upper bound on the survwal functlon over time. [J

6.7 Proof of Theorem

The proof is similar to the proof of Theorem (4.6 but is based on the use of a super-
martingale instead of a submartingale. Since ¢’(0) = A < 0 (see Theorem B.4]), we can
choose p > 0 such that g(p) < 0. Then, let T,n > 0 be given by Proposition and
a>0,v€(0,1), Ky € N* be given by Proposition [61] for this choice of p. Let a’ > a,
which remains to be fixed later in the proof. Let K > K, set

ZE =y Xk T||p1{nT<7—K}
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for all n € N, and set % = [(?ff /\Ig/K)/T-‘. Let & = (z,§) € XF be such that

d/K < |z|| < n. Using (B9), we see that under P? the process (ZX ,x)nen is a
supermartingale with respect to the filtration (-%,7),en. Hence, the optional sampling
theorem yields

E* [25] < B° [2f] = |lall”. (71)

First, we can use this inequality to get a lower bound on the probability that 725 /K < ?ff .
Let m be defined as in Lemma 2.4] and let C’ be given by the same lemma. Using the
strong Markov property of the process X¥ at time ?ff and Lemma 2.4 we get

T K T
E [ng} > E 1{% <r ’/K} oytliT <||X—K+tH ) 1{rff+T<—roK}}

>PH(FE <1,) if  E®O { inf HXf{H”l{T«g}]

(¥, eXE, |ly[|>n 0<t<T

> P (78 < 1l i) (mn)” (1= 26757) (72)

We may assume that K is large enough so that 1 — 250" > 1/2. Combining (72)
with (71), we obtain

P? (7 < zax) < 2(mn) 7" ||z|”. (73)

Then, we can use (7I)) again to bound stochastically 75 /K from below. We may assume

that Ky is large enough so that minep q /G(K)/K > /2 for all K > K,, which

implies that | X% || > (o’ —2/a)/K. We now fix the value of a/, large enough so that
—a/ /K

a":=da —2/a>0and 1 -2 >1/2. Using (I)) we obtain

=" > B {ZI;Kl Kok } > E* {V_Tf/K/T (< K}} (ma" /K)? (1 — 2¢=C""),

,/K

hence

Ei |: _—a//K {7- —K}:| S CKP
’/K n
with C' = 2(ma”)PdP. Combining this bound with (73]) and using that
B () K =K —K _ _K
P ({zo/x <7y} U{T) <zayk}) =1
due to the irreducibility of XX on XX yields, for all t > 0,

Pj:( //K>t)<P( //K>t7//K<7_)+Px(? <T’/K)
< CKPAYT 4+ 2(mn) 7P|z |P.

Let ' € (0,n) be small enough so that 2(mn)™Pn® < 1/4, and set

t(K) = (Tp/log(y ")) log(4CK),
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so that CKPy"5)/T = 1/4. Then, the above inequality yields, for all & = (x,¢) € ?é'f
such that o’ /K < ||z|]| <7 :
PP (zh i <H(K)) > 1/2.

The end of the proof is similar to the one of Theorem (.6 after obtaining (70) : the
same arguments entail that there exists C3, C} > 0 such that for K large enough and
for all # € X[,

R Cist
z K < i 3 '
P (7'0 > t) < C5exp < 710g ( ))

The fact that 0 € I'(X) is justified by Lemma B3 O

6.8 Proof of Theorem [4.11]

As explained in Section 4.2 the first main ingredient in the proof of Theorem [A.1T] is
given by Proposition [4.12] which we state here again.

Proposition 6.5. Assume that A > 0 and let p € (0,p*). Let T,a > 0 be given by
Proposition [61 applied to —p, and for all K > d, let o* : X[* — R% be defined by
0" (z,&) = ||z|| 7P A (a/K)™P. There exist 0 € (0,1) and Cs > 0 such that :

i) for all K large enough,

PEOE < 0,05 4 Cg ; (74)

i) Hmsupge_, o %o < Co/(1— 61).

Proof. We start by the proof of Let p € (0,p*). Let T, n,~, a be given by Proposition
applied to —p. Set M = 2¢“FT and m = e=“"T /2, and let C’ be given by Lemma
24 Let K > d and define ¢ : XX — R% by ¢¥(2,€) = ||z A (a/K)7?. Let
T =(x,¢) € X . There are three cases to consider. In the following, "K large enough"
means K greater than some K independent of z.

First, suppose that a/K < [|z|| <. Then, using Proposition and Lemma 2.4
we get, for K large enough,

PE (@) = B [(IXK 177 A (0/ K) ) gy
<E°’ [HlefH_pl{qu}}
< 7" (). (75)
Second, consider the case ||z| > n. We have
Pro™(2) <P (zp, < T) (a/K)7 + P (253, > T) (mn) ™"

< 2e”“F(a/K) 7P + (mn) P
< Cs (76)
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where Cg := 2a7P sup,,cn- (npe_C/”") + (mn) 7P < 0.
Finally, we treat the case ||z|| < a/K. Letting ¢ > 0 be given by Lemma 2.5 we
have, for K large enough,

Pro®(@) <PY(T < 1°) (o/ K) 77 < (1= 0)p" (). (77)

Thus we can end the proof of [i)| by combining (78), (76) and (77) : for K large
enough, .
PR < 0,0" + C
with 6, ==~V (1 —¢) < 1.
Finally, let us prove [ii)} Integrating (74) against p* yields
e TRl = WK PN < 0105 0" + Ci.

Now, by Proposition E.10 we have A — 0 hence

Cs Cs
lim sup "¢ < lim sup = .
K—+o0 o Kotoo €MT—0,  1—6,

O

The other important result for the proof of Theorem 11 is the following. It is a
consequence of [44, Lemma 6.3|, but for completeness we give the proof here.

Proposition 6.6. If A > 0, every limit point of (u*) k>4 is a stationary distribution
of X.

Proof. Let f € C(z"%) and let € > 0. By compacity of X, there exists § > 0 such that
for all ,y € X and € € E, ||z — y|| < ¢ implies that [|f(z,£) — f(y,§)|| < e. Let
(P)ter, = (PtX)teR+ and (PtK)teR+ denote the semi-group associated to X and X

respectively. Recall that (PX).cr, denotes the killed semi-group of X¥. Fix t € Ry,
For all K > d, we have

(WS Pof = p® fl <\ Pf — " BEfI + | B f = " f).
The second term of the right handside satisfies
(WS PEf = S f < A\pSPRf = X BEf+ (0" PEf — " f|
< [B [F(XF) 0 = L) |+ 1 = D s
<2 fllao(1 = ).

As for the first term,
WP = PR < [ B0 Z) — FOXE ) )

< 2||fllee sup P*(eE ARK <t) +e

FeXK
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where off = inf{s > 0 : || XX — X,|| > §} and n¥ = inf{s > 0: ZX # =,}. Now, by
Proposition [4.10] and Proposition respectively we have
A% 0 and P*(o5 At <t 0.
KTheo 0 804 S BT AT S 2

This implies that imsupy_,, o |[#* P.f — p® f| < e. Since this holds for all € > 0, we
obtain that [uX P, f — u f| — 0 as K — +o0. A

By the Feller property of (Ps)scr,, we have P,f € C(X). Hence, for every weak
limit point p of (u®)x>a, we have uP,f = uf. Since this holds for all ¢ € R, and
f € C(X), p is stationary for (P;)ier, - O

Now let us prove Theorem LTIl Since A > 0, p* is positive and we let p € (0, p*).
By Proposition [6.5] [ii)| we have

lim sup p* o < Cg/(1 — 1)
K—+4+c

for some 6; € (0,1) and Cg > 0, where for all K > d, & : X, — R is defined by
o®(x,€) = ||z|| 7P A (a/ K )P, for some a > 0. Therefore, for all € € (0, d], we have

K
. 5 . @
limsup pu™{(x,€) € X, : ||z|]| < ¢ ShmsupK< )SepC 1—6,).
imsup {(1,€) € o o] < ) < Hmswp ¥ (s ) <9 Co/(1-8)
Since the right handside vanishes as € — 0, the sequence (u*)x>q is persistent, i.e. it
is tight on X,. A

Therefore, if we let 4 € &£, then € P(X,). Moreover, Proposition entails that
p is a stationary distribution of X, which proves item 2 Let K; > d. Given that pH
is continuous and bounded on X, and that © > %1 for all K > K, we have

p™ < limsup p ¢t < limsup p™* o® < Cs/(1 - 6).
K—+o00 K—4o00

Furthermore, since ¢*! converges increasingly to (z,€) — ||z|| ™7 as K; goes to infinity,
we deduce by monotone convergence that

; [zl p(d, d§) < Cs /(1 = 6),

which ends the proof of item [Il

Finally, let us prove item[3 We assume that [Clholds and that x — @Q(z) is constant.
Then, by Theorem there exists a unique persistent stationary distribution p* of X.
Hence, . = {u*}, which implies that u® converges weakly to u* as K goes to +0o, by
compacity of 73(22' ) for the weak topology. OJ

7 Appendix

7.1 Trajectorial representations with Poisson random measures

In this section we justify the construction of the continuous-time Markov chains XK
and the PDMP X given in Section 2.2
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Construction of XX. Let us fix K > d and # = (z,£) € X. The SDE (7)-(®) can
be written compactly as

XK= (L) ) + / G (u,y, X4 (ds, du, dy) (78)

(0,t] xRy XY

where Y = ([1,d] x {—1,1})UF and GX : R, x Y x XX x E — R? x R is defined by

GK(u,y, z,() = {1{“<Ki5hei(Z,C)}Ki_lh(ei’ 0) ify=(i,h) € [1,d] x {-1,1} .
Ligzatliucqeeny(0,€ = () ify=¢€E

Setting v = Leb ® > ¢ (1. ajx{-1.1})ur 0=, We can check that 2 + G"(u, y, A) e X«
for all (u,y,%) € Ry x Y x X% and that v ({(u,y) € Ry x Y : G¥(u,y,2) = 2'}) =

L¥(2,%) for all distinct 2,2 € XX, where we recall that LX denotes the desired
transition rate matrix for X%. Recall that v is such that Leb ® v is the intensity
measure of /.

Let { be a cemetery point. We can define inductively a sequence of random variables

(Zé{@’T’f{@)"EN with values in (XK x R+) U {(f,+00)} by setting (ZAf’i,TOK’f) =
(lz]x,&,0) and then for all n € N, omitting the exponent & :

o on {(Z,TH) # (1.+00) .

TE, :=inf {t > Tk, /(TK - YGK(u,y,Zf)e/V(ds,du,dy) #+ 0}
t]x + X

and then

—on{ 1<—|—oo}

Z,ﬁl = 7K —I—/( G (u,y, Z5) N (ds, du, dy);
T,

K TE IXRyxY

—on{nH —I—OO} n+1 =1:

e Oon {(Zf,Tf) (1, +OO)} (Zrlz{i-bTrﬁl) (f,400).

For all n € N, TX is a (.Z?)-stopping time, and ZX is F pi-measurable. By strong
Markov property of 4", conditional on {7 < +oc} the random measure Orx A(-) :=
N ({(T,f{ +s,u,y), (s,u,y) € }) is a Poisson random measure of the same intensity
as ./ with respect to the filtration (,957‘275 +t)t€R ., independent of 9%5 Hence, using

the definition of (ZX ,, TX ) we obtain, for all t € R, and 2 € XX,

n

P (Z +1 — Z7T7§_1 - TT{(' > t | y;;(> = ( n ’Z) 6_‘LK(27{<727{<)|t (79)
Y |emzE 2
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almost surely on {TX < oo}. There is not division by zero because for all 2 = (2,¢) €
XK LK (2,2)] > |g(2,¢,€)| > 0 by irreducibility of Q(z). Equation (79) shows that
the sequence (ZX TK),cn is distributed as the embedded chain of a continuous-time
Markov chain of rate matrix L*. In particular sup, . 75X = 400 almost surely. Hence,
setting N = sup {n eN:TE? < t}, the process ()A(tK’fE)teR+ defined by

X =235 (80)

N[

is a continuous-time Markov chain of rate matrix L¥, which is (#?)-adapted. By
construction, it solves (78)). It is straightforward to see that the embedded chain of any
other solution must coincide with (ZX2% TX#) _\ almost surely, hence the uniqueness
of the solution up to indistinguishability. Finally, the strong Markov property of XK

with respect to (%} )o<t<eo follows from the strong Markov property of .4 and the
uniqueness of solutions of ([7g]).

Contruction of X. The justification of the construction of the PDMP is very similar
to the previous one. To begin with, modifying .4z on a P-negligible set if necessary,
we may assume that for all w® € Q° and all t € Ry, A5(w°)({t} x Ry x E) < 1 and
A (w)((0,2] x [0,7] x E) < +00 where § = sup(, ;¢ |q(2, ¢, ()] < oo

Let = (2,€) € X. We define inductively the sequence (Z%, éi, T%),en with values

in (X x Ex Ry)U{(f,1,+00)} by (Z& =& T¢) = (,£,0) and then, for all n € N,
omitting the exponent Z :

e on {(Zn,én,Tn) # (T7T7+OO>}7

T,i1 :=inf tZTn:/ =1 =, -\ Ae(ds, du, d¢’ 0}
" { (T t] (€ ) {USq( (Zn)\Enyé )} ( ) #

xRy xE s=Tn

and then

— on {741 < 400},

Zn—l—l = %?Jrl—Tn(Zn)?
én = én _'_/ é-/ — én 1 = = . '/I'/E. dS, du’ dé-/ :
- (Tann+1}XR+XE( ) {uSq<¢37Tn(Zn)n—4n7§ )} ( )

— on {Tn+1 = "‘00}7 (Zn+17 én—l—l) = (Tv T) ;
o on {(Z0E0 1) = (1.1, 400) by (Zues, B, Tuna) = (f,1,400).
The sequence (7},)nen is an increasing sequence of (%, )-stopping times which tends to

+o00 on all Q° (thanks to the modification of .A%). Setting N; = sup{n € N : T,, <t},
the process defined by

(XF.E0) = (0, (Zn),Ex) (81)
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for all t € R, is cadlag, (.#;)-adapted, and solution of the SDE
A t A A
Xf:x+/ F(X?)ds (82)
0
: :§+/ ]— 1 4=E gl_Ef_ ]- u T ¢l JVE dS,du,dgl . 83
(0,f] xRy xE {5 7&3’} ( ) { Sq(XS*’g )} ( ) ( )

Regarding the uniqueness, it is straightforward to see that if (Y}, Ji)ier, is an-
other cadlag solution of this SDE, then its embedded chain (Yn, jn, Sy )nen must co-
incide almost surely with (Z,, én,Tn). By embedded chain, we mean that (S,,),en is
the sequence of jump times of (J;);er, and for all n € N, (Yy, Jn) equals (Ys,, Js,)
if S, < oo and (t,t) otherwise. Hence, the solution of (82)-(83) is unique (up to
indistinguishability).

The recurrence relations on the embedded chain can be written under the form

(Xn+17 jn—l—la Tn—l—l) = H(Xn—l—la fn+17 Tn—i—la GTnJV),

where H is a measurable map from (X x £ x R) U{(},T,+00)}) x IT to (X x E X
R )U{(t, T, +00)}, with IT denoting the set of measures on (R2 x E, (R, )¥?*® P (E))
taking values in N U{+o0}, equipped with the sigma-algebra & generated by the maps
T w(A), Ae BRL)E? @ P(E). Given that (Zy, 2o, Tp) = (z,£,0), we deduce that
we can write

X* = &(i, ML)

for some measurable map ® : X x II — DR, X ). What’s more, by construction, for
all 7 € Ry we have (X7, ,)ier, = (X7, 0,.4%).

It remains to show that X% is a switched dynamical system of local characteristics
((F®)¢er, Q). By construction of the embedded chain, almost surely on {7, < +oo} we
have

t
P (Tn+1 1T, > t|,§5§n) = exp (—/
0

Then, almost surely on {7}, 11 < +o0o} we have

q(Zn-‘rb én )

( n-i—laé >én)|

Y

Lpy1 = ¢;;L+1 Tn( n) and P (En+1 | Z n+1> - "

while on {741 = +o0}, (Zni1,Z011) = (f,1). This implies that X? is a switched
dynamical system of local characteristics ((F¢)¢cr, @), see the construction based on the
embedded chain in [22]. Since for all finite (.%?)-stopping time 7 we have (XZ t)teRy =
@(Xf ,0,.4%), the strong Markov property of .4 implies the strong Markov property
of X, with respect to the filtration (.Z)o<i<oo-
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7.2 A Chernoff bound for Poisson-driven martingales

Lemma 7.1. Let (U, A(U)) be a Polish space equipped with its Borel sigma-field, and
let u be a o-finite measure on (U, B(U)). Let (0, .F,(Ft)o<t<oo, P) be a filtered proba-
bility space satisfying the usual conditions, equipped with a Poisson random measure A
on Ry xU of intensity Leb@u. Let & denote the (F;)-predictable sigma-field on QxR
and let G : (w, s,u) = G, (w) be a measurable function from (Qx Ry x U, Z @ AB(U))
to (R,#A(R)). Let A,C,T >0, let B € B(U) such that u(B) < oo, and assume that
P-almost surely,

|Gsul < Clp(u) (84)
for all (s,u) € [0,T] x U. Then, setting N = N — Leb ® pu we have

N A A log(2)))
P Gy N (ds,du) > A) < —— A . (85
<OZ?£T[0,t]XU o N (ds,du) ) exp( 2 (202M(B)T C (85)

Proof. Let (M;)o<i<r be defined by

M, = / Geu N (ds,du).
(0,¢]xU

Let 7 =inf {t € [0,7] : M; > A} and set M| = M;,,. Note that (84]) entails M' < A4C.
For all A > 0, e is a bounded (.%;)-local submartingale, hence it is a submartingale
and Doob’s maximal inequality yields

P ( sup M, > A) =P < sup eMi > e’\A) <E (e’\M,T> e M, (86)

0<t<T 0<t<T

Fix 0 < A <log(2)/C. For all 0 <t < T, we have

¢
MM — 1 4 )\/ e)‘Mé—dMs’ + Z MM (e)‘AM;‘ —1—=MAM))
0

0<s<t
t
<1 +A/ AMedML + Y M N (AM])? (87)
0 0<s<t

using (84). Let (L;)o<i<r denote the local-martingale term of the above right handside.
Its oblique bracket is given by

tAT
(L), = \? / M- G2 dsp(du) < N2C%ePMu(B)T,
0
hence (L) is a square-integrable martingale. Taking the expectation in (87) yields

M < 14+ \’E ( / 1<y G2 N(ds, du))
0fxU ’

t
<1+ MNC*u(B)E (/ e’\Méds) .
0
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Using Fubini’s theorem and Gronwall’s lemma, we get e

22
AMp < ACPB)T - and after

plugging this into (86) we obtain

P < sup M, > A) < e)\(ACzu(B)T—A).

0<t<T

The right handside is minimized at

B A log(2)
A= 2021(B)T N

and (85 follows easily. O
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