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7th July 2021

Abstract

Let M be a topological space that admits a free involution τ , and let N be a topological space. A
homotopy class β ∈ [M,N ] is said to have the Borsuk-Ulam property with respect to τ if for every
representative map f : M −→ N of β, there exists a point x ∈ M such that f(τ(x)) = f(x). In
this paper, we determine the homotopy class of maps from the 2-torus T2 to the Klein bottle K

2

that possess the Borsuk-Ulam property with respect to any free involution of T2 for which the
orbit space is K2. Our results are given in terms of a certain family of homomorphisms involving
the fundamental groups of T2 and K2. This completes the analysis of the Borsuk-Ulam problem
for the case M = T

2 and N = K
2, and for any free involution τ of T2.

1 Introduction

The classical Borsuk-Ulam theorem states that for all n ∈ N and any continuous map f : Sn −→ Rn,
there exists a point x ∈ Sn such that f(−x) = f(x) [3, Satz II]. This result has since been generalised
in many directions, and the reader may consult the extensive survey [19], the book [18], as well as
the papers [2, 4, 6, 7, 8, 14, 15, 16, 17] (note that this list is by no means exhaustive). One such
generalisation consists in the study of the validity of the theorem when we replace Sn and Rn by
manifolds M and N respectively, and we replace the antipodal map of Sn by a free involution τ of M .
More precisely, the triple (M, τ ;N) is said to have the Borsuk-Ulam property if for any continuous
map f : M −→ N , there exists a point x ∈ M for which f(τ(x)) = f(x). Some examples of results
in this direction may be found in [1, 5, 9, 10, 13]. Very recently, the following more refined Borsuk-
Ulam-type problem was introduced by the authors in the context of homotopy classes of maps from
M to N [11]. If β ∈ [M,N ] is a homotopy class of maps between M and N , β is said to have the
Borsuk-Ulam property with respect to τ if for every map f ∈ β, there exists a point x ∈ M (that
depends on f) such that f(τ(x)) = f(x). If a triple (M, τ ;N) satisfies the Borsuk-Ulam property, then
it is certainly the case that every homotopy class of maps between M and N satisfies the Borsuk-Ulam
property with respect to τ . The study of the converse leads to an interesting and delicate question that
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was posed in [11], namely the classification of those elements of [M,N ] that satisfy the Borsuk-Ulam
property with respect to the possible free involutions τ of M . In that paper, the authors solved this
problem in the cases where M = N and M is either the 2-torus T2 or the Klein bottle K2. It is then
natural to consider the case M = T2 and N = K2. In this case, if τ is a free involution of T2 then
the corresponding orbit space T2/〈τ〉 is either T2 and K2. In the first case, where T2/〈τ〉 = T2, the
authors recently determined the elements of the set [T2,K2] that possess the Borsuk-Ulam property
with respect to τ [12]. The current paper is a continuation of [12], in the sense that we determine the
elements of the set [T2,K2] that possess the Borsuk-Ulam property with respect to τ in the second
case, where T2/〈τ〉 = K2. In each of the two cases, by [11, Proposition 21] there is only one class of
free involutions, and by [11, Proposition 8], it suffices to consider a specific free involution of T2.

In order to state Theorem 1.3, which is the main result of this paper, we first recall some facts and
notation. As in [11, Theorems 12 and 19], we identify π1(T

2, ∗) and π1(K
2, ∗) with the free Abelian

group Z⊕Z and the (non-trivial) semi-direct product Z⋊Z respectively. Consider the following short
exact sequence:

1 −→ π1(T
2) = Z⊕ Z

i2−→ π1(K
2) = Z ⋊ Z

θ2−→ Z2 −→ 1, (1)

where the homomorphisms i2 and θ2 are defined by:

i2 :

{
(1, 0) 7−→ (1, 0)

(0, 1) 7−→ (0, 2)
and θ2 :

{
(1, 0) 7−→ 0

(0, 1) 7−→ 1.

By standard results in covering space theory, there exists a double covering c2 : T2 −→ K2 whose
induced homomorphism on the level of fundamental groups is i2. If τ2 : T2 −→ T2 is the non-trivial
deck transformation associated with c2, then it is a free involution. Further, τ2 lifts to a homeomorphism
τ̂2 : R2 −→ R2, where τ̂2(x, y) = (x+ 1

2
, 1− y) for all (x, y) ∈ R2.

We recall an appropriate algebraic description of the set [T2,K2] that was given in [12, Proposi-
tion 1.1 and Remark 1.2].

Proposition 1.1. The set [T2,K2] is in bijection with the subset of Hom(Z⊕Z,Z⋊Z) whose elements
are described as follows:

Type 1:

{
(1, 0) 7−→ (i, 2s1 + 1)

(0, 1) 7−→ (0, 2s2)

Type 3:

{
(1, 0) 7−→ (0, 2s1)

(0, 1) 7−→ (i, 2s2 + 1)

Type 2:

{
(1, 0) 7−→ (i, 2s1 + 1)

(0, 1) 7−→ (i, 2s2 + 1)

Type 4:

{
(1, 0) 7−→ (r1, 2s1)

(0, 1) 7−→ (r2, 2s2),

where i ∈ {0, 1} and s1, s2 ∈ Z for Types 1, 2 and 3, and r1, r2, s1, s2 ∈ Z and r1 ≥ 0 for Type 4.

Remark 1.2. The bijection of Proposition 1.1 may be obtained using standard arguments in homotopy
theory that are described in detail in [20, Chapter V, Corollary 4.4], and more briefly in [11, Theorem 4].
Within the framework of this paper, it may be defined as follows: given a homotopy class β ∈ [T2,K2],
there exists a pointed map f : (T2, ∗) −→ (K2, ∗) that gives rise to a representative of β if we omit
the basepoints. The induced homomorphism f# : π1(T

2, ∗) −→ π1(K
2, ∗) is conjugate to exactly one

of the elements of Hom(Z⊕Z,Z⋊Z), denoted by β#, and described in Proposition 1.1. Note that β#

is independent of the choice of f .

The following theorem is the main result of this paper.

Theorem 1.3. Let β ∈ [T2,K2], and let β# ∈ Hom(Z ⊕ Z,Z ⋊ Z). Then β has the Borsuk-Ulam
property with respect to τ2 if and only if one of the following conditions is satisfied:
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(a) β# is a homomorphism of Type 1, and s2 is even.

(b) β# is a homomorphism of Type 2.

(c) β# is a homomorphism of Type 3, and s1 6= 0.

(d) β# is a homomorphism of Type 4, and one of the following conditions holds:

(i) r2s1 6= 0.

(ii) r2 = s2 = 0 and s1 6= 0.

(iii) s1 = s2 = 0, r1 6= 0 and r2 is even.

It follows from Theorem 1.3 and the remarks in the first paragraph regarding [11, Propositions 8
and 21] that if τ is an arbitrary free involution of T2, one may decide which elements of the set
[T2,K2] possess the Borsuk-Ulam property with respect to τ , which solves the Borsuk-Ulam problem
for [T2,K2].

One of the main tools used in this paper is the study of a certain two-variable equation in the
2-string pure braid group of the Klein bottle, as well as some additional information that may be
obtained from the fundamental groups of the torus and the Klein bottle. So the solutions of certain
equations in the braid groups of some of the surfaces in question play an important rôle in the resolution
of the Borsuk-Ulam problem for homotopy classes. These equations are derived from a commutative
diagram involving fundamental groups and 2-string braid groups of the surfaces (see [11, Theorem 7]
for more details).

The rest of this paper comprises two sections. In Section 2, we start by recalling some notation
and a number of previous results. In Proposition 2.1, we describe some relevant properties of the
2-string pure braid group P2(K

2) of the Klein bottle that appeared in [12]. In Lemma 2.2, we give
an algebraic criterion involving elements of P2(K

2) for a homotopy class to satisfy the Borsuk-Ulam
property, and in Lemma 2.7, we derive a useful necessary condition, in terms of the existence of
solutions to a certain equation in a free Abelian group of infinite rank, for a given homotopy class
to satisfy this property. Section 3 of the paper is devoted to proving Theorem 1.3. The proof will
follow from Propositions 3.1–3.5 whose statements correspond to the types of homotopy classes given
by Proposition 1.1.

2 Preliminaries and algebraic criteria

Let α = [f ] ∈ [T2, ∗;K2, ∗] be a pointed homotopy class, let β ∈ [T2,K2] be the homotopy class for
which f is a representative map if we omit the basepoints, and let τ2 : T2 −→ T2 be the free involution
defined in the Introduction. By [11, Theorem 7(b)], α has the Borsuk-Ulam property with respect to
the free involution τ2 if and only if β does. So to prove Theorem 1.3, it suffices to restrict our attention
to pointed homotopy classes. Let α# denote the induced homomorphism f# : π1(T

2, ∗) −→ π1(K
2, ∗).

We will make use of the following properties of the 2-string pure braid group P2(K
2) of K2 that were

derived in [12, Section 3].

Proposition 2.1. [12, Propositions 3.1, 3.3 and 3.5] The group P2(K
2) is isomorphic to the semi-

direct product F (u, v)⋊θ (Z ⋊ Z), where F (u, v) is the free group of rank 2 on the set {u, v}, and the
action θ : Z ⋊ Z −→ Aut(F (u, v)) is defined as follows:

θ(m,n) :





u 7−→ Bm−δnuεnB−m+δn

v 7−→ Bmvu−2mB−m+δn

B 7−→ Bεn,
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where δn =

{
0 if n is even

1 if n is odd,
εn = (−1)n and B = uvuv−1. With respect to this decomposition, the

following properties hold:

• the standard Artin generator σ ∈ B2(K
2) satisfies σ2 = (B; 0, 0).

• if lσ : P2(K
2) −→ P2(K

2) is the homomorphism defined by lσ(b) = σbσ−1 for all b ∈ P2(K
2), then:

lσ(u
r; 0, 0) = ((Bu−1)rB−r; r, 0) lσ(1;m, 0) = (1;m, 0)

lσ(v
s; 0, 0) = ((uv)−s(uB)δs; 0, s) lσ(1; 0, n) = (Bδn ; 0, n)

lσ(B; 0, 0) = (B; 0, 0)

for all m,n, r, s ∈ Z, where the symbol 1 denotes the trivial element of F (u, v).

• if p1 : F2(K
2) −→ K

2 is the map defined by p1(x, y) = x, then the induced homomorphism
(p1)# : P2(K

2) −→ π1(K
2) = Z ⋊ Z satisfies (p1)#(w; r, s) = (r, s).

Given an element w ∈ F (u, v), let ρ(w) ∈ F (u, v) and g(w) ∈ Z⋊Z such that lσ(w; 0, 0) = (ρ(w), g(w)).
Then g : F (u, v) −→ Z ⋊ Z is the homomorphism defined on the basis {u, v} by:

{
g(u) = (1, 0)

g(v) = (0, 1).

Let 〈σ2〉 be the normal closure of the element σ2. Up to isomorphism, 〈σ2〉 may be identified with the
group Ker (g) which is the free group of infinite countable rank on the set {Bk,l}k,l∈Z, where Bk,l =
vkulBu−lv−k for all k, l ∈ Z. With respect to this description, the action θ : Z ⋊ Z −→ AutF (u, v) and
the map ρ : F (u, v) −→ F (u, v) induce homomorphisms Z⋊Z −→ 〈σ2〉 and 〈σ2〉 −→ 〈σ2〉 respectively,
which we also denote by θ and ρ respectively. Let w ∈ F (u, v), and let g(w) = (r, s). Then there exists
a unique element x ∈ 〈σ2〉 such that w = urvsx.

The following algebraic criterion, similar to that of [11, Lemma 23], will be used in what follows to
decide whether a pointed homotopy class possesses the Borsuk-Ulam property with respect to τ2.

Lemma 2.2. A pointed homotopy class α ∈ [T2, ∗;K2, ∗] does not have the Borsuk-Ulam property with
respect to τ2 if and only if there exist a, b ∈ P2(K

2) such that:

(i) ablσ(a) = b.

(ii) (p1)#(a) = α#(1, 0).

(iii) (p1)#(blσ(b)) = α#(0, 1).

Proof. The proof is similar to that of [11, Lemma 23], using Proposition 2.1 instead of [11, Theorem 12],
and the details are left to the reader.

Corollary 2.3. Let α, α′ ∈ [T2, ∗;K2, ∗] be pointed homotopy classes, and suppose that:

α# :

{
(1, 0) 7−→ (r1, s1)

(0, 1) 7−→ (r2, s2)
and α′

# :

{
(1, 0) 7−→ (r1, s1)

(0, 1) 7−→ (r2, s
′
2)

for some r1, r2, s1, s2, s
′
2 ∈ Z. If s2 ≡ s′2 mod 4 then α has the Borsuk-Ulam property with respect to τ2

if and only if α′ has the Borsuk-Ulam property with respect to τ2.
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Proof. Since the statement is symmetric with respect to α and α′, it suffices to show that if α does not
have the Borsuk-Ulam property then neither does α′. If α does not have the Borsuk-Ulam property,
there exist a, b ∈ P2(K

2) satisfying (i)–(iii) of Lemma 2.2. By hypothesis, there exists k ∈ Z such that
s′2 = s2+4k. Let b′ = b(1; 0, 2k). As in the proof of [12, Corollary 4.2], the centre of B2(K

2) is generated
by (1; 0, 2), so ab′lσ(a) = ablσ(a)(1; 0, 2k) = b(1; 0, 2k) = b′ by (i), (p1)#(a) = α#(1, 0) = α′

#(1, 0)
by (ii), and:

(p1)#(b
′lσ(b

′)) = (p1)#(b(1; 0, 2k)lσ(b(1; 0, 2k))) = (p1)#(blσ(b))(p1)#(1; 0, 4k)

(iii)
= (r2, s2)(0, 4k) = (r2, s

′
2) = α′

#(0, 1).

Lemma 2.2 implies that α′ does not have the Borsuk-Ulam property with respect to τ2, from which
the result follows.

In addition to Proposition 2.1, we use some facts and notation about some automorphisms and
elements of 〈σ2〉 that are summarised in the following proposition. If l ∈ Z, let σl denote its sign, i.e
σl = 1 if l > 0, σl = −1 if l < 0, and σl = 0 if l = 0, and if x and y are elements of a group then let
[x, y] = xyx−1y−1 denote their commutator.

Proposition 2.4. [12, equations (3.14)–(3.16) and Proposition 3.7] The group 〈σ2〉
Ab

is free Abelian,
and {Bk,l := vkulBu−lv−k | k, l ∈ Z} is a basis, namely:

〈σ2〉
Ab

=
⊕

k,l∈Z

Z [Bk,l] .

Let p, q ∈ Z and consider the following automorphism of 〈σ2〉:

cp,q : 〈σ2〉 −→ 〈σ2〉
x 7−→ vpuqxu−qv−p.

(2)

For all (m,n) ∈ Z ⋊ Z and p, q ∈ Z, the endomorphisms θ(m,n), ρ and (cp,q) of 〈σ2〉 induce endo-

morphisms θ(m,n)Ab, ρAb and (cp,q)Ab of 〈σ2〉
Ab

respectively, and they satisfy:

θ(m,n)Ab(Bk,l) = εnBk,εnl−2δkm (3)

ρAb(Bk.l) = εkB−k,ε(k+1)l, and (4)

(cp,q)Ab(Bk,l) = Bk+p,l+εkq. (5)

If k, l ∈ Z and r ∈ {0, 1}, consider the following elements of F (u, v):

Tk,r = uk(Bεru−εr)kεr , Ik = vk(vB)−k, Ok,l =
[
v2k, ul

]
and Jk,l = v2k(vul)−2k. (6)

Then Tk,r, Ik, Ok,l and Jk,l ∈ 〈σ2〉. Let T̃k,r, Ĩk, Õk,l and J̃k,l be the projections of Tk,r, Ik, Ok,l and Jk,l

in 〈σ2〉
Ab
.

(a) If k = 0 then T̃0,r = Ĩ0 = 0, and if k = 0 or l = 0 then Õk,l = J̃k,l = 0.

(b) For all k, l 6= 0:

Ĩk = −σk

σkk∑

i=1

Bσki+(1−σk)/2,0 Õk,l = σkσl

σkk∑

i=1

σll∑

j=1

(
Bσk(2i−1),−σlj+(σl−1)/2 − Bσk(2i−1)−1,σlj−(1+σl)/2

)

T̃k,r = σk

σkk∑

i=1

B0,σk(i+(σk(1−2r)−1)/2) J̃k,l = −σkσl

σkk∑

i=1

σll∑

j=1

Bσk(2i−1),σl(j−(1+σl)/2).
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If k, l ∈ Z, let:
Qk,l = ukv2l+1ukv−2l−1 ∈ F (u, v). (7)

Proposition 2.5. Let k, l ∈ Z. Then Qk,l ∈ 〈σ2〉, and Q0,l = 1. If Q̃k,l denotes the projection of Qk,l

in 〈σ2〉
Ab

then for all k 6= 0:

Qk,l = O−1
l,k

(
σkk∏

i=1

B2l,−i+k(1+σk)/2

)σk

(8)

and

Q̃k,l = −Õl,k + σk

σkk∑

i=1

B2l,σki−(1+σk)/2. (9)

Proof. Clearly Q0,l = 1 for all l ∈ Z. So assume that k 6= 0, and suppose first that l = 0. If |k| = 1
then Qk,0 = ukvukv−1 = Bσk

0,−1+(1+σk)/2
, and (8) is valid in this case. Suppose then that (8) holds for

some k 6= 0. Then by induction we have:

Qk+σk,0 = uσkukvukv−1u−σk . uσkvuσkv−1 = c0,σk
(Qk,0). B

σk

0,−1+(1+σk)/2

=

(
σkk∏

i=1

B0,−i+σk+k(1+σk)/2

)σk

Bσk

0,−1+(1+σk)/2

=





(
k∏

i=1

B0,−i+1+k

)
B0,0 =

k+1∏

i=1

B0,−i+1+k if k > 0

(
−k∏

i=1

B0,−i−1

)−1

B−1
0,−1 =




−(k−1)∏

i=1

B0,−i




−1

if k < 0.

Thus (8) holds for all k 6= 0 and l = 0. Finally, suppose that k 6= 0 and l 6= 0. Then from the case
l = 0, we have:

Qk,l = (ukv2lu−kv−2l)v2l(ukvukv−1)v−2l = O−1
l,k c2l,0(Qk,0) = O−1

l,k c2l,0

(
σkk∏

i=1

B0,−i+k(1+σk)/2

)σk

= O−1
l,k

(
σkk∏

i=1

B2l,−i+k(1+σk)/2

)σk

.

and (8) holds in this case. So for all k, l ∈ Z, (8) is valid, and Qk,l ∈ 〈σ2〉. Equation (9) then follows

by projecting into 〈σ2〉Ab and using the fact that the sets {−i + k(1 + σk)/2 | 1 ≤ i ≤ σkk} and
{σki− (1 + σk)/2 | 1 ≤ i ≤ σkk} are equal.

Let a, b ∈ P2(K
2). By [12, Lemma 4.8], there exist a1, a2, b1, b2, m1, n1, m2, n2 ∈ Z and x, y ∈ 〈σ2〉

such that:
a = (ua1va2x;m1, n1) and b = (ub1vb2y;m2, n2). (10)

Exchanging the rôles of a and b in [12, equations (4.5), (4.6) and (4.8)], and noting that a2 is not
necessarily zero (as it was in the proof of [12, Lemma 4.8]), it follows that:

blσ(a) =(ub1vb2yθ(m2, δn2)((Bu−1)a1B−a1θ(a1, 0)((uv)
−a2(uB)δa2 )θ(a1, δa2)(ρ(x)B

δn1 ));

m2 + εn2(a1 + (−1)δa2m1), a2 + n1 + n2)

6



=(ub1vb2yθ(m2, δn2)((Bu−1)a1B−a1)θ(m2 + εn2a1, δn2)((uv)
−a2(uB)δa2 )

θ(m2 + εn2a1, δn2 + δa2)(ρ(x)B
δn1 );m2 + εn2(a1 + (−1)δa2m1), a2 + n1 + n2). (11)

In a similar manner, exchanging the rôles of a and b in [12, equation (4.4)], replacing b by a in [12,
equation (4.5)], and then substituting a (resp. b) by ab (resp. a) in [12, equation (4.6)], we see that:

ablσ(a) =(ua1va2xθ(m1, δn1)(u
b1vb2y)θ(m1 + εn1m2, δn1+n2)((Bu−1)a1B−a1θ(a1, 0)((uv)

−a2(uB)δa2

θ(0, δa2)(ρ(x)B
δn1 )));m1 + εn1m2 + εn1+n2(a1 + εa2m1), 2n1 + n2 + a2). (12)

The following result is similar to [12, Lemma 4.8], and will be used in the proof of Lemma 2.7.

Lemma 2.6. Let a, b ∈ P2(K
2), which we write in the form (10). Suppose that a and b satisfy the

relation of Lemma 2.2(i). Then:

a1 = εn2m2(εn1 − 1)−m1(1 + εn1+n2) and a2 = −2n1, (13)

so a1 and a2 are even, and:

y =v−b2ua1−b1va2xθ(m1, δn1)(u
b1vb2y).

θ(m1 + (−1)δn1m2, n1 + n2)((Bu−1)a1B−a1θ(a1, 0)((Bv2)−a2/2)θ(a1, 0)(ρ(x)B
δn1 )). (14)

Proof. Let a, b ∈ P2(K
2), which we write in the form (10). By Lemma 2.2(i), we have (p1)#(ablσ(a)) =

(p1)#(b). By (10) and (12), we thus obtain the second relation of (13), and m2 = m1 + εn1m2 +
εn1+n2(a1 +m1), where we have used the fact that a2 is even, and that (−1)δq = εq for all q ∈ Z. The
first relation of (13) then follows, and we deduce also that a1 is even. Equation (14) is then also a
consequence of (10) and (12), using also the equality (uv)2 = Bv2 and the fact that a2 is even.

The following lemma will be used in the proofs of Propositions 3.1, 3.3 and 3.4.

Lemma 2.7. Let α ∈ [T2, ∗;K2, ∗] and suppose that α# :

{
(1, 0) 7−→ (δi+1δj+1r1, 2s1 + i)

(0, 1) 7−→ (δi+1δj+1r2, 2s2 + j),
where

r1, r2, s1, s2 ∈ Z and i, j ∈ {0, 1}. If α does not have the Borsuk-Ulam property with respect to τ2, then
there exist m,n ∈ Z and x, y ∈ 〈σ2〉

Ab
for which the following equality holds in 〈σ2〉

Ab
:

(ca2−b2,a1−b1)Ab(x) + θ(g, δn+i)Ab(ρAb(x)) + (ca2,a1εn+i
)Ab(θ(δi+1δj+1r1, δi)Ab(y))− y

+ (ca2,0)Ab(T̃a1εn+i,δn+i
) + (ca2−b2,0)Ab(Õ2s1+i,a1−b1 − δj+1Õs2−n,2δim−2δi+1δn+1r1 + δjQ̃−2δim,s2−n)

+ (ca2,a1εn+i
)Ab(J̃δi+1(n−s2),−2δi+1δj+1r1) + (ca2−1,a1εn+i+1

)Ab(Ĩ−δib2) + (c0,δn+i+1
)Ab(J̃−2s1−i,1−2g)

+Õ−2s1−i,δn+i−1
+(δn+i+δiεn+i−g)B0,0+(δi−δn+i+εim)Ba2,a1εn+i

+(δi+1δj+1r1−δi)Ba2−b2,a1−b1 = 0,
(15)

where a1 = −2(δi+1δj+1δn+1r1 + δiεnm), a2 = −4s1 − 2i, b1 = δi+1δj+1εnr2 + 2δj+n+1εj+1m, b2 =
2s2 − 2n+ j and g = δi+1δj+1r1 + εim+ εn+ia1.

Proof. Suppose that α ∈ [T2, ∗;K2, ∗] does not have the Borsuk-Ulam property with respect to τ2.
Then there exist a, b ∈ P2(K

2) such that conditions (i)–(iii) of Lemma 2.2 hold. With the notation of
Lemma 2.6:

(m1, n1) = (δi+1δj+1r1, 2s1 + i) (16)

by Lemma 2.2(ii), and (δi+1δj+1r2, 2s2 + j) = (m2, n2)(b1, b2)(m2, n2) by Lemma 2.2(iii) and Proposi-
tion 2.1, so:

b2 = −2n2 + 2s2 + j (17)
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by comparing the second coordinates. Thus:

(δi+1δj+1r2, 2s2 + j) = (m2, n2)(b1,−2n2 + 2s2 + j)(m2, n2) = (m2 + εn2b1,−n2 + 2s2 + j)(m2, n2)

= (m2 + εn2b1 + ε−n2+jm2, 2s2 + j). (18)

The first coordinate of (18) yields εn2b1 = δi+1δj+1r2 −m2 − ε−n2+jm2, and so:

b1 = δi+1δj+1εn2r2 − (εj + εn2)m2 = δi+1δj+1εn2r2 + 2δj+n2+1εj+1m2. (19)

Using the relations (εi − 1) = −2δi and δi+1(1 + εn2+i) = 2δi+1δn2+1, as well as Lemma 2.2(i), (13)
and (16), we have:

a2 = −4s1 − 2i and a1 = −2(δn2+1δi+1δj+1r1 + δiεn2m2) (20)

Let g = m1 + εim2 + εn2+ia1. Then by (14) and Proposition 2.1, there exist x, y ∈ 〈σ2〉 such that:

y =v−b2ua1−b1va2xθ(m1, δn1)(u
b1vb2y).

θ(m1 + (−1)δn1m2, n1 + n2)((Bu−1)a1B−a1θ(a1, 0)((Bv2)−a2/2)θ(a1, 0)(ρ(x)B
δn1 ))

=v−b2ua1−b1va2xBm1−δiuεib1(Bδivu−2m1)b2B−m1+δiθ(m1, δi)(y)B
m1+εim2−δn2+i(Bεn2+iuεn2+i+1)a1 .

(Bεn2+i(Bδn2+ivu−2g)2)−a2/2B−g+δn2+iθ(g, δn2+i)(ρ(x))B
δiεn2+i

=va2−b2 [v−a2 , ua1−b1 ]ua1−b1xBm1−δiu−a1+b1
(
ua1−b1+εib1vb2u−a1εn2+iv−b2

)
v−a2+b2 .va2ua1εn2+i.

(
v−b2(Bδivu−2m1)b2

)
B−m1+δiθ(m1, δi)(y)B

m1+εim2−δn2+iu−a1εn2+i (ua1εn2+i(Bεn2+iuεn2+i+1)a1) .

v−a2
(
va2(Bεn2+i(Bδn2+ivu−2g)2)−a2/2

)
B−g+δn2+iθ(g, δn2+i)(ρ(x))B

δiεn2+i. (21)

It remains to identify the four bracketed terms of (21) with elements of 〈σ2〉. First, by (6) and (7)
we have:

O
−δj+1

s2−n2,2δim2−2δi+1δn2+1r1
Q

δj
−2δim2,s2−n2

=

{
[u2δim2−2δi+1δn2+1r1, v2(s2−n2)] if j = 0

u−2δim2v2(s2−n2)+1u−2δim2v−2(s2−n2)−1 if j = 1

= u−2δi+1δj+1δn2+1r1+2δiεjm2vb2u2δi+1δj+1δn2+1r1−2δim2v−b2 (22)

using (17). Now by (19) and (20):

−a1εn2+i = 2εn2+i(δn2+1δi+1δj+1r1 + δiεn2m2) = 2(δn2+1δi+1δj+1r1 − δim2) and (23)

a1 + (εi − 1)b1 = −2(δn2+1δi+1δj+1r1 + δiεn2m2)− 2δi(δi+1δj+1εn2r2 + 2δj+n2+1εj+1m2)

= −2δn2+1δi+1δj+1r1 − 2δim2(εn2 + 2δj+n2+1εj+1)

= −2δn2+1δi+1δj+1r1 + 2δiεjm2. (24)

It follows from (22), (23) and (24) that:

O
−δj+1

s2−n2,2δim2−2δi+1δn2+1r1
Q

δj
−2δim2,s2−n2

= ua1−b1+εib1vb2u−a1εn2+iv−b2 . (25)

Secondly, by (6) and (17), we have:

Jδi+1(n2−s2),−2m1c−1,0(I−δib2) = vδi+1(δj−b2)(vu−2m1)δi+1(b2−δj)v−1v−δib2(vB)δib2v

= v−δi+1b2vδi+1δj (vu−2m1)−δi+1δj (vu−2m1)δi+1b2v−δib2v−1(vB)δib2v

= v−δi+1b2(vu−2m1)δi+1b2 . v−δib2(v−1vBv)δib2

= v−δi+1b2(vu−2m1)δi+1b2 . v−δib2(Bv)δib2 = v−b2(Bδivu−2m1)b2 (26)
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using the fact that j = δj and vδi+1δj (vu−2m1)−δi+1δj = 1 for all i, j ∈ {0, 1} (recall from (16) that
m1 = δi+1δj+1r1). Thirdly, it follows directly from (6) that:

Ta1εn2+i,δn2+i
= ua1εn2+i(Bεn2+iuεn2+i+1)a1 . (27)

Finally, since a2 is even, we have:

Oa2/2,δn2+i+1
c0,δn2+i+1

(Ja2/2,−2g+1) = [va2 , uδn2+i+1]uδn2+i+1va2(vu−2g+1)−a2u−δn2+i+1

= va2uδn2+i+1((vu−2g+1)2)−a2/2u−δn2+i+1

= va2(uδn2+i+1(vu−2g+1)2u−δn2+i+1)−a2/2

= va2(Bεn2+i(Bδn2+ivu−2g)2)−a2/2. (28)

Substituting (25)–(28) in (21) and using (2) and (6), we obtain:

y = ca2−b2,0(O2s1+i,a1−b1)ca2−b2,a1−b1(x)B
m1−δi
a2−b2,a1−b1

ca2−b2,0(O
−δj+1

s2−n2,2δim2−2δi+1δn2+1r1
Q

δj
−2δim2,s2−n2

)

ca2,a1εn2+i
(Jδi+1(n2−s2),−2m1)ca2,a1εn2+i

(c−1,0(I−δib2))B
−m1+δi
a2,a1εn2+i

ca2,a1εn2+i
(θ(m1, δi)(y))B

m1+εim2−δn2+i

a2,a1εn2+i

ca2,0(Ta1εn2+i,δn2+i
)Oa2/2,δn2+i+1

c0,δn2+i+1
(Ja2/2,−2g+1)B

−g+δn2+i

0,0 θ(g, δn2+i)(ρ(x))B
δiεn2+i

0,0 . (29)

By (5), for all k, l ∈ Z, we have:

(ca2,a1εn2+i
)Ab((c−1,0)Ab(Bk,l)) =(ca2,a1εn2+i

)Ab(Bk−1,l) = Bk+a2−1,l+εka1εn2+i+1

=(ca2−1,a1εn2+i+1
)Ab(Bk,l). (30)

By abuse of notation, let x and y denote the projection in 〈σ2〉Ab of the elements x and y respectively,

and letm = m2 and n = n2. Projecting (29) in 〈σ2〉Ab and using (16), (20), (30) and Proposition 2.4(b),
we obtain (15) as required.

3 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. Its proof will follow from the following five propositions.

Proposition 3.1. Suppose that α# :

{
(1, 0) 7−→ (0, 2s+ 1)

(0, 1) 7−→ (0, (2z + 1)w)
for some s ∈ Z and z, w ∈ {0, 1}.

Then α has the Borsuk-Ulam property with respect to τ2.

Proposition 3.2. Suppose that α# :

{
(1, 0) 7−→ (0, (2s+ 1)(1− w))

(0, 1) 7−→ (0, (2z − 1)w + 2)
for some s ∈ Z and z, w ∈

{0, 1}. Then α does not have the Borsuk-Ulam property with respect to τ2.

Proposition 3.3. Suppose that α# :

{
(1, 0) 7−→ (0, 2s)

(0, 1) 7−→ (0, 2z + 1)
for some s ∈ Z \ {0} and z ∈ {0, 1}.

Then α has the Borsuk-Ulam property with respect to τ2.

Proposition 3.4. Suppose that α# :

{
(1, 0) 7−→ (r1, 2s)

(0, 1) 7−→ (r2, 2z)
for some r1, r2, s ∈ Z and z ∈ {0, 1},

where r1 ≥ 0, satisfy one of the following conditions:

(i) r2s 6= 0.
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(ii) r1 > 0, r2 is even and z = 0.

(iii) r1 = r2 = z = 0 and s 6= 0.

Then α has the Borsuk-Ulam property with respect to τ2.

Proposition 3.5. For n ∈ Z, let ωn = 1 (resp. ωn = 0) if n = 0 (resp. if n 6= 0), and let δn as defined

in Proposition 2.1. Suppose that α# :

{
(1, 0) 7−→ ((z + (1− z)δr2)r1, 2zs)

(0, 1) 7−→ (ωzsr2, 2z)
for some r1, r2, s ∈ Z and

z ∈ {0, 1} such that r1 ≥ 0. Then α does not have the Borsuk-Ulam property with respect to τ2.

We will prove Propositions 3.1–3.5 presently. Assuming for the moment that they hold, we first
give the proof of Theorem 1.3.

Proof of Theorem 1.3. Applying [11, Theorem 7(b)], [12, Proposition 2.2] and Corollary 2.3, we claim
that Theorem 1.3 follows from Propositions 3.1–3.5. To see this, let α ∈ [T2, ∗;K2, ∗] be a pointed
homotopy class, and let α# : π1(T

2) −→ π1(K
2) be the homomorphism described in Remark 1.2, which

is of one of the types 1–4 given in the statement of Proposition 1.1.

(a) Suppose that α# is of Type 1, 2 or 3, and let i ∈ {0, 1}, s1 and s2 be the integers that appear in
the description of α# in Proposition 1.1. By [12, Proposition 2.2] and Corollary 2.3, it suffices to
consider the cases where i = 0, and s2 ∈ {0, 1}. In order to apply Propositions 3.1–3.2, we may
subdivide these cases as follows.

(i) If α# is of Type 1 and s2 = 0 (resp. s2 = 1) then α has (resp. does not have) the Borsuk-Ulam
property with respect to τ2 by Proposition 3.1 (resp. Proposition 3.2).

(ii) If α# is of Type 2 then α has the Borsuk-Ulam property with respect to τ2 by Proposition 3.1.

(iii) If α# is of Type 3 then α has the Borsuk-Ulam property with respect to τ2 if and only if
s1 6= 0 by Propositions 3.2 and 3.3.

(b) Suppose that α# is of Type 4, and let r1, r2, s1 and s2 be the integers that appear in the description
of α# in Proposition 1.1, where r1 ≥ 0. By Corollary 2.3, it suffices to consider the cases where
s2 ∈ {0, 1}. In order to apply Propositions 3.4–3.5, we may subdivide these cases as follows.

(i) Suppose that s1r2 6= 0. Then α has the Borsuk-Ulam property with respect to τ2 by Propos-
ition 3.4(i).

(ii) Suppose that s1 6= 0 and r2 = 0. If s2 = 1 then α does not have the Borsuk-Ulam property
with respect to τ2 by Proposition 3.5. So suppose that s2 = 0. If r1 > 0 (resp. r1 =
0) then α has the Borsuk-Ulam property with respect to τ2 by Proposition 3.4(ii) (resp.
Proposition 3.4(iii)).

(iii) Finally, suppose that s1 = 0. If s2 = 0, r2 is even and r1 > 0 then α has the Borsuk-Ulam
property with respect to τ2 by Proposition 3.4(ii). In the remaining cases (either s2 = 1, or
s2 = 0, and either r2 is odd, or else r2 is even and r1 = 0), α does not have the Borsuk-Ulam
property with respect to τ2 by Proposition 3.5.

The rest of this section is devoted to proving Propositions 3.1–3.5.

Proof of Proposition 3.1. Suppose on the contrary that α does not have the Borsuk-Ulam property
with respect to τ2. Applying Lemma 2.7 with s1 = s, i = 1, s2 = zw and j = w, there exist m,n ∈ Z

and x, y ∈ 〈σ2〉Ab that satisfy the following equation in 〈σ2〉Ab:
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(c2n−(2z+1)w−4s−2,2mεwδn+w
)Ab(x) + θ(m, δn+1)Ab(ρAb(x)) + (c−4s−2,2m)Ab(θ(0, 1)Ab(y))− y

+ (c−4s−2,0)Ab(T̃2m,δn+1) + (c2n−(2z+1)w−4s−2,0)Ab(Õ2s+1,2mεwδn+w
− δw+1Õzw−n,2m + δwQ̃−2m,zw−n)

+ (c−4s−3,−2m)Ab(Ĩ2n−(2z+1)w) + (c0,δn)Ab(J̃−2s−1,1−2m) + Õ−2s−1,δn

+ (δn −m)(B0,0 +B−4s−2,2m)−B2n−(2z+1)w−4s−2,2mεwδn+w
= 0, (31)

where we have also used the fact that εn + δw+n+1εw+1 = −εwδn+w. Let ξ : 〈σ2〉Ab −→ Z2 = {0, 1} be

the homomorphism defined on the basis {Bk,l}k,l∈Z of 〈σ2〉Ab by ξ(Bk,l) = δw1 + δw+1k for all k, l ∈ Z.
To prove the result, we will arrive at a contradiction by computing the image by ξ of (31). Clearly
ξ(Bk,l) = ξ(Bk,0) for all k, l ∈ Z. Using Proposition 2.4, we may check that ξ ◦ θ(m,n)Ab = ξ ◦ ρAb = ξ
for all m,n ∈ Z, and that ξ ◦ (cp,q)Ab = ξ if w is odd or p is even, from which it follows that the image

of the first line of (31) by ξ is equal to 0. Note that if k = 0 or l = 0 then ξ(Õk,l) = ξ(0) = 0, while if
k, l ∈ Z \ {0} then:

ξ(Õk,l) =

|k|∑

i=1

|l|∑

j=1

ξ
(
Bσk(2i−1),−σlj+(σl−1)/2 − Bσk(2i−1)−1,σlj−(1+σl)/2

)
= |k||l|

(
(δw1 + δw+11) + δw1

)

= |k||l|δw+11.

In particular, if w is odd, or if either k or l is even then ξ(Õk,l) = 0. Taking the image of (31) and
using the above computations involving compositions with ξ and the fact that δw+1w = 0, we obtain:

ξ(T̃2m,δn+1)+δwξ(Q̃−2m,zw−n)+ξ ◦ (c−4s−3,−2m)Ab(Ĩ2n−(2z+1)w)+ξ(J̃−2s−1,1−2m)+δw+1δn+δw = 0. (32)

If m = 0 then ξ(T̃2m,δn+1) = ξ(Q̃−2m,zw−n) = ξ(0) = 0, while if m 6= 0 then:

ξ(T̃2m,δn+1) =

|2m|∑

i=1

ξ(B0,σm(i+(σm(1−2δn+1)−1)/2)) =

|2m|∑

i=1

ξ(B0,0) =

|2m|∑

i=1

δw = 0 (33)

ξ(Q̃−2m,zw−n) = ξ(Õzw−n,−2m) +

|2m|∑

i=1

ξ(B2(zw−n),σ
−mi−(1+σ

−m)/2) =

|2m|∑

i=1

δw = 0. (34)

Now:

ξ(J̃−2s−1,1−2m) =

|2s+1|∑

i=1

|2m−1|∑

j=1

ξ(B−σ2s+1(2i−1),σ1−2m(j−(1+σ1−2m)/2)) =

|2s+1|∑

i=1

|2m−1|∑

j=1

ξ(B−σ2s+1(2i−1),0)

=

|2s+1|∑

i=1

|2m−1|∑

j=1

(δw + δw+1) =

|2s+1|∑

i=1

|2m−1|∑

j=1

1 = 1. (35)

It follows from (32)–(35) that:

ξ ◦ (c−4s−3,−2m)Ab(Ĩ2n−(2z+1)w) + 1 + δw+1δn + δw = 0. (36)

Assume first that w = 0. If n = 0 then (36) gives rise to a contradiction. So suppose that n 6= 0.
Then:

ξ ◦ (c−4s−3,−2m)Ab(Ĩ2n−(2z+1)w) = ξ ◦ (c−4s−3,−2m)Ab(Ĩ2n) = ξ ◦ (c−4s−3,−2m)Ab

(
2|n|∑

i=1

Bσni+(1−σn)/2,0

)
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=

2|n|∑

i=1

ξ(Bσni+(1−σn)/2−4s−3,0) = δn.

The last equality follows from the fact that as i varies between 1 and 2|n|, σni+(1−σn)/2−4s−3 runs
over 2|n| consecutive integers of which exactly |n| are odd. Equation (36) then yields a contradiction.
Finally if w = 1 then:

ξ ◦ (c−4s−3,−2m)Ab(Ĩ2n−(2z+1)w) = ξ ◦ (c−4s−3,−2m)Ab(Ĩ2n−2z−1)

=

|2n−2z−1|∑

i=1

ξ(Bσ2n−2z−1i+(1−σ2n−2z−1)/2−4s−3,0) = 1,

using the definition of ξ. Once more, (36) gives rises to a contradiction. We conclude that α has the
Borsuk-Ulam property with respect to τ2.

Proof of Proposition 3.2. Let a = (v(4s+2)(w−1)x; 0, (2s + 1)(1 − w)) and b = (vw; 0, w(z − 1) + 1),
where x = (v2s+2(Bv2)−s−1)1−w ∈ 〈σ2〉. Note that a, b ∈ P2(K

2). To prove the result, it suffices to
show that these elements satisfy Lemma 2.2(i)–(iii). Clearly (p1)#(a) = α#(1, 0), so Lemma 2.2(ii)
holds. With the notation of (10), we have a1 = m1 = b1 = m2 = 0, y = 1 and a2 is even. Taking
a = b in (11), we may check that (p1)#(blσ(b)) = (0, b2 + 2n2), and this may be seen to be equal
to α#(0, 1), so Lemma 2.2(iii) is satisfied too. It remains to show that Lemma 2.2(i) holds. As
in [12, p. 534], let pF : P2(K

2) −→ F (u, v) be defined by pF (w;m,n) = w for all w ∈ F (u, v) and
(m,n) ∈ Z ⋊ Z. Then w = (pF (w); (p1)#(w)), and to prove that ablσ(a) = b, it thus suffices to show
that (p1)#(ablσ(a)) = (p1)#(b) and that pF (ablσ(a)) = pF (b). By (12), we have:

ablσ(a) = (va2xθ(0, δn1)(v
b2)θ(0, δn1+n2)((uv)

−a2ρ(x)Bδn1 ); 0, 2n1 + n2 + a2). (37)

One may check easily that (p1)#(ablσ(a)) = (p1)#(b). Hence it remains to show that pF (ablσ(a)) =
pF (b). By (37), if w = 1 then x = 1 and pF (ablσ(a)) = v = pF (b). So suppose that w = 0. Then
by (37) and the fact that Bv2 = (uv)2, we have:

pF (ablσ(a)) = v−4s−2v2s+2(Bv2)−s−1(uv)4s+2ρ(x)B = v−2s(uv)2sρ(x)B. (38)

Recall that ρ(x) = pF (lσ(x); 0, 0) by [12, equation (3.2)]. Now x = v2s+2(Bv2)−s−1, and using Propos-
ition 2.1, we obtain:

lσ(x; 0, 0) = lσ(v
2s+2(Bv2)−s−1; 0, 0) = ((uv)−2s−2; 0, 2s+ 2)(B(uv)−2; 0, 2)−s−1

= ((uv)−2s−2(B(uv)−2)−s−1; 0, 0).

So ρ(x) = (uv)−2s−2(B(uv)−2)−s−1. Since (uv)2 = Bv2, we see from (38) that:

pF (ablσ(a)) = v−2s(uv)−2(B(uv)−2)−s−1B = v−2s−2B−1(Bv−2B−1)−s−1B = 1 = pF (b).

It follows that ablσ(a) = b, so Lemma 2.2(i) holds, and this completes the proof of the proposition.

Proof of Proposition 3.3. We argue by contradiction. Suppose that α does not have the Borsuk-Ulam
property with respect to τ2. By Lemma 2.7, there exist m,n ∈ Z and x, y ∈ 〈σ2〉Ab that satisfy the

following equation in 〈σ2〉Ab:

(c2n−2z−4s−1,−2δnm)Ab(x) + θ(m, δn)Ab(ρAb(x)) + (c−4s,0)Ab(y)− y + (c2n−2z−4s−1,0)Ab(Õ2s,−2δnm)

+ (c0,δn+1)Ab(J̃−2s,1−2m) + Õ−2s,δn+1 + (m− δn)(B−4s,0 − B0,0) = 0. (39)
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Let ξ : 〈σ2〉Ab −→ Z2 be the homomorphism defined on the basis {Bk,l}k,l∈Z of 〈σ2〉Ab by:

ξ(Bk,l) =

{
1 if k ≡ 0 mod 4s or k ≡ 2n− 2z − 1 mod 4s

0 otherwise,
(40)

which implies that:
ξ(Bk,l) = ξ(Bk+4ts,0) for all k, l, t, s ∈ Z. (41)

Now if s > 0 and t ∈ Z then:
{
−σs(2i− 1) + t+ 4|s|

∣∣ i = 1, . . . , 2|s|
}
=
{
(2i− 1) + t

∣∣ i = 1, . . . , 2|s|
}

=
{
−σ−s(2i− 1) + t

∣∣ i = 1, . . . , 2|s|
}
. (42)

It follows from (41) and (42) that for all s, t ∈ Z, s 6= 0:

ξ




2|s|∑

i=1

Bt−σs(2i−1),0


 = ξ




2|s|∑

i=1

B2i−1+t,0


 . (43)

We claim that the expression on the right-hand side of (43) is equal to 1. To prove the claim, note that
as i varies between 1 and 2|s|, the index 2i−1+t takes successively the values 1+t, 3+t, . . . , 4|s|−1+t. In
particular, if t is even (resp. odd), 2i−1+t is never congruent to 0 mod 4s (resp. to 2n−2z−1 mod 4s),
and it is congruent to 2n−2z−1 mod 4s (resp. to 0 mod 4s) for precisely one value of i, which using (40)
proves the claim. It follows from (43) that for all s, t ∈ Z, s 6= 0:

ξ

(
2|s|∑

i=1

Bt−σs(2i−1),0

)
= 1. (44)

Let p, q ∈ Z. Applying (5) and (44), if u = 0 then ξ ◦ (cp,q)Ab(Õ2s,u) = 0, while if u 6= 0 we obtain:

ξ ◦ (cp,q)Ab(Õ2s,u) = ξ




2|s|∑

i=1

|u|∑

j=1

Bσ2s(2i−1)+p,0 − Bσ2s(2i−1)+p−1,0


 = |u|(1 + 1) = 0.

In a similar manner, one sees that ξ(J̃−2s,−2m+1) = 1. Taking the image of (39) by ξ, we conclude that:

ξ((c2n−2z−4s−1,−2δnm)Ab(x) + θ(m, δn)Ab(ρAb(x))) + ξ((c−4s,0)Ab(y)− y) = 1. (45)

Using (5) once more, for all k, l ∈ Z, we have:

ξ ((c−4s,0)Ab(Bk,l)) + ξ (Bk,l) = ξ (Bk−4s,0) + ξ (Bk,0) = ξ (Bk,0) + ξ (Bk,0) = 0,

from which we see that ξ((c−4s,0)Ab(y)− y) = 0. Further, by (3)–(5), we obtain:

ξ ((c2n−2z−4s−1,−2δnm)Ab(Bk,l) + (θ(m, δn)Ab ◦ ρAb)(Bk,l)) = ξ(Bk−2z+2n−1,0) + ξ(B−k,0). (46)

Now:

k − 2z + 2n− 1 ≡ 0 mod 4s ⇐⇒ −k ≡ −2z + 2n− 1 mod 4s, and

k − 2z + 2n− 1 ≡ −2z + 2n− 1 mod 4s ⇐⇒ −k ≡ 0 mod 4s,

from which it follows using (46) that ξ ((c2n−2z−4s−1,−2δnm)Ab(Bk,l) + (θ(m, δn)Ab ◦ ρAb)(Bk,l)) = 0,
and hence that ξ((c2n−2z−4s−1,−2δnm)Ab(x) + θ(m, δn)Ab(ρAb(x))) = 0. Equation (45) then yields a
contradiction. We thus conclude that α has the Borsuk-Ulam property with respect to τ2.
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Proof of Proposition 3.4. Suppose on the contrary that α does not have the Borsuk-Ulam property
with respect to τ2. Applying Lemma 2.7 with i = j = 0, s1 = s and s2 = z, there exist m,n ∈ Z and
x, y ∈ 〈σ2〉Ab that satisfy the following equation in 〈σ2〉Ab:

µ(x) + ν(y) + (c−4s,0)Ab(T̃−2δn+1r1,δn) + (c2n−2z−4s,0)Ab(Õ2s,2δn+1(m−r1)+εn+1r2 − Õz−n,−2δn+1r1)

+ (c−4s,−2δn+1r1)Ab(J̃n−z,−2r1) + (c0,δn+1)Ab(J̃−2s,2εnr1−2m+1) + Õ−2s,δn+1 + (εnr1 −m+ δn)B0,0

+ (m− δn)B−4s,−2δn+1r1 + r1B2n−2z−4s,2δn+1(m−r1)+εn+1r2 = 0, (47)

where µ, ν : 〈σ2〉Ab −→ 〈σ2〉Ab are the homomorphisms defined on the basis {Bk,l}k,l∈Z of 〈σ2〉Ab by:

µ(Bk,l) = (c2n−2z−4s,2δn+1(m−r1)+εn+1r2)Ab(Bk,l) + θ(m+ εn+1r1, δn)Ab(ρAb(Bk,l))

ν(Bk,l) = (c−4s,−2δn+1r1)Ab(θ(r1, 0)Ab(Bk,l))−Bk,l.

Using Proposition 2.4, one may check that:

µ(Bk,l) = Bk−2z+2n−4s,l+εk(2δn+1(m−r1)+εn+1r2) + εk+nB−k,εk+n+1l−2δk(m+εn+1r1)

ν(Bk,l) = Bk−4s,l−2δn+k+1r1 − Bk,l.

In what follows, we analyse in turn each of the conditions (i)–(iii) of the statement of the proposition,
and in each case, we will reach a contradiction.

(i) Suppose that r2s 6= 0, and let ξ1 : 〈σ2〉Ab −→ Z be the homomorphism defined on the basis

{Bk,l}k,l∈Z of 〈σ2〉Ab by ξ1(Bk,l) = δk+n for all k, l ∈ Z. Then ξ1(Bk,l) = ξ1(Bk+2t,0) for all
k, l, t ∈ Z, from which we obtain ξ1 ◦ µ(Bk,l) = δk+n + εk+nδk+n = 0 and ξ1 ◦ ν(Bk,l) = 0.

Using Proposition 2.4, we see that ξ1(Õk,l) = kl(δn+1 − δn) = εnkl, ξ1(J̃k,l) = −δn+1kl and

ξ1(T̃k,r) = δnk. Taking the image of (47) by ξ1, and making use of these facts, it follows that:

− 2δnδn+1r1 + εn(2s(2δn+1(m− r1) + εn+1r2) + 2(z − n)δn+1r1 − 2sδn+1)

− δn+1(−2s(−2m+ 2εnr1 + 1)− 2(n− z)r1)) + δn(εnr1 + r1) = 0. (48)

Applying the equalities δn+1εn = δn+1, δnδn+1 = 0 and δn(1+εn) = 0 to (48), we obtain−2r2s = 0,
which contradicts the hypothesis.

(ii) Suppose that r1 > 0, r2 is even and z = 0, and let ξ2 : 〈σ2〉Ab −→ Z2 be the homomorphism

defined on the basis {Bk,l}k,l∈Z of 〈σ2〉Ab by:

ξ2(Bk,l) =

{
k + n+ 1 if l ≡ εnm− r2/2 mod 2|r1|

0 otherwise.

So ξ2(Bk,l) = ξ2(Bk+2t,l+2ur1) for all k, l, t, u ∈ Z, and ξ2(Bk,l) = 0 if k + n is odd. Also, by
Proposition 2.4 we have:

ξ2 ◦ (cp,q)Ab = ξ2 ◦ (cp+2t,q+2ur1)Ab for all p, q, t, u ∈ Z. (49)

To analyse the image by ξ2 of the terms of (47), note that if k ∈ Z is even, j ∈ Z, and ρ1, ρ2 ∈ Z

then:

ξ2

(
|k|∑

i=1

Bρ1σk(2i−1)+ρ2,j

)
=

|k|∑

i=1

ξ2(Bρ2−ρ1σk ,j) = kξ2(Bρ2−ρ1σk,j) = 0.
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In particular, if k is even and l ∈ Z then it follows from Proposition 2.4 that:

ξ2(J̃k,l) = ξ2(Õk,l) = 0. (50)

Using (49) and (50), we conclude that the images by ξ2 of the terms (c0,δn+1)Ab(J̃−2s,2εnr1−2m+1),

Õ−2s,δn+1 and (c2n−4s,0)Ab(Õ2s,2δn+1(m−r1)+εn+1r2) of (47) are all equal to 0. Similarly, we have

ξ2 ◦ (c2n−4s,0)Ab(Õ−n,−2δn+1r1) = 0 if n is even, while if n is odd, ξ2 ◦ (c2n−4s,0)Ab(Õ−n,−2δn+1r1) = 0

by Proposition 2.4. It follows that ξ2 ◦ (c2n−4s,0)Ab(Õ−n,−2δn+1r1) = 0 for all n. Thus the image
of (47) by ξ2 yields:

ξ2(µ(x) + ν(y) + T̃−2δn+1r1,δn + J̃n,−2r1 + χ) = 0, (51)

where χ = (εnr1 − m + δn)B0,0 + (m − δn)B−4s,−2δn+1r1 + r1B2n−4s,2δn+1(m−r1)+εn+1r2. We now
compute each of the terms of (51).

(a) Let us show that ξ2(T̃−2δn+1r1,δn) = n+ 1 for all n ∈ Z. To see this, if n is odd then

T̃−2δn+1r1,δn = T̃0,1 = 0 by Proposition 2.4, and so ξ2(T̃−2δn+1r1,δn) = 0 = n+ 1. So suppose
that n is even. Since r1 > 0, we have:

ξ2(T̃−2δn+1r1,δn) = ξ2(T̃−2r1,0) =

2r1∑

i=1

ξ2(B0,1−i).

Since the set {1−i | 1 ≤ i ≤ 2r1} contains precisely one element that is congruent to m−r2/2

modulo 2r1, it follows that ξ2(T̃−2δn+1r1,δn) = n + 1, which proves the result.

(b) We claim that ξ2(J̃n,−2r1) = n for all n ∈ Z. To see this, if n is even then ξ2(J̃n,−2r1) = 0 = n
by (50). So suppose that n is odd. Then n 6= 0, and since r1 > 0, we have:

ξ2(J̃n,−2r1) =

|n|∑

i=1

2r1∑

j=1

ξ2(Bσn(2i−1),−j) =

|n|∑

i=1

2r1∑

j=1

ξ2(B−σn,−j) =

2r1∑

j=1

ξ2(B−σn,−j).

As in case (a), it follows that ξ2(J̃n,−2r1) = −σn + n+ 1 = n, which proves the claim.

(c) Let us show that the homomorphisms ξ2 ◦µ and ξ2 ◦ ν are both zero. It suffices to prove that
they are zero on the elements of the basis {Bk,l}k,l∈Z of 〈σ2〉Ab. Let k, l ∈ Z. Then:

ξ2 ◦ µ(Bk,l) = ξ2(Bk,l+2δn+1εkm+εk+n+1r2) + ξ2(Bk,εn+k+1l−2δkm). (52)

If k + n is odd then it follows from (52) and the definition of ξ2 that ξ2 ◦ µ(Bk,l) = 0. So
suppose that k + n is even. Then εk = εn and εn(1− 2δn+1) = −1 = −(εn + 2δk). Hence:

l + 2δn+1εkm− r2 ≡ εnm− r2/2 mod 2r1 ⇐⇒ l ≡ εn(1− 2δn+1)m+ r2/2 mod 2r1

⇐⇒ −l ≡ (εn + 2δk)m− r2/2 mod 2r1

⇐⇒ −l − 2δkm ≡ εnm− r2/2 mod 2r1.

So the terms on the right hand-side of (52) take the same value in Z2, and thus ξ2◦µ(Bk,l) = 0.
Since ξ2(Bk−4s,l−2δn+k+1r1) = ξ2(Bk,l), it follows that ξ2 ◦ ν(Bk,l) = ξ2(Bk,l) + ξ2(Bk,l) = 0,
which proves the result.

(d) Using the definition of ξ2 and the previous calculation, we have:

ξ2(χ) = (−m+ εnr1 + δn)ξ2(B0,0) + (−δn +m)ξ2(B0,0) + r1ξ2(B2n−4s,2δn+1(m−r1)+εn+1r2)

= r1ξ2(εnB0,0) + r1ξ2(B2n−4s,2δn+1(m−r1)+εn+1r2)

= r1ξ2
(
θ(m+ εn+1r1, δn)Ab(ρAb(B0,0)) + (c2n−4s,2δn+1(m−r1)+εn+1r2)Ab(B0,0)

)

= r1ξ2 ◦ µ(B0,0) = 0.
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Substituting the results of (a)–(d) in (51)yields a contradiction in this case.

(iii) Finally, suppose that r1 = r2 = z = 0 and s 6= 0. Let ξ3 : 〈σ2〉Ab −→ Z2 be the homomorphism

defined on the basis {Bk,l}k,l∈Z of 〈σ2〉Ab by:

ξ3(Bk,l) =

{
1 if k ≡ n mod 4|s|

0 otherwise.

Then ξ3(Bk+4ts,l) = ξ3(Bk,0) for all k, l, t ∈ Z. It follows from this equality that ξ3 ◦ ν(y) = 0,

that ξ3 ◦ (c0,δn+1)Ab(J̃−2s,1−2m) = ξ3(J̃−2s,1−2m), and that ξ3((δn −m)B0,0 + (m− δn)B−4s,0) = 0.
Further, since k + 2n ≡ n mod 4|s| if and only if −k ≡ n mod 4|s|, we see from the definition of
µ that ξ3(µ(x)) = 0. Applying ξ3 to (47) and making use of Proposition 2.4, we obtain:

ξ3((c2n−4s,0)Ab(Õ2s,2δn+1m)) + ξ3(J̃−2s,1−2m) + ξ3(Õ−2s,δn+1) = 0. (53)

It remains to compute each of the terms of (53).

(a) Let us show that ξ3((c2n−4s,0)Ab(Õ2s,2δn+1m)) = 0. If n is odd or m = 0, this is clearly the
case. So suppose that n is even and m 6= 0. Then by Proposition 2.4 we have:

ξ3((c2n−4s,0)Ab(Õ2s,2δn+1m)) =

2|s|∑

i=1

2|m|∑

j=1

(
ξ3
(
Bσs(2i−1)+2n−4s,0 −Bσs(2i−1)+2n−4s−1,0

))

= 2|m|

2|s|∑

i=1

(
ξ3
(
Bσs(2i−1)+2n−4s,0 − Bσs(2i−1)+2n−4s−1,0

))
= 0.

(b) We claim that ξ3(J̃−2s,−2m+1) = n. To see this, by Proposition 2.4 we have:

ξ3(J̃−2s,1−2m) =

2|s|∑

i=1

|2m−1|∑

j=1

ξ3(B−σs(2i−1),0) =

2|s|∑

i=1

ξ3(B−σs(2i−1),0).

Let A = {−σs(2i − 1) | 1 ≤ i ≤ 2|s|}. Then A consists of all odd integers between −σs and
−σs|4s|. So if n is even (resp. odd) then there is no element (resp. exactly one element) of
A that is congruent to n mod 4|s|, and the claim follows.

(c) Let us show that ξ3(Õ−2s,δn+1) = n+ 1. If n is odd the result is clear. So suppose that n is
even. By Proposition 2.4 we have:

ξ3(Õ−2s,δn+1) =

2|s|∑

i=1

(
ξ3(B−σs(2i−1),0) + ξ3(B−σs(2i−1)−1,0)

)
.

Let A = {−σs(2i− 1) | 1 ≤ i ≤ 2|s|} and B = {−σs(2i− 1)− 1 | 1 ≤ i ≤ 2|s|}. Note that A
and B are disjoint, and if s < 0 (resp. s > 0), A ∪B is equal to {0, 1, . . . , 4|s| − 1} (resp. to
{−1,−2, . . . ,−4|s|}) So there is exactly one element of A∪B that is congruent to n mod 4|s|,

and therefore ξ3(Õ−2s,δn+1) = 1 = n + 1 as required.

We obtain a contradiction by substituting the results of (a)–(c) in (53), and we conclude that α
possesses the Borsuk-Ulam property with respect to τ2.
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Proof of Proposition 3.5. To prove that α does not have the Borsuk-Ulam property with respect to τ2,
it suffices to exhibit elements a, b ∈ P2(K

2) that satisfy conditions (i)–(iii) of Lemma 2.2. We define
these elements as follows:

(a) (i) if z = 0 and r2 is even, let a = (1; 0, 0) and b = (1; r2/2, 0).

(ii) if z = 1, let a = (v−2s(u2r1−1v−1)2sB−r1; r1, 2s) and b = (u−ωsr2B1−ωs; 0, 1)

(b) if z = 0 and r2 is odd, let a = ar11 and b = (b1σ)
−r2σ−1, where a1 = (u−2; 1, 0) and b1 = (u−1; 0, 0).

We start by considering case (a). First, (p1)#(a) = (0, 0) in case (a)(i) and (p1)#(a) = (r1, 2s) in
case (a)(ii), and it follows that (p1)#(a) = ((z+ (1− z)δr2)r1, 2zs) = α#(1, 0), so Lemma 2.2(ii) holds.
Secondly, by taking a = b in (11), we obtain (p1)#(blσ(b)) = (r2, 0) in case (a)(i) and (p1)#(blσ(b)) =
(ωsr2, 2) in case (a)(ii), and it follows that (p1)#(blσ(b)) = (ωzsr2, 2z) = α#(0, 1), so Lemma 2.2(iii) is
satisfied. In case (a)(i), it is clear that ablσ(a) = b, so Lemma 2.2(i) holds, and thus α does not have
the Borsuk-Ulam property with respect to τ2 in this case. We now show that Lemma 2.2(i) is satisfied
in case (a)(ii). Taking a = (u2r1−1v−1; 0, 0) and b = (1; 0, 0) in (11) and using Proposition 2.1 and the
fact that B = uvuv−1, we obtain:

lσ(u
2r1−1v−1; 0, 0) = ((Bu−1)2r1−1B1−2r1θ(2r1 − 1, 0)(uvuB); 2r1 − 1,−1)

= (uvu2r1−1v−1u−1. B2r1−1. B1−2r1uvu2(1−2r1)uB1−2r1. B; 2r1 − 1,−1)

= (uvu2−2r1B2−2r1 ; 2r1 − 1,−1).

So:

(lσ(u
2r1−1v−1; 0, 0))2s =((uvu2−2r1B2−2r1 ; 2r1 − 1,−1)(uvu2−2r1B2−2r1 ; 2r1 − 1,−1))s

=(uvu2−2r1B2−2r1B2r1−2u−1B2−2r1B2r1−1vu2−4r1B2−2r1 .

(B2r1−2u−1B2−2r1)2−2r1B2r1−2; 0,−2)s

=(uvu1−2r1Bvu2−4r1u2r1−2; 0,−2)s = (uvu2−2r1vu1−2r1; 0,−2)s

=(B(vu1−2r1)2; 0,−2)s = ((B(vu1−2r1)2)s; 0,−2s).

Now:

θ(r1, 2s+ 1)((Bv2)s) = θ(r1, 2s+ 1)((uv)2s) = (Br1−1(u−1Bvu−2r1)B1−r1)2s

= (Br1−1(vu1−2r1)B1−r1)2s) = Br1−1(vu1−2r1)2sB1−r1 ,

and

θ(r1, 2s+ 1)((B(vu1−2r1)2)s) = (B−1(Br1vu−2r1B1−r1 . Br1−1u2r1−1B1−r1)2)s

= (B−1(Br1vu−1BB−r1)2)s = (Br1−1vu−1Bvu−1B1−r1)s

= (Br1−1v2B1−r1)s = Br1−1v2sB1−r1 .

Hence:

lσ(a) = lσ(v
−2s; 0, 0)(lσ(u

2r1−1v−1; 0, 0))2slσ(B
−r1 ; r1, 2s)

= ((uv)2s; 0,−2s)((B(vu1−2r1)2)s; 0,−2s)(B−r1; r1, 2s)

= ((uvuv−1v2)s; 0,−2s)((B(vu1−2r1)2)s; 0,−2s)(B−r1; r1, 2s)

= ((Bv2)s(B(vu1−2r1)2)sB−r1; r1,−2s).

If s = 0 then:

ablσ(a) = (B−r1 ; r1, 0)(u
−r2; 0, 1)(B−r1; r1, 0) = (B−r1(Br1uB−r1)−r2; r1, 1)(B

−r1; r1, 0)
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= (u−r2B−r1Br1 ; 0, 1) = (u−r2; 0, 1) = b,

while if s 6= 0 then:

ablσ(a) = (v−2s(u2r1−1v−1)2sB−r1 ; r1, 2s)(B; 0, 1)((Bv2)s(B(vu1−2r1)2)sB−r1; r1,−2s)

= (v−2s(u2r1−1v−1)2sB1−r1 ; r1, 2s+ 1)((Bv2)s(B(vu1−2r1)2)sB−r1; r1,−2s)

= (v−2s(u2r1−1v−1)2sB1−r1 . Br1−1(vu1−2r1)2sB1−r1 . Br1−1v2sB1−r1 . Br1 ; 0, 1)

= (B; 0, 1) = b.

So Lemma 2.2(i) is satisfied in case (a)(ii), and hence α does not have the Borsuk-Ulam property with
respect to τ2 in this case.

We now consider case (b). First, (p1)#(a) = (p1)#(a1)
r1 = (1, 0)r1 = (r1, 0) = α#(1, 0), so

Lemma 2.2(ii) holds. Further:

blσ(b) = (b1σ)
−r2σ−1σ(b1σ)

−r2σ−1σ−1 = (b1σb1σ)
−r2B−1 = (b1lσ(b1)B)−r2B−1,

and hence:

(p1)#(blσ(b)) = ((p1)#(b1)(p1)#(lσ(b1))(p1)#(B))−r2(p1)#(B
−1) = (−1, 0)r2 = (r2, 0) = α#(0, 1),

so Lemma 2.2(iii) is satisfied. It remains to show that Lemma 2.2(i) holds. By (12), we have:

a1b1lσ(a1) = (u−2θ(1, 0)(u−1)θ(1, 0)((Bu−1)−2B2); 0, 0) = (u−2θ(1, 0)(u−1(Bu−1)−2B2); 0, 0)

= (u−2θ(1, 0)(B−1uB); 0, 0) = (u−1; 0, 0) = b1.

So lσ(a1) = b−1
1 a−1

1 b1, hence σaσ−1 = lσ(a) = b−1
1 a−1b1, and thus a−1 = (b1σ)

−1a(b1σ). Since r2 is odd,
it follows that a−1 = (b1σ)

−r2a(b1σ)
r2 = blσ(a)b

−1, which implies that ablσ(a) = b. So Lemma 2.2(i) is
satisfied in case (a)(ii), and therefore α does not have the Borsuk-Ulam property with respect to τ2 in
this case.
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[1] A. P. Barreto, D. L. Gonçalves, D. Vendrúscolo, Free involutions on torus semi-bundles
and the Borsuk-Ulam Theorem for maps into Rn, Hiroshima Math. J. 46 (2016) 255–270.

[2] C. Biasi, D. de Mattos, A Borsuk-Ulam theorem for compact Lie group actions, Bull. Braz.
Math. Soc. (N.S.) 37 (2006) 127–137.

[3] K. Borsuk, Drei Sätze über die n-dimensionale Euklidische Sphäre, Fund. Math. 20 (1933)
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