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Abstract

This paper is devoted to the large time behavior of weak solutions to the three-dimensional Vlasov-
Navier-Stokes system set on the half-space, with an external gravity force. This fluid-kinetic coupling arises
in the modeling of sedimentation phenomena. We prove that the local density of the particles and the fluid
velocity enjoy a convergence to 0 in large time and at a polynomial rate. In order to overcome the effect of
the gravity, we rely on a fine analysis of the absorption phenomenon at the boundary. We obtain a family of
decay estimates for the moments of the kinetic distribution, provided that the initial distribution function
has a sufficient decay in the phase space.
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1 Introduction

Fluid-kinetic systems aim at modelling the collective motion of a dispersed phase of small particles immerged
within a fluid. In such systems, also called spray models, the dispersed phase is described at a mesoscopic level
by a distribution function solving a kinetic equation while the evolution of macroscopic quantities for the fluid
is governed by fluid mechanics equations.

Among the wide family of fluid-kinetic systems (see the pioneering works [59, 54]), one can consider the
so-called thin spray models where the particles volume fraction is small compared to that of the surrounding
fluid. In this context, an interesting prototype is the incompressible Vlasov-Navier-Stokes system, coupling in a
nonlinear way the fluid and kinetic equations through a drag term. The later one depends on the fluid unknowns
and on the density function and allows for an exchange of momentum between the fluid and the particles.
Beyond its mathematical interest, this system also appears in the study of the transport and deposition of a
therapeutic acrosol in the airflows contained in the human upper airways (see [9]).

In this paper, we are interested in the following Vlasov-Navier-Stokes system set in Ri x R3:

Ohf +v-Vuf +divy[(u—v)f +Gf] =0, (t,z,v) € R} x R} x R?, (1.1)

6tu+(u~V)quu+Vp:/ flt,z,v) (v —u(t,z)) dv, (t,x) € R} x RY, (1.2)
R3

divu =0, (t,z) € R% x RY. (1.3)

Here Ri := R? x (0, +00) is the tridimensional half-space while G := (0,0, —g) € R3 is a given vector, with
g > 0 the gravitational acceleration. In these equations, u = u(t,z) € R® and p = p(t,z) € R stand for the
velocity field and pressure of the fluid, while f = f(t,z,v) € RT is the distribution function of the particles in
the phase space Ri x R3. Here, the particles undergo the friction force produced by the surrounding fluid, as
well as the effect of gravity. Thus, using the Stokes law, the resultant force exerted on the particles is the sum
of the drag and weight /buoyancy, that is

u(t,z) — v+ G,

and the Vlasov equation (1.1) is thus coupled to the Navier-Stokes equations (1.2)-(1.3). Note that we have
implicitely considered spherical particles of same radius and that the mass density of the particles is greater
than that of the fluid (because of the positive coefficient before the vector G - see e.g. [14]). Unlike the thick
spray case (see e.g. [50, 22]), collisions between particles are neglected here, as well as the equation on their
volume fraction.

A coupling term is also added in the Navier-Stokes equations (1.2)-(1.3), where a forcing term appears in
the r.h.s and stems from the retroaction of the particles on the fluid. This source term is usually called the
Brinkman force and can be rewritten as

» flv—u)dv=j; —pyu, (1.4)
where

prt,x) == ft, x,v)dv,
RS

ity i= [ ofta) do.
R3
Note that in the previous Navier-Stokes equations (1.2)-(1.3), the density and viscosity of the fluid are assumed
to be constant and both chosen equal to 1, while the external gravity force g = V®, with & = gz, has been

absorbed in the pressure term. In short, the equations (1.1)-(1.2)-(1.3) account for the description of a cloud
of fine particles sedimenting in an ambiant incompressible viscous fluid.

The Vlasov-Navier-Stokes system has been studied in different directions over the past two decades.

The Cauchy problem. Concerning the existence theory of global weak solutions to the system (1.1)-(1.2)-
(1.3) (without the gravity force), different settings and boundary conditions for the distribution function have



been adressed, depending on the spatial domain: a fixed bounded domain with specular reflexion in [1], the
flat torus T3 in [8], time-dependent domain with absorption boundary condition in [10, 11], or a 2D rectangle
with partly absorbing boundary condition in [28]. Local strong solutions can also be considered as in [18] (for
inhomogeneous fluid equations), as well as blow-up in finite time of classical solutions in [17].

Note that the additional term involving the gravity has only been taken into account for the Vlasov-Stokes
system on bounded domain with specular reflexion in [33], or for the Vlasov equation coupled to the stationary
Stokes system with a regular and compactly supported initial distribution function on R? in [45].

The 2D case. In two dimensions, more results are available for this fluid-kinetic system, essentially
because of the study of Navier-Stokes system which is more favorable in this context: for instance, uniqueness
of 2D-global weak solutions is proven for the whole space or the torus case in [36]. The controllabillity of the
system is also explored in dimension 2 in [53].

Link to other models. In the spirit of Hilbert’s 6th problem of axiomatization of physics, fluid-kinetic
models can be linked to other systems of ODEs and PDEs. Deriving rigorously the Vlasov-Navier-Stokes
system from "first laws” appears as an important issue, but remains essentially an outstanding open problem
for the whole system. Two main strategies have been proposed so far. The mean-field limit of a N-solid
particle system coupled with a fluid equation has been considered in [23, 42, 43, 13] and allows one to recover
the Brinkman force in a quasi-static framework thanks to homogenization techniques. Some partial results
are also known for a dynamical but only macroscopic equation for the particles, in some dilute regime where
they have no inertia (see [44, 51]). Another direction has been taken in [4, 5] where, in a formal way, the
coupling between two mixtures provides the derivation of the Vlavov-Navier-Stokes system in the same fashion
as the hydrodynamic limits of the Boltzmann equation [3, 2]. However, a full and rigorous justification of this
program based on kinetic theory is still open.

Through hydrodynamic limits of the Vlasov-Navier-Stokes system, one can also seek to derive some systems
involving only averaged quantities: more precisely, high friction regimes of the system have been shown to
lead to Navier-Stokes type systems. These asymptotic regimes have been first considered in [30, 31] for the
Vlasov-Fokker-Planck-Navier-Stokes equations, where the effect of Brownian motion is added in the equation
of the distribution function.

Without diffusion in velocity in the Vlasov equation, one of these limits has been handled in [45] for the
Vlasov-(steady)Stokes system with gravity in the whole space. Very recently, the question raised by these
different regimes has been adressed in [35] for the full system (1.1)-(1.2)-(1.3) on the torus (without the gravity
force).

Large time behavior. The large time dynamics of the Vlasov-Navier-Stokes system, which is the main
issue of this article, has very recently received a particular attention. This natural question is studied for the
first time by Jabin in [46] for a reduced kinetic model. In the absence of dissipative mechanism in the Vlasov
equation (like a Fokker-Planck operator allowing to consider smooth equilibria, see [29]), the sole effect of the
drag force in the system should lead to nontrivial equilibria which are singular. More precisely, one expects
a monokinetic behavior for the distribution function of the particles (that is to say, a convergence towards
a Dirac mass in velocity). A conditional result accounting for this phenomenon in the Vlasov-Navier-Stokes
system has been provided by Choi and Kwon in [18]. In short, it requires a global bound in time which is not a
priori satisfied by global weak solutions to the system. More recently, this extra assumption has been removed
for small initial data: the first complete result stems from the article [37] of Han-Kwan, Moussa and Moyano
where the authors work in a periodic setting and in a framework a la Fujita-Kato. In the same spirit, such a
monokinetic behavior of weak solutions has been obtained for the whole space case by Han-Kwan in [34] and
then extended to the case of bounded domains with absorption boundary conditions in [24]. In short, these
results are all based on a remarkable energy-dissipation inequality satisfied by weak solutions to the system.

Unlike this series of works, the existence and stability of regular equilibria has been obtained by Glass, Han-
Kwan and Moussa in [28] for a particular 2D bounded domain with partly absorbing and injection boundary
conditions. Finally, let us emphasize the fact that the high friction limit tackled by Han-Kwan and Michel
in [35] is closely linked to the monokinetic behavior we have mentioned just before, and in particular to the
techniques used in [37, 34].



Main contribution of this paper. In the continuation of these previous works, the main goal of this
article is the study of the large time dynamics of global weak solutions to the system (1.1)-(1.2)-(1.3). Its
originality lies in dealing with a fluid-kinetic system on an unbounded domain with boundary, where one
considers absorption boundary conditions for the distribution function, together with an additional gravity
force term. Loosely speaking, the presence of a gravity force may ruin the decay of the energy of the system.
At first sight, this prevents the use of exactly the same techniques as in [37, 34, 24]. However, it is actually
possible to take advantage of the absorption at the boundary to analyse the large time behavior of global weak
solutions starting close to equilibrium.

Before going further, we give several definitions and set notations about the system that we will consider in
this article. In what follows, we will sometimes refer to (1.1)-(1.2)-(1.3) as the VNS system. Along this paper,
we will make a constant use of the notation

R3 :=R? x (0, +00).
First, the VNS system is supplemented with the following initial conditions for v and f:

Up=g = Up in Ri,
fit=o = fo in R} x R®. (1.6)

We prescribe the following Dirichlet boundary conditions for the fluid:
u(t,-) =0, on OR3 = R?* x {0}. (1.7)
We also need to introduce the following outgoing/incoming phase-space boundaries:

* = {(z,v) € R} x R® | v - n(z) > 0},
Yo = {(z,v) € R xR® |v-n(z) = 0},
L=t US UL, =0R3 xR?, (1.10)

where n(z) stands for the normal vector to the boundary dR? at point z. We observe that

2% = {(z,v) e R* x R® | 3 = 0, w3 < 0},
2o = {(z,v) ER* xR? | 25 =0, v3 =0}.

Then, we prescribe the following absorption boundary conditions for the distribution function:
f(t,-,-) =0, on 3. (1.11)

Several functionals play an important role in the study of the VNS system. We introduce the following
ones.

Definition 1.1. 1. The kinetic energy of the Vlasov-Navier-Stokes system is defined for all ¢ > 0 as:

1 1
E(t) := §||u(t)||iZ(Ri) + 5/ f(t,z,v)|v]* dz dv. (1.12)

R3 xR3
2. The dissipation of the Vlasov-Navier-Stokes system (without gravity) is defined for all ¢ > 0 as:
D(t) := /Rixﬂ@ ft,z,v)|u(t, ) —v|*dedv + ||Vu(t)Hi2(Ra+). (1.13)
3. The dissipation with gravity of the Vlasov-Navier-Stokes system is defined for all ¢ > 0 as:

Dg(t) :== /]R3 . ft,z,0)|u(t, ) —v|*dedv + ||Vu(t)||iz(R3+) - /]1&3 G-jr(t,z)dz. (1.14)
+ T
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At a formal level, the VNS system enjoys an energy-dissipation structure involving the previous functionals.
More precisely, smooth solutions to the system satisfy the following a priori estimate

d

—E(t) + Dg(t) <0.

B0+ Dalt) <

Thus, there is a variation of energy coming from the dissipation inside of the fluid and because of the friction
between the particles and the fluid, but the gravity force induces an additional term leading to a potential
non-decay of the kinetic energy E. Indeed, we expect the term G - j; > 0 to be positive at least after some

time because the particles should ultimately fall in the same direction than the gravity.

We denote by Zgiv (Ri) the set of smooth R? valued divergence free vector-fields having compact support
in RY. The closures of Zaiv(R) in L*(R3) and in H'(R3) are respectively denoted by L3, (R3) and by
H{ 4i, (RY). We write Hy) (R%) for the dual of the later.

We now define the class of admissible initial data for the VNS system.

Definition 1.2 (Initial condition). We shall say that a couple (ug, fo) is an admissible initial condition if:

up € L, (R3), (1.15)
fo € L'NL™(R3 x R?), (1.16)
Jo =0, / fodedv =1, (1.17)
R% xR3
(z,v) = folz,v)[v]> € L'Y(RY x R?). (1.18)

We then introduce some notations about the moments of any phase-space distribution function g.

Definition 1.3. For any a > 0, and any measurable function g : R* x R} x R® — R™, we set
mag(t,x) == / |v|%g(t, z,v) dv,
R3

Mag(t,x) := / lv|“g(¢, z,v) dvdx = meag(t, z) dz.

R3 xR R3

In our approach, we shall rely on some decay assumptions satisfied by the initial distribution function fy.
We thus introduce the following quantities.

Definition 1.4. For any ¢ > 0, m > 0 and 7 > 1, we set

Nq(fo) := [I(1 + |U|q)f0||Loo(RixR3)7 (1.19)

Koo (o) = [+ WD o0z ||, o (1.20)
Hyn(fo) 1= |1+ DI+ 250 ) e | o (121)
Fyonr(0) 1= [0+ 1IN+ 25 o 0w, - (122)

We will consider weak solutions to the Vlasov equation with gravity force (1.1), with the boundary conditions
(1.11) and the previous initial condition, which are defined as follows.

Definition 1.5 (Weak solutions to the Vlasov equation). Let U € L] (R* xR3). Consider also an initial

loc
distribution fo satisfying (1.16)-(1.18). We say that a nonnegative function f € L2, (RT;L! N L>(R3 x R3))
is a weak solution to the Vlasov equation (1.1) with force field U, with boundary condition (1.11) and with
initial condition fo if, for all ¥ € 2([0,T] x R3 x R?) with ¥(T,-) = 0 and vanishing on R x (X% U %), one

has

T
/ / ft,z,0) 0% +v- VU + (U—w)- V¥ (¢, z,v)dedvdt = —/ folx,v)¥(0,2,v)dz dv.
0 JRE xR3

3 3
]R+><]R



Weak solutions to the Vlasov equations enter in the framework of the DiPerna-Lions theory for transport
equations (in the phase space Ri x R3). We refer to Section A.1 in the Appendix for more details, where
we recall in particular the classical stability property of renormalized solutions which we will constantly use
throughout this article.

We will also consider Leray solutions for the full Vlasov-Navier-Stokes with the boundary conditions (1.7)-
(1.11) and the initial conditions described in (1.2), in the following sense.

Definition 1.6 (Leray solutions with strong energy inequality for the VNS system). Consider an
admissible initial condition (ug, fo) in the sense of Definition 1.2. A global weak solution to the Vlasov-Navier-
Stokes system with boundary condition (1.7)-(1.11) and with initial condition (ug, fo) is a pair (u, f) such
that:

u € Lig (R L, (R3)) N Lie (R Hy g5, (R3)), (1.23)

divy u =0, (1.24)

f € Lig.(R*; L NL®(RY x R?)), (1.25)

jf — pru € Lig (R Hy (RY)), (1.26)

and such that the following holds. The distribution function f is a weak solution to the Vlasov equation with

force field G + u with initial condition fy in the sense of Definition 1.5 and the velocity field u is a Leray

solution to the Navier-Stokes equations with initial condition ug, that is for all ® € €*([0,T]; Zaiv(R%)) such
that ®(T,-) = 0, we have

T
/ / [u- P+ (u@u): Vu® — Vyu: VO] (¢, 2)dedt
0o Jrs

)

and the strong energy inequality holds for the Navier-Stokes equations: for any ¢ > 0 and almost every 0 < s <t
(including s = 0)

uo(x) - ©(0,2) de — /0 /]RS - ft,z,v) [v—u(t,z)] - ®(¢,z) dedvdt, (1.27)

3
+

t t
||u(t)||§2(R3+)+2/ ||vu(7)||iz(R3+)dT§Hu(s)u;(m)w// (G (1, 2) — pyu(r,z)) - u(r,z) dzdr. (1.28)
s s ]Ri

Furthermore, the following energy estimate holds for the Vlasov-Navier-Stokes system: for any ¢ > 0 and
almost every 0 < s < ¢ (including s = 0)

E(t) Jr/ D(7)dr < E(s) Jr/ /]RS . G-vf(r,z,v)dzdvdr, (1.29)

where the energy E and dissipation D have been defined in (1.14).

Note that the last integral in the r.h.s of the inequality (1.28) actually makes sense because of Sobolev
embedding and the fact that j; — pyu € L2 (RT; LS/°(R3)) (see Section A.2 in the Appendix).

Such global weak solutions can be obtained through an approximation procedure which seems to be classical
by now (see e.g. [10, 28, 11]). Since the half-space/gravity framework has not been explicitely treated in the
former literature, we provide some rather sketchy elements of proof about the Cauchy problem in Section A.2,

with a particular insight on the obtention of the strong energy inequalities (1.28) and (1.29).

In Section 2, we present the main result obtained in this paper. As will be explained later on, the approach
that we will use to prove this result shares some similar features with the ones introduced in [37, 34, 24, 28]. We
will detail the strategy which has been set up in these works and in comparison, we will describe the method
we need in our case.



2 Main result

The notations we use here are introduced in Definition 1.4 and in Section A.4. If p,s > 0 are given, we set

1
32

1,2 -1 1—4.p
Eps =Wy T(RE)ND; (RE)ND; **(RY)ND, *7(RY),

&(0) = luol v £ E0) + [luollrrrs ) + Me fo,
H!AD R3)

-1
p P

and for ¢g,m > 0

Nam(fo) = Ny(fo) + Hg,m(fo) + reng):(’,} { K, (fo) + Fomr(fo)}-

The main result of this paper reads as follows.

Theorem 2.1. There exists e > 0, s € (2,3), p € (3,3+¢), ¢ > 3 and m > 0 such that the following holds.
Let (ug, fo) be an admissible initial condition in the sense of Definition 1.2 satisfying

Ug € H(lJ,div(Ri) NLYRY) N Eps,
M fo < oo, (2.1)
Ngm(fo) < o0

There exists a constant Co > 0 and an onto nondecreasing function ®c, : RT — Rt such that the following
holds. If the initial data are small enough in the sense that

Do, (14 E0) + Agm(f0)) % (luollf g, + o1 g ) + No(fo) + Hom(fo)) < Cor  (2:2)

then there exists a continuous nonnegative function ¥ cancelling at 0 such that any global Leray solution (u, f)
to the Vlasov-Navier-Stokes system with initial data (ug, fo) (in the sense of Definition 1.6) satisfies

2 2
. (loli2aqas ) + ol ss )
LQ(Ri) - (1 +t)3/4 .

Furthermore, if ki € RT with ¢ > k1 + 3 and ky € R, then for allt >0
< No(fo) | Hor,(fo)
M)k (14 t)ke

Ky (fo) | Fok.r(fo)
T A ) oo

pf(t7 x)

los (0l <

Here, < only depends on ki, ks, q and g.

Remark 2.2. One can actually replace the quantity ps in the end of the theorem by any moment m, f, with
q >k + ¢+ 3 and an estimate involving Hy k, (fo) and Fy k, »(fo)-

Remark 2.3. As a byproduct of our analysis, we will prove along the way that if fy is compactly supported
in velocity and in the third direction in space, that is

supp fo C (R* x (0, L)) x B(0, R),

for some finite L, R, > 0, then there exists a finite time T'= T'(L, R, g) such that f(t) =0 for every t > T.
Remark 2.4. In view of the results of [37, 34], one could hope for a monokinetic behavior of the distribution
function in large time: in other words, f(¢) should concentrate in velocity to a Dirac mass supported at
g. However, because of the absorption at the boundary, the result of Theorem 2.1 shows in particular that
Hf(t)||L1(R§erg) Nl 0 so that the previous singular behavior does not occur.



Let us explain the main strategy that has been already devised and used to study the large time behavior
of the VNS system in [37, 34, 24] (which are gravity-less cases). Roughly speaking, under some smallness
assumption on the initial data that we will detail below, [37, 34, 24] have proven that the fluid velocity u
homogenizes to a constant when ¢ — 400, while the distribution function converges towards a Dirac mass in
velocity. The later weak convergence is in particular measured thanks to the 1-Wasserstein distance on the
phase space. All of these works rely heavily on the decay of a well-chosen energy functional which essentially
controls the convergence of u and f. The choice of such a functional may depend on the domain. As explained
before, two principal spatial frameworks have been explored.

e The case of bounded domains: as already mentioned in the introduction, Han-Kwan, Moussa and Moyano
have tackled the large time behavior of small data global weak solutions to the system set on the torus T in
[37], while the case of bounded domains with absorption boundary condition has been studied in [24]. The
main strategy is the following. In the torus, a crucial quantity which plays a crucial role in the large time
dynamics is the so-called modulated energy introduced by Choi and Kwon in [18]. It is defined as

&= [ ftalo—Gro)Pdsdot 5 [ fulte) = )l o+ 160) = )

where (-) stands for the spatial average on T3. On a smooth bounded domain € C R3, the key functional is
the kinetic energy Eq itself, defined as in (1.12) where R? is replaced by €. In both cases, the decay of the
energies £ and Egq is based on the following formal energy-dissipation identities

d d

—E({) +Drs(t) =0, —Egq(t)+ Dq(t) =0, (2.3)
dt dt

where Dps or Dq are defined as in (1.14) where Ri is replaced by T2 or Q. Under the assumption that the

global bound py € L>®(R*; L>(Q)) holds, where Q = T? or Q = 2, one can show that an exponential decay

of the energy is satisfied, namely

vVt >0, E@1) SeMEWD), Eqt) < e MEq(0), (2.4)

for some A > 0. This mainly comes from Poincaré(-Wirtinger) inequality. Then, a straightening change of
variable in velocity shows that a sufficient condition for obtaining the previous bound on py is an estimate on
the Lipschitz seminorm of u, that is

/ 1Vu(s) Lo () ds < 1.
0

A bootstrap procedure has to be performed in order to ensure such a global control: the main idea is to
interpolate the pointwise conditional decay (2.4) with higher order parabolic regularity estimates for the fluid
velocity. In short, the previous approach requires a smallness assumption on the initial data of the type

Eq(0) + [luollm (@) < 1,

and one can even replace the previous norm for ug by [[ug|lg1/2(psy in the torus case. Furthermore, one can
describe the structure of the final spatial density, which depends on the whole evolution of the system. Note
that in the case of a bounded domain with absorption boundary condition for the kinetic distribution, an initial
support of the distribution function containing only high enough velocities leads to total absorption in finite
time (namely, f = 0 after some finite time).

e The case of the whole space: in this case studied in [34], Han-Kwan has shown that the crucial functional
to consider is the kinetic energy Egs itself, defined as in (1.12) where Ri is replaced by R3. This energy satisfies
the same formal energy identity (2.3) as above. A bound of the type py € L>°(R*;L>°(R?)) now provides a
decay of the form

@a (Egs (0) + [JuollL rs))
(1+1¢)

YVt >0, Egs(t) < , for all a€]0,3/2],



for some function ¢,. Here, the polynomial decay is the best one can hope for because of the absence of a
Poincaré inequality (with respect to the Lebesgue measure) on domains unbounded in any direction. In short,
it corresponds to the decay of the solutions to the heat equation on the whole space, with almost the same
rate. As before, the second step of the analysis is a bootstrap analysis whose aim is to obtain the control
on py, relying on the same sufficient control of ||Vul|p1 g+, ®s)). Since the energy decay is only polynomial
and since the Brinkman force is not decaying, the use of dissipation functionals of higher order is needed'. It
essentially leads to the study of weighted in time estimates for the second order derivatives (in space) of the
fluid velocity. Here, this procedure is applied for initial data close to equilibrium, in the sense that

Egs (0) + [luollra gs) + [ follLy ms;Lee r3)) < 1.

Let us emphasize the fact that the case of a bounded domain with specific boundary conditions has been
considered by Glass, Han-Kwan and Moussa in [28]. More precisely, the VNS system is set on a bidimensional
rectangle Q := (—L, L) x (—1,1): the fluid velocity satisfies a Dirichlet boundary condition corresponding to a
Poiseuille flow while the distribution function obeys to mixed absorption/injection boundary conditions. Com-
pared to the previous state of the art, this particular framework leads to a somewhat other type of asymptotic
behavior. Indeed, relying on a key geometric control condition (the so-called exit geometric condition), it has
been shown that one can get the existence and asymptotic stability of non-trivial smooth equilibria for the
system.

Main strategy. Let us explain the main approach used in this article. As mentioned before, the study
of the large time dynamics of the system (1.1)-(1.2)-(1.3) is in the same spirit than that of the previous works
[37, 34, 24]. However, a main obstacle comes from the presence of the additional gravity force term in the
Vlasov equation (1.1), which creates an extra term in the r.h.s of the energy inequality (1.29). This breaks
one of the main structural tools of the analysis of the gravity-less case because it rules out the decay of the
total kinetic energy E. We thus need to base our study upon an additional mechanism which is at stake in
the system. What comes into play here is the absorption of the particles at the boundary, coming from the
boundary condition (1.11) for the distribution function f. To understand the crucial role of this phenomenon,
we will use the Lagrangian structure of the Vlasov equation. We shall define the characteristic curves (X, V)
for the Vlasov equation as the solutions of the following differential system:

{X(s;t,x,v> = V(s;t,,v),

V(sit,z,v) = u(s, X(s;t,2,0)) + G = V(s;t, 2, v),

with (X(¢; ¢, z,v), V(t;t,z,v)) = (x,v) and where u has been extended by 0 outside the half-space. Introducing
the following backward exit time

T (t,z,v) =inf {s <t | Vo € [s,t], X(o3t,z,0) € R},
the method of characteristics shall provide the following representation formula:
f(tv z, ’U) = e3t17'_ (t,z,v)<0 fO (X(07 t,x, U)v V(07 t,x, U)) . (25)

In view of this expression, a certain decay in time of the moments of f should be satisfied along the evolution
of the system, provided that fy enjoys some decay in the phase space.

In order to take advantage of the absorption, we shall rely on an exit geometric condition, reminiscent of
the work of Glass, Han-Kwan and Moussa in [28]. In short, we ask that all the characteristic curves starting
from a compact set leave the half-space before a fixed time. The main idea to propagate this condition will be
to compare the coupled Vlasov equation to the Vlasov equation without fluid velocity and only governed by
the gravity. The characteristic curves (X9, V9) for this simplified equation are defined as the solutions of

X9(s3t,@,v) = V9(s:t,2,v),
VI(s;t,x,v) =G —VI(s;t, z,v),

IThis family of identities has also found a powerful application in the study of the hydrodynamic limits of the VNS system in
the torus performed by Han-Kwan and Michel in [35].



with (X(t; ¢, z,v), V(t;t, x,v)) = (x,v). We will then show that the exit geometric condition holds for all times
for the VNS system, by using the particular geometry of the domain and the simple form of (X9, V9). This
will essentially require a control of the form

| Tl ds < 1. (2.6)

By combining the previous absorption phenomenon with a decay of the initial distribution function f itself,
we shall be able to obtain decay in time estimates of the moments of f. The argument will be based on the
representation formula (2.5) and on a change of variable in velocity, namely v — V(0; ¢, 2, v) (which was already
used in [37, 34, 24]). This procedure will be allowed if we can ensure a control of the Lipschitz seminorm of
the fluid velocity, that is

/0 V() e g3 ds < 1. (2.7)

Thus, it turns out that the presence of the gravity force is eventually favorable for our purpose and leads to
the decay estimates of the moments stated in Theorem 2.1.

Thanks to the specific form of the Brinkman force j; — pyu in the Navier-Stokes equations, we shall obtain
pointwise in time estimates in various norms for this source term. Hence, as a solution of the Navier-Stokes
equations with a sufficiently decaying forcing term, the fluid velocity u will enjoy a polynomial convergence
towards 0. This is essentially the result bearing on v in Theorem 2.1.

Therefore, our main guiding line will be the obtention of decay in times estimates for the moments of f.
We will base our proof on a bootstrap argument, mainly directly taken from [34].

Outline of the paper. According to the previous strategy, let us describe how this paper is organised.

In view of the arguments above, it makes sense to first consider the Navier-Stokes system having a source
term (i.e. the Brinkman force (1.4)) with pointwise decay in time. It turns out that this assumption falls
within the scope of the work of Wiegner in [58] for the Navier-Stokes equations with a decaying source term on
R3. Modulo an adaptation to the half-space case, this entails a polynomial decay of the L2 norm of the fluid
velocity. This conditional Theorem 3.1 is contained in Section 3.

Before going further, we shall need to state some preliminaries gathered in Section 4. They are necessary
for a local in time analysis as well as for the subsequent bootstrap argument. We obtain rough bounds on the
moments of f, ensuring short time controls. We also derive some H! estimates for the fluid velocity and define
the notion of strong ezistence time for the Navier-Stokes system.

As explained before, the absorption of the particles at the boundary will be the key effect leading to global
decay in time for the moments of f. In Section 5, we introduce the aforementionned ezit geometric condition
and analyse its effect on the system. In particular, this enables us to track which proportion of the support of
the initial distribution has disapeared from the system at any given time.

Section 6 is dedicated to the bootstrap argument, which aim is to reach the global controls (2.6) and (2.7).
Along the bootstrap, the previous absorption phenomenon is shown to lead to the desired decay estimates of the
moments. We first show that the Brinkman force satisfies the desired pointwise decay. Polynomial weighted in
time estimates for the fluid velocity are then obtained. This will allow to close the bootstrap argument thanks
to an interpolation procedure.

3 Conditional large time behavior of the fluid velocity

The main goal of this short section is to show some conditional results about the polynomial decay of the L2
norm of any Leray solution to the Navier-Stokes equation with a source term F. This decay holds if F' satisfies
a conditional pointwise decay in L2 (Ri) and is somewhat imposed by the decay of the Stokes semigroup on
Ri. The main results reads as follows.

Theorem 3.1. Let ug € L3, (R3)NLY(R3) and F € L (RT;L*(RY)). Let u be a global Leray solution to

loc
the Navier-Stokes system with strong energy inequality, associated to the initial data ug and the source term
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F. Let T > 0 and assume that

vt € [0,T], [I1F(®)llrzersy) < (3.1)

_c
(1+0)7/4

for some constant C > 0 independent of T'. Then there exists a continuous nonnegative function Yo cancelling
at 0 and independent of T (and increasing in its parameter C), such that

o (ol + ol s )
(1+1)3/2 '

vt e [OaT]a ||u(t)||iQ(Ri) 5 (32)

Here, we will follow Wiegner [58] and Borchers and Miyakawa [6], relying on the Fourier splitting method
of Schonbeck [56]. More precisely, assuming a decay of the type (3.1) for the source term F' means that the
desired result for the large time behavior of the fluid velocity enters in the framework of [58]. Since we work in
an unbounded domain with boundaries, we shall adapt this method written in the whole space case, thanks to
a spectral decomposition of the Stokes operator and the use of its fractional powers, as in [6]. This will entail
a polynomial decay of the fluid velocity similar to the one without a source term in the equations, and whose
rate is roughly speaking the same as that of the unsteady Stokes equations.

Coming back to the Vlasov-Navier-Stokes system, we shall consider the Brinkman force j; — pyu as a fixed
source term in the Navier-Stokes equations. This means that we shall use Theorem 3.1 with F' = jf — pru.
Note that compared to [34] where the conditional decay of the energy E was related to the whole VNS system,
our result concerns the decay of u as a solution of the Navier-Stokes equations only and is independent of
the coupling with the Vlasov equation: we only use the strong energy inequality (1.28) for the Navier-Stokes
system with a given source term (even if it may depend on u and f). Therefore, the assumption (3.1) on the
decay of this source term makes the situation simpler. We will be able to prove that this strong decay does
occur thanks to the absorption phenomenon along a bootstrap procedure in Section 6. Here, we do not require
a bound of the type py € L>(0,T7;L>(R%)) as in [34] and the rate of convergence is slightly better.

The combination of [58] and [6] for the proof of Theorem 3.1 may appear as a classical result for the
Navier-Stokes system: for the reader’s convenience, we only write the proof in Section A.5 of the Appendix.

In view of the conditional Theorem 3.1, obtaining decay in time for the moments of f will be the main goal
of the rest of this paper.

4 Preliminaries for the bootstrap procedure

Thanks to a bootstrap argument, we shall prove that there exists C > 0 such that

+ .
vt e RT, |75 (t) = pru(®)llzey) < A+ o7

Then, by the conditional Theorem 3.1, this will imply the first statement of Theorem 2.1. Along the way, we
shall rely on the following bounds and estimates for the local density py:

[0 loe (rt oo (r2 ) S 1,

Vt e RT,Vr > 1, |ps(t) for some k£ > 0

1
LED S g
which will essentially lead to the second part of Theorem 2.1.

In this section, we collect several useful information in order to be able to set up a boostrap procedure
in Section 6. We start by recalling some basic facts about the Lagrangian structure of the Vlasov equation
(1.1). A careful analysis of the characteristic curves will indeed be required to deal with the absorption at the
boundary. It also enables us to consider the aforementioned straightening change of variable in velocity. Then,
we derive local in time estimates for the moments p; and jf, as well as for the fluid velocity in L'L>°. This
will offer short time controls on these quantities. Thanks to a smoothing property of the Navier-Stokes system,
we finally obtain L2H? N L>°H! estimates for the fluid velocity. This requires the introduction of the so-called
strong existence times and eventually entails a local in time LW regularity for the fluid velocity.
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4.1 Characteristic curves for the Vlasov equation: representation
formula and change of variable

Given a time-dependent vector field u on RT x R, a time t € Rt and a point (z,v) € R3 x R?, we define the
characteristic curves s € RT — (X(s;t,2,0v), V(s;t,2,0)) € R® x R? for the Vlasov equation (associated to u)
as the solution of the following system of ordinary differential equations

X(s;t,x,0) = V(s;t,z,0),
Vv sityz,v) = (Pu)(s, X(s;t,z,v)) + G — V(s; t,z,v),
)

(4.1)
X(t;t,z,v) =z,
(

V(t;t,z,v) = v.

where the dot means derivative along the first variable. Here, P is the linear extension operator continuous
from L*>°(R%) to L>°(R3) and from W(l)’oo(Ri) to WH°(IR?) defined by

4 w(z) ifreRY,
Ve e RY, (Pw)(z):= 3\ 3 (4.2)
0 ifz e R°\ R,
and which satisfies
Vo € L(RY), ([Pl s) = [wl~as ). (4.3)
Vi € WES(RL), [ V(Pw) | es) < [Vl as - (1.4)

We refer to [24, Appendix] for a simple proof. Also, we will use the convention
(Pu)(t,-) = P(u(t,-)),
as well as the notation

Xi(z,v) :=X(s3t,z,v), Vi(z,v):=V(s;t,x,v).

Let T > 0 be fixed and suppose
u € L?(0,T; Hy(R%)) N L0, T; WH>°(R3)).
We can apply the Cauchy-Lipschitz theorem to show the following proposition.

Proposition 4.1. Given (z,v) € R® x R3 and a time t € [0,T], the system (4.1) admits a unique solution
s+ Z5(z,v) € R* x R? on [0,T] and

- R®* xR* — R®xR?
@) e Zaw) = (Xt 0), Vst z,v))
is a (bi-Lipschitz) diffeomorphism of R® x R3 whose inverse is given by (Z$)~1 = Zt.

In this context, the characteristic curves for the Vlasov equation are classicaly defined (at least) until time
T and are given for all s,¢ € [0,T] by

X(sit,zv) =2+ (1—e Mo+ (s—t+e " -1)G + / (1 —e" %) (Pu)(1,X(7;t,z,v))dr,

. K (4.5)

V(s;t,z,v) =e "To+ (1 —e "G + / " (Pu)(r, X(7;t,x,v)) dr.
¢

Starting from a point (z,v) € R} x R? at time ¢, the curve X(s;¢,z,v) remains during a certain interval of
time in the half-space Ri. This naturally leads to the following definitions, already considered in [24].

12



Definition 4.2. For (z,v) € Rﬁ_ x R? and for any t > 0, we set
H(t,z,v) :=sup{s >t |Vo € [t,s], X(o;t,z,v) ERY}, (4.6)
T (t, x,v) = inf{s <t |Vo € [st], X(o;t,x,v) € Ri},

with the convention X(o;t,x,v) = X(0;¢,z,v) for all 0 < 0 and ¢ > 0.

We state two basic results whose proof can be found in [24, Appendix]. The second one is a representation
formula for the weak solution to the Vlasov equation (1.1), where one has to take into account the absorption
boundary condition (1.11) satisfied by the distribution function.

Lemma 4.3. For z = (z,v) € R3 x R?, if 7(0,2) < +o0 then we have
77 A (z) = (Xg”‘*z)(z), vg“o"z)(z)) et U, (4.8)

where X and X° are defined in (1.8).

Proposition 4.4. Let f be the weak solution to the initial boundary value problem for the Viasov equation,
associated to a velocity field u € LE (RT;H{(R3)) N L (RT; Whe(R3)) with initial condition fo and with
absorption boundary condition.

f(t> x, ’U) = egtlr*(t,w,v)<0 fO(Zg (l‘, U)) a.e. (49)

Recall that we aim at obtaining a sufficient decay in time of the Brinkman force j¢ — pru and more generally
of the moments of f. The representation formula (4.9) will be our main starting point: elaborating on the
same strategy than that of [37, 34, 24, 35], we shall rely on a straightening change of variable in velocity (and
then in space) in this formula. Nevertheless, such a procedure requires a smallness assumption on the quantity
|\VuHL1(R+;Loo(Ri)) and obtaining this control will be at the core of Section 6. We emphasize the fact that

we also need the help of the absorption at the boundary in order to recover the desired decay in time of the
moments.

In view of the following formulas
t
V(0;t,2,v) = elv + (1 — )G — / e (Pu)(r,X(7;t,x,v))dr,
0

t
D,V(0;t,2,v) — €'ld = —/ "V (Pu)(1,X(7; t,2,v))D, X(7; t,2,v)) dr,
0

and following closely the arguments of [37], we infer several statements which read as follows.

Lemma 4.5. Suppose u € L2 (R*, H}{(R3)) NLL (RT;L>(R%)). Fiz § > 0 satisfying 5¢° < 1/9. Then, for
all times t € R satisfiying

t
/o ||Vu(s)\|Loo(Rs+) ds < 0, (4.10)

and for all x € R‘:’_, the map
Typ:v—=V(0;t,z,0),
is a global €*-diffeomorphism from R3 to itself satisfying furthermore

63t

Vo € R |detD,Ty ., (v)| > R (4.11)
Thanks to
t
|r;;(w)| <e ' ||w| + (ef = 1)|G] +/ €T|PU(T)L00(R3)dT:| , (4.12)
0
t
o] < [V(0:,2,0)] + (1 — e)[G] + / | Pu(r) e (4.13)
0

we also have the following result.
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Lemma 4.6. Let to > 0. If Ny(fo) < oo and if u € LL (R ; HE NL®(RY)) then Ny(f(to)) < oo with

loc
Ny(F(t0)) S €1+ IGIT + lull g 1 e ) Na(fo)-
As we shall see later, we will also perform a change of variable in space after the previous change of variable
in velocity.

Lemma 4.7. Consider the same assumptions as in Lemma 4.5. For any t € RT satisfying

t
/0 ||VU(5)HL°°(R§) ds <0,

and for any v € R3, the mapping
Ao w — XP(2, T 1 (v) (4.14)

is a global €*-diffeomorphism from R3 to itself satisfying
1
Vo € R3 |det DA, (2)] > 3 (4.15)

Proof. From
Iy (w) = e tw+ (1— )G + /0 e (Pu)(r. X (2, T (w)) dr
we infer that
MwE)=2z+ " —Dw+(1—-t+e "G+ /Ot(eT_f’ — 1)(Pu) (7, X (x, F;;(w))) dr.

We then refer to [35, Lemma 3.26], the proof of which can be exactly adapted to the case of the characteristic
curves with an additional gravity term. O

4.2 Local in time estimates

In this subsection, we derive some local in time estimates for the moments and velocity field. Recalling the
quantities of Definition 1.4, we introduce the following useful notations, which allows us to track down the
dependency on the initial data in the later estimates. In view of the smallness condition (2.2), this will enable
us to set up a bootstrap strategy in the proof of Theorem 2.1.

Notation 4.8. The notation m <o M means that there exists some exponents ¢ > 3 and m > 0 such that

1, +E(0) + [luollur s ) + No(fo) + Hoq(fo)

m < (14 Jluo
HND (R%)

1—
P

+ max (Ko (o) + Fymr (f0)} + Mofo) M, (4.16)

1-1,
where ¢ : Rt — RT is onto, continuous and nondecreasing. Here, D), ” p(Ri) refers to the space defined
in (A.7), with the exponent p given in the statement of Theorem 2.1. Note that in the end of the bootstrap
argument, we shall be able to consider only the largest exponents ¢ and m which are involved in the estimates.

Until the end of this Section 4, we consider a fixed global Leray solution (u, f) to the Vlasov-
Navier-Stokes system, in the sense of Definition 1.6 and associated to an admissible initial data

(uo, fo)-

We first state the following lemma, claiming that the total mass of the system is nonincreasing along its
evolution, because of the absorption boundary condition (1.11). The proof is similar to that of [24, Lemma
2.1].
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Lemma 4.9. For allt > s > 0, we have

/ flt,z,v)dede < / f(s,z,v)dx dv.
R3 xR3

R% xR3
An application of Holder inequality implies the following result.

Lemma 4.10. Let p > 1. For all t > 0, we have

1/p
(s — pfu)(t)HLp(Ri) < pr(t)”]foﬂﬁ)) (/Rs - ft,z,v)|v —u(t,z)P de dv) . (4.17)
+

Along the way, we will also need the simple following sublinear Grénwall lemma.

Lemma 4.11. Let y € €([0,T);R") and h € €([0,T]; R") such that for all t € [0,T]

y(t) < o+ / h(s)y(s)” ds,

where B € (0,1) and yo € RT. Then for all t € [0,T]
1

y(t) < (W +(1-5) / (o) ds) -
We now state several rough bounds on the moments of the distribution function f.
Lemma 4.12. We have for allt >0
7l o6 ey S E(0)%t + ¢,
In particular, the map t — ||jf||L1(0,t;L1(R§r)) belongs to LS (RT).

Proof. We use the energy inequality (1.29) and the Cauchy-Schwarz inequality to write that for all ¢ > 0
t t )
E(t) < E(0) + g/ / [v|f(s,z,v)dxdvds < E(0) + g/ E(s)2 ds,
0 JR3 xR3 0

thanks to Lemma 4.9. The sub-linear version of Gronwall Lemma 4.11 with § = 1/2 implies

E(t) < (E(O)% + gt)z.

The Cauchy-Schwarz inequality again reads
t \ 1 1
/ / [vlf(s,2,v) dIdvdSS/ E(s)? ds < tB(0)? + g—,

0 RE’;_ xR3 0 1

and this concludes the proof. O
Lemma 4.13. If F' := j; — psu then for all t > 0, we have
! 2 1 2
/0 IFO) s 05 < 08 oy (o) hoe ety [BIO) + BO) B2 427

where < only depends on g.
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Proof. Using Lemma 4.10 with p = 2, we obtain for all s € [0, ]
||F(3)||iz(ua§r) < llpg(s)llLe w3 )D(s),

where the dissipation D has been defined in (1.14). Then, we integrate the last inequality between 0 and ¢ and

use the energy inequality (1.29) to obtain
t
BO)+g [ [ lifdrds.
0 JR3

which concludes the proof, thanks to Lemma 4.12. O

t
|F(s)]|? ds < sup [|ps(8)]|Leo(r2
LT 5 ()l e

As any weak (renormalised) solution to the Vlasov equation, the distribution function f also satisfies the
following maximum principle.

Lemma 4.14. We have for allt >0
Hf(t)HLoo(RixW) < egtHfO”Loo(R?;erS)- (4.18)

We now recall standard interpolation estimates on the moments (see e.g. [33]), where we use the notations
introduced in Definition 1.3.

Proposition 4.15. Let k > 0 and let h be a nonnegative function in L= (R x Ri x R3). Then the following
estimates hold for any £ € [0,k] and a.e (t,x)

k—¢

< el MO T gy oy Mih() 755

Imeh()] -

k+3
L?+3

3
(B3

We now provide a pointwise estimate for the moments of f.

Lemma 4.16. Consider an integer o > 2 such that u € L} (RT; LT3 N WL (RY)) and M, fo < oo for all

a € [2,a]. Then for all a € [2,0] and for allt >0, M, f(t) < 0o and M,f € LS. (RT).
Furthermore, if T > 0 then for all t € [0,T]

a+3

_3t_ 1 t
e foll P s / Ju(s)lpasomeyds | - (4.19)
+ 0

1
a+3

T
Maf(t) < [Mafo + agA Maflf(s) ds

Proof. Asin [24, Lemma 2.1], we rely on the strong stability results from DiPerna-Lions theory about transport
equations on Ri xR? (see A.1in the Appendix). In short, it allows to prove the desired estimates for a sequence
of smooth distributions (f,,) associated to a sequence of regularized initial data (f2), and an approximating
sequence of fluid velocities (u,,): the strong stability property of renormalized solutions to the Vlasov equation
is then used to recover the estimate for the original solution (u, f). We do not detail the argument and we
write the proof as if u and f were smooth.

We argue by induction on a. For a = 2, we multiply the Vlasov equation by |v|? and we integrate on
Ri x R3 to get

d
aMgf(t) +aMsf(t) + /R3 /SRi > (vf) n(x) -vdo(x) dv = Q/R fv-[u+ G]dzdv.

3 3
1 xR

As the boundary term of the Lh.s is non-negative (because of (1.11)), we integrate on the interval (0,t) to
obtain

t t
Maf(t) < Mafo-+ 2 | Muf(s)ds+2 [ ulo) s I f(6)], 5 g 05
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thanks to Holder inequality. Furthermore, by Proposition 4.15 with (¢,k) = (1,2) and the rough control
provided by Lemma 4.14, we get
4

1 4
1 f ()Ml g gy S 1S () e g ey Maf () < lfoll i &% czn€ Maf(s)%,

where < is independent of s. We thus infer that for all ¢ € [0, T
T 1 ¢ 3s 4
My f(t) < Mafo+ 29/ M f(s)ds + 2\|f0||Eoo(Rist)/ e |luls)llLs s ) Mzf(s)® ds
0 0

Usinf the Gréonwall lemma stated in Proposition 4.11 with 8 = 4/5 entails

1
5

T t
2
M f(t) 5 [szowg / Mif(s)ds| -+ 2% ol us ca / () o es ) ds
0 0

This yields the result for a = 2 (indeed, note that the previous r.h.s is finite because of Lemma 4.12). Now,
if M, satisfies the desired inequality, we can perform the same analysis as before. In short, multiplying the
Vlasov equation by |[v|* and integrating on Ri x R3, we obtain

Maf(t) < M, fo+a9/ Ma_1f(s) ds+a/ () s s lmat S| ars

La+2 (R3)

As before, we use Proposition 4.15 with (¢,k) = (o — 1, @) and Lemma 4.14 to get

[ma—1f(s)] « < I foll 72 5 Mo f(5) 555

La+2 R3

This yields for all ¢ € [0, T

t
3s a+2
M f(t) < Mafo+ag |  Maci )5 + allfll e ) s Mo ()35 .
0

Thank to Proposition 4.11 with 8 = %’ we obtain the conclusion. O

Lemma 4.17. We have M3 f € L2 (RT). Moreover, for all finite T > 0, there exists a continuous nonnegative

and nondecreasing function ©g ), Ms fo, T, follee (inCreasing in all its parameters) such that for all t € [0,T]

||Pf(t)||L2(R1) + 7 ( )||L3/2(]R ) = PE(0),Ms fo, T follge, (t).

Proof. Since Msfy < oo and Mgfo < oo by (2.1), we have Msfo < Mafo + Msfo < oco. Furthermore, u is

~

a Leray solution so that by Sobolev embedding, we can apply Lemma 4.16 with a« = 3 and we deduce that
M;f € L2 (RT). Furthermore, the estimate (4.19) yields for all ¢ € [0, T

loc

1
T 6 t t
ez 1
Msf(t) < [M?,fo + 39/ Myf(s)ds| + -5 Hfo||f’eo(R§er3)/ l[u(s)llo(rs )ds
0 0

Sobolev embedding on H§(R?%) and the Cauchy-Schwarz inequality lead to

1/2

t t . 1/2
[ o s %0 272 ([ 19002y ds) < 72 [E0) + BO) T+ 77
0 0

)

where we have used the energy inequality (1.29) and Lemma 4.12. For the same reasons, we also have

T
/ Maf(s)ds <, E(0) + E(0)2T + T2.
0
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This implies that there exists a continuous nonnegative and nondecreasing function ¢ = @g(0), a1, 10,7, || fo | Loc.

(increasing in all its parameters) such that for all ¢ € [0, 7], we have

M3 f(t) < ©R(0),Ms fo, Tl folluge, (1)- (4.20)

x,v

Using Proposition 4.15 on interpolation of moments of the distribution function f with & = 3 and ¢ € {0,1},
together with Lemma 4.14, we get

1/2 1/2
lor () las) S 1O ey Maf () < oll 2 g > Maf (8)72,

. 1/3 1/3
1 Ol S @I s Maf P < 1ol g et Maf (02,

which yields the conclusion, thanks to the bound (4.20). O

We now prove that the source term in the Navier-Stokes equations, namely the Brinkman force jr — pyu,
belong to L2L? (locally in time). The strategy of proof is very similar to that of [24, Lemma 4.7] (with a
minor adaptation to the half-space case) and details are thus omitted. Let us only emphasize that the result
mainly follows from the combination of Lemma 4.12, Lemma 4.17, Lemma 4.15 and the maximal regularity
property for the Stokes system (see Section A.4 in the Appendix) which can be applied in that case because

ug € W(1)79/7(]R§r) (see the assumption (2.1)).

Lemma 4.18. We have
jf = pru € Lo (RT; LP(RY)).
We are then in position to state the following local in times integrability results of the Leray solution (u, f).

Proposition 4.19. We have
u € Lige(RT; L= (R3)), (4.21)
and if Ny(fo) < oo for some q > 3, then

py € LS (RT;L=(R3)),
Jf € LS (RT; L (RY)).

More precisely, there exists a continuous nondecreasing function n : Rt — RT such that

[ull 0,610 3 )) S 1(b), (4.22)
12 Lo (0,6m00 (&2 )) + 7# l[Los (0,651 (2 )) S Na(fo)n(t). (4.23)

Proof. Let T > 0. The proof of the fact that u € L*(0,7; L>°(R3))) is mostly directly taken from the arguments
used in [24, Proposition 4.8] and mainly relies on the theory of epochs of regularity for the Leray solutions
to the Navier-Stokes equations. Owing to [39, Theorem 8] and [40, Remark 4] (which are valid since the
strong energy inequality (1.28) is satisfied by the weak solutions that we consider), we know there exists a
subset o7 C [0,7] of full measure in [0,7] with o7 = | |;]a;, b;[ (the union being countable) and for which
u € L2 (a;, b;; HH(RY)) NLE (a;, bi; H*(R3)) and ||Vu(t)|\Lz(R:jr) —b> +oo for all 4. Furthermore, the function
t—b;

t s [[Vu(t)||? is absolutely continuous on each interval ]a;, b;[ (see e.g. [55]).

Now, we can take the L?(R3) inner product of (1.2) with Au on each interval ]a;, b;[, where A stands for

the Stokes operator on L3, (R%), to obtain

d .
&Hvu”i?(Ri) + 2||Au||iz(]R3+) + 2(P(u- V)u, Au) = 2(P(j; — pyu), Au) on la;, b;],
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where we have dropped the time variable. In order to estimate the term [(P(u-V)u, Au), we use the Gagliardo-
Nirenberg-Sobolev inequality for the function Vu with the exponents (p,j,r,m,a) = (3,0,2,1,1/2), which
reads as

1/2 1/2
IVullis@e) S ID*ullaps ) IVullis s

and we combine this inequality with the Holder inequality to write
[(P(u - V)u, Au)| < [|ullpe s ) [ Vullrs @s ) [ AullLz s )
3/2 3/2
S IVallf s I Aull

L2(R3) L2(R3)"

Thanks to the Young inequality, we infer that
d 2 2 < 15 2 6
IV ula ) + A0 as ) S g = prulaes ) + IVl Saqea (4.24)

on each interval a;, b;[, where < is independent of the time variable and independent of i. Dividing this

inequality by (1 + ||v“||iz(uai))2a we get

! &Vl s, + !
(1+HVU”L2(R3 )2 dt LQ(RJ) (1_|_||v ||L2(]R3

2 . 2 2
)2 HA“||L2(R3) S g — Pfu”m(mr) + ||VU||L2(Ri)7

on each interval ]a;, b;[. Integrating and summing over the previous epoch of regularities, an using in particular
the fact that | Vu(t) ||L2(Rs+) — o0 for all i, we can perform the same exact computations as in the proof of
t—b;

[24, Proposition 4.8] and end up with

/T | A(3)]22
0

1+ ||Vu(s)||?

T
I )2 ds < /0 (ij<3> - Pf“(s)”izmb + HVU(S)H%P(Ri)) ds+1,
L2(R%)

from which we infer that

/T Au(s) P2 /T ik Y /T<1+ Ta e yds) <
2(R2) s w(8)||52/psy) ds 00,
0 L2 (RS o (1+IVu(s )HLz(Rs )2 0 L2(®)

due to Proposition 4.18 and to the fact that u is a Leray solution to the Navier-Stokes equations. Using the
Gagliardo-Nirenberg-Sobolev inequality with exponents (p,j,r,m,a) = (00,0,2,2,1/2) and Sobolev embed-
ding, we deduce that

1/3

T T T
| I essyds S [ 1900 By ds+ [ AU 5 < o,

from the same reasons as before, therefore this proves (4.21). The last estimate (4.23) is eventually obtained
by observing that

28l 0,600 ®3)) + 7 f llLee 0,610 m3)) S No(f(2))
S L+ G|+ [ullfs g . (i ) Na(fo)
< Ng(fo)n(t),
thanks to Lemma 4.6 and (4.21). O
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4.3 Strong existence times and higher order energy estimates

Along the bootstrap procedure, we shall need H' energy estimates for the fluid velocity u, which is a priori
only a Leray solution to the Navier-Stokes equations. In order to consider higher regularity for this solution,
we rely on a parabolic smoothing property of the (Vlasov-)Navier-Stokes system. We will be able to propagate
this regularity if the contribution of the source term, that is the Brinkman force F' := j; — pyu, and the initial
data, are small enough.

Proposition 4.20. There exists a universal constant C, such that the following holds. Assume that for some
T >0, one has

T T
HUOH%{l(Ri) +/0 ”F(S)”iZ(Ri) d3+/0 1F(s)llr2(gs ) ds < C. (4.25)
Then one has
u € L0, T; HY (R3)) N (0, T; HA(RY)),
and for all t € 0,7

1 t t
IVl gy + 5 | 1D%0(6) a5 S IVolageny + [ NP)IEagyy s (126)

where < only depends on C,.

Proof. The estimate is a direct consequence of the parabolic regularization for the Navier-Stokes system with
source F' = jy — pyu, that we state in Theorem A.8 in Section A.6 of the Appendix. O

Remark 4.21. By Lemma 4.13 and the local estimates (4.23), the r.h.s of (4.26) is finite. In particular, if the
condition (4.25) holds for some T, then for all ¢t € [0, 7]

||UH%<><>(0¢;L6(R1)) S ||V“||ioc(o,t;L2(Ri)) S ||VU0||i2(R1) + zl[lopt]pr(S)”Lw(Ri) E(0) + E(0)2t 4 £*] .
s )

In order to ensure that the smallness condition (4.25) is satisfied for all times, we now introduce the following
terminology, which has been already used in [37, 34] to take advantage of the parabolic regularization for the
fluid.

Definition 4.22 (Strong existence time). A real number T' > 0 is a strong existence time whenever (4.25)
holds.

In the remaining part of this Section, we state a local in time L'W%> regularity result for the fluid
velocity. Note that for the moment, we are only interested in obtaining non-uniform in time estimates. Of
course, quantitative and uniform in time estimates based on the polynomial decay of the kinetic energy will
require an additional analysis.

Corollary 4.23. For any finite strong times t > 0 and for any p € [1, 6], we have
jf — pgu € LP(0, 4 LP(RY)).
Proof. Thanks to Lemma 4.17 and (4.23), we have
jr € L0, L32(R%)) N L>°(0,4; L=(R3)) — L™(0,¢; L7 (R3)),
for any r € [3/2, +00] by interpolation. For the same reasons, we also have
py € L°(0,; L*(R%)) N L>(0, 4 L>(R%)) — L"(0,; L"(R%)),

for any r € [2,4+00]. On the other hand, by (6.16), we have u € L>°(0, t; Lq(Ri)) for any q € [2, 6], because t
is a strong existence time. So, the Holder inequality yields
1 1 1
pru € LP(O,t;LP(Ri)), I; = + 6, r € [2,+00], q € [2,6].

This leads to the condition p € [1,6] and then to the conclusion. O
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The next results is similar to that of [35, Lemma 3.28]. We detail the proof for the sake of completeness.

Proposition 4.24. For any finite strong times t > 0 and for the exponent p given in the assumption (2.1), we
have

(u-V)u € LP(0,; LP(RY)). (4.27)

Proof. For any (a,b,r1,79) € (1,400)*, we can use interpolation inequalities to write

r1
L7 (0,517 (RE))?

1 2 1 1 1
b—3+a(m—2>. (4.29)

Taking (a,b,r1,72) = (2,3,2,6) in (4.28), Sobolev embedding and Proposition 4.20 imply

11—
[ (u- V)UHL"'(O,t;L”(RE’;)) < ||U||L°°(0,t;L6(R1))||VU||LW(“0¢;L2(R1»||VU| (4.28)

provided that 7 < a, 2 < b <7y and

(u-V)u e L*0,t;L*(R3)).

Owing to the maximal regularity for the Stokes system (see Section A.4 in the Appendix) and to Corollary
4.23 which gives j; — psu € L%(0,¢;L3(R3))), as well as on the assumption (2.1), we obtain

u € L?(0,¢; WH3(R2)).
So, by Sobolev embedding and since Vu € L?(0,¢; L?(R3)), we infer that for all r € [2, +00)
Vu € L*(0, ¢ L"(RY)).

Coming back to the inequality (4.28) with (b,71) = (3,2), o > 2 (which means a = @ = 3(r, — 2)r; * € [2,3)),
we now get

(u-V)u € L0, L3 (RY)).

By Corollary 4.23, we also have j; — pyu € L%(0,¢; L3(R3)), therefore an other application of the maximal
regularity for the Stokes system implies that for all @ € [2, 3)

u e L7(0,6; W*(RY)),

it ug € Dé_%’a(Ri). So, under this assumption, Sobolev embedding implies that for all @ € [2,3) anf for all
r € [2,400], we have

Vu € L0, L7 (R3)).
This allows to apply the estimate (4.28) with a =b=p >3 and a =r; € [2,3) (and also p < r3) so that
(u-V)u € LP(0,t; LP(RY)).

The relation (4.29) reads as

67“1 <
ro = —— ¢ <y,
2T 3 r6_4p =T
therefore this turns into
< 3(7‘1 —|— 2) )

4

Since r; = 2 leads to the limiting case p < 3, we see that taking p > 3 close enough to 3 and @ =, € (2,3)
ensures the previous condition. Thus, the assumption (2.1) is compatible with the previous analysis and this
concludes the proof. O
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As in [37, 34, 24], we finally deduce the following non-uniform in time result.

Corollary 4.25. For any finite strong existence time t > 0, one has
Vu € L'(0,¢; L= (R3)).

Proof. Let t > 0 be a finite strong existence time. We consider the exponent p > 3 given in the assumption
(2.1) and invoke the Gagliardo-Nirenberg-Sobolev inequality (see Theorem A.3 in the Appendix) which yields

ﬁp 1 ﬁp
190(8) ) S WD) g ) 5220 s € 10,2,

5
77276' Combining the energy inequality (1.29) and Lemma 4.12, we get
—

where 8, :=

1-5,
[ 190 sy @5 5 [ 0P e )15

1-8,
<l e /nDu s s

(1— 5p)
/HN i d

|2

< (E(0) + E(0) ¢ + 12)

(d=8p)
2

1
< (E(O) +E(0)2t+t2> u||Lp(0tLp(R3))
where we have used the Holder inequality in the last line. Furthermore, thanks to the maximal LPLP regularity
for the Stokes system, we have

» + [l7¢ _pfu”LP (0,7 (R3.)) + | (u - V)UHLP(MLP(RS)) o0,

2 <
ID%ullis 0,610 82y S ol - )

1—1
P
P

thanks to the assumption (2.1), Corollary 4.23 and Proposition 4.27. This allows to conclude the proof. O

Remark 4.26. By Corollary 6.4 and Corollary 4.25, we get u € LI(O,t;Wé’OO(Ri)) when ¢ > 0 is a strong
existence time, so that the characteristic curves for the Vlasov equation are classicaly defined on (0,t) and the
representation formula (4.9) can be applied.

5 Exit geometric condition and absorption

The main goal of this section is to describe precisely the effect of the absorption boundary condition (1.11)
satisfied by the distribution function f solution to the Vlasov equation (1.1). In short, we will study the time
of absorption when one starts from a compact support for the initial distribution function f;. The simple
geometry of the flat boundary will allow us to base our study upon the characterics curves for the Vlasov
equation.

As explained in the introduction, we rely on different ideas mainly taken from the work of Glass, Han-Kwan
and Moussa in [28] (but which lead to different types of results). In some sense, the adaptation to the half-space
case is less tedious because we only deal with a flat boundary. Here, the set B, (R) refers to B(0, R) C R3 with
R € [0, +00].

We first introduce the so-called exit geometric condition.

Definition 5.1. Let L, R > 0. We say that a vector field U : R* x R‘i — RR3 satisfies the exit geometric
condition (EGC) in time T with respect to (R? x (0, L)) x By(R) if

sup (0, 3,0) < T, (5.1)
(z,v)€ (R2x(0,L))xBy(R)

where 7 refers to Definition (4.2) for the characteristic curves (Xy, Vuy) of the Vlasov equation associated to
a velocity field U in (4.1).
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A direct consequence of an EGC satisfied by a velocity field is the following.

Proposition 5.2. Suppose that a velocity field u € LlOC(RJr;Wé’OO(R‘i)) satisfies an EGC in time T > 0 with
respect to (R2 (O,L)) By, (R) for some fixed L,R > 0. Then, if f is the solution to the Vlasov equation
associated to u, we have for almost every (x,v) € R3 x R3 and any t > T

f(t T U) - 6 17’ (tmv)<01|V0(:v v)|>R fO( (LL' U) Vo(x U)) (5 2)
+ € (o) <0l VO (o) <R 1x0 (00055 1 Jo(XE (2,0), VY (2, 0)).

Proof. Let t > T. Observe that the regularity of u allows us to manipulate the characteristic curves for the
Vlasov equation in a classical sense on [0,¢]. From the representation formula (4.9), we have

f(tv z, U) = 68t]-'r*(t,z,v)<0 1|V2(m,v)|§R 1X?(:c,v)3§L fO (Xg (*T’a U)a V? (1', U)) + fﬁ (ta €z, U)7

where f#(t,z,v) denotes the expression in the r.h.s of (5.2). We thus have to prove that the first term of the
previous equality vanishes. Using the change of variable (z,v) — (X(0;¢,2z,v), V(0;¢,x,v)) together with the
fact that

(X, V)(0;¢,0") = {(z,v) € R x R® | 77(0,z,v) > t},
where
O' = {(z,v) eR} xR® | 77 (¢, z,v) < 0},

we get

/RS g 'L (120) <0 LV (20) 1<k 1x9(w,0)5 <L Jo (X7 (2, 0), Vi (2,0)) da dv
X
:/ 1t (0,,0)>¢ Ljo|<r las<z fo(z,v) dzdy
R3 xR3

:/ 1+ (0,,0)>¢ fo(w,v) dz dv.
z3<L, [v|<R

By definition of the EGC in time 7' > 0 with respect to (R? x (0, L)) x B, (R), we have 7(0,z,v) < T for all
(z,v) € (R? x (0,L)) x By(R) therefore the last integral is actually zero because ¢ > T'. Since it is true for all
t > T, this concludes the proof. O

The main idea that we follow now is to compare the Vlasov equation with velocity field w (solution to
the Navier-Stokes equations) to the ”free” Vlasov equation without coupling. We thus consider the following
characteristic curves (X9,VY) for the Vlasov equation associated with the vector field (z,v) — (v,G — v),
namely

Xg(s t,x,v) = Vg(s t,x,v),
VI(s;t,z,0) = VI(s;t,x,v), (5.3)
X9(t;t,x,0) =, |

VI(t;t,x,v) = v.

These are the equations satisfied by the characteristic curves associated to a trivial velocity field (i.e u = 0)
in the Vlasov equation and where the particles only undergo the effect of the gravity force GG, without being
coupled to a surrounding fluid. We have the formulas

{xg(t; 0,z,0) =2+ (1—e Yo+ (t+et -1)G,

5.4
VI(t;0,z,0) = e v+ (1 —e G, (54)

and in particular, because G = (0,0, —g), we have

X9(t;0,2,v)3 = w3 + (1 —e v — (t+e~ ' —1)g,
VI(t;0,2,v)3 = —g + e *(v3 + g).

23



Remark 5.3. In view of the property (4.8), we observe that for the characteristic curves Z9 := (X9,V9), we
have
{(m»v> € (R* x (0,L)) x R* [ 7,7 (0,z,v) = 00 or Z%(r"(0,z,v);0,z,v) € 20} =0,

where 7,5 refers to the forward exit time associated to the curves (X9,V9). In addition, if (z,v) € (R* x
(0,L)) x R3 is fixed and if VI(t;0,2,v)3 < 0 then V9(s;0,z,v)3 < 0 for all s > ¢ > 0.

As we shall see in the end of the current section, quantitative information about the EGC are easily available
for the trivial velocity field. The following stability result, which is directly inspired by [28], will thus enable us
to show that any velocity field solution to the Navier-Stokes equations satisfies the EGC in some finite time,
provided that its L'L> norm is small enough.

Lemma 5.4. Let a > 0. There exists a constant ko > 0 such that the following holds. Suppose that the trivial
vector field (related to (X9,V9)) satisfies the EGC with respect to (R? x (0, L)) x B, (0, R) in time T > 0, where

L,R >0 are given. Then, any vector field U € Ll (RT; Wy ™(R%)) such that

TH+ao
| 106 ey s < (5.5)

satisfies the EGC in time T + o with respect to (R? x (0,L)) x B, (0, R).

Proof. For all (z,v) € (R? x (0,L)) x B,(0,R) and (s,t) € RT x R, we consider (Xu(s,t,z,v), Vu(s,t,z,v))
(resp. (X9(s,t,x,v), VI(s,t,x,v)) ) the characteristic curves associated to U (resp. to the trivial velocity field).
We first set

(Y, W) := (Xy — X9, Vy — V9),

which satisfy the following equations

Y(5;0,2,0) = W(s;0,z,v),
W(s;0,z,v) = (PU)(s,Xu(s;0,2,v)) — W(s;0,z,v),
Y(0;0,z,v) =0,
W(0;0,z,v) =0
We now fix (z,v) € (R? L)) x . We observe that we have for all t € R"

t
Y(r:0,2,0) = / (1= 1) (PU)(r, Xu(r,0,2,v) dr,
0

so that for all ¢ € [0,T + ]

T+«

t
Y (t0,2,0)] < / (1~ € PV () e gty dr < / 10 e ) dr, (5.6)

because of the property (4.3).
Furthermore, thanks to the EGC satisfied by the trivial velocity field in time 7" and Remark 5.3, we have
X9(T;0,z,v)3 <0 and VI(T';0,z,v)s < 0. Hence,

XQ(T + a; O,JI,'U)?, = X!](T + Oé;T, XQ(T7 O7$7U)37V9(T; 0,],‘,’[])3)3
= XQ(T;OaxaU)ZS + (1 - eia)(vg(T;Oaxav)Zi + g) —ag (57)
<(l-a—-e%g<0,

because a > 0. If we set 7, := (7% + o — 1)g > 0 and kK, := 1,/2, we see that if U satisfies the condition

TH+a
L 10 g ds <
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then the estimate (5.6) turns into

sup  [Y(t0,z,v)| < la (5.8)

t€[0,T+a] 2
In view of (5.7) and Remark 5.3, we get the existence of tg = to(x,v) € (0,7 + 1] such that X9(¢o;0,x,v) ¢
{h € R®| hy > —n4}. From (5.8), we deduce that Xy(to;0,z,v) ¢ R} and therefore 7\ (0,2,v) < T + a. As
it is true for any (R? x (0, L)) x B, (R), this means by definition that the EGC is satisfied for U in time T + «
with respect to (]R2 X (O,L)) x B, (0, R). O

Then, in view of the simple and explicit form of the characteristic curves (X9, V?) for the Vlasov equation
associated to a trivial velocity field, we can easily obtain precise information on the EGC satisfied for this
velocity field. Indeed, for all (z,v) € (R? x (0, L)) x B,(0, R) and for all ¢ >0, we have

X9(t;0,z,v)3 =x5+ (1 —e ") (v3 + g) — tg
<L+|+g—tg
<L+ R+g—1g.

It naturally leads to the following definition and properties about the EGC for the trivial vector field and the
characteristic curves (X9, V9).

Definition 5.5. We set

L
to(L R) == % (5.9)
to = to(l, 1) (510)

Lemma 5.6. If L, R are given, the trivial vector field U = 0 (associated to (X9,V9)) satisfies the EGC in time
to(R) with respect to (R? x (0,L)) x By(R).

Proof. Assume that X9(¢,0,z,v)3 > 0 for all ¢ € [0,¢o(L, R)] and (z,v) € (R? x (0,L)) x B,(0, R). Then

0<zz+(l—e")(vs+g)—tg
<L+R+g—tg
:g(to(L,R) _t)’

so that we get a contradiction by taking t = ¢o(L, R). O

Remark 5.7. We note that to = to(1,1) does not depend on the initial data. This time only has to be seen
as a reference time after which we will use the absorption phenomenon. The subsequent analysis could have
been performed by replacing to(1,1) by to(k, %) for any x > 0.

The following result is, in some sense, of reverse nature: given a time ¢t > ty, we describe which proportion
of the initial velocities will lead to absorption before time ¢. More precisely, we state the following lemma.

Lemma 5.8. There exist some continuous increasing functions Ly : [to, +00) — Rt and R, : [tg, +00) — R
such that for allt > to the trivial velocity vector field (associated to (X9,V9)) satisfies the EGC in time t with
respect to (R? x (0,1 + Lg(t))) x By(0,1 4 Ry(t)). Furthermore, there exists Cy,C,,Cy > 0 such that for all
s> 1y

1 c,
14+L,(s) ~ 1+s’
S 1 C,
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Proof. Since the characteristic curve X9 is a vertical line, a necessary and sufficient condition ensuring an EGC
in time ¢ with respect to (R? x (0,1 + Lg(t))) x B,(0,1+ Ry(t)) (for some positive functions Ly and R, to be
determined) is that for all (z,v) € (R? x (0,1 + Ly(t))) x By, (0,1 + Ry(t)), the following inequality holds:

X9(;0,2,v)3 = 23 + (1 — e ") (v3 + g) — tg < 0. (5.11)

Indeed, one can easily show that the function s — X9(s;0,z,v)3 is decreasing on [, ], for some time ¢ > tg
which is independent of (z,v). We then set

Ly(s) = %(sg —(1—-e")g)—1, Ry(s):= % ( %9 _ g) —1.

1—e—s
Now, if 0 < 23 < 14 Lgy(t) and |[v| < 1+ Rg(t), we observe that
r3+(l—e Dy <az+(1—e N <tg—(1—e g,

therefore we have X9(¢;0,z,v)3 < 0. It remains to show that L, and R, are positive on [tg, +00[. As they are
nondecreasing functions, we only have to prove that Ly(t9) > 0 and Rg4(t9) > 0: recalling the explicit Definition
5.5 of the time ¢ty = 1+ 2¢g~!, we have

2 1
Ly(to) = 5 (14 2)g = (1= 0 H)g) — 1= Sty >0
g

(1+2)g 2 1 1 g
(1—6(1+§) T s 1— e 0F9) —1+g<1_€(1+3) _2> 1+§ -0

which is the desired claim. Concerning the last part, a direct computation shows that for all s > tg, we have

DN = DN =

Rg (tO) =

1+s 141 1+s 1+t
L+ Lg(s) = 1+Lg(te)" 1+Ry(s) = 1+Ry(to)’
1+ Ry4(s) . .
and that s — s is bounded from above on [tg, +00). The proof is then complete. O
S

6 The bootstrap argument

In this section, we provide a proof of Theorem 2.1, relying on the absorption effect highlighted in Section 5.
Our strategy is based on a bootstrap argument reminiscent of the ideas of [37, 34]. Roughly speaking, we will
prove that one can propagate the controls (4.10) and (5.5) for the velocity field w.

6.1 Initialization of the bootstrap procedure

In order to set up a boostrap procedure, we introduce the following quantities.
Definition 6.1. We set T := tg + 1 where ¢g is given in Definition 5.5.

Definition 6.2. We consider d; > 0 which satisfies dpe® < 1/9 and §y < K1/2, Where k19 is given in Lemma
5.4.

Let (u, f) be a global Leray solution to the Vlasov-Navier-Stokes system with initial condition (ug, fo). We
start with the following lemma.

Lemma 6.3. We have
To
| 15) = o) ey 0 S Ny o)) [E(0) + EO)T, + 73] (6.1)

for some nondecreasing positive continuous function 1. Furthermore, under the smallness assumption (2.2),
the time Ty is a strong existence time, in the sense of Definition /.22.
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Proof. We first set F':= j; — pyu. From Lemma 4.13 and (4.23) in Proposition 4.19, we infer that

To
/ ||F(5)||i2(Rijr) ds < sup Jps(s)llL~ s [E(0) +E(0)To + T5 ]
0 s€[0,To]
< Ny(fo)n(To) [E(0) + E(0)To + T¢] -

Thanks to the Cauchy-Schwarz inequality, we also have

. T 1/2

0 0

/ 1F(5)l|12(ry) ds < To'/? / IF ()2 rsy ds |
0 0 "

therefore the inequality (6.1) now entails

To
HUOH%Il(]Ri) +/0 [“F(S)H%,Q(Ri) + ||F(s)||L2(R§_)] ds < ||U0H%11(Ri) + Ny (fo)n(To) [E(0) + E(0)T, + T5]
+ Ny (fo) V2 To 2n(To) 2 [E(0) + EQO)To + T3] 2.

If C, refers to the universal constant given in Proposition 4.20, we can thus use the smallness assumption (2.2)
to ensure that

To
ol + [ (1 Eeg, + 1P o] ds < Cu,
which means that Tj is a strong existence time. O

Corollary 6.4. Under the smallness assumption (2.2), we have

T, 5
| e s < - (62

Proof. By Lemma 6.3, we know that T} is a strong existence time therefore the parabolic regularization of the
Navier-Stokes equations stated in Proposition 4.20 holds for u on [0, Tp]. Namely, we get

u € L0, Tp; Hy;, (RY)) N L2(0, To; H*(RY)),

and there exists C > 0 such that for all ¢ € [0, Ty]

t
||Vu(t)||i2(R§;) +/0 ||D2U(S)H%,2(R§_) ds <C (HUOH%Il(Ri) + i — pquiQ(O,TO;L?(Ri))) . (6.3)

We then use the Gagliardo-Nirenberg-Sobolev inequality (see Theorem A.3 in the Appendix) with (p,r, g, j,m) =

(00,2,6,0,2) so that there exists a universal constant Cj such that

1/2 1/2
lu() e s ) < CollD?(s)]l 5 sy llu(s )l RY)

By Sobolev embedding, we infer from (6.3) that

To To
1/2 1/2
| 1) hoeqesy s < Co [ D2 Ly V0] g s
T 1/4
3/4 1/2
S COTO/ HVU||L/°°(O,TO;L2(R§_)) (/0 ||D2u(5)||iQ(R§_) d5>

3/4 1/16
< CoTd*C1 (Yol as ) + s = prulaco mnaces ) )

3/4~N1/16 2 27\ 1/16
S CoTy 1 (Jluollfs ay) + Na(fo)n(To) [B(O) + EOT +T3])
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thanks to (6.1). We can now proceed exactly in the same way as in the proof of Lemma 6.3: since Ty is fixed,
we can use the smallness condition (2.2) to ensure that

To 50
| ey s < 3

This concludes the proof of the Corollary. O

In order to set up the bootstrap argument, we introduce

¢ ¢
)]
t* ;= sup {strong existence times ¢ > Tp such that / ||Vu(s)||Loo(R§r) ds < o, / ||u(s)||Loo(Ri) ds < 20} .
To To

(6.4)
Our main goal is now to show that t* = +o0.
Lemma 6.5. We have t* > Tj.

Proof. In view of Lemma 6.3, we see that using one more time the smallness assumption (2.2), the time
t = Ty + €9 is a strong existence time, if eg > 0 is fixed. Now, we observe that a continuity argument,
Proposition 4.25 and (4.21) ensure that

To+eo To+eo 50
[ I e ds <dn [ o) e ds <
TO TO
if ¢ is small enough. By definition of ¢*, this concludes the proof. O

We then argue by contradiction and shall assume from now on that t* < co.

6.2 Absorption and decay in time of the moments

We eventually explain how one can take advantage of the absorption effect at the boundary. Recall first the
concept of EGC introduced in Definition 5.1. In view of the bounds satisfied before ¢*, the vector field u shall
satisfy an EGC at time ¢ < ¢* with respect to some compact depending on ¢. This will imply a (polynomial)
decay in time of the moments of f and then of the Brinkman force j; — pru.

Recalling the notations introduced in Definition 1.3 and Definition 1.4, we state the following fundamental
lemma which highlights the precise link between absorption and decay.

Lemma 6.6. Lett € (To,t*). Let ki, ko, £ € RY and q¢ > 3 such that
q>ki+0+3,

Suppose that the velocity field u satisfies an EGC' in time t with respect to (R? x (0,1+L(t))) x B, (0, 1+ R(¢))
for some nondecreasing functions L : R — R and R : RT™ — RT. Then we have for almost every x € R,

Nq(fo) Hy 1, (fo)
mef(t,z) < (1+R(§))k1 (1+L(t‘))k2, (6.5)
Kq’r F’ 2,7
e (s S oy + et (6.

where < only depends on k1,k2,q, 4, g, dp.
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Proof. The whole proof is based on the fact that

flt,@,0) = fot,@,0) + £ (t,z,0), (6.7)

where
fh(t,x,v) = 17‘ (ta:v)<01|V°(a: v)|>14+R(t) fO( (:L' U) Vo(x U)) (68)
Pt 2,0) = €1 (1o 0)<0 1v0 (.0 <14R(0) 1X0 (@005 > 1410 Jo (XD (2, 0), Vi (2, v)). (6.9)

Indeed, because of the EGC satisfied by u in time ¢ with respect to (R? x (0,1 + L(t))) x B, (0,1 + R(%)), we
can apply Proposition 5.2 so that (6.7) holds. We then study separately the decay of the moments of f% and
f

e For f% defined in (6.8), we use the admissible change of variable v — V?(x,v) = T'; ,(v) given by Lemma
4.5, whose Jacobian inverse is bounded by 2e~3t. We get

mefi(t,z) = / o] FA(t, 2, v) do
R3

= /R3 01°€* Lo~ (42,0 <0 LV (0 514 R (1) Jo(XP (2, 0), Vi (2, 0)) dv

_ / \F;;(w)\ze3t1T,(t oty cobul> Lr() fo(Aew (@), w)|det DTy b (w)] du

TERET L 1 L o folA o))

where we have used the notations of Lemma 4.7, namely Ay, () = X?(z, T; 1(w)). Thanks to the inequality
(4.12), we also have

t
Trbw) < ol + (1= g+ [ & Pu(r)loe e dr,
0
< |w| + g + do,

and because of the Definition (4.7) of 77 (t,2,I'; s (w)), we see that if 7~ (t,x,T; ;(w)) < 0 then Ay, (z) € R3.
Therefore we obtain

1
mefi(t,z) < S ATROE /]RS [|w\k1+€ + |w|k1] 17—(t,w,1“;i(w))<0 Jo(Apw(z), w)dw
! i+ 4
T (I+R(t)™ /]R 1+ |wle Lt ry w)<o( +[w]?) fo(Arw(2), w) dw
k144 k1
- Nh) / ol 4 it
(14+R(@)* Jps 14 |w|?
SJ ( 0)
(L+R(t)™

for ¢ > ki + £+ 3. This entails the contribution from f% in the inequality (6.5). Concerning its contribution
to the inequality (6.6), we combine the previous change of variable in velocity with the Minkowski’s integral
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inequality (see [38, Theorem 202]) and the bound (4.12) to write with the notations of Lemma 4.7

Lr(RS) = [/ ( |v|ff“(t,x,v) dv) d:c]
R3 R3

+

S TR V ([ Bl IE 0L 3 <0 foll o) )dw)ﬁxr/r

1/r
< e L (/

T, 2 (w ))|er (t,z,0; 2 (w))<0 Jo(Agw(z), w)" dx) dw
3
1 1/r

< W /R3 [|w|k1+4 + |w|k1] (/RS 1meR3_ lr—(t7z,l“t_’i(w))<0 fo(At,w(x),w)T dm) dw.

Performing the admissible change of variable x +— A, (z) in the interior integral, with a Jacobian inverse
bounded by 2 (see Lemma 4.7), we get

1/r
e f5(2)

1/r

1
bt < 7/ ki+¢ k1 / B .
myf - < w + |w 1,1, 1 folz,w)" dz | dw
I @l (R3) 1 +R(O)F Jos [[w] |w|™] re Mew(@ERLT <t7A;1(x) L (w)><0 oz, w)

1 0]+ + Jul*
S AFREE /]R Trquope T ol 0l @) dw

)
) /|w|'ﬂ+‘f+|w|'ﬂd
i Jea A+ fwla O
)

)

for g >k +¢+ 3.
e For the term f° defined in (6.9), we also perform the change of variable v + V9(z,v) = T ,(v) which
entails

mgfb(t,x) = /RS |v\£fb(t,x,v) dw

= /]R?’ |U‘Ze3t1‘r*(t,z,v)<0 1|V2(m,v)|§l+R(t) ng(m,v)3>1+L(t) fo(X?(I, U)v Vg(l': 1))) dv

= /]R P @)™ L rt <o Twl<10R () La w1410 folAw (@), w)ldet Dyl (w)] dw

1

S (1 + L(t))k2 /R (|w| + Dljwi<i4re) 1 (t,z,Ty, (w))<o‘Atw( )3|k2 fo(Atw(), w) dw,

so that

H47k2 (f )

mef(t, ) < ST

Here, we have again used the fact that if 7~ (¢, z, I‘;; (w)) < 0then Ay ,,(x) € R3. This provides the contribution
of f* to the estimate (6.5). To get its contribution to the inequality (6.6), we perform exactly the same
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computations as for f? to write

Hmsz(t)HLr(Ri) = [/}RS ( 5 |U|Zfb(t’x,1)) d'l}) dl"|

1 / ‘
< L wl +1
L0 sl Y

1/r

1/r
1,1, 1 z3|*2" fo(x, w)" dz | dw
/Rg R (@R, (thEi(r)T’lfl (w)> <0| | ( )
S e [ Tl 1 e Aot w) e do
(L + L)% Jjwi<14re) +
so that
Fy ko ,r (Jo)
b L,ka,r\JO
t r < e
Gathering all the pieces together, we have proven inequalities (6.5) and (6.6). This achieves the proof. O

Of course, the previous lemma is only available if we could ensure that a certain EGC is satisfied by the
velocity field u at time t. Thanks to Lemma 5.8 stated in Section 5, we shall be able to obtain such a condition.

Proposition 6.7. For anyt € (Ty,t*), the velocity field u satisfies an EGC in time t with respect to (R%x (0, 1+
L(t)) x B, (0, 14+R(t)) for some nondecreasing continuous functions L : [Ty, +00) — RT and R : [Ty, +00) — R
satisfying for all s > Ty

1 < 1 , 1 < 1 7
1+L(s) Y 14s 14+R(s) ~1+s

where < only depends on Ty and g.
In particular, if ky, ko, £ € RT and q > 3 satisfy

g>ki+0+3,
then
Ny(fo) | Her,(fo)
Kqr(fo) | Foks,r(fo)
||m2f(t)||LT(Ri) S; (1q+ t)kl (1 +t>k2 5 (611)

where < only depends on k1, ka,q,¢, 9,00 and Ty.

Proof. Thanks to Lemma 5.8, we know that if ¢ — 1/2 > t; , the trivial velocity field satisfies an EGC in time
t — 1/2 with respect to (R? x (0,1 + L(t — 1/2)) x B,(0,1 + R(t — 1/2)) for some continuous nondecreasing
functions L : [tg, +00) — RT and R : [tg, +00) — R™ such that for any s > tg
S
1+L(s) T~ 14+s 14R(s) T 1+s

(6.12)

where < depends on tg and g. Furthermore, by definition of dy, we have

t
Il s s < 8o <
0
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so that, owing to Lemma 5.4, we get the fact that the velocity field u satisfies an EGC in time ¢ with respect
to (R? x (0,1 + L(t —1/2)) x B,(0,1 + R(t — 1/2)). We have t > Ty = to + 1 > to + 1/2 so that if we set
L(s) := L(s —1/2) and R(s) := R(s — 1/2), we observe that the velocity field u satisfies an EGC in time ¢ with
respect to (R? x (0,1 + L(t)) x B,(0,1 + R(¢)). Furthermore, by (6.12), for all s > tq + 1/2

1 < 1 1 < 1 .
14L(s) Y 1+s 1+R(s) ~1+s

The last part of the statement readily comes from the previous estimates and the inequalities (6.5)-(6.6) in
Lemma 6.6. O

We now fix T' € (Tp,t*). Since the decay provided by the absorption can only be considered after time
Ty, we will split the study of the decay estimates between [0, Tp] and [Ty, T]. In particular, the local in time
estimates of Section 4 will help us to treat the part on [0, Tp].

In view of the assumptions (2.1) and (2.2) on the initial data, we will not be very precise about the exact
range of exponents which are used when the quantities Ny(fo), Hym (f0), Kq,r(f0), Fq.m,r(fo) of Definition 1.4
may appear. Note that they are nondecreasing when the parameters ¢ and m increase. In the last part of the
current section, we will consider the maximum of the finite family of indices we have used previously. Moreover,
these indices may sometimes depend on the exponent v that we use to quantify the decay in time but this one
will be somehow fixed in the last step of the bootstrap. Thus, all the following results must be understood as
if we take the involved exponents large enough.

Corollary 6.8. There exists € > 0 small enough such that the following holds. Let p € (3,3 +¢). There exists
nondecreasing positive functions @2 and @, vanishing at 0 such that for any k > 0, we have

02 (Ng(fo) + Hox(fo))

Vi e [0,T], |j¢(t) — pru(t 5 < , 6.13
071, 150 = ppuWla S0 2L (6.13)
and if ||u||Loc(0,T;Le(Ri)) <o 1, we have
. ©p(Ng(fo) + Hok(fo)
vt e [0,T], [lif(t) = pru®)llgs) So (o )7 (6.14)

(1+ "%
whenever ¢ > k + 3.

Proof. We separate the study between [0, Tp] and [Tp, T
o If t € [Ty, T], we use Lemma 4.10 and get

1/p
p—1
1Gr = prw) Ol @s) < lor L% gs ) (/R [t z,v)lv —u(t, z)" dz dv)

2 XR3
p—1 1/p
<o (Ol 2 gps / F(t, 2, 0)|o]? de dv +/ )t o) de | .
+ R3 xR3 RS
We first focus on the estimate (6.13). We have
. 1 1/2
1Gs = pru)Ollz@y) < llmof Ol s (||m2f(t)\|L1(Ri) + ||m0f(t)||L°°(R§’r)E(t))

1
< o f () ey <||m2f(t)||L1(1R1)

T 1/2
- llmof (1) = ey [E(0) + E(O)Y°Ty + T3 + /T ||jf<r>||L1<Rs+>dTD ,
0
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where we have used the energy inequality 1.29 and Lemma 4.12. The estimates (6.10) and (6.11) of Proposition
6.7 then imply

Ny(fo) Ho,k(fo))l/2
(1+t)k A+

X<Kq1,1(f0)+F2,k1,2(f0) (qu(fo) Ho,;ﬂ(fo))

IGr = pr0ages, < (

A+of " (Arof \T+ok  (1+ok

X

T (Kya(fo) | Frea(fo) v
E(O)JrE(o)l/ZTOJrTOQJr/T0 ((1+7)’€2 + 0+ ) ) dr )

provided that ¢ > k+ 3, ¢1 > k1 +4 and g2 > ko + 4. Thus, we obtain for all ¢ € [Ty, T

. Ny(fo)Y?  Hor(fo)'/?
107~ pra)Olhass So NS 4 Hol 0P,

We now treat the estimate (6.14), assuming ||u||Lw(O7T;L6(R3—)) <o 1. By Hoélder inequality, we have

1/p
p—1
PGy — pru)(B)llenms) < oL gs ), ( / f(t, )0 — u(t,x)pdm>
+ R3 xR3

1/p
< s ()2 gy < / f(t,z,0)[of? da dv + / pf<t,x>|u<t,z>|pdxdv>
+ R3 xR3 R3
+ +
p=1 » 1/p
< lmof ()l s ) (I () gy + 0l w0 g sy Im0f Dllreqes )

where 2 < 1. <6/(3—¢). Thanks to [[ull e (,7;16(r%)) So 1 and the estimates (6.10)-(6.11) of Proposition 6.7,
we obtain in the same way as before that

p—1 p—1
1Gs = pr) () oqeg) S0 ~2J0L T Hoaldo) 7
(I4+t)"» (14+t)" 7

+

for ¢ > k43 and t € [Ty, T].
e If t € [0,T}], and for the proof of (6.13), we use the triangular inequality and the Holder inequality to
write

17(8) = pru®)llrz@s) < [lr®)lle@s) + loru)llees )
< sz ) + pr(t)HLw(Ri)Hu(t)”LQ(R:’;_)'
Hence, by interpolation, Lemma 4.12 and Lemma 4.17, we get
. . 3/4 . 1/4
157(6) = pru(t)laqaty < 1512 gy L (IR gy + 115 (0) et [BO) + ECO) T + 73]
. n1/4
< ST oyt + 108 Dm0 e [BO) + (02T + T3]
The local estimates (4.23) then provides
177 () = pru(®)llLas ) S S(To)(No(fo)n(To)* + (No(fo)n(To))[E(0) + E(0)'/*To + T3]

So Ng(fo)'/* + Ny(fo)
_ eN(f)

~ 1+ To)R?
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for some nonincreasing function ¢ vanishing at 0, provided that N, (fo) is taken small enough by the smallness
assumption (2.2). Concerning the estimate (6.14) under the assumption ||{U/||Loo(07T;L6(]R3_)) <o 1, we proceed as
before by writing
177 () = pru@®)llLe@s) < lir(OllLees) + loru®) e @)
< 7@ llee@s) + o (Ollum @) lu@)l[Lees ),

. 1846
where 6 < 1. < +oe

. By interpolation, this turns into

. p—3/2
”(]f - pfu)HLp 0,To; L (R3)) < ||]fHLoo(0 To;L3/2 (RS, )||]f||ioo(0’T0;Loe(R3 )

p/Te p—p/Te
+ ”pf”Loc(O To;L1(R3) ”pf”LOO(O To; Lo (R3 ))Hu”Loc(O Tp;LO(R3))
Nq(fo)P~ 32 4 Nq(fo)p_p/rsa

thanks to the Lemma 4.17, Lemma 4.9, the bound (4.23) and ||u||Loo(O)T;L6(Ri)) <o 1. By taking N,(fo) small
enough, we get for all ¢ € [0, Tp)

. #(Ny(fo))
1350 = pru®llrm) So o "2 s

Combining the estimates on [0, Tp] and on [Ty, T], we finally obtain the result. O

Corollary 6.9. For all 0 <t < T and for any q > k+ 3 and k > 1, we have

1 t
Hvu(t)||i2(m3+) + 5/0 ||D2U(3)||52(1R3) ds So ||UO||%{1(]R§_) + ¢ (Nq(fo) + Hox(fo))- (6.15)
Furthermore, the following estimate holds for all0 <t <T
Hu”ioo(o,t;m(mi)) S HVUHioo(o,t;m(Ri)) <o H“OHIQ{I(Ri) + <P(Nq(f0) + HO,k(fO))a (6.16)

and in particular, the estimate (6.14) holds true.

Proof. As we have T € (Ty,t*) and in view of (6.1), we only treat the case where ¢ € [Ty, T|. Since the time ¢
is a strong existence time (see Definition 4.22), Proposition 4.20 entails the following estimate

VU aqeyy + 3 | DU ey,  IV01Eagey) + iy = prulEssascesy

Applying Corollary 6.8 with k£ > 1 leads to

1 t
IVl gy + 5 | 1006 Ry S0 190 + 2(Nalo) + Ho(fo).

which is the first part of the result. The other statement is then a consequence of Sobolev embedding. O

6.3 Weighted in time estimates

We recall that we have fixed T' € (Tp,t*). As in [34], the guiding line in order to obtain polynomial weighted
estimates for the fluid velocity u is to derive a Stokes system satisfied by a weighted version of w, in such a
way that the maximal regularity result of Section A.4 can be applied. Note that since we do not have enough
information about the regularity of u(7p) with respect to the interpolation spaces defined in (A.7), we rely on
this result on the whole interval [0, T7.

In what follows, the function ¥ is a generic continuous positive function cancelling at 0 which may also
depend on quantities involving the initial data but increasing when these quantities increase: for simplicity,
this dependency will not be explicitly written down.

We first state the following L?L? regularity result which is reminiscent of [34].
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Lemma 6.10. For all v € (0,3/4), we have

11+ 6 D2ullao a2 ) So @ (Na(fo) + Hox(fo)) + @ (lluoliZaus ) + ol s ) + luolln ez (6.17)
Proof. Let v € (0,3/4) and set U := (1 + t)"u. We observe that U satisfies the following Stokes system on
[0, 7]

U + AU = S(u, f),
(6.18)
U\t:O = Uo,
where A, stands for the Stokes operator on L2, (R3) and where
S(u f) 1= (L+1P(y — pyu) = (L+ P (u- ) ut (1 + 1) .

According to the maximal regularity result in L2L? for the Stokes system (see Section A.4 in the Appendix),
we get
||3tU||L2(0,T;L2(R1)) + ||D2 U||L2(0,T;L2(R§)) S ||S(U>f)||L2(o,T;L2(R§r)) + ||U0||H1(R§r),

where < is independent of T, u and f.
We now estimate each term in the modified source term S(u, f). Owing to Corollary 6.8 with k = 7/2 and
Theorem 3.1, we have

v (Huonizmi) + ||’LLO||il(]R3+))
(e

(1+ t)”’lllu(t)llm(m) < (6.19)

which is bounded independently of T" in L2(0,T) because v € (0,3/4). For the term coming from the Brinkman
force j; — pyu, we use the continuity of the Leray projection on L?(R3) and the estimate (6.13) of Corollary
6.8 which entail

T
(14 6)"P(js — pfu)IIiZ(o,T;LZ‘(Ri)) <o /0 (14 )2 [1js(s) — pfu(S)Hi?(Ri) ds

T
So w(Nq(fo)+Ho,k(f0))/o (;ds (6.20)

1+ s)k—27
<o ¢(Ng(fo) + Hox(fo)),

for ¢ > k+ 3 > 44 3/2. For the convection term (u - V)u, we proceed as in the proof of Theorem A.8 in the
Appendix (more precisely, see (A.22)-(A.23)) to obtain, with the Young inequality, that

3 364/3
| - D) Ut B qagy < O ) g [T g IV + 2 D206 By

where € > 0 can be taken as small as we want. We then use the Gagliardo-Nirenberg-Sobolev inequality to
write

1/2 1/2
IVa(®)lla@y) < @)l s ) ID*u@ls s
therefore this yields

2 g 2 —4 4 4 3t/ 2 2
1L +8)7 (w- V) ullgz o2 s ) 3/0 (L+8)™ [05 [u(IL2 @2 ) Ve L2 s ) + 4] ID ()| L2 (gs y dt-
Furthermore, owing to Theorem 3.1 and the estimate (6.16), we can write
4 4 2 2 : 4
[ ) IVe L2 gz ) < (||u0||L2(R3_) + HUOHLl(Ri)) IVullge 0,112 2 )

4
S0 @ (Il ey + ol )
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Using the smallness assumption (2.2), we can first choose ¢ and then ||u0||ig(]R3) + ||uo||il(R3) small enough so
+ +
that

1
1L+ 8P (w- V) ullizomees ) < 511+ t)"D?ullL2 (0,12 3 )- (6.21)

As U = (1 4+ t)70,u + (1 + )" tu, we combine (6.19), (6.22) and use an absorption argument stemming
from (6.21) so that at the end of the day, we get

(1 + t)FYDQUHLQ(O,T;LZ(]Ri)) <o ¢ (Ng(fo) + Hox(fo)) + ¥ (HUOHiz(Ri) + ”uOHil(Ri)) + ||U0HH1(R1),
which concludes the proof. O

By interpolation the previous weighted L? maximal parabolic estimates allow us to obtain improved LP
estimates of the weighted source term S(u, f) for p > 3. We refer to [34] where the proof of the two following
results can be found in the whole space case and apply mutadis mutandis to the half-space case thanks to
Theorem 3.1, Corollary 6.8 and the estimate (6.17).

Corollary 6.11. Let p > 3. For all v € (0, %7 — é), we have
(1 th)WflU”Lp(o,T;Lp(Ri)) So ©(Ny(fo) + Hor(fo)) + ¥ (||U0Hi2(1Ri) + ”uO”il(R§_)> + HUOHHl(Ri)-

Corollary 6.12. There exists € > 0 such that for all p € (3,3 + ¢), the following holds. For anyt € (Tp,T),
we have for all v > 0

11 +2)7 (w- Vullue e @2 ) So ‘1’<||U0||iz(u§1) + Huollil(Ri)) 1+ t)7D2U||Lp(0,T;Lp(Ri))~

We are now in position to provide some LPL? estimates for the weighted source term
S(u, f) = (1 + )Py — ppu) — (L+ )P (u- V)u+ (1 +¢)7 1u,
with p > 3 and v > 0 large enough, thanks to the next lemma.

Lemma 6.13. There exists € > 0 such that for all p € (3,3 +¢), the following holds. For all v € (0, % — 1),
we have

18 Nl mine ey So |9 (Na(fo) + Hox(fo)) + ¥ (luollZagas ) + luollZ e ) + ol s |
% [1 + +t)”D2UHLP(0,T;LP<Ri>)} '

Proof. We first use Corollary 6.11 and Corollary 6.12 to estimate the contribution of (1+¢)"P (u-V)u—~(1+
)7~ 1u, that is

[(T+ )P (u-V)u+~y(1+ t)7_1u||LP(O,T;LP(Ri))
So [ (Na(fo) + Honlf0)) + ¥ (lluolZaqey , + o2 s ) + lollor as
X (14 10+ 0 Dullo o e ca |

for p € (3,3 + ), where we have also used the continuity of the Leray projection of LP(R3).
In order to treat the term coming from the Brinkman force, we use the estimate (6.14) of Corollary 6.8
(which is valid in view of (6.16)). We get

T
”(1 + t)'YP(jf - pfu)HIIj‘P(O,T;LP(]Ri)) 50 A (1 + S)p’y”jf(s) - pfu(s)”ip(]Ri) ds

T
Zo ¢©(Ng(fo) +H0,k(f0))/0 (l—i—s)lds (6.22)

k(p—1)—pvy
<o ¢(Ng(fo) + Hox(fo)),
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for k, and thus ¢ large enough with respect to v € (0, &£ — é)
Gathermg all the pieces together, we end up with

18, Nl e @)y So [9(Na(fo) + Hox(fo)) + ¥ (luollZagas ) + luollZaes ) ) + ol ) |
[1 + /(14 t)"D? ul|Lr (0, 1;Lp (R ))}

and this concludes the proof. O

Corollary 6.14. There exists € > 0 such that for all p € (3,3+¢), the following holds. For all~ € (0, 1?7 -1,
we have

I(14¢)"D? UHLP(OTLP(R ) So L

Proof. We apply the maximal LPLP regularity for the Stokes system (see Section A.4 in the Appendix) satisfied
by U:= (1+¢)w:

U + AU = S(u, f),
U|t:O = Uo,
where A, stands for the Stokes operator in Lfj; (R%). This entails

I(1+t)"D? UHLP(OTLP(]R NS HUOH = hr + (1S (u, f)HLP(OTLP(R N

Dy RZ)

1-1, . . .
where < involves a universal constant and where D, ” p(Ri) has been defined in (A.7). Recall the meaning
of the notation < from Definition 4.8. Using Lemma 6.13, we then have

11+ )" Dl 0,710 (2 y) < lluoll bl P72

\»—t

+ (14 ol + B(0) + ol ms ) + Nolfo) + Hog(fo)
HND

1—
» P RY)
0) +

+ Km T‘
(max {Fomr (f

q mr(f())} + MGfO)

x o (Ng(fo) + Ho(fo)) + ¥ (JluollZaqes , + o2 as ) + luollis as) ]
% [1 + 1+ t)7D2UIILP<07T;LP(Ri>>} '

Using the smallness assumption (2.2), we can ensure that

z/J<1+||UO||H -1, +E(0) + [Juollrawy) + Ng(fo) + Hoq(fo) + max {Km(fo) + qmr(fo)}+M6fo)

nD, 77 (R3) re{1,3}
1
x [ (Ny(fo) + How(fo)) + ¥ (JluollZaqay , + luolEaas ) + luolli s | < 3
and this allows to absorb the term ||(1 + t)7D2u||Lp(O7T;Lp(R§r)) in the Lh.s. This concludes the proof. O

6.4 End of the proof of Theorem 2.1

We are now able to close the bootstrap argument. Recall that T € (Tj, t*), where ¢t* is given in Definition 6.4.

Corollary 6.15. The following inequalities hold

T
[ o)y ds So @ (ol + ol )

T
| IVl s ds S0 @ (Juolgeg, + ol )
0
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Proof. We use the Gagliardo-Nirenberg-Sobolev inequality twice (see Section A.3 in the Appendix) to write
that for p > 3 (to be determined later)

1—ay, 3p
ullLoe gy S ||D2u||Lp(R3)||uHL2(R3+)7 @ =
op
2 Pp—
IVallee gy < 1D “”LP(RS ”“HLz (B2) Bp = Tp—6’

where < hides a universal constant. Thanks to the Holder inequality in time, we then get for all v > 0

T T
11—«
| Tl ds < [ DRy (o) 4

To
. pP—ap (623)
oy P p) 5ty g
< ||(1‘*‘t)VDQ“”Lp(O,T;LP(Ri)) </0 (s )HLZ(R% - ) ,
as well as
p—Bp
T T B 3 P
v ds < [|(1+)7D%u| ™ 14+4) R g 6.24
i IVa(s) Loy ) ds S [1(1+1) u||Lp(07T;Lp(R3+)) ) (141) v |lu(s )HL2(R5) s . (6.24)
0

We also note that we have

P—ap _

T
poy, 3

1—1
In view of Corollary 6.14, We thus choose p > 3 close to 3 (remembering the assumption ug € D, 7 (R%) in

(2.1)) and take v close to X — E (which is strictly greater than £ — ; and £ — 11 for p close to 3) so that
’y& >1, « Py > 1.
p—ap D= Pp

Observe that we can first choose such p and v and then perform the whole analysis of the two previous
subsections (using a finite number of quantities defined in Definition 1.4, as well as a finite number of times
the smallness assumption (2.2), whether the estimates depend on v or not). We then take the largest exponent
involved in these quantities. We can now come back to (6.23) and (6.24), and use the uniform (in time)

inequality ||u(s)||Lz(R3+) SU (||u0HL2(R3 )T ||u0HL1(R3 on [0, T] with the previous exponents (ensuring uniform

in time bound), therefore we get the desired results thanks to Corollary 6.14. O
Recall that we have assumed that ¢* < co.

End of the proof of Theorem 2.1. As before, we use the notation F':= jy — psu. Applying Corollary 6.8 with
k> 1, we get

"
/0 ||F(S)||i2(na<§r) ds So o (Ng(fo) + Ho i (fo)),

while combining the Cauchy-Schwarz inequality with Corollary 6.8 with k > 3 yields

" - 1/2 o

/ﬁ (/) = y/ i E i d
< 2

i IF(8) L2z ds < e ; (1 +8)° [ F(s)llz2 s ) ds

S0 ¢(Ng(fo) + Hok(fo))-

1/2
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By the smallness assumption (2.2), we can thus ensure that

2

where C, refers to the universal constant given in Proposition 4.20. Since F' € L2 (RT;L?*(R%)) < L{ (RT; L?(R3))
by Proposition 4.18, a continuity argument shows that there exists a strong existence time strictly larger than

t*. Furthermore, by an apppropriate choice of ® in (2.2), we can use Corollary 6.15 so that

-
C
ol + | [P Ry + IO lagey) ] ds < 5 (6.25)

t* 5 t* 5
AO ||u(8)||L°°(R§_) ds < Z, AO ||vu(8)||Loc(Ri) ds < 5

According to Proposition 4.19 and Proposition 4.25, this means that there exists a strong existence time ¢ > t*
such that

t 5 t
[ 1@y ds <30 [ IVl ds <
To TO

This is a contradiction with the very definition of ¢t* therefore we necessarily have t* = 4o00. The proof of
Theorem 2.1 is now complete. U

A Appendix

A.1 DiPerna-Lions theory in R3 x R?
Theorem A.1. Let x € €>(R) such that |x(z)| < |z| and x’ € L>°(R). Take fo € L' NL*(R3 xR?), G € R?
and a vector field u € Li, (RT; WHL(R3)). Consider the following boundary value problem on R3 x R3.
Of +v-Vof +divy(x(u—v)f+Gf) =0,
f\t=0 = f07
f=0, on X",
Then we have, for all fited T > 0

o Well-posedness: There exists a unique f € LS (RT; L' N L (R x R®)) which is a weak solution of the
previous Cauchy problem. Furthermore,

feE®R;LY

loc

(R x RY),
for all p € [1,00) and the function f has a trace on ORS x R? defined in the following sense: there exists a
+

unique element v f € L>([0,T] x OR3. x R?) such that for any test function ¢ € €>([0,T] x @ x R?) with
compact support in space and velocity, and for all0 <t; <ty <T

to
/ / F(ts2,0) [0 + v+ Vo + (x(ult, ) — ) + G) - Vo] (£, v) dar do dlt
t1 Ri xR3

:/ fta, z,0)(ta, x,v) dvdx—/ flt1, z,0)0(ty, x,v)de do
Ri’er?’

Rix]l@
+/: /,mxks [(Vf)w(t, 2, 0)] v - n(z) do(z) dv dt.

o Stability: If
un, —u in Li (RYLYRY)) and fo, — fo in LL(RY x R?),
the corresponding sequence of solutions (fy,) satisfies for all p < oo,
fo — [ in L, (R LP(R3 x R?)).
Such a result can be found in [10, Theorem 3.2 - Proposition 3.2] for the well-posedness and renormalization

properties and in [12, Theorem VI1.1.9] for the stability property.
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A.2 The Cauchy problem for the Vlasov-Navier-Stokes system

Since the existence of global Leray solutions to the Vlasov-Navier-Stokes system on a half-space with a gravity
force has not been explicitely written in the literature, we provide some rather short elements of proof. We
especially focus on the difficulties which may appear when obtaining the strong energy inequalities satisfied by
these solutions (namely, the inequalities (1.28) and (1.29)).

Theorem A.2 (Existence of Leray solutions). Consider (ug, fo) a pair of admissible initial conditions in
the sense of Definition 1.2. Then there exists a Leray solution (u, f) in the sense of Definition 1.6 to the system
(1.1)-(1.3) with boundary conditions (1.7)-(1.11) and with initial data (uo, fo)-

The proof of this result follows a now classical method for those non linear coupled problems: first, we
introduce an approximated problem of the whole system. For each fixed n € N*, an appropriate fixed point
procedure gives the existence of ( f,, u, ) which are solutions to the following regularized system on each interval
[0, 7]

Oufn + v+ Vafn + divy(xn(tn — v) fn + Gfa) =0, (A1)
Outtn + (Tntin - V)t — Attyy + Vp, = / faxn(v = wn) dv, (A.2)

div u, = ofR (A.3)

(frs tn) =0 = (fo's Jnuo), (A4)

where T' > 0 is arbitrary and where we consider the following operator, regularizations and data, and their
respective convergences when n goes to infinity:

® Xn Idg, where for all n € N\ {0}, x», € Z(R) is an odd, increasing and bounded function satisfying
Ix(2)| < |2, X7 llLe®) < 1 and 2x,(2) > 0. Above, x, is applied componentwise.

o fi' — fo strongly in LP(RY x R?) for all 1 < p < oo and weakly-* in L>°(R% x R?), and where

n—-+oo

& =n"fo with (n™),, a family of positive functions compactly supported in velocity such that 0 < n™ <1
and increasing to 1

e for all n € N\ {0}, the operator J,, refers to the Yosida approximation of the identity defined by
Jn = (I + n_lAg)_l.

It acts on L3, (R3) and satisfies: for all v € L3 (RY), Jou € D(As), HJnU”LZ(Ri) < ||v||L2(R3+) and
Jov — vin L2(R3).
n—+4o0o

In the previous construction, u,, is a strong solution to the Navier-Stokes equations while f,, is a weak solution
to the Vlasov equation which is compactly supported in velocity. Note that the presence of the gravity force
is harmless in this procedure.

Then, we pass to the limit in the previous approximated problem by compactness arguments, in order to
recover solution to the whole system of equations. To do so, we shall obtain energy estimates which are inde-
pendent of n: all in all, it can be proven that (uy), is weakly compact in Li2, (RT; L*(R%)) NLE (RT; H' (R3))

while (f,) is weakly-* compact in L2 (RT; L>°(R% x R?)). Furthermore, a standard application of the Aubin-

loc
Lions lemma ensures that (u,), is strongly compact in L _(RT;L (R3)) and this also implies that, up to
an additional extraction, (u,), converges almost everywhere. Note that the treament of the gravity term G
requires an application of the Gronwall lemma for the quantity M f,, which turns out to be bounded itself in
Lo (RT). Theses convergences are enough to pass to the limit in the weak formulation of the Vlasov equation
and of the Navier-Stokes equations because each term converges in the sense of distributions (see e.g. [11] for
a proof, in a more involved context). An additional diagonal extraction along increasing intervals of the type

[0, T;] with T; — 400 allows to obtain global solutions.

We then explain how one can recover the strong energy inequality (1.28) for the Navier-Stokes equations,
as well as the strong energy inequality (1.29) for the Vlasov-Navier-Stokes system: since the case s = 0 is
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classical (at least for the Navier-Stokes equations with a given source term, see e.g [12]), we restrict ourselves
to the case s > 0 and we pay attention to the particular treatment of the coupling terms.

We first write the strong energy inequality (1.28) for the Navier-Stokes equations. It seems that the
construction of solutions satisfying this strong energy inequality (and not only the same inequality with s =0
and ¢ > 0) has long remained an open problem for general unbounded domains, due to the interaction of
the pressure with the distant boundaries [41] (see however a general modern treatment in [25]). Nevertheless,
the strategy applied in [52] for exterior domains actually extends for the half-space case. We thus refer to
[52] where the proof of (1.28) for the Navier-Stokes equations with a forcing term is written down explicitely:
namely, it consists in obtaining a localised energy inequality between almost any times s < ¢, by multiplying
the regularized version of the Navier-Stokes equations by 2u, ¢ (where ¢y := ¢(-/k) with ¢ € Z(R3) satisfying
0<¢ <1, ¢()=1for |z] <1and p(z) =0 for |z| > 2), integrating on (s,t) x R3, performing integration
by parts, and then understanding the behavior of the remaining terms, especially for the pressure ones. All in
all, this reads as

t t
[ @Podzr2 [ [ VuPordedr <®E7 [ uno)Porde 2 [ [ oS, G f) dodr,
R3 s R3 R3 s R3
+ + + +
(A.5)

with
SXn (unv fn) = /R3 ann(U - un) dv,

and where R" is a remaining term such that lim limsup R¥" = 0 (see [52] for a proof).
> k—+00 nstoo ’
Thus, the main difficulty essentially lies in the treatment of the last term in the r.h.s of the inequality (A.5).
First, since (uy,), is bounded in L{ (RT; L#(R3)) N L (R*;LS(RY)), an interpolation argument shows that

Un )y 18 bounded in ; i
is bounded in L] R“‘LﬂRi if

loc

2<s<6.

)

2,3 _3
r s 2

For every n, we have in particular u, € LQO/Q(R“‘; L5(R3)) < ng/g(R“‘; L5(R3)). Furthermore, there exists

loc loc

r1 >19/9 and s1 > 5 such that (uy), is bounded in Lj!,(R™; L** (R})). Since (u,) converges almost everywhere

loc

towards u, a corollary of Vitali convergence theorem shows that u, T U in Lllfc/ (R L} (R3)).
n—-—+0o0

We also know that (M f,,), is bounded in L® (RT) so that Lemma 4.15 and the maximum principle ensure
that (jy, ), in bounded in LS (RT; L/4(R%)) while (py, ), is bounded in LS, (RT; L3/3(R3 )L (R*; LY(RY)),

loc
and thus bounded in L2 (R*;LPe (R3)) where pg = ?’f—gg with 6 € [0,1]. As there exist s3 < 6 close enough

to 6 and 6 € [0,1] such that p, ' + s, = 4/5 and (uy), is bounded in Lj2 (R*;L2(R%)) for some 75 > 2 >

19/10 = (19/9)’, Holder inequality shows that (pyg, un ), is bounded in L1109C/10(R+; L5/4(R3)), as well as (jy, )n-
By the properties of x,, we observe that for all n

|Sxn (tns fr)l < Jg, + |unlpy,,
therefore the previous bound entails that (Sy, (un, fn))n converges weakly in Lllfc/ YR L/4(RY)) to some
limit S, up to extraction. Since (Sy,, (¢n, frn))n also converges to j; — psu in the sense of distributions, we can
identify S = j; — pru.

All in all, combining the strong convergence of (u,,),, and the weak convergence of (Sy,, (un, fn))n We have
just obtained, we get for all fixed k

¢ t
n ° S nsy Jn dzd (7, — dxd ,

and by the dominated convergence theorem, we can then pass to the limit when k& — +oo in the inequality
(A.5).
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In this procedure, one has to first pick one s > 0 such that w,(s) =7 u(s) in L2(K) for any compact
n—-+0o0

K C R3 and the inequality (1.28) eventually holds for almost any s > 0 (including s = 0) and almost any
t > s. Standard lower-semicontinuity arguments allow one to extend this inequality to any ¢ > s.

Finally, we come back to the proof of the energy inequality (1.29) for the Vlasov-Navier-Stokes system: in
view of (1.28), we only need to prove that for all 0 < s <t

Mo f(t) + 2/ Mof(r)dr < Maf(s) + 2/ f(ryz,v)v- [u(t,z) + G] dz dv dr. (A.6)

3 3
]R+><]R

We proceed as follows: mimicking the beginning of the proof of Lemma 4.16 for a = 2 (which does not
use the energy inequality (1.29) but only the regularity of u), we obtain the fact that (¢t,z,v) — [v|2f €
Lo (RT; LY (R x R?)). We now consider ¢, (v) := 0,(|Jv|?) where 6,(z) := nf(z/n) is defined thanks to
a positive function § € Z(RT) equal to the identity function on [0, 1], less than this function on (1,400)
and with a derivative uniformly bounded by 1. The function 1, is an admissible test function in the weak

formulation of the Vlasov equation with a trace (see Section A.1) and this implies
t |,U|2
/ / f(r,z,v)20 ()v [(u(t,z) —v+ Q)] dedvdr
s JR3 xR® n

:/ f(t,x,v)@n(|v|2)dvdm—/ F(5,2,0)0, (|v]2) dz d
R?jer?’

3 3
R+XR

+/ /Z [(1))n(|0?)] v - n(2) do () dvdr
> /R3+><R3 [t 2, 0)0n(|v]*) dvda — /MXR3 f(s,z,v)0,(|v]?) de dv,

because of the boundary condition (1.11). Since 6,,(|v|?) =7 |v]? with 6, (Jv|?) < |v|?, and 0’ (|v|?*/n) = 1
n—-—+0o0 n—-—+0oo

with 6’(|v|?/n) < 1, we can use the dominated convergence theorem to pass to the limit when n — 400 in the

previous inequality: indeed, M>f € Li (R*) while u € L2 (RT;L°(R3)) and myf € L _(RT;L¥4(R%)) by

interpolation. Adding (1.28) to (A.6), we eventually get the energy inequality (1.29).

A.3 Gagliardo-Nirenberg-Sobolev inequality on R?
Theorem A.3. Let 1 < p,q,r < oo and m € N. Suppose j € N and « € [0,1] satisfy the relations

1 jJr 1 m +1—04
-7 L I

p 3 r 3 qg ’
iSaSL

m

with the exception o < 1 if m —j —d/r € N.
Then for all g € L4(R%), if D™g € L"(RY), we have D’g € LP(R3.) with the estimate

7 . m || l1-a
D gHLP(Ri) < ID™yg] L?'(Ri)HgHLq(Riy

where < refers to a constant only depending on the dimension d.

This result can be found in [16, Thm 1.5.2], at least for the case of the whole space R3. In the case of
the half-space Ri, we can rely on the existence of an extension operator mapping functions defined on Ri
to function defined on R? and which is continuous for the topology of Sobolev spaces. More precisely, for all
m € N\ {0} and ¢ € [1,00), there exists an operator E : W™¢(R%) — W™*(R?) (which is independent of ¢)
such that for all v € W™*(R? ), we have

° (EU)\R'i =,
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o forallie{0,---,m}, |[D"(Ev)|Leme) S ||Div||Lz(R§r).

This result can be found in (the proofs of) [21, Section 2.3.3] and be combined with the Gagliardo-Nirenberg-
Sobolev inequality on R? to deduce Theorem A.3.

A.4 Maximal LPL? regularity for the Stokes system on R?
Let 1 < ¢ < 0o be fixed. Given a vector field in u € L4(R3.), this can be uniquely decomposed as
u=1u+ Vp,
i €Ly, (RY), pe LYRY), VpeLYRY).

where L%, (R3) stands for the closure in LI(R3) of Zg;y(R3). We recall that the projection Py : u +— @ is
continuous from L?(R%) to LI, (RY).
For 1 < ¢ < oo, we consider the following Stokes operator

Ay = —PyA, D(A,) = L%, (R3) nWyI(R3) N W24(R3).
We also set

D;_%7S(Ri) = (D(Aq)ngiv(Ri)) A

1/s,s’

where (, )q/s,s refers to the real interpolation space of exponents (1/s,s). In the case of the Stokes operator
Ag, which generates an analytic semigroup e~!44 | the quantity

0o 1/s
ol + ([ 14ge 400l ey ) (A3)

1
defines an equivalent norm on D; *"(R%) (see [48, Chapter 5]).
The main result is the following and can be found with further references in [27].

-1 S . . .
Theorem A.4. Consider 0 <T < oo and 1 < q,s < co. Then, for every ug € D; 57 (Ri) which is divergence
free and f € L*(0,T;L% (R3)), there ewists a unique solution u of the Stokes system

Owu+ Aqu = f,
u(0,x) = up(x),
satisfying
u € L%(0,T"; D(A,)) for all finite T" < T,
and

[9ul

Lo riLa®s)) + ID*ullLe o riLo(esy) < C (|Uo||D 1.t ||f|L5(O,T;Lf1(]Ri))) :

()

1—
q

where C' = C(q,s) > 0.

Furthermore, if vy € Wé’q(Ri) NLL (R3) and if s € (1,2], the statement holds and we can replace
[lwollni=1/asmsy bY ||tollvwia rsy in the right hand side of the previous inequality.

D, (R3) Wy 4 (R3)

For the sake of completeness, we bring some precisions concerning the last statement of the theorem (even
1
if a related fact can be found in [27, Remark 2.5]). Suppose that u € D(AZ) NLL, (R3) If s € (1,2), we write
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=1- % + e with e = 22_93 > 0 (so that 1 — se < 1). Since A; = A generates an analytic semigroup, we have

1
2 : :
by standard functional calculus manipulations (see e.g. [32, Chapter 3])

o 1 oo
A ”Ae_tAuHiq(]Ri) dt = /0 ”Ae_tAuHiq(]Rijr) dt + /1 ||Ae_tAuH5Lq(R3+) de
1 e}
1_. _ 1o — s
= [ 1A At e [ A g dt

< l S ! 1 s > 1
~ ||A2u||LQ(Ri) . tlfssdt‘f' H“HLq(Ri) . tjdt< 00,

—t are respectively bounded on Rt

where we have used the fact that the function z — 5 e~t% and z > ze
. 1
by (a constant times) t°~5 and ¢!,

In the case where s = 2, we proceed in a similar way and write
OO tA, 112 ! 1 —tA 43 = tA, 112
/0 | Ae™ UHL«J(Ri)dt S/0 [Aze” A§u||i4(Ri)dt+/1 [[Ae™ u”Lq(Ri’r)dt
1 -1 o)
1 2 e t 2 1
Sy, [ S dt+ b, [ gt <

where we have used the fact that the function z — \/Ze ™ is bounded by t~1/2¢~ 2
1
Thus, the conclusion follows because D(A7) = Wy ?(R%) N L% (R3) (see [6]).

A.5 Conditional decay of the energy: proof of Theorem 3.1

Let u be a Leray solution (with strong energy inequality) to the Vlasov-Navier-Stokes system with source term
F and initial data ug. We provide some elements of proof concerning the conditional decay of the L? norm of
u on [0,T], provided that the forcing term F' satisfies

C

T (A.9)

Vi e [O7T]7 ||F(t)||L2(R‘1) <

for some constant C. As explained in Section 3, this enters within the scope of the situation treated in [58],
with the adaptation to the half-space case coming from [6].

We first recall the following L"L? estimates for the semigroup generated by the Stokes operator A, on

L, (R%) (see Section A.4 in the Appendix). A proof can be found in [6].

Lemma A.5. Let a € L3, (R%) NL"(R3) for some r € [1,00]. Then for all t >0

C
—tA
le “aHLq(Ri) < t%(%i_%)llal

L"(]Rﬂ‘r)a (AlO)

where C in independent of a and t, provided either 1 <r < g < oo, orl1 <r < q< 0.

Proof of Theorem 3.1. Consider a given time-dependent smooth positive cut-off function g : R* — (0, +00).
Since the Stokes operator A = Ay on Lﬁiv(Ri) is a self-adjoint and positive operator (see Section A.4 in the
Appendix), we can use a spectral decomposition of this operator thanks to a resolution of the identity (Ex)x>0
(see [57, Section 3.2]), namely

+oo
A:/ AdE).
0
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By standard functional calculus rules and the Plancherel-Parseval theorem, we can write for all 7 € [0, T

“+o0
IVu(r)? dz = AV u(r)|F2 s ) = M dExu(r)[12 g )
R3 + 0 +

+

> / A [dEru(r)]2
VRostr L)

g (7)

> O ey) ~ ) [ 1B e

Then, we can combine the strong energy inequality (1.28) for the Navier-Stokes equations with the Cauchy-
Schwarz inequality to get the following key inequality: for all ¢ € [0,T] and almost every s € [0,¢] (including
s=0)

t

t
[uO ey + [ PO ey o < a6 oy, + [ 972 ONF ey o
S S

t 9%(7)
s 0

Before going further, we introduce the notation E<g2(y 1= 1jg g2(¢)(A4) (in the sense of the bounded functional
calculus). In order to estimate the last term in the r.h.s of (A.11), we fix 7 € [s,t] and follow [7]: we choose
¥ € Zaiv(RY) and then take (o) := e~ ("~ E_ ()1 as a test function in the weak formulation (1.27) of
the Navier-Stokes equations between time 7 and 7, for some 7 < 7 (see e.g. [49] for a discussion about this
available procedure). This yields

/TT <(“ ' V)U(U),@(U)> do = /

T

T

(F(0),0(0)) do — (u(r), B<prt) + (ul(), e DA o). (A12)
We now take 7 = 0 and by observing that (u- V)u = div (u ® u), we have
/ <(u -Vu(o), ef(ch’)AEgga(T)w> do = —/ <u(0),u(a) . VEng(T)ef(Tf‘T)A¢> do,
0 0

therefore (A.12) yields

Bt} o) [ (0 B0

+ /OT <u(0),u(o) . VESQZ(T)B_(T_G)Aw>‘ do
= (I) 4 (IT) + (III).

For (I) and (IT), we use Lemma A.5 and get
M= ”1[0,92(7)](A)e_TAu0||L2(R3_)”w”Lz(Ri) < He_TAUOHLZ(RE’;_)H¢||L2(Ri)v

(II) S/O |\F(0)||L2(R§r)||E§g2(7)67(770)A¢||L2(R1)dU5 H1/’||L2(JR1)/O 1F(0)lr2 (&) do,

where < refers to a universal constant. For (IIT), we rely on the following lemma, which can be found in the
proof of [6, Lemma 4.3].

Lemma A.6. For any w € H}; (RY), z € L3, (R3) and v : RT — RT, we have for all 7 >0

5
(w,w- VE<ynyz) < OV (D)0l l2lliaces ),

where (-,-) stands for the inner product on L?(R%) and where C is a universal constant.
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We apply this Lemma with w = u(0), z = e~ (7=9)44) and v = > to obtain

t
() 5 [Wleqes)9727) [ (o)l ey, do
0

Since all the previous estimates are valid for any ¢ € Zai,(R3), we infer that

9%(7)
[ 1B ey < el +€ ([ 1P ar) + 0o ([ o)

where C stands for a universal constant. In view of (A.11), we end up with the following differential inequality:
for almost all s > 0 and for all t > s

t t T 2
Oy + [ PO ey 07 < [ By +2 [ Cotr)” ([ utr) ey ar) e

t
+ 2/3 Cg?(7) l|€_TAUO||iQ(R1) + 9_4(7—)HF(T)”%2(]R3+)

- 2
([ 1P Ol ar)

We then rely on the following Gronwall-like inequality (see [7]).

dr.

Lemma A.7. Lett > 0. Lety € L>(0,t) and 3 € L1(0,t) be nonnegative functions. Suppose that the following
differential inequality holds: for almost all 0 < s <t

y<t>+/:g<>< )dr < y(s /6

where T — g(T) s a smooth positive function on [0,t]. Then we have for almost all 0 < s <t

exp </0t g(T) d’l’) y(t) < exp (/OS g(7) dT) y(s) + /St exp (/OT g(r) dr> B(r)dr.

Applying this lemma, we finally obtain

t
Ol 50 ([ 20)7) < ke
0 [ 20 [l Ml + 0 OO | o ([ o 0)ar)ar

+0/ (/ |1F (o |L2(R3)d0> eXP(/O g*( )
v [0 ([ o a0) e ([ oorar)ar

70 =12 o ([ Poar) =

where @ > 0 and this means that for all ¢ € [0, 7]

(A.13)
We now take

t
) e (14 0% S ol + [ (1477 [l Mg + (14 PIF () ey o

t
+/ (1+7’ (/ ||F |L2(R3)da> dT (A14)
0
t 2
+\/ (1+T)a77/2 </ ||u(0)||iz(R3)dCT> d’T,
0 0 +
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where < is independent of t. Using Lemma A.5, we get for all 7 > 0

C
—TA 2 2 2
e uolEaqey) < ryars (IolEagey) + Heoloceg) )

where C is independent of 7 and u. Observe now that, according to the assumption (A.9), the contribution of

2
the source term g~ *(7)||F (7 )||L2(R3) + (fo |1 E(r) ||L2(R3+) dr) is as (14 7)73/2 so that for all t > 0

t
R lwﬂwiQ(ng-‘*(T)nF( Moy + ([ 1Ol d )]d

2
S H“OHLz(Ri) "'/0 Wdﬂ

S HUOHiz(H@) +(L+1)*%2,

provided that « # 3/2, and where < depends on ||u0||L2(R3 + Hu0||L1(R3

Let us assume that on [0, 7], we have

1
[[u(t )HL2(R ) S (TR (A.16)

for some 8 > 0, different from 1. From this estimate, we deduce the following inequality

if B<1, a—28-1/2<0,

t T 2 1
/ (14 7)*"7/2 (/ Hu(r)Hig(Ri) dr) dr S (144272812 if B<1, a—268-1/2>0, (A.17)
0 0 1 if 8>1.

Now, we start with 8 = 0: the a priori estimate (A.16) indeed holds with this choice of exponent because the
energy inequality (1.28) can be rewritten, together with (A.9), as

¢ ¢ ¢
I gy +2 | 16 Ry 05 S oy + [ IFOluacug) ds S ol + [ (1 5)7/4as
S ”UOH%P(RE;) + 1.
We then take aw = 1 and use (A.14), (A.15) and (A.17) to obtain
(L4 Du®) sy S1+A+D72+ 1+ 1)V,
therefore
(Ol S (14172

This means that the a priori estimate (A.16) now holds with 8 = 1/2. We then take o« = 2 and combining
again (A.14), (A.15) and (A.17) yields

lu®)llFees) S A +O2+ A+ 14072
Note that in view of (A.15) and (A.17), we cannot improve the exponent in the previous estimate. The proof

is therefore complete. O

A.6 Parabolic regularization for the Navier-Stokes system on Ri

Theorem A 8. For all T > 0, there exists a universal constant C, > 0 such that the following holds. Consider
ug € HY;, (RY) and F € L (RT;L2(R3)) and T > 0 such that

loc

T
HU0||12{1(R1) +/0 “\F(S)H%?(Ri) + ||F(S)||L2(R§_):| ds < C,. (A.18)
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Then, there exists on [0,T] a unique Leray solution to the Navier-Stokes equations with initial data ug and
source F. This solution u belongs to L°°(0,T;H}, (R3)) N L?(0, T; H?(R3)) and there exists C > 0 such that
for almost every t € [0,T)

1 [t ~
||Vu(t)”i2(1Ri) + 5/0 ||D2U(S)||i2(R§_) ds <C (”%H%ﬂ(n@i) + HFHiz(o,T;L%Ri))) ~ (A.19)

Proof. We argue in two different steps. First, if such a Leray solution to the Navier-Stokes equations exists,
it satisfies in particular u € L*(0,T; H};, (R2)), which is a well-known case of weak-strong uniqueness for this
system (see e.g. [15, Theorem 3.3], which holds for general domains). Thus, such a solution will be equal to
any Leray solution of the Navier-Stokes system with source F' and initial value uyg.

In a second step, we have to prove that such a solution indeed exists on [0,T]: to do so, we rely on a
standard approximation procedure by regularizing the data F' and ug and by smoothing the convection term
in the momentum equation (see e.g. [52] where the Yosida operator is used, as in Section A.2). We essentially
obtain a sequence (uy)n of solutions to regularized Navier-Stokes systems. This sequence will classically be
bounded in L>°L? N L2H! and will satisfy additional parabolic estimates coming from (A.18). A compactness
argument allows to get the existence of a Leray solution in L>(0,T; H};, (R3)) N L?(0,7; H*(R?)) and which
satisfies the estimate (A.19) on [0,T].

Hence in the following, we deal with a smooth solution u with smooth data uy and we are looking for
parabolic estimates for the velocity field u. The following strategy is based on an idea which is well-known
in the context of the inhomogeneous incompressible Navier-Stokes equations (see [47, 19]): we first apply the
Leray projection P to the Navier-Stokes equations and then multiply by 0;u to obtain, after integration by
parts

1d

§&||VUH52(R§;) + ||3tu||iz(R§r) = —((u-V)u, 3tU>L2(Ri) + (F, 8tu>L2(]R§r)a

where we have dropped the time variable. We then use the Young inequality twice in order to absorb ||8tu||i2 ®?)
3
in the Lh.s, that is on [0, T

d
GVl + l0rulegy <2 [ 1w Vyuldo 2 [

|F|? da. (A.20)
: RY

In order to estimate D?u, we rewrite the Navier-Stokes system satisfied by (u,p) as the following stationary
Stokes system in the half-space R3. with source term F — (u- V)u — dyu

—Au+Vp=F — (u-V)u — du,
divu = 0,

U’\B]Ri = 0.
According to [26, Theorem IV.3.2], there exists a universal constant C' > 0 such that on [0, T
||D2U||L2(R1) SC|F = (u-V)u— 8t“||L2(]R3),
and thus, denoting by C' > 0 another universal constant, we have on [0, T]
1
ID%ulay, < € (P s + - D)ulagey, + 51000l )-
Coming back to (A.20), we get

d 1 1
EHVU”iz(Ri) + §||atUH%2(R3+) + 6||D2UH%2(R1) < 3/Rs |(u - V)ul? dz + 3/]1{3 |F|? da. (A.21)

+ +
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We now provide a bound for the convective term on [0,T] by using consecutively the Cauchy-Schwarz inequality,
interpolation inequality for Lebesgue spaces and the Gagliardo-Nirenberg-Sobolev inequality (see Theorem A.3)
to write

/ N V)l do <l 19l
< ullyagas )l Foges IV ellsGes | Vel Pags (A.22)
S ullaas ) IVl otag ) IVl e [0l -
Thanks to Young inequality, we deduce the existence of a universal constant C' > 0 such that

_ 1
3 (u- V)“Hiam) < C||U||i2(R§r)||VU||i2(R§r) + %HDQUHiz(Ri)' (A.23)

We integrate (A.21) between 0 and ¢t € [0,7] and get

1 t
IVt + 5 f, 0Pl e

t t
<190l +3 | 1Py ds+ T [ u(s) ) IV0(6) ey s

If we set
2(0) = V60 Bagey) + o [ 1D agas  ds (A24)
= Lz(Ri) 20 0 L2(Ri) B} .
t
BE) = [Vl +3 | 1) IRaay) ds. (A:25)
9(5) = Clu(s)] s | T0() s (A.26)

then the previous inequality can be written as

£(t) < h(t) + / o(s)2(s)? ds,

for all t € [0,T]. We are now in position to apply Bihari’s Lemma, that we recall now (see [20] for a proof)

Lemma A.9. Let x,g and h three positive continuous functions on R, such that h is increasing . Let w a
continuous submultiplicative and nondecreasing function on RY such that w(u) > 0 for all u > 0. Suppose that
forallt >0

x(t) < h(t) +/ g(s)w(z(s))ds. (A.27)
0
If the function
“ o ds
W(u) .—/1 W)’ u € (0,a) for some a >0,

is a bijection on (0,a), then the following inequality

#(t) < h(H)W ™! ( / (s ) ds) (A.28)

holds for all t > 0 such that fo )= ((3)) ds € (0,a).
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3

We use this lemma with the function w(s) = s® associated to

“ds 1 1
= i I
W (u) /1 3 2( u2>’ u >0,

and whose inverse, defined on (0,1/2), is W~ (v) = (1 — 2v)~/2. The inequality (A.28) reads on [0, 7] as

—1/2

z(t) < h(t) (1 -2 /Otg(s)hQ(s)ds> ) (A.29)

provided that for all ¢ € [0,7], we have 1 — 2 fotg(s)h2 (s)ds > 0. Thus, this is enough to ensure for instance
that

T
1-— 2/ g(s)h*(s)ds > 1/2, (A.30)
0

is satisfied in order to get x(¢) < h(t) for all ¢ € [0,T]. We observe that

| atonesas <
0

T T
IVuolZags ) +3 / IF(s)]2. / g(s)ds,
0 Lz(Ri) 0 LZ(Ri) 0

and
T

T
| 90615 < Ol paoeay | 190060 R s

Furthermore, the following energy inequality for the Navier-Stokes system with source F' and initial data ug is
satisfied by u

2
T T
om0 ey +2 [ 190 Ry ds < C | ol + ( | IFO s ds> ,
where C' > 0 is a universal constant. The condition (A.30) can thus be satisfied provided that the quantity

2

2
T T
2 2 2
[nmmw / ||F<s>||L2<R1)] |uo|L2<Ri>+</0 |F<s>|L2(Rs+>ds>

is small enough. We observe that an assumption of the type of (A.18) can indeed provide such a smallness.
Now, in view of the definitions (A.24)-(A.25), the inequality z(¢) < h(t) for all ¢ € [0, T brings to the conclusion
(A.19) and this completes the proof. O
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