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Abstract

The cumulative stack-up of geometric variations in mechanical systems can
be modelled summing and intersecting sets of constraints. These constraints
derive from tolerance zones or from contact restrictions between parts. The
advantage of this approach is its robustness for treating any kind of mecha-
nisms, including the over-constrained ones. However, the sum of constraints,
which must be computed when simulating the accumulation of defects in serial
joints, is a very time-consuming operation. In previous papers, we proposed
to virtually limit the degrees of freedom of the toleranced features and joints
turning the polyhedra into polytopes to avoid manipulating unbounded objects.
Even though this approach enables to process the whole mechanism, it also in-
troduces bounding or cap facets which increase the complexity of the operand
sets after each operation until becoming far too significant. In this work, we
introduce algorithms summing, intersecting and testing inclusions. As they op-
erate on sets of constraints using unbounded polyhedral objects, we identify the
smaller sub-space in which the projection of these operands are bounded sets.
Calculating the sum in this sub-space allows reducing the operands complex-
ity significantly and consequently the computational time. Then, checking the

final inclusion informs us not only about the compliance of the mechanism tol-
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erances with respect to the functional specification but also to quantify how far
we are from this target. Finally prismatic polyhedra integrate ISO and contacts
specifications in a very natural way and are able to perform a full kinematic
analysis of the mechanism. After presenting the geometric properties on which
this approach rely, we demonstrate it on an industrial case. Then we compare
the computation times, prove the robustness of the new method and show how
to quantify the functional condition compliance with respect to a given set of
tolerances.

Keywords: Tolerance analysis, Model reduction, DOF, Polyhedra, Minkowski

sum, Intersection

1. Introduction

Geometric uncertainties influence products assembly, functioning, and aes-
thetics. The consideration of these uncertainties in mechanical design is known
as geometric tolerance analysis. In general, the choice of a tolerancing scheme
is not trivial, and even more, it impacts all the stages of the product life cycle;
hence a highly active research in the tolerance management is done.

Different methods for tolerance analysis have been developed. Most of them
are based on the discretization of features into several points and solve geometric
constraints with these points [1].Among these methods we can find CLIC [2],
Robustness Analysis [3], Jacobian Matrices [4], TTRS [5],[6], SDT [7].

The main drawback of these models is that they consider each movement
limit to be independent [8]. This implies that more than one simulation can be
required to validate the fulfillment of a design requirement. Furthermore, over-
constrained mechanisms cannot be treated with the aforementioned models.

Methods based on operations on sets of geometric constraints can face these
issues. These methods model the movement constraints imposed by the tol-

erance zone of each toleranced feature in an abstract deviation space. The



combination of these sets, through Minkowski sums and intersections, allows
simulating the deviations propagation in an assembly. Some models manipulate
the sets of constraints through their frontiers [9, 10, 11]. The method based
on polytopes discretizes the non-linear features to obtain linear constraints and
manipulate only linear objects. Although the other models are initially able to
handle quadratic constraints, they finally linearize the sets of boundaries be-
cause of the complexity of summing convex non-linear constraints. The effects
of this linearization are discussed in [12]. The method proposed in [13] and [14],
instead of dealing with the frontiers of the sets, manipulate their interiors by
statistic treatments. A review of some methods based on sets of constraints is
presented in [15, 16] and a comparison with the parametric approaches is given
in [17].

Although the methods based on sets of constraints are robust enough for
treating most of the cases in mechanical design (included over-constrained as-
semblies), the complexity of the Minkowski sums makes them time-consuming.
We found that such complexity, in the context of geometric tolerancing, is cor-
related with how the degrees of freedom (DOFs) of the joints and the degrees
of invariance of the toleranced features are considered and treated. For exam-
ple, the sum of the geometric constraints derived from two planar surfaces can
be computed in a 3-dimensional space. In the general case, the sets belong to
spaces of different dimensions demanding special treatment.

The previous approach, presented in [8], proposes to compute sums in a
6-dimensional space by introducing some additional constraints, called caps.
These constraints virtually bound the displacements related to the DOFs of
the tolerances joints and the degrees of invariance of the toleranced features.
We found that this solution entails an increase of the polytopes complexity due
to the propagation of the DOFs along the tolerance chains. This complexity
worsens after each sum until becoming far too significant and consumes most of
the computational resources.

This paper introduces a new strategy to handle sets of geometric constraints

facing the problems entailed by unconstrained displacements during a simula-



tion of tolerances propagation. The new strategy, based on the work presented
in [18], proposes to decompose each set of geometric constraints into the sum
of a bounded set, representing the limits imposed by the tolerance zones, and
an unbounded set, representing the DOFs. When summing two operand sets
modelling geometric constraints, only their bounded parts can be considered iso-
lating the rest. As they usually belong to different spaces, we propose to identify
the sub-space in which the projection of the operand subsets is bounded. This
sub-space is characterized by the displacements that define the relative position
between the two involved features. Calculating the sum in this sub-space al-
lows reducing the complexity of the operands significantly and consequently the
computational time. This decomposition and the calculation of this sub-space
is proposed to be done through kinematic analysis using screws theory.

The article is subdivided into three major parts: firstly, section 2 presents an
overview of the general way to model the geometric constraints and a description
of the method presented previously (cap-based method). Section 3 introduces
the way to operate on polyhedral objects in a tolerancing chain, providing the
mathematical background of all the operations required to do a tolerance system
reduction (sum and intersection), and explaining the way to know if the func-
tional requirement is accomplished by checking and quantifying the inclusion of
the resulting polyhedron inside the functional one. Finally, section 4 illustrates
an application in a spectrometer as an example to compare the results and the
calculation time using the polyhedra and the cap-based methods; the applica-
tion is made taking as hypotheses: i) no form defect in surfaces, ii) no local

strain due to the contact and iii) no deformable parts.

2. Overview: How to operate in 6D

In mechanical design, a tolerance zone represents the limits of the manufac-
turing defects for a given feature. When the feature is considered as a discrete
set of points, this restriction is applied to each of them. These geometric con-

straints can be modelled as algebraic constraints expressed at a common 3D



Tolerance Zone (T'Z):
Two parallel surfaces
constructed by offsetting
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Figure 1: From geometric to algebraic constraints [19]

point M; which is assumed to be rigidly linked with the toleranced feature.
Figure 1 illustrates this process.
Considering manufacturing defects as small displacements [20], each con-

straint represents a half-space in 6-dimensional space of deviations [10]:
U,:r: {weRﬁ 2o +ak,x1 + .+ apg T 20} (1)

where x1 = r;, 2 = 1y, 3 = r, are the rotation variables, x4 = t;, T5 = 1y,
re = t, are the translation variables, ay;, (1 < j < 6) are scalar parameters
depending on the geometry of the toleranced feature and the location of the
point M. The constants b, are related to the width of the tolerance zone t
or the value of the clearance in the contacts. In the common case where the
tolerance zone is centered with respect to its nominal surface, all the b are equal
to t/2 (see Figure 1). For more details about the generation of the operands,
one can refer to [8].

When a set of m points is considered, a set of k... = 2m half-spaces is
obtained. Defining a convex H-polyhedron (where H stands for half-space) in
RS:

kmax
r= (y oy 2)
k=1

As presented in the former equation, a polyhedron with a non-empty interior
can be uniquely defined through an intersection of a finite number of half-spaces.

Similarly, a polyhedron representing the allowable displacements of a couple

of features potentially in contact inside its clearance can be characterized. For



this case, the toleranced feature is defined in the nominal case of permanent
contact between the features and the tolerance zone is obtained by offsetting
the toleranced feature according to the clearance value.

Then, the polyhedron may arise from a feature regarding its nominal defini-
tion (geometric constraint), two features of two distinct parts sharing a mating
condition (contact constraint) or two features of two distinct parts defining a
functional specification.

The relative position between any couple of surfaces of an assembly can
be simulated operating on polyhedra. Under the consideration of rigid parts,
the set of required operations can be determined according to the topological
structure of the assembly.

In the case of parts mated in a serial configuration, defects accumulate.
This can be modeled by computing the Minkowski sums of the polyhedra de-
rived from the involved surfaces. When parts are mated with multiple contacts,
defects counteract between them, so the intersection of the respective polyhedra
is required. Once the final calculated polyhedron is obtained (that containing
all the cumulative stack-up of variations) the compliance of the functional con-
dition can be verified checking the inclusion of the calculated polyhedron inside
the functional one [21].

Except for the case of complex surfaces, the set of constraints derived from a
toleranced feature (Eq. (2)) defines an unbounded set in a 6-dimensional space
of deviations, i.e. a polyhedron (a higher dimensional prism with a polyhedral
cross-section, the details are presented in section 3). This is a consequence of
the degrees of invariance of the toleranced features or the degrees of freedom of
the joints which define unbounded displacements [8].

From the computational and algorithmic point of view, the manipulation of
unbounded objects is more challenging. In response to this, Homri et al. [§]

suggested to virtually limit the DOFs (and invariance) of the toleranced joints



and features by introducing additional facets Uj]‘_, called caps.

kmaa 2d 2d
]7:<ﬂlq>m U5 =rn| (U (3)
k=1 j=1 j=1

Even if this solution allows to turn the polyhedra into polytopes and to avoid
the manipulation of unbounded objects, the addition of cap half-spaces to the
operand sets affects the topology of a calculated polytope, making necessary to
differentiate the facets that are generated by the cap half-spaces and the ones
that derive from geometric and constant constraints. In [8, 22] the authors pro-
posed some methods to deal with this difficulty: i) to create a circumscribed
hyper-parallelepiped at an interval d (d > 0) from the minimal volume circum-
scribed, and ii) to trace the operand facets during the different operations.

The alteration of the operands topology by adding the cap facets does not
influence the result from the tolerancing point of view, however, it does involve
spending time calculating meaningless information. This problem increases after
each sum due to the accumulation of the degrees of freedom along the toleranced

chains; until becoming far too significant.

3. Proposed approach by prismatic polyhedra

The new method proposed in this paper to operate on sets of constraints is
based on an alternative representation of polyhedra.

According to the Minkowski-Weyl theorem [23], a polyhedron can be decom-
posed into the direct sum of a polytope P (the bounded part) and a polyhedral
cone C' (the unbounded part):

r=Pa&C (4)

In geometric tolerancing, C' is related to the degrees of invariance of the toler-
anced feature or the degrees of freedom of the joint. In [18] a method based on
kinematic analysis with screws for doing this decomposition is presented. Each

of these unbounded displacements characterizes a straight line A; in RS passing



through the origin:
d

C=>_A; withd<6 (5)

j=1
In geometric tolerancing, the polyhedron can be seen as an ‘extrusion’ of the
underlying polytope (derived from geometric or contact constraints) along its

associated straight lines. Such a polyhedron is called prismatic (see Figure 2).

Figure 2: Decomposition of a polyhedron into the sum of a polytope and one straight line A

3.1. Contact modelling

‘Onlv the bolnded All the displacements are null
displacements are null
«—> <>
ny
n
o nl
Translation | Rotation
Non Bounded | €——> )
n, " D
n; Bounded | ——¢
Case a : floating contact Case b : sliding contact Case c : fixed contact

Figure 3: Contact modelling according to functional attributes



The very definition of prismatic polyhedra separate the unbounded part
from the bounded one providing the ability to perform a full contact modelling
of the mechanism. Mathematically speaking, it is done through all the opera-
tions (sum, intersection, inclusion) taking into account the prismatic polyhedra
straight lines. This is how, for example, we can model with no restrictive as-
sumption floating, sliding and fixed contacts introduced by [24].

Such a specification is impossible to introduce without restrictive assump-
tions if we only manipulate single polytopes as in [9], [11], [21] and [22]. Figure
3 illustrates the three main cases of contact attribute of a planar pair where
d, the DOFs, is equal to 3. This approach can be applied to any kind of kine-
matic pair. A floating contact (case i) assumes that the pair of surfaces can
be separated (non-null clearance) and the displacements induced by the DOF's
are allowable. The sliding contact (case ii) assumes that the clearance is null
and the displacements induced by the DOFs are allowable. The fixed contact
(case iii) assumes that the clearance is null and the displacements induced by
the DOF's are suppressed. In case (i) the bounded displacements can be defined
by a full polytope of dimension 3, i.e. (6 — d) in the general case, and the non-
bounded displacements are an affine space of dimension 3, i.e. d in the general
case. The case (ii) derives from the case (i) in which the bounded displacements
are reduced to a singleton of dimension 3, i.e. (6—d) in the general case. Finally,
the case (iii) derives from the case (ii) in which the non-bounded displacements
are restricted to a singleton of dimension 3, i.e. d in the general case.

These topological properties are summarized in Table 1 according to Eq.
(6).

d
I'=P+>» A;, with d=DOFs (6)

j=1

3.2. Summing prismatic polyhedra

Instead of operating directly on polyhedra in R® or their corresponding poly-

topes made up of cap facets, [18] proposes the manipulation of simplified sets



Table 1: Topological structure of a contact polyhedron

p S A
Case (i) floating contact  Full polytope of dimension (d—6)  Affine space of dimension d
Case (ii) sliding contact  Singleton of dimension (d — 6) Affine space of dimension d
Case (iii) fixed contact Singleton of dimension (d — 6) Singleton of dimension d

of constraints by excluding the straight lines derived from the unbounded dis-
placements. Their strategy suggests summing the underlying polytopes of the
polyhedra. However, as these polytopes usually belong to spaces of a different

dimension, we propose a more significant complexity reduction:

Theorem 3.1 (Sum of prismatic polyhedra). Let T'y and T's be two prismatic
polyhedra in R™ such that:

k k
F1:P1@ZA1':P1@017 P1CHP1:ﬂHi
i=1 i=1
! !
I'o =P Z A =P, @Oy, PQCHP2: n H;
imkt1 i=k+1

with H; = A Vi € {1,...,1}

I'y & Ty can be calculated as the sum of the projection of their underlying
polytopes on the subspace Hp, N Hp, plus their respective straight lines:

l

Dy @ T2 =mhp nup, (P1) © Tap nip, (F2) © Z A;
i=1

where wg 1s the orthogonal projection on H.
Proof. We first want to prove the theorem for I'y = P @ A; and I'y = P, & Ao
with prismatic polyhedra which hold only one straight line. The only assumption
we make is that A; and A, are not parallel (i.e. not equal as all the straight
lines pass through the origin), this obviously implies that H; and Hs are not
parallel:

Fl@FQ:Pl@PQ@Al@A27(A1HA2)

We need first the following lemma to carry on the demonstration.

10



Figure 4: Tllustration of P& A = g (P) @ A.

Lemma 3.2. Let P be a polytope and A a straight line
PoA=mg(P)®A, withA 1 H

Do we have P@® A C g (P) @ A ? Every point of P can be written as the
sum of its projection on H plus a vector of A so POA C gy (P)®A. Reversely
if @ € P, after projection on the hyperplane H: wgy(x) = — (do + 6 - )6,
where 6 is a unit normal of H and Jy the constant of H. Consequently we can
write g () as the sum of a point of P and a vector of A, as H 1. A (see Figure

4)somg(P)®ACPaA.
PLo AL @Ay =7y, (P1) &A1& Ay
7, (P1) is a polytope too so we can now project it on Ho:
P @® A © Ay =7, (7TH1 (Pl)) S AL A
Then we can run again the same projections:
PLoA @Ay =g, (m (...sz (’ﬂ'Hl(Pl))>) DA DA,

We need to determine what is the limit of all of the alternate projections
TH, (’R’Hl (...7TH2(7TH1(P1)))> with H; N Hy # 0 (it is the case as Ay }f Ao).
This property has been studied in [25] and [26], the successive projections of a

point @ on two convex sets H; and Hs converges towards a point * € Hy N Hy

11



Ty, (7, (X))

70, (ot (7, (P))

H, Ty, (x)

Figure 5: Successive projections in a 2D vector space.

whatever the initial point is (see Figure 5). We know that the limit of our suite
belongs to H; N Hs and that the elements of this suite are inside the space
V =2+ Vect(Hi-, Hy') = x+ (HiNHy)*. Soxx € (VNH NH) = {z+(H N
Hy)Y} N Hy N Hy, this latter set is reduced to one point so z* = V N Hy N Ho.

Given that V' L Hy N Ho, 2% = g, ~m, (). So it proves the following property:
Py @ AL @Ay =7mH,nE,(P1) © A1 © A
Now we can introduce another straight line Ags:
PLoA DA D A3
= THynH, (P1) © A1 © Ay @ Az
= a1, (THanw, (P1)) © A1 ® Ay ® Ag
=TH, (WHgﬁHg (~~7TH2mH3(7TH1(P1)))) B AL B A B A3

Applying the same reasoning than before gives:
PiaAL A& As =TH,nHnH;(P1) &A1 B A B Ag

By recurrence we obtain Theorem 3.1:

l
lol;=PoPRo) A
i=1
!
= ﬂ-leﬁHp2(P1) @ﬂ-leﬂsz(PQ) @ZAl

i=1

12



Such a property is really interesting in the sense that the sum is now to be
computed in a subspace of significantly reduced dimension.

In the context of geometric tolerancing, calculating Hp, N Hp, can be done
by means of a kinematic analysis manipulating screws. This subspace is char-
acterized by the displacements defining the relative position of the involved
toleranced features. In order to go back to the original space R™ to have the
full expression of I'y + I's, the calculated polytope which lives in the subspace
Hp, N Hp, must be finally extruded. This operation can be done by summing
it to Cy + C5 i.e. the straight lines of the operands.

From Lemma 3.2 we can deduce directly the following corollary.

Corollary 3.2.1. Let T" be a prismatic polyhedra in R™ such thatT' = P & C
with C+ = Hp.

FZWHP(P)@C:TFHP(F)@C (7)

3.3. Intersecting prismatic polyhedra

We compute the intersection of prismatic polyhedra in order to determine
the relative displacements between two surfaces from two different parts which
share multiple contacts.

With this operation we are interested in calculating the intersection of C7 N
Co=30, ANy, Agj = (Hp, @ Hp,)" to know the resulting common straight
lines. If we note respectively 61 ; and d2; the vectors defining A;; and Ao j,
with «; and §; being real numbers, we want to solve Zle ;01,4 = 22:1 B;02,
to find the elements belonging simultaneously to C; and C5. So we introduce
the matrix A whose columns are the vectors d1; Vi € {1, ..., k} and the vectors

—02; Vj € {1,...,1} to compute its null-space N(A) = {z € RFF!: Az = 0}.

Aw= (610 | o | brs | 02 | o | ~02s ) =0

A common result in linear algebra tells that a basis in N(A) can be obtained
through a gaussian elimination of the matrix A up to the reduced row echelon
form. Then the k first columns of N(A) vector basis provide a basis of A =

C1NCy. Let’s note ¥ = Hp, @ Hp,, as a consequence AL =T,

13



Proposition 3.3. The intersection of two prismatic polyhedra of R™ can be
calculated adding the intersection of their projections on their added subspace

with their common straight lines:

'inly = (FHPI@HPZ ) N THp @Hp, (F2)> @©CrNCy

= (7T\1/(F1) N 7T\I/(F2)) GA

Proof. T=T1 Ty = (wHPl (Iy) + Cl) N (WHPQ (T2) + 02)

We first want to prove that I' contains exactly all the straight lines of C1NC5.
VDe A=CiNCy,DeCi=Del',DeCy=Declys0Del'yNIs. Now
we have to check if there is a straight line in I' which does not belong to C; NCs.
Let’s assume that D ¢ C; N Cs such as D € Ty NTe. Without loss of generality
we can make the assumption that D is not in Cy. This is not possible as D is
not a bounded object which belongs to I'y and the only unbounded part of I'y
is C1. So D € (7 and we can use the same reasoning to prove that D € Cj.
I'y Ny contains exactly the straight lines belonging to A = C; N Cy. As the
intersection of two polyhedra is a polyhedron, I'y NT's is a prismatic polyhedron.
We can write I't NTy = ma1 (I NTe) + AL

Let’s prove that I'y NTy = a1 (T'1) Nma1 (T2) + A. We already know that
the projection of the intersection of two sets is included into the intersection of
these two projected sets i.e. ma1(T'1 NT2) C oL (Ty) Nwar(Ta).

The final part of the demonstration needs to check that wa 1 (I'1)Nmar (Ta)+
A Crar(T1NT)+A =T1NTy. We can decompose an element z € a1 (I'1) N
7as(T2) + A into the sum of an element of (C; N C)t and an element of
its orthogonal space C1 N Cy. z = z +y, with € a1 (T'1) N a1 (T2) and
y€CiNCy As A= (C;NCy) C Oy we have Cf C At so Tol O AL = Mo,
Given that © € ma1 (I'1), max (2) € meromas (I'1) = moo (I'1). As a consequence
Tty EToL (T'1) + Cy which means that « + y € I';. We can demonstrate that
x +y € I'y following the same way.

O

14



8.4. Verifying the inclusion of the resulting polyhedron into the target
Once the resulting polyhedron I'g is calculated, we can verify the compliance
of the functional condition by checking the inclusion of I'p inside the functional

polyhedron I'r¢. To do that it is necessary:

1. to verify that the space generated by the set of straight lines coming from
the resulting polyhedron is included into the space generated by the set
of straight lines coming from the functional polyhedron

2. to check and quantify the inclusion of the resulting polyhedron inside the

functional one

The first point consists in verifying the kinematic compliance of both unbounded
sets [27]. If the kinematic compliance is not achieved, it is impossible to accom-
plish the functional requirement without modifying the mechanism. In other
words, there is at least one DOF which prevents the respect of the functional
condition. If the kinematic compliance is achieved, it is possible to quantify the
inclusion of the resulting polyhedron I'g inside the functional one I'p¢. If such
an inclusion is satisfied we compute the minimum distance between the two
operands. If not, we compute the maximum distance between the functional
one and the points of I'g located outside I're. In both cases, we decide to
optimize the size of the functional polyhedron I'p¢ to circumscribe I'g.

The functional polyhedron I'r¢ can be expressed as a weighted Minkowski
sum between two operands, I'; and I's, derived from the surfaces related to
the functional condition according to Figure 1. Let’s consider I'} and I'}, the
respective polyhedra deriving from the functional condition surfaces. So we

have the definitions (8):

1= ﬂi‘c:l {w €R®: % +a;, 1+ .+ T 2> 0}

Fl2 = ﬂé:l {:1: S R(’ : % +aj1£E1 4+ ... +CL]'6I6 2 0}

(8)

ty, and ty, are the respective functional tolerances assuming that the toler-
ance zones are centered around the nominal surfaces. In practice, these func-
tional tolerances are very often equal (i.e. combined zone concept from ISO) or

one of them is null (i.e. datum). From (8), we can obtain (9), [28] [29].

15



Algorithm 1 Including I'g into I'p¢: verification and fitting
Require: I'g, k1,1, k2,2, 8y, 6

Ensure: t;, such that I'r € I'rce
1: Build the functional polyhedron: I'pc = tf(k1.I'y @ k2.I'9)
2: Let {A;} be the set of straight lines of I'p¢
3: Let {A;} be the set of straight lines of I'r
4: if {Zj BiA;} C{¥,a;A;} then
5: // The kinematic compliance is verified
6:  Check the inclusion: I'r C I'pe

7. if 'p C I'pe then

8: // The tolerance compliance is achieved

9: Compute the distance (D2,;,)

10: (Dg,;,,) minimum distance between I'pc and I'r

11: Consider a value § > 0 to scale up I'r¢

12: Iee = (ty 4+ 0)[k1.T1 @ k2T

13: Compute the distance (D?,;,)

14: (D% .,.) minimum distance between Iz~ and I'g

15: Compute ty,,. . =ty — ﬂ%é

16: else if I'g ¢ I'pe then B

17: // The tolerance compliance is not achieved

18: Compute the distance (D%, ,.)

19: (Dg, ) maximum distance between I'pc and a point of I'g located
outside I'p¢

20: Consider a value §,ty > ¢ > 0 to scale down I'pc

21: Do = (ty — 0)[k1.T'1 @ ka.T'9)

22: Compute the distance (D%,,,)

23: (D?,,,) maximum distance between I, and a point of I'p located
outside I're

24: Compute ty,, . =t;+ %(5

25:  end if |

26: else

27:  // The inclusion cannot be achieved
28: end if 16




Ppe=T)@®Th =3t & 1ty,T,
r, = ﬂle {:c ERC:1+a;,x + ... +ajzwe > 0} 9)
Iy = ﬂézl {:c ceR6:1 +a;,r1+ ... +ajTe > O}

Finally, we obtain the weighted Minkowski sum as follows:

I're = tf[kl.I‘l D k‘Q.FQ] with k1 > 0,ky > 0,k + ko 7é 0 (10)

The multiplication of a polyhedron by a scalar is distributive over the Minkowski

sum [30]. The last property implies that for real positive numbers A and p:

)\(FA @FB) =4 ®A\'p
(11)
A4+ wWTa=ATa®pul'4

Thanks to the former properties, the functional polyhedron can be modified
by scaling the term t; in Eq. (10). If the ratio (k1/k2) is constant, the topology
of the resultant polyhedron is maintained, and all the functional polyhedra that
can be obtained are homothetic to each other.

The algorithm 1 presents the strategy to verify the compliance of the result-
ing polyhedron I'p inside the functional polyhedron I'r¢, and it allows to find
an optimal tolerance ty, . for the surfaces related in the functional condition,
starting from an initial tolerance ¢;. In the algorithm, the tolerance is a function
of the distance (D) between the two operands, which means that if the distance
is too big, and the resulting polyhedron is included, the tolerance is going to

increase proportionally.

If the two polyhedra are kinematically compliant, we consider I'rp¢,,,, the
circumscribed polyhedron to I'g such as (12).
UrCere =t [F1 D1 @ k2 o], T C Treyye, TR O PO, # 0. (12)

t¢e and tr . . are the optimal functional tolerances whatever the starting

case (inclusion or not inclusion):

if I'r C FFC’tfm‘ml = 2k1'tfci7‘c < t.fl7tfci7‘c2 = 2k2'tfci7‘c < tf2
if g ¢ Lre, tfcircl = 2k1'tfci7'c > tfl7tfci7'c2 = 2k2'tfci7'c > tfz
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The deviations |ty,,, ., —ty,| are proportional to the inclusion or the non inclu-
sion of I'g inside I'p¢. In other words, these deviations quantify the compliance

of the mechanism with respect to the functional condition FC.

4. Case study: application to a spectrometer

To compare the strategies presented in this paper, we’ll do the complete
tolerance analysis process for a high-resolution spectrometer, starting from the
reduction and finishing with the inclusion verification and optimization. This
spectrometer is used in nuclear physics to check the number of atoms in an ion
beam experimentally. The resolution of this spectrometer is strongly correlated
with the location between the cylindrical surface of the magnetic pole 3 (surface
(3,7)) and the ion beam, see Figure 6a. In the following, we will assume that
the ion beam is the axis of the cylindrical surface (1,12). The surface (1,12) is a
unified feature made up of two coaxial cylindrical surfaces from the experience

chamber 1 as shown in Figure 6b.

k 1 1: Experience chamber

2: Massive part
3: Magnetic pole

ion

e Immyeen FSng
B (NN N

e s i,

(b) Parts and surfaces enumeration of the spec-
(a) CAD model - spectrometer
trometer

Figure 6: Spectrometer: CAD model and enumeration of parts and surfaces.

Since the proper functioning of the spectrometer depends on the location of
the surfaces (3,7) and (1,12), from now on we are going to call them the handle
surfaces. Seeing that the objective of the simulation is to control the relative

position of the handle surfaces considering manufacturing and contact deviation

18



on the mating parts, the functional requirement is built through the Minkowski
sum of the operands that define the handle surfaces, as shown in Eq. 10, with
ty =04 and k1 = ky = 1/2. According to the enumeration of the parts and
the surfaces presented in Figure 6b, the topological model of the assembly is
presented in Figure 7. In this graph, nodes designated as (a, ) represent the
nominal model of the part @ when 8 = 0, and the substitute surfaces when
8 # 0. Each edge of the graph represents geometric deviations, in the case
of edges within one part, or deviations due to contacts, in the case of edges
connecting two nodes from different parts. These deviations can be represented

by geometric and contact polyhedra respectively [8].

FC: Functional Condition
PP: Planar Pair
BCP: Ball-and-Cylinder Pair

Figure 7: Contact graph of the spectrometer

The set of operations required to simulate the relative position of the handle

surfaces can be determined by doing the graph reduction as follows:

Fe=T37/30®30/20®20/1,12 (13)
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with:

I'30/2,0 =T3,0/2,0-a N T'3,0/2,0-6 N '3,0/2,0—c

I'30/2,0-a = '3,0/3,4 DT34/24 ®T'24/2,0

(14)
T30/2,0-6 = I'3,0/3,5 ® ['35/25 D L25/2,0
I30/2,0—c = I's,0/3,6 ® ['3,6/2,6 D L'2,6/2,0
and with:
To0/1,02 =T20/1,12-a N T2,0/1,12-8
T20/112—a = (T2,0/20 ®T2,1/1,12) N (20722 @ Ta2/1,12) (15)

To0/1,02—6 = T20/2,3 D T23/1,3 D 13/1,0 D T1,0/1,12

All the operands involved in the former relations were created with the open-
source software PolitoCAT [31] and calculated at the point M (35,0, 20).

The tolerance and dimensional limits are taken into account based on the ap-
plication of the spectrometer and the manufacturing processes that are usually
used on the parts (see Figures 8-10 and Tables 2—4). With the information pre-
sented, we have the tolerance zone for the calculation of the geometric operands
and the clearance for the contact operands. The clearance is calculated taking
into account the most undesirable condition, Least Material Condition (LMC).
It is considered the maximum size for the holes and the minimum size for the
shafts.

When applying the cap-based method, the unbounded displacements of the
toleranced features are treated through the use of cap facets and the phe-
nomenon of propagation of cap facets appears all along the simulation making it
to take almost 7 hours. As shown in Table 5, 98.7% of the calculated facets are
capped, and therefore they have no meaning in the related tolerancing problem.

Figure 11 represents graphically the problem of caps propagation taking as
an example the computation of the operand F’173 /1,12 which corresponds to the
relative position of the plane surface (1, 3) with respect to the cylindrical surface
(1,12). The operands are projected in the subspace spanned by [ry,7.,t.] to

generate 3D representations. It is worth mentioning that these figures are just
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Figure 8: Experience Chamber Drawing

tiie | 0.020
@Dy, | 145
diiy | +0.040
diar |0
@Dy s | 138
dioy | +0.040
di2r |0

tis | 0.012

Table 2: Experience chamber dimensions and tolerances

partial representations since their original polytopes belong to spaces with a

dimension larger than three.

In Figure 11, it is possible to see the pair of cap facets (in red) introduced to
bound ¢, in the operand W(F’LB/LO); after the computation, many cap facets and

consequently unnecessary vertices appear in the calculated polytope 77(1“’173 /1’12).
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Figure 10: Magnetic pole drawing
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ta12 (21 =t22) | 0.020
Dy 145
da1 v +0.040
dai 1 —0.039
#Ds 138
dao -+0.040
dao 1, —0.039
to 3 +0.02
to4 40.025
ZDy5 = 2Dyg | 18
dosy =dsgy | +0.029
das.L =dag L +0.018

Table 3: Massive part dimensions and tolerances

3,4 0
BD35=2D36 | 18
diy v 0.059
di1.1 0.032
i35 =136 0.025
Rsq 23
tar 0.01

Table 4: Magnetic pole dimensions and tolerances

This phenomenon is associated with the propagation of the unconstrained dis-
placement t, along the kinematic chain.

When applying the strategy based on polyhedra, the computational time
is reduced 99.9% with respect to the cap-based method, see Table 6. This re-
duction is achieved by the fact that no cap-facets are introduced and instead
the DOFs are treated separately employing straight lines avoiding the propaga-

tion of unconstrained displacements along the kinematic chain and allowing to
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Table 5: Simulation following the cap-based method

Dimension of the calculation space | 6
Number of sums 11
Number of intersections 4
Number of cap facets calculated 80903
Number of facets of the result 1024
Computational time 6.73h

Computations performed with the library politopix [31] with an Intel(R) Core(TM)
i5-8265U CPU.

7( r'1,3/1,0)

@ Tf(r'1,12/1,0)

= n(l’ 1,3/1,12)

Figure 11: 3D representation of the computation of F’l 3/1,12" Cap facets are shown in red.

calculate only the facets related to the tolerance constraints.
In Figure 13, we show the result of the tolerancing analysis projected in the
subspace [ry,7.,t.]. The chosen subspace contains only the bounded displace-

ments of the resulting operand, meaning that no straight-lines or cap facets are
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Table 6: Simulation following the prismatic polyhedra method

Dimension of the calculation space | 3
Number of sums 8
Number of intersections 4
Number of facets of the result 1001
Computational time 12.96 s

Computations performed with the library politopix [31] with an Intel(R) Core(TM)
i5-8265U CPU.

shown in the projection. The Figure 13a represents the result obtained with
capped polytopes while Figure 13b shows the result with polyhedra operands,
as it can be seen, both results are equal, and it can be proved by comparing the
volume of the two results, capped polytope(Veiop) and the polyhedron(Vppiq),

with the volume of their intersection(V;,):

‘/ctop = Vppld — ‘/int

Since the kinematic compliance is satisfied, the resulting or the functional
polyhedron can be modified to achieve a better fitting. In the Figure 12 we can
see the three cases that we can have:i) the resulting polyhedron is included in-
side the functional polyhedron, but the fitting can be improved (Figure 12a), ii)
the resulting polyhedron is not included inside the functional polyhedron, but
the inclusion can be achieved (Figure 12c¢), and iii) the inclusion is achieved,
and the minimum distance between the nodes of the functional and the result-
ing polyhedron is close to 0 (Figure 12b). Whatever the case, the tolerances t;
can be modified (decreased or increased) to obtain the optimal case. For the
tolerance and dimensional limits used during the simulation, the minimum func-
tional tolerance that can be satisfied by the system is t7,, = = 0.394 <ty = 0.4,
meaning that the functional tolerances of the target can be decreased to 0.006

and still guarantee the inclusion of the resulting polyhedron (eq. (16)).

FFC = tfcwc (kl.r3’7/370 D kQ'Fl,O/l,IQ) , where: kl = ka = 1/2 (16)
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Tz

(a) tg =tf =tg, =03 Rz
(b) tfcirc = tfcircl

tfpiras = 0.394

(c) ty=tp =tp, =05

Figure 12: Verifying the inclusion of the resulting polyhedron (I'¢) inside the functional one
(') and improving the fitting: a) The resulting polyhedron is not included into the target,
the value of ¢ty must be increased to achieve ty_, ; b) The resulting polyhedron is included
into the target and ty =ts_, ; ¢) The resulting polyhedron is included into the target but ts

can be decreased until reaching tp . .

Tz k“y
Rz

Tz \<Ry
Rz

(a) Result obtained (b) Result obtained
by means of the using  Polyhedron
capped operands operands

Figure 13: 3D representation of I',.

The discretization of the features while creating the operands plays an im-
portant role in terms of precision and computational time. Figure 14 shows how
the value of ¢, . varies as the amount of nodes increases. After 10 nodes, the

value of ty ,  stabilizes in a range between 0.397 and 0.393.
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Figure 14: Convergence of ty .~ and variation on the time of simulation with an increase in

the number discretization nodes of the features.

5. Conclusions and future work

We have presented a new strategy to handle sets of geometric constraints
through prismatic polyhedra. Each set of constraints derives naturally from
an ISO GPS specification or a contact specification. The approach presented is
feature based and all the dependencies between the 3 translations and 3 rotations
are taken into account simultaneously, implying that only one simulation is
needed to verify the satisfaction of a functional requirement.

We compared it with a previous method that adds cap half-spaces to vir-
tually constraint the unbounded displacements and generates bounded sets in
RS. The new strategy is based on the decomposition of geometric and contact
polyhedra into the sum of a polytope (the bounded part of the polyhedron or
wrench space in screws theory) and polyhedral cones (the unbounded part of
the polyhedron or twist space in screws theory). While the intersection be-
tween operands continues to be done in the same way, the prismatic polyhedra
method suggests using the decomposition property to sum the projection of
the underlying polytopes in the common subspace. There we perform a very

efficient reduction model as polyhedra contain exclusively facets of mechanical
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interest: not only the polyhedra have the minimum number of facets but also
the subspace dimension is as small as possible. The operands decomposition and
the identification of the subspace are proposed to be done through a kinematic
analysis using screws theory.

A case study was presented to illustrate the methods and to compare the
time they required to complete the simulation. The example consists of a spec-
trometer made up of several over-constrained joints. The result of the simulation
following the cap-based method showed that bounding the DOFs with capped
facets increases the complexity of the model due to the kinematic propagation of
DOFs, at the end more than 98.7% of the calculated facets where capped, mean-
ing that 99.9% of the time was used to calculate meaningless information. The
other approach avoids this situation, allowing to decrease the computational
time.

While using the polyhedral algorithm, verifying the inclusion of the final
result inside the target can be done in just two steps: i) check the kinematic
compliance of the mechanical system and ii) check the functional tolerance com-
pliance. This differentiation between kinematic and tolerance compliance allows
the designer to know, not only if the functional requirement is met but also if
it could be satisfied and how much it could be improved.

Since the method presented is feature-based, the result is highly impacted
by the discretization of the features of the mechanism; thanks to the reduction
in time complexity of the method, we are able now of doing a convergence
analysis that will tell us which is the required amount of nodes to ensure that
the results of the analysis are not affected by imprecisions due to the number
of nodes used. For the case study presented, Figure 14 shows that the result
converges to 0.395 + 0.002 mm and using more than 10 nodes will affect the
calculation time but it will not have a significant impact on the result. It is
worth mentioning that the convergence analysis was made for the study case
and its not possible to generalize the results, meaning that another system may
need more or less discretization nodes to give a good result. Additionally, the

location of the points has an impact on the result, further work is needed to
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be able to identify how to adapt their distribution in order to get a result with
a satisfying precision without having a large amount of nodes. In that case, it
will be necessary to take into account not only the geometry of the surfaces but
also the functional condition.

The reduction in both computation time and polyhedron size - hence in
memory footprint - discussed along this paper opens exciting directions for fu-
ture work related to tolerance synthesis by optimizing the individual tolerances
of the components according to manufacturing and quality costs and taking
into account the dependencies between the tolerances of all the mechanism. We
plan to modify the tolerances of the contacts and the surfaces of the mechanism
through a stochastic process until a set of tolerances that satisfy the require-
ments of functionality, cost, and quality is found. In the future, we also plan
to identify the most contributing tolerance zones or clearances by tracing the
polytope vertices during the process of intersections and sums; this is due to
the fact that polytopes offer the possibility to correlate the topology of the final
result to its basic operands deriving directly from the set of constraints.

Until now several assumptions are made while defining the model (no form
defect in surfaces, no local strain due to the contact and no deformable parts).
Future work is required to enrich the model as much as possible by taking into
account form defects, flexible parts and dynamic interaction between parts. This
work has been started by Gouyou et al. [32], who studied the tolerance analysis

considering flexible assemblies in a flange.
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