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QUASI-STATIONARY DISTRIBUTION FOR HAMILTONIAN
DYNAMICS WITH SINGULAR POTENTIALS

ARNAUD GUILLIN®, BORIS NECTOUX?, AND LIMING WU?

ABSTRACT. In this work, we prove the existence and the uniqueness of a quasi-stationary
distribution for hypoelliptic Hamiltonian dynamics for a system of N particles in R?
interacting with Lennard-Jones type potentials or with repulsive Coulomb potentials.

AMS 2010 Subject classifications. 37A60, 60B10, 60F99, 60J60, 37A30.

Key words and Phrases. Quasi-stationary distribution, Lyapunov functions, hypoelliptic
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1. INTRODUCTION

1.1. Setting and purpose. For d > 1, consider a system of N > 2 particles in R?
which cannot collide and let

2= (2l 2Y) € (®YY and v, = (0], ..., v)) € (RD)Y,

denotes respectively the positions of the N particles and their velocities, at time ¢ > 0.
The natural space to consider the time evolution of the positions (x;, ¢ > 0) and of the
velocities (vg,t > 0) of the N particles is thus

S =0 x (RHY, (1.1)
where
{ ifd=1, O={z=(z',...;2") e RN, 2! <2< ... <2V}, (12)
ifd>2, O={z=('...,2") e RHYN, 2" # a7 for all i # j}.
Notice that in both cases, O is open, path connected, and unbounded. In addition,
S = 00 x (RN with, { T o (1.3)
ifd>2, 00 =Uicizjen{z € (RHY, 2 =27}

In molecular dynamics, the interatomic potential of the system of N particles is typically
of the form, for x = (z!,... 2") € O,

V(x):ZvaH Z Vi(z! — 27) € R, (1.4)
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2 A. GUILLIN, BORIS NECTOUX, AND LIMING WU

where V. : R — R is the confining potential of the system and Vi : Q — R (where, if
d=1,Q2={y <0}, and if d > 2, Q = {y # 0}) is the potential energy modeling the
interaction between two particles, the latter becoming infinite when (and only when)
y € 0Q = {0} (which prevents from collisions). Let (Q,F, (Ft)i>0,P) be a filtered
probability space. We assume that the evolution of the positions (z;,¢ > 0) and the
velocities (vg,t > 0) of the NV particles on Sﬂ is described by the following hypoelliptic
stochastic differential equation

{dfft = Utdt7

1.
dvy = =VV(x;)dt — (g, v)vedt + X(4,v4) dBy, (1.5)

where v : (RO)Y x (RY)Y — My4(R) (the space of square matrices of size Nd with real
coefficients) is the friction coefficient, (B, t > 0) is a standard d N-dimensional Brownian
motion, and ¥ : (RH)Y x (RH)Y — R. We set X; = (x4, v;) for ¢ > 0. Throughout this
paper, we assume that
(Ac) v: (RY)YN x (RH)N — My4(R) is a locally Lipschitz function such that:
(i) there exists v* > 0, Vz,v € (R)Y : L[v(z,v) + 77 (z,v)] > +* [(gayn, Where
~T is the transpose matrix of 7,
(i) SUP, pe@t)N g e=1,...va [ Vhe (T, V)] < Fo00.
(AY) X (RHN x (RY)N — R is a C* function, uniformly Lipschitz over (R%)YN x (R%)N
and such that for some ¥y > 0 and X, > 0,

vx € (RHYN x (RHY) ¥5 < B(x) € T
For many intermediate results, Assumption (Ac) can be relaxed, see Remark

In this work, we prove the existence and the uniqueness of a quasi-stationary distribu-
tion for the process (1.5) when V| is the Lennard-Jones type potential or the Coulomb
potential (see for the definition of a quasi-stationary distribution). These two pair
potentials are widely used in molecular dynamics simulation. Such a setting is motivated
by what follows. Due to energetic barriers of the potential V, the process (x4t > 0)
spends a lot of time in a neighborhood O (bounded or not) of a local minimum of V in
0. Thus, the process is stuck during long period of times in regions D of the form
D = 0 x (RY)N. For this reason, the set D is called a metastable region (modelling in
practice a macroscopic state). It is thus expected that when the process starts inside
D, its law becomes quickly close to a local equilibrium inside D. This local equilibrium
inside D is described by a quasi-stationary distribution. In addition, starting from the
quasi-stationary distribution, the first exit time from D and the exit location on 9D are
independent, and the first exit time from D is exponentially distributed. For this reason,
the notion of quasi-stationary distribution is a central object to justify the use of kinetic
Monte Carlo processes (also called Markov jump processes) to model the exit event from
a metastable region [35, 29] 18] 11, [31].

The main results of this work are Theorem [2.4] and Theorem [3.2] which provides existence
and uniqueness (in some weighted spaces) of a quasi-stationary distribution (see ([1.7]))
for the process (1.5) on D = O x (R)N (where O C O) when V; is respectively a

IExistence and uniqueness will be proved later, under additional assumptions on V, see Proposi-

tions and
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Lennard-Jones type potential and when Vi is the Coulomb potential. The results cover
the case when O contains some subset of singular points of V, namely some subset of
00. The starting point of the proofs is [24, Theorem 2.2]. To use these results, we will
in particular construct Lyapunov functions W on S for such processes which provide an
asymptotic return from +oo. Let us mention that these Lyapunov functions are much
smaller, to the best of our knowledge, to those already constructed in the literature for
such processes. Indeed, they satisfy, for any n € (0,1), W < exp(mH") on S, where H
is the Hamiltonian of the process . Let us also mention that since the potentials V
we consider are singular and 90 N {V = 400} is not necessarily nonempty, it turns out
that most of the arguments used in [24, Section 6] do not apply here.

Remark 1.1. The long time behavior of the law of the process (1.5) has been inves-
tigated in [26, B2, B, 5] when when v and ¥ are constant, and V is C* on S (see
also [8, [17, [16] [34], 38, 23] and references therein).

Remark 1.2. From the proof of Theorem and Theorem [3.2] we also deduce that
large deviation principles hold for the non killed process (i.e. the process (X;,t > 0) on
S) with Lennard-Jones and Coulomb potential interactions, as well as the exponential
convergence of its law towards its invariant measure, see Corollary [4.1]

Remark 1.3. The notion of quasi-stationary distribution has initially been introduced
to investigate long time behavior of biological systems and we refer for instance to [14}, 133,
15, 6l (7, [13] 10] 20, [19]. For existence and uniqueness of a quasi-stationary distribution
for elliptic processes, we refer to [25, [I1], 9, 29| 36], 22| 28]. See also [2], 2], 12] for general
criteria implying existence uniqueness of a quasi-stationary distribution.

We refer to [24] for existence and uniqueness of a quasi-stationary distribution for the
process when the coefficient of are continuous on R?**. We also refer to [30]
(see also [37, Chapter 4]) when « and ¥ are constant on R**V | the drift in is smooth
on R*¥N and O is bounded. Existence and uniqueness of quasi-stationary distribution
for hypoelliptic diffusions on a bounded subdomain D of R™ have been very recently
investigated in [4] when D satisfies a boundary condition (see (ii)-(a) in Theorem 1
there), and the coefficients of the diffusions are smooth and satisfy some Hérmander
conditions.

1.2. Notation and definition of a quasi-stationary distribution. Let B(S) be the
Borel o-algebra of S, bB(S) the space of all bounded and Borel measurable functions
f on S (its norm will be denoted by f € bB(S) — ||fllss) = Supes |f(X)]). If u :
S — [1,400) is a continuous function, we denote by b,8(S) the Banach space of all
B(S)-measurable functions on S with norm || f{/s,5(s) := Supyes | f(x)]/u(x) < 4+o00. The
function 1x will denote the indicator function of K C (R%)Y

Consider (X, t > 0) the (strong) Markov process solution in the strong sense of the
stochastic differential equation (1.5)) with values in an open subset S of (R%)Y x (R?)Y
(existence and uniqueness of such a process will be proved later, see Propositions
and . Its transition probability semigroup is denoted by (P;,t > 0) where we recall
that it is defined by:

P f(x) = E[f (X)),
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for f € bB(S) and x € S. We will denote by (X;(x),t > 0) the process (X;,t > 0) when
Xo =x€ 8. Given an initial distribution v on S, we write P, () = [¢Py(-)v(dx). Under
P,, the distribution of Xj is v.

Now let D be a non-empty open domain of §, different from S. Consider the first exit
time of D

op = inf{t > 0, X; € D}

where D¢ = S\D is the complement of D. The transition semigroup of the killed process
(X, 0<t<op)isfort>0andxéeD,

PP f(x) = Ex[Licopn f(X0)], (1.6)
for f € bB(D). Let us now recall the definition of a quasi-stationary distribution.

Definition 1.4. A quasi-stationary distribution (QSD in short) of the Markov process
(Xi,t > 0) in the domain D is a probability measure on D such that

]P)#D(Xt € A,t < UD)
]P)MD(t < UD)

pip(A) =P, (X, € Alt < op) = V> 0,A€B(D). (L7

where B(D) :== {AND;Ac B(S)}.

We say that a continuous function f belongs to the extended domain D.(L£) of the
generator £ of (Pt > 0) if there is some measurable function g on S such that

7 191(X,)ds < +00, P — a.e. for all x € S, and

() = 500 - 70X = [ (X)ds

is a P,-local martingale for all x. Such a function g, denoted by Lf, is not unique in
general. But it is unique up to the equivalence of quasi-everywhere (q.e.): two functions
g1, g2 are said to be equal q.e., if g; = go almost everywhere in the (resolvent) measure
Ri(x,:) = [T e "P,(x,-)dt for every x € S.

Finally, we say that a class A of bounded continuous functions on D is measure-
separable, if for any bounded (signed) measure v on D, if v(f) = 0 for all f € A, then
v=0.

1.3. Organization. The rest of the paper is organized as follows. In Section [2] we
focus on Lennard-Jones type interactions (see ): we state and prove Theorem .
Section |3|is dedicated to the case when Vy is the Coulomb potential. The main result of
Section [3] is Theorem [3.2]

2. QUASI-STATIONARY DISTRIBUTIONS FOR LENNARD-JONES TYPE INTERACTIONS

In this section, we state and prove Theorem [2.4] which is concerned with existence and
uniqueness of the process ((1.5)) with Lennard-Jones type interactions.

2.1. Main result.
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2.1.1. Lennard-Jones type interactions. Recall that Q = {y € R, y < 0} if d = 1, and
Q:={yeR |yl #0}ifd>2 Let d1;:Q— R, B >0, and 4 > 1. Define for y € Q:
B

Vii(y)=qlyl” T ouly) ify €9

+oo if y = 0.

Recall that the potential function Vi we consider is, for z = (2!, ..., 2") € O (see (1.2)),

Vi (z) = Zvu(gﬂ‘) + ) Vi’ —a7) R, (2.1)

1<i<j<N
where V. : R¢ — R and Vir: Q — R. We assume the following on Vi, and ®.

Assumption (H-LJ). Let A > 0 and oy > 1. The function V,. € C*(R%,R) and for
some r >0, it holds:

vy € Rda ‘?J| Z T, VLC(y) = A|y|a1 + (I)l,c(y)a
where @1 . € C*(RY,R) satisfies:

|¢)1,c(y)| _ : |Vcbl,c(y)| . . |HeSS @l,c(y”
—— = lim —F = —_—
imroe ylor st [yt syl

= 0.

In addition, ®11: Q2 — R is C? and satisfies:

lim  |y/?'|®11(y)] = lim  |y|? VO 1(y)| = lim  |y|? "2 |Hess @ 1(y)| = 0. (2.2)

yeQ,|y|—0 yEQ,|y|—0 yEQ,|y|—0
Finally, for some r > 0,

®y 1, VO, 1, and Hess @11 are bounded on QN {|y| > r}. (2.3)

Remark 2.1. The Lennard-Jones potential Vi corresponds to 1 = 12 and ®1(y) =
—C/|yl%, C >0, y € Q. When d > 3, the Coulomb potential is also covered here by
choosing 1 = d — 2 and ®;7 = 0. The Coulomb potential when d = 1,2 is treated in
Section Bl

In this section, we assume that (H-LJ) is satisfied. Recall that (see (1.1])), S = Ox (R%)Y
is the natural state space on which the evolution of the N particles can be considered.
By assumption (H-LJ),

O ={z € 0,Vi(z) < oo} (see indeed (L.2)).

Notice also that the set S is open and path connected. Let us now give some properties
of Vi which are direct consequences of (H-LJ) and which will be used throughout this
work. Note first that V; : S — R is C%.

Remark 2.2. We have assumed that V; is at least C? on S to ensure existence and
uniqueness of a local strong solution to (1.5) when V = Vi, see indeed the proof of
Proposition [2.3]
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Notice also that by (H-LJ), for all € > 0, there exist k, K > 0 such that for all y € R?,

A
kb eyl < Vi) < K 4 (L QA (2.4)
and, for all y € Q,
B
— k4 Iyl < Vaaly) < K+ (1 + Bl (2:5)

In particular, V. and V1 are lower bounded respectively on R? and on Q . Therefore,
V; is also lower bounded on O, i.e.

inf V; > —o0.
@]

In addition, by (2.4) and (2.5), Vii(y) — 400 (y € Q) if and only if |[y| — 0 , and
Vic(y) = +oo if and only if |y| — +oo. This implies that, when z € O (see (2.1))):

(1)3ie {1,...,N} st |2'| = +oo or,

S , 2.6
(2) for some i # j € {1,...,N}, |#' — 2’| = 0 20

or equivalently, Vq(z) — +o0 iff either (1) |z| — 400 or (2) z — 9O (see (1.3))), that
we write £ — 0O U {oco}. In the following and up to changing V; into V; — infp Vi + 1,
we assume that

Vi>1on O.
Let us denote for (z,v) € S,
22
L= %Av +0v.V, — VVi(2).V, —y(z,0)v.V,, (2.7)

the infinitesimal generator of the diffusion ([1.5)) when V = V;. The Hamiltonian of the
process (|1.5) when V =V is, for (z,v) € S,

Hy (e, v) = Vi () + %W > 1. (2.8)

Notice that for (z,v) € S, Hi(z,v) — 400 if and only if z — 00 U {0} or if |v| — +o0.
Existence and uniqueness of the process (1.5) on S (see also [26, Proposition 2.2 and
Section 4]) follows from the following result.

Proposition 2.3. Assume that (H-LJ) is satisfied as well as (Ac) and (AX). For
all R > 0, the set {x € O, Vi(z) < R} is open, bounded, and its closure is included
in O. Furthermore, for all (xg,v9) € S, there exists a unique pathwise solution (X; =
(xtvvt)7t 2 0) Of

{dl‘t = Utdt,

2.
dvy = =NV (z)dt — y(zg, ve)vedt + 3(xy, vy) dBy. (2.9)

with Xo = (x0,vg), which is moreover non-explosive and remains in S for all t > 0.

Notice that by Proposition [2.3] the process (2.9) is a (strong) Markov process.
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Proof. Clearly, for R > 0, the set {z € O, V;(x) < R} is open, and its closure is included
in O since 0 = {V; = +oo}. It is bounded, by (2.6). Even if it is standard, let us
write the proof of the second statement since we will need Eq. below for further
computations. Then, by definition of Hy (see ([2.§)), for r > 0, the set

HE = {(2,v) €S, Hi(z,v) <7}, (2.10)

is open, bounded, and its closure is included in S. Let x = (z,v) € S and r, > 0 be such
that x € {(z,v) € S, Hi(z,v) < rc}. Since the coefficients of the stochastic differential
equations are locally Lipschitz on S, for any r > r,, there exists a unique strong
solution (X; = (x4, v¢),t > 0) of with initial condition x up to time

7.(x) = inf{t > 0, X;(x) ¢ H}}. (2.11)
Let 7 = lim, o0 7 = SUp,>,, 7. Then, for all (x,v) €S
1
LiHi(z,v) = §dN22(fE,’U) —y(z,v)v-v < hHy(x,v),

where h = max(dNX2 /2,2m) where m > 0 is such that v + 7" > —2mlga~y on
(RH)N x (RH)Y (see (Ac) and (AY)). Thus, by Ito formula, (e " "H (XA, ), t > 0) is
a supermartingale and then:

for r > 1t Hi(x) > Ey[l, < e " H(Xinr )] > e Py (7, < ). (2.12)

Therefore, Py (7, <t) — 0 as r — 400, and then P,(7 > t) = 1. That is P, (7 = +o0) =
1. Because {7 = +00} C {X; € S,¥Vt > 0} it holds P,({X; € S, V¢ > 0}) = 1, which
concludes the proof of the proposition. O

2.1.2. Quasi-stationary distribution for Lennard-Jones type interactions. The first main
result of this section concerns the existence and uniqueness of a quasi-stationary distri-

bution of the process (2.9) in D = O x R? with the potential V; (see ([2.1])).

Theorem 2.4. Assume that (H-LJ), (Ac), and (AX) are satisfied. Let O be a sub-
domain of O such that O\ O is nonempty and 90 N O is C?. Set D =0 x (RHN c S
(see (L.1)). Consider the process (X;,t > 0) solution of with potential Vi on S
(see Proposition . Then, for each

m € (0, 1] with moreover, if a; € (1,2), m1 > (2 — ay)/ay (€ (0,1)),

there exists a continuous and unbounded Lyapunov functional Wy : S — [1,+00) such

that W; < exp [mH;“] on S, for some m > 0 (see Proposition for the explicit

construction of W1 ) and for all p € (1,400):

(a) There is only one QSD up of the process (Xi,t > 0) in D satisfying /@(Wi/p) =
I W1/ (x) pup (dx) < +00.

(b) There exists Ap > 0 such that for all t > 0, the spectral radius of PP on bwi/pB(D)
s given by

r(P’tplbwl/pB(D)) = e,
1

’Indeed, on {T = 400}, for all t > 0, there exists r > 0 such that ¢t < 7,.. Therefore, for all s € [0,¢],
X;e{H;<r}cCS.
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In addition, ppPP = e *?tup, for allt >0, and up(O) > 0 for all non-empty open
subsets O of D. Furthermore, there is a unique continuous function ¢ : D — R
bounded by CW}/p (for some ¢ > 0) such that up(p) =1 and

PPyp = e™??'p on DVt > 0. (2.13)

Moreover, ¢ > 0 everywhere on D.
(c) There exist 6 > 0 and C' > 1 such that for any initial distribution v on D with
v(Wi'7) < oo,
A
P, (X, € Alt < op) — up(A)| < Ce ) VA e B(D),t > 0. (2.14)
(d) IPX()UD <_;;>o) =1 for allx € D, X,, and op are P, -independent, and P, (t <
op) = ¢€ .

Notice that O is not necessarily bounded in Theorem and its closure may contain
singularities of V, namely some subset of 0. The Lyapunov function W; given in ([2.24])

satisfies thanks to (2.30)), for (z,v) € S,
Wi (x,v) = exp [(aHl(a:, v) + o(Hl(x,v)))m],

as © — 00 U {oo} or |v] = 4o00. If @y > 2, there is no restriction on 7; (i.e. one
can choose any 7; in (0,1]). Notice that if O is bounded, we can modify Vi . outside
O with a3 > 2, so that we can take any n; € (0,1] such that W; satisfies (C3). In
addition, because W, is continuous over S, the set of probability measures v such that
V(W}/ ) < +00 contains the set of compactly supported probability measures in D (and
in particular Dirac measures &, with x € D). Theorem will be a consequence of

Lemma [2.7, Corollary 2.12] and Propositions [2.8] 2.9} and below.

Remark 2.5. Apart from the fact that V; is assumed to be only C? on S, Assumption
(H-LJ) differs from those adopted in [26] Example 4.4] because (2.3) is not assumed
there. We have added Assumption (2.3)) so that in particular [20, Lemma A.1] implies
that

[Hess V1|/|VVi]* = 0 as 2 — 00 U {oo}, (2.15)

a property we will useﬁ. Indeed, without one can consider, when d = 1 and
N =2, &;5(y) = y° for y < 0, and a; = 2. To simplify the computations, choose
By =1, B=A=1,and &;. = 0. Then, it holds for 2! < 2? € R, V(2! 2?) =
(xH)2 + (2*)? + 1/ (21 — 22) + (21 — 2%)°. Thus, for 2! < 2% € R:

2 1 214
(51— 25)° +30(z" —x%)".
Set 22 = 0 and ! = —), for A > 0. Then, one has 9?V,(—\,0) ~ 30\*, when A\ — +o0.
Then, we cannot conclude with [26, Lemma A.1] that |02V, (=X, 0)|/|VVi(=X,0)]> = 0
as A — 400, since a; — 1 = 1 here. However, when assuming , Eq. (2.29) below
holds, and then [26, Lemma A.1] implies that holds. Assumption natural
since it states that the interaction potential does not blow up when the particles are far
from each other (this the case for the potential functions of interest, see Remark .

3Eq. ([2.3) also ensures that Vy is lower bounded (see (2.5)), and Lemma A.1 in [26] holds when
(HLJ) is satisfied (see Remark .

OV, (xt 2?) =2+
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Remark 2.6. Let us explain why [20, Lemma A.1] (that we will use) is valid when
(H-LJ) holds. Lemma A.1 in [26] is proved there when ®; . = 0 and ®;; = 0. Fix
C > 0. By (2.3)), for all » > 0, there exists m > 0, for all y € Q,

C Liy<r
W |V(I)1I( )‘ ’ |5 +1[

Then, by (2.2)), choosing r > 0 small enough, there exists m > 0, C/|y|* 1 —|V®y1(y)| >
C/(2ly|"**1) — m. Similarly, one has Cly|*~! — |[V®, .(y)| > Cly|**~!/2 — R for some
R >0 and all y € R%. Thus, [26, Lemma A.1] holds under (H-LJ).

2.2. Proof of Theorem [2.4 The proof of Theorem [2.4] is based on the recent results
from [24].

~ Iyl V)| - .

2.2.1. Result from [24]. Let us recall the previous result from [24]. We consider in this
section, the framework of Section [I.2] Introduce the following set of assumptions:

(C1) There exists tp > 0 such that for each ¢t > ty, P, is strong Feller, i.e. P f is
continuous on S for any f € bB(S).

(C2) Forevery T' > 0, x = Py (X1 € -) (the law of Xjo 17 := (Xt)iepo,77) is continuous
from S to the space M;(C°([0,T],8)) of probability measures on C°([0,T],S),
equipped with the weak convergence topology.

(C3) There exist a continuous function function W : § — [1,400), belonging to the
extended domain D, (L), two sequences of positive constants (r,) and (b,) where
r, — 400, and an increasing sequence of compact subsets (K,,) of S, such that

—LW(x) > r,W(x) — b,1k, (x), g.e.

Let D be an nonempty subdomain of S different from S. Assume in addition that the
killed process (X, 0 <t < op) satisfies:
(C4) For t > 0, PP is weakly Feller, i.e. for a measure-separable class A of continuous
bounded functions f with support contained in D, PP f is continuous on D.
(C5) (PPt > 0) is topologically irreducible on D, that is: there exists ¢; > 0 such that
for all ¢ > ¢, for all x € D and non-empty open subsets O of D, PP(x,0) >
(where PP(x,0) := P,(X; € O,t < op)). In addition, there exists x, € D such
that Py, (op < +00) > 0.
Notice that (C1), (C2), and (C3) are independent of the domain D. Let us recall [24
Theorem 2.2] when one considers the process on S.

Lemma 2.7. If (C1), (C2), (C3), (C4), and (C5) hold, then, items (a)—(d) in
Theorem[2.4) are satisfied with W given by (C3).

The purpose of the next sections is to check that (C1)—(C5) are satisfied when D =
0 x (RY)YN with O a subdomain of O (see (1.1)) and the lines after).

2.2.2. Assumptions (C2) and (C3) on (P;,t > 0). In this section, we prove that as-
sumptions (C2) and (C3) are satisfied for the process (2.9) with potential function V;

(sce (21)).

Proposition 2.8. Assume that (H-LJ) is satisfied as well as (Ac) and (AX). Then,
assumption (C2) is satisfied for the process (X;,t > 0) solution of (2.9) on S (see
Proposition .
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Proof. Let T' > 0. Let x,, = x € S, where (x,),>0 is a sequence in S. Then, there exists
ry > 0 such that

{xn,n >0} U{x} C H. = {(z,v) € S,Hi(z,v) < ry}. (2.16)
In what follows we consider » > r,. We first claim that the sequence of probability
measures (P, [Xjo1) € -])nzo on C°([0,T7) is tight. Let us prove this claim. Recall that

(see (2.11)),
7.(z) = inf{t > 0, X;(z) ¢ Hi}>

is the first exit time for the process (2.9) from H! (see (2.10)) when Xy =z € S. Define
for (z,v) € S:

v
b(z,v) = <—VV1(x) B W(LU)U) : (2.17)
which is the drift of the stochastic differential equation (2.9)). Set for r > 0,
¢ = Sup |b($,U)’
(z,v)eHL

Notice that ¢, is finite because H} is bounded, with closure included in S (see (2.10)
and the lines below), and b is locally bounded on § since it is continuous on S. Then,
foralln >0,0<s <t <7.(x,), it holds:

/ b2y (Xn), Vu(Xn))]|du < c.(t — 8).

Because Y is uniformly bounded on (R%)Y x (RY)Y (see (AX)), using in addition the
Burkholder’s inequality and the Kolmogorov-Chentsov criterion (see for instance [27],
Corollary 14.9 and Proposition 15.7]), it follows that (Py,[Xo1rr] € ])n>0 is tight in
M, (C°([0,T],S)), for any r > r, fixed. On the other hand, by (see also ([2.16))),
one has for all n > 0 and r > r:

Hi(x,) > e*hTr]P’Xn (T > 7).
Thus, since Hy is continuous at x, sup,>qPy, (7, < T) — 0 as r — +oo. Let K be
compact subset of C°([0,T],S). Then,
Py (Xprnm € K) =Py, (X € K, T < 7,) + Py (X € K, T > 7,)
=Py, (X € K) =Py, (Xjor) € K, T > 77)
+ P, (X € KT > 7). (2.18)

Let € > 0. Take r(¢) > r, such that sup, 5Py, (7. < T) < €/2. For this fixed r(e) > 0,
let K. C C°([0,T7],S) be a compact set such that for all n > 0, sup,5o Py, (X[, 7m0 €

K)>1-¢/2 By (219,
sup Py, [ X1 € K| >1—e.

n>0

Thus, by Prokhorov’s theorem [27, Theorem 14.3], (Px,[X{o,r] € “|)n>0 is sequentially
compact in the space M (C°([0,T],S)) equipped with the topology of weak convergence.
Let P and (P ,[X{o,7] € -])nr>0 & subsequence such that

Py ,[Xjo1 € -] = P (weakly in M(C°([0,T],S))) as m' — +o0.
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Denote by Yjom = (Y;,t > 0) the canonical process associated with P. For each m/,
X011 (Xm’) = (Xi(%ms),t € [0,T1]) is the solution of the martingale problem associated
with and with initial condition x,, . For f : S — R a smooth compactly supported
function, 0 < s <t < T, g : C°0,s],S) — R a bounded and continuous function, and
w e C([0,T],8), set

Busli) = (£u0) = F(s)) = [ L1 () Vgl € B

It thus holds for all m’ > 0, E[®(X[o7)(xm))] = 0. Because ®,,(pty) — (1) when
fimy — 1 in C°([0, 7], S) (because b and ¥ are continuous over S), and Py ,[Xjo1) € -] =
P (weakly in M;(C°([0,T],S))), by [27, Theorem 3.27], one has as m’ — +oc

E [ st (X011 ()] = E[®s ¢ (Yor1)].

Consequently, E[‘Ps,t(y[o,:r’])] = 0, i.e. Yo7 solves the martingale problem with
initial condition x. By uniqueness of the martingale problem for ﬁ, Yo,r = Xjor(x)
in law and then, Py, [Xjo 1) € -] = Py[ X017 € -] weakly in M;(C°([0,T],S)) as n — +oc.
This concludes the proof of the proposition. Il

Let us now check that assumption (C3) is satisfied. To this end, let us introduce some
functionals. Recall that a; > 1. Let

m e (0, 1].

and assume moreover that, if oy € (1,2), 71 > (2 — aq)/aq (notice that in this case
(2 —ay)/a; € (0,1)). Let us define for z = (z!,...,2V) € O,

K(z) = Ke(x) + Ki(z) (2.19)
with
Ke(z) = ZU(I’Z) and ki(z) = Z |zt — 27|,

and where U : R? — R is smooth and is such that,
for all y € RY, |y| > 1, U(y) = |y|*~,
with
max (0,2 — ay) < €3 < min(1, agm). (2.20)
The function x is a smooth function over O and is lower bounded. Notice that the
function k(x) — +oc if and only if 2 — 0O U {0} (since ay — €1 > 0).
We now claim that there exists > 0 such that |VV;(z)| # 0if Vi(x) > r, x € O. This

is is a simple consequence of what follows. By [26, Lemma A.1] (see also Remark [2.6)),
it holds for some C' > 0 and m > 0, and all z € O:

IV, ()] > 0<|:c|ar1 + S e xfrﬂrl) _m. (2.21)

1<i<j<N

“Recall that pathwise uniqueness and weak existence imply uniqueness in law, and thus uniqueness
of the martingale problem (see for instance [27], Theorems 18.7 and 18.14]).
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Consequently, since a; > 1 and 5; > 0, |[VVi(z)] = 400 (when z € O) if one of the
two conditions (1) or (2) in ({2.6) is satisfied. The reverse is also true since |VV;] is
continuous over . Hence, one has:

|VVi(z)| = +o0 iff 2 = 00 U {0} (equivalently iff V,(x) — +o0, by (2.6)).

Therefore, there exists r > 0 such that |VVi(x)| # 0 if Vi(z) > r. Then, inspired by
[20], we set for x € O:

VV(z)
[VVi ()]
where a € C*®(R,[0,1]) is such that a(u) = 1 if u > Ry and a(u) = 0 if u < Ry

(0 < Ry < Ry), where R; is chosen large enough such that |VVy(z)| # 0 if Vi(z) > R;.
The function G is then C' over O. Recall that the Hamiltonian of the process (2.9) is,

for (z,v) € S (see )7

Gi(z) = k(z) a(Vi(z)) (2.22)

1
Hi(z,v) = Vi(2) + 5lol”
Let us introduce for (z,v) € S, the modified Hamiltonian [39, Eq. (3.3)],

Fi(z,v) = aHi(z,v) + bv - Gy(x), (2.23)

where a > 0 and b > 0. For all (z,v) € S, set:
Wi (z,v) = exp [(Fi(z,v) +m)"] > 1, (2.24)
where m = —infgF; + 1. It will be proved in the next proposition that F; is indeed

lower bounded on S.
When 7, = 1 and « is a (well chosen) constant function (i.e. x is independent of x),
it is proved in [26] that for some a,b > 0:

LW
< o= on S, (2.25)
W,
where ¢1,c5 > 0. To get Assumption (C3), one needs in particular a stronger version
of (2.25)). More precisely, we need an asymptotic return to +o0o in the z-variable in the
sense that we need that (2.25) holds replacing ¢y in (2.25) by a function L of x € O
satisfying

lim L(z) = +oc.
€0, x—00U{oco}

It turns out that the function x defined in (2.19) will provide this asymptotic behavior
as Vi — 400, as shown by the following result.

Proposition 2.9. Assume that (H-LJ) is satisfied as well as (Ac) and (AX), and
consider the process (X;,t > 0) solution of ([2.9) on S (see Proposition[2.5). Then, the

function Fy is lower bounded on §. Moreover, for each
m € (0, 1] with moreover, if ay € (1,2), m > (2 — 1) /o,

we can choose parameters a,b,e; > 0 (see (2.37)), (2.38), (2.20))) such that (C3) is
satisfied for the process (2.9) on & with the Lyapunov function Wy : & — [1,400)

defined in (2.24) (see also (2.22)) and (2.19)).




QSD FOR LANGEVIN DYNAMICS WITH SINGULAR POTENTIALS 13

Proof. We prove that F; is lower bounded over & and that, for a,b > 0 small enough,
W; defined by ([2.24) satisfies (C3). The proof is divided into two steps.

Step 1. Properties of G; and F; is lower bounded over S.

In this step, C' > 0 is a constant independent of (z,v) € S, which can change from one
occurence to another.

For all z € O, Gy(z) - VVi(x) = k(z)a(V1(z)). Therefore, if Vi(z) > Ra,
Gi(x) - VVi(z) = k(x).
Thus, since the closure of {x € O, V;(z) < Ry} is a compact subset of O, it holds on O,

VVl . Gl Z R — M, (226)
for some M > 0. Let us now prove that VG; is bounded over O. One has on O:
Hess Vi

o(Va) e i o (v

|
<
[VGi| < Ca(vi)x e

V'V, |?
By definition of k (see (2.19)), for all z € O,

I ( |<C<1+Z!x|a1 SR D (2.27)

1<i<j<N
and
IVk(z)| < C’<1+Z|x S mj|—ﬂ1—1>. (2.28)
1<i<j<N
Using (H-LJ), for all y € Q, [Hess Vi1(y)] < C(1/|y|”*? + 1) and for all y € RY,

|Hess Vi .(y)] < C(Jy|**=% + 1). Then, by definition of V; (see (2.1])) for all z € O:

Hess V, (« |<C<1+Z|x ey Y xa‘|—,81—2>, (2.29)

1<i<j<N
Because o/ (V1) = 0 if Vi > Ry and since {x € O,V; < Ry} is bounded,
the function |k||a/(Vy)| is bounded over O.

A continuous function Q : @ — R is bounded if and only if it is bounded when x —

00 U {oo0}. For this reason, and using (2.28)) and (2.21)) together with the fact that
0<a<l,

aj—e—1—(ag—1)=—-e,<0and 1 +1—(f1+1) =0,
the function a(V1)|Vk|/|VVi| is bounded over O. Furthermore, using (2.27),
and together with
ag—€e+a;—2—-2a;—1)=—¢ <0
and
Bi+pPr+2-2(B+1)=0,

the function a(V,)|k||Hess Vi|/|VV;|? is bounded over O. In conclusion, the function
VG, is bounded over O.
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Let us now prove that as © — 00 U {oo} or v — {00},
0+ Gi(@)] = o(Ha(a,v). (2.30)

First of all, since a(V1)|x1]/|VV1] is bounded over O (by definition of k1 and (2.21))), for
all (z,v) € S:

v Gul(a)] < wmwnm% T Ol

In addition, for all x € O,

e ()] -
aVi) () ———— < C(1 + |z| 7). 2.31
Let p be such that 2 < p < (ag — €1)/(1 — €1) (notice that (a3 —€1)/(1 — €1) > 2 since
€1 >2—aq). Set g =p/(p—1) < 2. By Young’s inequality, for all (z,v) € S,

|k ()[P

[VVi() [P

In conclusion, by (2.31) and (2.32) together with the definition of V; (see (2.1)), (2.4),
and (2.5))), since 1 < ¢ <2 and p(1 —€1) < a1 — g < oy for all (z,v) € S,

v+ Gy(x)] < Clo| + Clo|” + Ca(Vs)(x) (2.32)

v-G@)| _ CO+p) OO+
[02/2 4 Vi(x) = [o?/2+ Vi(z) — [o2/2+ Vi(2)

as x — 00 U{oo} or v — {oo}. This proves ([2.30). Equation (2.30]) implies that

inf F1 > —0Q.
S

—0

Step 2. W, satisfies (C3).

Let us now prove that Assumption (C3) is satisfied for the process on S with
Wi : 8 — [1,+00) (see (2.24)). Because W; € C*?(S,R) (i.e. Wy is C! in the variable
x and C? in the variable v), W; € D.(£) and LW, = £;W; quasi-everywhere. In the
following, for ease of notation and with a slight abuse of notation, we denote by F; the
function F; +m. One then has on S,

LW,
W,

22
= £1F?1 —|— E‘V’UF?IF
- x? . -
= 171F71]1 1£1F1 + —2 |:771(771 - 1)|VUF1|2F71]1 2 + 7712F%(771 1)|VUF1|2

2

Uit 2
<~ F%fm [£1F1 + m F%fm |VUF1|2}
22
< %[ﬁlFl +7717|VUF1|2}, (2.33)
1
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where we have used that 17, — 1 < 0 and that over S, 0 < 1/Fi_771 < 1 (because F; > 1).
In addition, for all (z,v) € S:

22
(;’ v) AFi(x,v) +v-V,Fi(z,0)

~[VVi(z) + y(z,v)v] - V,Fi(z,v)
¥2(z,v)

22
‘ClFl(zav) + Ul;‘vvFl‘z(xuU) =

+ m IV oFy (2, 0)]?

_aNd ) v+ b i o - 0, (G1) (2) o)
~ by, 0)v - Ga(x) — BYVy(x) gl(;)
T, 22(;”"") v + 661 (2)]2. (2.34)

For all ¢ > 0 and for (z,v) € S, one has:
lav + Gy () > < a®[v]*(1 +¢) + b*(1 + &7 1)|Gy (@))% (2.35)

By (2.31]) and (2.32), and since «(V1)|x1]/|VV1] is bounded over O, |v| < |v]?+ 1, and ~y
is bounded over (R9)Y x (RY)Y (see (Ac)), there exists C; > 0 such that for (z,v) € S,

—y(z,v)v - Gi(z) < Ci(1+ o] + |x[PE-),
and
G (2)]* < Ci(1 + |7y,
In addition, since VG; is bounded over O, there exists C; > 0 such that for (z,v) € S
N

D 00, (G (2) v < Gl (2.36)

1,7=1

Consequently, using also (2.26)), (Ac), and (AY), one has for all (z,v) € S:

L1Fi(z,v) +771%2\VUF1|2(;1;,U) < aNd% ~Ja(r — anEL (1 4+ £)/2) — bGCy] uf?
+6Cy |7+ m 6222 (14 e HCy (1 + |z2E-<)) /2
—b(k(z) — M) 4 bCy (1 + |z|PA=V).
Choose a > 0 such that
a <2y /(mE2). (2.37)

For & > 0 small enough, one has (y* — an X2 (1 +¢)/2) > 0, and then for b > 0 small
enough:

a(y* —amX2 (1 +¢)/2) — bCy > 0. (2.38)

Fix such parameters a > 0 and b > 0. Since p(1 —€¢;) < a3 —e; and 2(1 —€1) < g — €
(because €; > 2 — ay), it holds

max(|z[217) | |z[PA=)) = o(ke(z)) as 2 — 0O U {oo},
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and since g < 2, [v|? = o(Jv|?) as |v] — +oo0. Consequently, using in addition ([2.37)) and
(2.38]), there exist constants ¢; > 0 (i = 1,2, 3) such that for all (z,v) € S,

22
L1Fy(z,v) + 7717|Vv|:1!2(3370) < ¢ — vl — esr(x),

so that
LW,
W,

(z,v) < —Ky(z,v),

where
i [ — ¢+ v + C3K,(.’L')]
Fi ™ (z,v)

The function K; is continuous over S. By ([2.30)), for all (z,v) € S, Fy(z,v) < MH;(z,v),
for some M > 0. Consequently, it holds, for (z,v) € S outside a compact set of S (so
that the numerator in the definition of K; is positive):

Ki(z,v) :=

2m [ — 1+ cov|? + cak(x)]
M1—771(|U|2/2_’_V1(I))1—771 ’

By definition of & (see (2.19)) and V; (see (2.1)), (2.4), and (2.5)), since ag —e; > a3 (1—m)
(recall that €, < aymy, see (2.20)), S1(1 —m) < f1, and 2 > 2(1 — 1), we deduce that,

for (z,v) € S,

Kl(l',U) Z

lim Ki(z,v) = 400,
z—00U{oo} or v—{oo}

or equivalently,

lim Ki(z,v) = +o0.
(z,0)€S, Hi(z,v)—+o0

Let us now consider, for n € N, K,, as the closure of the bounded set H} = {(x,v) €
S,Hi(z,v) < n}, which is a compact subset of S (see the lines after (2.10))). For all
(xz,v) € S, one has:

LW,

1

(z,v) £ =Ki(z,v)1ls/k, (2, v) — Ki(2,v) 1k, (2,0)
< —15/Kn(a:,v)si/ng Ky —milg, (x,v)

< — inf Ky + (inf Ky —my)lg, (2, v)

S/Kn S/Kn
< — inf Ky + (inf K 1 50Pse, Wiy
= Sl/IlKn 1 Sl/IlKn 1— My Wi (2, ) K\, V),
where m; = infgK; (the function K; is indeed lower bounded on §). Set r, :=

infs/k, Ki = +00 as n — +o0, and b, = (infs/k, Ki — my)supx, Wy > 0. The proof of
the proposition is complete. Il
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2.2.3. On Assumptions (C1), (C4), and (C5). Let us now consider a subdomain O of
O. Set

D=0 x (RHYY c S. (2.39)
Recall that op is the first exit time from D for the process :
op(x) = inf {t >0, Xy(x) ¢ D} inf {t > 0,x4(x) ¢ O}
and that the semigroup of the killed process (X;,t € [0,0p)) is

PP (x) = Eu[f (Xo)lecap),

for f € bB(D) and x € D. Introduce the process (X = (:v?,vt) > ) solution (in the
strong sense) to the stochastic differential equation over (RY)Y x (R4)":
dz? = vldt,
0 0 0 (2.40)
dv; = X(z;,v,) dBy.

That is (X?,¢ > 0) is the process (2.9) when V; = 0 and v = 0. We will denote by
o2 the first exit time from D for the process (X7, ¢ > 0). One has the following (local)
Girsanov formula.

Proposition 2.10. Assume that (H-LJ), (Ac), and (AX) are satisfied, and consider
the process (X, t > 0) solution of (2.9) on S (see Proposition . Let O be a subdomain
of O and set D = 0 x (R)N (see (2.39)). Let f € bBB(D) (se), t>0,andx € D.
Then, it holds:

IEx [f(Xt)1t<UD} = Ex [f(XtO) 1t<aOD Mt]a (241)

where My is the exponential martingale defined by
t
M, = exp [ - / 51 (2%, 0%) ((2, %) + Vi (1)) dB,

__/\z 22, v9) [y(@), v2)v) +V Vi (2?)] | ds] t < op. (2.42)
Proof. Let O be a subdomain of O. For n € N, let O,, be a bounded subdomain of O
such that O,, C O, 41 and U,>00,, = O (so O,, N 9O = )). Then, set
D, =0, x {ve RHYY |v| < n},

which is bounded and with closure included in & = O x (RY)Y. Choose a function
Py € C((RY)N,[0,1]) such that ¢, = 1 on O, and ¢, = 0 on (R)™ \ Oy, (this is
possible since O,, C O,,51). Set

VM =4V, (2.43)
By reasoning as in the proof of [39, Lemma 1.1], for all n > 0, there exists a unique non
explosive strong solution (X{™ = (z{™,v{™),t > 0) on (RN x (RY)N of

da:t" = vin)dt,
dvo" = =V (@M )dt — v (2 o o dt + S o) dB,
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Let us denote agln) = inf{t > 0, x§”> ¢ O, } the first exit time from D,, for the process
(Xt("),t > 0). Let f € bB(D), t > 0, and x € D. Then, the process (X;,t > 0) and
(X{™ ¢ > 0) coincides in law up to the first exit time from D,,, i.e. for all n > 0,

E, [f(Xt)1t<0'Dn] = E, [f(Xt(n))l (n)} .

t<aDn

By the Girsanov formula [39, Lemma 1.1], for all ¢ > 0 and n > 0:
B[] = B[ (XD Lico, MI”],

where I\/Il(tn) is the exponential martingale:
t

M = exp [ (157108 08) (a2 202+ TV ),
0

CRERS-]

t
- %/|2_1(332a“2)[7($271)2)02—I—VV(”)(:CS)H2ds].
0

Notice that when ¢ < ¢% , V(" (29) = V;(2?) for all s € [0, ], and thus, M{™ = M, where
M is given by (2.42). Then, E,[f(X;)1li<op | = Ex [f(X?)lt@%n M;]. Notice that op, (x)
is increasing in n and

{t < O'D} = Unzg{t < O'Dn},
and the same holds for {t < o%}. Consequently, passing to the limit n — +o00, one has
by the Lebesgue monotone convergence theorem, if f > 0,

Ex [f(X)Licop] = Ex[f(X))Licon My]. (2.44)
Equation (2.44]) then extends to any f € bB(D), by linearity. The proof of Proposi-
tion [2.10] is complete. U

With Proposition [2.10, we are in position to prove the following result.

Proposition 2.11. Assume that (H-LJ), (Ac), and (AX) are satisfied, and consider
the process (X, t > 0) solution of [2.9) on S (see Proposition [2.3). Recall that O is a
subdomain of O and D = O x (RN (see ([2.39))). Then:

(1) The semigroup (PP t > 0) is topologically irreducible on D.
(2) If O\ O is nonempty, then for all x € D

Py(op < 400) > 0.
(3) If 00 N O is C%, for t > 0, PP is strong Feller on D (and thus weakly Feller on
D).
Consequently, (C4) and (C5) are satisfied for the process (2.9) when D = O x (RH)V.
Proof. Let O be a subdomain of O.
Step 1. On Assumption (C5).

Consider xg € D = 0 x (RH)N. Let O; € O and O, C (R?)Y be two nonempty open
sets. Then, by choosing f = 1p,x0, € bB(D) in (2.41)), it holds for all ¢ > 0,

P, (X, € O1 x Oy, t < op) > 0 if and only if P, (X € O; x Oy,t < 0%) > 0.
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Consider x; = (z1,v1) € O1 x Oy, and write xg = (29, ) with 75 € O and vy € (RY)N.
By the first step of the proof of [24], Lemma 6.5],
P, (X € O) x Oy,t < 0%) > 0.
This implies that for all ¢ > 0,
PP(xg, 01 x Oy) =P, (X, € O1 x Oy,t < 0p) > 0.

Let us now prove that Py,(op < t) > 0, for all £ > 0. Assume that O\ G_is not
empty. Let us then consider a nonempty open ball B; such that B; € O\ O. Let

x; = (z1,v1) € By x (RY)N. By the first step of the proof of 24, Lemma 6.5], for all
t>0,
P, (X? € B x (RHYN t < 0%) > 0.
Then, using (2.41)) with S instead of D, it holds for all ¢ > 0 and all xq € D,
P, (X; € By x (RYN) =P, (X; € By x (RYN t < 0g) > 0,

since Py, (t < 0s) = 1 by Proposition[2.3f When Xy = xg, {X; € Bi x (R)N} C {op < t}
by continuity of the trajectories of the process and because 7o € O and B; ¢ O\ O.
Therefore, we have

PXO(O'D < —f—OO) > ]PXO(O'D < t) > 0.
Assumption (C5) is then satisfied for the process (2.9).
Step 2. On Assumption (C4).

Let us now prove that (C4) is satisfied. Pick f € bB(D), t > 0, and x € D. Let (x,), be
a sequence of elements of S such that x,, — x € D as n — +00. We want to prove that

By, [f(Xe)Licop| = Ex[f(Xi)licop|, as n — +oo. (2.45)
Assume that 00 N O is C2.
Case 1. Let us first consider the case when O C O.
By [39, Equation (1.8)],

f(X?(x,)) = f(X?(x)) in probability as n — -+oo.
In addition, one can replace Vi by ¥V in the expression of M; in (2.42), where ¢ €
C=((RNN,]0,1]) is such that ¢» = 1 on O and ¢ = 0 on (RY)¥ \ O (which is possible
since O C O). Indeed, when t < ap, Vi(29) = (V;)(2?), for all s € [0,¢]. The function
¥V, is lower bounded and C' over (R?)™. Thus, ¢V, satisfies the assumptions of [39,
Proposition 1.2] as well as v and X (see indeed (Ac) and (AX)). Therefore, by [39,
Equation (1.7)], one has, as n — o0,

Mt(xn) — Mt(X) in Ll.
Finally, since 00 is C?, by the first step of the proof of [24, Proposition 6.6], one has,
Li<69 (xn) — Li<o (x) In probability as n — +oo. Thus,
E,, [f(Xf) Lico0 Mt] — E, [f(X?) o0 Mt], as n — +00,

which implies ([2.45]) thanks to (2.41)).

Case 2. Let us now consider the case when 00 N 9O # ().
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In this case, we cannot argue as previously since the situation when xgv € 00N00 can oc-
cur, and 90NAQO is not in general C?, a crucial condition to prove that 1, <09 () Li<ot ()
in probability as n — 400 (see indeed the first step of the proof of [24, Proposition 6.6]).
To overcome this issue, we use the fact that, roughly speaking, the process (X;,t > 0)
has a very small probability to reach a neighborhood of 0O, according to . More
precisely, we proceed as follows. Since x,, — x € D, there exists r, > 0 such that

{Xn,n >0} U{x} C Hix ={(z,v) € §,Hi(x,v) <1},

and, for all n large enough (say n > ny), x, € D. In the following, we assume without
loss of generality that ny = 0. By ([2.12)), for all € > 0, there exists r, = r.(¢) > r, such
that

sup Py, (1,, <t) < 1 and Py (7,, <

€ €
S —— t) < ———.
n>0 (L4 [[fllz=) AT+ llz)
In addition, because {z € O, Vi(z) > r.} is a neighborhood of 9O in O (since the
closure of its complementary in O, namely {x € O,V;(x) < r.}, is a compact included
in the open set O, by Proposition , 00N O is C%, and O is connected, there exist
two subsets D,, and €2, of O such that

D=D, U,
where
e D, =0, x (RY)N with O,, a C? subdomain of O such that
0, C O,

e Q. =U,. x (RY)Y (where U,, =0\ O,,) with
U, C{z € O,Vi(x) > r.}.

FIGURE 1. Schematic representation, when d = 1 and N = 3, of a slice
of the domain O = {z = (z!,2% 23) € R3 2! < 2? < 2z*}, the domain O
(where 00 N O is C?), the C? domain O,, (with O,, C O), and U,, (with
UT* C {Vl Z 7"*}.
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We refer to Figure 1] for a schematic representation of O,., and U,,. By continuity of the
trajectories of the process (2.9) on S, when X, € D,, and on {t < op,t > op,_},
ds € (0,t], Xs € Q,, C {(z,v) € S,Hi(z,v) > r.},

so that {t < op,t > op,.} C {7, < t}, where we recall that 7, is defined by (2.11).
Since 1, > 7y,

{xn,n >0} U{x} C D,,.
Therefore, when Xg € {x,,n > 0} U {x},
{t<op,t >0p, } C{n. <t}

Furthermore, by (2.41)), and since O, is C? and O,, C O, by the first case above, there
exists ng > 0 such that for all n > ny,

|Exn [f(Xt>1t<UDr*:| — E, [f(Xt)]-t<aDr*:| ‘ < 6/2-

Then, since licsplicop, = licop, When Xy € D, , one has for all n > ny,

E., [f(Xt)1t<aD] — E, [f(Xt)1t<aD] ‘
< B, [f(Xi)Li<on, ] = Ex[f(X0)Li<on, ]|
+ |]Exn [f(Xt)1t<UD,tEUDT*} —Ex [f(Xt)1t<UD,tZUDT*} ‘
< €/24 || fllLe [Py, (t < op,t > 0p,,) + Px(t < op,t > 0p,,)]
< €/2 4 || fllzoe [Pen (77 < 1) 4 Pu(7r, < 1)

€

VAN

Consequently, E, [f(Xt)lKJD] — E, [f(Xt)lt@D} as x, — x € D. In conclusion,
Assumption (C4) is satisfied when dO N O is C?. This concludes the proof of Proposi-
tion 2111 O

Choosing O = O in items (1) and (3) in Proposition [2.11} we have the following direct
consequence of Proposition together with the fact that Py(t < og) = 1, for allx € S,
by Proposition [2.3

Corollary 2.12. Assume that (H-LJ), (Ac), and (AX) are satisfied. Consider the
process (X, t > 0) solution of on S (see Proposition[2.5). Then, for allt >0, P, is
strong Feller, i.e. Assumption (C1) is satisfied. In addition, (Pt > 0) is topologically
irreducible on S.

When ~ and ¥ are constant, and V is C* on &, this results is a direct consequence of
the Hormander’s hypoellipticity theorem (see for instance [26, Proposition 2.5]).

Let us now recall that Theorem [2.4]is a consequence of Lemma 2.7, Corollary 2.12] and
Propositions 2.8] 2.9} and The proof of Theorem is thus complete.

Remark 2.13. Notice that for Corollary and Propositions and [2.11 we can
replace (Ac) by the less stringent assumption 7 : (R9)Y x (RN — Mpyy(R) is a locally
Lipschitz function such that for some m > 0, Vz,v € (R)Y : Ly(z,v) + 77 (z,v)] >
—m ](Rd)N.
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3. QUASI—STATIONARY DISTRIBUTIONS FOR COULOMB INTERACTIONS

In this section we consider N particles in R? interacting through the Coulomb potential.
Recall that the case of Coulomb potential when d > 3 is covered by Theorem [2.4] (see
Remark , and therefore, it remains to deal with the case when d = 1,2. Thus, in
this section, we assume that

d e {1,2}.
The purpose of this section is to prove Theorem [3.2, For z = (z!,...,2") € O (see
(11.2)), set:

Vs (z) = ZVZC(;&) + ) Vou(a'—af) R, (3.1)

1<i<j<N
where Vs is the potential:

for all y € R%: Vyp(y) = —log|y| if y # 0, else Voi(y) = 400, (3.2)
where Vy . : (RY)Y — R is a confining potential which satisfies:

Assumption (H-C). Let A > 0 and ay > 2. The function Vo, € C*(R%,R) and for
some r >0, it holds:

Vy € R [yl > 1, Var(y) = Aly|** + @ac(y),

where @y, € C*(R%,R) satisfies: limy 400 —'ﬁ;{;%m = limyy| 4o —1—‘7527;_(3/)‘ = 0.

Notice that for some M > 0,
Aly|*2/2 — M < Vi (y) < 2AJy|*2 + M for all y € R%. (3.3)

When d = 2, Vy is the Coulomb potential, and when d = 1, V,1 corresponds to a log
singularity pairwise potential. Notice that since Vy1(y) = Vo 1(—y) for all y # 0, V, also
writes

N
Va(z) = sz,c(f) + B Z Vou(a' —a’), z €O.
i=1

1<i#j<N

3.1. Properties of V, and definition of the process. Recall d = 1,2. Let us give
some properties of V,. Note first that Vo : S — R is a C? function. In addition, V, is
lower bounded on S, since, using the inequality logz < z for z > 0, and , one has
for all z € O:

N N
A i|o 7 j A 7o
Vo(z) > 5Z|g;| 2 —MN—Z|$ — 2| > §Z|x| 2 — C|z| — MN. (3.4)
i=1 1<J =1

Moreover, for all z € O, Va(x) > —MN — 37, _log(|z* — 2/[). Consequently, Va(x) —
+o0 as x = 00 U {oo} (see (1.3))), z € O. Since Va is continuous on O, the reverse is
also true, that is: when z € O,

Vy(z) — +o0 iff 2 — 00 U {o0}. (3.5)

Let us now introduce

22
Ly = (g,v) A, + 0.V, — VVy(2).V, —y(z,0)v.V,,
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the infinitesimal generator of the diffusion ([1.5)) when V = V5. The Hamiltonian of the
process (|1.5)) when V =V, is, for (z,v) € S,

Ha(z, v) = Va(z) + %W. (3.6)

Note that Ho(z,v) — +o0 if and only if x — 0O U{oo} or if |v| — +oo. In the following,
we assume (up to considering Vo — infn Vo+1) that

V2 Z 1 on O,
so that Hy > 1 on S. We have (see also [32, Proposition 2.4]):

Proposition 3.1. Assume d = 1,2 and (H-C). Assume also that (Ac) and (AX) are
satisfied. For all R > 0, the set {x € O, Vo(x) < R} is open, bounded, and its closure
is included in O. Furthermore, for all (zg,vo) € S = O x (RN, there exists a unique
pathwise solution (X; = (z¢,v¢),t > 0) of

{dl‘t = Utdt,

3.7
dvy = —VVo(zy)dt — (s, vy)vpdt + 3(x4, vy) dBy. (3.7)

with Xo = (x0,vg), which is moreover non-explosive and remains in S for all t > 0.

Proof. Thanks to (3.5]), and because Vy is C* and lower bounded on O, the proof is the
same as the proof of Proposition 2.3 Let us mention that we have as in Proposition [2.3]

Ha(x) > e_htT]PX(TT <t), (3.8)

for some h > 0 and where 7,(x) = inf{t > 0,X,(x) ¢ H?} and H? = {(z,v) €
S, Hy(z,v) <r},r > 0. d

By Proposition [3.1] the process (3.7) is a (strong) Markov process.

3.2. Quasi-stationary distribution for Coulomb interactions. The main result of
this section is the following.

Theorem 3.2. Assume d = 1,2 and (H-C). Assume also that (Ac) and (AX) are
satisfied. Let O be a subdomain of O such that O\ O is nonempty and 00 N O is C>.
Set D = O x (RYN. Then, for each ny € (0,1], there exists a continuous and unbounded
Lyapunov functional Wy : § — [1,400) such that Wy < exp [mHgﬂ on S, for some
m > 0 (see Proposition for the explicit construction of Wy ), and the statements of
items (a)—(d) in Theor are valid for the process on S (see Proposition[3.1))
and with the Lyapunov function Wy (in place of Wy there).

When ay > 2, by (3.12), the Lyapunov function W, defined in (3.11)) satisfies, for
(x,v) €S,

W, (2, v) = exp [(aHa(x, v) + o(Ha(z,v)))™],

as ¢ — 00 U {oo} or v — {oo}. The o above is O when oy = 2. Let us also mention
that there is no restriction on 7, (i.e. one can choose any 7, in (0, 1]).
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3.3. Proof of Theorem [3.2] To prove Theorem [3.2] we use Lemma To this end,
we need to check that the assumptions (C1)—(C5) are satisfied for the process
with potential Vo when D = O x (R?)N with O a subdomain of O such that O\ O is
nonempty and 90 N O is C2. It is clear that, in view of their proofs, Corollary ,
Proposition and Proposition are still valid for the process on §. It thus
just remains to prove (C3) for such a process.

Notice first that if we choose as we did in the previous section, a functional of the form
G = ka(V3)VVy/|VV,|%, because here the function [Hess Vs|/|VV3|? does not converge
to 0 as x — 0O (as already observed in [32]), it will not be possible to take a function
K growing at infinity as © — 0O U {oo}. Let us rather considered the function Gy =
((Go)1, .-, (Go)n)T € (RYYN constructed in [32] which is defined as follows: for x =
(xt,...,2N)e O and i€ {1,..., N}, set:

xt— ;
(G2)/(x) = b z Lt
Jj= 1]#%
where b > 0 and ¢ > 0 will be chosen later. Let us introduce for (z,v) € S, the modified

Hamiltonian Fy(z,v) = aHa(x,v) + v - Go(x), where a > 0 will be chosen later. Notice
that for alli =1,..., N and all x € O,

1(Go)' ()] < BN + c|2']. (3.9)
Then, by (H-C) and using (3.4)), one has for (z,v) € S:

Faz,v) > a(Va(z) + [v]*/2) — Zlv [1(G2)(

Kl az
>-(a—¢) —bNZ|v|+ZaA|x| /2 — ¢|z'[2/2) — aC|z| — aMN.

=1

Then, if
¢ < 1,,—omin(aA, a) + 1,,-00 (3.10)
the function Fs is lower bounded on S. Finally, set for all (z,v) € S:
Wo(z,v) = exp [(Fa(z,v) — inf Fy + 1)™] > 1. (3.11)
where
N2 € (07 1]

When oy > 2 in (H-C), using (3.9) and Young’s inequality with p € (2,ay) (so that
g=p/(p—1) <2), for (z,v) € S,
v+ Go(z,v) = o(Ha(z,v)) as z — 00 U {0} or v — {oo}. (3.12)

If ag =2, the o in (3.12)) is O

Proposition 3.3. Assume d = 1,2 and (H-C). For each ns € (0,1], we can choose

parameters a,b, ¢ > 0 (see more preczsely (3.10), (3.13), (3.14) (3.15)), such that As-
sumption (03) is satisfied for the process (3.7) on S with the Lyapunov function Wy :

S — [1,+00) defined in (3.11)).
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Proof. Because Wy € C1?(S), Wy € D.(L) and LW, = LyW, quasi-everywhere. For
ease of notation and with a slight abuse of notation, we will denote by Fy the function
Fy —infs Fy + 1. The same computations as those to get (2.33) imply that on S,
£2W2 < [
W, — F1 "
Using (Ac) and (3.9), there exists K, > 0 depending only on 7, such that for all
(r,v) €S,

LoFy + 772—’V Fsl ]

—(z,v)v - Go(z) < K, [bN|v] + c|v]|z|].
Then, one has for all (z,v) € S, using (AX) and (Ac):

2 2
LoFala.0) + s [V, Fol2(r.0) = aNdw ~ay( o)
N .
+ Zv Y (G P ! oz, 0)0- Goe)
7j=1
22
WVa@) - Gae) 4 1o D a4 Gy (o)

»2 :
< aNd— — ay*|vf* + Z 0"+ 9,,(Ga) (z) v? + BNK, |v|
4,7=1
22
+ e Kofollz] = VVa(2) - G () + mp = av + Go(w) .

In addition, one has:

¥2 ¥2

N
lav+ Go(2)]” < == 200 + 2/Go(2) ] < @*ZJuf* + Eioz [(Go)' ()|

N

< @S2 [0+ 523 [260V2 + 262 ]

i=1

< a®S2 [v]? + 2¢°8% |z|* + 26°NPXZ,.
Furthermore, by (H-C), |[VVa.(y)| < C(1+ |y|*271) and VVa,(y) -y > asAly|*? /2 — M,
for some M,C > 0 and all y € R%. Thus, by following the computations made in [32,
Section 4] (notice that the computations there also works when d = 1), it holds for all
(x,v) €S,

N
v+ 0y, (Go) () v7 < c|f?,

i,j=1
and, denoting by m = asA/4,

—VVy(z) - Go() < —cml]a, — Cobz +c1,
Z#J

5See more precisely the the computations for the terms p- V¥ and —V,U - V¥ there.
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for some finite constant Co,C; > 0 and where |z, = >, |2%|*2. Therefore, since
|z|* < |x]a, + 1, for all (z,v) € S,

22
LoFs(z,v) + 7727|VUF2|2(5L’,U) < (e —a(y* — anpX2))|v]* + K, |v]|z] + BK, N|v]
1
2

— c(m — QT]QCEOO)’$|QQ — C(]b Z m + C27

i#£]

for some constant Cy > 0. Thus, for all € > 0, it holds for (z,v) € S:

22
LoFo(x,v) + UQTIVUFQF(x, v) < [c +e—a(y" — anngo)] [v|* + BK, N v

+ [cQKi/(Ale) —c(m — nzczio)} []as

1
—cobzm+c2.

i#]
Fix b > 0. Choose first a > 0 sufficiently small such that
a <"/ (mE%). (3.13)
Then, take € > 0 sufficiently small such that
e —aly—anpX? /2) <0 (3.14)
Finally, for such fix parameters a, b, and €, choose ¢ > 0 sufficiently small such that
¢+e—a(y" —anXi /2) <0 and *K2/(4e) — ¢(m — cpX2) < 0. (3.15)

Notice that the second inequality in (3.15)) is satisfied for ¢ > 0 small enough since
¢’K2/(4€) — ¢(m — enp¥2)) = O(¢*) — em as ¢ — 0. One then has for some constants
¢; >0 (:=1,2,3) and for all (z,v) € S,

LW
\j\/22 (lC, U) < —K2($,U)7
where .
—c3+ i |v]? + colzln, +Cob > . |2t — 27|
Ky(z,v) = = ctal] 21_' : F 0Dy ] (3.16)
F2 772(‘%.71})
By (3.12)) (see also the line just after), there exits M > 0 such that for (z,v) € S
Fo(z,v) < MHa(x,v). (3.17)

By (3.3), for some C' > 0, Hy(z,v) < [v[?/2 4+ 2A|2|ay — D0 ; Ljpi—aij<1 log 2" — 27| + C,
for (x,v) € §. Thus, using (3.17) and since 1 — 7y < 1, using (3.16)) and (3.17]), one

deduces that for (z,v) € S,

lim  Ky(z,v) = +o00 or equivalently (see (3.5])), lim Ko(z,v) = 4o00.
Ha (z,v) =400 2( ) v Y ( ) z—00U{co} or v—{oo} 2( )
This concludes the proof of Proposition [3.3] O

Assumptions (C1)—(C5) are thus satisfied for the process (3.7) with potential Vo when
D = 0 x (R with O a subdomain of O as in Theorem [3.2l Theorem is then a
direct consequence of Lemma The proof of Theorem [3.2] is thus complete.
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4. ADDITIONAL RESULTS

4.1. Large deviations for the processes ) and (| . In this section we provide
the following additional results on the two (non kllled) Markov processes (2.9) and (3.7)
on &, which are of independent interest.

Corollary 4.1. Let d > 1 (resp. d = 1,2). Assume that (HL-J) (resp. (H-C))
is satisfied. Assume also that (Ac) and (AX) hold. Let Wy : § — [1,+00) (resp.
W, : S — [1,400) ) be such that (C3) is satisfied for the process (2.9)), see Proposition[2.9
(resp. the process , see Proposition . Then,

(a) The process (resp. the process (3.7)) satisfies on' S the large deviations
principles (a), (b), and (e) of [39, Theorem 2.1] uniformly for initial states z
in the compacts of S, and also uniformly over any family of initial measures
in {v € My(S), [(Widv < L} (resp. {v € My(S), [(Wodv < L}) where L >
infs Wy (resp. L > infsWs) is arbitrary.

(b) The process (resp. the process (3.7)) has a unique invariant probability
measure py on S (resp. ps).

In addition:

(c¢) It holds:
/Wldul < 400 (resp. /ng,ug < 400).
(d) There exist § > gand C > 1 such that foSr allt >0,
12~ 14l sy < O™ (659 173~ sl ey < )

Proof. The proof is divided into two steps.
Step 1. Proofs of items (a) and (b).

The functions —£;W; /W, and —LoWs /W, converges to +oo when © — 00U{oo} or v —
{00}, (z,v) € S. These two functions are thus inf-compact on S. In addition, P, is strong
Feller and topologically irreducible by Corollary and is thus topologically transitive
(see [39, Eq. (2.2)] for a definition). Items (a) and (b) in Corollary {4.1] are then direct
consequences of [39, Corollary 2.2].

Step 2. Proofs of items (c) and (d).

Let us denote by ress(T) (resp. rg,(T)) the (Wolf) essential spectral radius (resp. the
spectral radius) of a bounded linear map T on a Banach space X (see for instance [40]
for a definition). Let us consider the process on §. The case of the process
is treated similarly. For p > 1 sufficiently close to 1, by choice of a > 0 and b > 0
(see (2.37) and (2.38))) in the definition of Wy, the function WY satisfies (C3) (indeed

the parameters a and b are then changed into ap'/®* and bp'/®). Then, for all n > 0,
LOWP) < buly, < bW
Therefore, since in addition (C1) and (C2) are satisfied, by [24, Theorem 3.5], it holds

for all t > 0 and n > 0, ress(Pt|bW Bs)) < e ™' Because 1, — +00 as n — +o0, this
implies that for all ¢ > 0:

ress<Pt|bW1 B(S )) = 0.
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Since P, is a Markov transition kernel, by [39, Proposition 4.5], one deduces that:
Fsp(Pelow, B(s)) = 1.

Items (¢) and (d) in Corollary [4.1| are then direct consequences of [24, Theorem 4.1] (P,
is strong Feller, topologically irreducible, and has a spectral gap on by, B(S)) and of the
uniqueness of the invariant measure for the process on S (notice also that ¢ =1
there because P;1 =1, u1(1) =1, and 1 € by, B(S), where 1(x) = 1 for all x € §). This
concludes the proof of Corollary [4.1] U

4.2. Elliptic diffusions with singular potential. In this section, we extend the pre-
vious results to the elliptic diffusion process (Y;, ¢ > 0) solution of the following stochastic
differential equation on O:

dY; = —=VV,(Y,)dt + V/2dB;, (4.1)

where V; : O — R is the C? potential function given by (2.1)) (under the assumption
(H-LJ)). In the elliptic case, (C1)—(C5) are much easier to check. For all x € O, set

if ap > 2, Wa(z) = Vy(z) > 1 and, if ay € (1,2], Ws(z) = eV @ > 1, (4.2)

for € € (0,1). The infinitesimal generator of the diffusion is denoted by L =
—VV, -V +A. By and (2.29), AV; = o(]VV;(2)]?), as © — 9O U {oco}. Thus,
if a; € (1,2], for x € O, LW3(x)/W3(z) = —(c — €?)|VVyi(2)]* + €AV, — —o0, as
z — 0O U {oo}. Assume now that a; > 2. Then, using (2.21)), and since 2(a; — 1) > oy
and 2(ﬁ1 -+ 1) > /81,

_[VVa@)P
Vi(z)
Thus, one has for all x € O, LW5(z)/W;3(z) - —o0 as z — 00 U {oo}. In both cases,

there exists M > 0 such that on O, LW3/W3 < M. Thus, for all zp € O and r > 0, it
holds

— —o0, as ¢ — 00 U {oo}.

Ws(z0) > e MirP,, (t, < t), (4.3)

where t. > 0 is the first exit time from {x € O,Vi(z) < r} of the local solution
(Y, t €10,t0)) to with Yy = x¢ (t; € [t,, 00] being the life time of such a solution).
By , ty = 400 almost surely.

Let now ® be a subdomain of O and denote by og the first exit time of (Y;, ¢t > 0)
from ©. Then, for all f € bB(O) (see (L.2), t > 0, and = € D, E,[f(Xi)Licoo] =
E, [f(BY) licon 9], where of is the first exit time of (B;,¢ > 0) from D and 9, is the
exponential martingale defined by

I 1/
M, = exp [— E/ VVi(B,)dB, — Z/|vv1(Bs)\2als], t<oy.
0 0

Then, arguing similarly as we did to prove Corollary and Proposition [2.11], one
deduces that (C1) is satisfied for the process (Y;,¢ > 0) on O, and (C2) and (C4) are
satisfied for the process (Y;,t € [0,0p)) when O\ D is nonempty and 9D N O is C2. By
Lemma 2.7, one then has the following result.
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Proposition 4.2. Assume that (H-C) holds. Let ® be a subdomain of O such that
O\ D is nonempty and 0D N O is C*. Then, there exists a continuous and unbounded
Lyapunov function W3 : O — [1, +00) (explicitly given by for instance), such that
the statements of items (a)— (d) in Theorem are valid for the process on O
(replacing there D by © ) and with the Lyapunov function W3 (in place of Wy there).
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