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On the largest prime factors of consecutive
integers in short intervals

Zhiwei Wang*

1 Introduction

For each integer n > 1, let P(n) denote the largest prime factor of n with the convention
that P(1) = 1. In 1930, Dickman [2] obtained the well-known result: the following
asymptotic formula

U(z,y) =|{n <w: P(n) <y} ~wo(u) (u=1) (1.1)

holds for x — oo with u = log x/ log y fixed, where o(u) is the Dickman function. Further-
more, one conjectured that the largest prime factors of consecutive integers n and n + 1
are “independent events”, that is to say, the density of integers n with P(n) < P(n+1) is
1/2. In this direction, in 1978 Erdds and Pomerance [3] proved that there exists a positive
proportion of integers n with P(n) < P(n + 1). More precisely, they proved that

Theorem (A). For x — oo, we have
{n <z: P(n) < P(n+1)} > 0.0099z.

Another important problem on consecutive integers is the following. Let {&,}1<n<n
be a finite sequence with each ¢, € {0,+1}, and write

a n e
b H <n+1> ’

1<n<N

where the fraction is in its smallest terms, then define A(N) as the maximal value of a as
{en}1<n<n runs through all possible 3V ~1 sequences of 0, £1. In 1988, Nicolas [7] showed
that

2
log A(N) < {5 + 0(1)}NlogN,
and further a brief argument of M.Langevin is presented that
log A(N) > {log4 + o(1)}N.

In 2005, La Breteéche, Pomerance and Tenenbaum [1] improved the lower bound of
log A(N) to the same order of magnitude as the upper bound:
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Theorem (B). For large N, we have
log A(N) > {K 4+ o(1)} N log N, (1.2)
where K ~ 0.107005 is a constant.
Further, they proved that for any fixed ¢q € [0, %) and uniformly for ¢ € [0, ¢o], 2 — o0,

S(z, c)<2x/clog< L-v ) L (1.3)

0 l—v—-2¢c/1—-w

where S(x, ¢) denotes the number of those integers n not exceeding x such that P(n) >
r'7¢and P(n+ 1) > z'7¢ In fact, (1.2) is an easy consequence of (1.3). Besides, from
(1.3) they also improved the result of Theorem (A) and obtained

Theorem (C). For z — oo, we have
{n <z: P(n) < P(n+1)}| > 0.05544x.

In addition, in their paper they also indicated that the constant 0.05544 can be im-
proved to 0.05866 by using more sophisticated sieve methods thanks to an observation
of Fouvry. Indeed, when using sieve methods, La Breteche, Pomerance and Tenenbaum
disposed the sum of error term by the Bombieri-Vinogradov theorem, while Fouvry used
a type of convolution of the Bombieri-Vinogradov theorem, which can improve the distri-
bution level leading an improvement of the constant.

In this paper, we consider the largest prime factors of consecutive integers in short
intervals (x, x 4 y| with

y=2" with %<9<1.
Throughout this paper, we denote by € an arbitrarily small positive constant, v Euler’s
constant and p,p’ primes. For convenience, we write . = log x.
Our results are as follows.

Theorem 1. (i) Let

2<o<1 and  0<c<min{?%3 §—11 (1.4)
Then for x — oo and y = x%, we have
’{x <n<z+y:Pn)<Pn+ 1)}‘ > {g(0;¢) + 0p.(1)}y, (1.5)
where . log(1 — v)-!
og(l—w)~
0;c) =1 -2 | ———"—dv. 1.
g(6:0) = log = —2 | — (1.6)
(ii) For 2 <6 <1, there is a unique c() € (0, min {322, 0 — 1) such that
g9(0) == max 9(0;¢c) = g(6;c(0)) > 0.
0<c<min{L2_3,0—%}
In particular, we have g(1) > ¢(1;0.1778) > 0.1063.
(iii) For x — oo, we have
[{n <z :P(n) < P(n+1)} > 0.1063z. (1.7)



Theorem 1.(iii) improves Fouvry’s constant “0.05866” mentioned above.
We shall follow Fouvry’s argument [1]. The starting point is the following inequality

DS = N > 1=:84— 83 (1.8)

r<n<T+yY r<n<zr+y r<n<r+y
P(n—1)<P(n) P(n)>n'—¢ P(n—1)>P(n)>nl—¢

with 0 < ¢ < % So we only need to give a lower bound of S4 and an upper bound of Sg.
To estimate S4, we shall use the asymptotic formula about the distribution of friable
numbers in short intervals.
For Sg, if n is counted by Sp, then n is of the form n = ap+1 = bp’ with p > p’ > nl=¢
namely a < b < n®. So we have

I

Sg<H{r<n<z+y:n=ap+1=0"a<b< (z+y)}

= Z He<n<z+y:n=ap+1=0bp,a<b}

b<(z+y)°
= Z {n € </(b) : nis prime}|,
b<(z+y)°
where
ap +1
o (b) == 2 crx<ap<x+y,a<b, ap+1=0(modbd) ;. (1.9)

It is because of the substitution of “a < z¢” with “a < b” in the above sequence o7 (b)
that we can improve Fouvry’s constant “0.05866” to “0.1063”. Then we will use Rosser-
Iwaniec’s sieve [5, 6] to sieve o7 (b) by the following set of primes

P ={p: pis prime}, (1.10)

so that we can give an upper bound of Sg. In addition, we also need some generalized
Bombieri-Vinogradov theorems in short intervals [9].

Theorem 2. For large N, we have
log A(N) > {K 4 o(1)} N log N, (1.11)
where K ~ 0.1108 s a constant.

Theorem 2 improves the constant K = 0.107005 of Theorem (B).
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and J. Wu. The author expresses his sincere gratitude to them for their lot of uesful and
crucial advice. Also he thanks Professeur Wenguang Zhai for a crucial suggestion.



2 Lemmas

Let A be a finite sequence of integers, P a set of primes, z > 2 a real number and d a
squarefree integer with all its prime factors belonging to P, and denote

Ag:={a€eA:d|a}, P(z) = H P.
p<z,pEP

We shall evaluate

S(A;P,z) = {a € A: (a, P(z)) = 1}|.

Assume that |A4| may be written in the form

| A4l = #X +r(A,d) ford| P(z),

where X is an approximation to |A| independent of d, w is a multiplicative function
satisfying 0 < w(p) < p for p € P, w(d)d ' X is considered as a main term and (A, d) is
an error term which we expect is small on average over d.

The first lemma is a simple consequence of [5, Theorem 1].

Lemma 2.1. Suppose that there exists a constant K > 2 such that

~1
H <1_w(p)) _ logv(1+ K >
P log w log w

wLp<v

for allv>w > 2. Then for any D > z > 2, we have
S(AP.2) < XV Fs) + 0 — A d
(AP, z) < (2)] F(s) + (log )73 + Z Ir(A,d)],
d<D,d|P(z)

where s :=log D/log z and

V(z) = H (1—w(pp™), F(s):=2"s"1 (0 <s<3).

p<z,pEP

For (a, ¢) =1 and ¢ > 1, we define

m(z; q,a,0) = Z 1.
Ip<z
¢p=a(mod q)

The second lemma is [9, Theorem].

Lemma 2.2. Let g(¢) be an arithmetic function satisfying

> lgoPet < 2

<z



for some positive constant X > 0. Define

H(z,h; q,a,0) :=m(z+ h; q,a,0) —7(2; q,a,l ——/ — . 21
SO(Q) z/L logt

Then for any A > 0 and ¢ > 0, there exists a constant B = B(A, X\) > 0 such that the
estimate

max max max
(a,q)=1 h<y z/2<z<z

> g(OH(z i g,0,0| Cane y L™
<L

€, q)=1

X

holds uniformly for % +e<0<1, Q=222 and L = z09-3)/2—¢

In particuliar, we can easily see that Lemma 2.2 covers the result of Perelli, Pintz and
Salerno [8], which states that if w(z; ¢,a) := 7(z; ¢,a, 1), then for any A > 0 we have

max max max |m(z+h;q,a)—7(2;q,a)— / <yLA (2.2
4<0 (a,9)=1 h<y z/2<z<z ( 1 ) ( 4 ) go(q) 2 logt‘ Y ( )

uniformly for £ < 0 <1 and Q = 2971/2.275, where B = B(A) is a positive constant.
The third lemma is [4, Theorem 3].

Lemma 2.3. As U(x, y) is defined by (1.1), then the following asymptotic formula
z
V(o +zy) = Uz, y) ~ Uz, y) ~ zou) (2.3)

holds uniformly for 1 < z/z < y**? and exp {(log £)**} <y < x.

3 Proof of Theorem 1 and 2

For Theorem 1, recall that Ss,Sg, 27 (b) and & are defined in (1.8), (1.9) and (1.10)
respectively. First, we shall give an upper bound of Sg, and then estimate S4.

For Sg, we first sieve o7 (b) by &, and then sum over b. Let 6 and ¢ be two positive real
numbers satisfying (1.4) respectively, and z = 29712 /(b.£P0), where By is an appropriate
positive constant. So for b < (z +y)¢ and d | P(z), we have

ap+1

crx<ap<rHuy, a<b,ap+150(modbd)}'

)] = |{
>y

a<b xz<ap<zty
ap+1=0(mod bd)



With the notation (2.1) we can write as follows

) => > 1

a<b  x<ap<zty
ap+1=0(mod bd)

1 (z+y)/a  q¢
= —_— — H ; bd, —1,a). 3.1
> ), et X Hewkole. @y

a<b a<b
(a,bd)=1 (a,bd)=1

For the first sum on the right hand side of (3.1), we have

1 /e g 1 1 1
S cinl, i X et e
©(bd) Jy logt g ap(bd) | log £ logZ  log =¥

a<b
(a, bd)=1 (a,bd)=1

o) X

( =1

By the Mobius inversion, we have

2 @/ﬁvl%:{”()@)} (‘léd);alog@/a) 2 o)

a<b q‘ (av bd)

(a. bd)=1
— {1 + O<;) }(p > o Z;balog(lx/a@

q\bd

jS

}so—)(sl + S), (3.2)

where
q 1 q 1
Z ,u(q) Z alog(xz/aq)’ 52 = Z Mq) Z alog(z/aq)
qlbd, <27 a<b/q qlbd, ¢=2° a<b/q

Denoting by 7(n) the number of divisors of n, we have

SH< Y ¢ <rbd)L. (3.3)

q|bd, q=.£°

And for Si, by the partial summation we have

se 2 S e o(2)]

qlbd, g< L0

- 2 e (i) ol2))
- 2 st o))

q|bd, g<. L9



owing to the condition ¢ < #°, we can separate the above log g from the main term.

Thus we have

5= (25 - 2 ) () o %)

o (25 o)} ()

So we infer from (3.1), (3.2), (3.3) and (3.4) that

i) = A0 X s r(er (). a)

with w(d) =1 and

il o)
(o (b),d) = Z:; H(z,y; bd, — ( )
(a,bd)=1

Thus we can apply Lemma 2.1 with D = z = 2971/2/(b£5°) to write

S(e/ (b): 2, 2) < {1+ o(1 >}m S e ®),d)
d<z,d|P(z)

where we have used Mertens’ formula to evaluate

va= T (1)) = o(%) )

p<af®=1/2p=1.2~Bo
From this and the trivial inequality
{n € (b) : nisprime}| < S(F(b); P, 2) + =
we deduce

Sp

N

b<(z+y)°

where

o 2y log x
5 = Z blog(xf- 1/2/b) (log(w/b))7

b<(z+y)°©

Si= Y Z‘ S H(z,y; bd, 1, )(

b<(z+y)c d<z (aab;)b .

> (S b); P, 2) + 2) < {1+ 0(1)}Ss + S+ O(yL ™),

(3.4)

(3.5)



and we have used the standard estimation > _ 7(m)?/p(m) < £* to bound

m<x

9 7(bd g T(m 5
yL" Z Z g0<(bd)) <yZ i Z <p<(m>) LyZL".

b<(z+y)© d<af—1/2 /(b2 Bo) <zl/2¢-Bo

First we evaluate the error term S;. By the Cauchy-Schwarz inequality, it follows that

si< Y )| X Hym-1a)
m<xf—1/2.2=Bo ( oL<)b_1

< (541542)1/27

where

S41 = Z ‘ Z H(l‘,y; mv_lva)

Y

m<xf—1/2.¢—Bo a<b
a,m)=1
Sy = g E H(z,y; m,—l,a)‘.
m<xf—1/2.2—Bo a<b
(a,m)=1

For Syo, we use a trivial estimate and for Sy, we shall apply Lemma 2.2 with

1 if 0</<b
9(5):{ . (< (50-3)/2—¢

<
0 if b<t<

since b < (7 + y)° < 20~3/27¢ thanks to hypothesis (1.4). So we obtain

e (£)" (3 s ron))”

m<axf—1/2.¥—Bo a<b
< ( ; A)1/2 <y$5 + bx9—1/2$—30+3>1/2
Y

since y/2z(H0=1/D/2 « yp=1/279/2 <y with c < 0 — 1 <
Next we evaluate Ss3. By partial summation we get

(@+y)° log x dt
= 2y{1 1 1
S5 = 2y{1 + o )}/ o8 10g(93/t)> tlog(z0-1/2/t)

:y{g/ocbgg(_l%dv—i—o@ 6(1)} (3.7)

So from (3.5), (3.6) and (3.7) we obtain

Sp gy{Q/OCMvaroc,g(l)}. (3.8)

N




Finally we evaluate S4. Noticing that 2 < 0 < 1,0 < ¢ < 6—% < 5 and o(u) = 1—logu
for 1 < u < 2, Lemme 2.3 gives us immediately

SAzy{loglichoc,e(l)}- (3.9)

Now, the required inequality (1.5) follows from from (1.8), (3.8) and (3.9).

0.12

0.1

0.08 -

€ oosf
0.04
0.02
%.6 0.65 0.7 0.75 0;8 0.85 0.9 0.95 1
Figure 1: ¢(0)
We have
dg 1 log(1 —¢)7!
Z900:0) = _
80(’0) 1—c 0—1—c’
d%g 1 2 1 log(1 —¢)~!
) (9 C) = - _ 1 1 -2 1 2’
dc I—c\o-L—-c 1-¢) “(0-%-0

2 Oc
decreasing. Since —(0 0) =1 and hmc_>(9 1y (0; c) = —oo, there is a unique ¢(#) €

(0, min{?22 9 — 1}) such that ag(@ c(0)) =0 and

It’s obvious that 2 3(0 ¢)<O0for 2 <f<1 and 0<c<f—2L Thuscr 2(0;c) is
g

g9(0) = max 9(0;¢) = g(0;¢(0)) > g(6;0) = 0

0<c<min{ 5%—_3 ,0— % }

for % <0<1

By Mathematica 9.0, we can find ¢(1) ~ 0.1778 and ¢g(1) = ¢g(1,¢(1)) > 0.1063.

The assertion (iii) is an immediate consequence of the first two ones thanks to a simple
dyadic summation.

This completes the proof of Theorem 1.



For Theorem 2, just as discussed in [1], the lower bound (1.11) is an easy consequence
of (3.8) with y =z and 0 < ¢ < 1/2. So we have

log A(N) = 2N(log N){g(c) + o(1)},

where

9(€) = ¢ — (1= ) f(¢) —/ch(u)du, with f(u) ::4/: 08U 7Y g,

By Mathematica 9.0, we can find

K := max 2g(c) ~ 0.1108.

0<e<1/2

This completes the proof of Theorem 2.
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