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Pricing without no-arbitrage condition in discrete time

Laurence Carassus - Emmanuel Lépinette

Abstract In a discrete time setting, we study the central problem of giving a
fair price to some financial product. This problem has been mostly treated using
martingale measures and no-arbitrage conditions. We propose a different approach
based on convex duality instead of martingale measures duality: The prices are
expressed using Fenchel conjugate and bi-conjugate without using any no-arbitrage
condition. The super-hedging problem resolution leads endogenously to a weak
no-arbitrage condition called Absence of Instantaneous Profit (AIP) under which
prices are finite. We study this condition in detail, propose several characterizations
and compare it to the usual no-arbitrage condition NA.

Keywords Financial market models - Super-hedging prices - AIP condition -
Conditional support - Essential supremum.

Mathematics Subject Classification (2000) 2000 MSC: 60G44 - G11-G13

1 Introduction

Giving a fair price to a financial asset G is a major question in the economic and
financial theory. A selling price should be an amount which is enough to initiate
a hedging strategy for G, i.e., a strategy whose value at maturity is always above
G. It seems also natural to ask for the infimum of such amount. This is the so
called super-replication price and it has been introduced in the binomial setup for
transaction costs by [5]. Characterizing and computing the super-replication price
has become one of the central issue in the mathematical finance theory, see, [24],
[14] and the references therein. It has mainly be addressed assuming that some
no arbitrage condition holds true. Roughly speaking, this condition means that
we cannot hope to make a profit without taking some risk. This condition has a
good mathematical characterization in terms of existence of martingale measures,
which is called the fundamental theorem of asset pricing (FTAP in short). The
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FTAP was initially formalised in [17, 18, 25], while [9] established it in a general
discrete-time setting, and [10] did so in continuous-time models. The literature on
the subject is vast, and we refer to [11, 14] for a general overview. The FTAP is
essential for pricing issues as it allows the characterisation of the super-replication
price using the martingale measures. This is the so called dual formulation of the
super-replication price or superhedging theorem. We refer to [33] and [13] and the
references therein. In more recent years, a parallel theory has been developed in
continuous-time based on the no-arbitrage condition named No Unbounded Profit
with Bounded Risk and which allows for super-replication prices based on deflators
rather than martingale measures, see [12] and [20].

In this paper, a discrete time model without frictions is considered where all
the no-arbitrage conditions are equivalent. So, from now on, we call it NA. Our
goal is to compute a super-hedging (or super-replicating) prices of a European
claim without assuming any normative condition such as NA on the financial
market. To do so, we analyse from scratch the set of super-hedging prices and
its infimum value which will be called the infimum super-hedging cost. Instead of
the usual financial duality based on martingale measures under NA, we compute
the super-hedging cost using convex duality without postulating any condition
on the market. Indeed, we express the one-step set of super-hedging prices using
Fenchel-Legendre conjugate and the infimum super-replication cost is obtained
by the Fenchel-Legendre biconjugate. To do so, we use the notion of conditional
essential supremum and, through measurable selection techniques, we prove that
the conditional essential supremum of a function of a random variable Y is equal
to the usual supremum of the function evaluated on the conditional support of Y
(see Proposition 2.7).

The pricing formula that we obtain (see (2.10)) shows that, if 0 does not
belong to the convex hull of the conditional support of the price increment, then
the super-hedging cost is equal to —oo. To exclude this unrealistic possibility we
postulate the condition of Absence of Instantaneous Profit (AIP). So AIP condition
is indeed the minimal requirement in order to get a financial market where pricing
is possible. The AIP is very weak : If the initial information is trivial, a one period
instantaneous profit is a strategy starting from 0 and leading to a terminal wealth
larger than some strictly positive constant. So the adjective instantaneous means
that the gain is realized at time 0. The AIP condition is easy to check in practice :
it suffices to verify that the cost of some non negative Call option is non negative.

As the set of payoffs that may be super-replicated from 0 is not closed under
AIP, we introduce an asymptotic version of the AIP condition called Absence of
Weak Instantaneous Profit (AWIP) in the spirit of the No Free Lunch condition.
We show that NA implies AWIP which implies AIP but that the reverse implica-
tions may not hold true. We also show that AWIP is equivalent to the existence
of absolutely continuous martingale measures.

Assuming AIP, we obtain that the one-step infimum super-hedging cost is finite
and is the concave envelop of the payoff relatively to the convex envelop of the
conditional support. Fenchel-Legendre duality have already been used to obtain
a dual representation of the super-replication price thanks to deflators (see [28,
Exemple 4.2] and [29, Theorem 10 and Corollary 15]). In [29, Theorem 10] the
result is shown under the assumption that the set of claims that can be super-
replicated from 0 is closed, which holds true under NA. Here, our approach is
different as we do not postulate any no-arbitrage assumptions on the market and
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we do not seek for a dual representation of the super-hedging price. So, our main
result shows that NA is not necessary to solve the super-hedging problem and
that AIP is the condition that ensures finite prices. Moreover, we show that if a
market satisfies AIP and is extended with a contingent claim priced with its super-
replication cost, the extended market is still AIP free. This is not true changing
ATP with NA as soon as the market is incomplete. Note that AIP condition is
tailor made for pricing issues but is not sufficient to solve the problem of expected
utility maximization, where NA is required to obtain a well-posed problem.

The paper is organized as follows. In Section 2, we study the one-period frame-
work while in Section 3 we study the multi-period one. The proofs of technical
results are postponed to the appendix.

In the remaining part of this introduction, we present our framework and
notations. Let (£2,(Ft)ieqo,... ryF7, P) be a complete filtered probability space,
where T is the time horizon. For any o-algebra H and any k& > 1, we denote by
L°(R*,H) the set of H-measurable and R¥-valued random variables. We consider
a non-negative process S := {S;, t € {0,...,T}} such that S; € L°(R?, F) for all
t € {0,...,T}. The vector S; represents the prices at time ¢ of d risky assets in
the financial market of consideration. Trading strategies are given by processes
0 := {0s,t € {0,...,T — 1}} such that 6; € L°(R?, F;) for all ¢t € {0,...,T —1}.
The vector 6; represents the investor’s holding in the d risky assets between times
t and ¢t + 1. We assume that trading is self-financing and that the riskless asset’s
price is a constant equal to 1. The value at time ¢ of a portfolio € starting from

initial capital = € R is then given by ,

VAl =24 0,148,

u=1

where AS,, = Sy, — Sy—1 for u > 1 and zy is the scalar product of x and y.

2 The one-period framework

Let H and F be two complete sub-o-algebras of Fp such that H C F and which
represent respectively the initial and the final information. Let y € LO(Rd7 H) and
Y € L°(R%, F) be two non-negative random variables. They represent the initial
and the final prices of the d risky assets. We also consider a contingent claim
Z € L°(R, F). We will be particularly interested by derivatives on Y i.e., Z = g(Y)
with g: 2 x R? 5 R and g(Y) : w — g(Y)(w) = g(w, Y (w)).

The objective of the section is to obtain a characterization of P(Z) the one-step set
of super-hedging (or super-replicating) prices of Z and of its infimum value. The
setting will be applied in Section 3 with the choices H = Ft, F = Fr+1, Y = St41
and y = S¢.

Definition 2.1. The set P(Z) of super-hedging prices of the contingent claim Z €
L (R, F) consists in the initial values of super-hedging strategies 0

P(Z) ={x e L°(R,H),30 € L°(R", H), z+0(Y —y) > Zas.}.

The infimum super-hedging cost of Z is defined by p(Z) := essinfP(Z).
When Z = g(Y) we write P(g) = P(Z) and p(g) = p(Z).
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The notions of essential infimum and, more generally, conditional essential
infimum, denoted by essinfyz, and conditional essential supremum, denoted by
esssupy, are at the heart of this study and are defined in Proposition 2.5 below.
We also use the notion of conditional support of Y, denoted by supp4 Y, which is
introduced in Definition 2.2 below. In Section 2.2, we derive the characterization
of the super-hedging prices and cost from the following steps :

1. Observe that the set of super-hedging prices can be rewritten using a condi-
tional essential supremum (see (2.5) and (2.7)).

2. Under mild conditions, show that the conditional essential supremum of a
function of Y is equal to the usual supremum of the function evaluated on the
random set suppy Y (see Proposition 2.7).

3. When Z = ¢g(Y), recognize that a super-hedging price can be written using a
Fenchel-Legendre conjugate (see (2.8)).

4. Take the essential infimum of the set of super-hedging prices and go through
the steps 2. and 3. to recognize the Fenchel-Legendre biconjugate (see (2.10)).

5. Use the classical convex biconjugate theorem to evaluate the infimum super-
hedging cost.

With this pricing formula in hand (see (2.10)) the Absence of Instantaneous Profit
(AIP) condition appears as the necessary and sufficient condition to get finite
super-hedging costs. In Section 2.3, we develop the concept of AIP and propose
several characterizations of the AIP condition. In Section 2.4 we compare it with
the classical no-arbitrage condition NA.

2.1 Conditional support and conditional essential infimum

This section is the toolbox of the paper. The proofs are postponed to the appendix.
We recall some results and notations that will be used without further references
in the rest of the paper. Let h : 2 x RY — R. The effective domain of h(w,-) is
defined by

dom h(w,) := {z € RY, h(w,z) < oo}

and h(w,-) is proper if dom h(w,-) # 0 and h(w,z) > —oco for all 2 € R Next, if h
is H-normal integrand (see Definition 14.27 in [31]) then h is H®B(R%)-measurable
and is lower semi-continuous (l.s.c. in the sequel, see [31, Definition 1.5]) in x and
the converse holds true if # is complete for some measure, see [31, Corollary 14.34].
Note that if z € L°(R% #) and h is # ® B(R?)-measurable, then h(z) € L°(R, H).
A random set K : 2 — R is #-measurable if for all open set O of R?, the subset
{we 2,0NK(w) # 0} € H. If K is a H-measurable and closed-valued random
set of R, then K admits a Castaing representation (1,)ney (see [31, Theorem
14.5 ]). This means that K(w) = cl{nn(w), n € N} for all w € domK := {w €
02, K(w) NR? # 0} where the closure is taken in R%.

We introduce the conditional support of X € LO(Rd,}' ) with respect to H.
Definition 2.2. Let u be a H-stochastic kernel i.e., for allw € 2, p(-,w) is a proba-

bility measure on B(RY) and (A, -) is H-measurable for all A € B(R?). We define the
random set Dy, : 22 — R by

Dy(w) := m {A C RY, closed, p(A,w) = 1} . (2.1)
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Forw € 2, Dp(w) € R is called the support of u(-,w). Let X € L°(RY, F), we denote
by supp X the set defined in (2.1) when p(A,w) = P(X € A|H)(w) is a regular
version of the conditional law of X knowing H. The random set supp 4 X is called the
conditional support of X with respect to H.

Remark 2.3. When H is the trivial sigma-algebra, supp 4 X is just the usual
support of X (see p 441 of [1]). Theorems 12.7 and 12.14 of [1] show that P(X € .|H)
admits a unique support supp X C R? such that P(X esuppy X|H) =1 as. ie,
suppy X is a.s. non-empty.

For simplicity we will assume that Y (w) € supp Y (w) for all w € £2. Moreover, as
0 <Y < oo, Dom supp Y = £2.

Lemma 2.4. Let p1 be as in Definition 2.2. Dy, is non-empty, closed-valued and H-
measurable.

It is possible to incorporate measurability in the definition of the essential
supremum (see [22, Section 5.3.1] for the definition and the proof of existence of
the classical essential supremum). This has been done by [3] for a single real-valued
random variable and by [23] for a family of vector-valued random variables and
with respect to a random partial order (see [23, Definition 3.1 and Lemma 3.9]).
Proposition 2.5 is given and proved for sake of completeness and for pedagogical
purpose. The authors thanks T. Jeulin who suggested this (elegant) proof.

Proposition 2.5. Let H and F be complete o-algebras such that H C F and let
I' = (vi)ieq be a family of real-valued F-measurable random variables. There exists a
unique H-measurable random variable vy € LO(R U {oc0},H), denoted by esssupy I,
which satisfies the following properties

1. For everyi €1, vy > v; a.s.
2. If ¢ € L°(RU {oo}, H) satisfies ¢ > ~; a.s. Vi € I, then ¢ > vy a.s.
The conditional essential infimum essinfy I" is defined symmetrically.

Proof of Proposition 2.5. Considering the homeomorphism arctan we can restrict
our-self to ~; taking values in [0,1]. We denote by P, |31 a regular version of the

conditional law of ~; knowing H. Let ¢ € L°(R U {oc},H) such that ¢ > ~; a.s.
Vi € I. This is equivalent to P, j3(] — 00,z])[z=¢ = 1 a.s. and supp i C] — 00,(]
a.s. follows from Definition 2.2. Let

Ay = sup{z € [0, 1], z € supp 4,7: }- (2.2)

Then A,y < ¢ a.s. and it is easy to see that A, |4 is H-measurable. So taking the
classical essential supremum, we get that esssup{A,, 3,1 € I} < ( a.s. and that
esssup{A,, 3, i € I} is H-measurable. We conclude that v3; = esssup{A,, 3, i € I}
a.s. since for every i € I, P(vy; € supp %7i|H) = 1 (see Remark 2.3). O

Lemma 2.6. Assume that d =1 and consider X € LO(]R, F). Then, we have a.s. that

essinfy X = infsuppy X, esssupyX = supsuppyX,

essinfy X € suppy X on the set {essinfy X > —oo},

esssupy X € suppy X on the set {esssupy X < oo},
convsuppy X = [essinfy X, esssupy X| N R, (2.3)

where convsuppy X is the convex envelop of suppy X i.e., the smallest convex set that
contains suppy X .
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The following proposition is one of the main ingredient of the paper. It extends
the fact that esssupy X = sup,cqupp,, x @ a.s. (see (2.2)) and allows to compute a
conditional essential supremum as a classical supremum but on a random set. A
generalization is given in [26], see e.g. [27].

Proposition 2.7. Let X € LO(Rd,}') be such that dom supp X = (2 and let h :
NxRY SR beaH ® B(Rd)—measumble function which is l.s.c. in . Then,

esssupyh(X)= sup h(z) a.s. (2.4)
rEsupp 3 X

2.2 Fenchel-Legendre conjugate and bi-conjugate to express super-replication
prices and cost

We are now in position to perform the program announced in the beginning of the
section. Let Z € L°(R, F). As € P(Z) if and only if there exists § € L°(R?,H)
such that x > Z — (Y — y) a.s., we get by definition of the conditional essential
supremum (see Proposition 2.5) that

P(Z) = {ess supy, (Z —0(Y —y)), 0 € LO(RY, H)} +IO(Ry,H),  (2.5)

p(Z) = essinf {ess supy (Z —0(Y —vy)), 6 € LO(Rd,H)} . (2.6)

In the case where Z = ¢g(Y') we are able to perform an explicit computation

of p(Z). To do so we recall that the (upper) closure h of h is the smallest u.s.c.

function which dominates h, i.e., h(z) = limsup,_,, h(y). The lower closure is
defined symmetrically.

Theorem 2.8. The set P(g) of Definition 2.1 can be express as follows
Plg) = {esssupH (9(Y) —0Y) + 8y, 0 € LO(Rd,H)} F LRy, H).  (27)

Suppose that g is a H-normal integrand. Then, for 6 € LO(Rd,H), we get that

esssupy (g(Y) — 0Y) = . sup (9(z) — 02) = f*(—0) as. (2.8)

where f and f*, its Fenchel-Legendre conjugate, are given by

f(wv Z) = _g(UJ, Z) + 5supp,HY(w) (UJ, Z)

[ (w,z) = sup (zz — f(w,2)), (2.9)
zERA

and 3¢ () (w, 2) = 0 if z € C(w) and 400 else. Moreover suppose that g is proper and

that there ezists some concave function ¢ such that g < ¢ < oo on ConvsuppHY]. We
have that a.s.

p(g) = _f**(y) = COHC(97 SuppHY) (y) - 5convsuppHY(y) (210)
= inf {Oéy + ﬁv [CAS Rda ﬁ € Rv azx + 6 Z g(m)y Vr € suppHY} - 6convsuppHY(y)7

1 This is equivalent to assume that there exists o, 8 € R, such that g(z) < az + g for all
T € convsuppy Y.
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where f** is the Fenchel-Legendre biconjugate of f, i.e., [**(w,x) = sup,cpa (zz — [*(w, 2))
and the relative concave envelop of g with respect to suppy Y is given by

conc(g, suppy Y)(z) = inf{v(z), v isconcaveand v(z) > g(z), Vz € suppy Y }.

Notice that the infimum super-hedging cost is not a priori a price, i.e., an
element of P(g), as the later may be an open interval. Note also that [7] and
[4] have represented the super-hedging price as a concave envelop but this was
formulated under the no-arbitrage condition using the dual representation of the
super-replication price through martingale measures.

Remark 2.9. Fenchel-Legendre duality have already been used many times in fi-
nancial mathematics. In particular, Pennanen obtains a dual representation of the
super-replication price thanks to deflators (see [28, Example 4.2] and [29, Theorem
10 and Corollary 15]). The proof of [29, Theorem 10] is also based on the (convex)
biconjugate theorem but the result is shown under the assumption that the set R
of claims that can be super-replicated from 0 (see (2.14)) is closed, which holds
true under the no-arbitrage condition NA. In [30], the existence and the absence
of duality gap in a general stochastic optimization problem is proved through dy-
namic programming and under a condition (that does not rely on inf-compactness)
of linearity on sets constructed with recession functions. This condition in classi-
cal mathematical finance problems is equivalent to the no-arbitrage condition (see
[30, Exemple 1]). Our approach is different as we do not postulate any assumption
on the market and we obtain from the biconjugate representation a formula for
the infimum super-hedging cost (see (2.10)). We then deduce the condition under
which the market prices are finite (see Proposition 2.11). Importantly, our goal is
not to obtain a dual representation thanks to deflator or martingale measures.

Proof of Theorem 2.8. First (2.7) follows from (2.5). Lemma 2.4 will be in
force. Under the assumption that ¢ is a H-normal integrand, (2.8) follows from
Proposition 2.7. Under the additionnal assumptions that g is proper and that there
exists some concave function ¢ such that g < ¢ < oo on convsuppy Y, we show
first that conv f satisfies (2.11) below and is proper, where conv f is the convex
envelop of f i.e., the greatest convex function dominated by f. It can be written
as follows (see [31, Proposition 2.31])

conv f(z) = inf {20y Aif (21), = 1, Aieqn, . ny € RY, (@)ieqn, . ny € RO,
xr = Z?:l AiZEZ‘, Z?:l A,L' = 1} .

Let 2 = )i | Na; for some n > 1, (Ai);eq1,.. ny € RY such that Y7 | A; = 1 and
(Ti)icqr my € R¥*™ Assume that = ¢ convsuppy Y. Then (see [31, Proposition
2.27, Theorem 2.29]), there exists at least one z; ¢ suppyY and f(z;) = 400 and
also conv f(z) = +oo. If z € convsuppy Y, conv f(z) = —conc(g,suppyY)(z) by
definition. Moreover, for all € convsuppyY, z = 2?21 Aix;, with n > 1 and
(Mieqa,...ny € R, and (2i)ieqa,... 0y C suppyY such that S, A =1, we have

n

n
conc(g, suppy Y)(z) > > Aiconc(g, suppy¥) (i) > > Aig(xi) > —oo.
i=1 =1
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Moreover, conc(g,suppyY) < ¢ < oo on convsuppy, Y. Thus, for all z € convsuppy, Y,
conc(g, suppyY)(z) € R and one may write that

conv f = —conc(g,suppyY) + dconvsupp,, ¥ @S- (2.11)

As convsuppyY is non-empty, conv f is proper and [31, Theorem 11.1] implies
that f* is proper, l.s.c and convex and that f**(y) = conv f(y). Moreover, using
Lemma 4.2, f*(w,2) = SUP_equpp,, v (w) (£7 + 9(w, 2)) is H® B(R%)-measurable. We
obtain that a.s.

p(g) = essinf{f*(—6) + 0y, 6 € L°(R, 1)} = —esssup{y — f*(0), 6 € L°(RY, H)},
using (2.7). Assume for a moment that

esssup{fy — f*(0), 6 € L°(R%, 1)} = sup (zy — f7(2)) as. (2.12)
zER?

is proved. Then (2.11) implies that

p(g) = 7f**(y) = 7mf(y) = m(ga suppHY)(y) - 5c0nvsuppHY(y) a.s.

and the equality below (2.10) follows easily.

For any z € RY, esssup{fy — f*(0), 0 € L°(RY, H)} > 2y — f*(2) as. and
esssup{fy — f*(9), 0 € L°(R%, 1)} > sup,cga (zy — f*(2)) a.s. follows.
Conversely, for all § € LO(R? #), we have y — f*(0) < sup,cga (zy — f*(2)) as.
If sup,cga (25 — f*(2)) is H-measurable, (2.12) holds true. As f* is H ® B(R%)-
measurable, graphdom f* = {(w,z) € 2 x RY, f*(w,z) < oo} € H ® B(R?) and
dom f* is H-measurable (see [31, Theorem 14.8]). As f* is proper, dom f*(w, -) # 0.
By measurable selection argument, we obtain the existence of a H-measurable
selector a such that a € dom(f*) a.s.

On dom(f*) = {a}, we have sup,cpa (2y — f*(2)) = ay — f*(a) which is H-
measurable. Otherwise, on dom(f*) # {a}, ridom(f*) # 0 and z — zy — f*(z) is
concave hence continuous on this set and we show below that a.s.

sup (zy — f*(2)) = sup (2y— f"(2)) =sup (zy — f7(2))  (2.13)
2€R4 z€ridom f* zel

where I is a countable H-measurable dense subset of R%. So sup,cpa (2y — f*(2))
is ‘H-measurable, which allows to conclude. Let us prove (2.13). The first equality
is classical (see for example Lemma A.32 of [6]). As dom(f*) is H-measurable so
is its affine hull H (see [31, Exercice 14.12]). Let (gn)n>1 be a dense subset of R?
and let us denote by pg(gn) the projection of g, onto H, n > 1. By [31, Exercice
14.17], prr(gn) is H-measurable for all n > 1 and it is well known that (prr(gn))n>1
is dense in H. So any z € ridom(f*) C H is the limit of a countable (with ran-
dom index) family (zn)n>1, which is a subfamily of the larger countable family
re) = (prr(gn)(-))n>1. By continuity on the relative interior, we then deduce
that sup, e, qom = (29 — f7(2)) <sup,p (2y — f*(2)) hence the second equality in
(2.13) holds by the first one. O



Pricing without no-arbitrage condition 9

2.3 The AIP condition

Theorem 2.8 shows that if y ¢ convsuppy Y the infimum super-hedging cost of
a European claim p(g) equals —oo. Avoiding this situation leads to the notion
of absence of instantaneous profit that we present now. Let R be the set of all
F-measurable claims that can be super-replicate from 0:

R = {e(y —y) =", 0 e L°RY H), " e LO(R+,}‘)}. (2.14)
Then
P0) ={z e L°(R,H),30 € L°(RY, 1), 2+ 0(Y —y) > 0as.} = (—R) N LO(R, H).

Note that 0 € P(0), so p(0) < 0. We say that there is an instantaneous profit when
P(p(0) < 0) > 0 i.e., if it is possible to super-replicate the contingent claim 0 at a
negative super-hedging price.

Definition 2.10. There is an instantaneous profit (IP) if P(p(0) < 0) > 0. On the
contrary case if p(0) = 0 a.s. we say that the Absence of Instantaneous Profit (AIP)
condition holds.

We know propose several characterisations of the AIP condition.

Proposition 2.11. AIP holds if and only if one of the following condition holds true.

1. y € convsuppy Y a.s. or 0 € convsuppy (Y —y) a.s.
2. Osuppy, (Y —y) = 0 a.s. where op(z) = supge p(—22) is the support function of —D
3. P(0O)NL°(R_,H) = {0} or RNL°(Ry,H) = {0}.

By the third statement above, we see that X is an instantaneous profit if
X € L°(R4,H)\ {0} and if there exists some 6 € L°(R?, #) such that (Y —y) > X.
The term instantaneous means that the profit is realized at ¢t = 0 since X is H-
measurable, see also Remark 2.13.

Remark 2.12. In the case d = 1, (2.3) implies that the previous conditions are
equivalent to y € [essinfy Y, esssupy Y] NRa.s.

Remark 2.13. The AIP condition is tailor-made for pricing purposes. It allows to
give a finite super-hedging cost even in case of arbitrage opportunity (see Example
2.24 below). Note that an IP is a very strong strategy. Assume that H is trivial,
then an IP corresponds to some 6 € R? such that 6(Y —y) > c for some deterministic
constant ¢ > 0. Set pp = —c, po is a super-hedging price that allows to get the
zero payoff at time 1, i.e., po + (Y —y) > 0 a.s. It is clear that 2pg is still a
super-hedging price for the zero claim using the strategy 26. As

po +20(Y —y) =2po+20(Y —y) + (—po) > ¢,

it is indeed possible to get a terminal portfolio value larger than a deterministic
strictly positive quantity.

Proof of Proposition 2.11. The assumptions of Theorem 2.8 are satisfied for
g = 0 and we get that p(0) = —dconvsupp,,v (v) a.s. Hence, AIP holds true if and
only if y € convsuppy Y a.s. or equivalently 0 € convsuppy (Y —y) a.s. and AIP is
equivalent to 1. Using Theorem 2.8, we get that

P(0) = {esssupH (—0(Y —vy)), 6 € LO(Rd,H)} + LRy, ).
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Proposition 2.7 implies that for § € L°(R%, %),

esssupy (—0(Y —y)) = sup (=02) = Osupp,, (v —y)(0)-
zesuppy (Y —y)

So, P(0) N L°(R—,H) = {0} if and only if oyupp, (v—y) = 0 a.s. and 2. and 3.
are equivalent. To finish the proof, it remains to prove that 2. is equivalent to 1.
First remark that ogupp,, (v —y) = Fconvsupp,, (v —y)- S0, it remains to prove that,
for any closed convex set D of R?, op > 0 if and only if 0 € D. If 0 € D it is
clear that op > 0. Assume that 0 ¢ D. Then, by Hahn-Banach theorem, there
exists some 8 > 0 and some 6y € R¢ \ {0} such that —z6y < —f for all z € D and
op(fo) < —B < 0 follows. O

Corollary 2.14. The AIP condition holds true if and only if p(g) > 0 a.s. for some
non-negative H-normal integrand g such that there exists some concave function ¢
verifying that g < ¢ < co.

In particular, the AIP condition holds true if and only if the infimum super-
hedging cost of some European call option is non-negative. Note that, under AIP,
the price of some non-zero payoff call option may be zero, see Example 2.24 below
and [32].

Proof of Corollary 2.14. Assume AIP holds true. Then, by Definition 2.10, we get
that p(0) =0 a.s. As g > 0, it is clear that p(g) > p(0) = 0 a.s. Conversely, assume
that there exists an IP and let g be some non-negative #-normal integrand such
that there exists some concave function ¢ verifying that g < ¢ < oo, Proposition
2.11 leads to P(y € convsuppyY) < 1 and, since €onc(g,suppyY)(y) < ¢ < oo,
(2.10) implies that P(p(g) = —oo) > 0. The converse is proved. O

2.4 Comparison between AIP and NA

Definition 2.15. The no-arbitrage (NA) condition holds true if 0(Y —y) > 0 a.s. for
some 0 € LY(RY, H) implies that 0(Y —y) = 0 a.s. or equivalently RNL (R, F) = {0}.

Recall that in discrete time financial models without frictions, NA is equivalent
to other definitions of no-arbitrage used in the literature: the No Unbounded Profit
with Bounded Risk (NUPBR), the No Arbitrage of First Kind (NA1), the No free
Lunch with Vanishing Risk (NFLVR) and the No Unbounded Increasing Profit
(NUIP), see [11], [21], [20], [15] and Remark 2.3 in [16]. So, we only have to
compare AIP to NA.

Lemma 2.16. The NA condition implies AIP and the reverse may not hold true.

Proof of Lemma 2.16. Assume that there exists an instantaneous profit i.e.,
some X € L°(Ry,#) such that P(X > 0) > 0 and some 6 € L°(RY %) such
that 6(Y —y) > X. Then, the strategy 60 leads clearly to an arbitrage opportunity
according to NA. On the contrary, AIP may hold while NA fails. Fix d = 1,
H={0,2}, y=0and Y follows an uniform distribution on [0, 1]. Then P(Y —y >
0) = 1 and the constant strategy equal to 1 leads to an arbitrage opportunity.
Nevertheless y = 0 € convsuppy Y = [0,1] and AIP holds true. O

We now provide a necessary and sufficient condition for the equivalence between
AIP and NA.
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Proposition 2.17. AIP and NA are equivalent if and only if
0 € convsuppy (Y — y) a.s. < 0 € ri(convsuppy (Y —y)) a.s. (2.15)
This last condition is satisfied if

P(0 ¢ convsuppy (Y — y) \ ri (convsuppy (Y —y))) = 1. (2.16)

Proof of Proposition 2.17. Proposition 2.11 shows that AIP is equivalent to 0 €
convsuppy (Y — y) a.s. On the other hand, [19, Theorem 3g)] shows that NA is
equivalent to 0 € ri(suppy (Y — y)) a.s. So AIP is equivalent to NA if and only if
(2.15) holds true. This last condition is implied by (2.16). O

Remark 2.18. The proof of Proposition 2.17 when d = 1 enlightens the difference
between AIP and NA and is given for pedagogical purpose. Assume that AIP
holds true and that P(essinfyY = y) = P(esssupyY = y) = 0. Using Remark
2.12, y € [essinfy Y, esssupy Y] NRas. Let 6 € L°(R,H) such that (Y —y) > 0.
On the set {# > 0} € H, we have that Y > y hence essinfyY >y > essinfy Y. We
deduce that P(6 > 0) = 0. Similarly, we get that P(f < 0) = 0. Finally § = 0, NA
holds true and the proposition is proved as

convsuppy (Y — y) \ ri (convsuppy (Y —y)) = {essinfy Y — y,esssupy Y — y}.

We finish this section with the following interesting result: Contrary to NA, AIP
makes it possible to obtain super-hedging cost which are AIP free. We adopt the
definition and concepts of [14, Section 1]. Let Z € L°(R, F) be a fixed contingent
claim and let p(Z) be defined in Definition 2.1. We show that if the initial market
(y,Y), satisfying AIP, is extended with (p(Z),Z), we obtain a market which is
still free of instantaneous profits. We say that p(Z) is instantaneous profit-free,
in the spirit of [14, Definition 1.30] where the concept was introduced for the no-
arbitrage condition NA and the super-replication price. This problem naturally
arises in the models under NA but also, more generally, for other types of no-
arbitrage condition, as in [34].

As in Definition 2.10, AIP in the extended market holds true if p¥*Z(0) = 0
where p¥*Z(0) is the super-hedging cost of 0 in the extended market, i.e.,

p"7(0) =

essinf {x € L°(R,H),3a € LO(R,H), 0 € LOR,H), 2+ a(Z — p(2)) +0(Y —y) > Oa.s.} .
Theorem 2.19. The AIP condition holds if and only if it holds true in the extended
market, i.e., the market with the additional asset (p(Z),Z).

Proof of Theorem 2.19. If the extended market satisfies AIP, then Proposition
2.11 implies that Ogz € convsuppy (Y — 9) a.s. where gy = (y,p(Z)) and Y = (Y, 2).
As

suppH(f/ —§) C suppy (Y — y) x suppy (Z — p(2)), (2.17)

0 € convsuppy (Y —y) a.s. and the initial market satisfies AIP as well. Reciprocally,
suppose that the initial market satisfies AIP. Consider a super-hedging price = €
LO(R,H) in the extended market for the zero claim at time 1, i.e., such that
v+ a(Z—p(Z) +60(Y —y) > 0 as. where a € L°(R, ) and 0 € L°(R?, H). We
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show below that « > 0 a.s. which will imply that p¥*Z(0) = 0 and thus AIP holds
in the extended market. Let A’ = {a < 0} € H. Then, a.s.

01 41

—Q

(% +p(Z)) Lan + —25(Y —y) > Z1 41

Let & € P(Z) and 6 € L°(RY,H) such that z + 6(Y —y) > Z a.s. Then, a.s.

— T = 91A1
(slova + (= +0(2) 1ar) + <91Q\A1 + 4 > (Y -y =2
Tl ar + (& +p(2)) 1a1 > p(Z) and we conclude that = > 0 on {a < 0}.

On the set A2 = {a = 0} € H, we have z1 42 + 01 42(Y — y) > 0 a.s. Therefore,
x1 42 > p(0) = 0 since AIP holds true for the initial market defined only by (y,Y).
We deduce that z > 0 on {a = 0}.

At last, before analysing the problem on the set A% = {a > 0} € H, let
us recall that, as P(Z) is downward-directed, there exists z, € P(Z), for all n
such that p(Z) = lim, | 2". Fix n > 0. Let k, = inf{k, 2* < p(Z) + n~'}.
Then, by a measurable selection argument one may assume that k, € L°(R,H).
Let ™ = 35, zll{kn:l}. As {kn = 1} € H and 2! € P(Z), r € P(Z) and
4+ 0™(Y —y) > Z a.s. for some 0" € L°(RY, 7). Hence p(Z) < r™ < p(Z) +n~*
and Z —p(Z) < 0"(Y —y) +n~'. Therefore, on the set A%, we have that a.s.

T 1 n 0 T 0

hd Z —)> 2t — 2y —y) >

S tn +(0 +a)(Y y) > a+(Z p(Z))—I—a(Y y) >0

and (£ +n"")14s > p(0) = 0 as AIP holds for the initial market defined by (y,Y).
Therefore, when n — oo, we deduce that > 0 on {a > 0}. The conclusion follows.
O

Corollary 2.20. Suppose that AIP holds. Then, p(Z) € [essinfy Z, esssupy, Z]NRa.s.

Proof of Corollary 2.20. Suppose that AIP holds true. Then the extended mar-
ket i.e., the market with the additional asset (p(Z), Z) satisfies the AIP condition
by the theorem above. Thus (2.17) shows that 0 € convsuppy(Z — p(Z)) a.s. and
Remark 2.12 implies that p(Z) € [essinfy Z, esssupy Z] NRa.s. O

Remark 2.21. Observe that Theorem 2.19 does not hold true in an incomplete
market for the super-replication price and NA. Indeed, let us consider a one step
incomplete market. Let Z € LO(R, F) be a non replicable contingent claim. Then
[14, Theorem 1.32] implies that there exists 0 € R? such that z 4+ 0(Y —y) > Z a.s.
where z = inf{z € R, 30 € RY, 2+ 6(Y —y) > Z a.s.} is the super-replication price
of Z. As Z is not replicable P(z +0(Y —y) > Z) > 0 and (Y —y) — (Z — 2) is a.s.
non negative and strictly positive with strictly positive probability. Therefore, NA
fails in the extended market ((y,Y), (2, 2)).

2.5 Super-hedging cost under AIP

We now provide the characterization of the infimum super-hedging cost under the
ATP condition.
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Corollary 2.22. Suppose that AIP holds true. Let g be a proper H-normal inte-
grand such that there exists some concave function ¢ verifying that g < ¢ < 0o on
convsuppy Y. Then, a.s.

p(g) = conc(g, suppy Y)(y)

(2.18)
=inf{ay+ 8, a € R BER, az+ 8 > g(z), Vo € suppy Y}

If g is concave and u.s.c., p(g) = g(y) a.s.

Proof of Corollary 2.22. The two equalities are direct consequence of Theorem
2.8. If g is concave and u.s.c., the result is trivial. O

We finish the one-period analysis with the computation of the infimum super-
hedging cost of a convex derivative when d = 1. In this case, the cost is in fact a
super-hedging price and we get the super-hedging strategy explicitly.
Corollary 2.23. Suppose that AIP holds true and that d = 1. Let g : R — R be a
non-negative convex function with domg = R and limy— oo xilg(m) =M € [0, oo),
then a.s.

0%y + B = g(essinfyY) + 0" (y — essinfyY), (2.19)
g(esssupyY) — g(essinfyY)

* = 2.2
0 esssupyY —essinfy Y’ (2.20)

p(9)

where we use the conventions 0* = % =0 in the case esssupy Y = essinfyY a.s. and

0* = 9(0%0) —

M if essinfy, Y < esssupyY = 400 a.s. Moreover, p(g) € P(g).

Proof of Corollary 2.23. As g is convex, the relative concave envelop of g with
respect to suppyY is the affine function that coincides with g on the extreme
points of the interval convsuppyY and (2.19) and (2.20) follow from (2.18) and

Remark 2.12. Then using (2.18) and (2.19), we get that (recall that Y € suppyY)
p(g) + 0 (Y —y) =0"Y + 8" > g(Y) as. (2.21)

and p(g) € P(g) follows. O

Example 2.24. We compute the price of a call option under AIP in the case d = 1.

Let G=¢g(Y) = (Y — K)4 for some K > 0.

— If K > esssupyY then Y — K <esssupyY — K and G = 0. As AIP condition
holds true, p(g) = p(0) = 0.

— If K <essinfyY then Y — K > essinfyY — K and G =Y — K. As g is concave
and u.s.c., p(g) = g(y) =y — K a.s.

— If essinfy Y < K < esssupy Y. Then, (2.20) and (2.19) imply that

p(g) =

on {esssupy Y # essinfy Y} and 0 else. So p(g) = 0 if and only if y = essinfy ¥
or esssupy Y = essinfyY. A non-negative call option can have a zero price,
see also [32].

esssupy Y — K

- —essinfyY
esssupy Y —essinfyV (v nY)

We finish with an example of computation for a call price under AIP when NA
fails. We assume a.s. that for y > 0, essinfyY = dy and esssupy Y = uy for two
constants v and d. By Remark 2.12, AIP is equivalent to d < 1 <wu. If (d =1 and
u>1)or (u=1and d < 1), AIP holds true but NA fails. Suppose that d = 1 and
u > 1. If K > y, the super-replication price under AIP is zero and if K < y, it is
y — K. The same holds true if u =1 and d < 1.
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3 The multi-period framework
3.1 Multi-period super-hedging prices

For every ¢ € {0,...,T}, the set R} of all claims that can be super-replicated from
the zero initial endowment at time ¢ is defined by

T

RY = { > 0u14Su—ef, fu1 € LR, Fyun), f € LO(R+,]:T)}. (3.22)
u=t+1

The set of (multi-period) super-hedging prices and the (multi-period) infimum
super-hedging cost of some contingent claim g € LO(R7 Fr) at time ¢ are given
for all t € {0,...,T}, by

Prr(gr) = {gr} and mr 7(97) = 97
Pir(gr) = {ze € L°(R, Ft), IR€ RY, a1 + R = g7 a.s.} (3.23)
7. 7(9r) = essinfP; 7 (g7).
As in the one-period case, it is clear that the infimum super-hedging cost is not
necessarily a price in the sense that m; 7(97) ¢ Per(9r) when Ppr(gr) is not
closed.
We now define a local version of super-hedging prices. The set of one-step

super-hedging prices of the payoff g;11 € LO(R, Fi41) and it associated infimum
super-hedging cost are given by

Pri+1(ge41) = {mt S LO(R, Fi),36; € LO(Rd,ft), xt + 0t ASt+1 > gi+1 a.s.}
mt+1(gt+1) = essinf Py 111 (ge+1)
= essinf {ess Sup r, (gt41 — 0t ASt11), 6 € LO(Rd,]:t)} , (3.24)
see (2.6). In the following, we extend the definition of P; 4 (gu), u >t + 1, so that
the argument g, may be a subset Gy, C L°(R, Fy). Precisely, we set Py, (Gu) =
Ug, Gy Ptu(gu). The following lemma makes the link between local and global

super-hedging prices. It also provides a dynamic programming principle, meaning
that the prices are time consistent.

Lemma 3.1. Let g7 € L°(R, Fr) andt € {0,...,T — 1}. Then

Pi1(97) = Pra+1(Pegr,7(97)) and 7y 7 (97) > 7t t41 (71,7 (97))-

Moreover, assume that 7Tt+1,T(gT) € Pt+1,T(9T)» Then

Pr.1r(gr) = P11 (me1,7(97)) and 7 7 (97) = 7,041 (71,7 (97))-

Proof of Lemma 3.1. Consider ¢ € P r(gr). Then, for all v € {¢t,...,T — 1},
there exist 6, € L°(R?, F,) such that

T
Tt +0:ASpp1+ Y Ou—14ASy > gr as.
u=t+2
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We deduce that z¢y1 := x¢ + 0:ASi4+1 € 'PtJrLT(gT). Moreover x; € Pt,t+1(33t+1)
and z¢ € Pr¢41(Pry1,7(97)). Reciprocally, suppose that z¢ € Priv1(Pe1,7(97)),
ie., xt € Py iy1(xeq1) for some xiy1 € Pryy r(9r). Then, x4 + 0:ASpy1 > 441 for
some 0; € LO(Rd,]‘—t) and xi41 + ZZ:HQ Ou—1ASy > gr where 6, € LO(Rd,]‘—u)
for all v > t+ 1. It follows that x; +ZZ;:H_1 0u—1ASy > gr a.s. and xr € Py 7(g7)-
Let 2y € Prr(9r) = Ptit+1(Pry1,7(97)), then there exists 6; € LO(R?, 7)) and
xt+1 € Pey1,7(97) such that

Tt + lgtASt+1 Z Tt41 2 €ss ianH_LT(gT) = 7rt+1,T(gT) a.s.

Thus xt € Piiy1(mey1,7(gr)) and Per(9r) C Prt41(mer1,7(gr)). Moreover ¢ >
mt,t41(m41,7(gr)) and the first statement follows. If w11 7(97) € Pit1,7(97),

then Py st1(mip1,7(97)) C Prt+1(Pigr,7(97)) = Prr(gr). O

Remark 3.2. Under AIP, if at each step, miy1.7(97) € Piy1,7(9r) and if we
have that 7,41 7(97) = 9t+1(St+1) for some “nice” Fi-normal integrand giy1, we
will get from Corollary 2.22 that m; 7 (g97) = €onc(gi+1,suppz, St+1)(St) a.s., see
Remark 3.6 for a tangible example.

Note that the super-hedging problem is solved for general claims &7 through
the formula (3.24). For claims of Asian type g((Su)u<r) or of American type,
what we propose for European claims could be easily adapted. Consider a general
claim &7 and the natural filtration, i.e., the one generated by the price process S.
Then for any self-financing portfolio 0, Vi = z + Z:{:l 0:—1ASy > &p if and only if
Vi > &p where & = esssup . & Thus {7 and & have the same super-replication
cost and as &p is Fp-measurable, it is of the form & = 9((Su)u<r). Of course,
in practice, it is necessary to have an idea about g but the same difficulty arises
under the NA condition.

3.2 Multi-period AIP
Definition 3.3. The AIP condition holds true if for all t € {0,...,T}
P.7r(0) N L°(R-, F;) = {0}.

We now study the link between global and local instantaneous profits. A global
(resp. local) instantaneous profit means that it is possible to super-replicate from
a negative cost at time ¢ the claim 0 paid at time T (resp. time ¢ + 1). The next
proposition shows that the local and global AIP conditions are equivalent in the
following sense.

Proposition 3.4. The following assertions are equivalent.

. Per(0)NLO(R_, F;) = {0} for allt € {0,...,T — 1}, i.e., AIP.

. Prir1(0) N LO(R_, F;) = {0} for allt € {0,...,T —1}.

. St € convsuppg, St+1 (or 0 € convsuppr, ASyy1) a.s. for allt € {0,...,T —1}.
- Osuppy, ASis1 = Oa.s. forallt € {0,...,T —1}.

. m,r(0)=0 as. forallte{0,...,T —1}.

Gr B o o~
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Proof of Proposition 3.4. For some fixed t € {0,...,T — 1} we show that
Prr(0) N LO(R_, F) = {0} <= m;7(0) = 0. (3.25)

For the implication, note that m 7(0) < 0 is always true. Let z; € P (0). Then

there exist 0, € L° (Rd, Fu) for uw > t such that x¢ +25:t+1 0u—1ASy > 0 a.s. Thus

Ttla, <0+ D n_ syt Ou—1le,<0ASu > 0as. If P(zy < 0) > 0 then 21z, <0 € Py 7 (0)N
L°(R_, F;), a contradiction. Thus a; > 0 a.s. and m 7(0) = essinfP; 7(0) > 0.
For the reverse implication let a; € P, 7(0) N L°(R_, 7). If P(z¢ < 0) > 0 then
ztle, <0 € Py,r(0) and 241z, <0 > 7 (0) = 0 a.s., a contradiction. Thus z; > 0 a.s.
and z; = 0 a.s. follows.

It is clear that (3.25) implies that 1. is equivalent to 5. Now we show that 1. is
equivalent to 2. Suppose that 1. holds true. Then, w11 7(0) = 0 € Py11 7(0) and
Lemma 3.1 implies that Py 7(0) = Pti41(m41,7(0)) = Pte4+1(0). and 2. holds.
Reciprocally suppose that 2. holds true. Then, Pr_; 7(0) N LO(R_, Fr_1) = {0O}.
From (3.25) with ¢ = T'— 1 we get that n7p_1 7(0) = 0 € Pp_1 7(0) and Lemma
3.1 implies that

Pr_o7(0) =Pr_or_1(rr_17(0)) = Pr_or_1(0) = L°([0,00), Fr_s).

It is trivial that L°([0,00), Fr_s) C Pr_o7-1(0). The same reasoning as in the
proof of the implication in (3.25) with Pr_o 7_1(0) N L°(R_, Fr_5) = {0} proves
the reverse inclusion. It follows that P7_o 7(0)NL°(R_, Fr_5) = {0}. Using back-
ward induction, 1. holds true. By Proposition 2.11 and Definition 2.10, we conclude
that 3. and 4. are equivalent to 2. O

3.3 Comparison with the NA condition

We first recall the classical multiperiod no-arbitrage (NA) condition.

Definition 3.5. The no-arbitrage (NA) condition holds true if for all t € {0,...,T},
Ri N LRy, Fr) = {0}.

It is easy to see that NA can also be formulated as follows : ng,e > 0 a.s. implies
that VTQ’G = 0 a.s. Recall that the set of all super-hedging prices for the zero claim
at time ¢ is given by P, 7(0) = (~R{)NLO(R, F;) (see (3.22) and (3.23)). It follows
that (see Definition 3.3)

AIP holds true & R NL°(Ry, F;) = {0} for all t € {0,...,T}.  (3.26)

It is clear that NA implies AIP and, as already mentioned, the equivalence does
not hold true: The AIP condition is strictly weaker than the NA one.

Remark 3.6. It is possible to obtain the same computation schemes as in Propo-
sition 2.2 of [8] assuming only AIP and not NA. Suppose essinfr, | S; = ki 1S
a.s. and esssupg, St = ki1 S¢—1 a.s. where So, (kg—l)te{l,...,T} and (ki 1)eq1,..., 1}
are deterministic non-negative numbers. Then, AIP holds true if and only if
ki 1 €[0,1] and ki, € [1,4oc] for all t € {1,...,T}. Assume that AIP holds
true, let h be a convex function and let H = h(St) be some European contingent
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claim. Then, the infimum super-hedging cost of H is the replication price of H
in the binomial model where S; € {k{ 1S;—1,k" 1Si—1} as., for all t € {1,...,T}.
This is proved in the companion paper [2] where we also give some promising nu-
merical illustrations. Indeed, we calibrate historical data of the French index CAC
40 to this model and implement the super-hedging strategy for a call option. Our
procedure, which is model free and based only on statistical estimations, provides
better results that the one based on implied volatility.

As in the one period case, we are able to prove that the super-hedging cost is
instantaneous profit-free i.e., does not create instantaneous profits in the extended
dynamic market where it is possible to trade the additional asset. In the following,
COr € L°(R, Fr) is fixed and Cy = mt,141(Ce41) is defined recursively for ¢t < T — 1
by (3.24).

Theorem 3.7. The AIP condition holds true if and only if the extended market, i.e.,
the market with the additional asset (Ct)ieqo,... 7} Satisfies AIP.

Suppose that AIP holds true. Then, ess inf]:tCt_H < (¢ < ess sup}-tC’t_H a.s. for all
te{0,..., T —1}.

Proof of Theorem 3.7. Proposition 3.4 implies that AIP holds true if and only
if Pt 111(0) N LO(R_, F) = {0}, for all t € {0,...,T — 1} and Theorem 2.19 shows
that this last condition is equivalent to 7rtS7 ’t(il(O) = 0 where ﬂf ’til(O) is the super-
hedging cost in the extended market of 0, i.e., the essential infimum of all the
pt € LO(R7 ft) such that pt + ot ACyy1 + 0t ASt+1 > 0 a.s. where o € LO(R7 .7:,5)
and 6; € L°(R?, ;). Using again Proposition 3.4 (in the extended market) this is
equivalent to AIP in the extended market. The last assertion follows from Corollary
2.20. 0

We now introduce an asymptotic version of the AIP condition in the spirit of

the No Free Lunch condition (NFL), i.e., considering the closure of the set R} in
(3.26).

Definition 3.8. The absence of weak instantaneous profit (AWIP) condition holds
true if for all € {0,...,T}

RE N LO(Ry, Fi) = {0},

where the closure of RtT is taken with respect to the convergence in probability.

Recall that under NA, R} is closed and that NFL and NA are equivalent.
Under AIP, R} may not be closed and we show in Lemma 3.11 below that NA
implies AWIP, which in turn implies AIP, but that the reverse implications may
not hold true.

Before, in the case d = 1, we provide conditions under which AWIP is equiv-
alent to AIP. We also provide a characterization of AWIP through (absolutely
continuous) martingale measures.

Theorem 3.9. Assume that d = 1. The following statements are equivalent.

1. AWIP holds true.

2. For every t € {0,...,T}, there exists Q < P with E(dQ/dP|F;) = 1 such that
(Sw)uegt,..., Ty is a Q-martingale.

3. AIP holds and RitTﬂ LO(R, F) = R N LO(R, F) for every t € {0,...,T}.
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If P(essinfr, Siy1 = St) = P(esssupg,St+1 = St) =0 for allt € {0...,T — 1} then
AWIP, AIP and NA are equivalent.

The proof, which is postponed to the appendix, is based on classical Hahn-
Banach Theorem arguments, see for example the textbooks of [11] and [22].

Remark 3.10. Theorem 3.9 shows that AIP and AWIP are equivalent if R} is
closed. Therefore, Lemma 3.11 implies that R} is not necessarily closed under
ATIP, which is a key point in the classical theory under NA to obtain dual charac-
terization of super-hedging prices.

Lemma 3.11. The AIP condition is not necessarily equivalent to AWIP and AWIP
is not necessarily equivalent to NA.

Proof of Lemma 3.11. Assume that d = 1. Let us consider a positive process
(St)te{o,i..,T} which is a P-martingale. We suppose that essinf}-ogl < 81 as.,
which holds in particular if S a geometric Brownian motion as essinf ;051 =0
a.s. Let us define S; := S; for t € {1,...,T} and So := essinfr, S1. We have
essinfx S1 < Sp and esssupx, S1 > essinfx S1 = Sp. Hence AIP holds true at
time 0 (see Remark 2.12). Moreover, by the martingale property (see Theorem
3.9), AIP and also AWIP hold at any time t € {1,...,T}. Let us suppose that
AWTIP holds true at ¢ = 0. Using Theorem 3.9, there exists pr > 0 with E(py) =1
such that S is a Q-martingale where dQ = prdP. Therefore, E(prAS1) = 0. Since
AS7 > 0 by assumption, we deduce that p; = 0 hence a contradiction.

Let us consider a one step model where T' = 1, Sp = 1 and S; is a random
variable such that S; > 1 a.s. and P(S; = 1) € (0,1). Let us define Q* by dQ' /dP =
lgg,—1}/P(S1 = 1). Then, Q' < P and Eg:i(S1) = So. So (St)ieqoq} is a Q'-
martingale and AWIP holds true by Theorem 3.9. As S; —Sp > 0 a.s. and P(S1 —
So > 0) > 0, NA fails. O

4 Appendix

Proof of Lemma 2.4. It is clear from (2.1) that for all w € 2, D, (w) is a non-empty
and closed subset of R?. We show that D,, is H-measurable. Let O be a fixed open
set in R and po : w € 2 — po(w) := u(O,w). As pu is a stochastic kernel, po is
H-measurable. By definition of D, (w) we get that {w € 2, Dy (w)NO # 0} ={w €
2, po(w) >0} € H and Dy, is H-measurable. O

Proof of Lemma 2.6. The two first statements follow from the construction of
esssupy X in Proposition 2.5 (see (2.2)). Suppose that essinfy X ¢ suppy X on
some non-null measure subset A € H of {essinfyy X > —oo}. As suppyX is H-
measurable and closed-valued, by a measurable selection argument, we deduce the
existence of r € L°(Ry,H) such that 7 > 0 a.s. and (essinfy X — 7, essinfy X +71) C
R\ suppy X on A. As X € suppyX a.s. (see Remark 2.3) and X > essinfyX
a.s., we deduce that X > essinfyy X + r on A, which contradicts the definition of
essinfy X. The next statement is similarly shown and the last one follows. O

The proof of Proposition 2.7 is based on the two following useful lemmata.
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Lemma 4.1. Let K : 2 — R? be a H-measurable and closed-valued random set such
that dom K = 2 and let h: 2 x R* R be Ls.c. in z. Then,

sup h(z) = sup h(nn), (4.27)
zek neN

where (nn)peN s a Castaing representation of K.

Proof of Lemma 4.1. Let w € 2. As (nn(w))nen C K(w), h(w,nn(w)) < supgei(w) b(w, z)
and thus sup, h(nn) < sup,ex h(z). Let 2 € K(w) = cl{nn(w), n € N}, by lower
semicontinuity of h, we get that h(w,z) < liminf, h(w,nn(w)) < sup,, A{w, nn(w)).

We conclude that sup,cx h(z) < sup,, h(nn) and (4.27) is proved. O

Lemma 4.2. Let K : 2 — R? be a H-measurable and closed-valued random set such
that dom K = 2 and let h : 2 x RF x R? - R be a H ® B(R*) @ B(R?)-measurable
function such that h(w,x,-) is L.s.c. for all (w,x) € 2 x R¥. Then (w,z) € 2 x RF —
s(w, ) = sup,ei(w) Mw, z,2) is H® B(R*)-measurable.

Proof of Lemma 4.2. Lemma 4.1 implies that s(w, z) = sup,, h(w, x, 7 (w)), where
(nn)nen is a Castaing representation of K. So for any fixed ¢ € R, we get that

{(w,z) € 2 x RY, s(w,z) <} = Np{(w,z) € 2 x RY, h(w, z,mn(w)) < c}.

As h is HOB(RY)@B(RY)-measurable and 7, is H-measurable, (w, ) — h(w, z, 7, (w))
is H ® B(RF)-measurable and so is s. O

Proof of Proposition 2.7. As P(X € supp 4 X|H) = 1 (see Remark 2.3) we have that
SUP,esupp 5, x P(z) = h(X) a.s. and the definition of esssupyh(X) implies that
SUPgesupp ,, x P(z) > esssupyh(X) a.s. since supyegupp,, x M(z) is H-measurable
by Lemmata 2.4 and 4.2.

Let (yn)nen be a Castaing representation of supp 5y X. Lemmata 2.4 and 4.1
imply that sup,cgupp ,, x 2(z) = sup,, h(yn). Fix some rational number € > 0 and
some integer n > 0 and set Ze,n = 1p(4,, ) (X), where B(vyn,¢) is the closed ball of
center v, and radius . Let ¢, = {E(Zc n|H) > 0}. Then P(£2:,,) = 1. Otherwise,
P(2\2:n) > 0and on 2\ 2:n € H, P(X € R\ B(yn,¢)|[H) = 1 and by definition
2.2, supp 4 X C R%\ B(vn,¢€), which contradicts v, € suppX. By definition of
the conditional essential supremum, we have that esssupyh(X) > h(X) a.s. and
that esssupqh(X) is H-measurable. This implies that, for all fixed w € (2 x,

E(Zenh(X)|H) (W) = f 1B (v, (w),e) (z)h(w, I)PXl”H(dx?W)
E(ZenlH) E(Zen|H)(w)

o S (infyep,w).0 M@ y)) 1B ).0) (@) Px e (da; w)
N E(ZenH)(w)

h(w, y).

As h is Ls.c. (recall [31, Definition 1.5, equation 1(2)]), we have that

esssupy h(X)(w) >

Vv

inf
YyEB(vn (w),e)

li inf  h(y) = liminf h(z) = h(yn).
LU L (y) = liminf A(z) = h(yn)

So on the full measure set Necge>0,nen{2en, esssupyh(X) > h(yn). Taking the
supremum over all n, we get that

esssupy h(X) > suph(yn) = sup  h(z) > esssupyh(X) a.s. O
n rEsupp 4 X
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Proof of Theorem 3.9. First we prove that 1. implies 2. Suppose that AWIP holds
and fix some ¢ € {0,...,7}. We may suppose without loss of generality that the
process S is integrable under P. Under AWIP, we then have R} NL' (R4, F;) = {0}
where the closure is taken in L!. Therefore, for every nonzero z € Ll(RJr,]:t),
there exists by the Hahn-Banach theorem a non-zero Z, € L (R4, Fr) such that
(recall that R} is a cone) EZyz > 0 and EZ,¢ < 0 for every ¢ € R}. Since
—L*Ry4, Fr) € RY, we deduce that Z, > 0 and we way renormalise Z; so that
|Zz]|loco = 1. Let us consider the family

G = {{E(Z:|F:) > 0}, w € L' (R4, F) \ {0}}.

Consider any non-null set I' € F;. Taking = = 1 € L'(Ry, ) \ {0}, since
E(Zz1r) > 0, we deduce that I" has a non-null intersection with {E(Z;|F;) > 0}.
By [22, Lemma 2.1.3], we deduce an at most countable subfamily (;);>1 such that
the union |J,{E(Zs,|F:) > 0} is of full measure. Therefore, Z = $°7° 27/ Z,, > 0
is such that E(Z|F;) > 0 and we define Q < P such that dQ = (Z/E(Z|F;))dP.
As the subset, {ZZ:Hl Ou—1ASy, 0u—1 € L(R,Fy—1)} is a linear vector space
contained in R}, we deduce that (Su)ueft,... Ty 1s a Q-martingale.

We now prove that 2. implies 3. Suppose that for every t € {0,...,T}, there
exists @ < P such that (Su)yeqs,...,r} 1s & Q-martingale with E(dQ/dP|F;) = 1.
Let us define, for w € {¢t,...,T}, pu = Ep(dQ/dP|Fy). Then, p, > 0 and pr = 1.
Consider v € R? N LO(R_,_,]-}), i.e., ¢ is Fi-measurable and is of the form v =
Zf;tl 0uASy+1 — e}'. Since 0, is Fy-measurable, 0, AS,+1 admits a generalized
conditional expectation under @, knowing F,, and we have, by assumption, that
EQ(0uASyy1|Fu) = 0. The tower law implies that a.s.

v =Eq(ulF) = > EQ(Eq(0udSut1|Fu)lFr) — Eq(ef | Fe) = —Eq(ef | 7).

Hence 7+ = 0 a.s.l,b:i].&e., AIP holds. Let us show that R} n L%(R, ;) C RI N
LO(R, F;).Consider first a one step model, where (Su)ue{r—1,r} is a Q-martingale
with p7 > 0 and pr_; = 1. Suppose that " = 04_ ASy — e} € LO(R, Fr)
converges in probability to v € L°(R, Fr_;). We need to show that v° € RL_ n
LO(R, Fr_y).

On the Fp_j-measurable set Ap_; := {liminf, |§%_;| < oo}, by [22, Lemma
2.1.2], we may assume w.l.o.g. that 0%:_, is convergent to some 03°_; hence e/:"

is also convergent and we can conclude that v*°14,_, € Rg_l N LO(]R, Fr_1).
Otherwise, on 2\ Apr_q, we use the normalized sequences for i € {1,...,d}

Ot =00 (1071 | + 1), & = et (10% ]+ 1).

By [22, Lemma 2.1.2] again, we may assume, taking d+ 1 sub-sequences, that a.s.
0F_y — 0371, &t — &XF and 03| ASy — € = 0 a.s. Remark that 037 ;] = 1
a.s. First consider the subset A2 | := (2\ Ap_1) N {65 , = 1} € Fr_; on which
ASt > 0 a.s. Since EQ(ASTlAzTﬂ\}'T_l) =0 a.s., we get that prASrlpe =0

a.s. Hence ppy"1l, 2 = *PTéglﬁ_lA?T_l < 0 a.s. Taking the limit, we get that

T—1

PT7001A2T71 < 0a.s. and, since v*° € L°(R, Fr_;), we deduce that p;p_lfyool/lgT71 <
0 a.s. Recall that pr_; = 1 hence fy"olAzP1 < 0 a.s. and fy‘x’l/lzp1 € R%_l N

LO°(R, Fr_1). On the subset (2\ Ap_1) N {#¥ | = —1} we may argue similarly
and the conclusion follows in the one step model.
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We now show the result in multi-step models by recursion. Fix some s €
{t,...,T —1}. We show that RZ , n LO(R, Fet1) € RL,; NLO(R, Feiq) implies
the same property for s instead of s + 1. By assumption (SU)ue{s,...,T} is a Q-
martingale with Ep(dQ/dP|F.) = pu > 0 for u € {s,...,T} and ps = 1. Suppose
that 4™ = ZZZSJA O ASu—ept e RINLO(R, Fr) converges to v°° € LO(R, Fs).
If v°° = 0 there is nothing to prove. As before on the Fs-measurable set As :=
{liminfy, |07]| < oo}, we may assume w.l.o.g. that 0 converges to 05°. Therefore
on Ag

T
D 0h 1ASy — et =" — 0L ASs 1 7™ = 0°ASe 1
u=s+2

and, by the induction hypothesis, 25:54-2 0 _1 ASy — e’TH' also converges to an

element of RZ_H N LO°(R, Fs41) and we conclude that 71, € RL N LO(R, Fs).
On 2\ As—1, we use the normalisation procedure as before, and deduce the equality
ZZ:S_H 020 1 ASy — & =0 aus. for some 0 € L°(R, Fu), u € {s,...,T — 1} and
&7 > 0 such that 103°] = las. We then argue on A2 := (£2\ Affl) N{Ir =1} e
Fsand A2 := (2\ As_1)N{6° = —1} € F; respectively. When 65° = 1, we deduce
that

T
ASspi+ Y 021 AS —EFT =0as., ie., ASsy1 € Py 7(0)
u=s+2

hence ASsy1 > 7s41,7(0) =0 a.s. under AIP, see Proposition 3.4. Since
EQ(ASS+11A§|}—S) =0 a.s., ps+1A55+11A§ =0 a.s. So,

T
ps+17" 12 = Z Ou—1ps+1142 ASy — e§+ps+1145 e RL I NLO(R, Fotr).
u=s+2

Hence, ps+17™142 € RST+1 N L°(R, Fs41) by induction. As ps+177"1 2 admits a
generalized conditional expectation knowing Fs, the tower property implies a.s.

T
d
1A§E(PS’YOO|]:S) = E(P5+1’7001A§|]'—S) = E 1A§E (920—1IE (%ASM}—U—l) |-7'—S>
u=s+2

_1A§E(E?+ps+l|fs) <0,

since (Su)ue(s,..,r} 18 a Q-martingale. Hence, ps7™142: < 0 as. As ps = 1,
7142 <0 a.s. so that Y12 € RI N LO(R, Fs).

Finally, notice that the AIP condition implies AWIP as soon as the equality
Rifﬂ LO(Ry, Ft) = RE N LO(Ry, Ft) holds for every t € {0,...,T}.

Suppose now that P(essinfz,Sty1 = Si) = P(esssupg, St+1 = St) = 0. Then,
using Proposition 2.17, AIP is equivalent to NA. Under NA, the set R} is closed
in probability for every t € {0...,T — 1} and what we have just proved implies
that AWIP, AIP and NA are equivalent conditions. O
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Additional informations

A former version of the paper was called ”Pricing without martingale measure”
and was co-authored with Julien Baptiste. The paper has been split into two parts.
This paper contains the theoretical study of the superreplication problem while a
second one, with Julien Baptiste, focuses on numerical aspects (see, [2]).
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