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MORTALITY CAN PRODUCE LIMIT CYCLES IN
DENSITY-DEPENDENT MODELS WITH A PREDATOR-PREY
RELATIONSHIP

TAHANI MTAR® AND RADHOUANE FEKIH-SALEM®¢* AND TEWFIK SARI®

®University of Tunis El Manar, National Engineering School of Tunis, LAMSIN, 1002, Tunis, Tunisia
b ITAP, Univ Montpellier, INRAE, Institut Agro, Montpellier, France
¢ University of Monastir, Higher Institute of Computer Science of Mahdia, 5111, Mahdia, Tunisia

ABSTRACT. In this paper, we study an interspecific density-dependent model
of two species competing on a single nutrient in a chemostat, taking into ac-
count the predator-prey relationship. Without mortality of species, we have
proved previously that the system may have a multiplicity of positive steady
states that can only appear or disappear through saddle-node or transcritical
bifurcations. Including the mortality, we give a complete analysis for the ex-
istence and local stability of all steady states of the three-dimensional system
which cannot be reduced to a two-dimensional one. We highlight the effect of
mortality to destabilize the positive steady state with the emergence of stable
limit cycles through supercritical Hopf bifurcations. To describe how the pro-
cess behaves according to control parameters represented by the dilution rate
and the input concentration of the substrate, we determine theoretically the
operating diagram by plotting the various conditions of existence and stabil-
ity and numerically by using MATCONT. The bifurcation diagram according
to the input concentration shows the various types of bifurcations of steady
states and the coexistence either around a positive steady state or sustained
oscillations.

1. Introduction. The chemostat is an important laboratory apparatus used for
continuous cultures of microorganisms in microbiology and ecology. The mathe-
matical analysis of the classical chemostat model of two or more microbial species
competing for a single limiting nutrient shows that only the species with the lowest
‘break-even’ concentration survives while all other species are extinct (see, for in-
stance, [21, 40]). This result, known as the Competitive Exclusion Principle (CEP),
has a long history in the literature of bio-mathematics and recently in [35] a new
proof of this principle is given using elementary analysis and comparisons of solu-
tions of ordinary differential equations.

Despite the CEP has been confirmed by the experiences of Hansen and Hubbell
[20], this principle contradicts the great biodiversity found in nature as well as
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2 MTAR. FEKIH-SALEM. SARI

bioprocesses. To better reconcile theory and observations, several recent extensions
of this classic chemostat model have been triggered promoting the coexistence of
microbial species. The reader can found in the existing literature the following
various coexistence mechanisms: the intra and inter specific competition [1, 9], the
flocculation [14, 16, 17, 18, 19], the density-dependence of the growth functions
[7, 15, 22, 27, 28, 29, 30, 33|, the predator-prey interactions [6, 26], the complex
food webs [2, 23, 45], the presence of inhibitors that affects the strongest competitor
[3, 10, 11], the commensalistic relationship [4, 5, 37], and the syntrophic relationship
[8, 13, 36, 46].

An extension of the classical chemostat model was considered in a series of papers
by Lobry et al. [22, 27, 28, 29, 30], taking into account general intra and interspe-
cific density-dependent growth rates with distinct removal rates for each species.
Considering particular density-dependent growth functions with intraspecific in-
terference, the numerical simulations in [27] show the coexistence between several
species for small enough inter specific interference and the exclusion of one species,
at least, for large enough inter specific interference. In [15], a mathematical analysis
confirms these numerical results where this system presents the global stability of
the coexistence steady state for small enough interspecific interference terms while
this system exhibits bi-stability for large enough interspecific interference. With
the same removal rates and only interspecific interferences, the coexistence of two
species is impossible which confirms the CEP [12].

The present paper considers a model of two competitors for a single resource
in a chemostat, with interspecific density-dependent growth functions. The species
have a predator-prey relationship, that is, the first species (the prey) promotes the
growth of the second species (the predator) which in turn inhibits the growth of
the first species. In our study, the mortality (or decay) of two species is taken into
account and not neglected as in previous studies [12, 33]. The model can be written
as follows:

S = D(Sin—8) = fi(S,x2)z1 — fo(S, 71)72,
&1 = (fi(S,x2) — Dy)xy, (1)
2 = (f2(S,21) — Da)xo,

where S is the substrate concentration; z1(t) and x5 (t) are, respectively, the concen-
trations of prey and predator species; D and S;, are, respectively, the dilution rate
and the input substrate concentration in the chemostat; f; is the density-dependent
growth rate of the prey species x; that is assumed to be increasing in the variable S
and decreasing in the predator species xo; f2 is the density-dependent growth rate
of the predator species x5 that is assumed to be increasing in the variable S and
increasing in the prey species z1; D;, ¢ = 1,2 is the removal rate of species x; and
can be modeled as in [17, 39] by

Di:aiDJrai, z':l,...,n (2)

where the coefficient «; belongs to [0, 1] and represents the fraction of the prey and
predator species leaving the reactor as proposed by [5] to model a biomass reactor
attached to the support or to decouple the residence time of solids and the hydraulic
residence time (1/D); a; is the nonnegative mortality (or decay) rate of the species
Zj.

In [12, 33], the mathematical analysis of model (1) shows that the system may
exhibit the coexistence or the bi-stability with a multiplicity of positive steady
states, in the particular case o; = 1 and a; = 0. Moreover, in [33], the operating
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DENSITY-DEPENDENT MODEL 3

diagram shows that all steady states can appear or disappear only through saddle-
node or transcritical bifurcations according to the control parameters represented by
the dilution rate and the input concentration of the substrate. Indeed, the operating
diagram is a very useful tool to determine how a process behaves when all biological
parameters are fixed and the control parameters are varied, as they are the most
easily parameters to manipulate in a chemostat. It is studied either numerically as
in [24, 37, 43, 44, 46] or theoretically as in [1, 3, 8, 11, 10, 15, 18, 21, 33, 36]. In [34],
we have studied the existence and the local stability of model (1) in the particular
cas where a; = 1.

The aim of this paper is to understand the joined effect of mortality and predator-
prey relationship on the behavior of the density-dependent model considered in
[12, 33]. In this work, our study provides an extension of the results in [12, 33] by
considering distinct removal rates where the system cannot be reduced to a two-
dimensional one. Using the Routh—-Hurwitz criterion, we determine the existence
conditions of all steady states and their local stability according to operating pa-
rameters. In contrast to the case without mortality where the coexistence may
occur only around a positive steady state [12, 33], our results show that the mor-
tality can destabilize the positive steady state through Hopf bifurcation where the
coexistence can be around a stable limit cycle. It is known that introducing decay
for the species in the classical predator-prey models in the chemostat results in
instability and chaos [25]. For more details on food-chains in the chemostat, the
reader may consult [6, 41, 42]. In our model, the same intrinsic effect of mortality
on the stability of the positive steady state is observed. Indeed, when mortality is
included in the density-dependent model with predator-prey relationship, the pos-
itive steady state is not necessarily stable, when it exists. On the other hand, our
study provides an important tool for the experimentation which is the operating
diagram where we succeed to determine the region of the emergence of stable limit
cycles theoretically from Routh-Hurwitz conditions and numerically by using the
software MATCONT [32]. Finally, a one-parameter bifurcation diagram determines
all types of bifurcations.

The paper is structured as follows. We first introduce in Section 2 assumptions
on the growth functions and preliminary results. Then, we determine the necessary
and sufficient conditions of existence and stability of the steady states using the null-
cline method. In Section 3, we determine theoretically the operating diagrams and
then numerically by using MATCONT. In Section 4, we study the one-parameter
bifurcation diagram with respect to the input concentration S;,. The numerical
simulations validate the theoretical analysis of the operating diagram. Some con-
clusions are drawn in Section 5. All the proofs are reported in A. In Appendix B,
we construct the operating diagram. In Appendix C, a numerical study of the Hopf
bifurcation is provided with respect to S;,. Finally, all the parameter values used
in simulations are provided in Appendix D.

2. Assumptions and mathematical analysis. In this paper, we assume that
the growth function f;(S,z;), ¢ =1,2, j = 1,2, i # j is continuously differentiable
(C') and satisfies the following hypotheses.

(H1) For all z; > 0 and S > 0, f;(0,z;) = 0 and f>(S,0) = 0.
(H2) For all S > 0, 1 > 0 and x2 > O, %(S,xj) > 0, 211(8 25) < 0 and

oF ' Oxg
a—ﬁ(s,xl) > 0.
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4 MTAR. FEKIH-SALEM. SARI

Assumption (H1) means that the substrate is necessary for the growth of each
species and the prey species x1 is necessary for the growth of the predator species
x9. Assumption (H2) means that the growth rate of the prey species z; is increases
with the concentration of the substrate S and is inhibited by the second species 5.
While the growth of the predator species x5 is increasing with the concentration of
the substrate S and the prey species 1. We now prove the following result.

Proposition 1. Assume that assumptions (H1)-(H2) hold. For any nonnegative
initial condition, the solution of system (1) exists for allt > 0, remains nonnegative
and is bounded. In addition, the set

Q= {(S,xl,xg) c Ri_ S+ a1 +a9 < DSin/Dmin}

is positively invariant and is a global attractor for the dynamics (1), where Dy =
min(D, Dl, DQ)

Now, we shall discuss the existence of steady states of system (1) and then their
asymptotic stability. A steady state of (1) exists or is said to be ‘meaningful’ if
and only if all its components are nonnegative. The steady states are given by the
solutions of the following system:

0 = D(Sin—095)— f1(S,z2)x1 — f2 S, z1)x2,
0 = (fi(S,z2) — Dy)xy, (3)
0 = (fg(S,JJl) — Dg)l‘g.

If 1 = 0 and x5 > 0, we obtain Dy = 0 from assumption (H1), which is impossible.
Thus, system (1) can have at most three types of steady states labeled as follows:
e & (r1 = 29 = 0): the washout of two species which always exists.
e & (x1 >0, z2 = 0): only prey species is present.
o & (1 >0, x2 > 0): the coexistence of two species.
From (H2), the function S — f1(5,0) is increasing. Hence, if D < (f1(+00,0) —
a1)/aq, then there exists a unique solution S = A;(D) (called the break-even con-
centration) of equation

fl(S,O) =o1D +a;. (4)
If D> (fi(4+00,0) —a1)/ay, we let A\;(D) = +o0o. The following result determines
the existence condition of the steady state £; according to operating parameters.

Proposition 2. Assume that (H1) and (H2) hold. The boundary steady state
&1 = (5,%1,0) of system (1) is defined by
. D
S = )\1(D) and 531 = F(Sln — )\1(D)) (5)
1
It exists if and only if
When it exists, £ is unique.

In what follows, we determine the existence condition of the positive steady state
E* = (9%, x7, x5) where the components S = S*, 21 = 27 and z2 = 3 must be the
solutions of (3) with z; > 0 and 23 > 0. That is, S*, 2} and z} are the solutions of
the set of equations

D(Siy, —S) = Dixi+ Doxo (
f1(S, .132) - D1 (
fo(S,z1) = Ds. (

© 00
= " —
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DENSITY-DEPENDENT MODEL 5

From (7), the solution S* is given by
Replacing S* by this expression in (8,9), we see that (1 = a7, z2 = 23) must be a
solution of

{ ]5($17$2) = f1(Sin — D121/D — Daxo/D,29) — D1 =0

fg(xhl'g) = fQ(SZn - Dll'l/D - DQ.’EQ/D,.’El) — D2 =0. (11)

Note that the functions ﬁ, 1=1,2,7=1,2,4 # j are defined on the set
M = {(1’171’2) S R?‘r : Dlxl/D+D2I2/D < S”L} .

In addition, S* is positive if and only if Dya}/D + Dzl /D < S;y, that is, (11) has
a positive solution in the interior M of M. In what follows, we define the line ¢ by
Dyx1/D + Dsxo/D = S;;, and we need the next notations:

2] o) 2] o
Eza—];l, an—f;, G:_(?TJ:;’ H:a—ﬁ. (12)

We have used the opposite sign of the partial derivative G = —df; /0x2, such that
all constants involved in the computation become positive. To solve (11) in M, we
need the following Lemmas 1, 2 and 3 where the proofs are similar to those in [34].
Lemma 1. Assume that assumptions (H1)-(H2) and condition (6) hold. The equa-
tion f1(x1,x2) = 0 defines a smooth decreasing function
F1 : [0,%1] — [0,532}
T — Fl (I’l) = T2,

such that Fy(Z1) =0, F1(0) = T2 and

D FE
——— <

D>E+ G

where Ty is the unique solution of the equation fl(O, x9) = 0. In addition, the graph
v of Fy lies in M, that is, (x1, Fi(x1)) € M for all z1 € (0,%1) (see Fig. 1).

—— < F{(x1) = 0, forall =z €[0,74], (13)

(@) ©) (e)

P 24 x2
0,08
44
0,07
0 6
0,06
3]
005
004
003 72
71 T .
0,0
1 81
N\ &1 s o
2
2 El
x1 K3 L1 % T h " L1
o 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0 001 002 003 004 005 006 007 008 009 0 1 2 3 4
& ~ 1 2 g 1 =~ 2 £ 1 2 4
0 T1Ty Ty 0 Ty Ty Ty 0 Ty Ty T1

FIGURE 1. Number of positive steady states: (a) Case 1: no pos-
itive steady state when (S;,, D) = (0.26,0.1), (b) Case 2: an odd
number when (S;,, D) = (0.35,0.1), (¢) Case 3: an even number
when (S, D) = (4.5,0.8).

To define the function zo = Fy(z1) of equation fg(ﬂcl,xg) = 0, we will need of
the following Lemma to determine the necessary and sufficient condition for the
existence of solutions of the equation fa(z1,0) = 0.



161
162

172

173

174

175

176
177
178

179
180
181
182

183

184
185

186

187
188

6 MTAR. FEKIH-SALEM. SARI

Lemma 2. Under assumptions (H1)-(H2), the equation f5(z1,0) = 0 has a solution
in [0, DS;n/D1] if and only if,

Sin — D D = Do. 14
By P25 = D1/ D) 2 D "

Generically, we have an even number of solutions in [0, DS;y,/D1].

For simplicity, we add the following assumption which is satisfied by the specific
growth rates (22).
(H3) Equation fy(z1,0) = 0 has at most two solutions z! and #2 in [0, DS, /D1].

The proof of the maximum number of solutions of the equation fa(z1,0) = 0 for
the specific growth rates (22) is similar to that in Appendix B of [34]. When the

function 21 — fa(x1,0) is multimodal, the study of this general case can be treated
similarly, without added difficulty. In this particular case, we obtain the next result.

Lemma 3. Assume that assumptions (H1) to (H3) and condition (14) hold, the
equation fa(x1,22) =0 defines a smooth function

F2 : [ZL’%,IE%} — [O,DS”L/DQ[

T — FQ(I’l) = I2,
such that Fy(x}) = Fy(2?) =0 and
Dl D1 D H
-5, <F5(x1):_32+32f, for all z € [x],27], (15)

where x1 and x? are the solutions of the equation fg(l’l,()) = 0. In addition, the
graph vo of Fy lies in M where (x1, Fy(x1)) € M for all x1 € (x},22) (see Fig. 1).

Applying the previous lemmas, we establish in the following proposition the
necessary and sufficient condition of the existence of the coexistence steady state
E*.

Proposition 3. Assume that assumptions (H1) to (H3) and conditions (6) and
(14) hold. A positive steady state £* = (S*,z7,x3) of (1) exists if and only if the
curves y1 and 2 have a positive intersection, where S* is given by (10) and (x73,x35)
is a positive solution of equations

2o = Fi(x1) and xzo = Fy(zq). (16)

According to the position of #; between z} and 2, there exist three cases that
must be distinguished:

Case 1: &) <z} <a?, Case2: z} <i;<ai, Case3d: zf <ai<i. (17)

When hypotheses (H1)-(H3) and condition (14) hold, one has

f2 (M(D), Dgl(Si — )q(D))) < Dy & Case 1 or Case 3 (18)
f2 (Al(D), DB(SZ — )\1(D))> > Dy & Case 2. (19)

Remark 1. 1. Let S > 0. 1 = A2(S,y) is the unique solution of equation y =
f2(S,x1). Since the function z; — f2(S,z1) is increasing, then the function
y — A2(S,y) is well defined and strictly increasing for y € [0,sup,, > f2(S, 21)).
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DENSITY-DEPENDENT MODEL 7

2. Condition (18) is equivalent to
D
Sin < A1(D) + ﬁAg()\l(D), Ds) := (D). (20)
Inversely, condition (19) is equivalent to S, > ¢(D).

As a consequence of the previous results, we obtain the following proposition
which determines the multiplicity of positive steady states of (1) according to the
three cases of (17) or (equivalently) the two conditions in (18, 19) which depend on
the operating parameters (see Fig. 1).

Proposition 4. Assume that hypotheses (H1) to (H3) and conditions (6) and (14)
hold.

1. In Case 1, there is no positive steady state.

2. In Case 2, there exists at least one positive steady state. Generically, the
system has an odd number of positive steady states.

3. In Case 3, generically system (1) has no positive steady state or an even
number of positive steady states.

Now, we determine the local stability of all steady states of (1) by using the
abbreviation LES for Locally Exponentially Stable steady states.

Proposition 5. Assume that assumptions (H1)-(H3) hold.
1. & is LES if and only if Sin < A1(D).
2. & is LES if and only if Sin, < (D).
3. &* = (8%, x%,2%) is LES if and only if F{ (x7) < F} (x7) and
C4(D7 Szn) = D1E21'% + D2F2$% + DDlE{L‘1 + DDQF{L‘Q
+(D1EF + (Dl - D)FG + Dy EF + (D - DQ)EH).Z‘ll‘Q (21)
+(EH — FG + GH)(Ex3x5 + Fr123) > 0.

where the functions E, F, G are H are defined by (12), and are evaluated at £*.

Remark 2. In the particular case without mortality of species (D; = D), the
Routh-Hurwitz coeflicient given by (21) becomes

cs(D, Sin) = D(E?*2? + F?23 + D(FExy + Fx3)) + 2DEFx 25 + %’(Eacl + Faq),

where the expression of c¢3 is given by (25). Using the second expression of ¢3 given
by (27), we find the result of [33] in this particular case D; = D such that the
stability of the coexistence steady state £* depends on the sign of Fj (x7) — FY (x7)
or equivalently the relative positions of the two curves v; and ~s.

The necessary and sufficient conditions of existence and local stability of all
steady states of (1) are summarized in Table 1.

TABLE 1. Necessary and sufficient conditions of existence and sta-
bility of steady states of system (1) where ¢4 is defined by (21).

Existence Local stability
&y always exists Sin < M (D)
E1 Sin > )\1(D) Sin < QD(D)

Sin > @(D) or

£ Sin < @(D) and (16) has a solution

Fy (27) > Fi (1) and ¢4(D, Sin) > 0
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3. Operating diagram. The aim of this section is to describe theoretically the
operating diagram of system (1). We use MAPLE [31] to draw the curves that
separate the different regions of existence and stability of the steady states of (1).
Then, we use MATCONT [32] to analyse numerically this operating diagram. This
diagram allows to understand and classify the qualitative changes of the asymptotic
behavior of (1) under variation of the concentration of the substrate in the feed
bottle S;, and the dilution rate D. Since all other parameters in (1) cannot be
easily manipulated by the biologist, we fix it as provided in Table 7. To construct
the operating diagram, we first define in Table 2 the set of curves T = {11, To, T3}
which are the boundaries of different regions of the (S;,, D)-plane. As stated in the
following result, the curves in the set T separate the operating plane (S;,, D) into
four regions, denoted Ji, k = 1,...,4, and defined in Table 3.

TABLE 2. The set of curves T and the corresponding colors in Figs.
2 and 3 where (D) and ¢4 are defined by (20) and (21), resp.

T Color
Y1 ={(Sin, D) : Sin = \1(D)}  Black
Ty = {(Szna D) : Sin = @(D)} Blue

T3 = {(Sin, D) : ca(Sin, D) =0} Green

Proposition 6. Assume that assumptions (H1)-(H2) hold and the biological pa-
rameter values are provided as of Figs. 2 and 3 in Table 7. The existence and
the stability of the steady states of (1) in the four regions Ji, k = 1,...,4 of the
operating diagram are determined in Table 3.

TABLE 3. Existence and stability of steady states according to re-
gions in the operating diagrams of Figs. 2 and 3. The letter S
(resp. U) means stable (resp. unstable) steady state. Absence of
letter means that the corresponding steady state does not exist.

Condition ‘ Region ‘ Color ‘ E & &
Sin < )\1(D) T Cyan S

A (D) < Sin < (D) ML Pink U S
©(D) < Sip and ¢4(Sin, D) >0 | T3 Grey |U U S
o(D) < Sip and ¢4(Sin, D) <0 | Ty Yellow | U U U

To illustrate the operating diagram, we consider the following specific growth
rates that satisfying the conditions (H1)-(H2):

myS 1 maS 1
_ - - 22
fi(S, x2) K+ S1+as/l, J2(S, x1) Ko+ SLo+2,’ (22)

where my, mo are the maximum growth rates; K;, Ko and Ly are the Michaelis-
Menten constants; L; is the inhibition factor due to x5 for the growth of the species
xIq.

Remark 3. To determine the curve Y3 in the operating diagram of (1), we have
used the steady state characteristic method introduced by Lobry et al. [29, 30]
that we present in Appendix B. This method is often used to provide a geometric
description of the existence and the asymptotic stability of all steady states, see for
instance [1, 15, 17].



245
246
247
248
249
250

251
252

253
254

(a)

DENSITY-DEPENDENT MODEL

()

034 03
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.
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(d) 03 (e) 034
D e T D
3 T2 Ts
0,24 0,
T3 L J
01 01 Ja
1
Ja Ja T2 Ja
/ T2
S'in0 : Sin Sin

T T T T
0 10 20 30 40 0 05 1 LS 2 25 0 01 02 03 04 05

FIGURE 2. Operating diagram of (1) in MAPLE. (b)-(e) Mégniﬁ—
cation when (S;,,, D) € [0,2.6] x[0,0.3]. (c)-(f) Magnification when
(Sin, D) €10,0.6] x [0,0.3].

We also used the software MATCONT [32] to determine numerically this oper-
ating diagram that we present in Fig. 3. Although it is identical to the theoretical
operating diagram in Fig. 2, it must be stressed that they were obtained by com-
pletely different methods. The diagram in Fig. 2 is obtained by using our theoretical
results and drawing the Y; curves, defined in Table 2, that separate the different
regions of the operating diagram, whereas the diagram in Fig. 3 is obtained numer-
ically using MATCONT.

D (a) 05 (e)
35- I D
J1
025-
al
T2
25 02- \73
NE) T
Al
0.15
15
0.1 j4
1
Ja
0s Ja ~—_ 005
- T2
_—
0 Sin ~Sin o Sin
0 5 10 15 20 25 30 35 40 2 25 0 01 02 03 04 05 06

FIGURE 3. Operating diagram of (1) in MATCONT. (b) Magni-
fication when (S;,, D) € [0,2.6] x [0,0.3]. (c) Magnification when
(Sin, D) € [0,0.6] x [0,0.3].

The following result determines the nature of all types of bifurcations of system
(1) that might happen by crossing the various regions of the operating diagrams
(Sin, D) through the curves of T where the steady states coalesce and can change
stability.
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Proposition 7. The bifurcation analysis of the steady states of (1) by crossing
the curves of T according to the operating parameters Sy, and D is summarized in
Table /.

TABLE 4. Nature of bifurcations of the steady states of (1) by
crossing to the surfaces of Y. The letter TB (resp. SHB) means a
transcritical bifurcation (resp. Supercritical Hopf bifurcation).

Curve Transition Bifurcation
Tl jl to jg TB: 50 = 51
Tg jg to jg TB: 51 =¢&*
Tg jg to ._74 SHB: £*

Figs. 4(a)-(b) show how the coexistence region around a stable limit cycle Jy
is reduced by decreasing the values of a; and as to 0. For a1 = ay = 0, Fig. 4(c)
shows the disappearance of this region [J; which confirms our result in [33] where
the process cannot admit a limit cycle without mortality, that is, for same removal
rates of species. Therefore, the destabilization of the positive steady state is due to
the mortality and is similar to some results obtained in the existing literature on
the classical predator-prey model in the chemostat [25].

(a) (b) (c)

D
Jf Jh Jh
3 3 \JZ 3
T2 T
T3 T3 T3
1 1 T4 1
. N

0 T T 0 0 n

0 10 20 30 0 0 10 20 30 40 0 10 20 30 40

FIGURE 4. Operating diagram of (1) showing the disappearance of
the region J; when a; and as diminish.

4. One-parameter bifurcation diagram and numerical simulations. This
section is devoted to study the one-parameter bifurcation diagram of system (1)
and to validate our mathematical results in the previous sections by some numerical
simulations. First, we determine the bifurcation diagram showing the behavior of
the process by varying the input substrate concentration S;, as the bifurcating
parameter where the dilution rate D is fixed. However, the results are the same
regardless of which operating parameter is varied, that is, the end results are similar
when we vary the dilution rate D. All other parameters of system (1) are fixed (see
Table 7). The following result determines the one-parameter bifurcation diagram
according to S;, from the operating diagram of Fig. 2 (or equivalently of Fig. 3)
when the dilution rate D = 0.25.

Proposition 8. Assume that the biological parameters in (1) are given as in Table
7 using the specific growth rates (22) with D = 0.25. The existence and stability
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of steady states of (1) according to Si, are given in Table 6 where the bifurcation

values o;, i = 1,...,5 and the corresponding nature of the bifurcations are defined
in Table 5.
TABLE 5. Definitions of the critical values o;, i = 1,...,5 of S;,
and the corresponding nature of bifurcations when D = 0.25.
Definition Value Bifurcation
o1 = M (D) 0.31884 TB
o9 = (D) 0.35394 TB

o3 is the first solution of equation c4(S;,) =0 0.52555 SHB
o4 is the second solution of equation ¢4(S;,) =0 0.71593 SHB
o5 is the third solution of equation c4(S;, ) = O 12.4809 SHB

TABLE 6. Existence and stability of steady states according to S;,.

1 &F

™

Interval of S;,,
0 0'1)

(
(01,02)
(02,03)
(03,04)
(04,05
(057+OO)

accacus

caacauw
cwncawm

Fig. 5 represents the one-parameter bifurcation diagram of system (1) where
the w-limit set is projected in coordinate S depending on the control parameter
Sin. Indeed, in Fig. 5(a), we observe more clearly the transcritical bifurcations
occurring at o1 and o9, and the occurrence of a stable limit cycle via a supercritical
Hopf bifurcation at o3 and then their disappearance via a second supercritical Hopf
bifurcation at o4. Once again, increasing further S;,, a stable limit cycle emerges
through a supercritical Hopf bifurcation at o5 as shown in Fig. 5(b). Then, the
oscillations are sustained for all S;,, > o5.

=
ry

Ll

S,

N !

T T T

03 035 04 045 05 _ 055 06 06 07 075 2 4 6 8 10 1w 16 1w 2 2 2 2 a0
g1 02 g3 T4 05

FIGURE 5. Scilab simulation showing projections of the w-limit set
in variable S when D = 0.25: (a) emergence and the disappearance
of limit cycle at o5 and o4 for S;,, € [0.3,0.8]; (b) emergence of limit
cycle at o5 for Sy, € [0.8,30].
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To 0.4

0.35

0.3 H

0.25

0.15

0.1 H

0.05

Eo

T T T T T T T
o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
Z1

FIGURE 6. Case S;;, = 0.5 €]og, 03] and D = 0.25: convergence to £*.

o

For the numerical simulations, we have used Maple [31] to plot the Figs. 1, 2, 4,
10, 11 and 12, MATCONT ([32] for Fig. 3 and Scilab [38] for Figs. 5, 6, 7 and 8.
The limit cycles in Figs. 5, 7 and 8 were plotted by solving the ordinary differential
equations using the default solver “lsoda” from the ODEPACK package in Scilab.
To validate the previous results, we illustrate in the following the three-dimensional
phase plot and the trajectories over time in some interesting cases.

e For S;,, €]os,o03], the numerical simulations done in the three-dimensional

phase space (S, x1, z2) for various positive initial conditions permit to conjec-
ture the global convergence towards £* (see Fig. 6).

e For S;, €|os, 04|, the numerical simulations done for various positive initial
conditions permit to conjecture the global asymptotic stability of a stable
limit cycle (see Fig. 7).

e For S;, > o5, Fig. 8 shows the trajectory starting from a neighborhood of £*
of size order ¢ = 1072 is approaching a stable limit cycle as time goes where
the system exhibits sustained oscillations.

0.35
T2
0.3

0.25 -

0.2 H

0.15 —

0.1
0.2

0.05 — 0.4 S
&o

T T T T T T T
o 0.005 0.01 0.015 0.02 z1 0.025 0.03 0.035 0.04

o 0.6

FIGURE 7. Case S;, = 0.6 €]os,04[ and D = 0.25: convergence
towards a stable limit cycle (in red).
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0.02 —

8 -
E — x1(2)
1 0.018 —
7 - 4
i 0.016 —
6 - S(t 7]
S 0.014 —
— w2(t) 1
5 0.012 —
2 0.01 —
0.008 —
3 4 4
0.006 —
2 4
0.004 —
1

0.002 —

o T T T T T 1 o T T T T T 1

o 50 100 150 200 250 300 o 50 100 150 200 250 300

t t

FIGURE 8. Case S;,, = 15 > o5 and D = 0.25: convergence to a
stable limit cycle showing the sustained oscillations.

5. Conclusion. In this paper, we have extended the mathematical analysis of the
interspecific density-dependent model (1) describing a predator-prey relationship
between two microbial species in a chemostat, by considering the effect of mortality
with distinct disappearance rates. Using the nullcline method [15, 33], the necessary
and sufficient conditions of existence of all steady states of (1) are determined
according to the parameter control. Indeed, this method provides a geometric
description of the existence of the boundary steady states which are unique and the
multiplicity of the positive steady states For the local stability of the positive steady
state, we have used the Routh-Hurwitz criterion (26) since we cannot determine
explicitly the eigenvalues of the Jacobian matrix at this point, in contrast to the
boundary steady states, the stability conditions are determined explicitly. We show
that the positive steady state can destabilize with emergence of a stable limit cycle
via a supercritical Hopf bifurcation.

Using the necessary and sufficient conditions of existence and stability of all
steady states, the operating diagrams are analyzed analytically to determine the
behavior of the system according to the concentration of substrate in the feed bottle
Sin and the dilution rate D. These conditions are plotted in MAPLE using specific
growth functions given by (22). Then, these theoretically results on the operating
diagram are validated numerically using MATCONT.

In fact, the process exhibits an even richer set of possible behaviors illustrated
in the operating diagram: either the washout (J1) or the exclusion of the preda-
tor (J2) or the coexistence of the predator-prey species around a positive steady
state (J3) or a stable limit cycles (J4) The one-parameter bifurcation diagram is
determined according to the input substrate concentration .S;, as the bifurcating
parameter. It shows the transcritical bifurcation as well as the three supercritical
Hopf bifurcations with the appearance and the disappearance of the stable peri-
odic orbits. The numerical simulations illustrate the three-dimensional phase space
showing the coexistence around a coexistence steady state or a stable limit cycle,
while the time course shows the sustained oscillations.

The comparison of our results with those in the existing literature [12, 33] proves
that the addition of mortality terms of the species in the interspecific density-
dependent model (1) with a predator-prey relationship can destabilize the positive
steady states but not the global behavior of the process where the mortality of
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species could lead to the occurrence of stable limit cycles with the coexistence of
species.

Appendix A. Proofs.
Proof of Proposition 1. Since the vector field defined by (1) is C!, the unique-

ness of a solution to initial value problems holds. From (1), for i = 1,2,
zi(tg) =0, forany tg >0 — &; =0.

If 2;(0) = 0, then z;(¢) = 0 for all ¢ since the boundary face where x; = 0 is invariant
in the vector field C! by system (1). If 2;(0) > 0, then z;(¢t) > 0 for all ¢ since
x; = 0 cannot be reached in finite time by trajectories such that z;(0) > 0 by the
uniqueness of solutions. On the other hand, one has

S(tg) =0, foranytmp >0 — S’(to) =DS;, > 0.
Consequently, we have S(t) > 0 for all ¢. In fact, assume that S(0) > 0 and that
it exists tg > 0, such that S(tp) = 0 and S(¢) > 0 for ¢ € (0,%9). Then, S(t9) <0
0) which contradicts S(¢g) > 0. Therefore, the solutions remain non-negative. Let
z =58+ x1 + x2. From system (1), we have
z= D(Sln - S) - Dll‘l - DQ.TQ.
Consequently,
z < Dmin(DSin/Dmin - Z)

Using Gronwall’s lemma, we obtain

2(t) < DSin/Din + (2(0) — DS;p/Dnin)e” =it for all t>0.  (23)
We deduce that

2(t) < max(z(0), DSin/Dmin) forall t>0.

Therefore, the solutions of (1) are positively bounded and are defined for all ¢ > 0.
From (23), we deduce that the set {2 is positively invariant and is a global attractor
for (1). O

Proof of Proposition 2. For &, 1 > 0 and x5 = 0. From the second equation of
(3) and the definition (4) of the break-even concentration, it follows that S = A1 (D).
From the first equation of (3), we obtain the z; component. Thus, &; exists if and
only if 2; > 0, that is, condition (6) holds. O

Proof of Proposition 5. Using the notation (12), the Jacobian matrix of (1) at
(S, z1, x2) corresponds to the 3 x 3 matrix:

—D — Exy —x2F  —f1(S,22) — Hra G — f2(S, 21)
J= Exy f1(S,22) — D1 -Gy
Fy Haxo f2(S,21) — Do
For & = (Sin,0,0), the eigenvalues are the roots of the following characteristic
polynomial
PA) =AM+ D)A+D2)(A — )
where \; = f1(Sin,0) — Dy. Thus, & is LES if and only if f1(S;,,0) < D1, that is,
Sin < A1(D).
For & = (M(D), #1,0), the characteristic polynomial is

PO = (A = NN+ e+ )
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where Ay = f2(#1,0), ¢ = D+ %, F and ¢ = D17, E. Since ¢; > 0 and ¢3 > 0, the
real parts of the roots of the quadratic factor are negative. Therefore, & is LES if
and only if fo(#1,0) < 0, that is, condition (18) holds.
For £&* = (S*, 7, x%), the characteristic polynomial is
PA) = A3 4+ 1 A2 + o) + ¢, (24)
where
¢y =D+ Exi 4+ Fa3, c¢o = DiEx] + DyFas+ (GH + EH — FG)zi x5 o

Since ¢; > 0, according to the Routh—-Hurwitz criterion, £* is LES if and only if

s3>0 and ¢4(Sin, D) =crea —c3 >0 (26)
where the function ¢4 can be written as its expression (21). Using the expressions
of F} in (13) and of F} in (15), we obtain

Di\FG - DyFEH — DGH
F(z1) — Fj(z1) = = 2

DyF(D2E/D + G)
Consequently, at £*, we have
c3 = (Fy(a7) = Fi(27)) D2F[D2E/D + Gl (27)
Thus, E* is LES if and only if F} (z3) > FY (z7) and condition (21) holds. O

Appendix B. Construction of the operating diagrams in Fig. 2. In this
section, we present the method used to construct theoretically the operating di-
agrams presented in Fig. 2. To this end, we plot the various curves from the
existence and stability conditions which depend on the operating parameters. In
addition, we will see in the following that the proof is based on the existence and
stability conditions in Table 1 and is supported by numerical experimentation when
the biological parameter values are fixed in Table 7. From Table 1, the steady state
&y always exists and is stable if and only if S;, < A;(D), that is, it is stable in
the region bounded by the curve T; and located above this curve, see Fig. 2. The
steady state & exists in the region bounded by the curve T; and located below this
curve and is stable in the region bounded by the curve Y5 and located at the left
of this curve. The steady state £* exists in the region bounded by the curve Y,
and located at the right of this curve. To determine the sign of ¢3(S;,, D) in the
operating diagram and the curve Y3 defined by ¢4(S;,, D) = 0, we use the concept
of steady-state characteristic which we apply in the following as in [17]. A positive

steady state £* = (S*, z7, x3) is a solution of the set of equations
D(Szn — S) = D1$1 + DQI‘Q,
fl(S7 xZ) == D17 (28)
f2(S,21) = D,.

From the second and the third equations of (28), we can define the solutions z2 and
x1, respectively, as functions of S, that is, there exist S — X5(S) and S — X7 ()
such that

fl(S, XQ(S)) = Dl and fQ(S, Xl(S)) = D2.
More precisely, let S > 0. From (H2), the function x5 — f1(S,z2) is decreasing.
Thus, the equation f1(S,x2) = D has a unique solution x5 = X»(S) if and only if

f](S,+OO)<D1<f1(S,0), that is, SEIIZ[)\la)‘Il)a
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where A; is defined by (4) and A} is the unique solution, if it exits, of the equation

fl(S, +OO) = D;.
If Dy > f1(S,+00) for all S > 0, then we put \{ = +o00. Note that the func-
tion Xo(+) is increasing and satisfies X3(A1) = 0 and X2(A)) = +oo. From (H1)
and (H2), the function z; — f2(S,z1) is increasing and f2(S,0) = 0. Hence, the
equation fo(S,z1) = Dy has a unique solution x; = X;(95) if and only if

Dy < f5(S,+00), thatis, S >\,

where )} is the unique solution, if it exits, of the equation

fg(s, +OO> = Ds.
If Dy > f3(S,+00) for all S > 0, then we put Ay, = +00. Note that the function
X1 (+) is decreasing and satisfies X3 (\}) = +oo.

Let C;(S), j = 3,4 be the functions defined by the same formulas as (25) and

(26), respectively, where the functions E, F', G are H in these functions depends

only on z1, x2 and S. But, as the z; = X;(5), ¢ = 1,2, then these functions C;
depend only on S. More precisely, we have

Cj(Sin,D) :C’j(S*(Sln,D))7 _] :3,4.
where S*(S;,, D) is the solution of equation

Fig. 9 illustrates that the function C3(S) is positive for various values of D from
the starting points in red of coordinates (max (A (D), A\5(D)),0). Note that for the
specific growth rates (22), \] = +oo since D1 > f1(S,+00) = 0 for all S > 0.
According to expression (27), this positivity of C3(S) for any value of D in its
definition domain shows that Fj(z3) > FJ(z7) for this set of parameters in Table 7.
Thus, system (1) cannot exhibits a multiplicity of positive steady states appearing
through saddle-node bifurcations and other regions in the operating diagram.

371C5(S)

D =

w

D =0.5
S

D =0.1
o n

2 4 6 8 10 12
FIGURE 9. Curves of the function C3(S) for different values of D
when S > max(A1(D), \y(D)).

In Fig. 10, the curve of the function H(S) is colored in blue when Cy(S) < 0, that
is, when the positive steady state is unstable. It is colored in red when Cy(S) > 0,
that is, when the positive steady state is stable. From (29), the critical value of S;,,
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corresponding to Hopf bifurcation when C4(S) = 0 (or also when the curve of H(S)
changes color) is given by
Sin = H(S)/D — S.
(a) , (b)

e 010
os

e’

/ g Cy S5 s ‘Sl S2‘ Cy s
FIGURE 10. (a) Steady-state characteristics describing the local
asymptotic behavior of the positive steady state £ when D = 0.25.
Magnification for (b) S < 2 and (c) 0.32 < S < 0.36.

In particular, if the equation C4(S) = 0 has n solutions S;, for i = 1,..., n, with

n is the number of solutions, we have

;42 :H(Sl)/D—Sl (30)

Finally, using a procedure in D, we can determine the curve Y3 corresponding to
Hopf bifurcation in the operating diagram of Fig. 2.

For the set of parameters in Table 7 corresponding to the operating diagram
in Fig. 2, the numerical simulations show that the equation C4(S) = 0 has three
solutions S;, i = 1,2,3 for 0 < D < D* ~ 0.2648 (see Fig. 11). Using (30), we can
deduce the corresponding three critical values o;, i« = 3,4, 5, which are provided in
Table 5 and shown in Fig. 5. Moreover, these critical values correspond to the curve
T3 in Fig. 2. However, when D* < D < D ~ 1.595, the equation ¢4(S) = 0 has
a unique solution S7 that corresponds to the unique critical value og.

(@) (b) (©

xxxxxx

ooe os
oos[ |Ca Cy Cy
006
0002

00
00 0002
002
RS0 o001
0 o S S
««««« 0n e os o in Tanue
S 1 2 S
3 S o o5 056
008

FIGURE 11. Case D = 0.25 < D* ~ 0.2648: (a) Change of sign of
C4 when S; ~ 0.3299 (or equivalently o3 ~ 0.5255), Sy ~ 0.3423
(or equivalently o4 ~ 0.7159) and S5 ~ 1.4365 (or equivalently
o5 ~ 12.4809). (b)-(c) Magnifications for S € [0.316,1.7] and S €
0.316,0.361).

Appendix C. Numerical evidence of the Hopf bifurcation. To understand
and analyze the change of local stability occurring through the positive steady
state £* as 9;, varies, we determine numerically the eigenvalues of the Jacobian
matrix J at £* by solving the roots of the characteristic polynomial (24). Indeed,
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this characteristic polynomial has one negative eigenvalue and one pair of complex-
conjugate eigenvalues

Nj = u(Sin) £ iv(Sin), §=1,2. (31)

Increasing the operating parameter S;,, this pair (31) crosses the imaginary axis
first at the critical values o3 from negative to positive half plane and second it
returns to the negative half plane at o4 and finally it returns again to the positive
half plane at o5 (see Fig. 12), that is, it becomes purely imaginary for o;, i = 3,4,5
such that u(o;) = 0, with v(o;) # 0. In addition, numerically, we check the following
inequality

dp
—(o; 0, i=3,4,5. 32
dszn( Z) 7é L] ( )
This is consistent with Fig. 5, showing that, as S;,, increases and crosses o;, i =
3,4,5, the positive steady state £* changes its stability through three supercritical
Hopf bifurcations with the occurrence or disappearance of a stable limit cycle that

we illustrate in Figs. 7 and 8.

(a) (b)
0,407 X
. v ( S m ) v ( S m )
5\\.‘ 0,38+
1 o0, -
%0005 A1
ﬁ e e . .
.
/" o S e e . L0367
. ':,
Si DER o
-0.05 -0.04 -0.03 -0.03 -0.01 0O/ 001 002 003 004 1(Sin) « o o "
« o ° 0,34+
\ .. —
_ Yoot
Ao oo 0,32
-1
" : : : : 4  1(Sin)
-0,00005 -0,00004 -0,00003 -0,00002 -0,00001 0 0,00001

FIGURE 12. (a) Variation of the pair of complex-conjugate eigen-
values (31) as Sj, increases from 0 to 40 when D = 0.25. (b)
Magnification on A; for S;, € [0.4,0.8].

Appendix D. Parameter values used for numerical simulations. All the
values of the parameters used in the numerical simulations are provided in Table 7.

TABLE 7. Parameter values used for model (1) when the growth
rates f; and fy are given by (22).

Parameter my Ky L1 ms Ko L o a2 a1 as
Fig. 1(c) 275 2 12 295 18 15 10° 0.1 095 07
Figs. 1(a,b),2,3,5-12 03 02
Fig. 4(a) 0.3 0.05
Fig. 4(b) 4 2 3 8 01 02 1 Lol oo
Fig. 4(c) 0 0
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