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Mullineux involution and crystal isomorphisms

Nicolas Jacon

Abstract

We develop a new approach for the computation of the Mullineux involution for the symmetric group and its Hecke
algebra using the notion of crystal isomorphism and the Iwahori-Matsumoto involution for the affine Hecke algebra
of type A. As a consequence, we obtain several new elementary combinatorial algorithms for its computation, one of
which is equivalent to Xu’s algorithm (and thus Mullineux’ original algorithm). We thus obtain a simple interpretation
of these algorithms and a new elementary proof that they indeed compute the Mullineux involution.

1 Introduction

The Mullineux problem is a long standing problem in the representation theory of the symmetric groups

which has been studied by various authors since the end of the 70’s. Let &,, be the symmetric group on n

letters with n > 1. It is known that the irreducible representations of &,, over the field of complex numbers

are naturally labeled by the partitions of n (the sequences of non increasing positive integers of total sum
Irrc(S,,) = {pa | A partition of n}.

The characters and the dimensions of these representations may also been easily computed thanks to the
combinatorics of partitions. There are exactly two non isomorphic representations of &,, with dimension
1: the trivial representation which is labeled by the partition (n) and the sign representation ¢, labeled by

the partition (1..... 1). As a consequence, if X is a partition of n, there exists another partition p such that
——

n times
Pu =~ € ® px. It is natural to ask how one can compute p from A. The result is that p is the conjugate

partition of A which is defined by interchanging rows and columns in the Young diagram of A (the Young
diagram of A is the finite collection of boxes arranged in left-justified rows, with Ay boxes in the kth row for
all k > 1.)

Of course, all the above questions and problems arise when we replace C by an arbitrary field £ and
in particular by a field of characteristic p > 0. In this case, the irreducible representations have first been
constructed in [12]. They are labeled by a subset of partitions called the set of p-regular partitions the
partitions of n where the non zero parts are not repeated p or more times.

It (&) = {px | A p-regular partition of n}.

We also have two one-dimensional representations: the trivial representation and the sign representation &
and they are non isomorphic if and only if p # 2. By contrast, we still not even know how to compute
the dimensions of these representations in general. The other mentioned problem still makes sense in this
context. Namely, if A is a p-regular partition then there exists a unique p-regular partition p such that
Pu € ® px. If we set mp(N) := p, we thus obtain an involution m,, on the set of p-regular partitions.

If p = 2 then it is clear that m, = Id (because then ¢ is nothing but the trivial representation) but in
general, it is difficult to describe m,,. In fact, this map may even be defined in the context of Hecke algebras
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of type A at a p-root of unity. In this case, p do not need to be a prime but just a positive integer (greater
than 2). The associated involution that we obtain coincides with m,, if p is prime. A natural problem is thus
to find an explicit description of this involution m,. on the set of e-regular partitions for all e € N5 ;. This
is the main subject of the present paper.

In [22], Mullineux has first given a conjectural algorithm for computing this involution (which will be
called the Mullineux involution in the sequel). Later, another equivalent algorithm has been given by Xu
[23, 24]. In [20], Kleshchev gave another combinatorial recursive algorithm for computing the Mullineux
involution but it was not clear at that time why this algorithm would be equivalent to the Mullineux (and
the Xu’s) algorithm. Ford and Kleshchev gave a proof of this fact later in [9]. Another proof was given in
[3] by Bessenrodt and Olsson. In [5], Brundan and Kujawa gave another proof using works by Serganova on
the general linear supergroup. We also note that recently, Fayers [8] has given another way for computing
the involution.

The aim of this paper is to present several elementary combinatorial (and recursive) algorithms for the
computation of the involution using the Kleshchev result. These algorithms are based on the results of
[18, 19] and on the following points:

1. Each simple module for the Hecke algebra of type A labeled by an e-regular partition of rank n can be
seen as a simple module for the affine Hecke algebra of type A.

2. The Mullineux map at the level of Hecke algebra coincide with the so called Iwahori-Matsumoto
involution for the affine Hecke algebra of type A.

3. The Iwahori-Matsumoto involution may be computed using an analogue involution at the level of
Ariki-Koike algebras associated to a multicharge s € Z'.

4. This later involution may be computed using the Mullineux involution for Hecke algebras of type A on
e-regular partitions with rank (strictly) less than n.

As a consequence, to compute the image of an e-regular partition of rank n under the Mullineux involution,
we are reduced to compute several images of e-regular partitions of rank strictly less than n under the
Mullineux involution. This thus gives a recursive algorithm to solve our problem. In fact, depending on the
multicharge, we choose for our Ariki-Koike algebras, we obtain several different algorithms. It turns out that
for a particular choice of multicharge, our algorithm is equivalent to Xu’s algorithm. This thus gives a new
elementary proof for the fact that the Mullineux and the Xu’s algorithm give an answer for the Mullineux
problem. This also gives a new interpretation of these algorithms (another interpretation is also given in
[5])-

The paper will be organized as follows. In section 2, we recall some basic facts on the representation
theory of affine Hecke algebras of type A and of Ariki-Koike algebras. We also recall several results coming
from [18, 17] concerning the labelling of the simple modules for these algebras and the relations between
them. Section 3 introduces the Mullineux and the Iwahori-Matsumoto involutions and shows how these two
maps are related. In section 4, we study combinatorial properties of partitions and multipartitions which
will be used in the following sections. Section 5 gives the algorithms we get for computing the Mullineux
involution. The last section shows that Xu’s algorithm can be seen as one of our algorithm.

Acknowledgement: The author thanks Cédric Lecouvey for fruitful discussions on the subject of this
paper. The author is supported by ANR project JCJC ANR-18-CE40-0001.

2 Hecke algebras

In this first section, we recall the definitions of the affine Hecke algebra of type A and of the Ariki-Koike
algebras. We then give a brief overview of their representation theories. Finally, we explain the relations
between the known parametrizations of the simple modules for these algebras. The main references for these
parts are [1] and [10].



2.1 Affine Hecke algebra of type A

Let n € Zg. Let ¢ € C* be a primitive root of unity of order e > 1. The Iwahori-Hecke algebra H,(q) of

type A is the unital associative C-algebra generated by 1o, 11, ..., T,—1 and subject to the relations:
TiTi Ty = TiaTiTiyq (i=1,...,n—2),
T, = TiTi (li—jl>1),
(T; —¢)(T;+1) = 0(i=1,...,n—1).

The affine Hecke algebra ﬁn(q) is the unital associative C-algebra which is isomorphic to
Hn(Q) ®c (C[Xitlv s 7Xr:::1]7

as a C-vector space and such that ﬁn(q) and C[Xi?,..., XF!] are both subalgebras of ﬁn(q) with the
following additional relations:
T XT; = qXip1, T:X; = X1},
for all (i,7) € {1,...,n — 1}* with i # j.
We denote by Mod,, the category of finite dimensional H,,(g)-modules such that for all j =1,...,n, the

eigenvalues of the X, are power of ¢. The simple objects Irr(H,(¢)) in Mod,, can be naturally labeled by
the set of aperiodic multisegments that we now define:

Definition 2.1.1. Let [ € N5 and let i € Z/eZ. The segment of length | and head ¢ is the sequence of
consecutive residues (i.e elements of Z/eZ, identified with {0,1,...,e —1}) [i,i + 1,...,i + 1 — 1] in Z/eZ.
The residue ¢ € Z/eZ is then called the head of the segment and the residue i +1 — 1 the tail of the segment.
A multisegment is a formal sum of segments. A multisegment is said to be aperiodic if for every | € Z-y,
there exists i € Z/eZ such that there is no segment with length [ and tail i appearing in the multisegment.
We denote by M. the set of aperiodic multisegments. The length of a multisegment is the sum of the
lengths of the the segments appearing in it and is denoted by |¢)|. We denote by 9. (n) the set of aperiodic
multisegments of length n.

Example 2.1.2. For e = 3, the multisegment:
[0,1,2,0] + [0] + [1] + [1,2] + [2,0]
is an aperiodic multisegment of length 10 where as
[0,1,2,0] + [0] + [0, 1] + [1,2] + [2,0]
is a multisegment of length 10 which is not aperiodic.

By the geometric realization of ﬁn(q) by Chriss and Ginzburg [7], we know that one may naturally label
the simple modules in Mod,, by the set 9¢(n) of aperiodic multisegments of length n. We thus have:

Irr(f,(q) = {Ly | ¥ € M(n)}

2.2 Ariki-Koike algebras

As above, we fix a primitive root of unity ¢ € C* of order e > 1. Let P, := Z' and let {2; | i = 1,...,1} be
the canonical basis of P;. Let &; be the symmetric group generated by the transpositions o; := (i,7+ 1) for
i=1,...,1—1. The extended affine symmetric group él is the semidirect product P, x G; with the relations
given by 0;2; = z;j0; for j # ¢,i+ 1 and 0;2;0; = z;41 fori =1,...,0l —1and j = 1,...,l. This group is
generated by the o; for i =1,...,1 —1 and by 7:= zj0y_1...071 (see [18, §5.1].)

It acts faithfully on Z! as follows: for any s = (s1,...,s;) € Z"

eS8 = (S1,--+y8c—1,8c+1,Scs Set2y---581) fore=1,...,1—1 and
zis = (81,82,..-,8 te,...,8) fori=1,...,1.



and we have
7.8 = (82,...,8,81 +€).

Let s be an orbit with respect to the above action and let s := (s1,...,s;) € Z! be an element in this orbit.
The Ariki-Koike algebra H3 (¢) is the quotient H,,(¢)/I, where I, := (Ili<j<i(Xa —g*)). T 1 =1, this is a
Hecke algebra of type A (of finite type), and if I = 2 a Hecke algebra of type B (of finite type). One can see
that the above algebra is well defined and depends only on the orbit of s modulo the action of él (and on
q)-

The representation theory of this algebra has been intensively studied in a number of works. We refer
to [1, 10] and the references theirin. We will only recall what is needed for the results of the present paper.
The analogues of the multisegments in the context of Ariki-Koike algebras are the multipartitions that we
now define. For this, let us give some additional combinatorial definitions.

A partition is a nonincreasing sequence A = (A1, -+, Ay, ) of nonnegative integers. One can assume this
sequence is infinite by adding parts equal to zero. The rank of the partition is by definition the number
Al = > <i<m Ai- We say that A is a partition of n, where n = |A|. By convention, the unique partition of 0
is the empty partition 0.

More generally, for [ € Z~q, an [-partition A of n is a sequence of [ partitions (A\!,..., A!) such that the
sum of the ranks of the M is n. The number n is then called the rank of A and it is denoted by |A|. The
set of I-partitions is denoted by IT' and the set of I-partitions of rank n is denoted by II'(n). Let A be an
l-partition. The nodes or the boxes of A are by definition the elements of the Young diagram of A:

A= {(a,b¢) |a>1, ce{l,... .0}, 1<b< A} C Zogx Zog x {1,...,1}

The content of a node v = (a,b,c) of A is the element b — a + s, of Z and the residue is the content modulo
eZ. If | = 1 (that is when we consider a partition instead of a multipartition), then the Young diagram is
identified with a subset of Z~g X Z~¢ in an obvious way.

Since the works of Ariki and Lascoux-Leclerc-Thibon, it is known that the representation theory of these
algebras is closely related to the representation theory of quantum groups. In particular, one can naturally
label the simple modules by the crystal basis of a certain integrable representation for the quantum group
of affine type A. We will not give the details of all the consequences of this fact but we summarize this
below. Again, we refer to [10] for a complete study. For all choice of s € s, we can define a certain
subset of [-partitions which are called Uglov [-partitions and which are denoted by ®.s(n). These classes of
multipartitions, which strongly depends on the choice of s, can all be seen as non trivial generalizations of
the set of e-regular partitions:

e For all s € Z, we define:
Alls] :={(s1,...,8) €Z' | sy =5 <82 < ...5/ < s+¢}.

This is a fundamental domain for the action of &; on Z'. If s € AL[s], then the l-partitions in O, (n) are
known as FLOTW [-partitions and they have a non recursive definitions: we have A = (A!,... \!) €
g . (n) if and only if:
1. Forall j=1,...,1 —1 and ¢ € Z~(, we have:
J Jj+1
)\i 2 )\i+8j+1—5j'

2. For all i € Z~(, we have:
l 1
)‘i 2 /\i+e+slfsl'

3. For all k € Z~, the set
(M —itsj+el|ielug, NN =k,j=1,...,1},

is a proper subset of Z/eZ.



e Ifssatisfiesforalli =1,...,1—1, s;41—s; > n—1 (we say that s is very dominant, it is also sometimes
referred as the “asymptotic case” in the literature) then the set ®. ¢(n) is known as the set Kleshchev
[-partitions. If s” satisfy the same property, then the associated set ®. ¢~ (n) is the same.

e If [ =1, the set @, (4)(n) is simply the set of e-regular partitions

It turns out that each set ®.s(n) with s € s gives a natural labelling for the irreducible representations of
the Ariki-Koike algebra HS(q). As a consequence, there are several natural possibilities for the labelling of
the simple modules of HZ(g), one for each choice of an element in the orbit 5. For more details on these
parametrizations, we refer to [10]. Thus, one can write:

Ire(H;,(q)) = {D2 | A € Pes(n)}.

By [6], each of these labellings has an interpretation in terms of a cellular structure. Last, clearly, if s and
s’ in the same orbit, there is a bijection:

U7 B gy () = Doy (n),
which is uniquely defined as follows. For all A € @ 4)(n) then:

‘I}S*)S

D)~DY "W,

This bijection has been explicitly described in [18] in a combinatorial way using crystal isomorphisms (the
coincidence of the crystal isomorphisms with these bijections is proved in [14, Prop. 3.7].) We recall this
description subsection (a program in GAP3 is available for computing it in all cases [15]). In the next
sections, the following particular case: s = (s1, s2) and s’ = (s1, s2 + €) will be of particular interest.

Remark 2.2.1. If ' and s” are both very dominant multicharges in the same orbit then U375 is the identity.

Example 2.2.2. Assume that e = 3. Take s = (0 + 3Z, 1 + 3Z). Take n = 3, then, we have
D3,00,1)(3) ={(0,(3)), (1), (1,1)), ((1),(2)), ((2), (1)), ((2,1),0), ((3),0)}
D (

( (2,1)
@3,(0,4)(3) = {(07 (3))7((1)7(17107((1)7( )) (( )7(1 )7 @7(271))7(( ) ( ))}
(I)S,(I,O)(?’) = {((3)7 @)7 ((1)7 (17 1))7 ((1)7 (2)) (27 1)7 0)7 ((2) ( ))} = (1)3-,(4,0) (3)

So that :

—~
—~
—_
—_
~—
—~
—_
~—
~—
—~

. (D9, D) D) @) B0 [0
Trfa(@) = {Déglg’D(m% 117D(0’1£ 2D( % 1 P (0)21 D( ’12 };1
= D D D D D)
(D0 Do DEGD . Dy D) D

2.3 Description of the crystal isomorphisms

First let us assume that [ = 2 and that (s1, s2) € Z*. Let A € ®(, 4)(n). We follow the presentation in [18].

We define the minimal integer d > |s; — s2| such that /\dele s /\2le =0 if so > s1, and otherwise
the minimal integer d > |s; — so| such that A7, . = A, =0. To (A, \?), we associate its s-symbol
of length d. This is the following two-rows array.

o If 51 < 55 then:
S()\l )\2): Sz—d—i—)\z 52_24_)\% 32_,_/\%_1
) so—d+ Ny g - S1HA -1
e if 51 > so then:

142y 81—d+)\§+s_5 o s+ A1
S()\7)\)_<Sl_d+)\b T 51—2+ M s1+ A -1



We will write S(A\!, \2) = (éf) where the top row (resp. the bottom row) corresponds to A% (resp. Al).
Of course, it is easy to recover the 2-partition from the datum of its symbol. From this symbol, we define a

new symbol (%?) as follows.

e Suppose first sy > s1. Consider 1 = min{t € L;}. We associate to x; the integer y; € L such that

(1)

| max{z € Ly |z <z} if min{z € Lo} <z,
1= max{z € Lo} otherwise.

We repeat the same procedure to the lines Lo — {y1} and Ly — {z1}. By induction this yields a
sequence {y1, ..., Yd+s,—s,} C La. Then we define Lo as the line obtained by reordering the integers of
{Y1, s Ydtsy—s, } and El as the line obtained by reordering the integers of Lo — {y1, .., Ydts,—s, } + L1
(i.e. by reordering the set obtained by replacing in Lo the entries y1, ..., Yd+s,—s, by those of Lq). We

obtain a “symbol” (%j)
e Now, suppose sy < s1. Consider 21 = min{t € Ly}. We associate to x; the integer y; € Ly such that

(2)

~f min{z € Ly |21 <z} if max{z € L1} > 1,
1= min{z € L1} otherwise.

We repeat the same procedure to the lines Ly —{y1} and Ly—{x1} and obtain a sequence {y1, ..., Ya+s;—s, } C
L. Then we define L; as the line obtained by reordering the integers of {y1, ..., Yd+s,—s, } and Lo as

the line obtained by reordering the integers of L1 — {y1, ..., Yd+s,—s, | + L2. We obtain a “symbol” (%?)

I ~1 =2
The new symbol (%i) that we obtain is canonically associated to a bipartition (A", A”) and the multicharge

(s2,51). The crystal isomorphisms in the case | = 2 are thus entirely determined from the following results
proved in [18]:

1. We have Wéshsﬂ%gl(sl’&)()\l, A\?) = (Xl,X2).
2. We have W) 77 (51:52) (1 32y — (32 71,

3. Forallo = zq..... T € ég with z; € {o1,7} for alli =1,..., m, we have:

(s1,82)—0.(81,82) _ \[yT2----- T .(81,82)—0.(s1,52) (s1,82)—=@Tm.(s1,52)
\Ije) ) _\I]e m s ’ o"'O\IJe7 m s

In the general case [ € Ny and s € Z!, now:

1. Forallec=1,...,1 — 1, we have \11(251’52)4%(51’52)()\) = p, where pf = X for all j # c,e+ 1, u¢ = A
and pt! = PR

2. We have US77S(X) = (A2, ..., AL AL).
3. Forallo = zq..... T € @2 with z; € {o1,...,01—1,7} for alli =1,...,m, we have:

\I}:—m.s _ \I}gg ..... T 808 o \I}:—mm.s

Example 2.3.1. Assume that (s1,s3) € 72 with s; < sy. In the next sections, we will be particularly
interested in the computation of W) 7 (51527 7e¢ 3 — (AL, A?) € ®(, 4)(n), we then write its symbol:

sz—d—i—)\g

o —24 22 s+ A -1
SN = %2 2 ! .
( ) (Sz—d—l—)\gprsl” Sl—l—)\%—l



We then perform the above algorithm to obtain a new symbol (%i) which must be of the form :

Ydtsi—sz -+ Y1
Tq P i I 15 |
We then consider the following symbol:
(O ... e—1 xzg+e ... ... x9+e€ a:l—i-e)
Yd+s1—s2 -+ Y1

By the discussion above, this is the (s, sy + e)-symbol of the bipartition W™ #2712 (\1 32y (1ore
details and examples can be found in [13])
(0,1)—(0,4)

Example 2.3.2. We keep the example 2.2.2; one can check that the map ¥, is given as follows

‘I’éo’l)%(w) : D3 0,1 — D3 (0,4)
@,3) =  ©03)

(1), (L,1) = ((1),(1,1))

(1), (2) = (0,(21)

((2),1) = ((2,1)

((2,1),0)  — ((1,1),(1))

(3),0) = ((1),(2)

More examples can be found in [18].

2.4 Aperiodic multisegments and multipartitions

Let s be an orbit of Z' with respect to the action of the affine symmetric group (recall the definition of the
action in §2.2). If V is a simple module for the Ariki-Koike algebra then it is also a simple H,(¢)-module
in the category Mod,,. Hence there exists a unique aperiodic multisegment % such that V ~ L, (as a

ﬁn(q)—module). As a consequence, far any s € s we have a well defined map:
Xes : Pes)(n) = Me(n),
which is defined as follows. Let A € ® (. 5)(n), then we have a unique x{, 4 (A) € Me(n) such that:
DF = Ly: (v
By [2], this map may be described as follows:
e Assume first that s € AL[s] for all non zero part A¢ of A, we associate the segment
(1 —i+sc)+eZ,..., A — i+ scl.

By [2], The multisegment x¢ 4(A) is just the formal sum of all the segments associated to the non zero
part of A.

e As a consequence, in general, if s’ € 5. Let s € A.[s] N5, then
X (A) = XEs (VT 73 (A)).

Given an aperiodic multisegment %, It is now natural to try to find the multicharges s such that v as an
antecedent for the map xis. This question has been completely solved in [17]. There always exist such
multicharges (they are non unique in general) which are called admissible multicharges. By [2], X is
injective so that if s is admissible for 1 there exists a unique A such that ng()\) = 1. This [-partition will
be called admissible (with respect to ¢). By definition, we have the following proposition where we use the
following notation. For s and t two multicharges, we denote s C t if and only if, for all j € Z/eZ, the number
of integers conguent to j in s is less or equal to the number of integers conguent to j in t.



Proposition 2.4.1. Assume that X € ®(.)(n) then t is admissible for the multisegment X7 o (X) if and only
if s C t.

Proof. Set s = (s1,...,s)) and t = (t1,...,ty). Assume that A € ®(.5)(n) then as a ﬁn(q)-module, we have
that [ [, ;<,(X1—¢*) acts as 0 on D2 ~ Lyn (n)- As a consequence, as s C t, we have that [Lcjcm(X1—q")

acts as 0 on Lyn (). This implies that it is a well-defined #;,(¢)-module and the result follows.
' O

Remark 2.4.2. One can also prove the above proposition combinatorially using the descriptions of the ad-

missible multicharges.

3 The Mullineux and the Ilwahori-Matsumoto involutions

The aim of this section is to introduce the Mullineux involution for the symmetric group and its analogues
in the context of Ariki-Koike algebras and affine Hecke algebras.
3.1 Iwahori-Matsumoto involution for affine Hecke algebras of type A

We have an involution # on H,(q) which has been defined by Iwahori and Mastumoto in [11]:
Ti = —qIi, X=X

fori=1,...,n—1and j=1,...,n. The Iwahori-Matsumoto involution naturally induces an involution on
the set of aperiodic multisegments. We have an involution:

f: M (n) — M (n),
defined for all ¢ € Me(n) by
o _
Ly, = Lys.
Remark 3.1.1. We have in fact two others well defined involutions on ﬁn(q) which are defined as follows:

e The Zelevinsky involution 7 defined in [21] :

g _ -1 _ yv—1
17 = —qT, -, X? =Xt

fori=1,....n—land j=1,...,n.

e The involution V :
TV

K2

v
—qTh—i, X} = Xnt1-5,

fori=1,...,.n—1land j=1,...,n.

We have for all z € fln(q):
27 = (zV)F = (=)V.

These two involutions thus also induce involutions on the set 9t¢(n) and they have been studied in [17].



3.2 Mullineux involution for Ariki-Koike algebras

Assume that s € Z!. Then we have a well-defined algebra automorphism:
v Hy () = Mg ),
which is defined on the generators as follows:
To— Tyt Ty — —qT; "

This map naturally induces bijections on the indexing sets of the simple modules of Ariki-Koike algebras.
Let s* be the orbit of (—s1,...,—s;) modulo the action of the affine symmetric group. Let v € s* then we
have a map:

S—V

me : (I)(e,s) (n) — (I)(e,v) (n),
defined as follows. Let A € ® (. 5)(n), then there exists a unique p € ®(, v, (n) such that

(D2)" = DY,

and we set

M) = .
This map has been described in [18]. If I = 1 and e is prime then it coincides with the usual Mullineux
involution of the symmetric group that we have defined in the introduction. If [ = 1, then it corresponds to
the Mullineux involution of the Hecke algebra of type A of [4] which will simply be denoted by m, (it does
not depend on s). In this paper, we will give an algorithm for computing m..

Remark 3.2.1. If X is a partition and v a node of its Young diagram, the «v-hook of A id by definition the set
of all the nodes at the right and at the bottom of v (including ). The length of the hook is the number of
nodes in it. We say that X is an e-core if all the hooks have length strictly less than e. If A is an e-core then
me(A) can be easily described: it is just the conjugation of A (as in the semisimple case), see [22] (when e is
a prime but the results generalizes easily if e is an integer).

More generally, it is a natural question to ask how one can describe all the maps m3™~" in general. It

turns out that by [16, Prop. 4.2], knowing the map m., one can describe it quite easily in a particular case:
Proposition 3.2.2. Assume that s is very dominant. Let s* := (—=s},...,—s}) be a very dominant multi-
charge such that s; = s; + eZ for alli =1,...,1. Then for all X € ®(. 5 (n), we have:

mE7 () = (me(A),. .., me(A)).

€

As a consequence, this result, combining with the fact that we know how to compute the natural bijection
between the various parametrizations of the simple modules of Ariki-Koike algebras permit to describe all
the Mullineux involutions (assuming that we know m.). Indeed, let v; € s and let vo € st Let sy €5 be a
very dominant multicharge. Then we have:

m

#
Vi—Vy __ S1—V2
. =U, om

#
S1 —>Sl Vi—S1
oW/

where sg is as in the above proposition.

Example 3.2.3. We keep the setting of example 2.2.2. For n = 3, the multicharge (0, 4) is very dominant,
so the above result applies in this case. One can take s* = (0,5) which is also very dominant. Using the fact
that mg(3) = (2,1), ms(1.1) = (2), we obtain

mg0,4)a(0,5) ®3.0,1)(3) 30,5 (3)
0, (3) 0,(2,1))
((1),(1,1)) ((1),(2)

(@, (2 0,(3

11711114



Now combining with our cristal isomorphism in Example 2.3.2, we for example obtain

m{H 70 D3.0,1) = P30
©®,3) = (0,(21)
((1),(1,1)) = ((1),(2)
(D, (2) = (0,03)
((2),(1)) = ((1,1),(1))
(1,1, (1) = ((2),1)
((3),0) = ((1),(1,1))

3.3 Relations between the involutions

Now we put all the above results together to deduce relations between the various involutions we have
defined. The following result is proved in [17].

Theorem 3.3.1. Let 1 be an aperiodic multisegment and let s € AL[s] be an admissible multicharge for 1.
Set st = (—si,...,—s1) € AL[—s)] then we have:

t —
V= xpgomi™® o (xie) T (¥)

As a consequence, the Iwahori-Mastumoto involution may be computed as follows. Take an aperiodic
multisegment 1.

e Choose an admissible multicharge s for ¢ and compute X := (x7,)~* (1) using §2.4.

e Compute v := mz_’st (A) using the discussion in the last section.

e Compute ¥ := X¢ ot (v) using the algorithm described in [17].

Example 3.3.2. Take e = 3 and the multisegment [0]+[0, 1,2]+1, 2, 3]. One can see that (0, 1) is admissible
for this multisegment and we have (x;(m))’l(z/}) =((3),(3,1)).

We need to compute ms7s'((3),(3,1)). To do this, we first compute \11530,1)4(0,7)((3)7 (3,1)) as (0,7) is

€

very dominant. We obtain the bipartition ((1), (3,3)). Now we have seen that
m®7O8)((1),(3,3)) = (m3(1),m3(3,3)) = (1), (6)).
Again, we compute ¥ 72 (1) (6)) = ((1), (6)) and thus we get
Y= [0] +[2,0,1,2,0,1].

Now, let us explain how one can deduce an algorithm for computing the Mullineux involution for e-regular
partitions. This is based on the following elementary remark. Let A € ®, o) be an e-regular partition and
consider the aperiodic multisegment ¢ := x” (0)(/\) (recall that this is nothing but the formal sum of the

segments given by the rows of the Young diagram of A). The above theorem shows that:
me(X) = (XC o))~ (¥F).

So now we are reduced to compute (XZ(O))_l(z/Ju). Take s € AL[0] such that [ > 1 then by Proposition 2.4.1,
this is an admissible multicharge. We have:

t —
Y=l omET® o (x2) T ()

Now g := (x2¢) "' (¢) is the admissible I-partition and the main problem is thus to compute ms™s' (p). We
have already seen that this can be done in three steps:

10



1. Compute the crystal isomorphism ¥37V(u) = (v!,...,v!) where v is very dominant (recall that this
means that v = (s1, s2 + ke) with ke > n —1)

V—?V’i

2. By Proposition 3.2.2, m} (v) can be computed by applying the Mullineux map component by
component. As |v| = |)|, if we assume that at least two components of the [-partition (v1,...,v!)
are non empty, all of the components are of rank < n and we know how to compute the Mullineux
involution by induction.

3. Apply again a crystal isomorphism \I!;’ﬁ st

In the next section, we will apply the above algorithm in the case where [ = 2 and in particular show that
the condition for applying our induction in step 2 is always satisfied (except in the case where s = (s1, s2)
and s1 = s2.)

4 Combinatorial properties

In this section, we will try to find simple combinatorial ways to compute several objects that we have already
defined: this concerns the admissible multicharges and multipartitions and the crystal isomorphisms.

4.1 On admissible multipartitions

If A and p are two partitions, we denote by A U v the partition obtained by concatenation (and reordering
the parts if necessary).

Assume that we have an e-regular partition A = (A1,...,\.) (that is A € ®, (,)(n) for any s € Z). Let
s € Al[s]. By Proposition 2.4.1, s is an admissible multicharge. The aim of this subsection is to show
that one can easily construct the associated admissible I-partition A € ®¢s(n) such that x¢ ¢ (A) = X7 (5 (M)
(recall that x¢ ¢ is always injective). To do this, one can use the algorithm developed in [17] from the datum
of the multisegment 7' )(A) or we can argue as follows. Let I’ € {1,...,l} be minimal such that s = s;.
We construct A by induction as follows.

If A\ =0 then X := 0 and we are done. Otherwise, set

(S1y--,81,82+e,...,sp_1+e) ifl'#1
! S———
5= )
S ifl! =

Note that we have s’ € AL[s;]. We denote m := A; + ...+ Aeys_s, -
By induction, we have constructed the I-partition v € ® (. ¢y(n —m) such that we have
XZ;/m (v) = XZI;S (Aets—si+1s Aets—sy+25 -« 5 Ar)
We then define A as follows
o If we have I’ = 1 then A\! = (Aq,..., A)Ur! and M =09~ 1 if j # 1.

e Otherwise, Al = (M, )\€+S_sl)|_lu2+l’l, and M = pit1=V for j > 1 where the indices are understood
modulo .

Proposition 4.1.1. With this construction, we have A € ®es(n) and x¢ s(A) = X7 (5)(A)-

Proof. We prove the proposition by induction. The result is trivial when n = 0. Keeping the above notations,
one can assume that v € ® (. ¢y(n —m). First one can perform exactly the same procedure as in §2.4 for
the description of the map X7 ¢ to associate to A a multisegment (even if we have - not already - proved
that A is in ®s(n)). By construction, this multisegment is nothing but X7, (A). It is thus an aperiodic
multisegment. This proves condition 3 of FLOTW [-partition for A (see the definition in §2.2). Hence, we
just need to show that the l-partition satisfies the two first points.

11



e If I’ = 1, by induction, we have v7 > vt! for all j = 1,...,1 — 1. This implies that )\g > /\‘Z'Jrl for all
j=2,...,l —1 and that A\l > AL, for all i > 1 and we get that A} > A? because (A1,..., ) are the
greatest parts of A and because v} > v}, for all i > 0.

e IfI’ # 1, by the property of FLOTW [-partitions, we have that g := (/=03 pt pt . iU+ i-'42)
isin ®.v(n —m) for v = (s2,...,8r-1,81,...,81,5) and we can thus conclude using the fact that
)\} =)\ ifj=1,...,e4+s5—5 and /\} = ,ué.f( ) otherwise.

e+s—s;

O

In the case where [ = 2 (which is the case that we will mostly studied in the forthcoming sections), the
multipartition A = (A, A\?) is easy to obtain. One can assume that s; = 0, then we have

1
A= (Alu e )‘6—527)\26—524-17 cee )‘36—827 cey )\2k6—52+17 cey )\3]€6—527 . )
and
2
AT = ()‘8*52+1 SERE) )‘26*525 A38752+15 B A48752+17 s A3k8752+1; BRI A4]@:*:'752; .. )

Example 4.1.2. Let us take e = 4, A = (8,8,6,6,4,3,3,2,1,1), then the associated Young tableau (with
the residues of each node marked in the associated box) is:

11213(0(1]12/|3
0(1(2(3|0|1]2
31011123
213]0(1]2
1123

0]1

310

2

‘H‘OHM@OHM@O

Take s = (0,2,2). Following the algorithm, we first have I’ = 2. Then s’ = (2,2,2). We have m = A1 + Ay
and we need to compute v such that

XZ_IQTLQ_’Q) (V) = XZZ;)FL(Gv 67 47 37 37 27 17 1)

We obtain v = ((6,6,4,3),(3,2,1,1),0) and we have A = ((8,8),(6,6,4, 3),(3,2,1,1)).
In the case where [ = 2, we have:

e If s =(0,0), we have A = ((8,8,6,6,1,1), (4,3,3,2)).
e If s=(0,1), we have A = (8,8,6,2,1,1),(6,4,3,3)).
e If s =(0,2), we have A = (8,8,3,2,1,1),(6,6,4,3)).
o If s =(0,3), we have A =((8,3,3,2,1),(8,6,6,4,1)).

Using this, we have thus constructed a map
6‘25 : @67(0) (TL) — @675(71)

which associates to A the I-partition A constructed above (we will sometimes omit the subscript n).

12



4.2 Crystal isomorphisms

In this second subsection, we study in details the crystal isomorphisms restricted to the multipartitions in
the image of 0. s. in the case where [ = 2. The first aim is to implify the procedure to compute it, the second
is to show certain crucial properties which will show that our algorithm run.

Let A be an e-regular partition and assume that s = (0, s). We also assume that A is non empty and that
r is maximal such that A, # 0. Let (A}, \2?) := 0(c,(0,5))(A) and consider the associated symbol with length
te with ¢ sufficiently large. It is thus of the following form :

< Qe BN a(t—l)e+1 SN QA2e SN Q41 Qe oo Olgqq Lo O >
ﬁte—s cee a(tfl)eferl o /326—5 o ﬁe—s-{-l Be—s cee ﬁl

By definition of the symbol, we here have aj := XN} —j+sfor j = 1,...,keand B; := A\j—jforj =1,... ke—s.
We denote (u!, p2) = WL 7 @5FRe) (A1 \2) (50 that, as usual, ke > n— 1 and thus so that the multicharge
(0, s + ke) is very dominant)

Assume that X\ # () and that x? = () then the algorithm for the computation of \Iléo’s)
that that this can happen if and only if \1120*5H<0*”’“'6> is the identity. This thus implies that

{Bili=1,....ke—s} C{a; |i=1,... ke}

0,5+k. .
~(0s+k.e) easily shows

In this case, we also need to have r < e —s. Now we have for alli =1,...,ke, o = —i+ s and also 3; < o
for all j =1,..., ke — s. As a consequence, we have

M-1<-1+s
and thus )\3 < s. We conclude
Proposition 4.2.1. Under the above notations, assume that u> = 0 then A = \' is an e-core.

Proof. The above discussion shows that A has at most e — s non empty rows and at most s columns. This
implies that the hooks of A has at most length e — 1 and thus that A is an e-core.
O

Now let us see what we can say if u' = (). Before this, we show below that the image of A under a crystal
isomorphism can be quite easily computed in the case where A is in the image of 6. s which is the case we
are interested in here.

Keeping, the above notations, for all i = 1,...,k — 1, we have a;e = Aje—s — i€ + s and Bie—sy1 =
A2ie—s+1 — (ie — s +1). So we have a;e +ie — $ > Bie—st1 +ie — s+ 1 and thus aje > Bie—st1-

In addition jey1 = Aier1-s — (ie + 1) + s and But1)e—s = A2ie—s — ((1 + 1)e — 5). So we have
B(i—i—l)e—s +((i+1)e—38) > qpet1 + (ie+1) —s. So ﬂ(i-{-l)e—s + e > Qjeyr1-

These calculations show that one can perform our crystal isomorphism step by steps in the “blocks” of

the symbol separated by vertical lines below. First recall in Example 2.3.1 how the crystal isomorphisms
\IJ(E/O,S’)H(O,S’Jre)

can be described.

Q2e e Qlet1

Qke s A(k—1)e+1
.. /326—5 .. Be—s—i—l

Bke—s o B(kfl)eferl

Qe oo Olgy a1>

ﬁe—s oo Bl

We see that all the calculations in the blocks are trivial except in the rightmost. After one step of the crystal

isomorphism we get
( 0o ... e—1 Boe—st+e . Ber1 .o Be—sy1te ... o/l)
Qe - - - Oé(k,l)eJrl éis N ﬁi

and we see that the properties above are always satisfy. In particular, with the notations above, we have.

s ﬂ3efs +e ... ﬂQeferl +e
.. Q¢ Qet1

Bé—s +e> Be—s—i—l +e

13



Now, take the right end of our first symbol:

Qe e Olgq1 O o O
ﬂefs cee ﬂl
We already know that S._s + e > a;. Assume that we have )\} # 0 so that 8; > —j. Then we claim that
this implies that we have 8; > a4 ;—1. To do this, note that we have:

Bi>PBi—1+1>...>Fes+(e—s—37)>a1—s—].
Now we have oy > aa+1> ... > asqj1 + (s+75—2). So
Bj > spj1 —2

The only problem may appear if 3; = as4;—1 — 1 and this implies that all the inequalities above are in fact
equalities. We thus have:

ﬁj:Bj—1+1:--':Be—s+(€_8_j)7

and
a1=a2+12...=as+j_1+(s—|—j—2)zﬁj—i—s—j—lzﬁj_l—i-s—j:...zﬁe_s—i—e—l.

This case implies that we have an e-period in the sense of [19, Def. 2.2]. Such property is impossible for
Uglov [-partitions by [19, Prop. 5.1].

This discussion implies that, under the notations above, if we have §; > —j then we must have ﬁ;- > —jJ
so that the associated part of the partition is also non zero. By a direct induction, we thus deduce:

Proposition 4.2.2. Let 0 < s < e and let X be an e-regular partition and (', X?) := 0(c (0,5))(\). Assume
that (pt, pu?) = g0 (Osthee) (AL, N2) for k >> 0 (so that (0,s + k.e) is very dominant, see §2.2). Then
| # 0.

Remark 4.2.3. In the case where s = 0, the above discussion also shows that if (A', A?) := 6/c,(0,0))(A) then

\Iléo’s)ﬁ(o’k'e) (A1, A%) = (0, \) for k >> 0. As a consequence, this choice of multicharge cannot be used to get
our recursive algorithm to compute the Mullineux involution because then it would require the computation
of me(N) ... to compute me(A).

5 The algorithm

Let A = (A1,..., ;) be an e-regular partition of rank n. We can now present a recursive algorithm for
computing m.(A). First by Remark 3.2.1, one can assume that A\ is not an e-core. The algorithm now
consists in the following steps:

1. Choose 0 < s < e and consider the bipartition (A*, \?) := (¢ (0,5))(A).

2. Compute (u!, yu?) := \Iléo’s)ﬁ(o’“k'e) (A1, \2) for k >> 0. By Propositions 4.2.1 and 4.2.2, we now that
lpt| < nand 2] < n.

3. By induction, we know m.(u!) and m.(u?) and we can thus compute:

(Iil, I€2) — \115307_5+ke)_)((07e_s) (me(ﬂl), me(/ﬁ))'

4. We have m.(\) = 9(1 ))(Fal, K?).

e,(0,e—s

Note that in principle, one can choose an arbitrary multicharge s instead of (0,s) (as soon as the second
point at the end of subsection 3.3 is satisfied) but the complexity of the algorithm for the computation of
the crystal isomorphism from s to a very dominant multicharge increases. However, It is not unreasonable
to expect that some particular multicharge can lead to interesting fast new algorithms.
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5.1 Steps 1 and 2

It follows from Section 4.2 that the first two steps can be both implemented by the process below. Let
0 <s<eandsets=(0,s). Weset A[1] = (A1,...,Ae—s) and A[2] = (Ae—st1,---,Ar), we write the Young
tableau of A[1] with the associated contents and just below, the Young tableau of A[2] with the associated
contents with respect to the multicharge (0, s).

ALl
0 T 3 1]
1 0 1 2 Aoy —2
e—s—1| ... Aees — (€ —8)
Al2]
s s+1 Ae—st1 —1+5]
s—1 A€_3+2—2+S

For example, take A = (10,8,7,5,4,4,3,2,1,1). Takee =4 and s = 1

1]
0 [1]2]3]4]5]6][7]8]9]
1 J0[1[2[3[4]5]6

2 |[T]oJ1]2]3]4

2]

1 [2]3]4]5]

0 [1]2]3

1 [0]1]2

2 [1]0

=171

1

5

Now, starting with the first part of A[1], consider the content of the rightmost box, say c¢. In A[2], we
consider the rightmost boxes and we take the one with the greatest content which is less than ¢, say ¢/. Then
we remove the boxes of the first part of A[1] with content greater than ¢’ into this part in A[2] (in other
words, we move the “truncated first row” containing the boxes grater than ¢ to the row in A[2]).

It is clear that we still have a partition. Then, we do the same for the second part of A[1] and so on until
we reach the last part of A[1]. If this is not possible we switch to the second part of A[1], and we continue
this process until we reach the last part of A[1].

In our example, we must remove the boxes in bold in the first partition above, and add the boxes in bold

15



in the second partition below.

NI
0 [1[2[3]4]5]

T [0[1[2]3

2 [1]0]1]2

A<2)

1 [2]3[4[5]6]7][8]9]
0 [1[2[3[4[5]6

T [0]1]2]3]4

2 [1]0

=51

1

5

We then collect all the parts of A[2] that are above the smallest part we have modified, in a partition
t. So here p = (9,7,6). The new partition A[2] is given by the remaining parts and we add e to the
contents of all the boxes in it. We then move the step above and continue the process until we cannot do
anything. The remaining parts of A[2] are added to p. Then the partition A[1] is the first component of

P07 Okl (A1 A2y and p is the second.

R
=

1[2[3[4]5]

| = O
(@)
—
[N}
w

4]

>
)—lO)—‘N)'E‘
w

It becomes :

>
=

[
)
w

4]

|~ ©
(en]
—
[\

>
S

Ol N
[\
w

1

We have now = (9,7,6,4, 3,3), and we the above process:

All]

[
w

4]

—_
N

0
1 10
2

Al2]
3
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gives :

AT
0 [1]2]3]
1 01
2 1
Al2]
3 4]
2

and then p = (9,7,6,4,3,3,2,1). There is nothing we can do now. the bipartition we are searching for is
((4,3,3),((9,7,6,4,3,3,2,1))

5.2 Step 3 and 4

At this stage, we have computed (u*, u?) := \IIEBO’S)H(O’SHC'B) (A1, A?) . By induction, we thus know (v1,1?) :=
(me(pt), me(u?)) and we must do the reversed process as the one above to get our bipartition:

\Ing,—s+ke)—>((O,e—s) (1/1 ’ V2).

This is done as follows.

We write the Young tableau of v! with the associated contents for each box, and just below, the Young
tableau of v? with the associated contents charged by ke — s where k is sufficiently large (that is, the content
of the box (a,b) is b — a + (ke — s)). Keeping the above example, we have by induction m4(4,3,3) = (10)
and my(9,7,6,4,3,3,2,1) = (14,7,7,3,3,1). So we consider the bipartition ((10),(14,7,7,3,3,1) and the
multicharge is (0, 3).

0 [1[2[3[4[5][6]7[85][9]

19 [20[21[22[23]24[25]26]27[28]29[30]31]32]
181920 |21 [22] 2324
17 [18 1920 [ 212223

16 | 17 | 18
15116 | 17
14

At each step, starting from the bottom of v2, we see if one can remove boxes from »? to add it to v!
as in the subsection above (except that we remove the box from the other partition). Note that v! need to
always have the same number of rows so we only add the possible boxes in the e — s rows of v!. Then we
remove e from all the contents of the boxes of v2. In the example, we have nothing to do so we remove e
from all the contents of the second partitions and again one more time.

0 [1[2[3[4[5[6]7[8]9]

15 [16 [ 17181920 [ 21 [ 2223242526 27 | 28]
141516 [ 17 | 18] 19 20
131415161718 19

12 113 | 14
11112 | 13
10
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Then we can add a box of content 10 and we subsract e from all the contents. We then successively
obtain the following bipartitions.

0 [1]2[3[4][5[6[7[8][9]10]

1516|1718 | 19|20 | 21 22|23|24|25|26|27|28|
141516 | 17|18 |19 |20
1314 | 15(16 | 17|18 |19
12 13| 14
11|12 13
and then:
P
0 [1]2]3[4][5]6]7[8]9]10]11]
2
3 45678910|11|12|13|14|15|16|
2 (3|4|5|6]|7]|8
1 (2|13|4|5]|6
0|12
1 (0|1
and then:
P
0 1|2|3|4|5|6|7|8|9|10|11|12|13|14|15|16|
2
3 45678910|11|
2 13(4|5]6|7]|8
1 (2(34|5]|6
01(1]2
110(1

At the end, the concatenation (and reordering the parts if necessary) of the two partitions we get must be
me(A). In our example, we obtain ((17),(9,7,6,3,3)) so that m.(A) = (17,9,7,6, 3, 3).

5.3 Example

Let us keep our running example A = (10,8,7,5,4,4,3,2,1,1), 1 = 2 and e = 4 but this time, we take s = 2.

The first two steps will give:

18

All]

0 [1[2[3]4[5]6[7][8]9] [AQl

1 [o]1]2[3]4]5]6 0 [1]2]3 516]7]8]
T [0[1]2 45

Al2]

2 [3]4]5][6]7[8] Al2]

1 [2]3]4]5 - 4 [5]6]7

0 [1]2]3 3 [4]5]6

1 [0]1]2 2 [3]4

2 [T]0 1 ]2

3 [T 0

! I

5

All]

0 |1 6]7]
1 [0

Al2)

5 6]

4

3




0 [1[2[3]4[5]6]

T [0[1[2]3
A2

8

7

and thus, we obtain the bipartition ((6,6), (8,6,5,4,4,3,1,1,1) which is thus the bipartition

(0:2)=(0,2+4k)

4

((107 87 37 27 17 1)’ (77 57 47 4))'

Now, by induction, we know m4(6,6) = (6,6) and m4(8,6,5,4,4,3,1,1,1) = (15,7,5,4,1,1). We now
perform Steps 3 and 4 for ((6,6),(15,7,5,3,1,1)).
VJ
0 T [ 2 [ 3 475 ) v
T 0 | 11 23 4] 0 [2[3[ 45 6]
T o123 45|
V2
TO [ 11 [ 12 [ 13 [ 14 [ 15 [ 16 [ 17 [ 18 [ 10 [ 20 [ 21 [ 22 [ 23 [ 24 || +2
9 0 [ 11 [ 12 [ 13 [ 14 [ 15 | 6 [ 7 [ 8 [ 9 [ 10 [ 11 [12 [ 13 [ 141516 17 [ 18 [ 19 [ 20 ]
8 9 10 11 12 5 6 7 8 9 1U|]]|
7 8 9 10 E} 5 6 7 8
6 3 4 5 6
5
Ul
0 T 2[3[4][5][6][7] 58 | vt
T [0 1] 23456 T2 [3[4]5][6] 78 ][09]10]11]12] 13 ] 14 ] 15 |
- 0 [ 1|23 4al5[6]7]

2

[8 [ 9] 10 [ i1 [ 12 | 18 | 14 [ 15 |

2 [ 3 [4]5]6]7
T [2[3[4[5]6

0
1
2

v

We obtain the bipartition ((17,9),(7,6,3,3)) and we conclude that m.(\) = (17,9,7,6,3,3) as in the last

section.

6 Xu’'s algorithm

In [23, 24], Xu has given an algorithm for the computation of the Mullineux involution which is derived from
the original Mullineux’s algorithm. We here recall this algorithm and then show that it can be seen as a
particular case of ours. This will in particular give a new elementary proof for the fact that the algorithm

computes the Mullineux involution.

6.1 The algorithm

To describe Xu’s algorithm, we will need some additional combinatorial definitions. Let A = (Aq,. ..

,Ar) be

an e-regular partition with A, # 0. The rim of A is the subset of the Young diagram of A consisting in the
(4,7) such that (i + 1,5 + 1) is not in [A]. The e-rim is now the subset {(a1,b1), ..., (@m,bm)} of the rim of
A which is obtained by following the rim of A from right to left and top to bottom, and moving down one
row every time the number of nodes we have is dividible by e.

Example 6.1.1. Let ¢ = 3 and A = (7.4.2.2). The e-rim is given by the nodes marked by a star.

* | o | o |

*

*

| 2 %
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Assume that the cardinality of the e-rim of A is m. The truncated e-rim of A is by definition the set of
nodes (4, j) in the e-rim of X such that (i, 5 — 1) is also in the e-rim of A. If e does not divide m, we add also
the node (r,z) in the e-rim of A such that (r,z — 1) is not in the e-rim. We now define A to be the partition
obtained by removing the truncated e-rim from A. It is easy to see that this partition is e-regular with rank
strictly less than the rank of A.

Example 6.1.2. Let e =3 and A = (8,5,3,3). The truncated e-rim is given by the nodes marked by a star.

[ & [ ]

* | X

So the partition X is (6,3, 3,2).
Now we define a map
Xe: ®e0) 7 Pe0)
recursively as follows. We define X () = ) and if A € ®(, ()(n) with n # 0 then X,.()) is obtained by
adding a column of length n — || to X.()).

Theorem 6.1.3 (Xu). We have X, = me.
We here give a new proof of this Theorem using the crystal isomorphisms.

Example 6.1.4. We keep the above example. We can compute X35(6,3,3,2) = (8,2,2,1,1), now we have
exactly 5 nodes in the truncated 3-rim of A so X.(7,4,2,2) is obtained by adding a column of length 5 to
(8,2,2,1,1) and we get X3(8,5,3,3) = (9,3,3,2,2).

6.2 Relation with crystal isomorphisms

We will see in this subsection that Xu’s algorithm is equivalent to ours in the case where we choose s = e —1.
For A\ an e-regular partition, we denote by A the partition obtained by removing the truncated p-rim as in
Xu’s algorithm. We denote by r the number of boxes in the truncated p-rim.

Proposition 6.2.1. We have glOem = 0emttke) g 0,e—1)(A) = (r, ) (k>>0)

Proof. We denote A[2] = (Ag,...,Ae). We begin with the two first steps of our algorithm which are described
in §5.1. Assume first that one cannot add any “truncated row” of A1 in A[2]. This means that there exists
k > 0 such that A\py1 —k+e—1= XA — 1 and we have the following partitions:

All]
0 T2 -~ ] - | - T 1]
A2
e—1 e .73+671|
e—2 e—1/|...]... A3 +e—3
e—é—i—l )\Sf.ere
Py RSP U BN I v
e—k—1| ... |...]...| A\ —2

(With Tr = )\2 — 1)
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Then the partition (Aa, ..., Ak41) corresponds to the partition (A1,..., A\x) with the very first truncated
e-rim removed. If A\x11 = 0 then we are done and A; is the number of nodes in the truncated p-rim minus
1. In this case the number of elements in the associated e-rim is not e. Otherwise we get e boxes in the
associated rim and we must go to the second step of our algorithm.

Assume that one can add a truncated row of length r. Assume that the row is added in the part Ag41.

Then the partition (Mg, ..., A\gt1) corresponds to the partition (A1, ..., \;) with a truncated e-rim removed.
All]
0 L2 e T
Al2]
e—1 e r+e—1]
e—2 e—11]...]... A3 +e—3
e—k+1| ... |...]... A1 oAk —k+e
e—k T | ... A —1

If Ag41 is non zero. Note that the length of the truncated p-rim is e — k. By induction, the first e — k nodes
of the partition A[1] will not moved in our algorithm We can thus just argue by induction by replacing A[1]
with the partition A[1] — (e — k) to find A[2] and take into account that we must add e — k (the length
of the truncated p-rim) to the partition we obtain at the end of our algorithm. Note that the content of
the leftmost node in our first partition will be now e — k and the contet of the leftmost node of the second
partition (e — k) — e — 1 so the induction can be done.

O

On the other hand, we now have the following result:

Proposition 6.2.2. We have W17 (0:1+ke) o Oc.0,1)(A) = (me(t), A — 1) where t is the length of the first
column of A (k>>0)

Proof. We use the algorithm described in subsection 5.2, using these notations, we are in the following
configuration:

Al
0 |1 2 3 L M T
1 1 2 Ay —2
e—21... Ae1 — (e —1)
Al2]
|2 X |
0 ... Aest — 1
e—3 ... )\26_2—(6—2)
e—21... /\25_1—(6—1)

The first step of our algorithm thus gives:
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AlL]

0 2 3 [ M]
1 1 2 Aer1 — 1
e—2 AQE*Q_(6_2)

Al2]

1 A 1]

0 Ay —2
e—3 /\671—(6—1)
e—2 )\2671—(6—1)

and now, we have to perform the algorithm for the following configuration of partitions:

A

1

[ =)

Ae |

)\e—&-l —1

/\2672 — (6 — 2)

)\26—1 +1 |

AQe

A3e—3 —€e+3

which thus leads to

Age—1 +1

)\26

A3e—3 —e+3

Norr — 1

e—2

Aoe_o — (e —

2

e—3

)
2)

Age—o — (e —

Now, we come to the last step, assume that s is maximal such that Age—p4s # 0 (so that ke — k + s is
the length of the first column of A). Then, we are in the following configuration where we have an addable
k + 1-node in the second partition.
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All]
9 1 /\ke—k+1+k—1|
1 Ake—kq2 Tk —2
s—1]... Ake—kts +k—s
5 .| k—s—1
e—2|...|k—=(e—1)
Al2)

and we obtain for A[1]:

o =]
oyl

s—11... k—s k+1—s
3 o k—s—1

e—2|...1k=(e—1)
The first partition is the Mullineux image of the partition ((k+1)(e—1)—(—s—2+4e+1)) = (ke—k+5s).

The second partition we get in the algorithm is A — 1 which is exactly what we wanted.

O

Let us now explain in which way our two algorithms are equivalent in the case where we choose s =

(0,e —1). Let X be an e-regular partition and recall the 4 steps of our algorithm at the beginning of §5.

1. By Proposition 6.2.1, after the two first steps of our algorithm, we obtain (r, X) where r is the number
of boxes in the truncated rim.

. By induction, we know m.(\) and the third step of our algorithm consists in the computation of the

image of (me(r), me (X)) with respect to g 01 ke = (0.1) (for k£ >>0).
. By Proposition 6.2.2 that we apply to g = me(\), we have 0= (014ke) O, (0,1 (1) = (Mme(t), p—1)
(where ¢ is the length of the first column of p) so me()) is the partition obtained by adding a row of

length r to m.(A) as in Xu’s algorithm.

The above result thus shows that Xu’s algorithm indeed computes the Mullineux involution.

Remark 6.2.3. In [5], Brundan and Kujawa gave another interpretation of the Xu’s algorithm using the
representation theory of the supergroup GL(n|n). It would be interesting to understand the connection wof
this work with ours.
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