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Abstract

We consider an inverse boundary value problem for the heat equation with
a nonsmooth coefficient of conductivity which models the displacement of a
moving body inside an isotrop but nonhomogeneous background. We prove
the uniqueness of the moving inclusion from the knowledge of the Dirichlet-
to-Neumann operator by using a dynamical probe method.
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1 Introduction

1.1 Inverse heat conductivity problem

Let T > 0 and let Q be a bounded domain in R3, with a lipschitzian boundary
I' = 99. Let us consider the anisotropic heat equation

Ow —div(aVu) =0 in Qor=Qx(0,7), (1)

where the operators div, the divergence, and V, the gradient, are relative to the
spatial variable . In our model, the conductivity a = (a;;)1<i j<3 is a 3 x 3 real
symmetric matrix with positive bounded measurable coefficients of x. It satisfies
the uniform elliptic condition:
there exists o, > 0 such that

YEP? < af € <vol€)?, € eRE. (2)

It is well-known (see [19]) that, for all f € L2(0,T; H'/?(TI")) and v € L?*(Q), there
exists only one solution v = v(a, vo; f) € HY((0,T); L*(2))NL2((0,T); H*(Q)) of (1)
with the following initial boundary value problem:

v = f on Topr=Tx(0,T), (3)
v|t:0 = w9 on .

Then, we can define the Dirichlet-to-Neumann map (D-N map) as
Aaiwy = L2((0,T); HY2(1)) 5 [ > aVo(a, vo; f) - v € L2((0,T); H2(T)),
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where v denotes the outer unit normal to I'. In physical terms, f = f(¢,z) is the
temperature distribution on the boundary and Aa,,(f) is the resulting heat flux
through the boundary.

In this article we are concerned with the Calderén inverse problem for (1) which
is to determine a from the knowledge of the D-N map A,, ». The conductivity a
consists in a non necessarily smooth background and an unknown inclusion ¢t —
D; C Q which moves continuously inside the body . Thus, in our inverse problem,
the function a|qy\ p, coincides with a measurable real matrix-function b € L>(12)
which satisfies (2) and represents the conductivity of a background medium, and
S0, is known. The inverse problem we address is to determine the moving inclusion
D = Up<t<r (D¢ x {t}) C Qo r from the knowledge of A, -

Remark 1. In our problem the value of the conductivity inside the inclusion, a|p,,
and the initial value of v, vy, are unknown but the article does not deal with their
determination.

1.2 Main assumptions

The two following assumptions were already considered in [3],[13],[17].

(HO): There exists a positive constant ¢; such that
(HOa): ((b—a)a'b)s>d; >0,b—a>4§ >0 inD,
or
(HOb): ((b—a)a 'b)s <01 <0, b—a<-§ <0 inD.

(Here, if m is a 3 x 3 real matrix then mg = 1(m + m”) denotes its
symmetric part.)

(H1): for all t € [0,T], the set R?\ D; is connected.

Because of technical limitations of our method when b is not sufficiently smooth,
we need some additional geomerical assumptions on D. For a point z € R? and a
non-empty set £ C R3 we denote by d(z, E) the quantity inf,cz |x — z| and by |E]|
the Lebesgue-measure of F.

(H2): t — Dy is lipschitzian in the following sense:

there exists Kp > 0 such that for all z € Q2 the mapping ¢t — d(z, Q\ D;)
is lipschitzian in [0, T] with lipschitzian constant Kp and the mapping
t — d(z,Dy) is lipschitzian at all s € [0,7] such that Dy, # () with
lipschitzian constant Kp.

(H3): Dy is lipschitzian, uniformly as ¢ € [0,T], i.e, there exists Lp €
(0,1) such that |Dy N B(z,r)| > Lpmin(|Dy|, |B(x,r)|), Vr > 0, z €
0Dy, t € [O,T]

Runge approximation in the dynamical probe method (see [13]) is based on the
uniqueness property (UC) which holds if the conductivity is constant but may fail
if it is not sufficiently smooth. Therefore we add the following assumption on b:



(UC) in Q2 - Let a sufficiently smooth domain w C Q, a < b and let
w € HY0,T; L3(2)) N L*(0,T; H'(R2)) such that d;u — div(bVu) = 0
inwx (a,b) and u =aVu -v=0o0n S x (a,b), where S is an non-empty
open subset of dw. Then, necessarily, v =0 in w X (a,b).

Remark 2. The above definition of (UC) is independent of the choice of the time-
interval [0,T] since in our work we assume that b does not depend on the variable
t.

Remark 3. Condition (UC) holds if b is lipschitzian or piecewise smooth: see
Vessella [18, chap 5].

1.3 Main Result

Here we state our uniqueness result for the above inverse problem. Let wvg, v} €
L?(Q), two conductivities a, a’ satisfying (H0)-(H3) and (UC). Let D’ the inclusion
related to a’.

Theorem 1. Assume that Ay, a = Ny o Then, D = D'.

Remark 4. Our proof of Theorem 1 is not completely constructive, although it is
based on a dynamical method as in [17], where a (theoretical) reconstruction of D
from the knowledge of Ay, o was developed.

Remark 5. We shall proof Theorem 1 with the following assumption:

Dt)cQ, telo,T].

Therefore we replace (H1) by: o
(H1’): one has D(t) C Q, and the set Q\ D; is connected, for all t € [0,T].

The general proof of Theorem 1 where D(t) may touch 9 is easily get from the
following modification on the case (H1’):

o We consider a large smooth bounded domain € containing Q and we put
b = I3 (the 3 x 3 identity matriz) in '\ Q.

o (If necessary)t (UC) is assumed with Q2 replaced by Y.

Remark 6. The proof of Theorem 1 will show that (HO) can be extended to the
following situation:

(HO’) There ezist positive constants go, 61, such that for (x,t) € D,
((b—a)a~'b)s(z) > 6, >0, b(z)—a(x) > >0 ifd(x,dD;) < o,
or

((b—a)a~'b)s < —d; < 0,b(z)—a|p,(z) < -6, <0 ifd(zx,dD;) < e,

Lthe question that (UC) in © would imply (UC) in ©’ is out of the scope of this article




1.4 Outline

In Section 2 we recall the basis of the dynamical probe method, Runge approxima-
tion, and we construct indicator and pre-indicator functions from special Cauchy
boundary data. In Section 3 we give lower and upper estimates on the indicator
function which we achieve to prove in Section 4 after several technical results. In
Section 5 we achieve the proof of our main Theorem 1.

1.5 Literature review

Assumption was already considered in [3],[13], but not in [17].

2 The dynamical probe method (DPM) with spe-
cial solutions of the heat equation

2.1 Notations

Let us give some notations for this paper. For E C R3 a < b, and for U C R3 x R,
we put E,p = E X (a,b) and U; = {z € R3 (2,t) € U}.

For non-negative integers p,q or p = 1/2, H?(Q2) H?(092) and HP9(€(, ) denote
the usual Sobolev spaces where the superscripts p and ¢ indicate the regularity with
respect to x and t, respectively. For an open set U C R* with Lipschitz boundary
oU, HP1(U) is defined likewise. More precisely, g € HP9(U) if and only if there
exists G € HP9(R*) with G = g in U. If it is the case, ||g|| grr.a(vy is defined to be

gl mr.a = inf |G| ge.a(re),

where the infimum is taken over all G such that G = g in U. Let X be a normed
space of functions. A function f(z,t) is said to be in L2((0,7T); X) if f(-,t) € X for
almost all ¢ € (0,7") and

T
T / 1FCo 1) 2yt < 0.

(see [15] for more details).
We write L, := 0, —div (aV-), so L; := 9y — A for the homogeneous case. Similarly,
we consider operator for the backward related heat equation, £ := —0; —div (aV-).

We denote by B(r) any ball of radius 7 > 0 in R3. The open ball {z € R3; |y —z| <
r}, r >0, is denoted B(y,r).

We denote by d(t) the distance between y(t) and Dy if Dy # 0, ie., d(t) =
d(y(t), Dy). If Dy = () then we put d(t) = +oo, 1/d(t) = 0.

If m is a 3 x 3 real matrix then mg = %(m 4+ m”) denotes its symmetric part and

if ¢ € R? then mg(£)? := mgé - €. ’

2.2 Brief history of the determination of an inclusion from
the D-N map

The determination (i.e, the problem of uniqueness) of a sufficiently smooth inclusion
inside an homogeneous body was stated in [4] with a proof by contradiction. DPM
for (1) is an extension of Ikehata’s probe method which was developed for the



elliptic equation div(aVv) = 0. It was firstly presented in [3] where the background
is homogeneous and D; € C? for all t. Although a part of DPM in [3] works for
all spatial dimension n, the reconstruction of D was proved in the case n = 1 only.
DPM in [3], corrected in [13], uses Runge approximation of the fundamental solution
of Lru = d(y,5), (¥,5) € Qo,1)- Extending [1] in a more quantitative version which
requires a little bit more smoothness and differs to the DPM of [3] and [13], [2]
proved the log-stability of Ay o — D.

Returning to DPM, the author of this article used in [17] ”special solutions”
for the classical heat operator which are more convenient functions than the basic
fundamental solutions I'(z —y,t — s), because their behaviour in time and space are
sufficiently separated. Since the background in [17] is homogeneous, [17] showed that
DPM can reconstruct any spatially irregular inclusion as in the elliptic situation.
But in our situation we are limited to inclusions with not too spatially irregularities
(see (H3)), and we have no reconstruction process.

2.3 Runge approximation

Runge approximation for the operator unperturbed operator £; with the homoge-
neous conductivity a = Is was developed in [3] and [13].
Let a lipschitzian curve ¥ : [0,T] 3 t = y(t) € R?\ D; which does not touch

D. We extend ¥ to t € R by putting y(¢t) = y(T) for t > T and y(t) = y(0) for
t < 0. Then, thanks to (H1’), there exists an open set U C Q x R containing D and
satisfying

OU is lipschitzian,

dist(U, %) ;= inf{|x —y|; z € U, y € £} > 0,

Q\ U, is connected, t € R.

Runge-type approximation as in [3, 13, 17] works thanks to (UC) notably, and yields
the following result. For 7 > 0 we denote ¥, = Uier B(y(t),1/7) x {t}.

Proposition 1. Assume (H1’) and (UC). Let ¥ and U be as above. Let u €
HYY Qo)) N H" (Qo,1)) be a solution of Lyu =0 in Q_1741) \ Xr. Then for
7 > inf{r > 0] dist(U, %) > 0} there exists a sequence u; € H"*(Q_1141)) N
HOY(Q_1,141)) such that

ﬁij = 0 in Q(_LT-&-I)’
u; — u in HYO(U)NHY(U),
u;(0) = wu(0) in L*(Q).

2.4 Heat Kernels

In many researchs devoted to inverse problems for parabolic equations, the back-
ground is homogeneous, i.e, b = I3. In such a classical situation, the heat operator
is O — A and its usual kernel T'(z, t) has many properties, as

1. Tt is explicit:

2

—x

:Weékt’

I(z,t) t>0, zecR>
2. It satisfies o
[(x,t) < —|VI(2,t)], t>0, =R

Vit



for some C > 0. Hence, I'(x,t) is small compared to |VI'(z,t)| as ¢ — 0.

3. Thanks to the Laplace transform fooo e~ tdt of 0y — A, we consider similarily
the elliptic operator —A + 72 with the (large) real parameter 7 > 0. Its kernel
E(x;7) is explicit too:

—7lz|

e

£ zeR:.
dnlz]” "

E(x;7) :/ F(x,t)e_thdt =
0

4. Tt satisfies
E(z;7) < 7|VE(z;7)|, =€ R3.

Hence, E(x;7) is small compared to |VE(z;7)| as 7 — oo, uniformly in all
bounded set of R?\ {0}. This fact was exploited in [17].

Let us come back to the heat equation with a general conductivity b. We put
b(z) = I for z € R3\ Q.
For y € R3, we denote by G, € C(R; L?(R?)) the fundamental solution of

LGy = 0(y,0);

which satisfies
Gy(z,t) =0, t<O0.

We have the estimate:

_lz—yi? w2 |z —y)?
ke~ an2t e~ o 5
TSGU(!T’t)SW’ z €R’ t>0, (4)
for some constant k = k(b) € (0,1) (see [1, 10]).

For 7 > 0 we put the Laplace Transform of G (z,t) as

t o]

pr(xyy) = 6772)5/ eTszy(x,t —s)ds = / e*TQSGy(a:, s)ds. (5)
—0o0 0
Let us observe that p,(-;y) belongs to H} (R3\ {y}) and, thanks to (4), satisfies
(=div (bV") +7%)p-(-3) = 8, (), (6)
2 < ) <A e B\ (1) 7
T—————— <pr(my) <2m———, TE y}.
[z =yl R2z =y

This is also a consequence of the works of Nash and Aronson.

2.5 Special solutions

Let us consider a lipschitzian curve ¥ C R® x R as in Section 2.3, and fix 6 € (0,T).
Let another positive parameter ;1 > 1 that we shall precise later.

In [17] with b = I3 the author considered special solutions related to the follow-
ing functions:

Uop(z,t) := e (T+1) / eTﬂ(\t*9*S\*|t*9|)F(x —y(t—s), S)€*T2Sd87
0

Ugp(a,t) = e T+ / eTlt=0+sI=1t=0DD (5 — (¢ 1 5),5)e™" *ds.
0



In fact, Upp and U p are respectively solutions of the following forward and back-
ward heat equations:

LilUop(z,t) = e D =00y (2:y(1)) nR® xR,
LiU5p(z,t) = e_Tz(t+T)e_T“|t_‘9|pT(m;y(t)) inR3 x R.
Moreover they satisfies (see [17, Lemma 1]):

2
Uop(z,t) = p(a,t)e” FDe 100y (2y(t)),
Upp(,t) = " (w, 8)e™™ FD e ThI=00, (40 (1)),

such that, for some C'= C(R,p) > 0 and all 7 > C,

& <lpl@ 0l +lg' @0l <C nBO,F) xR (®)
Ve, )|+ 194" (2,0) < O in BO, B) x R ©

With the general conductivity b, we construct here special solutions u, and u} as
follows. Let us put

mr(z,t) = Mo(rle —y(t)]), teR, (10)

where My is defined by My(r) = |1 — 7| 1,j<;. Hence m, is a lipschitzian function
with support closed to ¥ as 7 >> 1. We then put, for (z,t) € R3 x R,

ur(z,t) = / / eTQ(HT)e*T“‘s*e‘m(y,S)Gy(x,t—s)dyds (11)
se€R JyeR3
- / / ¢ THZ) RISy, — )Gy (o, 5)dyds,
s=0 JyeR3

ul(z,t) = / / e_TZ(T"’S)e_T“‘S_G‘mT(y,S)Gy(ac,s—t)dyds (12)
s€R JyeR3

/ / 6_72(T+t+3)e_T”|t_a+S|mT(y,t + 5)Gy(x, s)dyds.
s=0 Jy€eR3

The functions u, and w}(z,t) are positive and satisfy
Lyur(x,t) = eTz(HT)e_T“lt_elm(x,t) inR3 x R, (13)
Lyur(z,t) = e_TZ(T"’t)e_T“lt_‘glmT(x,t) in R® x R.

Remark 7. If m,(z,t) was replaced by §(x—y(t)) then it would be difficult to make
the estimation of 4(s)VyGyi—s)(x,t) that would appear in the expression of Our.

We then expect that

(1) T2 T 0L, (0 L) (14)
wi(a,t) T e T T TR0 3y (0 (1)), (15)

where the meaning of ”~” will be clarified shortly. Since the comparison requires
the time-derivatives of u,(z,t) or u*(z,t) and remembering Remark 7, we introduce
the following smooth approximation of p.(x; y(t)):

P, (z,t) := /000 /RS eszSmT(y,t)Gy(x,s)dyds. (16)



We then put

gr(x,t) = e Ty (2,8) — e P (2,1), (17)
¢ (2,t) = e Ty (z,t) — e I=0lp (24, (18)

The main difficulty in the proof of Theorem 1 is to prove that the quantity
Roi= [ (Var (@) + a3 o, 0 dadt (19)
D

is negligible compared to fD 70 271t=01|Vp_(x,t)|? dzdt or, in an equivalent way
(see Lemmas 4.3 and 4.4), to [, 74271t~ |p_(z,1)|* dzdt. We shall prove in
Appendix the following Lemma.

Lemma 2.1. (Estimate of Vg, in D). Let M > 0 and assume that |§]e <
M. Under (H3) there exist two positive constants C = C(b,Lp,dq,u, M), Cy =
Co(k,dq, M) such that if t € [0,T] and 7 > max(2u, Co/d(t)) then

[ (9.0 +1V a3 w0 o < Or e 20402 [ o, yle) e (20)
D, D,

(Remember that d(t) = d(y(¢),D:).) So Ry is effectively "negligible” when
the curve X is sufficiently close to D at least at time 6. This constraint is new
compared to consequences of (8) and (9) (for which Assumption (H3) is in addition
superfluous) and makes a theoritical reconstruction of D problematic, as opposite
to the possible reconstruction proposed in [17].

2.6 Pre-indicator sequence and indicator function

As in section 2.3, we can consider sequences (u;); and (u}); such that u; — u, and
uf — u; in the sense of Proposition 1. Considering v; = v(a,vo; u;lr , ) and the
solution v, € H'((0,T); L*(2)) N L2((0,T); H*()) of

Lavy = Lpug,
vy = u, on Igr, (21)
v7|t:0 = w9 on £,
we put
Wy = Vy — Us (22)
and
Ij (T> = / (Aa;vo (uj‘F[O,T]) - bvu] : V) U;lFX[O,T] dU(l‘)dt,
I'x[0,T]
Io(7) = / (a—b)VvTVu:dmdt—&—/ [wTu:]Ode, (23)
Qx[0,7T] Q

where do(z) is the usual measure on the boundary I The knowledge of Aa.,
involves that of I;(7)’s. Furthermore, as for the proofs in [3, 17], Proposition 1
implies that

Li(t) = Io(1) € R as j — oc. (24)

Hence, if (UC) holds, then the knowledge of Aa.,, involves that of I (7)’s.



3 Estimates on the indicator function

Lemma 3.1. Under assumption (HOb) we have
Io(r) < C/ e~ T\ P, (1) |? dudt (25)
D

+C/ (|Vq7\2 + |Vq:|2) drdt + 10(”’1)0“%2((2) + dQ)e—'rumin(T—Q,G),
D

1
Io(r) > = / e~ T\ P, (1) |? dudt (26)
CJp
—C/ (IVar | + [Var|?) dwdt — 10([[vol|72 (0 + da)e™ ™™ T=00),
D

for some C =C(a) > 1, forallT>pu+1, p>0.
Proof in Appendix.

We put also
do = sup{lz—y|; =,y € Q}, (27)
= inf d(¢) >0. 28
ey tel[%,T] (t) > (28)

Lemma 3.2. Let M > 0 and assume that |§|ec < M. Then, under assump-
tion (HOb), there exist positive constants ¢ = c(a,u, M), C; = Cy(vo,dq), Co =
Co(k,dao, M), C3 = Cs3(da, k, M, ), such that, if T > max(2u,Cs/eyx), we then
have
Lo(r) < er / 2 (2, y(0))]? dedt (20)
D

— in(T-6,0
+Cle 7 min( )7

and

Io(r) > e / (1 — Csd(t)?)e 210 p (2, y(1))|* drdt (30)
D
—Cie ™ min(T—O,G).

The proof of Lemma 3.2 requires the developments of Section 4
Let us extend ||n to (—o0,0] by putting ||n(I) = —occ if I <O0.

Lemma 3.3. Let 6 € (0,T). Let us fix p > p1 = 4k~ tdgmax((T — 6)~1,071).
1) Let a lipschitzian curve ¥ such that |y| < M and ez > 0. We then have

limsup 7' In(Ioo (7)) < —2kes. (31)
T—>00
2) Assume that Dy # 0. Let o € (0, (8C3)~'/2) where Cs is the constant in (30).

Let M, o > 0 and a familly ¥ = Y(g) for 0 < e < o such that we have |§(-)|oc0 < M
and

d(t) = d(y().Dy) < 2a for|t—0] <ol "
d(t) = dy(t),D,) € [¢/2,2a %t —0]] for|t — 6] > ea, (
A(t) = d(y(t), Ds) € (e/2,2ea2] for |t — 0] < ea.
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Then there exists €1 = e1(k,0, D, a, M, 1) € (0,a] such that for 0 < e < e; we have
Io(m) >0 4f 7> 11(e), and

liminf 7' In(I(7)) > -8k 'a"2%e (33)

T—00

Proof in Appendix.

4 Technical Results

4.1 First technical aspects

Lemma 4.1. Let t € [0,T] such that Dy # (. Then there exists a non empty finite
familly I, and points x; € Dy, i € I, such that

UierBi(1/7) C Dy C Uier Bi(3/7),
and B;(1/T)NB;j(1/7) =0 ifi,j € I, i # j, where B;(R) denotes the open euclidian
ball of radius R > 0 and centered at x;.

Proof. The lemma is a straightforwardly consequence of the compactness of D,
and Vitali’s lemma.

We have the following proposition (see [5] for example).

Proposition 2. (Parabolic Harnack inequality). There exists ¢ = ¢(k) > 0 depend-
ing on the constant k of (4) only such that if r > 0, t € R, ify € R\ B(2r) or
0¢ (t—r2t+1r?), then we have

_ max Gy(z,s)<c min Gy(z,s). (34)
z€B(r),s€[t—3r2,t— 112 zE€B(r),s€[t+5r2,t+72]

Let us recall that p; is defined by (5). From Proposition 2, we prove the following
Lemma.

Lemma 4.2. (Elliptic Harnack inequality). Let § > 0. There exists cg = c(b, )
such that for all 7 > 0, all ball B(B/7) C RN, if y & B(28/1) we then have

max p-(z;y) <cg min _ p (z;y). (35)
z€B(B/T) z€B(B/T)

Proof. Applying (34) with s =t¢, r = 8/7, we have, for all z,z € B(8/1),
/ e_Tszy(z7 s)ds
0

o0 2 172 2 1 2 2

= / e~ (s=3f/T )Gy(z,s— 56 /7%)ds
1
2

pr(z39)

62/7-2
o 2 2 2
< / e~ 5m3hYT )eGy(x,5)ds
%,82/7'2
1
<

o0
ce2? / e*T2SGy (x,s)ds
0

= ceiPp (1)
We then obtain (35). O
Let us recall that y(-) and ¥ were defined in Section 2.5 and P, by (16).
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Lemma 4.3. (Caccioppoli’s Inequality for P.). Let P; be defined by (16). Let
B > 0. Then there exists ¢ = c¢(8,b) > 0 such that for all T > 0, if B(B/7) N
B(y(t); ) = 0 we then have

1
7/ 2 P%(x,t)dx S/ VP, |*(x,t)de < c/ 72 P%(x,t)dx. (36)
€ JB(£) B(37) B(%)

27

Proof in Appendix.

4.2 Comparison between u., P, and p-

Lemma 4.4. (Comparison between P, and p;). There exists ¢ = ¢(b) > 0 such
that for all 7 >0, t € R, if v & B(y(t); =) we then have

) 15T

%73137(:5, t) < pr(a,y(t)) < er’Pr(x,t), (37)

where Kk is the constant of (4) or (7).
Proof in Appendix.

Lemma 4.5. (Comparison between u, and p;). Let M > 0 and assume that |[§]ec <
M. Then there exist positive constants C = C(b,dq, p, M), C1 = C1(k,dq, M) such
that for T > max(2u,2k" M), t € [0,T], z € Q\ B(y(t),C1/7), we have:

e Ty (2,) < Cem ™03 (2, (1)) (38)

Proof in Appendix.

Lemma 4.6. Let t € [0,7]. Let M > 0 and assume that |§|oc < M. Then
there exist positive constants C = C(b,dq, u, M), C; = C1(k,dq, M) such that for
T > max(2u, 267 M), t € [0,T] and x € Q\ B(y(t),C1/7) we have:

(e D (2,8))] < Ce ™0 2p, (2, (1)), (39)
Proof in Appendix.
Remember that ¢, is defined by (17).

Lemma 4.7. (Estimate of q.). Let t € [0,T]. Let M > 0 and assume that |§]ec <
M. Then there exist C = C(b,dq,pu, M) > 0, Cy = Ci(k,dq, M), such that for
T>2u,t€[0,T] and z € Q\ B(y(t),C1/7), we have

lar (2, )] < O3z —y(8) [ pr (2, y(2)). (40)

Proof in Appendix.

4.3 Estimates in D,

Lemma 4.8. (Estimates of Py in Dy). Let t € [0,T]. Let us put 1o =
Then, there exists ¢ = ¢(b) > 1 such that for all T > 19, we have

12
w3d(t) "

1 —4 2 2 ~4p?
)< [ vn@ora e [ oy @)

D,
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Proof in Appendix.

Lemma 4.9. (Estimate of Vg, in D). Lett € [0,T]. Let M > 0 and assume
that |§|eoc < M. Then there exist two positive constants C = C(b,dq, u, M), Cy =
Cy(k,dq, M) such that if T > 71 := max(2u, Cy/d(t)) > 79, where 1o is defined in
Lemma 4.8, then

/D Vo [2(x, t)dz < Cr—e2rult=0| /D 2 — y(ORlpe (@, y(0)Pdr.  (42)

Proof in Appendix.

Lemma 4.10. Under (H3) there exists a positive constant C = C(Lp, k) such that
we have, for 7 > k=3d(t)"L, t € (0,77,

/ & — y(t) Plps (2, y(6) Pdr < Cd(t)? / pr(ey(t) Pde. (43)
Dy

Dy
Proof in Appendix.

Now we are ready to prove Lemma 3.2.

4.4 Proof of Lemma 3.2
We obtain (30) and (29) from (26), (25), (20) of Lemma 2.1, (41) of Lemma 4.8. [

5 Proof of Theorem 1

We may assume that (HOb) holds, since the case where (H0a) holds is similar.
Thanks to Remark 5 we have D, U D} C Q, t € [0,T]. Let us assume that D # D’.
Then there exists (z,60) € Q x [0,T] with Dy # 0, z € 9Dy and z ¢ D), or with
Dy # 0, z € 0D; and z ¢ Dg. Thus, we consider for simplicity that z € 9Dy
and z ¢ Dj. Thanks to (H2), t — (Dy, D}) is continuous so we consider also that
0 < 6 < T. In fact let us explain why can consider also that z € 9Dy \ D} if
[t — 6] < B for some 8 > 0. If D; is void for |t — 6| sufficiently small then it is
immediate, but if D; is not void for |t — 6] sufficiently small then we can’t be sure
that d(z, D;) > 0 when t ~ §. However, in such a case, thanks to (H2), there exists
a sequence 6, — 0 satisfying Dy # () and Dy, \ Dy # (. We then replace (z,0)
by another couple (zy,0,) with z, € 0Dy, \ Dj . Then, since Dy # ) and thanks
to (H2), we have z, € 0D; if t ~ 0,,.

So we can consider that

2 € 0Dy \ D} if |t — 0] < B for some B > 0. (44)

We then construct a familly of curves ¥ = 3, for 0 < € < a® =: £, for some
positive a such that (32) and

d(y(t),Dy) > a/2 Vi, (45)

hold. Proof. Since Dy and Dj are lipschitzian and simply connected (see (H1’))
then there exists a lipschitzian curve § : [0,1] 3 s — §(s) € R® with a constant
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Lipschitz M such that §(0) = z, §(1) € Q, §(s) & Dy for s # 0 and §(s) ¢ D} for
s €10,1] and |t — 8] < 8. Thanks to (H2), (H3) and to (44) we have

d(g(s),D;) > a—Kplt—40|, forse]0,1], (46)
1
d(g(s), D) € [as—Kplt—0|, o5+ Kplt - 0|, sel0,1], (47)
for some sufficiently small positive a < max (1,0, T—0,d(D;,0), (2Kp)~', (2Kp/)~t,vB).

We put yo(t) = (|t — 0]/a?) for |t — 0] < a? and yo(t) = §(1) for |t — 0] < a?.
From (46) and since yo(t') ¢ Q for [t/ — 0] > a? we then have

d(yo(t),D}) > «a/2, for|t—0] <a’or|t' —0]>a> (48)

From (47) and since yo (') ¢ Q for |t/ — 6] > a? we then have for |t — 0| < |t/ — 6|
1
Awo(t). Dy) € [ya~|t— 0,207 — ], (49)

Then for all € € (0, a?] we put
y(t) = o(e) for [t — 6] < e, y(t) = yo(t) for |t — 6] > <.

Thanks to (48), (49) we obtain (32) and (45).

Let us denote by I/ (7) the indicator function for the conductivity a’. Thanks
to Lemma 3.3 we have for € € (0, 1]

limsup 7! In(I (7)) < —ka,
T—>00
and
liminf 77! In(Io (7)) > -8k o 2.

T—00

Then, I’ (1) # Io(7) for all ¢ < min(ey, k%a?/4) and 7 sufficiently large. The

result at §2.6 implies that Ay, a # Ay ar- O
Appendix
Proof of Lemma 3.1. We put
X, = / ((a—b)a 'b)g(Vu,)2dze 2" T+ qt,
Qx1[0,7]
Xo = / (a —b) (Vu,)? dxeiZTz(TH)dt,
Qx1[0,7]
Wy = Uy — U, (50)
v, = (a—b)Vu, +bVw, =aVu, — bVu, (51)

= (a—Db)Vu,; +aVuw;,,
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By = / 2qp e 2 (TH) gy
Qx[o, T]
By = / VwT dzx 67272(T+t)dt,
Qx[0,T]
B3 = / 2w? dz 67272(T+t)dt,
Qx[0,T]
and
R, = [wrul]) dz,
Q
Ry = / (a— b)VUTV(eT2(T+t)ui - e_TZ(TH)uT) dwe ™ (+T)qt
Qx[0,T]

= / (a — b)VUT . (ti(x, t) _ VqT(x, t)) dr e_Tz(H_T)dt,
Qx[0,1]

Ry 1/ [wze_gT (T+t) dx.
2 Jg 0

Step 1. Let us prove that

Io(t) = X1+ Bi+Bs+ Ri+ Ry + R, (52)
Io(1) = Xy—By—Bs+ R+ Ry — Rs. (53)
From (23) we have
Io(T) = / (a—b)Vo,Vu, dee 2" THdt + Ry + Ry. (54)
Qx1[0,7]
1. Let us put
A = / a U, . (a—b)Vu,dz 672T2(T+t)dt,
Qx[0,T]
Ay = / Vw, V¥, dx e~ 2 (T+) g,
Qx[0,T]

Then, since (a — b)Vu, = ¥, — aVw,, we then have A1 = By — As.

By integration by parts we have

Ay, = 7/ w, divl, dwe= 2" T+t = 7/ Wy Opwy dwe=27" T+ 44
Qx[0,T] Qx[0,T)
= —Bs—Rs. (55)

We thus have
Ay = B1 + B3 + Rs. (56)

For any 3 x 3 real matrix m we have mVu, - Vu, = mgVu, - Vu,. Then, thanks
to
Vo, =a 0. +a 'bVu,, (57)
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we obtain (52) from (54) and (56).
2. Let us consider (54) again. Thanks to (50) then to (51) we have
(a—b)Vv,Vu, = (a — b)Vu,Vu, + aVw,Vu, — bVw,Vu,
= (a—b)Vu,Vu, + aVw,(Vv, — Vw,) — bVw,Vu,
= (a—b)Vu,Vu, —aVw,Vw, + Vw, V.

Hence
Io(t) = / (a— b)(VUT)z dxe_QTQ(T""t)dt — By + Az + R1 + Ro,
Qx[0,7]
which yields (53) with the help of (55). O
Step 2. We put
Xy = / 200G P (2, 4)[2 dardlt (58)
D
and
1 4727, * 2 1 2727, * 2
Ry = - |[e l[ur(T)|*dze+ = | e |ur(0)]“da
2 Jo 2 Ja

+2/ e*2T2T\uT(0)|2dx+2/ e 2T yo 2da,
Q Q

Ry = / Vg, |[*dadt, RE:= / |Vq:|? dadt.
D D
Under assumption (HOb) we have the following estimates:
1 1
Io(r) > CX0+§B1+33—2R4—6(R5+R;), (59)
Io(r) < lX 1B Bs +2R +1(R + R;) (60)
ol(T) = FXo—5he 3 4+ & 5)

for some C' = C(a) € (0,1).
Proof. Thanks to Cauchy-Minkovski inequality and to the definition (22) we
have

1
Ri+Ry = /(wTuj + §w26_4T2T)|t:de
Q
« Lo or2p
— [ (wyul + Jure )|t=odz
Q
> —Ry. (61)
Similarly we have
Ri—R; < Ry (62)

We observe that, thanks to (52) and (53),

Xlifoo(T)*BlfBnglfR2*R37 (63)
XQZIOO(T)+B2+B3—R1—R2+R3. (64)
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Thanks to (57) again we have

Ry < / e~ (40| _ blla=!||W, | |V — Vg, | dadt
Qx[0,7)
+/ e~ (40| _ bla~!| [b||Vus| V" — Vay | dadt  (65)
Qx[0,T]

1 1

From (63) and (66) we get

1 1
‘R2| < §IOO(T)—§(B3+R3+R1 +R2)+C(R5—|—R;). (67)

Estimates (52), (61) and (67) imply

1 1
IOO(T) > §X1+§B1+33—R4—C(R5+RE). (68)

By using (17), (18), (HOb), and the basic estimate a® > % (a + b)? — b?, we have

X, > /516*27#“*9‘\VPT(x,t)dedt
D

/QX[OT

)

1
|blla~!||a — b| |V, |? dzdt > C X, — o hts,
]
for some C' = C(a) € (0,1). Then with (68) we obtain (59).
Similarly, by using (53), (58), (64) we obtain (60).

Step 3. We prove that for 7 > 4+ 1 we have
[Ra| < 2llvollF2qy + 5da)e” T mnT=00), (69)

Proof. Firstly, we have

0 <u,(z,0) = / / eTz(T_s)e_T“erSlm(y,—S)Gy(x,s)dyds
o Jrs

IN

o0
) 1
eTZTe_T“G/ / e_TzéGy(m,S)dyds = —2672T6_T“9.
0 R3 T
Here we used the notorious relation
/ Gy(z,s)dy = 1. (70)
RS

Hence ,
0<e ™ Tu(z,0)<e ™0  7>1. (71)

Similarly we have

0< eQTzTu:(x,T) < eI r >, (72)
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Secondly, since 7 > 1+ 1 > 1 we have
0<ur(@0) = [ [ e iy )G, r,5)dyds
o Jrs

o0
< e*TQTe*T“e/ e~ (T =Tm)s Gy(z,s)dyds
0 R3

1 2 2
_ > e T Tefrue < e T Tef'r,ue' (73)
T2 —TU

From (73), (72), (71), we obtain for 7 > p+ 1 > 1:

Ry < 2HUO||%2(Q)6_272T + 2dge T 4 3dge ™,

which implies (69).
Estimates (26) and (25) come immediately from (59), (60), (69) and the fact
that B; > 0 for j = 1,2,3. O

Proof of Lemma 4.3. We observe that for all ¢, the function P, (-;¢) the unique
solution in H*(R?) of

(—div (bV:) + 73 P (1) = m, (-, 1). (74)
Let ¢ € CY(R;[0,1]) with ¢(r) = 1 for |r| < 1/2 and ¢(r) = 0 for |r| > 1. Put
Y(z) = ¢(7(x —x0)/5) where xg is the center of the ball B(8/7). We multiply (74)
by P, (-,t)¥? and integrate it over €. Since supp (¢/) Nsupp (m(-,t)) has Lebesgue
measure zero, we then have
/ [b(V P, (-, 1))%%* + 2bV P, (-, 1) Py (-, t)Vep + 72 P2(-, t)y?] = 0. (75)
Q
Then, from Cauchy-Minkovski’s inequality,
[P (0202 4 2P0 < [ 1259P (0w P60
Q Q
< [ [GBVPAC 00 + 2P (V0
Q
Thus, for some C' = C’(b) > 0,
JI9PGOR + 7P 01 @i < ¢ [ P20V (o),
Q Q

with ¢" = C"(b) > 0. Since supp ¢ C B(8/7) with |[Vi(z)| < § max|¢'|, ¢ = 0,
and ¥ =1 in B(%), we then have

2
VP (-t QxdeC"T—/ P2(-, t)dz,
/B<;1>' (1) () 5 [ P00

which proves the second inequality in (36).
From (75) and thanks to Cauchy-Minkovski’s inequality we have also

/ (VP (- 1)20% + 2 P2(, 1)) < / 2BV P, (-, 1)V P (-, 1)1
Q Q

2 1
< [ IZrRIVPCOFITUE + 5 P2



18

Thus, for some C' = C'(b) > 0,

| 7P e < 0 [ VPGPV )
Q ™ Ja

We then obtain

2 P2(-, t)de < C"— / VP, 2dx,
/ TP 3 [0, 190
C" = C"(b), which proves the first inequality in (36) with § replaced by 25. O

Proof of Lemma 4.4. Since G, (y, s) = Gy(x, s) and thanks to (34) withr = 1/7,
we have for all & B(y(t),2/7):

[ G = [ Gy < B/ max Gals)
B(y(t),1/7) B(y(t),1/7) B(y(t),1/7)

L)

1 )
< 3G, (y(t),s + —) = CT*‘3Gy(t)(x,s+ 5

22

Then, since 7|z — y(t)| > 2/k® > 2, since m, < 1 and supp m, = B(y(t), %) we
have

Pr(z,t) < / 6_723/ Gy(x, s)dyds (76)
0 B(y(t), %)

IN

_3/00 G s o)
CT ) € y(t) xT,Ss 972 S

= ¢33 6772(57ﬁ)Gy(t) (x,s)ds
Pl

< 6'7_3/ TGy (@, 8)ds = 7% pr(w;y(t).
0

We obtain the first inequality of (37). Let us prove the second one. Since m, > 1/2
in B(y(t) we then have

1 (o)
P (x,t) > 7/ 6_728/ Gy(x,s)dyds
2 Jo By(t),5+)

o0
> CT_3/ e inf Gy(z,s)ds.
0 YEB(y(t),3-)

727)

By applying (34) with » = 1/7 and observing that G (z, s) = G, (y, s) we then have
for all = &€ B(y(t),2/7):

(oo}
P.(x,t) > 07_3/ e"T's inf Gy(x,s)ds
(z1) 0 VeB(y(1), 5) y(7:9)

Y

-3 * —725 1
G ——)d
cT /0 e gt (T, 5 272) s

oo
= 07_3/ 6772(5+ﬁ)Gy(t)($7s)d3
_1_

272
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_1_
\lvlvith some ¢ > 0. We put R := [*" e‘Tszy(t)(x, s)ds. Thanks to (4) and (7) we
ave

_ 2 le—y@)|?
4s

1 oS}
/272 eﬁTds < \/ili_lT/ e lemyOPTr/2 g,
0

1
_ 2\/5&73’7'71|$ . y(t)|f2efn2\mfy(t)\272/2

< Spelay) exp(—r iz — (O]l — y(0)]/2 - 1)),

R

IN

KOl —y(t)]

Since 7|z — y(t)| > 2/k® > 2/k?, we then have R < Ip,(z,y(t)). Hence
1 /_—3

PT(:E7t) Z 507— p‘r(xvy(t))

The conclusion follows. O

Proof of Lemma 4.5. Let us observe that

677—#|t7075\ S B*T#ItfeleTHS s > 0’ t e R (78)

Hence

e Ty (2. 1) / e semmult=0=sl [ (4t — 8)Gy(x, 5)dyds
0 R3
< ef'r,u,\tfm]{7 (79)

where we put

2

H - / (s / G, (x,s)dyds = Hy + Hy (80)
0 B(y(t—s),1/7)
with

H,

/ e_(72_”‘)5/ Gy(z, s)dyds,
s>A/T B(y(t—s),1/7)

AT
Hy = / e_(Tz_T“)S/ Gy(z, s)dyds,
0 B(y(t—s),1/7)

and where X := 2|z — y(t)|/k. We put also M’ := M+ 1, C; = max(1,8x (1 +
M?d3%)). Since |y(t—s)—y(t)| < Ms, we then have B(y(t—s),1/7) C B(y(t), Ms+
1/7) and so

H,

IN

AT
e“’\/ e_TZS/ Gy(z, s)dyds
0 B(y(t),Ms+1/7)

AT
< e“’\/ 6_7—28/ Gy(x, s)dyds.
0 B(y(t),M’/T)

Since 7 > 2k~tM, |x — y(t)| > 1/, we then have |z — y(t)| > M’/7 and so we can
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apply (34) where z and y are exchanged and with r = M’/(27). Hence
Hy < ce’“/ e~ By(t), M [7)|Gypy (2,5 + M /(2r%))ds
0

< cet /O T e M By (1), 1/(20))| Gyt 5 + M7 /(27))ds

— et N2M')? / e MR By (1), 1/(27))| Gy (, 5)ds
M'2/(2r2)
= MMM (e, y (1) ~ R),
. M'2/(27%) _._2 .
with R := [, e T *Gy)(x,s)ds and ¢ = c(b) is the constant (34). Thanks
to (4) we have
M2 nPleoy(n)? oo
R < /27 %ds < \/imflrM’_l/ e le—y(OPr?r/ (M) g
0 K3/ 1

= 2\/§M'/<;73771|x — y(t)|*26*52\1*?/(75)\272/(2M’2)
I

< 5p@(0) s esp(on e =y (O]l = y(0)| /2= D).

Since 7]z — y(t)| > C; then M’ *k27|z — y(t)] > 2 and M'~'kS7|z — y(t)] > 1.
Hence R < ip,(z,y(t)) and

CM/362n’1;L|m—y(t)|T—3pT (J:, y(t))
OMPe2 ™ mdar=3p (2 y(t), (z,t) € Qor

= O(ba dQv M, M) Ting(xa y(t))v (1’, t) € QO,T' (81)

H,

IN A

Let us estimate Hy. Since Gy(x,s) < k~1s73/2 and T > 2u we then have
H, < H—lT—S/ 5—3/26—T25/2d5
s>AN/T

s [ S M) T s 2(/) 322N
KT §73/20—7A/2(5 = 2()\/7.)71/2677)\/2

IN

fs>)\/7'

Hence
Hy <2k A L3¢ 72,

Thanks to (7) we then obtain
Hy < k2773, (2,y(t), (x,t) € Qor. (82)
Then, thanks to Lemma 4.4 and from (82), (81), (79), the conclusion follows. O
Proof of Lemma 4.6. We have

8t(e_72(t+T)ur(fE,t)) = Y, + Yo,
with

¢
Y = —Tu/ e_Tzssign(t — 0 —s)e IO [ (y,t — 8)Gy (x, s)dyds,
s=0 R3

t
Y, = / e " se*”‘lt*(’*‘ql/ Om-(y,t — s)Gy(x, s)dyds.
s=0 R3
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Let us estimate Y;. We have

[Yi(z,t)] < 7p /(X; e e THlt—0—s| . m,(y,t — s)Gy(z, s)dyds
= T e;_TQ(”T)uT(x, t).
Thanks to Lemma, 4.5 we obtain for
Vi(x,t)] < Cem ™0 2p, (2, y(t)). (83)
Let us estimate Y3. Remember that supp m.(-,t) C B(y(t),1/7) and that
|0vm-(y, )| = T[g(t)V Mo(7(y — y(t)))| < M.
Hence we have , as in the estimates of (76) we obtain

2

C’T/ e’ Se_”‘lt_e_s‘/ Gy(x,s)dyds
5=0 B(y(t—s),1/7)

< eiT"lt*elH,

IN

Y2

where H is defined by (80). Hence
Va| < C'em 072 (2, y(t)). (84)
From (83), (84) we obtain (39). O
Proof of Lemma 4.7. We write ¢, (z,t) = [~ e Jgs(A=B)Gy(z, s)dyds with

A = efmlt*efs‘mT(y,tfs),

B = e 0y (y.1).
Let us observe that, since e™* — 1 < urse™* and thanks to (78), then

A= B < e (ursem™ Uy -0y 1/m) + Mrsmax(py ) 1/7), 1ay-9.1/m)) -

Hence
|- ()] < Te TN (uRy + MRy) (85)
with
R, = / 67%25/ sGy(x, s)dyds, (86)
0 B(y(t—s),1/7)
o0 2
Ry, = / e_Ts/sGy(x,s)dyds, (87)
0 B

where 7 := /72 — 7y and B := B(y(t — s),1/7) U B(y(t),1/7).

Let us put again A = 2k~ 1|z — y(¢)|. We write Ry = Ra; + Rgo with

AT
Ry = / 6_725/5Gy(x,s)dyds,
0

B

Roy = / e’T2S/~sGy(m,s)dyds.
AT B
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As for the estimate of H; in the proof of Lemma 4.5 we have
|Roo| < 2/(17'73/ s1/2¢=778/245
AT

)
< 2H—1T—3+1/2)\—1/2/ e—T25/24s = dp—1p—5+1/2)\~1/2,—TA/2
AT

_ 2\/2%71/2775“/2@ . y(t)|71/2677'n_1|w7y(t)|.
Thanks to (7) and since 7]z — y(t)| > 1 we then have

[Roa| < w7277 (rla =y ()22 — y(8)lp (, y(8)
< O(w)r~ o — y(t)lpr (2, y(t)). (88)
For s < /7 we have B C B(y(t), M'/r) with M’ := AM + 1. Hence, as for the

estimate of Hy in the proof of Lemma 4.5 and since 7|@ — y(t)| > 2M’*k~5 we then
have

| Ro1 |

IA

AT
)\T71/0 67725 L( ot )Gy({E,S)dde
y(t), T

A EC (b, dg, M)T3p, (2, y(t))
C(b,do, M)T~*|z — y(t)|p-(z,y(t)). (89)

IAIA

From (88) and (89), we obtain that for 7|z — y(t)| > 2M’*k ™ we have
[Ro| < C(b,da, M)~ |z — y(t)|p; (2, y(2)). (90)
Now, we estimate R; as Rg by splitting the integral in (87) with s < A/7 or
s > A/T. We observe that 7 = 74/1 — pur—1 > %7’. Hence Ry = Ryi1 + Ris with,
since 7|z — y(t)] > V2% and T > 2y,
|Rps| < F3+1/2)-1/2 /°° e~ 75/24
AT

= 9p—lim2,-341/2)—1/2 ,—TA4+Au

< Ok pydo)T™ o — y(6)|pr (2, y (1)) (91)

Finally, since 7|z — y(t)| > 2>, we have, as for the estimate of Ray,

AT
|Ri| < )\7_16)“‘/ e_Tzs/ Gy(z,s)dyds
0 B(y(t),1/7)
< C(b, p,da, M)~z — y(t) |p-(z,y(t)). (92)
Thanks to (91) and (92), we obtain
Ry < C(b, p,da, M)T™*a — y(t)pr (2, y(t)). (93)

Thanks to (93) and (90), (85), we obtain (40) for 7 > 2u, t € [0,T] and z €
Q\ B(y(t), C1/7). O
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Proof of Lemma 4.8. We consider a familly of balls B;(1/7), i € I, 7 > 79, as
in Lemma 4.1. By using (35) (with 5 = 6), (36) and (37), and by observing that
B;(6/10) N B(y(t),2K°/m0) = 0, we can write

/D,, VP2 (z,t)dz < Z/B VP, [2(z, t)dz

iel i(3/7)

4y / 2 P?(z,t)dx
; Bi(6/7)

C. / 7_4p§ z,y(t))dz
> 56/ (z,y(t))

icl

IA

IN

IN

Cs > |Bi(6/7) |7 p2 (i, y(t))
iel
C4Z\Bi(1/7)|7 mln P2(-,y(t))

i€l Bi(1/m)

< C / 742 (2, y(t))dx
5 e (z,y(1))

i€l

IN

< G /D T2 (2, y(1))da, (94)

with C; = C;(b). Hence, the second inequality of (41) is proved. The proof of the
first one is similar. O

Proof of Lemma 4.9. We put C} = C; + 6, Cy = max(C},12k~°) where C; =
Cy(k,dq, M) is the constant in Lemma 4.7. We consider again the balls B(1/7),
B(3/7), defined in Lemma 4.1. Thus

7o / Vo (2, 1) dx<Z/ Vg, (2, 1) de (95)
BA(3/7)

Let us fix 4 and denote B(3/7) = B;(3/7). We consider again the functions ¢ €
C1(R;[0,1]) and v(x) = ¢(7(x — 20)/6) where x is the center of a ball B(6/7), as
in the proof of Lemma 4.3 (with 8 = 6).

Thanks to Lemma 4.6, there exists a positive constant C = C(b, dq, u, M) such
that for 7 > 2u, t € [0,T], z € Q\ B(y(t); C1/7), we have

|(~divbV + 72)¢, (2,)] = ]a Ty (2, 1))
< Cr ey (2 y(t). (96)
We observe that

z € supp () = B(6/7) = |z —y(t)| = |zo —y(t))| = 6/7 =
d(t)—6/7 > C/T—6/T =Cy/T.

Hence we can multiply (96) by q.(z,t)y?(z) and integrate it over . This implies
/2 (b(Var (- 1))*%* + 2bVar (-, )9 - (-, 1)V + 7267 (-, 1)9)?)
¢
P2 [ gl ()
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Then, from Cauchy-Minkovski’s inequality, and as in the proof of Lemma 4.3, we
obtain

/ (VgD + P@CoW? < C / (V) + Ce =012

Q Q
. 2,2\ /2 ) 2 ,o71/2
(/Q|q7<,t>|w) (/Q|p7<,y<t>>|w> .

Since supp ¢ = B(6/7) with [V¢(z)| < 7max|¢/|/6, ¢ > 0, and ¢ = 1 in B(2),
we then have

[ Fatop < ort [ @iyt
B(%) B(3)
1/2 1/2
(f Jat0P) ) anten)
B(3) B(2)
Thanks to Lemma 4.7 and by using 77! < Cy |z — y(t)| for z € B(£), we then have

/ Var( O < Crie2maiiol / 1@ — y (O pr (2, y(6))Pde +
B(2) B(&)

9. N\1/2
i /B YOI

< Clem2mmli=tl 4 /B(s) | =y () |pr (2, y() Pde.— (97)

Cr e 2Tnlt=0l | (/B 6 2 — y(t)?[p- (z, y(8))[2dz) /2

By putting (97) in (95) we obtain
J < Clem2ult=0l—4 Z/ |z — y ()2 |p- (2, y(t))>dz. (98)
5 /B(2)

Finally, as in (94) we have

S [, o= s Ol <C [ o= o0 lpe o) P

Dy

This with (98) prove (42). O
Proof of Lemma 4.10. We can assume that D; # (). We put A = 2k~ 2d(t) and

J = /D |z — y(&)P|p- (2, y(8)Pde = Jy + Ja,
t
Ji o= / |z — y(t)]?|p- (2, y(t))*da,
Dth(y(t)v)‘)
Jo = / |z —y(t)|*|p-(z,y(t))|*dz,
DA\B(y(t).A)

J o= / Ipr (2, 9(8))[Pda.

t
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We then have
Ji < N J=4x"4d()?J. (99)
On the one hand thanks to (7) we have
Jo < |Dyldnr™ Y exp(—2kAT),

and, on the other hand,

J2 < 477/4374/ 672“7‘1*?4“)‘(11‘ < 167.(-2/{}*4/ e*2ﬁ7rr2dr
lz—y(t)[>A A
< 20m2 A%k 07 L exp(—2k7 ) < 20m2 A3k exp(—2kT )
< 20m2k10(2d(t))? exp(—2KTN).

Here we used A > k~17~1. Hence
Jo < 4Ark~t min(40mk0d ()3, | Dy|) exp(—2KTN). (100)

Let us fix 29 € dD; such that d(t) = |zg — y(¢)|. Then B(y(t),2d(t)) D B(xo,d(t))
so, thanks to (7) and to (H3), we have

J p-(z,y(t))|*dx

/DtﬁB(y(t),2d(t))

> |De N B(y(t), 2d(t ))\4m4(2d( )) 2 exp(—4r~ ' d(t))
> 7x*| Dy N B(xo,d(t))|d(t) 2 exp(— 2/4:7')\)
> k' Lp min(| Dy, |B(9«“o, ()NA(t)~* exp(~2K7A)
> 7r/<;4LDmin(|Dt|,§7r ()®)d(t) "2 exp(—2KTN).
Then J
2 -1,.-14
207 < CLp'w 4, (101)

for some numerical parameter C' > 0. From (101) and (99) we obtain
J < CO'Ld(t)2T,
which is the estimate to prove. O

Proof of Lemma 2.1. It is the direct consequence of Lemma 4.9 and Lemma
4.10.

Proof of Lemma 3.3
1) Thanks to (7) and to Lemma 3.2 there exists 71 > 0 such that we have, for all
T>T1,

IOO(T)

IN

T

CT_4/ / 165_46526_2”782dxdt + C’w‘“fldQT
Dy

< (DT g + C)e 2rTem,

We then obtain (31).
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2) Let us fix 71 € (0, min(%|Dg|'/3,0,T — 0,a*)] such that we have, thanks to
(H3),

1
|Dy| > 5|D@| >T3 for |t—0| <Ty. (102)
Thanks to (32) we have d(¢)? < ﬁ for |t — 0] < Ty. Thanks to (30) in Lemma 3.2

we then have, for 7 > 7,
Ioo (7’) Z I() — Ro
with
c

Iy = 77_4/ e_z”‘lt_‘gl/ pi(m,y(t))da:dt,
2 t—0|<T} D,

¢ = c(a,u, M) > 0 and, thanks to (7),

Ry = CT_4/ / e_QTﬂlt_elpz(x,y(t))dxdt + Cle—T,umin(e,T—G)
[t—0|>T1 J Dy
s (1605747—74|Q|552 + 01)672T#T1 < 045527_746727-“7117

with Cy = Cy(a, ||, M, vg). Thanks to (7) and to (32) we have also, for e € (0,7} /a]
(and observe that (0,7} /a] C (0, a?]),

2 [t—0|<ae D,NB(y(t),2d(#))

> St / e 27011 D, 1 B(y(t), 2d(1))|dt.
2 [t—0|<ae

We have D, N B(y(t),2d(t)) D D, N B(x(t),d(t)) for some z(t) € 0D;. Thanks
to (102) and to (H3) we then have |D; N B(x(t),d(t))| > Lp|B(0,1)|d(t)3. Since
g/2 < d(t) < 2a72% for |t — 0] < as we then have |D; N B(y(t),4a %¢)| >
Lp|B(0,1)|e3/8 and so

~1 -2
Iy, > C'(Qa M, a)dr e 8™ @ E/ e 2rIt=0l g
[t—0|<e

> C’"(Q,a,M,a)sBT*‘r’e*gm_la_%.
Let us put &1 = T3 min(1, pra?/8). Then for € € (0,&1] we have
Ro/Iy < C"e3eg*re 0T,
Then we have Ry/Iy < % for 7 > 79 sufficiently large and so

1 o1
Io(7) > 51'0 > C(a,Q, M,a)e 37 5 8" fate
Hence

liminf 7' In(I (7)) > —8x a2,
T—r 00

The conclusion follows.
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