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1 Introduction

1.1 The Discrete-Maxwell Operator

Let Td be the d-dimensional real torus, let U be the unitary transform between

L2(T3) and l2(Z3):

f̂(n) = (2π)−
3
2

∫
T3

einxf(x)dx ≡ (Uf)(n), n ∈ Z3,

f(x) = (2π)−
3
2

∑
n∈Z3

e−inxf̂(n) ≡ (U∗f̂)(x), x ∈ T3.

Position: n = (n1, n2, n3) ∈ Z3, Momentum: x = (x1, x2, x3) ∈ T3 ≈ (R/(2πZ))3.

We also write

f̂ = Ff.

We consider the unperturbed Maxwell operator Ĥ0 = UH0U
∗ as bounded in

(L2(Z3))6 and defined from the bounded operator H0 in (L2(T3))6, such that

(H0u)(x) = H0(x)u(x), x ∈ T3, u ∈ (L2(T3))6,

where

H0(x) = H̃0(ξ) ≡
(

0 M(ξ)
−M(ξ) 0

)
, x ∈ T3,

with

ξ = (ξ1, ξ2, ξ3), ξj = sinxj ,
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and M(ξ) is the following real anti-symmetrical 3× 3 matrix:

M(ξ) =

 0 −ξ3 ξ2
ξ3 0 −ξ1
−ξ2 ξ1 0

 .

Then the operator H0 acts on u = (E,H) ∈ (L2(T3))3 × (L2(T3))3:

H0(x)u = (M(ξ)H,−M(ξ)E).

Let H = L2(T3, dx;R6) which can be written as the hilbertian sum

H =

∫ ⊕
T3

R6dx.

We then have

H0 =

∫ ⊕
T3

H0(x)dx.

It is clear that H0 is a bounded self-adjoint operator on H.

We are concerned with the unique continuation property (UCP) for Ĥ0.

1.2 Spectrum of Ĥ0

We denote by σ(A) the spectrum of an operator A. We introduce the following

notations:

ξ = sinx : ξj = sinxj . (1.1)

Let A be the following real symmetrical matrix:

A =

 1 1 1
1 1 1
1 1 1

 . (1.2)

Lemma 1.1. Putting p(x;λ) = det(H(x)− λ), then

p(x;λ) = p̃(ξ;λ) ≡ det(λ2 +M(ξ)2) = λ2(λ2 − ξ2)2, (1.3)

with the eigenvalue

τ(ξ) = ξ2, multiplicity = 2,

associated with the eigenvectors (when they don’t vanish)

w1 = (−ξ2, ξ1, 0), w2 = ξ × w1 = (−ξ1ξ3,−ξ2ξ3, ξ21 + ξ22).

Proof: exercise.

We put

λ+ = max
[−1,1]3

√
τ(ξ) =

√
3.

2



Theorem 1.2. 1) σ(H0) = [−λ+, λ+].

2) The purely point spectrum is σpp(Ĥ0) = {0}.
3) The limiting absorption principle holds on [−λ+, λ+] \ {0}: the limits

limε→±0(H − λ + iε)−1 exist in B(Bs,B∗s) for s > 1
2 , (where Bs are Besov

spaces).

4) The singular continuous spectrum of Ĥ0 is empty.

1.3 UCP

We analyse the UCP for the discrete unperturbed Maxwell system. Let λ ∈
(0,
√

3).

We denote û = (ûE , ûH) = (FuE , FuH). Let Ω ⊂ Z3 a bounded set of the

form

Ω = Π3
j=1Ωj , Ωj = [aj , bj ] ∩ Z.

Let us consider the following relation:

(Ĥ0 − λ)û (n) = 0 in {n ∈ Z3 | n 6∈ Ω}. (1.4)

We write u ∼ 0 at infinity if the following holds:

lim
R→∞

1

R

∑
n: R0<|n|<R

|û(n)|2 = 0. (1.5)

We claim:

Theorem 1.3. Assume that (Ĥ0 − λ)û has support in Ω, and that û ∼ 0 at

infinity. Then supp û ⊂ Ω.

Proof. From the Rellich property, we can assume that û has compact support

in some bounded Ω′ containing Ω.

Let P (x) be the orthogonal projection of R3 onto ξ, for ξ 6= 0:

P (x)uE =
1

ξ2
< uE , ξ >R6 ξ, uE ∈ R3.

We then define the operator P ∈ B(H) which is multiplication by P (x), and so,

it is the orthogonal projection on ξ(·) ∈ H. We then write:

u = (uE , uH), uE/H = vE/H + wE/H ,

vE/H := PuE/H , so that wE/H(x) ⊥ ξ,

v = (vE , vH), w = (wE , wH),

(We also set v(0) = 0, w(0) = u(0) for example).
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Put f̂ = (Ĥ0 − λ)û. Since H0(x) is self-adjoint, it range is ξ⊥ for ξ 6= 0. We

define by H⊥0 (x) the restriction of H0(x)· to the stable subspace (ξ ⊗ ξ)⊥.

Let us observe that H0P = PH0 = 0. Then v, w ∈ H satisfy:

−λvE/H + ((H0 − λ)w)E/H = fE/H in T3.

Writing fE/H = aE/H + bE/H/, aE/H := PfE/H , a = (aE , aH), b = (bE , bH),

we obtain

−λv̂ = â in Z3, (1.6)

(Ĥ⊥0 − λ)ŵ = b̂ in Z3. (1.7)

We observe that ξ2aE/F , ξ2bE/F , ξ2vE/F and ξ2wE/F are trigonometric poly-

nomials, and F (ξ2aE/F ), F (ξ2bE/F ) have support in D2Ω where we put

D1Ω = {n ∈ Z3, n ∼ Ω} ∪ Ω, Dk = Dk
1 .

Here, n ∼ Ω iff there exists m ∈ Ω such that n − m ∈ {±ej , j = 1, 2, 3}.
Equation (1.6) gives

F (ξ2v) =
−1

λ
F (< ξ, f > ξ) in Z3.

Then F (ξ2vE/H) = F (< ξ, uE/H > ξ) and F (ξ2aE/H) = F (< ξ, fE/H > ξ)

have same support, included in D2Ω. Put

g = ξ2b = ξ2f− < ξ, f > ξ, q = ξ2w = ξ2u− < ξ, u > ξ.

Equation (1.7) is then written

(H⊥0 − λ)q = g in T3,

that is,

M(ξ)qH(ξ)− λqE(ξ) = gE(ξ), M(ξ)qE(ξ) + λqH(ξ) = −gH(ξ) in T3.

We obtain:

qE(ξ) =
1

λ
M(ξ)qH(ξ)− 1

λ
gE(ξ), (1.8)

(M(ξ)2 + λ2)qH(ξ) = M(ξ)gE(ξ)− λgH(ξ) in T3. (1.9)

Since the non-zero eigenvalue of M(ξ)2 are −ξ2 with multiplicity 2, then the

restriction of M(ξ)2 to ξ⊥ is −ξ2Id, and (1.9) provides

qH(ξ) =
1

λ2 − ξ2
(M(ξ)gE(ξ)− λgH(ξ)) in T3.

Let us use the following
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Lemma 1.4. 1) Let r ∈ R, q̂ with compact support in Z3, j ∈ {1, 2, 3}, and

mj ∈ Z such that F ((ξ2 + r)q)(n) = 0 for all n such that nj > mj. Then

q̂(n) = 0 for all n such that nj > mj − 2.

2) Let q̂ with compact support in Z3 such that suppF ((ξ2 +r)q) ⊂ Πj [cj , dj ],

where dj ≥ cj for all j. If some dj < cj + 4, then q̂ = 0. If dj ≥ cj + 4 for all j,

then supp q̂ ⊂ Πj [cj + 2, dj − 2] and suppF ((ξ2 + r)q) ⊂ D2(Πj [cj + 2, dj − 2]).

Proof. 1) The polynomial (ξ21 − λ2)q in the variable eixj has degree mj at

most, and so q is polynomial in the variable eixj with degree mj − 2 at most.

The conclusion follows.

2) is straight consequence of 1).

We apply Lemma 1.4 to Equation 1.9. Remember that Ω is the rectangle

Πj [aj , bj ]. The support of ĝ is included inD2Ω, so the support of F (M(ξ)gE(ξ)−
λgH(ξ)) is included in D3Ω ⊂ Πj [aj−3, bj+3]. Consequently, FqH has support

in Πj [aj − 1, bj + 1]. Similarly, FqE has support in Πj [aj − 1, bj + 1]. Thus,

F (ξ2v + ξ2w) has compact support in D2Ω. From Lemma 1.4 again, we have

suppF (ξ2v + q) ⊂ Ω, and so, since û = F ( 1
ξ2 (ξ2v + q)) has compact support,

then û has support in Ω.
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