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Abstract

In this article, we study the effects of the propagation of a non-degenerate Lévy noise
through a chain of deterministic differential equations whose coefficients are Holder
continuous and satisfy a weak Hormander-like condition. In particular, we assume some
non-degeneracy with respect to the components which transmit the noise. Moreover, we
characterize, for some specific dynamics, through suitable counter-examples, the almost
sharp regularity exponents that ensure the weak well-posedness for the associated SDE.
As a by-product of our approach, we also derive some Krylov-ype estimates for the
density of the weak solutions of the considered SDE.

Keywords: degenerate Lévy driven SDEs; Well-posedness of martingale problem, Peano counter-
example.
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1 Introduction

We investigate the effects of the propagation of a d-dimensional Lévy noise through a chain
of n > 2 differential equations. Namely, we are interested in a degenerate, Lévy-driven
stochastic differential equation (SDE in short) of the following form:

dth = [[At]l,lth + e+ [At]l,nth + Fl(ta tha s >XZ‘L)] dt + U(t7 th—’ e ’th—)dZt’
dXt2 = [[At]QJth + -+ [At]Q,nth + F2<t7 Xt27 t 7X?)] dt?
dX} = [[Ads2 X7 + o+ [Aden X7+ By, X2, X))t

X7 = [[Aduorn X7+ [Adun X7+ Fo(t, Xp)| dt,
(1.1)



where for i € [1,n] ([,-] denotes the set of all the integers in the interval), X} is R®
valued, with d; = d and d; > 1, i € [2,n]. Set N = Y7 ,d;. We suppose that the
F;: [0,400) X RZ5=% R? o: [0,+00) x RN — R? @ R? are Borel and respectively locally
bounded and uniformly elliptic and bounded.

We also assume the entries ([A;];j)1<i<n, i—1<j<n are Borel bounded and such that the blocks
[A4]iio1 in R% @ R%—1 2 < ¢ < n have rank d;, uniformly in time. This is a kind of non-
degeneracy assumption which can be viewed as weak Hormander-like condition. It actually
precisely allows the noise to propagate into the system.

Eventually, the noise {Z;}:>¢ belongs to a class of d-dimensional, symmetric, Lévy processes
with suitable properties. In particular, to handle non trivial diffusion coefficients, we will
assume that the Lévy measure of {Z;}:>¢ is absolutely continuous with respect to the Lévy
measure of a rotationally invariant a-stable process (with « in (1, 2]) and its Radon-Nikodym
derivative enjoys some natural properties. The class of processes {Z,;};>0 we can consider,
includes for example, the tempered, the layered or the relativistic a-stable processes. In the
case of an additive noise, cylindrical stable processes could be handled as well.

Here, the major issue is linked with the specific degenerate framework we consider. Indeed,
the noise only acts on the first component of the dynamics (1.1) and it implies, in particular,
that the random perturbation on the i-th line of SDE (1.1) only comes from the previous
(¢ — 1)-th one, through the non-degeneracy of the matrixes [A;];;—1. Hence, the smoothing
effect associated with the Lévy noise decreases along the chain, making thus more and more
difficult to regularize by noise the furthest lines of Equation (1.1).

We nevertheless prove the weak well-posedness, i.e. the existence and uniqueness in law, for
the above SDE (1.1) when the drift F' = (Fy,..., F,) and o lie in a suitable anisotropic
Holder space with multi-indices of regularity. We assume that F} and ¢ have spatial Holder
regularity 3! > 0 with respect to the j-th variable. We highlight already that we could have
considered different regularity indexes 631 for the regularity of F; with respect to the j-th
variable. We keep only one common index for notational simplicity. We also suppose that
for fixed j € [2,n], (Fy,--- , F}) has Holder regularity 37 with respect to the j-th variable,

where: .
(1 +a(j—2)
l+a(j—1)

We indeed recall that from the dynamics (1.1) the variable z; does not appear in the chain
after level j.

B e

Furthermore, we will show through suitable counter-examples that the above threshold for the
regularity exponents 37 is “almost” sharp for a perturbation of the j** level of the chain. Such
counter-examples are based on Peano-type dynamics adapted to our degenerate, fractional
framework.

Models of the form (1.1) naturally appear in various scientific contexts: in physics, for the
analysis of anomalous diffusions phenomena or for Hamiltonian models in turbulent regimes
(see e.g. [2], [22], [26]); in mathematical finance and econometrics, for example in the pricing
of Asian options (see e.g. [42], [9], [4]). In particular, models that consider Lévy noises, such
as SDE (1.1), seem more natural and realistic for many applications since they allow the
presence of jumps.



Weak well posedness for non-degenerate stable SDEs. The topic of weak well-
posedness for non-degenerate (i.e. d = N) SDEs of the form:

t
X, = a;+/ F(X,)ds + Z,, >0, (1.2)
0

where {Z;}:>0 is a symmetric a-stable process on RY, has been widely studied in the last
decades, especially in the diffusive, local setting, i.e. when a = 2 and {Z; };+>0 is a Brownian
Motion, and it is now quite well-understood. We can first refer to the seminal work [72]
where the Authors considered additionally a multiplicative noise with bounded drift and
non-degenerate, continuous in space diffusion coefficient. We recall moreover that in the
framework of (1.2) with bounded drift, strong uniqueness also holds (cf. [75]).

SDEs like (1.2) with a proper a-stable process (o < 2) were firstly investigated in [74]
where the weak well-posedness was obtained for the one-dimensional case when the drift
F is bounded, continuous and the Lévy exponent ® of {Z;},>¢ satisfies R®(£)~! = 0(1/|¢])
if |£] — oo. The multidimensional case (d > 1) can be similarly obtained following [46]
if the drift is bounded, continuous and the law of {Z;}:>o admits a density with respect
to the Lebesgue measure on R?. Equations as (1.2) with drift in some suitable LP-spaces
and non-degenerate noise were also considered in [43] (see also the references therein). We
can eventually quote the recent work by Krylov who obtained even strong uniqueness for
Brownian SDEs with drifts in critical LP-spaces, see [49].

In recent years, SDEs driven by singular (distributional) drift have gained a lot of interest,
especially in the Brownian setting, where they arise as a model for diffusions in random
media (see e.g. [31],[32],[30], [23], [12]).

In the non-local a-stable framework, a first work to appear was [1] where the authors
considered the one-dimensional case with a time-homogeneous drift of (negative) Holder
regularity strictly greater than (1 — a))/2. We remark that in the one-dimensional framework,
the regularity thresholds on the drift are the same for the strong and the weak well-posedness,
since it is possible to exploit local time arguments (see also [5] in the diffusive setting). On the
same side, the almost simultaneous works [57] and [17] take into account time-homogeneous
and time-inhomogeneous, respectively, distributional drift in general Besov spaces with
suitable conditions on the parameters. These results rely on Young integrals in order to
give a meaningful sense to the dynamics. Beyond the Young regime, we instead refer to [47]
where techniques such as paracontrolled products (which have also been popular in the recent
developments in the SPDE theory) are exploited to analyze the martingale problem associated
with a time-inhomogeneous drift of regularity index strictly greater than (2 — 2«a)/3.

Moreover, we would like to remark that the above works concerned the so-called sub-critical
case, i.e. when a > 1. Indeed, SDEs like (1.2) are much more difficult to handle if o <'1
since in this case, the noise does not dominate the system for small time scales. Two recent
works along this path are [79] and [20] where the authors consider a < 1, (1 — a)-Ho6lder
drift /' and o = 1, continuous drift, respectively. We also mention that for Holder drifts, the
well-posedness of the associated martingale problem can be obtained following [64] if F' is
bounded or through the Schauder estimates given in [19] when F' is unbounded.

Regularization by noise in a degenerate setting. All the above results present a
common phenomenon that, following the terminology in [29], is usually called regularization
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by noise. This occurs when a deterministic ODE is ill-posed (for example if the drift is less
than Lipschitz) but its stochastic counterpart (SDE) is well posed in a strong or a weak sense.
To obtain such phenomenon, the noise plays a fundamental role. A usual assumption is that
the noise should act on every line of the dynamics, regularizing the coefficients. It is then
clear that in our degenerate framework, when the noise acts only on the first component of the
chain (1.1), the situation is even more delicate. In order to obtain some kind of regularization
effect in this case, we need that the noise propagates through the system, reaching all the
lines of Equation (1.1). A typical assumption ensuring such type of behaviour is the so-called
Hoérmander condition for hypoellipticity (cf. [36]).

From the structure of the equation (1.1) at hand, we will consider a weak type Hérmander
condition, i.e. up to some regularization of the diffusion coefficient, the drift is needed to
span the space through Lie bracketing.

In the Hamiltonian setting n = 2, when {Z;};>¢ is a Brownian Motion and for a more general,
non-linear, drift than in (1.1) which still satisfies a weak Hormander type condition, Chaudru
de Raynal showed in [16] that the associated SDE is weakly well-posed as soon as the drift is
Holder continuous in the degenerate variable with regularity index strictly greater than 1/3.
It was also established through an appropriate counter-example, that the 1/3-threshold is
(almost) sharp for the second component of the drift. Such a result has been then extended
in [18] in order to consider the more general case of n oscillators. Therein, the regularity
thresholds that ensure weak uniqueness also depend on the variable and the level of the
chain. This seems intuitively clear, the further the variable in the oscillator chain, the larger
its typical time scale, the weaker the regularity needed to regularize components which are
above that variable in the chain. Also, some corresponding Krylov type estimates, giving
existence and integrability properties of the density of the SDE are derived. We can mention
as well the recent work by Gerencsér [34] who obtain similar regularization properties for the
iterated time integrals of a fractional Brownian motion.

In the jump case, the situation is much more delicate. Within the proper regularization by
noise framework (when the coefficients are less than Lipschitz continuous), we cite [38] where
the Authors showed the weak well-posedness for (1.1) with F' = 0 and a Holder continuous
diffusion coefficient, under some constraints on the dimensions d,n. In that framework, the
Authors obtained as well same point-wise density estimates. The driving noises considered
were stable and tempered stable processes.

Finally, we mention that it is possible to derive the weak well-posedness of dynamics (1.1)
via the martingale formulation, exploiting the Schauder estimates given in [35] for the kinetic
model (n = 2). In that work, the Authors actually characterized conditions for strong
uniqueness, using Littlewood-Paley decomposition techniques.

We will here proceed through a perturbative approach. Namely, we will expand the formal
generator associated with (1.1) around the one of a well understood process, with possibly time
inhomogeneous coeflicients which are anyhow frozen in space. We will call such a process a
prozy. The most natural candidate to be a prozy for (1.1) is a degenerate Ornstein-Uhlenbeck
process. In the case of time homogeneous coefficients, Priola and Zabczyk established in [66]
existence of the density for such processes under the same previously indicated non-degeneracy
conditions on the matrix A (which turn out to be equivalent in that setting to the well known
Kalman condition).



Intrinsic difficulties associated with large jumps. When Z is a strict stable process,
the density of the corresponding degenerate Ornstein-Uhlenbeck process can somehow be
related to the one of a multi-scale stable process which has however a very singular associated
spectral measure (spherical part of the a-stable Lévy measure) on SV, see e.g. [38], [39] and
Proposition 3 below. From Watanabe [76], it is known that the tails of stable densities are
highly related to the nature of this spectral measure. Specifically, the concentration properties
worsen when the measure becomes singular. This renders delicate the characterization of the
smoothing properties for the proxy, especially when it depends on parameters and that one
would like to obtain estimates which are uniform w.r.t. those parameters (see Proposition 4
and Section 2.2 below).

Even for smooth coefficients, the stable like jump setting is much more delicate to establish
the existence of the density for (degenerate) SDEs. For multiplicative noises, we cannot
indeed rely on the flow techniques considered in [8] or [52] in the non-degenerate case, and
Léandre in the degenerate one, see [55],[56]. Still for smooth coefficients, we can refer to
the work of Zhang [77] who obtained existence and smoothness results for the density of
equations of type (1.1) in arbitrary dimension, for a possibly more general non linear drift,
still satisfying a weak Hormander type condition when the driving process is a rotationally
invariant stable process. The strategy therein is based on the subordinated Malliavin calculus,
which consists in applying the usual Malliavin calculus techniques on a Brownian motion
observed along the path of an independent a-stable subordinator. In whole generality a
complete version of the Hormander theorem in the jump case seems to lack. We can refer to
the work by Cass [14] who gets smoothness of the density in the weak Hormander framework
under technical restrictions.

Complete model and assumptions. Let us now specify the assumptions on equation
(1.1) that we rewrite in the shortened form:

dXt = G(t, Xt>dt -+ BO'(t, Xt,)dZt, t Z 0, (13)
where B is the embedding from R? to RY given in matricial form as
t
B:= (fdxd, 0d><(N—d)a>
and G(t,z) = Awx + F(t, z) with:

Al e A
[At]2,1 [At]2,2 O . [At}gm

A= | 0 [Alss ' ' (1.4)
0 0 [Ads A

A classical assumption in this degenerate framework (cf. [72], [48], [18]) is the uniform
ellipticity of the underlying non-degenerate component of the diffusion matrix at any fixed
space-time point. Namely,

[UE] There exists a constant 1 > 1 such that for any ¢ > 0 and any x in R" | it holds that
NP < ot 2)e € < nléf?, € ER,
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where stands for the inner product on the smaller space R%.
We will suppose that the drift G(t,2) = Az + F(t,x) has a particular “upper diagonal”
structure and its sub-diagonal elements are linear and non-degenerate, i.e.

[H o F=(F,...,F,):[0,00) x RN — R¥ is such that F; depends only on time and on

the last n — (i — 1) components, i.e. Fi(t,z;,...,x,), for any ¢ in [1, n];
o A:[0,00) = RY ® RY is bounded and the blocks [4,];; € R% @ R% in (1.4) are
such that

is non-singular (i.e. it has rank d;) uniformly in ¢, if j =i — 1;
[Adlij = o
0,ifj<i—1

Clearly, n is in [1, N] and n = 1 if and only if d = N, i.e. if the dynamics is non-degenerate.
In the linear framework (F' = 0) and for constant diffusion coefficients (o (¢, z) = o), this last
assumption can be seen as a Hormander-type condition, ensuring the hypoellipticity of the
infinitesimal generator associated with the process { X }+>0, which is in this setting equivalent
to the Kalman condition, see e.g. [66]. We highlight however that in our framework, the
“classic” Hormander assumption (cf. [36]) cannot be considered, due to the low regularity of
the coefficients we will consider in (1.3) (see Theorem 1). This prevents us from explicitly
calculating the commutators.

In Equation (1.3) above, {Z;}:>¢ is a d-dimensional, symmetric and adapted Lévy process
with respect to some stochastic basis (2, F, {F;}i>0,P). We recall that a d-valued Lévy
process is a stochastically continuous process on R? starting from zero and such that its
increments are independent and stationary. Moreover, it is well-known (see e.g. [68]) that
any Lévy process admits a cadlag modification, i.e. a right continuous modification having
left limits P-almost surely. We will always assume to have chosen such a version.

A fundamental tool in the analysis of Lévy processes is given by the Lévy-Kitchine formula
(see for instance [40]) that allows us to represent the Lévy symbol ®(§) of {Z;}1>0, given by

E[eig.Zt] _ et@({)’ 56 Rd

in terms of the generating triplet (b, ¥, v) as:
. 1 iz . d
) = b — 5T+ [ (47 =1 i 2lpou () vldy), € R,
0

where b is a vector in R?, ¥ is a symmetric, non-negative definite matrix in R ® R? and v
is a Lévy measure on R := R4 \ {0}, i.e. a o-finite measure on B(RY), the Borel o-algebra
on RY, such that [(1 A |z|*) v(dz) is finite. In particular, any Lévy process is completely
determined by its generating triplet (b, X, v).

Importantly, we point out already that a change on the truncation set B(0,1) for the Lévy-
Kitchine formula does not affect the formulation of the Lévy symbol ®, since we assumed v
to be symmetric. Namely, given a threshold ¢ > 0, the Lévy symbol ®(§) of {Z;}+>0 could be
also represented as

B(6) = it £~ 566+ [ (67— 1 ig slpo() v(ds), B (L)



where b, > and v are as above. Here, we only consider pure jump processes, i.e. 2 = 0.
Indeed, the more general case, where a Gaussian component is considered, can be obtained
from already existing results (cf. [18]).

We will suppose moreover that, additionally to the symmetry, the Lévy measure v of {Z;}1>¢
satisfies the following non-degeneracy condition:

[ND] there exist a Borel function @: R? — [0, 00) such that
o ess-sup{Q(2): z € R} < +o0;

o there exist 79 > 0 and ¢ > 0 such that Q(z) > ¢ and Lipschitz continuous in
B(0,ro);

o there exists a € (1,2) and a finite, non-degenerate measure ;1 on S¢~! such that

dr
a?

vA) = [ [ 1a0s)QErs) uds) T A € BRY),

where B(R¢) stands for the Borelian o-field on RZ. We recall moreover that a spherical
measure p on S is non-degenerate (in the sense of Kolokoltsov [45]) if there exists a
constant i > 1 such that

e < [ 16 sl lds) < e, € R (1.6)

Since any a-stable Lévy measure can be decomposed into a spherical part g on S and a
radial part r~1+*)dr (see e.g. Theorem 14.3 in [68]), assumption [ND] roughly states that
the Lévy measure of {Z;};>¢ is absolutely continuous with respect to the non-degenerate
(in the sense of (1.6)), Lévy measure of a a-stable process and that their Radon-Nikodym
derivative is given by the function ). From this point further, we will denote such a Lévy
measure by v,(dz) := p(ds)r~0+9dr with z = rs.

In order to deal with a possibly multiplicative noise, i.e. in the presence of a space-
inhomogeneous diffusion coefficient ¢ in Equation (1.3), we will need the following:

[AC] If x — o(t,z) is non-constant for some ¢ > 0, then the measure v, is absolutely
continuous with respect to the Lebesgue measure on RV with Lipschitz Radon-Nykodim
derivative.

Assumptions [ND] and [AC] together imply in particular that in the multiplicative case, the
Lévy measure v of {Z;}4>0 can be decomposed as

u(dz) = Q=) ’gziﬁldz, (1.7)

for some Lipschitz function g: S*' — R.

At this point, we would like to remark that no regularity is assumed for the Lévy measure
v of {Z;}1>0 in the additive framework (or more generally, for a space-independent o). In
particular, the measure p in condition [ND] may not be absolutely continuous with respect
to the Lebesgue measure on S9!, Indeed, our model can also include very singular (with
respect to the Lebesgue measure) examples such as the cylindrical a-stable process associated
with g = >% | 1(6., +0_,). See e.g. [7] for more details.
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From this point further, we always assume that the above hypotheses on the coefficients are
satisfied.

We would like to conclude the introduction with some comments concerning our assumptions
with particular reference with our previous works.

In [59], the Schauder estimates, an important analytical first step for proving the well-
posedness of SDEs, has been showed for degenerate Ornstein-Uhlenbeck operators driven by
a more general class of Lévy noises. It also includes, for example, the asymmetric version of
the stable-like noises we consider in this work. We start highlighting that a similar family of
noises could not have been introduced here, as in [58], due to the non-linear structure of our
problem and, especially, our technique of proof through a perturbative approach. Indeed, it
requires more delicate regularizing properties for the involved operators and, in particular, a
compatibility between some proxy and the original operator, seen as a perturbation of the
first one.

Here, we have followed a backward perturbative approach as firstly introduced by McKean-
Singer in [60]. This terminology comes from the fact that the underlying proxy process will
be associated with a backward in time flow. This method appears more natural for proving
weak uniqueness in a degenerate LP — L7 framework (cf. [18] in the diffusive case). Roughly
speaking, it only requires controls on the gradients (in a weak sense) for the solutions of
the associated PDE in order to apply the inversion technique on the infinitesimal generator.
However, we are confident that the Schauder estimates presented in [58] could be extended
to the class of noises we consider here. Relying on them, we could have then proven the
uniqueness in law for dynamics such as (1.3). This method appears really involved and long
since it structurally requires to establish pointwise estimates for the first order derivatives
with respect to the degenerate components of the dynamics. Another useful advantage of the
backward perturbative approach is that it allows us to show Krylov-type estimates on the
solution process X; of SDE (1.3). These kind of controls seems of independent interest and
new for random dynamics involving degenerate stable-like noises.

The drawback of our approach is that it leads to a specific structure in Equation (1.3), given
by assumption [H]. Namely, we cannot consider drift of the form Fj(x) = Fj(x;_1,--- ,z,)
with non-linear dependence w.r.t. x;_1, variable which transmits the noise. This case is often
investigated for Brownian noises (see e.g. [25], [18]). This feature is specifically linked to the
structure of the joint law of a stable process and its iterated integrals which generate a multi-
scale stable process with highly singular associated spectral measure, see e.g. Proposition 3
and Remark 2.1 below or [38]. Similar issues constrain us to assume in the multiplicative
noise case that the driving process has an absolutely continuous spectral measure with respect
to the Lebesgue measure on S¢~!. This precisely allows us to get estimates which will be
uniform with respect to the parameters for the considered class of proxys.

Main Driving Processes Considered. Here, we highlight that assumption [ND] applies
to a large class of Lévy processes on R As already pointed out in [69], it holds for the
following families of stable-like examples with a € (0, 2):

1. Stable process [68]:
Qz) = 1;



2. Truncated stable process with ro > 0 [44]:
Q(2) = Lo ([2]);
3. Layered stable process with 5 > « and ry > 0 [37]:

Q(2) = Lo)(12]) + Lrp.o0) (I2D)]21"7;

4. Tempered stable process [67] with Q(z) = Q(rs) such that for all s in S,

r — Q(rs) is completely monotone, Q(0) > 0 and EIJP Q(rs) =0.

5. Relativistic stable process [13], [10]:

Q(z) = (1+ [z ez,

6. Lamperti process with f: S=! — R even such that sup f(s) < 1+ « [11]:

Q) = el ) (A1) sem

|2]7/ \ell — 1

Organization of Paper. The article is organized as follows. In Section 2, we introduce
some useful notations and we present the associated martingale problem. In particular, we
state there our main results. Section 3 contains all the associated analytical tools that allow
to derive our results. Namely, we follow there a perturbative approach, considering a suitable
linearization of our dynamics (1.3) around a Cauchy-Peano flow which takes into account
the deterministic part of our model (corresponding to (1.3) with ¢ = 0). Section 4 is then
dedicated to prove the well-posedness of the associated martingale problem, exploiting the
analytical results given in Section 3. In Section 5, we finally construct an “ad hoc” Peano
counter-example to the uniqueness in law for SDE (1.3).

2 Basic Notations and Main Results

We start recalling some useful notations we will need below. In the following, C will
denote a generic positive constant. It may change from line to line and it will depend
only on the parameters appearing in the previously stated assumptions, as for instance:
d,N,a,n,b,g,79, t. We will explicitly specify any other dependence that may occur.

Given a function f: RY — R, we denote by Df(x), and D?f(x) the first and second Fréchet
derivative of f at a point x in RY respectively, when they exist. We denote by Bj(RY) the
family of all the Borel and bounded functions f: RY — R. It is a Banach space endowed
with the supremum norm || - ||. We also consider its closed subspace Cy(RY) consisting
of all the continuous functions. Moreover, C*°(RY) C C,(RY) denotes the space of smooth
functions with compact support.

We now recall two correlated definitions of solution associated with SDE (1.3). Let us consider
fixed p in P(RY), the family of the probability measures on R and an initial time ¢ > 0.

9



Definition 1. A weak solution of SDE (1.3) with starting condition (¢, i) is a N-dimensional,
cadlag, adapted process {X;}s>0 on some filtered probability space (2, F, {Fs}s>0, P) such
that

e the law of X; is y;

o there exists a d-dimensional, adapted Lévy process {Z}s> satisfying [ND| and [AC]
such that

X, = Xt+/ G(u, X,) du+/ o(u, Xo VB dZa, s>1, P-as. (2.1
t t

To state our second definition, we need to consider the infinitesimal generator d, + L,
(formally) associated with the solutions of SDE (1.3). Noticing that the term involving
the constant drift b can be absorbed in the expression for G without loss of generality, the
operator L, can be represented for any ¢ in C%°(RY) as

Lid(s,2) = (Gls,2), Dad(a)) + Lot (s, )
= (Gs,2), Das(@)) + [ [ola+ Bls,2)2) = o(w)] w(d2), (22)

where (-,-) denotes the inner product on the bigger space R and, for brevity, B(s,z) :=
Bo(s,z). As done in [65], we introduce the following definition:

Definition 2. A solution of the martingale problem for d; + L with initial condition (¢, u1)
is an N-dimensional, cadlag process {X;}s>¢ on some probability space (2, F,P) such that

o the law of X, is y;
o for any ¢ in dom (5)8 + LS>, the process

{005, %0) = 006, X) = [ (0 + Lu)o(u, X.) du}

s>t
is a P-martingale with respect to the natural filtration {FZ }.>¢ of the process { X }.>o.

We can now recall some known results that enlighten the link between the two definitions
presented above. For a more thorough analysis on the topic of martingale problems in a
rather abstract and general framework, we refer to Chapter 4 in [27].

Given a solution {X;}>0 of SDE (1.3), an application of the It6 formula immediately shows
that the process {X}s>0 is a solution of the martingale problem for d; + L, with initial
condition (¢, ), too.

On the other hand, if there exists a solution {X;}s>o of the martingale problem for 9, + L,
with initial condition (¢, u), it is possible to construct an “enhanced” filtered probability
space (€, F, {F} >0, P) on which there exists a solution {X,}.>o of the SDE (1.3). Moreover,
the two processes { X, }s>; and {X,}s>; have the same law (See, for more details, [53]). Thus,
it holds that:

Proposition 1. Let u be in P(RY) and t > 0. The existence of a weak solution for SDE
(1.3) with initial condition (t, ) is equivalent to the existence of a solution to the martingale
problem for Os + Ls with initial condition (t, u).

We can now move on the notion of uniqueness associated with our problem.

10



Definition 3. We say that weak uniqueness holds for the SDE (1.3) with initial condition
(t, p) if any two solutions { X }s>0, {Ys}s>0 of SDE (1.3) with initial condition (¢, 1) have same
finite dimensional distributions. In particular, we say that SDE (1.3) is weakly well-posed if
for any g in P(RY) and any ¢ > 0, there exists a unique weak solution of SDE (1.3) with
initial condition (t, ).

Since the definition above takes into account only the law of the solutions {X;}s>¢, {Ys}s>ts
they may, in general, have been defined on different stochastic bases or with respect to
two different underlying Lévy processes. The definition of uniqueness for a solution of the
martingale problem for d; + L can be stated similarly.

It is not difficult to check that the uniqueness of the martingale problem for 0 + L, with
initial condition (¢, ) implies the weak uniqueness of the SDE (1.3). Furthermore, it has
been shown in [53], Corollary 2.5 that the converse is also true.

Proposition 2. Let u be in P(RY) and t > 0. Then, weak uniqueness holds for SDE (1.3)
with initial condition (t, ) if and only if uniqueness holds for the martingale problem for
0s + L with initial condition (t, ).

Thanks to Propositions 1 and 2, we can conclude that the two approaches, i.e. the martingale
formulation and the dynamics given in (1.3), are equivalent in specifying a Lévy diffusion
process on R, We recall however that a third, yet equivalent, method is given by the forward
Fokker-Plank equation governing the law of the process. We will not explicitly define it since
we will not exploit it afterwards (see, for more details, e.g. [28], [54]).

From now on, we write z in RY as z = (x1,...,z,) where z; = (x},..
iin [1,n].

We can now state our main theorem.

Theorem 1. For any j in [1,n], let 57 be an index in (0, 1] such that

., xfi) is in R% for any

o xj = o(t,x1,..., T4, ...,x,) is B -Hélder continuous, uniformly int and in x; fori # j;

e x; = Fi(t,x1,...,24,...,x,) is B*-Holder continuous, uniformly in t and in x; for
LF s

e x; = Fi(t,xi,...,xj,...,x,) is f/-Hélder continuous, uniformly in t and in xy, for

k#jand2 <i<j.

Additionally, we suppose that there exists K > 1 such that |F;(t,0)| < K for any i in [1,n]
and any t > 0. Then, the SDE (1.3) is weakly well-posed if

i 1+a(j—2)

g’ > 1+a(j—1)’322' (2.3)
Theorem 1 above will follow from Propositions 1 and 2, once we have shown that under
the same assumptions, there exists a unique weak solution to the martingale problem for
(0, + Ly, 0,) at any z in RV,

As a by-product of our method of proof, we have been able to show a Krylov-type estimates
for the solutions of SDE (1.3). For notational convenience, we will say that two real numbers
p > 1, ¢ > 1 satisfy Condition (¢") when the following inequality holds:

(1—a

“ 1 1
N+ ) idi)-+—- < L ¢
v, -

p
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Roughly speaking, such a threshold guarantees the necessary integrability in time with respect
to the associated intrinsic scale of the system when considering the LY — L theory (see
Equation (2.43) for more details). Furthermore, when considering the homogeneous case,
i.e. when all the components of the system has the same dimension (d; = d and N = nd),
condition (%) can be rewritten in the following, clearer, way:

<2+a(n—1)> nfd_'_g <9

Q q p

In particular, taking o = 2 above, we find the same threshold appearing in [18] for the
diffusive setting. We highlight moreover that our thresholds can be seen as a natural extension
of the ones appearing in [51] in the non-degenerate, Brownian setting.
Corollary 2. Under the same assumptions of Theorem 1, let' T >0 andp > 1, ¢ > 1 such
that Condition (€) holds. Then, there exists a constant C' := C(T,p,q) such that for any f
in LP (o, T; Lq(RN)), it holds

EPoe MT f(s, X.) ds]

< Ol fllgpee,  (t,x) €[0,7) x RY, (2.4)

where {X}s>0 is the canonical process associated with Py (-] :== E[-| Xy = x| which is also the
unique weak solution of SDE (1.3) with initial condition (t,z). In particular, the random
variable X, admits a density p(t,s,z,-) for any t < s and any x in RY.

Additionally, we have been able to show the following non uniqueness result.
Theorem 3. Let us consider SDE (1.3) with 0 =1 and assume that

e z; = Fi(t,wiy...,x5,..., %) is Bf—HO'lder continuous, uniformly in t and in xy, for
k£ 7.
Then, for given i, j in [2,n] with j > i there exists Fy(t,z;, ..., xj,...,x,) = Fi(t,x;) with
: 14+a(i—2
gl o< 1roliz?
l+a(j—1)

for which weak uniqueness fails for the SDE (1.3).

The above result will be proven in Section 5, showing a suitable, explicit Peano-type counter-
example.

Remark. As opposed to the Gaussian driven case, we did not succeed to obtain regularity
indexes which are sharp at any level of the chain (cf. [18]). However, we point out that for
diagonal systems of the form:

dth - Fl(tatha s 7th)dt + U(t7X1f1—’ e 7th_)dZt7

dX7 = [AZX] + Fy(t, X7)) dt,
dX? = [A2X? + F3(t, X})] dt, (2.5)

éXf = [A;‘X[“l + Fn(t,Xf)} dt,

i.e. the degenerate components are perturbed by a function which only depends of the
current level on the chain, we have that the previous thresholds are almost sharp. Indeed,

12



1+a(j—2)

which gives the well-posedness from the

I+a(j—1) ‘ ,
conditions in Theorem 1 while Theorem 3 shows that uniqueness fails as soon as 3} < igg:?;

For this diagonal system, Theorems 1 and 3 together then provide an “almost” complete
understanding of the weak well-posedness for degenerate SDEs of type (2.5) with Holder
coefficients. Indeed, the problem for the critical exponents

in this case, we are led to consider 37 >

= 1+a(j—2)

B; = ma Jj € [1,n],

remains to be investigated and, up to our best knowledge, there are no general available
results even in the diffusive case. We can only mention [78] in the kinetic case.

We present in this section the analytical tools we will need to show the well-posedness of
the associated martingale problem. In particular, they will be fundamental in the derivation
of our main Theorem 1, thanks to Propositions 1 and 2. For this reason, we will assume
in this section to be under the same conditions of Theorem 1. Moreover, we will suppose
that the final time horizon T is small enough for our scopes. Indeed, we could always exploit
the Markov property of the involved processes and standard chaining in time arguments to
extend the results to arbitrary (but finite) time intervals.

2.1 The “Frozen” Dynamics

The crucial element in our approach consists in choosing wisely a suitable proxy operator with
well-known properties and controls, along which we can expand the infinitesimal generator
L, with an additional negligible error.

In order to deal with potentially unbounded perturbations F', it is natural to use a proxy
involving a non-zero first order term associated with a flow associated with G(t,z) :=
Ax + F(t, ), the transport part of SDE (1.3) (see e.g. [50] or [19]).

Remembering that we assume F' to be Holder continuous, we know from the classical
Peano-Lipschitz Theorem that there exists a solution of

{ww@==M@A®+Fw@A®ﬂﬁ on [0, 7]; 2.1

97’,7’(5) = 57

even if it may be not unique. For this reason, we are going to choose one particular flow,
denoted by 6 -(§), and consider it fixed throughout the work. As it will be shown below in
Lemma 2, it is always possible to take a measurable version of such a flow.

More precisely, given a freezing couple (7,&) in (0, 7] x RY | the backward flow will be defined
on [0, 7] as

() = €= [ [Aur(€) + Flu.0,,(9))] du.
Fixed the reference flow, the next step is to consider the stochastic dynamics linearized

along the backward flow 6; ;(£). Namely, for any fixed starting point (¢, z) in [0, 7] x RV, we
consider {XT4"*} ¢ 7 solving the following SDE:

{dfq’w = [AXp80 4 F78| du+ BoS dZ,, we [t,T), 22)

% T7£7t7x p—
X =

Y
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where 67¢ 1= 0(s,0,.(£)) and F7¢ .= F(s,0,,(€)).

In order to obtain an integral representation of the process {X’jf’t’m}se[tﬂ, we now introduce
the time-ordered resolvent R,; of the matrix A, starting at time ¢. Namely, R,; is a
time-dependent matrix in RY @ R that is solution of the following ODE:

aS:RS,t - Aszs,ta ERS [07T]7
Rt,t = IdN><N-

By the variation of constants method, it is now easy to check that the solution X?g’t’x of
SDE (2.2) satisfies that

Krets = if(e) + [ RouBELdZ,, (23)
t

7—75

where the “frozen shift” mg; () is given by:

() = R+ [ Reu 7S du. (2.4)

We point out already two important properties of the shift m;f(x)
Lemma 1. Let s in [0,T] and z,y two points in RY. Then, for any t < s, it holds that

mif(x) = 0s4(2)
y—mgi(z) = Ois(y) —

Proof. We start noticing that by construction in (2.4), m;;f (x) satisfies

O (v) = Agnli(z) + F(s,0::(6)), (2.7)
for any freezing parameters (7,&). Choosing 7 = t, £ = = above, it then holds that
Oy |25 (x) = Osy(2)] = A WL (2) — O.4(w)] -

Since, 1y} () = 0,4(x) = z, Equation (2.5) then follows immediately applying the Gronwall
lemma.
The second identity in (2.6) follows in a similar manner. O

We are now interested in investigating the analytical properties of the “frozen” solution
process X &b In particular, we will show in the next results the existence of a density for
such a process and its anisotropic regularizing effect, at least for small times. Further on, we
will consider fixed a time-dependent matrix M, on RY @ R¥ given by

M := diag([ch ><d17t[d2><d27 s 7tn71[dn><dn>7 t=> O’ (28)
which reflects the multi-scale nature of the underlying dynamics in (2.2).

Proposition 3 (Decomposition). Let the freezing couple (1,§) be in [0,T] x RN, t < s in
[0,T) and x in RN. Then, there exists a Lévy process { ST },>o such that

~ law) . aT.€t,s
Xrste ) 580y 4 M, S0, (2:9)
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In particular, the random variable )N(;’5’t’$ admits a continuous density p(t, s, x,-) given by

1

~T)§ — ~
det Ms_tps o

Pt 5,2, y) (t =M (y — mif(2))) (2.10)

det M., ML (g TE
P —’L(Msit(y—ms7t(.1‘)),z> _ _ Gt
el exp (s = 1) [ feos({z.)) = 1 vsecns(dp)) dz,

w@ere Vgrets aNd Dgrers(u,-) are the Lévy measure and the density associated with the process
{Sm&tsY 50, respectively.

Proof. For simplicity, we start denoting

~ S
ATEES = / R&UB&;’gdZu, s>,
t

so that we have from Equation (2.3) that X;g’t"” = m;;f (x) + ATEEs To conclude, we need
to construct a Lévy process {ST5"*},50 on RY such that

~ law ~rEt.s
Aréts () g Grets, (2.11)

To show the identity in law, we are going to reason in terms of the characteristic functions.
We start recalling that the Lévy process {Z;};>0 on R is characterized by the Lévy symbol

@(p) = |, lcosp-q) — 1)Q(q) va(da), p € R,

0

where v, (dg) = p(df) L is the Lévy measure of an a-stable process. It is well-known (see
e.g. Lemma 2.2 in [70]) that at any fixed ¢ < s in [0, 1], A7¢** is an infinitely divisible random
variable with associated Lévy symbol

Birenn(z) = /t (R, BoE)2) du, =€ RY,
where, we recall, we have denoted 67¢ = o (u, 0, (€)).
Setting v := (u — t)/(s — t) and noticing that u = u(v) :=t + v(s — t), we can now rewrite

the Lévy symbol of A74% as

1
Birein(z) = (s—1) /0 B((Roun) BoTE)) =) do. (2.12)

From the analysis performed in [38], Lemmas 5.1 and 5.2 (see also [25] Proposition 3.7), we
then know that we can decompose the first column of the resolvent R ,,) in the following
way:

Rou)B = My R, B,

where {R,: v € [0,7]} are non-degencrate and bounded matrixes in RY @ RY and the
multi-scale matrix M is given in (2.8). We can now rewrite the Lévy symbol of A™$ as

Birern() = (s—1) [

®((RyBo)) Moy2) dv, 2 € RV,
0
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The above equality suggests us to define, for any fixed ¢ < s in (0, 1], the (unique in law)
Lévy process {ST%},5¢ associated with the Lévy symbol
1 ~
Dgocrn() = [ O((RBETS)"2) dv
) (2.13)
= R,B57Ep)) — 1| v(dp)dv.
/0 /]Rd [COS ((Zv Uu(v)p>) } V( p) v

Since we have that

E{ei@,[\f’g’t"q)} — e(I)AT,&,t,S(Z) — e(S*t)‘I’gr,g,t,s(MtZ) — E{ei<Z,Mt~§;’f{t’s)}7 (2.14)
it follows immediately that Equation (2.11) holds.
To show the existence of a density for X7¢%* we want to exploit the Fourier inversion formula

in (2.14). To do it, we firstly need to prove that exp(®j-e..(2)) is integrable. From (2.13),
we notice that

Dorers(z) = /01 /Rd [cos ((z,ﬂAQUBc};’(i)p)) — 1} v(dp)dv
= /01 /Rd [cos (<z,ﬁv35;’é)p)) - 1} Q(p) va(dp)dv,

where in the last step we used hypothesis [ND]. Exploiting now that the quantities above
are non-positive and Q(p) > ¢ > 0 for p in B(0,rq), we write that

Perers(z) <C /01 /B(O | [cos ((z,ivBéz’é)p)) — 1} Vo (dp)dv
1, " o 1 .
= C{—/O ’(IRUB&Z’(E)))*Z dv+/0 /c(o,ro) [1 — COS ((z,vaB&Z’é))p})} l/a(dp)dv}

1, . «
c{—/ (R, BETE) = dv+1}.
0

IN

To conclude, we recall that Lemma 5.4 in [38] states that

1, «
/0 (R,Bo7E) =" do > O,

for some positive constant C' independent from ¢, s, 7,£. It then follows in particular that
Pgrers(2) < C1— |27, zeRN (2.15)

Since exp(®zre..s(2)) is integrable, it implies that there exists a density pzre..(,s,-) of the
random variable A™¢%*. We can now apply the Fourier inversion formula in Equation (2.14)
showing that pire..(t,s,-) is given by

T 1 —i(y,z
p]\’f(t, S,Y) = L /]RN e WAexp ((s — ) Pgrers(2)) dz. (2.16)

From Decomposition (2.9) and Equation (2.16), the representation for p7¢(¢, s, x, -) follows
immediately. O
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Once we have proven the existence of a density p7(t,s,z,-) for the “frozen” stochastic
dynamics )~(§757t’$, we move now on determining its associated smoothing effects. In particular,
we show in the following proposition that the derivatives of the “frozen” density are controlled
by another density at the price of an additional time singularity of the order corresponding
to the intrinsic time scale of the considered component in the stable regime. Importantly,
such a control holds uniformly in the freezing parameters (7, &).

Let us introduce for simplicity the following time-dependent scale matrix:

T, := toM,, t>0. (2.17)

Proposition 4. There exists a family {p(u,-): u > 0} of densities on RY and a positive
constant C':= C(N, «) such that
e for any u >0 and any z in RY, p(u, z) = u=Np(1,u=*2); (stable scaling property)
e for any v in [0, ),
/RN plu,2) |2 dz < Cu/®,  u>0; (2.18)

o for any k in [0,2], any i in [1,n], any t < s in [0,T] and any x,y in RY,

(S _ t)fk 1+a(i—1)
qer P (LT y = mii(). (2.19)

|DE 574 (t, 5,2, y)| < C

where we denoted, coherently with the notations introduced before Theorem 1, D, =
(D D)

Remark (About the freezing parameters). We carefully point out that since we will later on
choose as parameters (7,§) = (s,y), it is particularly important that we manage to obtain an
upper bound by a density which is independent from those parameters, since they will be
as well the integration variables (see Section 2.2 below). This is precisely why we actually
impose the specific semi-linear drift structure in SDE (1.3) (cf. assumption [H]), as opposed
to the more general one that can be handled in the Gaussian case [18]. This is a framework
which naturally gives the independence of the large jumps of the prozry process )N(;’g’t’z as used
in (2.24) below. The more general case for the first order dynamics considered in [18] would
actually lead to linearize around a matrix which would depend on the freezing parameters.
For such models, we did not succeed in proving that the corresponding densities can be
bounded independently of the parameters (see also the proof of Lemma 8 below for a similar
issue regarding the diffusion coefficient).

Proof. Fixed the freezing parameters (7, £) in [0, T|xR", and the times t < s in [0, T, we start
applying the It6-Lévy decomposition to the process {S7¢$},5¢ introduced in Proposition
3 at the associated characteristic stable time, i.e. we choose to truncate at threshold u'/®.

Thus, we can write B _ .
Sréts — NTEbs 4 NTEbS (2.20)

for some qu@’t’s, ]\75?57’5’5 independent random variables corresponding to the small jumps part
and the large jumps part, respectively. Namely, we denote for any v > 0,

~ v ~ ~ ~
NpSbs = /0 /Imw 2Pgress(dr,dz) and MJOb® := SPEhs — NTE (2.21)
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where Pg,¢..(dr,dz) is the Poisson random measure associated with the process Sréts T
can be shown, similarly to Proposition 3, that the process {Mgvg’t’s}uzo admits a density
Piprens(u,+). Indeed, it is well-known that the small jump part leads to a density which is in
the Schwartz class $(R") (see Lemma 7 below). We can then rewrite the density pgr.e..s of
STEEs in the following way:

Parens(u,2) = /R P (U, 2 = y) Pyreas (dy) (2.22)

where Pygres is the law of N7&ts,

We need now to control the modulus of the density pg-¢... with another density, independently
from the parameters 7, . From Lemma 7 in the Appendix (see also Lemma B.2 in [38]) with
m = N + 1, we know that there exists a positive constant C', independent from 7, such that

ul/a

N+2
. —k/a
e T Tl |z|> =: Cu """ py(u, 2), (2.23)

‘DprT,g,t,s(u,z)( < Cu(N+k)/a<

for any k in [0,2], any v > 0, and any z in RY.
Moreover, denoting by M, the random variable with density p37(u,-) that is independent
from N7 we can easily check that prr(u, 2) = u=N/*pr(1,u="/*2) and thus, that M is
a-selfsimilar:

M, taw 1/ “Mj.

On the other hand, Lemma 8 in the Appendix (see also Lemma A.2 in [33]) ensures the
existence of a family {P,}.,>0 of probability measures such that

Pyrees(A) < CPy(A), A e B(RY), (2.24)

for some positive constant C' independent from the parameters 7,&, ¢, s.
For any fixed u > 0, let us now denote by N, the random variable with law P, that is
independent from M,. Thanks to the representation of the measure P, in (A.7), it is then

immediate to check that ()
law

NU = Ul/aﬁl.
We can finally define the family {p(u, -)}.>0 of densities as

p(u,z) == /]RN pip(u, 2 — w) Py (dw), (2.25)
which corresponds to the density of the following random variable:
gu = MU + Nu

for any fixed 4 > 0. Using Fourier transform and the already proven a-selfsimilarity of M

and N, we now show that
(law)

gu ul/o‘gl,

or equivalently, that
Blu, 2) = u Mp(l,umz)

for any « > 0 and any z in RY. Moreover,

E[[S.|"] = E[[M, + N,["] = Cu"*(B[[M|"] + E[[N,["]) < Cu™’,
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for any v < a. In particular, Equation (2.18) holds. We emphasize that the integrability
constraints precisely come from the Poisson measure P, which behaves as the one associated
with the large jumps of an a-stable density.

Equation (2.19) now follows easily from the previous arguments. From Equation (2.22), we
start noticing that Controls (2.23), (2.24) and (2.25) imply that for any & in [0, 2],

’DfpgT,g,t,s(u, z)’ < Ct‘k/aﬁ(u, z), u>0,zecR"Y,

for some constant C' > 0, independent from the parameters 7, &, t, s. Recalling the decompo-
sition in (2.9), Equation (2.19) for k& = 0 already follows.
To show instead the case k = 1, we can write that

. 1 ) »
‘lep 7€(t7 S, T, y)’ = ml)xl |:p§‘r,§,t,s (S — t, Mg_lt(y —_ msf(gj)))}‘
! -1 = 7.8 1 ~7¢
— szps»,g,t,S (s —t,-) (M, (y — M5 (2))), Dy MLmlE (2))
= (S_t) e -1 < 1 ~7¢
g m[) (1aTS_t<y_m ) ‘D MS tmst(-T)

where in the last step we exploited the a-scaling property of p. From Equation (2.7), we now
notice that the function # — Mm% (z) is affine, so that

DM ()] < Cls — )70,

Hence, it follows that

T & (S — t) = -1 T
Daf™ (k5 2,y)| € O m——P (LT Ay — (@)
The other case (k = 2) can be derived in an analogous way. ]

We conclude this section with a useful control on the powers of the density p(u, z).
Corollary 4. Let ¢ > 1. Then, there exists a positive constant C' := C(q) such that

D(u, 2)]* < ut C’p(u 2), (u,2) € (0,T] x RV, (2.26)

Proof. We start noticing that we can assume without loss of generality that u = 1, thanks
to the scaling property of p(u, z) in Proposition 4. Moreover, we know that there exists a
constant K such that p(1,z) < 1 for any z in B¢(0, K), since p(1,-) is a density. It then
clearly follows that

[p(1,2)]" < B(L,2), =z€ B0, K).

On the other hand, we recall that p(1,-) is continuous. For any z in B(0, K), it then holds
that

[p(1,2))* = B(L, 2)[p(1,2)1" < Cp(1,2),
where C' is the maximum of [p(1,-)]? on B(0, K). O
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2.2 Regularity of Density along the Terminal Condition

We briefly explain here how we want to prove the well-posedness of the martingale formulation
associated with d; + L at some starting point (¢,z). We will mainly focus on the problem of
uniqueness since the existence of a solution can be easily handled from already known results.
Indeed, we recall that under the assumptions we consider, the main part of the operator L,
is of order & > 1 while the perturbation is sub-linear. Thus, the existence of a solution can
be obtained, for example, from Theorem 2.2 in [71].

In particular, uniqueness for the martingale problem will follow once the Krylov-like estimates
(2.4) have been shown.

Starting from a solution {X!*}.cpo,r of the martingale problem with starting point (¢, z),
the idea is to exploit the properties of the frozen dynamics {X7¢%} .z in (2.3). For this
reason, let us denote by L7¢ its infinitesimal generator and define for f in C12([0,T) x RY)
the associated Green kernel:

. T
Gré(ta) = [ ds [ (s w ) Fls,p)dy.
t RN
Standard results now give that
(00 + L7%) G4 f(t,x) = —f(t,x), (t,2) €[0,T) x RY, (2.27)
for any (fixed) freezing parameters (7,§).

The first step of our method then consists in applying the Ité formula on the function G™f,
which is indeed smooth enough, and the solution process {X!*}sci017:

G f(t,z) +E VtT(ag + LG f(s, X5 ds] = 0.

Exploiting (2.27), we can then write
B T T o
GTEf(t,x) — EU f(s,Xﬁ’m)ds} +EU (L, - Lgf)GT’gf(s,Xﬁ’z)ds} _ 0
t t
or, equivalently,
T - T - ~
EU f(s,Xﬁ’x)ds} — G f(t, ) +]EU (L, —Lg’f)GT”ff(s,Xﬁ’x)ds}
t t

While an estimate of the frozen Green kernel G™ f can be obtained from Proposition 4, the
main difficulty of our approach will be to control, uniformly in (¢, z), the following quantity:

r eV
/t /RN(LS - L7 )G “f(s,x)ds.
Focusing for example only on the component associated with the deterministic drift F, i.e.
T
| B ) = P(00r(), D™ (t 5,0, )) f 5, ) dyds,

it is clear that we need some kind of compatibility between the arguments of the drift F' and
those of the frozen density p7*(¢, s, z,-), in order to exploit the associated smoothing effect
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(Proposition 4). Namely, we need to compare the quantities (z — 6, ,(£)) and (y — Thzf(x))
Noticing that for 7 = s and £ =y, (y — m;f(x)) = 0;5(y) — z, it follows from Proposition 4
that this choice of freezing parameters gives the natural compatibility between the difference
of the generators and the upper-bounds of the derivatives of the corresponding proxy.

The above reasoning requires however a more thorough analysis on the “density” p*¥(t, s, z, -)
frozen along the terminal condition (7,§). Indeed, the freezing parameter y appears also as
the integration variable. In other words, with this approach, the freezing parameter cannot
be fixed once for all. The present section is precisely dedicated to the handling of such a
choice. This will lead us to introduce a pseudo Green kernel, see (2.41) below, from which
will then derive uniqueness to the martingale problem following the Stroock and Varadhan
approach (see Chapter 7 in [72]), through appropriate inversion in L{ — L spaces, proving
that the remainder has a small corresponding norm.

We start with a lemma showing the existence of at least one version of the flow 6; ;(y) which
is measurable in s and y. This result will be fundamental to make licit any integration of
this flow along the terminal condition .

Lemma 2. There exists a measurable mapping 0: [0, T)> x RY — RN such that

O(t,5,2) = Ora(2) = 2 + /t (A8 (2) + Flu, 0,0(2))] (2.28)

Proof. The result can be obtained from [80] and a standard compactness argument. O

From this point further, we assume without loss of generality to have chosen such a measurable
version 6, s(z) of the reference flow.

The next Lemma 3 (Approximate Lipschitz condition of the flows) will be a key technical
tool for our method. Roughly speaking, it says that a kind of equivalence between the
rescaled forward and backward flows appears even in our framework (where the drift F' is
not regular enough), up to an additional constant contribution, for any two measurable flows
satisfying Equation (2.1). We only remark that similar results has been thoroughly exploited
in [25, 61, 62] when considering Lipschitz drifts or [18] in the degenerate diffusive setting
with Holder coefficients.

This approximated Lipschitz property will be fundamental later on in the proof of Lemma 4
(Dirac Convergence of frozen density) below. It will be proved in Appendix A.1, adapting
the lines of [18].

Lemma 3. Let 0: [0,7]2 x RN — RN, §: [0,T]> x RN — RN be two measurable flows
satisfying Equation (2.28). Then, there exist two positive constants (C,C") := (C,C")(T)
such that for any t < s in [0,T] and any z,y in RY,

CHT L (0ua(@) — y)| = € < T (@ = Ons))] < C [T (0an(x) —9)| +1] . (2.29)

From the above lemma, we also derive the following important estimate for the rescaled
difference between the forward flow 6,,(x) and the linearized forward dynamics mJ}(x)
(defined in (2.4)) where the linearization is considered along any backward flow.

Corollary 5. Let 0: [0,T]?> x RN — RY be a measurable flow satisfying Equation (2.28).
Then, there exist a positive constant C' := C(T) and ¢ in (0,1) such that for any t < s in
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[0,T] and any x,y in RY,
T2 (0sp(@) = M3t (@))] < C(s = 1)=" (14 [T, 2, (0s0(x) — y)]) - (2:30)
Proof. We start exploiting the differential dynamics given in Equation (2.7) to write that
T2 (Oala) =it (@) = T2, [{ [P0 bua)) = Flub0(0)]
+ [Aulbuda) = b)) fda (23D
= (T + 55 (,9).

We start dealing with J%,(z,y). The key idea is to use the sub-linearity of F and the

s,t
appropriate Holder exponents. Namely, using the Young inequality, we derive that

Fhae )] < O3 s =) 52 [11(Bus(w) - sl
< C{(S — t)ié /ts Heu,t(x) - Hu,s(y>’ + 1] du
#3005 [ (5= 07 (Bae) = o)) + (o - e d“}’

for some parameters 77 > 0 to be specified below. Denoting now for simplicity,

d4ali-1)
Fj.—— o +71_BJ,

we get that
teal < (s =0 4 [ 12, 00clo) ~ Bty d

PS5 - oo (MO D) ] )

i=2 j=i /1 (s —1)

< {0 4 [ 1T = 07 0ude) - 0ol

D> [ = 07 2 @) = O] + (s = )1 du}.

i=2 j=i
We now use Lemma 3 (Approximate Lipschitz condition of the flows) to derive that
T2 (Oue(2) = Ous ()] < CUTL(Os(x) —y) +1).

We emphasize here that in our current framework we should a priori write 6, ,,(6,¢+(z)) in the
above equation since we do not have the flow property. Anyhow, since Lemma 3 (Approximate
Lipschitz condition of the flows) is valid for any flow starting from 6, () at time u associated
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with the ODE (see Equation (2.29)) we can proceed along the previous one, i.e. (6,+(2))veu,s-
The previous reasoning yields that

5@ y)l < C{(S — )% + (s = O[T (Bs(w) = )| +1]

n.on S _ lta(i-1) i Bl
E e )

i=2 j=i

(2.32)
X

We now choose for j in [i,n],
g j 1+a(—1) B ; oa—1 4
_ A= j i— (i_ 1_ i
i+J= - A w7 ( a)( 5,

to balance the two previous contributions associated with the indexes 1, j.
To obtain a global smoothing effect with respect to s — ¢ in (2.32) we need to impose:

1+ a(i—2)
l+a(j—1)

Hence, under our assumptions, we have that there exists ¢ in (0, 1) depending on 37 for any
j € [i,n] such that

—itji—9 > -1 > Vi < . (2.33)

[Talz )l < Cls =) [L+ T2 (Barl) — v)]]. (2.34)
Recalling from the structure of A that
T, AT < C(s— )7,

Control (2.30) now follows from (2.31), (2.34) and the Gronwall lemma. O

Thanks to the Approximate Lipschitz property of the flow presented in Lemma 3 above
and Corollary 5, we can now adapt the controls on the derivatives of the frozen density
(Proposition 4) to the “density” p*¥(t, s, x,y). Indeed, we recall again that the function
p*Y(t,s,z,y) is not a proper density in y since the integration variable y stands also as
freezing parameter. This is one of the main difficulties of the approach.

The following result is the key to our analysis since it precisely quantifies the smoothing
effect in time of the proxy we chose.

Corollary 6. There exists a positive constant C' := C(N,a) such that for any v in [0, «),
any t < s in [0,T] and any z,y in RY,

‘T;—lt<9t s(y) —o)|7_ 1
: — < (. .
/]RN ot T, p(L, T, 2, (0r5(y) —2))dy < C (2.35)

Moreover, if K > 0 is large enough, it holds that
1 L LT d
Lo Loz P T Craly) = 2) dy
< C/RN 1. xi(1,2)dz, (236)
where p enjoys the same integrability properties as p (stated in Proposition 4).
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The strengthened assumptions concerning the integrability thresholds in Theorem 1 with
respect to the natural ones appearing in (2.33) might seem awkward at first sight. It is
actually the specific current framework, which involves as a proxy a stochastic integral
with respect to a stable-like jump process and its associated iterated integrals that leads to
additional constraints on the regularity indexes needed for our method to work.

The natural approach to get rid of the flow involving the integration variable in (2.35) would
have been to use the approximate Lipschitz property of the flow established in Lemma 3.
This indeed readily yields that:

T2 (Oes(y) — 2)|” < C(1+ T2, (y — Ose(2))]).
The main difficulty is that we do not actually succeed in establishing in whole generality that:

P(L, T (0rs(y) — @) < OP(L, T (y — Os()), (2.37)
for a density p which shares the same integrability properties as p.

Equation (2.37) is absolutely direct in the diffusive setting from the explicit form of the
Gaussian density and it has been thoroughly used in [18] to derive sharp thresholds for weak
uniqueness. It is clear that the above control has to be considered point-wise and one of the
huge difficulties with stable type processes consists in describing precisely their tail behavior
which is actually very much related to the geometry of their corresponding spectral measure
on the sphere. We refer to the seminal work of Watanabe [76] for a precise description of the
tails in terms of the dimension of the support of the spectral measure, in the stable case, and
to the extension by Sztonyk [73] for the tempered stable case. The delicate point comes of
course from the behavior of the Poisson measure (large jumps) as illustrated in the following
computation. From (2.23) and (2.25), we write that

DT O0sl) =) = [ 2 (LT 00s() — 2) — ) Py (dw)
1
<0 o CTEE A

e Let us first emphasize that, when |T, (6, ,(y) — )| < K (diagonal type regime) for some
fixed K, then Control (2.37) holds. Indeed, since from Corollary 5,

T (05 () = Bua(@)] < Cls = 0)2" (14 [T (Buela) = )]

we would get, recalling from Lemma 1, Equation (2.6) that 6 ,(y) —x =y — mg}(x), that

1 _
fo T e D)
1
C o T o) o~ ) DIV T
/ 1 Py (dw)
C+|Ts t?J Qst( ))_wDM
BT (g — B,0(2))),

p(L T (0s(y) —2)) < C

| /\
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and p plainly satisfies the required integrability conditions. These computations actually
emphasize that (2.37) holds, up to a modification of C' above, up to the threshold

T2 (Os(y) = )] < cols — )",
for some ¢y > 0 small enough with respect to C'. It would therefore remain to investigate the

complementary very off-diagonal regime.

e Let us now concentrate on the off-diagonal regime | T, (0 ,(y) — x)| > K. In that case, we
write:

/ 1

RY (C' 4 T2y (0r,5(y) — o) — w|)M

< c/1 Prl{w € RY: (14 T2 (6,4(y) — ) — w]) ™| > u})du

p(L T (0s(y) —2)) < C P1(dw)

< c/ Pu(B(TL(0,4(y) — ), uY™)du. (2.38)

It now follows from the proof of Proposition 3 that the support of the spectral measure on
SN=1 associated with {S765},¢ has dimension d. The related concentration properties also
transmit to N} (see the proofs of Proposition 4 and Lemma 8). Thus, we get from [76], [73]
(see respectively Lemma 3.1 and Corollary 6 in those references) that there exists a constant
C > 0 such that for all z RY and r > 0:

Pi(B(z,7)) < Crtt (1 4 7))z -+, (2.39)

In other words, the global bound is given by the worst decay deriving from the dimension of
the support of the spectral measure. In the current case |z| > K, this bound is clearly of
interest for large values of z. Hence, from (2.38) and (2.39), it holds that

1
p(1, T2, (6rs(y) — ) < C/o u” DM oy MY qu T (0, 4 (y) — 2)] e
< C(1+ |T7Y, (65 (y) — d+l+a)/ D/ )M gy

Choosing M > d + 1 + « then gives that there exists C' > 1 such that
DL T (00s(y) — ) < C(L+ [T (Grs(y) — 2)]) ).
We thus get from Lemma 3, up to a modification of C', that:
DL T (00s(y) — ) < C(L+ [T (y — Ooa(a)) ). (2.40)

This actually leads to strong dimension constraints for this bound to be integrable. This
phenomenon already appeared e.g. in [38] and induced therein to consider d = 1,n = 3
at most to address the well posedness of the martingale problem associated with a linear
drift and a multiplicative isotropic stable noise. Those thresholds and dimension constraints
remain with this approach.

Actually, from the threshold appearing in (2.3), we would like to consider the left-hand side

of (2.35) with > {5 corresponding to j = 3 = n therein. From Control (2.40), this would
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require — 11:2‘3 +(d+1+a)>3,d=1 < a*—a—1> 0, which in our framework imposes

that o € (1£5,2).

Another possibility would have been, in the tempered case, to keep track of the tempering
function, instead of bounding p™¢ by a self-similar density p, in order to benefit from the
tempering at infinity to compensate the bad concentration rate in (2.40). However, see [38]
and [73], we would have obtained bounds of the form

(s, 2,y) < C(1LF [Ty — 0.,(@)) 4 9Q (M7 (y — 0.4(2))])

Such a bound will give space integrability but deteriorates as well the time-integrability. This
difficulty would occur even in the truncated case, thoroughly studied in the non-degenerate
case by Chen et al. [21]. Thus, we will develop here another approach.

Namely, we would like to change variable to i := T, ,(0;s(y) — x) in the left-hand side of
Equation (2.35). Of course, this is not bluntly possible since the coefficients at hand are
not smooth enough. The point is then to introduce a flow 67 ,(y) associated with mollified
coefficients (for which the difference with respect to the initial flow will be controlled similarly
to what is done to establish the approximate Lipschitz property of the flows in Lemma 3) and
then, to control det(V;,(y)) (see Lemma 9 below). Since we do not have here a summation
with respect to the single rescaled components as in the previous Lemma 3 above or as in
Corollary 5, this will conduct to reinforce our assumptions and suppose that (F});c[2,,) has
the same regularity with respect to the variable z;, j € [2,n], whatever the level of the chain.
This is precisely what leads to consider the condition

o z; — Fi(t,zy,...,xj,...,x,) is f/-Holder continuous, uniformly in ¢ and in @y, for k # j,
with .
g > 1+0¢(‘7‘—2).
l+a(j—1)

For the sake of clarity the proof of Corollary 6 is postponed to the Appendix.

Let us introduce now some useful tools for the study of the martingale problem for 9, + L.
The first step is to consider a suitable Green-type kernel associated with the frozen density
p*¥ and establish which Cauchy-like problem it solves. Namely, we define for any function
f:[0,7] x RN — R regular enough, the pseudo Green kernel G, given by:

~ T
Gf(t,x) = / / (L, s, x,y) f(s,y)dyds, (t,z) €[0,T) x RY, (2.41)
(t+e)AT JRN

where € is meant to be small.

We only remark that the above Green kernel G, is well-defined, since the frozen density
p*Y(t, s, z,y) is measurable in (s,y) thanks to Lemma 2 (measurability of the flow in these
parameters).

Proposition 5. Let p, q in (1,4+00) such that the integrability Condition (€) holds. Then,

there exists a positive constant C' := C(T,p,q) such that for any f in L? (O, T; Lq(RN)),

IGeflloe < ClLfNlurre.

Moreover, it holds that limp_,o C(T,p,q) = 0.
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Proof. We start using the Holder inequality in order to split the component with f and the
part with the density p(¢, s, z,y):

G C ' Y 7 q ZLlal ’
< Pra D°
|G f(t,z)] < ||f||LtLgc /(t+6)AT (/}RN P (t, s, 7,9)| y) S
= CHf||Lng|Ie(tax>|7

where we have denoted by p’, ¢ the conjugate of p and ¢, respectively.
In order to control the remainder term I (¢, x), we now apply (2.19) from Proposition 4 with
k=0 and (7,€) = (s,y) to write that

, T 1 B » q/ q
|I(t, 2)[” < C - ( /R N < " Ts_tp(LTslt(y—ms;%(x)))> dy) ds,

where we recall that T; = tY/*M; (see (2.17) and (2.8)).
From Corollaries 4 and 6, we then write that

Pf
/

Lol <c [ (/RNW;H),p(LT;;(y—m:ﬂ ) ) s

(t+e)AT
T 1
<C (det Ty_¢)a 7P ds = C ——ds.
(t+e)AT (t+e)AT (det T#t);
Since by definition of matrix Ty, it holds that
detT,_, = (8 B t)zz;l di1+a(<;>1) 7 (2‘42)

we can conclude that under the integrability assumption (%), we have that
1 —1D\p 1 —1)\1 1
(Zd +ale ))p <1l& (Zd +alé ))+ < 1. (2.43)
q qa p
The proof is complete. O
We now want to understand which Cauchy-like problem is solved by the density p*¥(t, s, z,y)

frozen at the terminal point (s,y). We start denoting by LY the infinitesimal generator of
the proxy process { X5} i 77. For any smooth function ¢: RV — R, it writes:

E?y?b(x) = <At$ + Fts’y ngi)( )> +E5’y

<At-%’ + Ft Y Dl,¢ / iL‘ + Bﬁf’yw) . QS(.I)} V(dw), (244)

where, we recall, FY := F(t,0,,(y)) and 677 := o(t, 0,(y)).
By direct calculation, it is not difficult to check now that for any (s, z,y) in [0, 7] x R*V it
holds that

(0 + L3¥) 5*¥(t5,2,2) = 0, (t,2) €[0,5) x RY. (2.45)
However, we carefully point out that some attention is requested to establish the following
lemma, which is crucial to derive which Cauchy-type problem the function Gf := lim._,o G.f

27



actually solves. In particular, it is important to highlight that Lemma 4 (Dirac Convergence
of frozen density) below cannot be obtained directly from the convergence in law of the frozen
process X2¥5% towards the Dirac mass (cf. Equation (2.45)). Indeed, the integration variable
y also appears as a freezing parameter which makes the argument more complicated.

The proofs of the following two lemmas is quite involved and technical. For this reason, we
decided to postpone them to the Appendix, Section A.2.

Lemma 4. Let (t,z) be in [0,T) x RY and f: RY — R a bounded continuous function.
Then,

lim
e—0

/RN F)P TVt t+ ez, y)dy — f(x)] = 0.

Moreover, the above limit is uniform with respect to t in [0, T].

A similar result involving the L7 L2-norm can also be obtained. For notational simplicity, let
us set

If(t x) = /RN f+ey)lpor—qg®)p " (t,t +e2,y)dy (2.46)

for any sufficiently regular function f: [0,7] x RY — R.
Lemma 5. Let p > 1, ¢ > 1 and f in CH*([0,T) x RY). Then,

lim [[Ief = fllzprs = 0.

We want now to understand which Cauchy-like problem is solved by our frozen Green kernel
G.f(t, ). For this reason, we introduce for any function f in Cy*([0,7) x RN, R) the following
quantity:

~ T ~

M. f(t,x) :== / . LyVp*¥(t, s, x,y) f(s,y) dyds, (t,xz) € [0,T) x RY, (2.47)
t+e JR

for some fixed € > 0 that is assumed to be small enough. Then, we can derive from Equation

(2.45) and Proposition 4 that the following equality holds:

QG f(t,x)+ M.f(t,x) = —I.f(t,x), (t,x)e[0,T)xRY, (2.48)

where we used the same notation in (2.46) for I.f. We point out that the localization with
respect to e is precisely needed to exploit directly (2.45) and thus, to derive (2.48) for any
fixed € > 0, by usual dominated convergence arguments. In particular, we point out that
in the limit case (¢ — 0), the smoothness on f is not a sufficient condition to derive the
smoothness of G f. This is again due to the dependence of the proxy upon the integration
variable.

3 Well-Posedness of the Martingale Problem

This section is devoted to the proof of the well-posedness of the martingale problem for
0s + L with initial condition (¢, x), under the assumptions of Theorem 1.

Since by definition the paths of any solution {X;};>¢ of the martingale problem for 05 + L
are cadlag, it will be convenient afterwards to give an alternative definition. We denote by
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D0, 00) the family of all the cadlag paths from [0, 00) to RY, equipped with the “standard”
Skorokhod topology. For further details, we suggest the interested reader to see [6], [27] or
[41].

Fixed a starting point (¢,z) in [0, 00) x RY, we will say that a a probability measure P on
D[0, 00) is a solution of the martingale problem for 9, + L, starting at (¢, z) if the coordinate
process {y:}+>0 on D0, 00), defined by

y(w) = w(t), we D[0,0)

is a solution (in the previous sense) of the martingale problem for d; + Lj.
Similarly, we will say that uniqueness holds for the martingale problem for 0, + L, with
starting point (¢, x) if

Poy™ = Poy™,

for any two solutions P, P of the martingale problem for 9, + L, starting at (t,z).

The existence of a solution PP of the martingale problem for 0, + Lg can be obtained adapting
the proof of Theorem 2.2 in [71] exploiting the sublinear structure of the drift F' and
localization arguments in order to deal with possibly unbounded coefficients.

Proposition 6 (existence). Under the assumptions of Theorem 1, let (t,x) be in [0,00) x RV,
Then, there exists a solution P of the martingale problem for Os + L starting at (t,x).

We move to the question of uniqueness for the martingale problem associated with 0, + L.
As shown already in the introduction of Section 3, the analytical properties on the frozen
process (Xj?y’t’x)ue[w} we presented there will be the crucial tools for the reasoning in the
following section.

We will start proving directly that the Krylov-type estimates (2.4) holds but first for p, ¢ big
enough (but finite). It will imply in particular the existence of a density for the canonical
process associated with any solution of the martingale problem. As a consequence, the weak
well-posedness of SDE (1.3) under our assumptions can be shown to hold.

Only in a second moment, we will then show that the Krylov estimates holds for any p,
q satisfying condition (%) through a regularization technique. Namely, we regularize the
driving noise Z; by introducing an additional isotropic a-stable process depending from a
regularizing parameter. Following the previous arguments for the regularized dynamics, we
will then prove that the solution process satisfies again the Krylov-type estimates for any p,
q in the considered range, uniformly with respect to the regularizing parameter.

Letting the regularizing parameter go to zero, we will then conclude the proof of Corollary 2.

3.1 Uniqueness of Martingale Problem

The first step in proving the uniqueness of the Martingale problem for 0 + L is to show
that any solution to the martingale problem satisfies the Krylov-like estimates in Equation
(2.4). To do so, we prove that the difference operator between the genuine generator L,
and a suitable associated perturbation (associated with the frozen generator LY given in
(2.44)) has small LY Li-norm when considering a sufficiently small final horizon T'. Namely,
we introduce the following remainder:

R.f(t,x) == (LG f — M.f)(t,z) /+e o (Ly — YL, s, x,y) f(s,y) dyds, (3.1)
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for some € to be small enough. We recall that G.f, M. f and p*Y(t, s, z,y) were defined in
(2.41), (2.47) and (2.10), respectively.

We firstly present a point-wise control for the remainder term R, f. Importantly, the constant
C' below does not depend on ¢, allowing to pass to the limit in Equation (3.1). This will be
discussed at the end of the present section.

Proposition 7. There ezist qo > 1, po > 1 and C := C(T, py, qo) such that for any q > qo,
p > po and any f in LP([0,T]; LY(RY)), it holds that

1Beflloo < Cllfllpre. (3:2)

Proof. We start recalling from (2.2)-(2.44) (exploiting also the change of truncation in (1.5)))
that we can decompose R, f in the following way:

R.f(t,x) = /+e - (L — LPNp*Y(t, s, 2,y) f(s,y) dyds

+ /He /RN (F(t,x) — FY, D,p(t, s,2,y)) f(s,y) dyds
— RYf(t,2) + R f(t,2)

(3.3)

where the operators £; and £:¥ have been defined in (2.2) and (2.44), respectively.
Since by assumptions, z; — F,(t,x) is #7-Holder continuous, we can control the second term
R!f, associated with the difference of the drifts, using Proposition 4 with (7, &) = (s, y):

’<F(t,3§') - ﬁt87y7 Da:jj&y(ta S,ZL’,Z/»’ S Z ’Fz<t7$> - E(taet,s(y))‘ |D$iﬁ57y(t7 S,l’,y)|

. ci@—t) e DL T = A @) S g ) 19

pr det TS,t j=i

non i 81 p(1, Tt (y — mad (x)))
< O3 (s =0 [T — 01 (w)) Ty,

== s—t

with the following notation at hand:

¢ L1Eelizl  gltal-1)

(% «

Then, we write with the notations of (3.3) that

| (1, T (y — s (x) | Tote(@ — Ous(y)) ’
‘Ref(t’x)’ = OZZUZZ/ / det T,_, (s — 1)< dyds
=: CZZ/ / (s,y)|3i;(t, s, z,y) dyds. (3.4)

=1 j=1i

Then, from the Holder inequality,

1

ds) . : (3.5)

~

P
q

Bfta)| < Clfllgs S ( [ ([ stts.e ) y)”

i=1 j=i
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where ¢’ and p’ are the conjugate exponents of ¢ and p, respectively.
Now, the integrals with respect to y can be easily controlled by Corollary 4. Indeed,

!

/]RN {Jij(t, s, T, y)}q dy (3.6)

ol = 1\ /
- det Ts_, RN
Choosing ¢y > 1 big enough so that 37¢’ < a for any j in [1,n] and any q > qo, we can use

Corollary 6 to show that

/]RN 9:5(t, s, 2, 7 dy < C(s — t)qu’ (det Ty_,)' 7. (3.7)

Going back to Equation (3.5), we can thus write that

‘Rl f(t,x) ’ < C’||f||LquZZ</ s—t)gp (det Ty t) rand ds)

=1 j=1

Biq

Ts- t( Hts( ) p(laT;jt(Z/—mZ?(Q?))) dy.

1
Y

Noticing now that for any ¢ < j in [1,n]

1+a(i—1) -1+a(j—1)>
« a

e 1+a(i—2)

l+a(j—1)
we can choose ¢g > 1, pg > 1 large enough so that p’, ¢’ are sufficiently close to 1 in order to
conclude that

J>-1e - 1e f> (3.8)

R 2)]| < Cllfllzpes (3.9)

We can now focus on the control for the first remainder term R°f. Since clearly ROf = 0
if o(t, x) is constant in space, we can assume without loss of generality that v is absolutely
continuous with respect to the Lebesgue measure on R (cf. assumption [AC]). In particular,
we know that it can be decomposed as in (1.7):

( )_Q()’idiiz

Given now a smooth enough function ¢: RY — R, we start noticing that

Lipla) = [ 19le + Bolt,2)2) = 6(2)] w(d2)

- / ¢z + Bo(t,z)z) — o(z)] Q(2)g <|E|> |Z‘Tij+‘"

o1 (tx)z ~
9 =) d
- f o s B e

where we assumed, without loss of generality from [UE], that deto(¢,z) > 0. A similar
representation holds for £;Y¢(x), too. Now, let us introduce for any z in R¢, the following
quantity:

Hi7(2)

= Qo (t,2)z) dEzs) amm — QUE ) 7 (5w
) o
2]

deto(t, )|lo=(t, z) 5 ! det ;[ (5;%) 1 [e
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where we have normalized z above in order to make the usual isotropic stable Lévy measure
appear.

Fixed n > 0, local to this section, meant to be small and to be chosen later (and not to be
confused with the ellipticity constant in assumption [UE]), we then define

oy = a/(1—1), (3.10)

and we decompose the integral in the difference of the generators in the following way:

(€= L") ola) = [ o(e +B2) = o)) Hi2(2) s |zflf+a
= [ ole B9~ o(e) — (Duote), B Ar2e)
- oy dz
+ Jy, [0+ B2) = S B () e

= > [Aig(t, s, )] (2),

=1

where we have denoted, for simplicity,
A, = B(0,(s — t)™);
A = B0, (s — 1)),

We highlight in particular that it is precisely the symmetry of v that ensures that the function
H;Y is even and that allow us to introduce the odd first order term (D, ¢(z), Bz) in the first
integral above on the simmetric space A,,.

Noticing from Proposition 3 that the frozen “density” p*¥ is regular enough in z, we can now
replace ¢ in the above decomposition with 5*¥(t, s, -, ). Going back to R*f given in (3.3),
we start rewriting it as

[ROf(t )| scz// Fs. )| TAG (25, )] (2)] dyds
:Z// f(s,y)|d0i(t, s, 2, y) dyds.

As before, we can then apply Holder inequality to show that

(3.11)

, 1
2 p’

!ﬁgf(t,x)\SCIIfIILszizl(/tT(/RN[JOi(tsw,y)]q/dy)ZdS) . (1

where ¢’ and p’ are again the conjugate exponents of ¢ and p, respectively.
To control the second term involving Jye, we start noticing that

|HY(2)] < C (3.13)

for some constant C' independent from the parameters, thanks to assumption [UE] for o and
the boundedness of ¢ and Q.
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Then, we can use Control (3.13), Corollary 4 and the Hélder inequality to write that

q/

/ dz
Too(t, 5, 2,y)|¢ < C{/ c |p>¥(t, s,x + Bz,y) _ﬁs,y@,s,%y)'W

(L)

_ g%

= b

’ dZ
p*Y(t, s, x + Bz,y) — p>Y(t,s,x,y)|! ——
/A% 5™ ( y) —p™Y( y)| Fr=

IA

dz

< C'(S /C [p(L T, (y — Os:(x + B2))) +p(1, T, (y — 987’5(1")))] W’

(det T,_, )7

recalling from (3.10) that a,, = o/(1 — ) for the last inequality. The Fubini theorem and
the change of variables § = y — 6, (z + Bz) now show that

/
q

/ (s—t)(" )% . dz
Joa(t, s,2,9)|" d <20—/ / L) W e
/RN| oot s, 7, y)|" dy < (det Ty—¢) 71 JBe(0,(s—1)77) s L 9) VTejere

e dz (3.14)
C(det Ty_y)' =7 (s — t)" %/
(de ) (s —1) Ac |z]dte

< C(det Ty_y)t =7 (s — )70~ b),

IN

Going back to Equation (3.12), we can then conclude that

/

T N /
/ (/ |302(t7 S, T y>|q dy) ds < O/ det ']I‘s t) (S _ t)p (n—1) ds
t

< o [ amp S

where in the last step we also exploited (2.42).
Assuming now that 7 < 1 and p, ¢ are big enough so that

pP(l—n+- Zd

1—1—042—1)) <1

we immediately obtain that

(/tT (/ [Joa(t, 5,2, 9)|” dy)p/ds)p/ < Cr. (3.15)

We can now focus on the integral with respect to y of the first term Jy; in Equation (3.12).
Using the Lipschitz continuity of () in a neighborhood of zero and the Holder regularity of
the diffusion matrix o, it is not difficult to check that

()] < O3 | — bualw)))

Jj=1

Thanks to the above estimate, we exploit a Taylor expansion on the density p*? and
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Proposition 4 with & = 2 and (7,&) = (s,y) to show that

@(taswrvy?Z) = “ﬁs,y(t’ $,T + BZ,y) _ﬁ&y(ta Sax7y) - <Dacﬁ57y(t787x7y>7Bz>:| sz(z)

gz/ (@ = Bus(y)),” 1D, 5 (¢, 5,0 + ABz,y)] |2 dA

< / P |2p(1 T2y — mgf (x + AB2)))
- det']I‘s : (s —t)a
< (X 1@+ ABz = ()l + IABz["| A

j=1
< O P T (y — Y+ AB2))) (3.16)
- detTS,t 0 st *

n T Zi(x + ABz — 0 gt

Z it ts(y)) | 21] 2:|d)\7

= (s — t)CO (s —t)a

where, similarly to above, we have denoted:

2 l+a(j—1)

@ === p— (3.17)
It then follows from the Holder inequality and Corollary 4 that
T (t, s, 2,9)|7 < / O(t, s, x z)dzq,
01\l S, T, Y = A, y Sy Xy Y, ’Z|d+a
< ¢ / 1dz qq//l/ 51, T- Y (y — mY(x + AB2)))
= (deth_t)q’ A, 0 A, b, s—t Y s,t
61 1 /
[Z i(z + ABz — 0,4(y)) N EAG r dz
= (s — t)Co (s — t)% |z (d+a=2) "7
If we now add the integral with respect to y, Fubini Theorem readily implies that
/ o1 (L, 5,2, )| dy
RN
(1, T;* myy \B
D / Jo PO T = i e+ AB2))
_ Be’ y
n T2 (x + ABz = 6,4(y)) |2,]P"4 dz
X — + 7 | W e dM.
=1 (s —t)0e (s —t)at ] 7[z|ridrems

If we assume to have taken ¢ close enough to 1 so that 3¢’ < a, we can use Corollary 6 to
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show that

/RN |501<t7 S, T, y)|q/ dy
B S AR TS
= 7 (det Ty_y)7 =1 JB(0,(s—t)77) (s —t)48 (s—t)7a | |zfrldre?

< (¢'-1) o [ d—1—(d+a—2 d—1—(d+a—2—8Y)q

— 1) (s—t)%n (d+a=2)q (d+a—2—p")q

i ) ! 7 / Z ! 7 -J + : 2 o dr'
0 iz (s—1)7% (s —t)a"

Similarly, if ¢ is big enough (so that ¢’ is close to 1), it holds that

d

d—1—¢dd+a—-2)>-1&¢d<—
dd+a=-2) T~ dva—2

and we can integrate with respect to r:

o o (q -1) n d !(d+a—2) d— /(d-‘roc—Z—ﬁl) (S—t)?ﬂ
/ (s —t)en e rea
J t? ) Tdy < C 7 +
/RNl 01( S, T y)' y — (d th t qfl ];1 S—t) /CO (S—t)q/% .
- 3 % 752
< C(det Ty_y) "7 (s — t)™n Zs—t G 4 (s — 1) ol (3.18)
7j=1

Hence, it follows from Equation (2.42) that

’

T , =
/t (/RN ’301(t757x7y>’q dy> ds

P’ » n ) nd r8t 2
(8 . t) (2 a) [Z(S . t>*P40 + (8 —t)p(an i)] ds

J=1

(2 C«) 1 M n /g £_2
SC/ (s 1) P )[Z(S—t>‘“0+(s—t>p( ]ds

J=1

T
<C / (det T, ;)"
t

To conclude, we need to show that the two terms above are integrable with respect to s.
Namely,

p’<(2 —dezlJrOé )—Co> —1, Vje[ln];
p/<(2 @) lileO‘—> 51_2>>_1.

QU q:5 a, «

Recalling again that we can choose p, ¢ big enough as we want, so that Equation (2.43) holds,
it is now sufficient to take 7 in (0, 1) in order to have:

a a, e a
2-0) s 2 | (3.20)
a, a, «
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By direct calculations, recalling from (3.10) that o, = a/(1 —n), we now notice that
Conditions (3.19)-(3.20) can be rewritten as follows

Blt+a—1)

n < o viellnl;
ﬁl
< — .
g 2+ 0 —«

Choosing € > 0 so that the above conditions holds, we have that

p/

, N
(/t (/RN 1901 (t, s, 2,9)|? dy) ds) < COfr. (3.21)

Going back to Equation (3.12), we use Controls (3.15)-(3.21) to write that
(R f(t,2)] < Cllfllprs- (3.22)
Exploiting Controls (3.9) and (3.22) in Equation (3.3), we have concluded our proof. O

A similar control in LY LZ-norms can be obtained. In particular, we point out that Equation
(3.23) below implies that the operator I — R, is invertible in L? (O, T; Lq(RN)), provided T'
is small enough. From Lemma 5, the same holds for I, — R..
Proposition 8. Let ¢ > 1, p > 1 be such that Condition (¢’ ) holds. Then, there exists
C :=C(T,p,q) > 0 such that for any f in LP (O,T; Lq(RN)),

1Rflrpra < Cllfllerrs- (3.23)
In particular, it holds that limy_0 C(T,p,q) = 0.

Proof. We are going to keep the same notations used in the previous proof. In particular, we
recall the following decomposition

Ref(t,x) = RUf(t, @) + R f(t ),

given in Equation (3.3).
In order to control the second term R!f in LY L¢-norm, we start from Equation (3.4) to write
that

ds.

||R1 ||Lq < CZZ/ H/ Sywzy ) 7'7y)dyL

=1 j=1

The Young inequality now implies that

q q
= j’L t? y d d
= S| L1 st ) ]| e
< (L 15t s, dy ) 135, |8 da
S C(S - t)ng/q// |f(87 y)|q (/ jij(t7 S, T, y) de‘) dy
RN RN

H/ Sy‘jlj ) 77y)dy
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using Control (3.7) and the Fubini Theorem for the last inequality. From (3.4), (3.6) and the
correspondence (2.6) which gives y — mg7(x) = 6, s(y) — x it is plain to derive that:

/RN dzd;;(t, s, x,y) < C(s — 1Y%,

Thus,

IR < CX D [ 6= 09 1fE i s,

=1 j=t
where, in the last step, we exploited Equation (3.7) with ¢’ = 1, recalling that £/ < 1 < a.
We can then use the above control to write that

8 n o no T
1Bl < 2000 [ IR (1) de

=1 j=i
n o n T T ; p
<OX Y [ 15 ([ (=0 ds ) a
=1 j=i
< Cr Y [ Gdt < Crll s,
=1 j=i
where Cp := C(p',¢',T) denotes a positive constant that tends to zero if T goes to zero

(recall indeed from (3.8) that ¢/ > —1) .

The control for RS f can be obtained following the same arguments above, exploiting Equa-
tion (3.11) instead of (3.4) and Equations (3.14)-(3.18) with ¢’ = 1 for the controls of
||:]0j(t787x7')”lz}c' L

Let us fix now a function f in C2*([0,T) x RY). The first step of our method consists in

applying the It6 formula on the Green kernel G.f and the process { X"} e 77, solution of
the martingale problem with starting point (¢, x):

E lG Flt o)+ /t N0, + LG f(s,ij)ds] — 0.
We then exploit Equation (2.48) to write that
G.f(t,z) —E VtT If(s, X1%) ds] +E UtT (L Gef — Mf] (s, X%) ds] — 0.
Thus, it holds that
EUtT Lf(5, X0 ds| = Gof(t.a) + E[/tT Ref (s, X07) ds]. (3.24)
Thanks to Proposition 5, we know that there exists C(T') := C(T) = 0 such that
IGeflloo < Cllfllzprs- (3.25)
Let us assume for now that p,q are large enough so that the control (3.2) of Lemma 7

(pointwise control of the remainder) holds. From Equations (3.24), (3.25) and (3.2), we
readily get that

|E [ / U Lp(xt ds

< Cllfllepre-
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Letting € go to zero, we thus derive that any solution {X?"}.cq 7 of the martingale problem
for 05 + L, with initial condition (¢, z) satisfies

E| [ f(s, Xt ds
J

for any f in f in CH2([0,T) x RY). Above, we have exploited Lemma 4 for the integral in
space and the bounded convergence Theorem for that in time.

To show the result for a general f in L? (0, T; LY(RY )), we now use a density argument and
the Fatou Lemma. Indeed, let {f,}.en a sequence of functions in CH2([0,T') x RY) such that
| fn — fllzrzs — 0. We then have that:

< Cllfllerrs,

E| [ f(s, X0 ds
/

T
< ‘E [/ lim inf fn(s,Xﬁ’z)ds]
t n

IA

lin}1 inf

(3.26)

E VtT Fuls, Xb0) ds]

< Climinf | fullpes

= C|fllzrLa-
This is precisely the Estimate (2.4) in Corollary 2, provided that p, ¢ are large enough.

Thanks to Estimates (3.26), we then know that the process { X" }cp 11 has a density we will
denote by p(t, s, z,y). From Equation (3.24) it now follows that

~ T T .
Gf(t,z) = E [/t I.f(s, X7") ds] —E [/t R f(s, Xb") ds]
T T ~
= | [ Lt Gypltsay)dyds = [ [ Rf(s.y)plt, s, y) dyds
t R t R

= /tT /RN(I6 — I?E)f(s,y)p(t,s,x,y) dyds. (3.27)

Then, Proposition 5, Lemma 5 (with an additional approximation argument) and Control
(3.23) imply that both sides of the above control are bounded in the L?L?-norm, uniformly
in € > 0. Thus, we can conclude that Equation (3.27) holds for any f in L? (0, T Lq(RN)).
We then conclude from Lemma 7 (pointwise control of the remainder) that letting € go to
zero, it holds that

E UT f(s, X0 ds] = Go(I—-R)'f(t,x),

which gives uniqueness if the final time 7" is small enough. Global well-posedness is again
derived from a chaining argument in time.

To complete the proof of Corollary 2, it remains to derive the Krylov estimates (2.4) under
Condition (%) and not only for p, ¢ large enough.
Fixed a parameter 0 > 0 meant to be small, we consider a “mollified” version of the solution
process X7, given by S

-t,x,

X = Xﬁ’x —|— 5M57t757t7 (328)

S
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where {Z,},>0 is an isotropic a-stable process on RY.
Let us denote now by p°(t, s, , -) the density associated with the random variable Yz’s’é.

notice that Equation (3.28) implies in particular that
Pt s, 2,y) = [p(t.s,2,) ¢’ (s — 1,)] (y).

where ¢°(t,-) is the density of the process dM,;Z; and thus, under the integrability condition
(%) and thanks to the Young inequality, the quantity [|p°|| where p’, ¢’ are the conjugate

We

'Ly
exponents of p,q, respectively, is finite (possibly explosive with ¢). The point is now to
reproduce the previous perturbative analysis in order to prove that the controls on ||p°|| 17 L

+ Lz
actually do no depend on 4.

For this reason, we introduce the mollified “frozen” process X $:t:%:0

X;,yi,x,ﬁ = Xssy%tyx + 5Ms—t75—t' (329)

along the flow 6, ;(y) as

Following the same arguments presented in Propositions 3 and 4, it is now possible to show
that the process X*¥4*9 admits a density p*¥?(t, s, z,7y) and that it enjoys a multi-scale
bound similar to (2.35). Namely,

Proposition 9. There exists a positive constant C' := C(N,a) such that for any k in [0, 2],
any i in [1,n], any t < s in [0,T] and any z,y in RN,

_pltal-1)

- —t)(149))
D’; 59,0 t,s, x, < C((s
| Dy, 0™ ( y)| < et T pien

P (LT sy — Oee(x))) . (3.30)

A sketch of proof for the above Proposition has been briefly presented in the Appendix
section. Importantly, we highlight that the constant C' appearing in (3.30) is independent
from the “smoothing” parameter 0.

Then, the same arguments leading to (3.24) can be applied here to show that

T ~t,x,0 A T N EAYAL ~t,x,0
E[/t L f(s, X""0) ds _Gef(t,a:)JrE[/t [ (@ = Le9) G (s, X0 as|, - (331)

where G and £*%° are the frozen Green kernel and the frozen infinitesimal generator
associated with the process X5¥4%9 respectively (cf. Equations (2.41) and (2.44)). In
particular, we point out that the pointwise bound (3.25) on the Green kernel and the controls
of Proposition 7 (pointwise control of the remainder) are uniform with respect to the additional
parameter 9, thanks to Proposition 9.

From Equation (3.31) and Proposition 8 (L{ L% control of the remainder) we can then deduce
that

T
| L 1t s . y) dyds
t JRN

< Cr (14 100y ) 1 e

From the Riesz representation theorem and the above inequality, we then deduce that
1P°l . ow < Cr, for T small enough and uniformly in §. Hence,
t x

T T _
|| Lt s y)dyds| = | [ EILf(s, X0 +0Z.)] ds| < CrllLfll g
The Krylov-type estimate (2.4) can be then derived exploiting the dominated convergence
theorem and Lemma 4 (Dirac Convergence of frozen density), letting firstly e and then § go

to zero. We have thus concluded the proof of Corollary 2.

39



4 A Counter-example to Uniqueness

In this section, we present a counter-example to the uniqueness in law for the equation
(1.3) when the Holder regularity in space of the coefficients is low enough. In particular,
we show here the almost sharpness of the thresholds appearing in Theorem 1 for diagonal
perturbations, proving also Theorem 3. In order to test the threshold associated with the
critical Holder exponent for the i-th component of the drift F' with respect to the variables
z;, we adapt the ad hoc Peano example constructed in [18] to our Lévy framework.

Let us briefly recall it. It is well-known that the following deterministic equation

(4.1)

dy, = sgn(y:)|yel°dt, t >0,
Yo = 07

for some (3 in (0, 1), is ill-posed since it admits an infinite number of solutions of the form
Yy = et — tg)l/(l_ﬂ)]l[tmoo)(t), for some ¢y in [0, +00).

Nevertheless, Bafico and Baldi in [3] proved that the associated SDE, obtained by adding a
Brownian Motion {W;};>¢ to the dynamics:

dXt = Sgn(Xt)\XAﬁdt + Eth, t Z 0
X() — 0,

is well-posed for any € > 0 in a strong (probabilistic) sense. Furthermore, they showed that,
letting € goes to zero, the limit law concentrates around the two extremal solutions +ct*/(1=5)
of the deterministic equation (4.1), thus providing a selection “criterion” between the infinite
deterministic solutions.

In a subsequent article [24], Delarue and Flandoli highlighted the hidden dynamical mechanism
behind this counter-intuitive behaviour. Heuristically, this reqularization by noise happens
since, at least in a small time interval, the mean fluctuations of the Brownian noise are
stronger than the irregularity of the deterministic drift. Indeed, they showed that before some
transition time t., the dominating noise pushes the solution to leave the drift singularity at 0,
while afterwards, the deterministic part of the system prevails, constraining the (stochastic)
solution to fluctuate around one of the extremal deterministic solutions, given by ct'/(1=5).
More quantitatively, we can compare the fluctuations of the noise, say of order v > 0 with
the fluctuations of the deterministic extremal solutions, giving that

> 1/0=8)
Since it should happen in small times, we then obtain that
1
5 > 1- Nl
8
should be the heuristic relation that guarantees the noise dominates in short time. Clearly,
the above inequality holds for any £ in (0, 1) in the Brownian case (y = 1/2), which would
actually give § > —1. We can refer to [23] which is the closest work to this threshold since

the authors manage to reach —2/3.
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In view the above arguments, we fix n = N, d; =d =1 and 4, j in [1,n] such that 7 > i and
we consider the drift

Az + e;sgn(x;)|z4]°
where {e;: i € [1, N]} is the canonical orthonormal basis for RY| A is the matrix in RY @ RY
given by

0O ... ... ... 0

0 0

A:=1[0 1 :
0O ... 0 1 0

We will assume moreover that (3 is in (0, 1) such that

B < —1+a(i._2)7

l+a(j—1)

so that we are clearly outside the framework given by condition (%).

Our aim is to prove that uniqueness in law fails for the following equation:
dX, = Az + esgn(X})| X7 |?|dt + BdZ, t>0, 42)
Xo = 0, .

where {Z; },>0 is a symmetric, d-dimensional a-stable process such that E[|Z;]] is finite.

In particular, we are interested on the i-th component of the above Equation (4.2) that can

be rewritten in integral form as:

Xi = / sen (177 (X)) |77 (x9)| e + 171(2), ¢ >0, (4.3)
0

where we have denoted by IF(y) the k-th iterated integral of a cadlag path y: [0,00) — R at

a time ¢. Namely,
to

tr=t
IF(y) = /0 ) Y dty...dtg—1, t>0. (4.4)

In order to improve the readability of the next part, we are going to present our reasoning
in a slightly more general way. It is not difficult to check that Equation (4.3) satisfies the
assumptions of the following proposition.

Proposition 10. Let k be in N, 5 in (0,1), z in R and {Z;}+>0 a continuous process on R
such that

. E{supse[m] \ZS\] < 005

e it is symmetric and ~y-self-similar in law for some v > 0. Namely,

(law)

(Zt>t20 " <_Zt)t20 and Vp >0, (Zpt)tzo - (Z’t’ov)tzo'

Then, uniqueness in law fails for the following SDE:

(4.5)

dx, = sgn(1:C0) |60 Yt + dzy, 120
X() = I,

if:p:()andﬁ<;*—;1€.
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Since we can clearly apply Proposition 10 to Equation (4.3) taking v =i — 1+ é, k=7—1,
it implies that SDE (4.2) lacks of uniqueness in law if

v—1 l1+a(i—2)
< = .
b v+k  14+a(—-1)

Hence, to complete the proof of Theorem 3, it suffices to establish Proposition 10.

Before proving Proposition 10, we need however an auxiliary result. It roughly states that any
solution of SDE (4.5) starting outside zero cannot immediately reach the extremal solutions
of the associated deterministic Peano example. Importantly, the constant p appearing below
does not depend on the starting point .

Lemma 6. Fized x > 0 and 8 < ;*—;,1, let {X:}i>0 be a solution of Equation (4.5) starting from
x. Then, there exist two positive constants p := p(k, 3, v, E[supeo 1) |Zsl]) and co := co(k, 3)
such that

P(7(X) > p) > 3/4, (4.6)
where 7(X) is the stopping time on Q given by

kB+1
7(X) = inf{t > 0: X; < ¢ot1-7 }. (4.7)

Proof. We start noticing that the process {X;};>0 is continuous in 0, since it is cadlag. Fixed
¢p > 0 to be chosen later, it implies that 7(X) > 0, almost surely. In particular, it makes
sense to consider the random interval (0, 7(X)].

Fixed ¢ in (0, 7(X)], it holds, by definition of 7(X), that X; > cot%. It follows then that

t - 1 ~ k k 1 .
/ [f(X)’Bds > cht% where C := (H 15 +ﬁ + (i — 1)) g
0 i=1

Since z > 0 by assumption and X > 0 on (0,7(X)], we can now show that

t ~
Xy = z+ [Csen(I0O) O] ds + 2, > O™ + 2,
0

The next step is to write C’cg = ¢y + C for some constant C' > 0. To do so, we need to choose
carefully ¢o. In particular, the condition above is equivalent to the following

C’:écg—co >0 ¢ < C’ﬁ.
Fixed ¢y = O'TF /2, it then holds that
Xt > Cgt% + Ot% + Zt
for any ¢ in (0, 7(X)]. Fixed p > 0 to be chosen later, we can now define the event A in 2 as
A BB+
A={weQ:Ct=5 +2,>0, Vt € (0, p]}.
On A and for any ¢ in (0, 7(X)], it then holds that
EB+1

Xt > Cot -5,
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In particular, we have that 7(X) > p on A and thus, A C {7(X) > p} on Q. It immediately
implies that
P(7(X) > p) > P(A).

It remains to choose p > 0 such that P(A) > 3/4. Write:

5+ 2> 0] =Pt € (0,1, Clpt) TF + 2 > 0]
—P[Vt € (0, 1] Clpt) 15 + p7% > 0] = PVt € (0,1], Cp 15 7 + ¢t 15 2, > 0],

from the self-similarity assumption on Z. Since by assumption 5 < X ) +k — kﬁ H — v <0,

the statement will follow taking p small enough as soon as we prove the process Ry =
kB+1

t~1=5 Zy, t € (0,1], which is continuous on the open set (0,1], can be extended by continuity

in 0 with Ry = 0. Observe that E[|R;|] = = E[Z4]] =0 Setting 0 := v — ﬂ? > 0
and introducing t,, := n~ Y9041 5 > 0, we get that for all € > 0,

P(|Re,| 2> €] < eT'E[|R,, || = e HRE[|Z1]] = e HPE[Z4 ).

We thus get from the Borel-Cantelli lemma that R;, — 0. Namely, we have almost sure

convergence along the subsequence t,, going to zero with n. It now remains to prove that
the process R; does not fluctuate much between two successive times t,, and t,,,. Write for
t € [tni, tol:

_ kB+1
R = 2 <t 87 (1Rl +_sup (2= Zil)
Se[tn+17tn]
_kB+1
<t (210 + sup [24]). (48)
S€[0,tn]

The first term of the above left hand side tends almost surely to zero with n. Observe as well
that, from the scaling properties of Z, for any ¢ > 0:
kB41 ko1

_ tn kB+1
Plt, 7 sup |2y > ¢ = Plt,, ;7 £ sup |2y > €] < e (- ) AR sup |Zs]
S€[0,tn] s€[0,1] tnt1 s€[0,1]

< Cetn~ME[ sup |Z,]],
s€[0,1]

which again gives from the Borel-Cantelli lemma the a.s. convergence with n of the second
term in the r.h.s of (4.8). We eventually derive that R, vy 0. Again, the key point is that

kB+1
we normalize the process Z at a rate, t1-5 , which is lower than its own characteristic time
scale, t7. This is precisely what leaves some margin to establish continuity.

O

Exploiting the lower bound for the random time 7(X) given in Lemma 6, we are now ready
to show uniqueness in law fails for SDE (4.5) when z = 0 and 3 < %

Proof of Proposition 10. By contradiction, we start assuming that uniqueness in law holds
for SDE (4.5) starting at # = 0. Fixed any solution {X;}:>o of Equation (4.5) starting at
zero, it follows by symmetry that {—X;}:>¢ is also a solution of the same dynamics. Since by
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hypothesis, —Z; (1) Z, uniqueness in law for SDE (4.5) implies that the laws of X and —X
are identical.

Assuming for the moment that Lemma 6 is applicable for z = 0, we easily find a contradiction.
Indeed, it follows from Lemma 6 that

P(r(X) > p) > 3/4
but on the same time, thanks to the uniqueness in law, we have that
P(7(—X) > p) > 3/4,

which is clearly impossible. To show the validity of Lemma 6 in = = 0, we consider a a
sequence {{X['}:>0: n € N} of solutions of SDE (4.5) starting at 1/n. It is then easy to
check that such a sequence satisfies the Aldous criterion:

E[| X — XJ[P] < ct?’, t>0

for some p > 0 and ¢ > 0 independent from ¢ and n. It follows (Proposition 34.8 in [6]) that
the sequence {P"},en of the laws of {X}'}>¢ is tight. Prohorov Theorem (cf. Theorem 30.4
in [6]) ensures now the existence of a converging sub-sequence {P™ };cn. The uniqueness in
law then implies that the sequence {P"* },cn converges, as expected, to P? the law of the
solution starting at 0. Noticing that inequality (4.6) holds for any solution {X}'};>o and
moreover, the constant p is independent from the starting points 1/n, we find that

P(7(X) > p) > 3/4.

The proof of Proposition 10 is thus concluded.

A Appendix

A.1 Controls on the density of the proxy process

We present here two useful lemmas needed to complete the proof of Proposition 4. We will
analyze the behavior of the laws of the independent random variables M™% and N74ts
obtained in (2.20) by truncation of the process S™4* at the associated stable time scale u!/.
Lemma 7. Let m be in N. Then, there exists a positive constant C := C(m,T) such that
for any k in [0, m],

_ N 2\ e
‘DprT,g,z,s(u,z)‘ < Cu~WNFR/ <1+u’1/‘a) = Cu ™ pr(u, 2),

for anyu >0, any z in RY any t < s in [0,T] and any (1,€) in [0,T] x RY.

Proof. Similarly to the proof of Proposition 3 (see in particular Equation (2.16)), we start
writing
Prrets (U, 2) = 1/ e "= Wexp u/ [cos({y,p)) — 1] Vgrers(dp) | dy
BN CZO R pl<ut/o ’ sret ’
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t . , . . o .
where, we recall, 1/;45’ * is the Lévy measure associated with the process {S7%}, 54 in

Proposition 3. Setting u!/®

u N/« —i(z,—L—) . p N
Prprecs (U, 2) = L /]RN e P exp u/p|gu1/a {cos((y, m)) - 1] Virens(dp) | dy

y = ¢ then yields

. U_N/a —i( f/a ) PrELS(~\ I~ A
Since the Lévy measure v in the expression above has finite support, Theorem 3.7.13 in

5
Jacob [40] implies that f7¢%* is infinitely differentiable in . We can thus calculate

sin <<y uf?/a>)
X exp (u /|p§u1/a {COS <<u$//a,p>) — 1} ygf,g,t,g(dp)> .

Recalling that o > 1, we can now write that

o frse @ <

|p|<ul/e ul/e

Vgreus(dp)

pl | . (/- P r|glr dr
u/pEulm ~1/a [SID (<y, ija >> Vgrens(dp) < Cu /rgul/a /o yl/a e
rl—oz
< Cu /Tgul/& |y|—u2/a dr
< C(1+1g)).

It then follows that
10525 ()]

< C(1+ |g])exp (u /RN {cos <<u1y~/a,p>> — 1] VST,g,t,s(dp)) 2ugr e ts (BC(0ul/))
< C(L+ |g]) exp(=C~'[g]*),
where in second inequality we exploited Control (2.15) and
Varens (B0, ut*)) < C/u. (A.2)
Iterating the above reasoning, we can then show that for any [ in N,

9L fTt= ()] < Ci(L + [g]') exp(—C~|g|*),

for some positive constant C' := C(1). It implies in particular that f7¢4(§) is a Schwartz
test function. Denoting by f7$%* its inverse Fourier transform, we thus have that for any m
in N, there exists a positive constant C' := C'(m) such that

|frots(y)] < Con(L+ [y))™™, y € RV

The result for k£ = 0 now follows immediately noticing that

prr(t —s,y) = (t— )75 fou(y/(t — 5)%).

The controls on the derivatives can be derived analogously. O
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We can now show a similar control on the law of the process N5,

Lemma 8. There exists a family {P,}u>0 of Poisson measures and a positive constant
C := C(T,N) such that for any A in B(RY) and N™5% as in (2.21),

Pyrens(A) < CP,(A). (A.3)

Proof. For notational simplicity, we start introducing the truncated Lévy measure associated
with the big jumps of the process { ST}, 5

v (dp) = T/ (P)VES (dp).
It follows immediately that 1;*"* is a finite measure (see (A.2) above). With this notation
at hand, we can write:

PNZ,E,t,s(y) = exp <u/|> | eos({y,p)) — 1] yg’g’t’s(dp)>
p|>ua

—

— exp (W () - wi @)

where 7 denotes the Fourier-Stieltjes transform of the considered measure v. Let us introduce
then the following measure:

7t7
Cﬂ&ts — UVtTr’g s

Expanding the previous exponential and by termwise Fourier inversion, we now find that

(CT,f,t,s) xn

n!

Pygecs = oxp (64~ i (RY)) = oxp (i (@Y) B

neN

(A4

where, for a finite measure p on RY, (p)* := px -+ - x p denotes its n'® fold convolution.

For now, let us assume that o (¢, x) is non-constant in space, so that

B&Z’fv) = Bo (U(U>,0u(v),7'(£>)

7{7"’75

appearing in the definition of vg>"", truly depends on the parameters 7, §. Assumption [AC]

then ensures the existence of a bounded function g: S! — R such that

B 9(i)
V(dp) - Q(p) |p|d+adp

From Equation (A.4), it is clear that we need to control the measure (™, uniformly in the
parameters 7, ¢, ¢, s. Namely, for any A in B(RY), we write from (2.13) that

(et (A) = u/| L La(p) vg**(dp) = u/ / oy La(RBETEp) v(dp)dv
pl>ua Ry B&" w(v )p\>ua

9(&)
- NT,& |p|
N / /32 B&T ( )p|>ué (:R B )| ‘d_,_aQ(p) dpdv

dp
R,B&" d
/ /CR Bs” € )p|>ua ( U(U )‘ |d+a v
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We can then exploit assumption [UE] on ¢ to conclude that

1 R 1 dq
mEbs () < u/ /,\ 14(R,B dv
A £ [ fo gt MR G o

<Cu/1/ l(ﬁB)idv
R T e P

Denoting now by A = cl,_ Ja—3_ the truncated Lévy measure of the isotropic a-stable
process and by 7y, the following push-forward measure

1 ~
T (A) = / A (R,B)'A)dv, A€ BRY)
0
we derive that there exists a constant C' such that for any (7,€) in [0, 7] x RY, ¢ < s in [0, T],

(T4 (A) < Cu /0 A (RB)!A) dv = up(A) =: (A), (A.5)

Equation (A.3) now follows from the above control, (A.2) and (A.4), denoting

P, := exp (—uﬁtr(RND > (izl*n

neN

I

up to a modification of the constant C' in (A.5). Following backwards the same reasoning
presented at the beginning of the proof, we then notice that

—

Puly) = esp (u [ [ leos((y,p) — 1] 7 (dp)ao)
= exp (u /01 /Rd L3 sosuty [cos((y, R,Bp)) — 1} A(dp)dv)

1 proo ~ dr
= exp (u/o /0 /Sd_1 ]l{|§v39r|>ué} [COS((@J,RUB@?")) — 1] then (dO) r1+adv> :

where we used the spherical decomposition for the Lévy measure A of an isotropic a-stable
process:

dp dr
A(dp) == e Cmeb(d@m, (A.6)

with p = 76 and e, Lebesgue measure on the sphere S¢ .
We exploit now the non-degeneracy of R, to to define two functions k: [0,1] x S4~! — R and
[:]0,1] x S41 — SN=1 given by

k(v,0) = |R,BO| and I(v,0) :=

Using the Fubini theorem, we can now write that

—

P.(y)
L oo dr
— exp <u /O /0 /S L oty [008 (210, 0)K(0,0)r) 1] uleb(dQ)Tlmdv)

= exp (u /01 /OOO /Sd_l ]l{|z(v,9)f|>u$} [cos ((z,l(v,8)F)) — 1] [k(v,@)]“meb(dH)filfadv> :
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Denoting now by k(dv, df) the measure on [0,1] x S given by

k(dv,dl) = [k(v,0)]"ten(d0)dv

and by fisym := Sym(! )k the symmetrization of the measure k(dv, df) push-forwarded through
[ on SY~!, we can finally conclude that

—

_ ” i . di
Pu(y) - eXp <U/0 /[O,l]XSd_l ]]'{|l(v’9)ﬂ>ué} [COS (<Z7 Z(U7 9)r>) - 1] k(dv, de) f1+a>

= exp <u /|:; /SN?l {cos ((z,éf}) - 1} ﬁsym(d§)£> : (A.7)

It is easy to check now that the measure figy, is finite and non-degenerate in the sense of (1.6).
This concludes the proof of our result under the additional assumption that v is absolutely
continuous with respect to the Lebesgue measure.

If this is not the case, assumption [AC| implies immediately that o(¢,2) =: o, does not
depends on z. Thus, the “frozen” diffusion &; £ does not depends on the parameters 7, & as
well. The same arguments above then allow to conclude in a similar manner. ]

Sketch of proof for Proposition 9 We briefly present here the proof of Proposition 9
concerning the existence and the associated controls for the density of the mollified frozen
process X730,

We start noticing that the reasoning in the proof of Proposition 3 can be similarly applied.
Indeed, from the definition in (3.29), it follows immediately that

X;’,&,t,xﬁ = m;:f (,1') =+ MS,t (ngéts + 5737t) )

and thus, that there exists a density p7¢°(¢, s, 7, y) associated with the frozen process )M(;’g’t"’”"s.
7,€,t,s

Moreover, the representation in (2.10) holds again if we change there the Lévy measure Vg
with the one associated with the following Lévy symbol:

1 ~
Brerns(2) = Parens(2) + cad]2]® = /0 B((R,BoLE))"2) dv+ cadl2|”.
Namely, it holds that

~7—7£76

—1
i det M, / M (gD @)).2)
]RN

t p—
( ’S’ :L'7 y) (27_[_)]\7
X exp ((s —t) /RN [cos({z,p)) — 1] Vgr,g,t,s,é(dp)) dz,
where the Lévy measure vg,¢...s is given by
Véret,s,6 (.A) = Vgrept,s (A) + 5QV7<.A), A e B(RN>, (AS)

with v Lévy measure of the isotropic a-stable process Z;. In particular, the Lévy symbol
45 satisfies Control (2.15) for a constant C' independent from 6.

We can now move to show the controls on the derivatives of the mollified frozen density. It is
not difficult to check that the arguments presented in the proofs of Proposition 4, Lemmas 7
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and 8 can be applied again if we substitute there the Lévy measure vg,e.. with the mollified
One Vgre.rss. Indeed, taking into account the decomposition in (A.8), we notice that the Lévy
measure Vg-er.s only considers an additional term (dr5) that has the same a-scaling nature
considered before (but is however much less singular).

To show instead that the estimates (3.30) are indeed uniform in the parameter d, it is sufficient
to notice from (A.8) that we have that

Vgrenai(A) < Vgrens(A) +r7(A), A€ BRY).
To conclude the proof of Proposition 9, it is then enough to take £ =y, 7 = s and to follow

the same arguments introduced in the proof of Corollary 6.

A.2 Proof of the Technical Lemmas
Proof of Lemma 3 (Approximate Lipschitz condition of the flows) We start con-

sidering two measurable flows 0,5 satisfying dynamics (2.28). Recalling the decomposition
G(t,x) = Az + F(t,x), it follows immediately that:

T = 0s(w)) = T2 @) =y = [ (Gl fua(e)) = Gl 00a(0))) ]

(A.9)
= T (0:a(2) = y) + Tl y),
where in the last step, we denoted
js,t(xvy) = Ts_—lt ; [Au (Qu,s(y) - éu,t(x)) + (F(ua eu,s(y)) - F(U, éu,t($))>} du.
To conclude, we need to show the following bound for I, (z, y):
Paley)] < 1+ = 07 [T 0ule) 0us)lda| . (A10)

Indeed, Control (A.10) together with (A.9) and the Gronwall lemma imply the right-hand
side of Control (2.29). The left-hand side one can be obtained analogously and we will not
show it here.

We start decomposing Iy into I}, + J2,, where we denote

Tao(w.y) = T | Au (us(y) = Ous(@)) dus

B iwy) o= Ty [ [Pl6us(0) = Flufuu(@)] du.

The first remainder Jit can be controlled easily, exploiting the linearity of 2 — A, 2. Indeed,
for any 2,2’ in RY and any u in [s, ], we have that

n n _ltali=D) |
<D D (=t e AP (= =2l
=1 j=(i—1)v1 (A.11)

J
< Cls =) TGz — 2],

T, Au(z — 2)




To control instead the second term Jg ¢» we will need to thoroughly exploit an appropriate
smoothing method, due to the low regularity in space of the drift F'. To overcome this
problem, we are going to mollify the function F' in the following way. We start fixing a family
{pi: i € [1,n]} of mollifiers on R” where D; = N — ¥'_} d;, i.e. for any i in [1,n], p; is a
compactly supported, non-negative, smooth function on R? such that [|p;||;1 = 1, and a
family {d;;: ¢ < j} of positive constants to be chosen later. Then, the mollified version of the

drift is defined by F? := (Fy, F2, ..., F?) where

F?(t,Z) = E*x pz(ta Z)

1 w; Wn
= Et7z_ iy ey An T W 7 7"'77d'
/RDi ( : “ : )Hn 5d pi (522 57,77,) “

j=i Yij

(A.12)

Roughly speaking, we have mollified any component F; by convolution in space with a
mollifier with multi-scaled dilations. Then, standard results on mollifier theory and our
current assumptions on F' show us that the following controls hold

|Fi(u, 2) = F{ (u, 2)| < 0255;, (A.13)
[P (u,2) = F (u, 2')] < ozaﬁj (= = 2. (A.14)

We can now pick ¢;; for any i < j in [2,n] in order to have any contribution associated with
the mollification appearing in (A.13) at a good current scale time. Namely, we would like 6;;
to satisfy

T, (F(u,2) = Fo(u,2))| < C(s =), (A.15)

for any v in [t, s] and any z in RY. Using the mollifier controls (A.13), it is enough to ask for
Ss—t) w360 < C(s ) (A.16)
i=2 =i

This is true if we fix for example,

1+a(i—2)

0ij = (s—1t) apl for i < jin [2,n]. (A.17)

Next, we would like to show that, for our choice of the regularization parameter d;;, the
mollified drift F° satisfies an approzimate Lipschitz condition with a constant that, once the
drift is integrated, does not yield any additional singularity. Namely, we want to derive the
following control:

T, (FO(u,2) = FO(u,2))| < Cl(s =)= + (s — ) T, (2 = 2)]]. (A.18)

To show it, we start noticing that F} is Holder continuous with Holder index ' > 0. By
Young inequality, it then yields that there exists a positive constant C possibly depending on
A% such that |z|®" < C(1 + |2|) for any z in RY. It then follows from Equation (A.14) that

T (F (w, 2)~ F*(u, )|

< C[(s—t)i(1+|(z—z')|>+iz(s—t)””‘ff 571z~ 2

A
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Hence, Control (A.18) follows from the fact that, from our previous choice of §;;, one gets

(s — )i

Ita(i=2) 1 45
- gy (=67

— 37
6;°

— (s—t)97" < CO(s—t)7", (A.19)

recalling that we assumed s — ¢ to be small enough and since from the assumption (2.3) on
the indexes of Holder continuity 37 for F:
1+ a(i—2)

1+ a(i—2) o
& (j—1) -
afl

l+a(j—1)
We recall that the above inequality should precisely give the natural threshold, namely an
exponent 3! satisfying this condition. The current choice for 47 is sufficient to ensure this
bound holds for any ¢ < j and is sharp for i = j. We can finally show the bound for the
second remainder J? (x,y) as given in (A.10). It holds that:

Ryl < [

S
</

Bl > (1-p7) > —1.

v

T2, (F (1, 0s(v)) = F(u,014(2))) | du

T, (F(u, 0 () = F2 (u, 0,4(x)))| du
T, (F (u, éut<x>> — F(u,0,,(y)))| du

+ [
[T (P 0al0) = Flu,0,0(0)| d

=: Pz, y) + I7(x,y) + T2 (2, y).

From Control (A.13) with our choice of §;;, we easily obtain from Control (A.15) that there
exists a positive constant C':= C(T") such that

950 (2 ) + I (2, )] < C (A.20)
for any ¢ < s in [0,7] and z,y in RY. On the other hand, we exploit (A.18) to derive that

)] < Ot [ = 07T Burlx) — () du

for any ¢ < s in [0,7] and x,y in RY. To conclude, we finally derive (A.10) from the last
inequality together with Controls (A.11)-(A.20).

Proof of Lemma 4 (Dirac Convergence of frozen density). Fixed (¢, ) in [0, T] x RY
and a bounded, continuous function f: RY — R, we want to show that the following limit

li | [ S5+ e dy = fla)| = 0
holds, uniformly in ¢ € [0, 7.
We start rewriting the argument of the limit in the following way:
STt + ez y) dy — f(2) (A.21)
/ t+€ytt+6xy) p’x(t,t—i-e,x,y)} dy
+/ )Pttt + e x,y) dy — f(x).
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By Proposition 3, we know that the second term in (A.21) tends to zero, uniformly in ¢ in
[0,T] (scaling property of the upper bound for the density), when € goes to zero. We can
then focus on the first one. We start splitting the space RY in the diagonal/off-diagonal
regime associated with our anisotropic dynamics. Namely, we fix § > 0 to be chosen later
and we consider the following subsets:

Dy = {y €RY: [T (y = Oycs(a))| < €7}
Dy = {y €RY: [T (y — Oyes(2))| > €77},

where T, was defined in (2.17). We can then decompose the first term in (A.21) in the
following way:

/RN f(y) |:ﬁt+6,y<t7 t _'_ 6, .CL', y) _ p‘t,x(t’t —|— E’ l', y):| dy‘

< ||f||oo/D PVt e x,y) — P+ € a, )| dy
1

+ Hfl!oo/D P+ e y) = P+ € y) | dy
2
= || flloe (D1 + Da) (¢, 1 + €, ). (A.22)
We will follow different approaches to control the two terms Dy, D,. In the off-diagonal
regime Dy, the idea is to exploit tail estimates of the single densities while in the diagonal

one Dy, a more thorough sensibility analysis between the spectral measures and the Fourier
transform is needed. Let us consider first the off-diagonal term D,. We can write that

Doltt+emy) < [ |0 (tt+emy)|+ 5t +eay)| dy
2

< 1
~ Jp, det T,

(POLT2 @ = B 0))) + LT Brseal@) — ) )y

using Proposition 4 together with Lemma 1 for the last inequality. From Lemma 3 (to use
the approzimate Lipschitz property of the flows) and introducing

— 1
DQ = {y - RNZ T;1(9t7t+5(y) —l’)‘ > 56_5}7

we thus deduce that for € small enough we get:

1
D, det T,

®2(t7t+€7xay) < ﬁ(laTzl(x_0t7t+€(y>)>dy

1
* D, det T,

p(1, T;1(9t+s,t($) —y))dy.

Using now Equation (2.36) from Corollary 6 for the first integral and the direct change of
variable z = T.!(y — 0;,,(x)) for the second, we can conclude that

Do(t,t +e,2) < C . Lgeqo 15y (2) (P +D)(1, 2) dz,

where p is a density enjoying the same integrability properties as p.
By dominated convergence theorem, it is easy to notice that Ds(t,t + €, x) tends to zero if €
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goes to zero, uniformly in the time variable ¢t in [0, 7.
We can now focus on the diagonal term D; appearing in (A.22). We start recalling from
Equation (2.16) that the density p*(¢, s, z,y) (for w € {(t,2), (t + €,y)}) can be written as

det M1

Pt t+ery) = N

/RN efft,tJre(z,w)exp (—i(M;l(y — m;”+6’t(l’)),z>) dz,
where we have denoted:
1 N
F(t,2,w) = // R,B5* ) — 1] v(dp)dv,
(t2,w) == e || [eos (= RuB35p)) = 1] vidp)dy

with u(v) = ¢t + ev (cf. notations in (2.12) of Proposition 3) and ®(p) the Lévy symbol of the
process {Z;}+>0. We can now consider the two following terms

det M1 ot
iPl (t>t +e€,2, y) = N /RN [G?E(t’zyt’m) — 6€E(t’Z7t+E’y)} 671<M6 l(yimiﬁ'e’t(m))’d dz

(2m)™
?2(t7 t+ €T, y)

—1
. d<e; Nj:[]; / ege(t,z,t‘i’ﬁ,y) |:€—i<M€_1(y—1’hife’t((E)),z> _ 6_7;<Me_1(y_m:i::?(m))7z> dZ
m RN

and decompose D; as follows:
®1 = /D |:P1(tat+€7$7y)’+’T2(tat+e>$ay)| dy
1
To control the first term P, we can exploit a Taylor expansion. Indeed,

|?l<t7t + €T, y)|
C
<
— det M,

We then notice from (2.15) that

1
/N/ |Fo(t, 2, t + €, y) — Fo(t, 2, t, )| TbatFeTU-NTelbaba) g\ q,
RN Jo

Fe(t,z,w) < Cell — |27,

and thus, we obtain that

eA?G (t:Zat""E’y)"'_(l_)‘)g‘G(t)27t7x) < ece(l_lzla)

— Y

for some constant C' independent from A in [0, 1]. From our non-degenerate structure, any
linear combination of the symbols remains homogeneous to a non-degenerate symbol. Thus,
we have that

C
det M,

On the other hand, we can decompose the difference in absolute value in the following way:

Pi(tt+ e a,y)| < / Ttz ey) = Ttz b 2)| PO dz (A23)
R

|Fe(t, 2, t + €, y)—Fc(t, 2,t,7)]
! D ~1+e o~ ~tx
< 6/0 /Rd [cos (<Z7‘erB‘7u(v)’yp>) — cos ((z,ﬂQUBou’(U)p>H v(dp)

1
< e [ |(aem 4 A (o,2) | dv, (A.24)
0

dv
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where we denoted

ALSTY(y, 2) = /B(o,ro) [cos ((Z,UAQUBc?ZJ(F;)’yp)) — cos ((z R B~Z(Iv) >)} Q(p) va(dy);

zw“w@=émmhﬂw®%%ﬁ»ﬂ%WRBﬁbMM@M@7

with 7y defined in assumption [ND]. The term A}“®Y involving the large jumps can be easily
controlled using that sup,cps Q(p) < oo:

Lo Jeos (s RuBL59)) — cos (12, R85, | vl
= ¢ (A.25)

AP (v, 2)]

IN

To bound the term AL4*¥ agsociated with the small jumps, we want to exploit instead that
(@ is Lipschitz continuous on B(0,rg). For this reason, we write that

AL (v, 2)]

< /B(O,ro) [COS (<Z R B~Z}L5)y >) — cos ((z,fJAQUBéi’ECv)p»} [Q(p) — Q(0)] Va(dp)‘
*éWMWNQRBﬁﬁD—w%@RRNMMQ@%mﬂ
= (Aielxy+At”y> (v, 2). (A.26)

Since ) and the cosine function are Lipschitz continuous in a neighborhood of 0, we have
that

u(v)

Aﬁwu@30/<>mwﬁﬁf”pﬂ”%md%@
B(0,ro

<C / !pHZI IU(U(U),Hu(v),tﬂ(y))p— U(”(”)aeu(v),t(x))p‘ Vo(dp)  (A.27)

gcm/ bl valdp) < Clel

where in the last step, we used that the diffusion coefficient o is bounded (cf. assumption
[UE]).

The control of the other term At '5™Y now follows from the classical characterization of the
Lévy symbol of a non—degenerate a-stable process (see e.g. [68]). Indeed,

A (v, 2) =

/Rd {cos ((z R Bat+5)yp)) — 1} — {cos ((z,UAQUB(}Z’a)p}) - 1] I/(dp)‘

<cC 5 RBaLs) " — (2, RBGLL )| | pds).

Sd—1 H
We now exploit the 3'-Holder regularity in space of the diffusion coefficient o to show that

. . 81 (an1)
A5 (v, 2) < O] leu(v),t—i-e(y) — Ou(o)t(2)

Clal |y = Orpes(@)|” + €],

(A.28)

A
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where in the last step we used that a > 1 and the approximate Lipschitz property of the flow
(cf. Lemma 3 up to a normalization, see also Lemma 1.1 in [63]).
We can now use Controls (A.27)-(A.28) in Equation (A.26) to show that

(AL, 2) < C (J2]+ |21 + 1y = Brrea(@)]” 1217) (A.29)
Similarly, Controls (A.29)-(A.25) with Equation (A.24) allow us to conclude that
Fulto2st+ ey) = Tt 28, 0)] < Ce (L [2 + 21+ [y — B J210) . (A30)

We can now go back to Equation (A.23). Changing variable and integrating over z, we find
that

Ce .
‘(‘Pl(tat‘i‘eaxay)' S det ML Je~ (1+ ’Z‘ +€81|Z|a + |y—9t+€,t(:v)|ﬁlyz‘“) 606(1 12| )dz
C et o
= detT /RN (e+ €12+ €12 + [y — Oupen(a)”"[2]) “O71 dz
C _1 1 1
— detT (E(l DN |y_9t+e7t(l')|5)

where we recall that T, = t*/*M,.
To conclude, we apply the change of variable § = y — 0 +():

C 1 1yn40
_ B (1=2)NB
[ 1Pt +eayldy < e [l freca(a) |+ 000 dy
—C (ITeg|” + =2 dy
|g|<e=F

< Q[P /amBNHBY) | ((1=5)AB=BN],

The above control then tends to zero letting € go to zero, if we choose [ such that

g (I-2)np
O<B<a(N+51)A N )

To control the second term Py, we use again Control (2.15) and a Taylor expansion to write,
similarly to above, that

|?2(t7t + €T, y)‘

c e(1—|z|* - ~ t,x _ - tte,
< et o €T = i (2), 2) = My = ), 2)] d
C - ~ €
= JoiT. T (Brrea(@) = i1 (@) (A.31)

where in the last passage we used Lemma 1. To bound the above right-hand side, we now
exploit Corollary 5 to show that

|Pa(t,t + e x,y) < CeaACdet T. (1 + T (Gree() — ?J)D :

Similarly to above, we can then apply a change of variables:

/D Pyt t +e,,y)| dy < (JeéAC/ (14 |2]) d=.

|2 <e

We can then notice again that the above control tends to zero letting e goes to zero, if we
choose [ small enough.
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Proof of Lemma 5. As in the previous Lemma 4, we want to show the following limit:
lim [[Ief = fllzprs = 0,
for some p € (1,+0), q € (1,+00) and f in CH?([0,T) x RY). We start writing that
T
Mef = fliers = [ IHef(E, ) = () |IZq di.
t Lo 0

We then notice that, up to a middle point-type argument, the indicator function in the
definition (2.46) of I.f can be easily controlled. We can now write that

||Ief<t7 ) - f(tv )”Izp = /RN /RN f(t + 6 y)ﬁt+67y(ta l+ex, y) dy - f(t>$)
<c(L.

/RN f(t + € y)ﬁt+6’y<t7 t+ €T, y) dy - f(t + €, 9t+e,t(x>>’p dx
= C(T+7)(e1). (A.32)

p
dx

+ /RN |f(t+ € 0rcs()) — f(E, )| dx)

Since f is smooth and with compact support in time and space, it follows immediately that
J'(e,t) tends to zero if € goes to zero, thanks to the bounded convergence Theorem.
We can then focus on the first term J(e, t). We start splitting it in the following way:

I(e,t) < C’</RN

+ /IRN f<t + 679t+6,t<x)> /RN {ﬁt+67y(t7t+ e,:c,y) _ﬁt’x@at"i_ 67*%73/” dy
= C (jl + jg) (6, t),

/]RN [f(t + €, y) - f(t + €, €t+e,t(x))]ﬁt+67y(ta t + €, T, y) dy‘p d!L‘

p
dx)

where we used that p"*(¢, s, z,y) is indeed a true density with respect to y. The second term
Ja(€, t) already appeared in the proof of Lemma 4 (Dirac Convergence of frozen density) (cf.

term D in (A.22)) and a similar analysis readily gives that J5(e, t) <% 0.
To control instead the first term J; (e, ), we decompose the whole space RY into A; U A,
given by

A= {r € RY: |0 4ce(x) —supp[f(t + € )]| < 1};
Ay = {z € RY: [fyycs(z) —supp[f(t + ¢ )] > 1}

Using Proposition 4 with (7,&) = (t + ¢, y), we write that

p(LT (- it (@) \
LT ,<>>)dy) .

jl(evt) S /N (/]RN |f(t+€7y>_f(t+€79t+e,t(x

R det T,
p
B (1T M (y — il (2)))

< _

= s (/RN f(t+ey) — f(t+e0c()) dot T, dy | dx

p
B (1T M (y — miled(2)))
+ N (/RN f(t+ey) = f(t+e€b0cz))] dot T, dy | dx

=: (311 + 312) (E,t).
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To control Jy1, we start noticing that f is Holder continuous with a Hoélder exponent v < «
n (0, 1], since it has a compact support. Moreover, A; is a bounded set (uniformly in ¢).
Then, from Lemma 1 (cf. Equation (2.6)), Lemma 3 and Corollary 6,

p
p (1T (y - mifcd (2)))
< _ g
Ju(e,t) < C A (/RN |y — Orre ()] det T, dy| dx
p(LT ! Orere(y) =), \
< p”//a/ / —1(, A/p( y Lo (Ot t+e
< Ce N ( v T (Y — Orrer(@))] det T, dy| dzx
P(LT (Orewey) —2) , \"
< (CePr/e -1 oA P(LT (01
< e [ (/RN (T2 Bure) = ) +1] e dy) di

< Cele,

To control instead J12 we firstly notice that if = is in Ao, then, 6;.,(z) is not in the support
of f. Thus,

p 17Te_1 - ij—?? ’
%ﬂ@t)ZDAQ(AwLﬂt+egﬁ—gﬂt+eﬁﬂgxﬂﬂp( (i%£f+’($»>@0 da

T)(l?Te_l(et,tJre(y) _:U)) P

P T Grarey) — ) \
< P € ’
B ||f||oo/A2 (/suppf det Te dy dr
7(1,T! -
S C p( ) e <9t,t+€(y) SE)) dxdy,

suppf J Ag det TG

where in the last step we used that, from Corollary 6

P T (Ore(y) — 7)), \ BT O (y) —2) )
s < J < .
</Supp f det T, dy RN det T, dy = G

We notice now that for any y in suppf and any x in Ay, we have that |y — 0,..(z))| > 1.
Exploiting Corollary 6 and Lemma 3, we write that

p(1, T 00 (y) —
312(€7t) < / / ’y_etJre,t(m)‘p( € ( t,i+ (y> )) dl‘dy
suppf J Az

det T,
T) (17 T_l(gt t+e<y) - I))

<ca/ / Oy e \ % dwd
- ¢ suppf J Ag y s t( ))| detTE ey

P(L, T (0 sc(y) — )
< [e3 _ 1 5
< Cer jgmprQN T (Brsely) — 2)] + 1] T ddy
< C’GE/ / [lz| + 1] P (1, 2) dzdy

suppf JRN

< Cen.

Knowing the convergence of J(¢,t) and I'(¢, ) to zero, we can finally conclude the proof using
the dominated convergence theorem in (A.32).
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A.3 Controls associated with the change of variable
A.3.1 Proof of Corollary 6

We first concentrate on the proof of Control (2.35). We start exploiting the decomposition
of B(t, z) in terms of small and large jumps, as in (2.25), to rewrite the left-hand side of
Equation (2.35) in the following way:

T 40, 4(y) — )| _ _
Moty = [ el =050 w060, 0) o) dy

Ts_—l 0 s —x)|” _ L
- | t(d;t %/)_t ) /RN pﬂust}t(et,S(?/) —z) — w)P(dw)dy,

RN

Then, the Fubini Theorem and the definition of py; in (2.23) immediately imply that

T, 2 (0.s(y) — )7 —
I(s,t,2) = /RN/RN‘ tdéﬂr - (1T, (60 (y) — ) — w) dy P (dw)

T (0ra(y)) — & — w7 + [w]]
1+mnw@4> x) —wl]"

IN

C /R L det T;_l dy Py (dw).

To conclude, it is now enough to show that for any M > N + 1, there exists C' := C'(M) such

that
det TS,

A”hwwwfxaxw—n»—wﬂ
Indeed, it would follow from Control (A.33) that

s dy < C. (A.33)

det TS,

/ dy P (dw)
L T (Bray) — ) — w]

I(t,s,x) <C/RN s~
det TS,

+ + Jw]"] e E{0)
/RN /RN [1—|—|TS t(ets( )_x)_w”

< 0/ 1+ [w]] P (dw) < C.

In order to show Control (A.33), we start noticing that it would be enough to apply the
change of variable § = T, %,(z — 0;,(y)) — w and then, to control the Jacobian matrix of the
transformation. Unfortunately, our coefficients are not smooth enough in order to follow this
kind of reasoning. Indeed, the drift F'is only Holder continuous.

As done already in in the proof of Lemma 3, we firstly need to regularize F' through a multi-
scale mollification procedure. Namely, we reintroduce the mollified drift F° := (F?, ... F?)
similarly to what we did in Equation (A.12). However we modify a bit the mollifying

parameters and set
1to(i=2)

6ij = C(s—t) oo for 2 <i<j <n, (A.34)

for a constant C' meant to be large enough. We also mollify the first component F; at a
macro scale, i.e. d;; = C4, with C} large enough as well.
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In particular, this choice of parameters gives that the controls (A.11), (A.15) and (A.18) hold
again.
We can now define the mollified flow 67 ,(y) associated with the drift F given by

»u,s

0.() = y— [ [A0. + PO, 80, (y)] du (A.35)
t
Denoting now, for brevity,
Aéeu,S(y) = eu,s(y) - ez,s(y)7

it is not difficult to check from the Grénwall Lemma and Controls (A.11), (A.15) and (A.18)
that

T2 Gus) — 8, (0) !SLWR%AAN%4»+Fm&AM F (u,65,(0)] dof
<[ 2 w»—WWﬁw@mhw

(u, 05 (y)) = FO(u, 0% ()| du
< Cy, (A.36)

T, A, (A%, du+/

r Y u,s

for some positive constant Cj.
Exploiting now Control (A.36), we firstly notice that for C' > 2Cj,

C+ T (x = 67 () — w| — T2, (6s(y) — 67,(v))]
Co + |Ts_—1t($ - Hg,t(y)) — |

C+ T (z = b(y) — w| >
>

and we then use it to write that

/ det T, det T !

dy < C s—t dy
M N _ M
L+ [T (@ = 6,4(y) — wl) (1+ T2z = 0,() — wl)

1 1
_ C/ 4 A.37
RV (14 \g[)M det J?,(7) 4 ( )

where in the last step we used the change of variables § = T;,(z — 67 (y)) — w and denoted
by J7,(4) the Jacobian matrix of y — 67 (y).

It is now clear that the last term in (A. 37) is indeed controlled by a constant C, if we show
the existence of a positive constant ¢, independent from y in RY, ¢ < s in [0, T] and § , such
that

| det J{,(y)| > ¢> 0. (A.38)

This is precisely the result provided by Lemma 9 below. From the previous computations it
is clear that (2.35) holds.

Let us now turn to the proof of Control (2.36). Following the previous approach, we can
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write

1

(L, T (0,4(y) —x)) d
/{ITs__lt(Gt,s(y)—m)ZK} det T, ( (6es(w) ) dy

det TS,
<0 J
(T 2,02 () =) > K—|T 1, (A%u,s (1))} /RN (1 + T2 (= 02, (y)) — w|)

det T ! —
SC/ / ——t a7 P1(dw)dy,
(T2 0L ==K =Col SR (1 4 T (2 — 62, (y)) — w])

exploiting also (A.36) for the last inequality. Using now the Fubini Theorem and the change
of variables z = T, (z — 62,(y)), we derive from (A.38) that

1
(L, T 50, .(y) —x))d
/{wslt(et,s(y)—xnw} det Ts_tp (1 ToelBesly) — ) dy

1
<cf] :
RN J{|z21>K~Co} (1 + |2 — w])

=: C’/ p(1,2)dz,
{lzI>51} (1.2)

where p is a density satisfying the same integrability properties as p assuming as well K large
enough. Thus (2.36) holds and the proof of Corollary 6 is now complete.

dzP1(dw)

A.3.2 Jacobian of the mollified system

This is a technical part dedicated to the proof of control (A.38) appearing in the proof of key
Corollary 6 which precisely gives the expected smoothing effect of the frozen density where
the freezing parameters also correspond to the integration variable.

Lemma 9 (Control of the determinant for the change of variable). Let 6f ,(y) denote the
mollified flow associated with the drift F° where the mollifying parameter & has the form
(A.34). Its dynamics writes:

0L = y— [ [Abh.+ PP (.0, ()] du

Then, there exists a constants co := co(T) > 0 s.t., denoting for 0 <t < s <T by J; (y) the
Jacobian matrix associated with the mapping y — 9§7t(y)

det(J{,(1)) = co.

Importantly, ¢y does not depend on 0.

Proof. Let us first mention that the even though the coefficients F° are smooth, the above
control is not direct because there is a subtle balance between the mollifying, matrix valued,
parameter § and the length of the considered time interval [¢,s]. We recall indeed that the
entries d;; given in (A.34) do depend on s — t.

We also recall that, similarly to (A.14), it holds that

Do, FY(t,2)] < C(61))° 71, V2 <i <j <, |Dy Fl(t,2)] < C(6;)% 7. (A.39)
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To prove the statement, we have thus to justify, somehow similarly to the control for the
flows of Lemma 3, that the explosive behavior of the Lipschitz moduli is indeed well balanced
by the time-integration.

Let us now start from the dynamics of J°(y) which writes:
J(y) = DB (y) :]I—/t [(Au+ DoF(u, 2) g5 () Dyt o(v)] du

:]1—/: [(Au+ DaFP(u.2) g ) ()] du.

The above equation can be partially integrated using the resolvent (R, s)ucft,s] associated
with A, i.e. the RV ® RY valued function satisfying

d

71571‘5 — Aujirl S jis s — lnd nd- A.40
au ’ ’ ’ x ( )

Jt(s,s(y) = Rt,s _/t Rt,uDzF(S(uvZ)|z:9§iys(y)‘]3,s(y)du' (A41)

We actually have the following important structure property of the resolvent (Rys)uc,s)-
There exists a non-degenerate family of matrices (Ru : Juelt,s)» Which is bounded uniformly on

u € [t, s] with constants depending on T s.t.
Ru,s - Ts—tﬁz’; (Ts—t)_l- <A42)

s—t

Indeed, setting for all v € [0, 1], inff := (Ts—¢) " Riyu(s—1),sTs—+ and differentiating yields:

avfzf;s = (3 - t) (Ts—t)_1At+v(s—t)Rt—‘rv(s—t),s']rs—t

= <(3 — 1) (Tst)lAtH(st)Tst) ]%f}s = AZ’Séf;S.
The identity (A.42) then actually follows from the structure of the matrix A; (see assumption
[H] and (1.4)) which ensures that (A%®),cp,1 has bounded entries.
As a by-product of (A.42), we derive that there exists C' > 1 s.t. for all (4, ) € [1,n],
[(Re)isl < C(Ljzi 4 (5 — 1) 1is). (A.43)

From (A.41) we thus derive

T SOt [ 5 B 2l ] 1 ()

z]k 1

<C+/ > RiuD2F2(w, 2) =g |, |0 () ks (A.44)

i,j,k=1

Remember now that D,F°(u, z) is upper triangular. Then for fixed (j, k) € [1,n]?, using
(A.43),

’RtuD F (U z)z 03 . y)‘ <Z‘Rt’u‘lf’DFék’00

k
<C> (Ui + (t = 8) "yei) | D FY | o (A.45)
=1
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It is now clearly seen that, for a fixed line index ¢ and ¢ > i, there is no time regularity,
contrarily to what happened with the control of the renormalized flows. Recall that if we

had chosen F° as in the proof of Lemma 3 then, for £ > 2 (recall that we regularize at

_ k
macro scale Cy for F?) |DyFf|e < C(6g) "*P . Tt is then clear that the (511:%@)(6[[2 i

must have the same order, which precisely prevents from the choice in (A.17) which allows
to consider minimal Holder regularity exponents distinguishing the regularity with respect
to the K™ variable in function of the level ¢ of the chain. We are here led to consider
BF = B = 3% (condition (A.34)), imposing the strongest integrability threshold, associated
with the diagonal perturbation at level & all along the previous levels (up to the second one),
which in principle lead to less singularity when the corresponding gradients are considered.

Such a phenomenon naturally appears when investigating the strong uniqueness of the SDE
because of the Zvonkin approach, see e.g. [35] for the Kinetic case deriving from our framework
or [15] for the kinetic Brownian case. It was also the case, still for the Brownian kinetic
case, in [16] where the parametrix approach freezing the initial coefficients was considered.
The author had to impose the same regularity for the drift, in the degenerate variable, on
the whole F'. Hence, adapting the work [58] to derive pointwise bound of the gradients,
which could have been another approach would have led to the same constraints. Here, we
have slightly more freedom since we manage to have arbitrary smoothness indexes for the
non-degenerate component of the drift.

We thus derive from (A.44) and for C, C large enough there exists ¢y > 0 such that
n k . n .
SN Gu) T ST (00) T (s — 1) < ¢
k=2 (=2 k=1

meant to be small that, under the current assumptions, there exists C' > 1 s.t.
| Tos(y)] < C exp(co),

and similarly, Yu € [t, s],
[ Tos ()] < Cexp(co). (A.46)

Rewriting:
Jgs(y) = Rt,s (I _/t Rs,uDzF(S(ua Z)|z:62,5(y)‘]3,s(y)du)a

we derive from (A.43), (A.46) that the matrix (I — [ ReuD.F(u, 2)| ,—gs S(y)J{is(y)du) has
diagonal dominant and this gives, from the non degeneracy of R, the statement concerning
the determinant. O]
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