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The Borsuk-Ulam property for homotopy classes of maps
between the torus and the Klein bottle — part 2
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VINICIUS CASTELUBER LAASS *

7th July 2021

Abstract

Let M be a topological space that admits a free involution 7, and let N be a topological space. A
homotopy class 5 € [M, N] is said to have the Borsuk-Ulam property with respect to T if for every
representative map f: M — N of [, there exists a point x € M such that f(r(x)) = f(x). In
this paper, we determine the homotopy class of maps from the 2-torus T? to the Klein bottle K2
that possess the Borsuk-Ulam property with respect to any free involution of T? for which the
orbit space is K2. Our results are given in terms of a certain family of homomorphisms involving
the fundamental groups of T2 and K2. This completes the analysis of the Borsuk-Ulam problem
for the case M = T? and N = K2, and for any free involution 7 of T?.

1 Introduction

The classical Borsuk-Ulam theorem states that for all n € N and any continuous map f: S — R",
there exists a point x € S" such that f(—z) = f(x) [3, Satz II]. This result has since been generalised
in many directions, and the reader may consult the extensive survey [19], the book [18], as well as
the papers [2, 4, 6, 7, 8, 14, 15, 16, 17] (note that this list is by no means exhaustive). One such
generalisation consists in the study of the validity of the theorem when we replace S™ and R™ by
manifolds M and N respectively, and we replace the antipodal map of S” by a free involution 7 of M.
More precisely, the triple (M, 7; N) is said to have the Borsuk-Ulam property if for any continuous
map f: M — N, there exists a point € M for which f(7(x)) = f(z). Some examples of results
in this direction may be found in [1, 5, 9, 10, 13]. Very recently, the following more refined Borsuk-
Ulam-type problem was introduced by the authors in the context of homotopy classes of maps from
M to N [11]. If § € [M, N] is a homotopy class of maps between M and N, [ is said to have the
Borsuk-Ulam property with respect to 7 if for every map f € f, there exists a point z € M (that
depends on f) such that f(7(z)) = f(x). If a triple (M, 7; N) satisfies the Borsuk-Ulam property, then
it is certainly the case that every homotopy class of maps between M and N satisfies the Borsuk-Ulam
property with respect to 7. The study of the converse leads to an interesting and delicate question that
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was posed in [11], namely the classification of those elements of [M, N] that satisfy the Borsuk-Ulam
property with respect to the possible free involutions 7 of M. In that paper, the authors solved this
problem in the cases where M = N and M is either the 2-torus T? or the Klein bottle K2. It is then
natural to consider the case M = T? and N = K2. In this case, if 7 is a free involution of T? then
the corresponding orbit space T?/(7) is either T? and K2. In the first case, where T?/(r) = T?, the
authors recently determined the elements of the set [T? K?] that possess the Borsuk-Ulam property
with respect to 7 [12]. The current paper is a continuation of [12], in the sense that we determine the
elements of the set [T? K?] that possess the Borsuk-Ulam property with respect to 7 in the second
case, where T?/(7) = K2. In each of the two cases, by [11, Proposition 21| there is only one class of
free involutions, and by [11, Proposition 8], it suffices to consider a specific free involution of T=.

In order to state Theorem 1.3, which is the main result of this paper, we first recall some facts and
notation. As in [11, Theorems 12 and 19], we identify (T2, *) and m (K2, %) with the free Abelian
group Z @7 and the (non-trivial) semi-direct product Z x Z respectively. Consider the following short
exact sequence:

1—m(T)=Z6Z -5 mnK)=ZxZ 27, — 1, (1)

where the homomorphisms 75 and 6, are defined by:

01— 0,2 e (0,1) —> T.

By standard results in covering space theory, there exists a double covering cy: T? — K? whose
induced homomorphism on the level of fundamental groups is is. If 75: T? — T? is the non-trivial
deck transformation associated with ¢y, then it is a free involution. Further, 5, lifts to a homeomorphism
Tt R? — R?, where T(z,y) = (z+ 3,1 —y) for all (z,y) € R

We recall an appropriate algebraic description of the set [T? K2 that was given in [12, Proposi-
tion 1.1 and Remark 1.2].

Proposition 1.1. The set [T? K?] is in bijection with the subset of Hom(Z® Z,Z x 7)) whose elements
are described as follows:

((1,0) — (1,251 + 1) (1,0) —> (i, 281 + 1)
fope 1 {(0, 1) — (0,2s,) fpe 2 {(0, 1) — (i, 255 + 1)

((1,0) —> (0,251) (1,0) —> (11, 251)
tope {(0, 1) — (i, 255 + 1) tope 4 {(0, 1) — (1, 255),

where i € {0,1} and sy, s2 € Z for Types 1, 2 and 3, and 1,72, 81,82 € Z and r1 > 0 for Type 4.

Remark 1.2. The bijection of Proposition 1.1 may be obtained using standard arguments in homotopy
theory that are described in detail in [20, Chapter V, Corollary 4.4], and more briefly in [11, Theorem 4].
Within the framework of this paper, it may be defined as follows: given a homotopy class 8 € [T?, K2,
there exists a pointed map f: (T?, %) — (K2, %) that gives rise to a representative of 3 if we omit
the basepoints. The induced homomorphism fy: m (T2, *) — 7;(K?, %) is conjugate to exactly one
of the elements of Hom(Z @ Z,Z x Z), denoted by (4, and described in Proposition 1.1. Note that 4
is independent of the choice of f.

The following theorem is the main result of this paper.

Theorem 1.3. Let § € [T?, K?|, and let By € Hom(Z @ Z,7Z x Z). Then (3 has the Borsuk-Ulam
property with respect to m if and only if one of the following conditions is satisfied:
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(a) By is a homomorphism of Type 1, and sy is even.
(b) By is a homomorphism of Type 2.
(¢) By is a homomorphism of Type 3, and sy # 0.

(d) By is a homomorphism of Type 4, and one of the following conditions holds:

(Z) 7’2817&0.
(ZZ) 7’2:8220 CLTLdSl#O.

(7ii) s1 =59 =0, 11 # 0 and ry is even.

It follows from Theorem 1.3 and the remarks in the first paragraph regarding [11, Propositions 8
and 21| that if 7 is an arbitrary free involution of T?, one may decide which elements of the set
[T?, K?] possess the Borsuk-Ulam property with respect to 7, which solves the Borsuk-Ulam problem
for [T2, K2.

One of the main tools used in this paper is the study of a certain two-variable equation in the
2-string pure braid group of the Klein bottle, as well as some additional information that may be
obtained from the fundamental groups of the torus and the Klein bottle. So the solutions of certain
equations in the braid groups of some of the surfaces in question play an important réle in the resolution
of the Borsuk-Ulam problem for homotopy classes. These equations are derived from a commutative
diagram involving fundamental groups and 2-string braid groups of the surfaces (see [11, Theorem 7]
for more details).

The rest of this paper comprises two sections. In Section 2, we start by recalling some notation
and a number of previous results. In Proposition 2.1, we describe some relevant properties of the
2-string pure braid group P»(K?) of the Klein bottle that appeared in [12]. In Lemma 2.2, we give
an algebraic criterion involving elements of P(K?) for a homotopy class to satisfy the Borsuk-Ulam
property, and in Lemma 2.7, we derive a useful necessary condition, in terms of the existence of
solutions to a certain equation in a free Abelian group of infinite rank, for a given homotopy class
to satisfy this property. Section 3 of the paper is devoted to proving Theorem 1.3. The proof will
follow from Propositions 3.1-3.5 whose statements correspond to the types of homotopy classes given
by Proposition 1.1.

2 Preliminaries and algebraic criteria

Let a = [f] € [T? %;K?, ] be a pointed homotopy class, let 3 € [T? K?] be the homotopy class for
which f is a representative map if we omit the basepoints, and let 75: T? — T? be the free involution
defined in the Introduction. By [11, Theorem 7(b)], a has the Borsuk-Ulam property with respect to
the free involution 7, if and only if 5 does. So to prove Theorem 1.3, it suffices to restrict our attention
to pointed homotopy classes. Let ay denote the induced homomorphism fy: m (T2, *) — 71 (K2, ).
We will make use of the following properties of the 2-string pure braid group P,(K?) of K? that were
derived in [12, Section 3.

Proposition 2.1. [12, Propositions 3.1, 3.3 and 3.5] The group Py(K?) is isomorphic to the semi-
direct product F(u,v) Xy (Z x Z), where F(u,v) is the free group of rank 2 on the set {u,v}, and the
action 0: Z X Z — Aut(F(u,v)) is defined as follows:

U — Bm—énuenB—m+5n
O(m,n) : { v — BMoyy 2mB~m+on
B B,
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0 ifn is even
1 ifn is odd,
following properties hold:

where 6, = en = (=1)" and B = uvuvt. With respect to this decomposition, the

e the standard Artin generator o € By(K?) satisfies 0? = (B;0,0).
o ifl,: Po(K?) — P»(K?) is the homomorphism defined by l,(b) = abo™1 for allb € P»(K?), then:

l,(u";0,0) = (Bu™")"B™";r,0) l,(1;m,0) = (1;m, 0)
I,(v%;0,0) = ((uv)~*(uB)’:0, s) 1,(1;0,n) = (B°;0,n)
l,(B;0,0) = (B;0,0)

for all m,n,r, s € Z, where the symbol 1 denotes the trivial element of F(u,v).

o if pi: Fy(K?) — K2 is the map defined by pi(x,y) = x, then the induced homomorphism
(p1)g: Po(K?) — m(K?) = Z % Z satisfies (p1)g(w;r, s) = (r,s).

Given an element w € F(u,v), let p(w) € F(u,v) and g(w) € ZXZ such that l,(w;0,0) = (p(w), g(w)).
Then g: F(u,v) — Z X Z is the homomorphism defined on the basis {u,v} by:

Let (02) be the normal closure of the element 0. Up to isomorphism, (o) may be identified with the
group Ker(g) which is the free group of infinite countable rank on the set {By,}ricz, where By =
vRut Bu=t™* for all k,1 € 7. With respect to this description, the action 0: 7 x Z — Aut F(u,v) and
the map p: F(u,v) — F(u,v) induce homomorphisms Z x7Z — {(c?) and {(0?) — (02) respectively,
which we also denote by 6 and p respectively. Let w € F(u,v), and let g(w) = (r,s). Then there exists
a unique element x € (02) such that w = u"v°w.

The following algebraic criterion, similar to that of [11, Lemma 23], will be used in what follows to
decide whether a pointed homotopy class possesses the Borsuk-Ulam property with respect to 7.

Lemma 2.2. A pointed homotopy class o € [T?, ;K2 x| does not have the Borsuk-Ulam property with
respect to Ty if and only if there exist a,b € Po(K?) such that:

(i) abl,(a) = 0.
(ii) (p1)#(a) = ax(1,0).

(i) (p1)#(bls(b)) = ax(0,1).

Proof. The proof is similar to that of [11, Lemma 23], using Proposition 2.1 instead of [11, Theorem 12,
and the details are left to the reader. O

Corollary 2.3. Let a, o’ € [T?, ;K2 %] be pointed homotopy classes, and suppose that:

v - (1,0) — (7“1,81) and o - (1,0) — (7’1,81)
F0(0,1) — (12, 59 #70(0,1) —> (12, 8)

for some 11,79, 81, 82, 85 € Z. If s5 = s, mod 4 then o has the Borsuk-Ulam property with respect to T
if and only if o/ has the Borsuk-Ulam property with respect to 7.
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Proof. Since the statement is symmetric with respect to o and o/, it suffices to show that if o does not
have the Borsuk-Ulam property then neither does o'. If o does not have the Borsuk-Ulam property,
there exist a,b € Py(K?) satisfying (i)—(iii) of Lemma 2.2. By hypothesis, there exists k € Z such that
sh = so+4k. Let V' = b(1;0,2k). Asin the proof of [12, Corollary 4.2], the centre of B, (K?) is generated
by (1;0,2), so ab'l,(a) = ably(a)(1;0,2k) = b(1;0,2k) = ¥ by (i), (p1)x(a) = ax(1,0) = al(1,0)
by (ii), and:

(P1)# (V1o (V)) = (p1)#(b(150,2k)15(b(1; 0,2k))) = (p1)#(bls(b))(p1)4(1;0,4k)

D (g, 52)(0,4k) = (13, ) = (0, 1).
Lemma 2.2 implies that o/ does not have the Borsuk-Ulam property with respect to 7, from which
the result follows. ]

In addition to Proposition 2.1, we use some facts and notation about some automorphisms and
elements of (02) that are summarised in the following proposition. If [ € Z, let ¢; denote its sign, i.e
op=11i11>0,0,=-1if 1 <0, and oy = 0if [ =0, and if x and y are elements of a group then let
[z,y] = ryz~ly~! denote their commutator.

Proposition 2.4. [12, equations (3.14)-(3.16) and Proposition 3.7] The group (0?) ,, is free Abelian,
and { By, := v*u!Bu='=F | k,1 € Z} is a basis, namely:

(0%) 4= P Z1Br).

Let p,q € Z and consider the following automorphism of (0?):

Cpg: (0%) — (0?)
r +—— vPulru~ 7P,

(2)

For all (m,n) € Z X 7Z and p,q € Z, the endomorphisms 6(m,n), p and (c,,) of (¢2) induce endo-

morphisms 6(m,n) ap, pas and (cpq)ap of (02) 4, respectively, and they satisfy:

6(m,n) ap(Br,i) = €nBreni—26,m (3)
par(Bri) = B gy, and (4)
(cpg)ab(Bri) = Brapiterg: (5)

Ifk,l € Z and r € {0,1}, consider the following elements of F(u,v):
Ty = uF(BTu™r ) I, = v*(vB)™, Oy, = [U%, ul] and Jy,; = v (vul) 2. (6)

Then Ty, Iy, Oy and Ji; € (02). Let fTV;w, fk, 5k,z and jk,l be the projections of Ty, I, Oy and Ji,

in (02) 4
(a) If k=0 then Ty, = Iy =0, and if k = 0 or 1 = 0 then Oy, = Jp; = 0.
(b) For all k,1#0:

Ukk O’kk O’ll
Iy = —oy Z Boki+(1—crk)/2,0 Ok,l = 00y Z Z(Bcrk(2i—1),—olj+(ol—1)/2 - Bcrk(2i—1)—1,olj—(1+crl)/2)
i=1 i=1 j=1
Ukk O'kk 0’ll
Tyr = op Z Bo,oy(i+(ox(1-2r)-1)/2)  Jkg = —0p0y Z Z Bo, (2i-1),01G—(1401)/2) -
i=1 =1 j=1
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IfkleZ,let:
Qi) = uFp? Ry ¢ F(u,v). (7)

Proposition 2.5. Let k,l € Z. Then Qy,; € (0?), and Qo; = 1. If @k,l denotes the projection of Q.
in (0?) 4, then for all k # 0:

O'kk Ok
Qg = Ol_kl (H B2l,—i+k(1+ok)/2> (8)
i=1

and
O'kk

@k,l = _6l,k + 0% Z Bt oyi—(1+04)/2- 9)

1=1

Proof. Clearly Qo; = 1 for all [ € Z. So assume that k # 0, and suppose first that [ = 0. If |[k| =1

then Qo = uFvubv=? = Bi" | (110,)/2> @nd (8) is valid in this case. Suppose then that (8) holds for

some k # 0. Then by induction we have:

_ 0k, ko k —1 —0O o Ok,y—1 Ok
Qkto,0 = U vu v u” % urouto T = CO@'k(kaO)'BO7—1+(1+0';€)/2

ok Tk
= HBO,—i+crk+k(1+crk)/2> ng 1+(1+0y)/2

i=1

r k1
(H By, z+1+k> By = HBO i1tk if k>0

=1 i=1
_ -1

_ -1
(H BO,_H) Bi'y=| [] Bo- if k < 0.
[ \i=1 i=1

Thus (8) holds for all k£ # 0 and [ = 0. Finally, suppose that & # 0 and [ # 0. Then from the case
[ =0, we have:

oLk Tk
kal (ukv2lu kg~ l)v2l(ukvukv—l)v—2l — 0[1302l,0(@k70) = Ol_,k102l,0 (H BO,—i+k(1+0k)/2)

i=1
ork Ok
= Ol_kl (H B2l,—i+k(1+crk)/2) .

i=1

and (8) holds in this case. So for all k,l € Z, (8) is valid, and Qx; € (02). Equation (9) then follows
by projecting into (02),, and using the fact that the sets {—i + k(1 + 0%)/2]1 < i < oxk} and
{oki — (1 4+ 0y)/2|1 <i < opxk} are equal. O

Let a,b € P,(K?). By [12, Lemma 4.8], there exist ay, as, b1, ba, m1,n1,ma,no € Z and z,y € (02)
such that:
a = (uv™x;my,ny) and b = (uP02y; my, ny). (10)

Exchanging the roles of a and b in [12, equations (4.5), (4.6) and (4.8)], and noting that as is not
necessarily zero (as it was in the proof of [12, Lemma 4.8]), it follows that:

bl (a) =(u" vy (my, 6,,) (Bu~" ) B~"0(ay, 0)((uv) "2 (uB)’*2)0(as, 6a,) (p(z) B™™));
My + eny (a1 + (—1)%21my), ag + ny + ny)



=(u" 0" yf(ma, 6, ) (Bu™") " B™)0(ms + €nyar, 0n, ) ((uv) =2 (uB)’2)
H(MQ + &p,a1, 5n2 + 5a2)(p(l’)B6”1 ); Mo + En, (a1 + (—1)6“27711), as + Ny + HQ). (11)
In a similar manner, exchanging the roles of a and b in [12, equation (4.4)], replacing b by a in [12,
equation (4.5)], and then substituting a (resp. b) by ab (resp. a) in [12, equation (4.6)], we see that:
ably(a) =(u vz (my, 8,,) (U 02 y)0(my 4 €m0, Mo, Oy 1y ) (Bu™) B~0(ay, 0)((uv) ™2 (uB)%
0(0, 64,) (p(x) B1))); M1 + EnyMa + Eny s (A1 + Eayin), 211 + g + G3). (12)

The following result is similar to [12, Lemma 4.8], and will be used in the proof of Lemma 2.7.

Lemma 2.6. Let a,b € P»(K?), which we write in the form (10). Suppose that a and b satisfy the
relation of Lemma 2.2(i). Then:

ar = pyMa(en, — 1) —my(1 + €ny0my) and az = —2ny, (13)

so a; and ay are even, and:

y =v 2y %2 00(my, 6, ) (uPr02y).

O(my + (—1)°"1my, ny + ng)((Bu™ )™ B~ 6(ay, 0)((Bv2)_“2/2)9(a1, 0)(p(z)B%)). (14)

Proof. Let a,b € Py(K?), which we write in the form (10). By Lemma 2.2(i), we have (p1)4(abl,(a)) =
(p1)x(b). By (10) and (12), we thus obtain the second relation of (13), and ms = my + €,,m2 +
Eny+np (@1 + my), where we have used the fact that ay is even, and that (—1)% = ¢, for all ¢ € Z. The
first relation of (13) then follows, and we deduce also that a; is even. Equation (14) is then also a
consequence of (10) and (12), using also the equality (uv)? = Bv? and the fact that as is even. O

The following lemma will be used in the proofs of Propositions 3.1, 3.3 and 3.4.

(1,0) = (0i41054171, 281 + 1)
(0, 1) — (52'_,_15]‘4_17’2, 259 + ]),
r1,72,81,82 € Z and 1,5 € {0,1}. If a does not have the Borsuk-Ulam property with respect to 1o, then
there exist m,n € Z and x,y € (0?) ,, for which the following equality holds in (02) ,,:

Lemma 2.7. Let a € [T? % K2, %] and suppose that ay : { where

(Caz—bzﬂl—bl)flb(x) + ‘9(97 5n+i)Ab(pAb(x)) + (Cag,a1€n+i)Ab(9(5i+15j+lrl7 5Z)Ab(y)) )

+ (Caz,O)Ab(Ta1€n+i,5n+i) + (Caz—b2,0>Ab(52sl+i,a1—b1 - 6j+1652—n,25im—25i+15n+1r1 + 5j@—25im,32—n>
+ (6(127(115n+i)Ab(J(SiJrl(n_52)7_26i+16j+17”1) + (0(12_17(115n+i+1)Ab(l_(sin) + (6076n+i+1)Ab(J_251_i71_2g)

+5—2sl—z’,6n+i,1 + (Onti+0i€nri — 9) Bo,o+ (0 — Opi + €M) Bag are, s + (0541054171 — 03) Bag—b,01 -6, = 0,
(15)

where a; = _2(6i+16j+15n+lrl + 5i5nm), o = —481 - 27,, bl = 5i+15j+15nr2 + 25j+n+15j+1m, bg =
259 —=2n+j and g = 0;110j4171 + €M + €pti@y.

Proof. Suppose that a € [T? %;K? x| does not have the Borsuk-Ulam property with respect to 7.
Then there exist a,b € P»(K?) such that conditions (i)—(iii) of Lemma 2.2 hold. With the notation of
Lemma 2.6:

(ml, nl) = ((5i+15j+17’1, 281 + Z) (16)

by Lemma 2.2(ii), and (6;110j1172, 252 + j) = (ma, na)(b1, ba)(ma, ne) by Lemma 2.2(iii) and Proposi-
tion 2.1, so:
b2 = —2n2 + 282 +] (17)
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by comparing the second coordinates. Thus:

(5,’+15j+17“2, 282 + ]) = (mg, ng)(bl, —2712 + 282 + j)(mg, ng) = (m2 + €n2b1, —MNo + 282 + j)(mg, 712)
= (Mg + nyb1 + €y jma, 252 + ). (18)

The first coordinate of (18) yields €,,,01 = 0;4+10;1172 — Mo — €_p,4;Mo, and so:
bi = 0i410j418n,72 — (€5 + Eny)Ma = iy10j41En,72 + 2051y 4165410 (19)

Using the relations (g; — 1) = —26; and §;41(1 + €,445) = 20;410n,+1, as well as Lemma 2.2(i), (13)
and (16), we have:
Ao = —481 — 2¢ and a, = _2(5n2+15i+15j+1r1 + 5i5n2m2) (20)

Let g = my + &;mg + €,,4ia1. Then by (14) and Proposition 2.1, there exist z,y € (02) such that:

y =v" 20 %220 (my, 6, ) (uP0b2y).
O(m1 + (—1)°1my, ny 4 1) ((Bu™)® B~ 6(ay, 0)((Bv?)~*/2)0(ay, 0)(p(x) B*™))
—y b2 @701y 82 B =i Eib( By m2maybz pmmatlig iy §.) (y) BMTEM2 0o ki ( BengtiquEnati+1 a1
(e (B o) s B804, 6, ) () B
—yaz—bay a2 ya—biya—big =iy —e1+h (ual—b1+6iblvb2u—alenQHU—bz) p—t2 bz 02, @iy pi
(U_b2 (B6ivu—2m1)b2) B—ml—i—éie(ml’ 52-)(y)Bml+€im2_5n2“u_CLlE"?“ (uaﬁ”?“(B€"2“u€”2“+1)a1) )

0792 (2 ( Benati ( BOna+iq,~29)2)a2/2) B=910ny+ig G, 0nysi) (px Blina+i 21
2+

It remains to identify the four bracketed terms of (21) with elements of (02). First, by (6) and (7)
we have:

oo ; 221 a1 2oz if j =0
52_"2725im2_26i+16n2+17“1Q—25im2782—"2 o u—26im2,U2(52—n2)+1u—26im2U—2(52—n2)—1 lfj =1

— u_26i+16j+16n2+17”1+26i5jm2vb2u26i+16j+16n2+17”1_26im2,l]_b2 (22)
using (17). Now by (19) and (20):
—QA1Eny+i = 25n2+i(5n2+15i+15j+1rl + 5i5n2m2) = 2(5n2+15i+15j+1r1 — 5,m2) and (23)
a + (5z‘ - 1)b1 = _2(5n2+15i+15j+17’1 + 5i5n2m2) - 25i(5z‘+15j+15n27”2 + 25j+n2+1€j+1m2)
= —20p,410i410,4171 — 20iMa(Eny + 20 4ny116541)
= _25n2+15i+15j+1rl + 25i€jm2. (24)
It follows from (22), (23) and (24) that:
=05 9j a1—bi+e; —Q1Eny4i,,—
Osz—J:rL;,26¢m2—26¢+15n2+1r1Q—J26¢m2,52—n2 = u™ e blvb2u ety b2' (25)

Secondly, by (6) and (17), we have:

J6i+1(n2—82)7—2m1 C—l,O(l—éibz) = U6i+1(6j_b2) ('Uu_zml )éiﬂ(bz_&j)v_lv_ém (UB)JinU
— U_6i+1b21)6i+16j (UU_2m1)_6i+16j (,Uu—2ml)6i+1b2,u—6ib2v—l (,UB)(SibQ,U
— ,U—(si+1bg ('Uu_2m1)5i+1b2. 'U_éibQ (,U—I,UB,U>57;62

— ,U_5i+1b2 (,Uu—2m1)5i+1b2. U—5ib2 (B,U>5ib2 — U_b2 (B5ivu—2m1)62 (26)



using the fact that j = §; and v%+1% (vu=2m1)=%+1% = 1 for all 4,5 € {0,1} (recall from (16) that
my = 6;+10;4171). Thirdly, it follows directly from (6) that:

T — ualen2+i(B5n2+iu5n2+i+l)a1' (27)

a1€n2+i75n2+i
Finally, since ay is even, we have:

Oz /2,60y 1541060y 1111 (Jaz2,~2g+1) = [0, ulra e |y fna i 2 (g RH) A2 T Ona ki
Ua2u5n2+i+1 ((,Uu—2g+1)2)—a2/2u—5n2+i+1
02 (u6n2+i+1 (,Uu—2g+1)2u—5n2+i+1)—a2/2
— 2 (BEna+i( Bonatiqy~29)2)2/2, (28)
Substituting (25)—(28) in (21) and using (2) and (6), we obtain:

_ . mi1—0d; =541 ]
Y= Ca2_b270(0251+’va1_b1 )C‘IZ_vaal_bl (I)Baz—bwn—bl Ca2_b2’0(032—n2725im2—25i+157L2+1T1 Q—25im2752—n2)

Caz,al€n2+i(J5i+1(n2—82)7—2m1)Caz,al€n2+i(0—1,0(]—5ib2))Bagr,réllj,?;+icaz,al€n2+i(e(mlv5i)(y))Bg;¢112:ii e

—G+0n0 i 0i€no+i
CﬂQyo(Ta1€n2+i75n2+i)Oa2/276n2+i+10075n2+i+1(Ja2/27_2g+1)B0,g 2" ‘9(97 5n2+i>(p(x))BO,g 2 (29)

By (5), for all k,l € Z, we have:

(Ca27a15n2+i)Ab((c_ly())Ab(Bk,l)) :(0027a15n2+i)Ab(Bk—1,l> = Bk+02—1,l+5ka15n2+i+1
:(Ca2_17a15n2+i+1)Ab(Bkyl)' (30)

By abuse of notation, let 2 and y denote the projection in (02),, of the elements x and y respectively,

and let m = my and n = ny. Projecting (29) in (02) ,, and using (16), (20), (30) and Proposition 2.4(b),
we obtain (15) as required. O

3 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. Its proof will follow from the following five propositions.

(1,0) — (0,25 + 1)
(0,1) — (0, (22 + 1)w)
Then o« has the Borsuk-Ulam property with respect to 7.

Proposition 3.1. Suppose that a : { for some s € Z and z,w € {0,1}.

(1,0) — (0,(2s + 1)(1 — w))
(0,1) — (0, (22 — 1)w + 2)
{0,1}. Then « does not have the Borsuk-Ulam property with respect to .

Proposition 3.2. Suppose that o : { for some s € Z and z,w €

(1,0) — (0,2s)
(0,1) — (0,22 + 1)
Then o« has the Borsuk-Ulam property with respect to 7.

Proposition 3.3. Suppose that oy : { for some s € Z\ {0} and z € {0,1}.

(1,0) — (11, 29)
(0,1) — (19, 22)
where ry > 0, satisfy one of the following conditions:

(i) ros # 0.

Proposition 3.4. Suppose that oy : for some ri,r9,s € Z and z € {0, 1},



(ii) r1 > 0, o is even and z = 0.
(11)) 1 =19y =2=0 and s # 0.
Then « has the Borsuk-Ulam property with respect to Ts.

Proposition 3.5. Forn € Z, let w, = 1 (resp. w, =0) if n =0 (resp. if n # 0), and let 6,, as defined
(1,0) — ((z 4+ (1 — 2)0,, )71, 228)
(0,1) — (w52, 22)

z € {0,1} such that ry > 0. Then « does not have the Borsuk-Ulam property with respect to 3.

in Proposition 2.1. Suppose that oy : { for some ry,re, s € Z and

We will prove Propositions 3.1-3.5 presently. Assuming for the moment that they hold, we first
give the proof of Theorem 1.3.

Proof of Theorem 1.53. Applying [11, Theorem 7(b)], [12, Proposition 2.2] and Corollary 2.3, we claim
that Theorem 1.3 follows from Propositions 3.1-3.5. To see this, let a € [T?, ;K2 %] be a pointed
homotopy class, and let ay : m (T?) — 71 (K?) be the homomorphism described in Remark 1.2, which
is of one of the types 1-4 given in the statement of Proposition 1.1.

(a) Suppose that ay is of Type 1, 2 or 3, and let ¢ € {0,1}, s; and so be the integers that appear in
the description of ay in Proposition 1.1. By [12, Proposition 2.2] and Corollary 2.3, it suffices to
consider the cases where i = 0, and s, € {0,1}. In order to apply Propositions 3.1-3.2, we may
subdivide these cases as follows.

(i) If ay is of Type 1 and so = 0 (resp. so = 1) then a has (resp. does not have) the Borsuk-Ulam
property with respect to 7, by Proposition 3.1 (resp. Proposition 3.2).

(i) If a is of Type 2 then a has the Borsuk-Ulam property with respect to 75 by Proposition 3.1.

(ili) If ay is of Type 3 then a has the Borsuk-Ulam property with respect to 7 if and only if
s1 # 0 by Propositions 3.2 and 3.3.

(b) Suppose that a is of Type 4, and let r1, r9, s; and so be the integers that appear in the description
of ay in Proposition 1.1, where r; > 0. By Corollary 2.3, it suffices to consider the cases where
so € {0, 1}. In order to apply Propositions 3.4-3.5, we may subdivide these cases as follows.

(i) Suppose that s;79 # 0. Then « has the Borsuk-Ulam property with respect to 7 by Propos-
ition 3.4(i).

(ii) Suppose that s; # 0 and ro = 0. If s = 1 then « does not have the Borsuk-Ulam property
with respect to 7 by Proposition 3.5. So suppose that s = 0. If ;1 > 0 (resp. r; =
0) then « has the Borsuk-Ulam property with respect to 7 by Proposition 3.4(ii) (resp.
Proposition 3.4(iii)).

(iii) Finally, suppose that s; = 0. If s = 0, 79 is even and r; > 0 then « has the Borsuk-Ulam
property with respect to 7 by Proposition 3.4(ii). In the remaining cases (either sy = 1, or
sy = 0, and either 7 is odd, or else 75 is even and 1 = 0), @ does not have the Borsuk-Ulam
property with respect to 7 by Proposition 3.5. O

The rest of this section is devoted to proving Propositions 3.1-3.5.

Proof of Proposition 3.1. Suppose on the contrary that a does not have the Borsuk-Ulam property
with respect to 7. Applying Lemma 2.7 with s; = s, 7 = 1, s = zw and j = w, there exist m,n € Z
and z,y € (02),, that satisfy the following equation in (0?) ,,:
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(Con—(2:41)w—15—2,2mewdniw )Ab(T) + 0(M, 0pi1) ab(Pab(T)) + (c—as—2.2m)an(0(0, 1)an(y)) — ¥
+ (0—45—2,0)Ab(f2m,5n+1) + (C2n—(2z+1)w—4s—2,0)Ab(62s+1,2m5w5n+w - 5w+152w—n,2m + 5w©—2m,zw—n)
+ (0—45—3,—2m)Ab(72n—(2z+1)w) + (CO,6n)Ab(j—2s—1,l—2m) + 5—25—1,5n
+ (0, = m)(Boo + B-4s—22m) — Bon—(2:41)w-15—22mep6,0 = 0, (31)

where we have also used the fact that &, + Owini1wsr1 = —EwOniw. Let &: WM) — Zy = {0,1} be
the homomorphism defined on the basis { By} ez of WM} by &(By,) = 0wl + dypi1k for all k,1 € Z.
To prove the result, we will arrive at a contradiction by computing the image by & of (31). Clearly
&(Bk,y) = £(Bgp) for all k,1 € Z. Using Proposition 2.4, we may check that £o8(m,n)ap = o pa, =&
for all m,n € Z, and that £ o (¢, 4)ap = € if w is odd or p is even, from which it follows that the image
of the first line of (31) by ¢ is equal to 0. Note that if k = 0 or [ = 0 then £(O;) = £(0) = 0, while if
k,l €7\ {0} then:

LIy
Okl Z Zg 0% (2i—1),—01j+(0;—1)/2 — Bcrk(2i—1)—1,olj (1407) /2) ‘kH” ((5wT + 5w+1T) + 6wT)

=1 j5=1

= [k[|1|8usT.

In particular, if w is odd, or if either k or [ is even then 5(5;@71) = 0. Taking the image of (31) and
using the above computations involving compositions with & and the fact that d,.,;@ = 0, we obtain:

€(T2m,6n+1)+5w§(é—2m,zw—n)+€ (C 4s—3, 2m)Ab(I2n—(2z+1 )+€(J—2s 1,1— 2m)+5w+15 5 (32)

If m = 0 then &(Toms,,,) = E(Q_amzw-n) = £(0) = 0, while if m # 0 then:

[2m] [2m]| [2m]
ETambnin) = Y E(Booy (i (om(1-28051) Z §(Boo) = 0, =0 (33)
=1 i=1
N N 2| ml
g(Q—2m,zw—n) = g(Ozw—n,—2m) + Zé-(B2(zw—n),cr,mi—(1+cr,m)/2) = Z 5w =0. (34)
i=1 i=1
Now:
_ [2s+1] |2m—1] [2s+1]| |2m—1|
(T 2er1o2m) = D > E(Boomir@iDroml—(taiom)2) = O > E(Bopi@i-10)
=1 =1 =1 =1
[2s+1] |2m—1] [2s+1] |2m—1]
IS SURE s Sl S w
=1 j=1 =1 j=1
It follows from (32)—(35) that:
6 o (0—48—3,—2m)Ab(T2n—(2z+1)w) + T + 5w+15n + E - 6 (36)

Assume first that w = 0. If n = 0 then (36) gives rise to a contradiction. So suppose that n # 0.
Then:

2|n|
§o (0—45—3,—2m)Ab(]2n—(2z+1)w) =¢&o (0—45—3,—2m)Ab([2n) =¢&o (0—43—3,—2m)Ab (Z Bcrnz‘+(1—on)/2,0)

i=1

11



2|n|

= Z E(Boit(1—0n)/2-45-3,0) = On.

i=1

The last equality follows from the fact that as i varies between 1 and 2|n|, 0,i+ (1 —0,)/2—4s—3 runs
over 2|n| consecutive integers of which exactly |n| are odd. Equation (36) then yields a contradiction.
Finally if w = 1 then:

§o (0—45—3,—2m)Ab(En—@z—l—l)w) =¢o (0—43—3,—2m)Ab(72n—2z—1)
[2n—22—1|

= Z 5(B<72n72z71i+(1—02n72271)/2—48—3,0) = Ta

i=1

using the definition of £&. Once more, (36) gives rises to a contradiction. We conclude that a has the
Borsuk-Ulam property with respect to 7. O

Proof of Proposition 5.2. Let a = (v*T2@=Dg:0 (25 + 1)(1 — w)) and b = (v*;0,w(z — 1) + 1),
where z = (v*72(Bv?)~571)17% € (02). Note that a,b € P»(K?). To prove the result, it suffices to
show that these elements satisfy Lemma 2.2(i)(iii). Clearly (p1)x(a) = ax(1,0), so Lemma 2.2(ii)
holds. With the notation of (10), we have a3 = m; = by = mg = 0, y = 1 and ay is even. Taking
a = bin (11), we may check that (p;)x(bl,(b)) = (0,b2 + 2ns), and this may be seen to be equal
to ax(0,1), so Lemma 2.2(iii) is satisfied too. It remains to show that Lemma 2.2(i) holds. As
in [12, p. 534], let pr: Po(K?) — F(u,v) be defined by pp(w;m,n) = w for all w € F(u,v) and
(m,n) € Z x Z. Then w = (pp(w); (p1)x(w)), and to prove that abl,(a) = b, it thus suffices to show
that (p1)4(abl,(a)) = (p1)4(b) and that pp(ably(a)) = pr(b). By (12), we have:

ably(a) = (v*2260(0, 0y, ) (172)6(0, 6,4y ) (wv) ~2p(2) BO1); 0, 201 + ng + as). (37)

One may check easily that (p1)x(abl,(a)) = (p1)4(b). Hence it remains to show that pp(abl,(a)) =
pr(b). By (37), if w = 1 then x = 1 and pp(abl,(a)) = v = pp(b). So suppose that w = 0. Then
by (37) and the fact that Bv? = (uv)?, we have:

pr(abl,(a)) = v~ 2% 2(Bov?) = (uw) ¥ 2p(x) B = v~ (uv)**p(z) B. (38)

Recall that p(x) = pr(l,(2);0,0) by [12, equation (3.2)]. Now z = v**2(Bv?)~*~! and using Propos-
ition 2.1, we obtain:

lo(7;0,0) = I,(v*T2(Bv?)™*710,0) = ((uwv) 2720, 2s + 2)(B(uv)~%0,2) 5"
= ((u0) ™ 7*(B(uv)™*) 77 0,0).

So p(z) = (uv) %7 2(B(uv)~2)~*~L. Since (uv)? = Bv?, we see from (38) that:
pr(ably(a)) = v (uv) 2(B(uv)?) s 'B=v 2B Y (Bv 2B )™ 'B =1 =pp(b).
It follows that abl,(a) = b, so Lemma 2.2(i) holds, and this completes the proof of the proposition. ]

Proof of Proposition 3.3. We argue by contradiction. Suppose that a does not have the Borsuk-Ulam

property with respect to 7. By Lemma 2.7, there exist m,n € Z and z,y € (0?),, that satisfy the
following equation in (02) ,,:

(Con—2:—a5—1,—26,m ) Ab(Z) + 0(m, 0y) an(pan(2)) + (c—4s0)ab(y) —y + (Czn—zz—4s—1,o)Ab(625,—25nm)
+ (€0,5,11 ) Ab(J—251-2m) + O—25 5,1 + (M — 8,)(B_4s0 — Boo) = 0. (39)
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Let &: (0?),, — Z2 be the homomorphism defined on the basis { By} ez of (02),,, by:

1 if k=0mod4s or k =2n — 2z — 1 mod 4s
§(Bri) = = : (40)
0 otherwise,
which implies that:
g(BkJ) = g(Bk+4ts,0) for all k’, l,t, s € 7. (41)
Now if s > 0 and ¢ € Z then:
{—o,2i—1)+t+4ls| | i=1,....2/s|} ={(2i—1)+t|i=1,...,2/s|}
={-0_2i-1)+t]|i=1,...,2|s|}. (42)
It follows from (41) and (42) that for all s,t € Z, s # 0:
2|s] 2|s|
3 Z Bi_ 6, 2i-1)0 | =€ Z Bai 1440 | - (43)
i=1 i=1

We claim that the expression on the right-hand side of (43) is equal to 1. To prove the claim, note that
as 1 varies between 1 and 2|s|, the index 2i—1-+¢ takes successively the values 14+¢,3+t, ..., 4|s|—1+t. In
particular, if ¢ is even (resp. odd), 2i— 1+t is never congruent to 0 mod 4s (resp. to 2n—2z—1 mod 4s),
and it is congruent to 2n—2z—1 mod 4s (resp. to 0 mod 4s) for precisely one value of 7, which using (40)
proves the claim. It follows from (43) that for all s, € Z, s # 0:

2|s|
§ (Z By, (2i—1),0) =1 (44)
i=1

Let p,q € Z. Applying (5) and (44), if u = 0 then & o (¢, 4)ap(Oas.u) = 0, while if u # 0 we obtain:

2[s| |ul

€0 (ep)an(O2s) =& [ D Boy2i-1)4p0 — Bowui-tap-10 | = [ul(T+T1) =0.

i=1 j=1
In a similar manner, one sees that & (j_2s,_2m+1) = 1. Taking the image of (39) by &, we conclude that:
€((c2n—2:—15-1,-26,m) ab(@) + 0(1m, 0n) ab(pab(2))) + £((c-a50)an(y) —y) = 1. (45)
Using (5) once more, for all k,l € Z, we have:
€ ((c-15.0)ab(Bra)) + & (Brg) = € (Bi-1s0) + & (Bro) = & (Bro) + & (Bro) =0,

from which we see that £((c_4s0)an(y) —y) = 0. Further, by (3)—(5), we obtain:

€ ((c2n—2:—a5-1,-26,m) ab(Br) + (0(m, 6n) ab © pab) (Bra)) = &(Br—2:42n-10) + §(B-k). (46)
Now:

k—2z+42n—1=0mod 4s <= —k = —2z 4 2n — 1 mod 4s, and
k—2z4+2n—1=—-22+2n — 1 mod 4s <= —k = 0 mod 4s,

from which it follows using (46) that & ((c2n—2,—4s—1,—28,m)ab(Bri) + (6(m, 6,)ab © pab)(Bky)) = 0,
and hence that &((con—2:—4s—1,—26,m)ab(T) + 0(m, ;) an(pan(z))) = 0. Equation (45) then yields a
contradiction. We thus conclude that o has the Borsuk-Ulam property with respect to 7. O

13



Proof of Proposition 3./. Suppose on the contrary that o does not have the Borsuk-Ulam property
with respect to 7. Applying Lemma 2.7 with i = j = 0, 51 = s and s, = 2, there exist m,n € Z and
z,y € (02),, that satisfy the following equation in (02),,:

,U(ZE) + V(y) + (C—4S,O)Ab(T—26n+1r1,6n) + (C2n—2z—4s,0)Ab(023,25n+1(m—r1)+5n+1r2 - Oz—n —26n+17’1)

+ (0—43,—257l+1r1)Ab(j;L—z,—2r1> + (00,5n+1)Ab(j—2s,2enr1—2m+1> + 5—23,5n+1 + (5nrl m+ 5 )
+ (m - 5n)B—4s,—26n+1r1 + TlB2n—2z—4s,26n+1(m—r1)+an+1r2 = 0, (47)

where p,v: (02),, — (02) 4, are the homomorphisms defined on the basis { By }x, ez of (02) 4, by:
W(Bry) = (Con—2:—45,260 41 (m—r1)+ensirs )Ab(Bri) + 0(m + nq171, 6n) Ab(pab (Bi,))
V(Biy) = (C—15,-26,11r1)ab(0(11,0) ab(Br1)) — By

Using Proposition 2.4, one may check that:

,U(Bk‘,l) - Bk)—22+2n—48,l+8k(2(5n+1(m—T1)+€n+17”2) + €k+nB—k,€k+n+1l—26k(m+€n+17”1)
V(Bk,l) = Bk—4s,l—26n+k+1r1 - Bk,l-

In what follows, we analyse in turn each of the conditions (i)—(iii) of the statement of the proposition,
and in each case, we will reach a contradiction.

(i) Suppose that rys # 0, and let & : EAb — Z be the homomorphism defined on the basis
{Bri}triez of (0%)a, by &(Bri) = Op4n for all k1 € Z. Then &i(Byg) = &i(Brsaro) for all
k,l,t € Z, from which we obtain & o u(Bki) = Oksn + EktnOk+n = 0 and & o v(Bg;) = 0.
Using Proposition 2.4, we see that 51(5k,1) = kl(0ns1 — O0n) = enkl, 51(ﬂ,l) = —0p41kl and
& (ﬁw) = 0, k. Taking the image of (47) by &, and making use of these facts, it follows that:

— 25n5n+1T1 + €n(28(25n+1(m — 7“1) + €n+17“2) + 2(2’ — n)5n+17’1 — 285n+1)
— Ong1(—28(=2m +2e,r1 + 1) — 2(n — 2)11)) + On(enr +71) = 0. (48)

Applying the equalities 6,116, = dnt1, Ondni1 = 0 and d,(14¢,) = 0 to (48), we obtain —2rys = 0,
which contradicts the hypothesis.

(ii) Suppose that r; > 0, 72 is even and z = 0, and let &: (02),, — Z2 be the homomorphism
defined on the basis { By }x ez of (02) 4, by:

k+n+1 ifl=e,m—ry/2mod 2|r|

0 otherwise.

§(Bry) = {

So &(Biit) = &(Brrativoun) for all k1 t,u € Z, and &(By;) = 0 if k + n is odd. Also, by
Proposition 2.4 we have:

52 o (Cp,q)Ab = £2 o (Cp+2t,q+2ur1)Ab for all D, q, tu u € yA (49)

To analyse the image by & of the terms of (47), note that if k € Z is even, j € Z, and py, ps € Z
then:
K K - B
(Z Bpioy(2i-1)+p2 ]) Z §2(Bpr—pioii) = k€2(Bps—pioi) = 0

14



In particular, if k£ is even and [ € Z then it follows from Proposition 2.4 that:
&(Jt) = &(0ry) =10, (50)

Using (49) and (50), we conclude that the images by & of the terms (co, 5n+1)Ab(j_28 %enr1—2mt1)s
O_o, ony, and (CQn s o)Ab(O2s 9ni1(m—r1)+ensars) OF (47) are all equal to 0. Similarly, we have
& o (C2n—4s,0)Ab(O—n,—26n+1r1) = 0 if n is even, while if n is odd, & o (C2n—4s,0)Ab(O—n,—26n+1r1) =0

by Proposition 2.4. It follows that & o (czn_4s70)Ab(5_%_25”““) = 0 for all n. Thus the image
of (47) by &, yields:

Ea(p(@) + 1Y) + Totsyirr, + Jnzn +0) =0, (51)
where X = (5nrl —m + 5n)BO,0 + (m - 5n)B—4s,—25n+17‘1 + TlB2n—45726n+1(m—r1)+an+1r2- We now
compute each of the terms of (51).

(a) Let us show that &(T' " osniirn) = n+1 for all n € Z. To see this, if n is odd then

T_25n+17ﬂ175n T01 = 0 by Proposition 2.4, and so EQ(T 9%, 1r,0n) = 0 = n+ 1. So suppose
that n is even. Since r; > 0, we have:

2rq

£2(T—25n+1r1,5 ) 52 T 2rq, 0 252 BOI 2 .

Since the set {1 —i|1 <14 < 2r;} contains precisely one element that is congruent to m —ry/2
modulo 27y, it follows that (195, ,,r,6,) = 7 + 1, which proves the result.

(b) We claim that &(J, n—2r ) = 1 for all n € Z. To see this, if n is even then &(J, m—2rm) =0=7
by (50). So suppose that n is odd. Then n # 0, and since r; > 0, we have:

In|  2r [n| 2r; 2r1
62( n, 27’1 ZZ&Q on(2i—1), 2262(3—07“—]') = 252(B—U7L,—j)~
i=1 j=1 i=1 j=1 j=1
As in case (a), it follows that & (J, _o,) = —0n + 1+ 1 = 7, which proves the claim.

(c) Let us show that the homomorphisms & o 1 and & o v are both zero. It suffices to prove that
they are zero on the elements of the basis { By }rez of (02),,,. Let k,1 € Z. Then:

§20 (Bry) = §2(Brit26,1exmeninsira) T §2(Bren s ppai—26m)- (52)
If k4 n is odd then it follows from (52) and the definition of & that & o u(Bg,;) = 0. So
suppose that k + n is even. Then ¢, = ¢, and €,(1 — 20,,41) = —1 = — (&, + 2J;). Hence:
I 4 20, 1166m — 19 = £,m — 1r9/2 mod 211 <= | = &, (1 — 20,.1)m + r2/2 mod 21,
< —1 = (g, + 20;)m — r3/2 mod 2r;
<— —| —20ym = g,m — 15/2 mod 2.

So the terms on the right hand-side of (52) take the same value in Zs, and thus &opu(By,) =

Since &o(Bj—as1-25,,11m) = E2(Biy), it follows that & o v(Byy) = &(Bra) + &(Bry) =
which proves the result.

0
0

(d) Using the definition of £, and the previous calculation, we have:

§(x) = (=m 4 ep11 4 0,)E2(Boy) + (=0, +m)&(Boyo) + Ti€2(Bon—1s,26, 1 (m—r1)+ensirs)
= T1£2(£0.Bo,o) + T1&2(Ban—15,26, 41 (m—r1)4ensir2)
= 1162 (0(m + £n4171, 00) ab(Pab(Bo)) + (C2n—15.26,41 (m—r1)+ens1r2)ab(Boo))
=T1&2 0 p(Boo) = 0.
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(iii)

Substituting the results of (a)—(d) in (51)yields a contradiction in this case.

Finally, suppose that r; =7, =2 =0 and s # 0. Let &: (02),, — Zy be the homomorphism
defined on the basis { By }xecz of (02) 4, by:

1 if k =n mod 4|s|
Bi) =< _
&(Bra) { 0 otherwise.

Then &3(Bryatst) = &3(Bgy) for all k,1,t € Z. Tt follows from this equality that & o v(y) = 0,

that &3 o (Co,énﬂ)Ab(j—sz—zm) = 53(j—2s,1—2m)7 and that £3((d,, —m)Boo + (m — 6,)B_450) = 0.
Further, since k + 2n = n mod 4|s| if and only if —k = n mod 4|s|, we see from the definition of
w that &(u(x)) = 0. Applying & to (47) and making use of Proposition 2.4, we obtain:

53((C2n—4s70)Ab(625726n+1m)) + f3(j—2s,1—2m) + 53(6—25,5n+1) = 0. (53)

It remains to compute each of the terms of (53).

(a) Let us show that £3((an_4s’0>Ab(523’25n+1m)) = 0. If n is odd or m = 0, this is clearly the
case. So suppose that n is even and m # 0. Then by Proposition 2.4 we have:

2|s| 2|m|

£3((C2n—4s,0)Ab(52s,25n+1m ZZ £3 0s(2i—1)+2n—4s,0 — Bos(2i—1)+2n—4s—1,0))
=1 j=1
2|s|

= 2|m| Z 53 0s(2i—1)+2n—4s,0 — Bos(2i—1)+2n—4s—1,0)) =0.

(b) We claim that 53(j_237_2m+1) =m. To see this, by Proposition 2.4 we have:

2s| [2m—1] 2|s|
53(J—2s,1—2m = Z Z 53 B—O's 2i—1), Z&S -B—U5 2i—1), )
=1 =

Let A= {—-04(2i —1)|1 <i<2|s|}. Then A consists of all odd integers between —o, and
—0og|4s|. So if n is even (resp. odd) then there is no element (resp. exactly one element) of
A that is congruent to n mod 4|s|, and the claim follows.

(c) Let us show that 53(5_23,5n+1) =n+ 1. If n is odd the result is clear. So suppose that n is
even. By Proposition 2.4 we have:

2|s|
£3(0_955,,1) = Z (53( —oy(2i-1),0) T &3( —05(21'—1)—1,0)) .
i=1
Let A={—0,2i—1)|1<i<2|s|} and B={—04(2i — 1) — 1|1 <i < 2|s|}. Note that A
and B are disjoint, and if s < 0 (resp. s > 0), AU B is equal to {0,1,...,4]s| — 1} (resp. to
{—1,-2,...,—4]s|}) So there is exactly one element of AUB that is congruent to n mod 4|s|,
and therefore £5(0_s,5,,,) = 1 =n + 1 as required.

We obtain a contradiction by substituting the results of (a)—(c) in (53), and we conclude that «
possesses the Borsuk-Ulam property with respect to 7. O
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Proof of Proposition 3.5. To prove that o does not have the Borsuk-Ulam property with respect to 7,
it suffices to exhibit elements a,b € P»(K?) that satisfy conditions (i)—(iii) of Lemma 2.2. We define
these elements as follows:

(a) (i) if z =0 and 7y is even, let a = (1;0,0) and b = (1;79/2,0).
(i) if z =1, let a = (v2(u? "o )2 B py 28) and b= (u™*"2 B 0, 1)

(b) if z =0 and ry is odd, let @ = a}* and b = (byo) 20!, where a; = (u2%;1,0) and by = (u™';0,0).

We start by considering case (a). First, (p;)x(a) = (0,0) in case (a)(i) and (p1)g(a) = (r1,2s) in
case (a)(ii), and it follows that (p1)x(a) = ((z+ (1 — 2)d,,)r1, 225) = ax(1,0), so Lemma 2.2(ii) holds.
Secondly, by taking a = b in (11), we obtain (p1)4(bl,(b)) = (r2,0) in case (a)(i) and (p1)4(bl, (b)) =
(wsra, 2) in case (a)(il), and it follows that (p1)x(bly (b)) = (w.sr2, 22) = ax(0, 1), so Lemma 2.2(iii) is
satisfied. In case (a)(i), it is clear that abl,(a) = b, so Lemma 2.2(i) holds, and thus « does not have
the Borsuk-Ulam property with respect to 75 in this case. We now show that Lemma 2.2(i) is satisfied
in case (a)(ii). Taking a = (v**~'v=1:0,0) and b = (1;0,0) in (11) and using Proposition 2.1 and the
fact that B = uvuv™!, we obtain:

(" 1v710,0) = ((Bu—l)2"1—11?31—2”9(%1 —1,0)(uvvuB); 2r; — 1,—1)

= (uwou® oyt B B 20y B B o — 1, —1)

= (wu? B 20 — 1, 1),

So:
(I (u*'70,0))% =((uvu* 2" B> 20 — 1, —1) (wou® 2" B>, 2r) — 1, —1))°
:(U'UU2 27“132 2T1B27”1 -2 —1B2 2T1B27”1 1 U2 4T1B2 27’1‘
(B27"1 —2 —1B2 2r1>2 27‘1327"1 -2, O 2)5
:(u'Uul 2rleu2 4T’1u27“1 2. O 2) _ (UUU2_2T1UU1_2T1;O, _2)8
=(B(vu'™?1)%0, —2)° B(vu!=2)2)%.0, —25).
(
Now:
0(r1,25 + 1)((Bv*)*) = 0(r1, 25 + 1)((u)*) = (B~ (u™ Bou21) B
— (Brl—l(vu1—2r1)B1—r1)2s) — Brl—l(vu1—2r1>2sBl—r1’
and
9(7,1’ 25 + 1)((B(,Uu1—2r1)2)s) — (B_l(Brl’Uu_%lBl_rl. Br1—1u2r1—1Bl—r1)2)s
= (B™Y(B"vu"'BB™")?)* = (B" twvu ' Buu "' BT
— (Brl—lv2B1—r1)s — Brl_lvszl_rl.
Hence:
I-(a) = l,(v™2%;0,0)(I,(u** 1071 0,0)) %1, (B~ 7, 25)
= ((u)**;0, =2s)((B(vu'~ 2”)2) 0,—2s)(B™";r1,25)
= ((wouv™'0?)% 0, =2s) ((B(vu'"2"))% 0, —28) (B~ 1, 25)
= (Bv®)*(B(vu'"?")3)*B™": ry, —25).
If s =0 then:

ably(a) = (B™";7,0)(w";0,1)(B™";7r1,0) = (B™" (B uB™") ™11, 1)(B™"; 714, 0)
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= (u—T’2B—TlBT’1; 07 1) = (u—T’2; O> 1) = b>

while if s # 0 then:

ably(a) = (v W o )2 B " r, 25)(B; 0, 1)((Bv?)*(B(vu'"2™)?)* B~ 1y, —25)
= (v W )BT 25 + 1) (B (B(vu' ™23 B™" 1y, —25)
(U ( 2r1— 12}—1)2831—7“1. Brl_l(vul_2rl)2sBl_rl. BT1_1U2SBl_T1. Brl; O, 1)
=(B;0,1) =

So Lemma 2.2(i) is satisfied in case (a)(ii), and hence o does not have the Borsuk-Ulam property with
respect to 7, in this case.

We now consider case (b). First, (p1)x(a) = (p1)g(a1)™ = (1,00 = (r,0) = ax(1,0), so
Lemma 2.2(ii) holds. Further:

bl, (b) = (bio) 20 o (bio) 20~ o™ = (biobyio) 2B~ = (bil, (b)) B) 2B,

and hence:

(P1) 4 (blo (b)) = ((P1)(b1) (P1) 4 (Lo (b1)) (1) 2 (B) 7 (p1)#(B™1) = (=1,0)™ = (r2,0) = ax(0, 1),
so Lemma 2.2(iii) is satisfied. It remains to show that Lemma 2.2(i) holds. By (12), we have:

arbily(ar) = (u20(1,0) (v 1)O(1,0)((Bu=""2B%);0,0) = (v 26(1,0) (v *(Bu~')"2B%);0,0)

So l,(a;) = by tay by, hence cac™! = I,(a) = by *a~'by, and thus ™ = (byo)"'a(byo). Since ry is odd,
it follows that a™! = (byo)"2a(by0)" = bl,(a)b™!, which implies that abl,(a) = b. So Lemma 2.2(i) is
satisfied in case (a)(ii), and therefore a does not have the Borsuk-Ulam property with respect to 75 in
this case. O
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