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Connectivity of orientations of 3-edge-connected graphs

Florian Horsch, Zoltan Szigeti

Univ. Grenoble Alpes, Grenoble INP, CNRS, G-SCOP, 46 Avenue Félix Viallet, Grenoble,
France, 38000.

Abstract

We attempt to generalize a theorem of Nash-Williams stating that a graph
has a k-arc-connected orientation if and only if it is 2k-edge-connected. In a
strongly connected digraph we call an arc deletable if its deletion leaves a strongly
connected digraph. Given a 3-edge-connected graph G, we define its Frank
number f(G) to be the minimum number & such that there exist k orientations
of G with the property that every edge becomes a deletable arc in at least one
of these orientations. We are interested in finding a good upper bound for the
Frank number. We prove that f(G) < 7 for every 3-edge-connected graph. On
the other hand, we show that a Frank number of 3 is attained by the Petersen
graph. Further, we prove better upper bounds for more restricted classes of
graphs and establish a connection to the Berge-Fulkerson conjecture. We also
show that deciding whether all edges of a given subset can become deletable in
one orientation is NP-complete.

1. Introduction

This paper deals with ways of orienting undirected graphs so that the ob-
tained directed graph has certain connectivity properties. Our goal is to gener-
alize classical results of Robbins and Nash-Williams.

Let G = (V, E) be an undirected graph. For some F C E, G(F) = (V, F)
denotes the subgraph induced by F'. For a set X C V, the subgraph induced
by X is denoted by G[X]. We use dg(X) to denote the set of edges between
X and V — X and dg(X) for [0¢(X)|. For some vertex v € V, we call d({v})
the degree of v. The graph G is called cubic if dg({v}) = 3 for all v € V. We
say that G is k-edge-connected if dg(X) > k for all nonempty, proper subset
X of V. We call G Eulerian if every vertex of G is of even degree. For some
e € E, we denote by G/e the graph obtained from G by contracting e, that is
deleting e and identifying its two endvertices. For some F' = {ey,...,e;} C E,
we denote G/ei/.../e; by G/F. For some subgraph H of G, we abbreviate
G/E(H) to G/H. An orientation of G is a directed graph D = (V, A) such that
each edge uv € F is replaced by exactly one of the arcs uv or vu. Given some
e € E(G), we use € to denote the associated arc in the orientation. We say that
G or a subset of V' is trivial if it contains only one vertex. We call G essentially
(k+1)-edge-connected if G is k-edge-connected and for all edge-cuts of size k one
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side is trivial. A cycle is a connected graph each vertex of which is of degree 2.
A path is a connected graph in which two vertices are of degree 1 and all other
vertices are of degree 2. A cycle packing is a collection of vertex-disjoint cycles
of G. We say that a vertex or an edge is in the cycle packing if it is contained
in one of the cycles of the packing.

An edge set M of G is called a matching if each vertex of G is incident to
at most one edge of M. A matching M is perfect if each vertex of G is incident
to exactly one edge of M. We say that G is k-edge-colorable if the edge set of G
can be partitioned into k£ matchings.

Let D = (V, A) be a directed graph. For some F C A, let D(F) = (V,F)
denote the subgraph induced on F. The subgraph induced by some X C V is
denoted by D[X]. We use 5;:", (X) to denote the set of arcs from X to V — X
and 85 (X) for 65(V — X). For a vertex v € V, we call [§5({v})| the out-
degree and |05 ({v})| the in-degree of v. The graph that is obtained from D
by replacing each arc by an edge between the same two vertices is called the
underlying graph of D. We call D weakly connected if its underlying graph is
connected. We call D strongly connected if |67,(X)| > 1 for every nonempty,
proper subset X of V. More generally, we say that D is k-arc-connected if
|65,(X)| > k for every nonempty, proper subset X of V. We call D Eulerian
if [65({v})| = |65({v})| for every v € V. For some a € A, we denote by D/a
the directed graph obtained from D by contracting a, that is deleting a and
identifying its head and its tail. For some F' = {ai,...,a;} C A, we denote
D/ay/.../a; by D/F. For some subgraph H of D, we abbreviate D/A(H)

to D/H. Let D denote the orientation that arises from D by reversing the
orientation of all arcs. A circuit is a strongly connected orientation of a cycle.
A directed path is an orientation of a path such that at most one arc enters
and at most one arc leaves each vertex. Subscripts may be omitted when the
graph or directed graph is clear from the context. We also use basic notions of
complexity theory which can be found in Chapter 15 of [5].

As one of the first important results in the theory of graph orientations,
Robbins proved in 1939 that a graph has a strongly connected orientation if
and only if it is 2-edge-connected [10]. This was later generalized by Nash-
Williams [7] who proved that for any positive integer k, a graph has a k-arc-
connected orientation if and only if it is 2k-edge-connected. This naturally raises
the question whether odd edge-connectivity also yields distinctive orientability
properties. Our approach to this consists in relaxing the goal to obtain exactly
one orientation of the graph to allowing several of them. We say that an arc is
deletable in a k-arc-connected orientation of a (2k+1)-edge-connected graph if its
deletion leaves it k-arc-connected. We ask how many orientations are necessary
for each edge of the original graph to become a deletable arc in at least one of
the orientations. Surprisingly, the number of necessary orientations is bounded
by a constant depending only upon k. This is a consequence of a theorem of
DeVos, Johnson and Seymour [1]. We focus on the case k = 1, meaning we want
to find orientations of a 3-edge-connected graph such that for every edge of the
graph, the deletion of the associated arc leaves a strongly connected graph in
at least one of the orientations. In honor of Andrds Frank who proposed this
problem and had an immense impact on the development of the theory of graph
orientations, we call the minimum number of necessary orientations for a graph
G its Frank number f(G). Observe that the Frank number of any 4-edge-



connected graph is 1 as it has a 2-arc-connected orientation by the theorem
of Nash-Williams. On the other hand, any graph G containing a 3-edge-cut
has Frank number at least 2. This follows directly from the fact that in any
strongly connected orientation of G, there is one arc of the 3-edge-cut that is
oriented differently than the other two arcs. This arc cannot be deletable in
this orientation, so at least one more orientation is needed. It is an interesting
question to find upper bounds for the Frank number of graphs. A first constant
bound can easily be obtained by the following theorem of DeVos, Johnson and
Seymour [1]:

Theorem 1. Let G = (V,E) be a 3-edge-connected graph. Then there is a
partition {E1,...,Eq} of E such that G — E; is 2-edge-connected for all i =
1,...,9.

This implies the following:
Corollary 1. Every 3-edge-connected graph G satisfies f(G) < 9.

Indeed, by Robbins’ Theorem, for all ¢ = 1,...,9, there is a strongly con-
nected orientation of G — F;. Giving an arbitrary orientation to the edges of F;
yields an orientation in which the arcs of E; are deletable.

The main contribution of this paper is to further narrow down the values
attained by the Frank number. We first show a better upper bound.

Theorem 2. FEvery 3-edge-connected graph G satisfies f(G) < 7.

In attempt to improve on this, we also establish a relationship between our
problem and a well-known conjecture about matchings in cubic graphs, the
conjecture of Berge-Fulkerson mentioned in Section 2.

Theorem 3. Every 3-edge-connected graph G satisfies f(G) < 5 unless the
conjecture of Berge-Fulkerson fails.

Further, we prove a stronger bound for two more restricted classes of 3-edge-
connected graphs.

Theorem 4. Every 3-edge-connected 3-edge-colorable graph G satisfies f(G) <
3.

Theorem 5. Every essentially 4-edge-connected graph Gsatisfies f(G) < 3.

For the lower bound, we show that there are graphs whose Frank number is
strictly bigger than 2, more precisely:

Theorem 6. The Frank number of the Petersen graph is 3.

A drawing of the Petersen graph can be found in Figure 1.

Given a directed graph D, we call a set F C A(D) deletable if D — f is
strongly connected for all f € F. Given a graph G, we call a set F C E(G)
deletable if there exists an orientation G of G such that F is deletable in G.

One of the main difficulties in improving the upper bound on the Frank
number consists in finding a useful class of deletable sets. We consider the



Figure 1: The Petersen graph

problem of testing algorithmically whether a set is deletable. More formally, we
define the following problem:

DELETABILITY
Instance: A graph G = (V,E) and a set S C E.

Question: Is there an orientation D of G such that D — §'is strongly connected
for all s € 57

The following result shows that an efficient algorithm for DELETABILITY
seems out of reach. This implies that a good characterization of deletable sets
is hard to obtain.

Theorem 7. DELETABILITY is NP-complete for cubic 3-edge-connected graphs.

In Section 2, we present several classical results we will make use of and make
some preparatory observations. Also, we introduce an auxiliary graph that will
help to reduce the problems to cubic graphs later. In Section 3, we deal with the
general case of 3-edge-connected graphs proving Theorems 2 and 3. Section 4
is concerned with essentially 4-edge-connected graphs, in particular the proof of
Theorem 5. In Section 5, we prove Theorem 6. Theorem 7 is proven in Section
6. Finally, in Section 7 we conclude our work and give directions for further
research on this topic.

2. Preliminaries

In the first part of this section, we give classical results we will make use of
later. In the second part, we make some easy preparatory observations which
will prove useful later. In the third part, we introduce a way to construct a
cubic graph from an arbitrary graph of minimum degree at least 3 and give
some basic properties of it.

2.1. Previous results

The following result was proven by Nash-Williams [7] and is the starting
point of our work as it characterizes the graphs admitting a k-arc-connected
orientation.

Theorem 8. A graph has a k-arc-connected orientation if and only if it is 2k-
edge-connected.



In fact, there is an immense strengthening of this theorem. For any two
vertices u,v of a graph G, let Ag(u,v) be the maximum number of edge-
disjoint paths between u and v. An orientation D of G is called well-balanced
if for any u,v € V(G), there exist at least LWJ directed paths from u to v
and also from v to v in D. An odd-vertex pairing of G is a perfect matching in
the complete graph whose vertex set is the set of vertices of odd degree of G.
An odd-vertex pairing P is called admissible if the restriction of any Eulerian
orientation of G 4+ P to E(G) yields a well-balanced orientation of G. Nash-
Williams [7] proved the following:

Theorem 9. FEvery graph has an admissible odd-vertex pairing.

Observe that this implies that every graph has a well-balanced orienta-
tion. Also, as well-balanced orientations of 2k-edge-connected graphs are k-
arc-connected, Theorem 9 implies Theorem 8.

There are several other well-known results we make use of in this article.
The first one is about packing spanning trees and is also due to Nash-Williams

[8].

Theorem 10. Ewvery 2k-edge-connected graph has k edge-disjoint spanning trees.
The next one concerns matching theory and was proven by Petersen [9)].

Theorem 11. FEvery cubic 2-edge-connected graph has a perfect matching.

The next one concerns minimum edge cuts and can for example be found as
Theorem 7.1.2 in [3].

Proposition 1. Let G be a 3-edge-connected graph and let §(X) and 6(X') be
3-edge-cuts of G. Then 6(X) and 6(X') are not crossing, i.e. one of X — X',
X' -X, XNnX orV(G) — (XUX') is empty.

Let G = (V,E) beagraph and T C V. A T-join is defined to be aset F C FE
such that the set of odd degree vertices of G(F) is T. We use the following
characterization of the existence of T-joins that can be found as Proposition
12.7 in [5].

Proposition 2. Let G = (V,E) be a graph and T C V. Then G contains a
T-join if and only if every connected component of G contains an even number
of elements of T'.

The following theorem is due to Menger [6] and is a fundamental character-
ization of k-edge-connected graphs.

Theorem 12. A graph G = (V, E) is k-edge-connected if and only if \g(u,v) >
k for allu,v € V.

Further, we mention an intensively studied conjecture which was proposed
independently by Berge and Fulkerson [12].

Conjecture 1. Every cubic 2-edge-connected graph has a set of sixz perfect
matchings such that every edge is contained in exactly two of them.



We also consider the following algorithmic problem which is well-known in
the literature:

Monotone Not-all-equal-3SAT(MNAE3SAT)

Instance: A set X of boolean variables, a formula consisting of a set C of clauses
each containing 3 distinct variables, none of which are negated.

Question: Is there a truth assignment to the variables of X such that every
clause in C contains at least one true and at least one false literal?

This problem will be used in the reduction in Section 6 which is justified by
the following result due to Schaefer [11].

Theorem 13. MNAE3SAT is NP-complete.

2.2. Preparatory results

The following two results show that connectivity properties are maintained
when contracting or blowing up sufficiently connected subgraphs. As they are
of basic nature, they are given without proof.

Proposition 3. Let G be a graph.
(a) If G is k-edge-connected, then so is any contraction of G.
(b) If G is essentially k-edge-connected, then so is any contraction of G.

Proposition 4. For a subgraph Q of a directed graph D,
(a) if D is strongly connected, then so is D/Q,
(b) if D/Q and Q are strongly connected, then so is D.

The following observation concerns Eulerian orientations and follows easily
from Proposition 5 of [4]. For the sake of completeness we provide an easy proof
for it.

Proposition 5. Let G = (V, E) be an Eulerian graph and {e,, f,} two edges
incident to v for allv € V! C V. Then there is an Eulerian orientation of G
such that exactly one of e, and f, enters v for allv e V'.

Proof Let G’ be the graph obtained from G by detaching each vertex v € V’
into two vertices u,, and w, such that w, is incident to {e,, f, } and w, is incident
to da({v}) — {ew, fv} in G'. As G is Eulerian, so is G'. Hence there exists an
Eulerian orientation D’ of G’. By identifying u, and w, in D’ for all v € V’,
we obtain the required orientation. W

The following result is a direct consequence of the definition of strongly
connected directed graphs.

Proposition 6. Given a directed graph D = (V, A), a set F' C A is deletable if
and only if 6, (X) contains either at least one arc of A— F or at least two arcs
for every nonempty, proper subset X of V.

Consequently, given a graph G, a subset F' C E(G) is deletable if and only
if there is an orientation satisfying the above properties.

Finally, we show one more result about strongly connected orientations of
3-edge-connected graphs which we need in the proof of Theorem 5.



Lemma 1. Let D be a strongly connected orientation of a 3-edge-connected
graph G and C' a circuit of D. Then C contains an arc a such that D — a is
strongly connected.

Proof Let (G, D,C) be a counterexample that minimizes the number of ver-
tices of D. Let e be an edge of G that is incident to a vertex of C' and that does
not belong to C. By the 3-edge-connectivity of G, e exists. Since D is strongly
connected, € belongs to a directed path P whose end-vertices belong to C' but
whose internal vertices do not. Then P can be extended by a possibly trivial
directed subpath of C' to form a circuit C*. Let (G',D’,C") be obtained from
(G, D, C) by contracting C*. Then, by Propositions 3(a) and 4(a), the assump-
tions of the lemma are satisfied for (G’, D', C"). By the minimality of (G, D, C),
C’ contains an arc a’ such that D’ — a’ is strongly connected. Let a be the arc
of C'in D that corresponds to a’. Since D’ —a’ and C* are strongly connected,
by Proposition 4(b), sois D —a. R

2.8. Cubic extensions

We introduce for any graph G = (V, E) of minimum degree at least 3 an
auxiliary graph Hg that is cubic. For each vertex v € V of degree at least
4, Hg contains a set S, of dg({v}) vertices. For each vertex of degree 3, let
Sy = {v}. Next, for each v € V of degree at least 4, we add a cycle C, whose
vertex set is S,. Finally, for each edge uv € E, we add an edge between S,
and S, to Hgz. We do this in a way so that Hg becomes cubic. We call Hg
a cubic extension of G. Note that H¢g is not unique. This ambiguity has no
consequences though.

Proposition 7. Let G = (V, E) be a graph of minimum degree at least 3 and
Hg be a cubic extension of G.

(a) If G is 3-edge-connected and G — v is connected for allv € V', then Hg is
3-edge-connected.

(b) If G is essentially 4-edge-connected and G — v is 2-edge-connected for all
v eV, then Hg is essentially 4-edge-connected.

Proof (a) Assume for a contradiction that dg(X) < 2 for some nonempty,
proper subset X of V(Hg). Since G is 3-edge-connected, there is at least one
v € V such that S, N X and S, — X are nonempty. It follows that 2 < d¢, (X) <
dp.(X) < 2. This yields that for every u € V — v we have S, C X or S, C
V(Hg) — X and for all ww € FE with v ¢ {u,w} we have S, US, C X or
Sy USy CV(Hg) — X. If there are vertices u,w € V such that S, C X and
Sw C V(Hg) — X, it follows that G — v is not connected, contradicting the
assumption. Therefore, by symmetry we may assume that X is a nonempty,
proper subset of S,. We then have d¢,(X) > 2 and there is at least one
additional edge between X and V(Hg) — S,, a contradiction to dg, (X) < 2.
(b) By (a), Hg is 3-edge-connected. For the sake of a contradiction, suppose
that there is some non-trivial, proper subset X of V/(H¢) such that dg., (X) = 3.
If there are two vertices u,v € V such that S,NX, S,—X, S,NX and S, — X are
nonempty, we have 2 + 2 < d¢, (X) + de, (X) < dp,(X) < 3, a contradiction.
Now consider the case that there is exactly one v € V such that S, N X
and S, — X are nonempty. We have that dg,(X) — d¢,(X) < 1. Tt follows



that in Hg there is at most one edge between X — S, and V(Hg) — X — S5, If
X -85, and V(Hg) — X — S, are nonempty, then G — v is not 2-edge-connected,
a contradiction to the assumption. By symmetry, we may therefore assume that
X C S,. We have that d¢,(X) = 2 and there are | X| edges between X and
V(Hg) — Sy- It follows that | X| = 1, which is a contradiction.

Finally assume that S, C X or S,NX =@ forallve V. Let X' ={v eV :
Sy € X}. As G is essentially 4-edge-connected, we may assume by symmetry
that X’ = {v} for some vertex v of degree 3. This yields that | X| = |S,| = 1,
which is a contradiction. B

3. 3-edge-connected graphs

This section is dedicated to proving Theorems 2, 3 and 4. In the first part, we
show that a certain class of edge sets is deletable. After, we show how to cover
cubic 3-edge-connected graphs with such sets. Next, we use this to conclude
cubic versions of Theorems 2 and 3 and to prove Theorem 4. Finally, we extend
this to obtain the general versions of Theorems 2 and 3.

3.1. A class of deletable edge sets

Given a packing C of cycles in a 3-edge-connected graph G, the special set of
C is defined to be the set of edges in F(G) — E(C) that belong to no 3-edge-cut
of G/C.

Lemma 2. Let M be the special set of a cycle packing C of a 3-edge-connected
graph G. Then M is deletable.

Proof Let G' = G/C. Since G is 3-edge-connected, so is G’ by Proposition
3(a). Consider a well-balanced orientation D’ of G’ which exists by Theorem 9.
Then D’ is strongly connected. Let D be the orientation of G obtained from D’
by orienting all cycles of C as a circuit.

We have to show that D — f is strongly connected for all f € M. By
Proposition 4(b), it is enough to show that D’ — f is strongly connected for
all f € M. Let f = wuv for some f € M and suppose that there exists some
non-empty, proper subset X of V(D’) with |51J;/7f(X)| = 0. Obviously u € X
and v € V(D') — X. Since G’ is 3-edge-connected and f belongs to no 3-edge-
cut in G’, Theorem 12 guarantees that A\g/ (u,v) > 4. As D’ is well-balanced,
it follows that 0 = |57, (X)| = |55,(X)| —1 > [2arlet) | 1 >9_1=1a
contradiction. W

3.2. Covering cubic graphs with special sets

In the following we show that any cubic 3-edge-connected graph can be
covered by 7 special sets. For technical reasons, we will need the following
slight strengthening.

Lemma 3. For every cubic 3-edge-connected graph, there exist 7 cycle packings
satisfying the following conditions:

(a) Every edge is in the special set of at least one cycle packing.



(b) Every edge is in exactly 4 of the cycle packings.

Proof For the sake of a contradiction, let G = (V, E) be a counterexample to
the lemma that minimizes |V].

Claim 1. G is essentially 4-edge-connected.

Proof For the sake of a contradiction, let {41, A3} be a partition of V(G) such
that |4;] > 2 and a 3-edge-cut F := {ej,eq,e3} exists between A; and As.
Construct the graphs G; from G by contracting As_; to v;. As G, is cubic,
3-edge-connected by Proposition 3(a) and smaller than G, there exists a set of
cycle packings C' = {Ci,...,Ci} of G; satisfying (a) and (b).

Observe that since G; is cubic, (b) implies that for j € {1,2,3}, there are
exactly two cycle packings in C’ that contain {eq, e2,e3} — {e;}. It follows that
v; is in exactly 6 cycle packings of C?. By relabeling if needed, we may assume
that Ci is the cycle packing that does not contain v; and {e1, ez, e3} — {e;} is
contained in Céj and C§j+1. We may also assume, by (a), that e; is in the special
set of C;.

We construct C = {Cy,...,C7} so that E(Cy) = E(C}) U E(C}) for k =
1,...,7. Observe that this is a set of seven cycle packings. We finish the proof
by showing that C satisfies (a) and (b).

First observe that (b) follows directly from the construction and the fact that
an edge is in Cj, if and only if it is in C} or C3. For (a), let first e be an edge in
G[A;]. By (a), there exists a k € {1,..., 7} such that e is in the special set of Cj.
First observe that e is in E(G) — E(Cy). If e is in a 3-edge-cut F’ of G/C, since
F’ is not a 3-edge-cut of G;/Ci, F’ contains an edge of G[A3_;]. This yields
that F and F” are crossing 3-edge-cuts of G, a contradiction to Proposition 1.

Now consider the edge e; for some j € {1,2,3}. As ¢; € E(Gi) — E(C;), we
have e; € E(G) — E(Cy;). Again, assume that e; is in a 3-edge-cut F’ of G/Cy;.
As F' is not a 3-edge-cut in G1/Cy; and G3/C3;, we obtain that F" and F are
crossing in G contradicting Proposition 1. This finishes the proof of the claim.
|

By Theorem 11, G contains a perfect matching M. Since G is cubic, the
connected components of G — M form a cycle packing C;. Now consider the
graph G’ := G/C; (including arising loops) and let T be its set of odd-degree
vertices.

Claim 2. The edge set of G' can be partitioned into three T-joins Fy, Fy and
F;.

Proof As G is essentially 4-edge-connected by Claim 1, G’ is essentially 4-
edge-connected by Proposition 3(b). Every vertex v of G’ corresponds to a
cycle C € Cy. Tt follows that dg/(v) > dg(C) > 4, so G’ is 4-edge-connected.
By Theorem 10, there exist two edge-disjoint spanning trees F|, Fj of G'. By
Proposition 2, each of them contains a T-join F;,i = 1,2. As F}UF; is Eulerian,
F;=E(G")— F) — Fy is also a T-join. m

Claim 3. For i = 1,2,3, there exist V-joins Sa; and Se;+1 of G such that
So; N 52i+1 = F; and Sy; U Sgl'+1 = (E — M) U F;.



Proof For i = 1,2, 3, let T; be the set of vertices in V not incident to an edge in
F;. Let C € C; and let v be the associated vertex in V(G’). Observe that, as G
is cubic and F; C M is a matching in G, we obtain |V (C)| = dg(V(C)) = dgr (ve)
and |[V(C)NV(F;)| =dp,(V(C)) = dp,(ve). As F; is a T-join in G’, this yields
TN V(O)] = [V(C)| - [V(C) NV (Fy)| = des (v6) — i (v0) = 0, s0 [T V(C))
is even. Hence, by Proposition 2, we obtain that G — M contains a T;-join
N;. Let S2; := F; UN; and S2;4+1 := F; U(E — M — N;). By construction,
we have that Sy; and Sy;41 are V-joins in G such that Sy; N Sy;41 = F; and
So; U Sgi_;,_l = (E — M) UF;,. 1

For j =2,...,7, we define C; to be the set of nontrivial connected compo-
nents of G — S;. Observe that all of them are cycles as S; is a V-join and G is
cubic.

Claim 4. Cy,...,C; satisfy (a) and (b).

Proof (a) For e € M, since G is essentially 4-edge-connected, e is in the special
set of Cy.

Fore € E— M, let f and g be the two edges of M adjacent to e. Since Fy, Fy
and F3 are disjoint, there is an F; that contains neither f nor g. Then, since
G is cubic and by Claim 3, one of the V-joins Sy; and So;41, say S, contains
e but none of the edges adjacent to e. It follows that both endvertices of e in
G are in cycles of C;. As G is essentially 4-edge-connected, it follows that both
endvertices of e in G/C; are of degree at least 4. As G is essentially 4-connected,
so is G/C; by Proposition 3(b). This yields that e is in no 3-edge-cut of G/C;
and so e is in the special set of C;.

(b) For e € M, by Claim 2, e is in exactly one F;, say Fy. Then, by Claim
3, eisin C4,...,C7 and not in Cy1,Cs, Cs.

For e € E — M, e is in C; and, by Claim 3, in exactly one of Co; and Co;y1
fori=1,2,3. 1

Claim 4 finishes the proof of Lemma 3. B

3.8. Cubic case
We first show how to conclude a cubic version of Theorem 2.
Theorem 14. Let G be a cubic 3-edge-connected graph. Then f(G) < 7.

Proof Lemma 3 yields that F(G) can be covered by 7 special sets S, ..., S7.
By Lemma 2, there exist orientations Dy, ..., D7 of G such that S; is deletable
in D; fori=1,...,7. It follows that the Frank number of G is at most 7. ®

Next, we use Lemma 2 to show that perfect matchings with a certain addi-
tional property are deletable. As corollaries, we obtain Theorem 4 and a cubic
version of Theorem 3.

Lemma 4. Let M be a perfect matching of a cubic 3-edge-connected graph G
intersecting every 3-edge-cut of G in exactly one edge. Then M is deletable.
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Proof As G is cubic and M is a perfect matching of G, the connected com-
ponents of G — M form a packing C of cycles. We show that G/C is 4-edge-
connected. By Proposition 4(a) and since G is 3-edge-connected, so is G/C. A
3-edge-cut of G/C would provide a 3-edge-cut of G intersecting M in 3 edges
contradicting the assumption. It follows that M is the special set of C and
therefore deletable by Lemma 2. B

We first show how to conclude Theorem 4 from Lemma 4.

Proof (of Theorem 4) Let G be a 3-edge-colorable 3-edge-connected graph.
Then G is cubic and has 3 disjoint perfect matchings My, My, M3 covering the
edge set of G. Let §(X) be a 3-edge-cut of G. Since G is cubic and d(X) = 3,
we obtain that |X| is odd. Then, since M; is a perfect matching, we obtain that
§(X) intersects each M;. As d(X) = 3 and the matchings are disjoint, we obtain
that 0(X) intersects each of My, M, M3 exactly once. It follows by Lemma 4
that each of My, Ms, M3 is deletable, so f(G) < 3.

Next, we prove in a similar way the following cubic version of Theorem 3.

Theorem 15. Let G be a cubic 3-edge-connected graph that satisfies Conjecture
1. Then f(G) < 5.

Proof By assumption, there exist 6 perfect matchings M, ..., Mg of G covering
each edge of G exactly twice.

Let §(X) be a 3-edge-cut of G. Since G is cubic and d(X) = 3, we obtain
that | X| is odd. Then, since M; is a perfect matching, §(X) intersects each M;.
Since each of the 3 edges of §(X) belongs to exactly 2 M;’s, §(X) intersects each
of My,..., Mg exactly once. It follows by Lemma 4 that each of My,..., Mg
is deletable. As every edge of GG is covered by at least one of M,..., Ms, it
follows that f(G) <5. m

3.4. Non-cubic case

We first show how to prove the general case of Theorem 2.

Proof (of Theorem 2) Let G be a counterexample minimizing |V(G)|.
Claim 5. G is 2-vertez-connected.

Proof For the sake of a contradiction, assume that GG has a cut vertex v. So G
has two non-trivial subgraphs G; and G such that G; = G/Gs and Gy = G/G.
As G is 3-edge-connected, so is G; by Proposition 3(a). Since G; is smaller than
G, G; has Frank number at most 7. So there exist 7 orientations D;- of G; such
that for each edge e of G;, one of D;- — € is strongly connected. We can now
construct the 7 orientations D; of G by giving each edge in G; its orientation
in D;'- also in D;. Now consider an edge e of G; and let D; — € be strongly
connected. Since D} — & = (D; — é’)/D?ii and D;)»’fi are strongly connected,
Proposition 4(b) implies that so is D; — €. It follows that G has Frank number
at most 7, a contradiction. W

Let Hg be a cubic extension of GG as defined in Section 2.3. By Claim 5 and

Proposition 7(a), Hg is 3-edge-connected. Then, by Theorem 14, the Frank
number of Hg is at most 7, that is there exist 7 orientations D} of Hg such
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that for each edge e of Hg, one of D) — € is strongly connected. Let D; be
the orientation of G obtained from D} by contracting the subgraphs C,, for all
v € V(G). For any e € E(G) C E(Hg), one of D, — € is strongly connected,
therefore, by Proposition 4(a), so is D; — . It follows that the Frank number
of G is at most 7, a contradiction. B

The same reduction and Theorem 15 show Theorem 3.

4. Essentially 4-edge-connected graphs

This section is dedicated to proving Theorem 5. Again, first we prove the
result for cubic graphs and then we show how it implies the non-cubic case.

4.1. Cubic case

In the case of essentially 4-edge-connected graphs, we can show that every
matching is deletable. We prove the following slightly stronger statement.

Lemma 5. Let G be an essentially 4-edge-connected graph, M a matching of
G and C a cycle packing of G — M. Then there exists an orientation of G in
which M is deletable and each cycle of C is oriented as a circuit.

Proof Let F be the set of maximal 2-edge-connected subgraphs of G — M. Let
G’ = (V', E'UM) be the graph obtained from G by contracting each graph
of F. Note that G’ — M is a forest. Since G is essentially 4-edge-connected,
by Proposition 3(b), so is G’ and every vertex of degree 3 in G’ is an original
vertex of G. Then, since M is a matching of G, every vertex v of degree 3 in G’
is incident to at least 2 edges el,e? in E'.

By Theorem 9, there exists an admissible pairing P of G’. As G’ + P is
Eulerian, Proposition 5 yields that G’ + P has an Eulerian orientation G + P

such that for each vertex v of degree 3 in G’, one of €}, €2 enters v and the other

v U
one leaves v. By the definition of admissible pairings, G is a well-balanced
orientation of G'.

For all F' € F, by Proposition 3(a), Theorem 8 and Proposition 4(b), there
exists a strongly connected orientation F of F such that each cycle of C contained
in F'is oriented as a circuit.

Let G be the orientation of G obtained by combining G’ and F for all F € F.
Proposition 4(b) yields that G is strongly connected. Since each cycle C of C
belongs to some F' € F, C' is oriented as a circuit in G.

We will finish the proof by showing that G—¢is strongly connected for all
e € M. Since F is strongly connected for all F € F and |J rer E(F) contains
no edge in M, it suffices to prove, by Proposition 4(b), that G’ — & is strongly
connected for all e € M. Let X be a subset of V/. By Proposition 6, it is enough
to prove that either at least two arcs or at least one arc of E' leave X.

If there are x € X and y € V/ — X of degree at least 4, then, since G’ is
essentially 4-edge-connected, there is no 3-edge-cut separating z and y in G’
and therefore, as F is well-balanced, there are 2 arcs leaving X, and we are
done. _

Hence, by considering V' — X and G’ if necessary, we may assume without
loss of generality that X only contains vertices of degree 3 and there is no arc
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of E/ leaving X. By construction, every vertex v of X has at least one arc €}
or & of E' leaving v. As there is no arc of E’ leaving X, we obtain that G'[X]
contains a circuit C' of arcs in E’. This cycle C provides a contradiction since

G’ — M is a forest. m

We are now ready to prove a cubic version of Theorem 5.

Theorem 16. Let G be a cubic essentially 4-edge-connected graph. Then f(G) <
3.

Proof Since G is cubic and 2-edge-connected, by Theorem 11, G has a perfect
matching M; and the connected components of G — M; form a packing C of
cycles. By Lemma 5, there exists an orientation D; of G such that each cycle
of C is oriented as a circuit and M; is deletable in D;. By Lemma 1, each
C; € C contains a deletable arc €; in D;. Note that the connected components
of G — My — U{e; : C; € C} form a packing of paths which is the union of two
matchings Ms and Mj. By Lemma 5, there exist orientations Dy and Ds of
G such that My is deletable in Dy and Mj is deletable in D3. Since E(G) =
My UMy U Mz U{e; : C; € C}, Theorem 16 follows. ®

4.2. Non-cubic case

We now generalize the results of the previous part to arbitrary essentially
4-edge-connected graphs.

Proof (of Theorem 5). Let G = (V, E) be a counterexample minimizing |V|.
Claim 6. G — v is 2-edge-connected for all v € V.

Proof For the sake of a contradiction, assume that G—uv is not 2-edge-connected
for some v € V. If G — v is disconnected, we obtain a contradiction using
the same argument as in the proof of Claim 5. We therefore have a partition
Ay U Ay of V — {v} such that A; and A, are only connected by a single edge
eg in G —v. Let us denote the end-vertices of eg by u; € A;. Consider the
graph G; that arises from G by contracting As_; U {v} into a vertex v;. Note
that E(G1) N E(G2) = {ep}. Since G is essentially 4-edge-connected, so is G;.
Moreover, GG; is smaller than G. It follows that there exist 3 orientations D; of
G such that one of D} — € is strongly connected for all e € E(G;). We may
suppose that Di — &, and D? — &, are strongly connected. Reversing the arcs in
D; if needed, we may assume that ey has the same orientation in Djl- and DJZ.
We can construct the 3 orientations D; of G by merging D} and D?. We will
finish the proof by showing that for all e € E, there exists a j such that D; — ¢
is strongly connected. Let e € F and j € {1,2,3} such that both Djl — € and
D7 — & are strongly connected. Observe that if e # g, then either D} — &= D;
or D]Z —e= DJQ». Assume that there is a nonempty, proper subset X of V' that
has no arc leaving in D; — €. Without loss of generality, we may assume that
v e X. As (X NA;)U{v;} has an arc leaving in D; — €, eg must be directed
away from v; in D} for i = 1,2. This is a contradiction as D} and D7 were
chosen to both have the same orientation of ¢;. W

Let Hg be a cubic extension of G as defined in Section 2.3. By Claim 6
and Proposition 7(b), Hg is a cubic essentially 4-edge-connected graph. Then,
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by Theorem 16, the Frank number of H¢ is at most 3. There exist therefore 3
orientations D} of Hg such that for each edge e € E(Hg), there is some j €
{1,2,3} such that D’ —€is strongly connected. Consider now the 3 orientations
D; of G which arise from D;- by contracting the subgraphs C, for all v € V. By
Proposition 4(a), if D — €is strongly connected for an edge e € E', so is D; — €.
It follows that the Frank number of G is at most 3, a contradiction. ®

5. The Petersen graph

In this section, we show that there are graphs of Frank number higher than
two, more precisely we prove Theorem 6. While this result can also be estab-
lished computationally, we prefer to give a proof by hand.

Proof (of Theorem 6) Let G = (V, E) be the Petersen graph, see Figure 1. We
frequently make use of the symmetry properties of G. By Theorem 5 and since
G is essentially 4-edge-connected, but not 4-edge-connected, it suffices to prove
that its Frank number is different from 2. Suppose that G has Frank number 2
and let Dy = (V, A1) and D2 = (V, A3) be two orientations of G such that

Dy — € or Dy — € is strongly connected for each edge e of G. (*)

We say that an arc of Dy is stable if the same arc exists in Do, otherwise it is
changing. Let S and C be the set of stable and changing arcs, respectively. Note
that Dy and Dy also satisfy () and stable and changing arcs are exchanged.
Hence, whatever is proved for stable arcs is also true for changing arcs.

We first show that S and C induce a 2-edge-coloring of G with certain
properties and then that no such 2-edge-coloring exists. Observe that none of
the considered colorings are required to be proper. For a 2-edge-coloring R, B of
G, we define an auxiliary graph H®B := (V, F) where uv € F if there exists a
3-path tuvw in G(R) or in G(B) or there exists a (u, v)-path that is a connected
component of G(R) or of G(B).

Lemma 6. G has a 2-edge-coloring R, B such that
no monochromatic 3-star exists, (1)
H™PB ig bipartite. (2)

Proof We show that the 2-edge-coloring induced by S and C satisfies (1) and
(2). To show (1) we need the following claim.

Claim 7. FEach vertex is incident to at least one stable arc.

Proof Suppose that a vertex v is incident only to changing arcs. Since G is
cubic and D, is strongly connected, either the in-degree or the out-degree of v
is 1, say € is the only arc entering v. Then e is the only arc leaving v in Ds.
Then, D, — € and Dy — e are not strongly connected, which is a contradiction.
|

To show (2) we need the following claims.

Claim 8. The weakly connected components of D1(S) are directed paths or cir-
cuits.
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Proof By Claim 7 applied for stable arcs and then for changing arcs, the con-
nected components of D1(S) are paths or cycles. If two stable arcs are incident
to a vertex v then one of them enters and the other one leaves v. Otherwise,
let e be the third arc incident to v. Then, D; — € and Dy — € are not strongly
connected, which is a contradiction. Now the claim follows. B

Claim 9. Let P be a weakly connected component of D1(S) that is a directed
(u,v)-path. Then the in-degrees of u and v in Dy are of different parity.

Proof Since G is cubic and u and v are incident to exactly one stable arc in
D1, u and v are incident to exactly two changing arcs in D;. Then, by Claim 8
applied for D;(C'), exactly one changing arc enters both w and v in D;. Since
P is a directed path between u and v, the claim follows. ®

Claim 10. Let tuvw be a 3-path in D1(S). Then the in-degrees of u and v are
of different parity in Dy.

Proof By Claim 8, exactly one stable arc enters both u and v in D;. By Claim
7, the two other arcs incident to w and v are changing. If both are entering
or leaving then D; — wv and Dy — uv are not strongly connected, which is a
contradiction. Now the claim follows. B

Claim 11. H is a bipartite graph.

Proof Since G is cubic and D; and D, are strongly connected, each vertex is
of in-degree 1 or 2. By Claims 9 and 10, each edge of H*¢ is between a vertex
of in-degree 1 and a vertex of in-degree 2, so H*:C is bipartite. W

By Claim 7 applied for R := S and B := C and by Claim 11, Lemma 6
follows. W

We show that G does not admit any 2-edge-coloring satisfying (1) and (2)
and obtain a contradiction to Lemma 6.

The following result yields a strong property such a coloring would have to
satisfy.

Lemma 7. Let R, B be a 2-edge-coloring satisfying (1) and (2). Then G has
a 5-cycle that contains a monochromatic 4-path whose end-vertices are incident
to 2 edges of the other color.

Proof We first show two weaker statements which are useful in the proof later
on.

Claim 12. G has a monochromatic 3-path.

Proof Suppose not. Since G is cubic, there are two adjacent edges of the
same color, without loss of generality ab,ae € R. Then, by the assumption
for deab, eabc, eabi and heab, we obtain that de, bc,bi,eh € B. Thus, by the
assumption for cbih, cbij and dehg, we obtain that jihg forms a monochromatic
3-path, contradicting the assumption. See Figure 2a. B

This result is helpful in proving a strengthening of itself.
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Claim 13. G has a 5-cycle that contains a monochromatic 4-path.

Proof Suppose not. By Claim 12, without loss of generality bc,cd,de € B.
Then, by the assumption for abede, we obtain that ab,ae € R. By (1) for a,c
and d, we obtain that af € B and cg,dj € R. By (1) for f, one of fg and
f7 is in R. By symmetry, without loss of generality fg € R. Then, by (1) for
g, gh € B. So, by the assumption for cdehg, we obtain that eh € R. Then,
by the assumption for abihe, we obtain that hi,bi € B. Thus cbihg forms a
monochromatic 4-path in the 5-cycle cbihg, that contradicts the assumption.
See Figure 2b. &

By Claim 13, without loss of generality ab, b, de,ea € R. Then, by (2) for
abcde, we obtain that cd € B. By (1) for a,b and e, we obtain that af, bi,eh € B.
If hi € B, then, by the 3-paths of deabc and by ehib, we obtain that H?B
contains the 3-cycle abe that contradicts (2). See Figure 2c. Hence, hi € R.
If cg,dj € R, then, by the 3-paths of jdeabcg and by cd, we obtain that H%5
contains the 5-cycle abede that contradicts (2). See Figure 2d. Hence, by
symmetry, we may suppose that dj € B.

Now suppose for the sake of a contradiction that G does not contain a 5-
cycle that contains a monochromatic 4-path whose end-vertices are incident to
2 edges of the other color. If cg € B, then abcde contradicts the assumption.
See Figure 2e. Hence cg € R. If ij € B, then bedji contradicts the assumption.
See Figure 2f. Hence ij € R. If gh € R, then, by the 3-paths of abcghij and
by bi, we obtain that H®?5 contains the 5-cycle beghi that contradicts (2). See
Figure 2g. Hence gh € B. If fg € B, then afghe contradicts the assumption.
See Figure 2h. Hence fg € R. Then, by the 3-paths of deabcg f and by ehg, we
obtain that HZ contains the 5-cycle abcge that contradicts (2). See Figure 2i.
This finishes the proof of Lemma 7. B

Lemma 7 yields that G has a 5-cycle, without loss of generality abcde, that
contains a monochromatic 4-path whose end-vertices are incident to 2 edges of
the other color. By similar arguments as before, we obtain the partial coloring
of Figure 2e. By (1) for f, one of fg and fj is in R. By symmetry, without loss
of generality fj € R.

Suppose that fg € B. Then, by (1) for g, gh € R. If ij € R, then, by the
3-paths of deabc and for ghij, and by eh and ib, H®*Z contains the 5-cycle eabih
contradicting (2). See Figure 2j. If ij € B, then, by the 3-paths of afgedji and
by fj, we obtain that HfP contains the 5-cycle fgedj contradicting (2). See
Figure 2k.

Hence fg € R. Then, by (2) for fghij, one of hg and ij is in B. By
symmetry, we may suppose that ij € B. If hg € R, then, by the 3-paths of
jfghi and for deab, and by eh and af, we obtain that H? contains the 5-cycle
fghea contradicting (2). See Figure 21. If hg € B, then, by the 3-paths of deabc
and by bijdcghe, we obtain that H™P contains the 3-cycle eab contradicting
(2). See Figure 2m.

In all cases we obtain a contradiction which implies that G has Frank number
different from 2. This finishes the proof of Theorem 6. ®

6. Algorithmic aspects

This section is dedicated to proving Theorem 7.
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Our reduction is from a slightly stronger variation of MNAE3SAT. In the
first part, we introduce this problem and show that it is NP-complete by a
reduction from MNAE3SAT. Next, we introduce our construction and show
that the constructed graph is cubic and 3-edge-connected. The last two parts
are dedicated to showing that the reduction works indeed.

6.1. Boolean formulas

Given a MNAE3SAT formula F' = (X, C), we call a truth assignment to the
variables of X feasible if every clause of C contains at least one true and at least
one false literal. We define the formula graph G by V(Gr) = X UC and there
is an edge between the vertices corresponding to a variable z; and a clause C}
if z; is contained in C;. We call a formula F' connected if G is connected. We
show that MNAE3SAT stays NP-complete with this additional assumption.

Connected Monotone Not-all-equal-3SAT(CMNAE3SAT)

Instance: A set X of boolean variables, a connected formula consisting of a set
C of clauses each containing 3 distinct variables none of which are negated.

Question: Is there a feasible truth assignment to the variables of X7
Lemma 8. CMNAE3SAT is N P-complete.

Proof We show a reduction from MNAE3SAT. Recall that MNAE3SAT is NP-
complete by Theorem 13. Let F' be a MNAE3SAT formula. Let Gq,...,G; be
the connected components of Gg. For ¢ = 1,...,t, consider the MNAE3SAT
formula F; that consists of the variables and clauses corresponding to vertices
in G;. Observe that G, = G; and so every F; is an instance of CMNAE3SAT.
We will show that F' is a positive instance of MNAE3SAT if and only if all
of the F; are positive instances of CMNAES3SAT. First assume that there is
a feasible truth assignment for F'. The restriction of this assignment to the
variables of F; yields a feasible truth assignment for F; for all: =1,...,¢t. Now
assume that there is a feasible truth assignment for F; for ¢ = 1,...,t. As
every vertex corresponding to a variable is contained in exactly one component,
every variable is contained in exactly one of the F; and so we obtain a unique
assignment of boolean values to all variables. As every clause of C is contained
in some Fj, this assignment is feasible for F'. This finishes the proof. B

6.2. The construction

Let ' = (X,C) be a CMNAE3SAT formula with X = {z1,...,2,}. If
there is a variable x € X that is contained in only one clause C € C, then F
is satisfiable if and only if (X — {«},C — {C}) is satisfiable. We may therefore
assume that every x; € X is contained in at least 2 clauses. For i = 1,...,m,
we define p; to be the number of clauses x; is contained in.

We now construct an instance (G = (V,E),S) of DELETABILITY. For
t=1,...,m, G contains a cycle K; of length 2p;. We abbreviate V(K;) to V;
and E(K;) to E;. Observe that V; can be partitioned into two stable sets in a
unique way. We call one of these sets A; and the other one B;. Note that |4;| =
| B;| = p;. For every clause C, G contains a vertex ve. We denote {ve : C € C}
by Ve. Further, G contains a cycle K of length 3|C|. We abbreviate V(K) to
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Vi and E(K) to Ex. We add a perfect matching between {v¢ : z; € C'} and
A; for every i = 1,...,m and between UZL B; and V. Observe that this is
possible because |4;| = p; and |J}", Bi| = Y.~ pi = 3|C| = |Vk|. Finally, we
define § = (J!, E;. Note that |V| = 10|C| and |E| = 15|C|, so the construction

is polynomial indeed.

Ucl UCQ UCg
K 1 K. 2 K. 3 K 4
K
Figure 3

Figure 3 shows the constructed graph for the formula consisting of the
variables x1,...,z4 and the clauses Cy = {z1,29,23},Co = {x1, 22,24} and
C3 = {x1,23,24}. The edges of S are marked in red.

Observe that G is cubic as every clause contains exactly 3 variables and by
construction. We show that it also satisfies the other desired structural property.

Lemma 9. G is 3-edge-connected.

Proof Assume for the sake of a contradiction that G contains some cut §(Z)
which consists of at most 2 edges. Without loss of generality, we may assume
that Vix N Z is nonempty.

Claim 14. Vi C Z.

Proof Assume that there is a vertex w € Vg — Z. As G — Vi arises from Gr
by replacing vertices by cycles and G is connected by assumption, G — Vi is
connected. Then, since a perfect matching exists between U:’;l B; and Vi, we
obtain that G — Ek is also connected. As K is 2-edge-connected, it follows that
2>dg(Z) =dg(Z) +de—E.(Z) > 2+ 1 =3, a contradiction. m

Claim 15. V C Z.

Proof Consider a vertex vc where C contains the variables x;, z;, z;. By con-
struction, both vc and K have a neighbor in each of V;,V; and V; and K;, K;
and Ky are connected. As Vix C Z by Claim 14, there are 3 edge-disjoint paths

from v to Z. It follows, by dg(Z) < 2, that vo € Z. B

By Claims 14 and 15, there exists a vertex v € V; — Z for some i =1,...,m
and v is connected to Vx UV C Z by a path of length 1 and two paths of length
2 and all of these are edge-disjoint. This is a contradiction to Z being separated
from v by a cut of at most 2 edges. This finishes the proof of Lemma 9. ®

The remaining part of this section is dedicated to showing that our construc-
tion is indeed correct, i.e. F'is a positive instance of CMNAE3SAT if and only
if (G, 9) is a positive instance of DELETABILITY.
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6.3. From orientation to truth assignment

Suppose that (G, S) is a positive instance of DELETABILITY, so there is
an orientation D of G such that D — §'is strongly connected for all s € S. Before
finding a feasible truth assignment of the formula, we need the following result
about the orientation.

Claim 16. Leti € {1,...,m}. Then all the arcs between A; and B; are directed
in the same way.

Proof Let v be any vertex of K; and e, f the two edges of K; incident to v.
Since e, f € S, D —e and D — f are strongly connected. Then, as G is cubic,
both of e and f are either entering or leaving v. Since K; is connected, the
claim follows. B

Using Claim 16, we now define a truth assignment of X in the following
way: a variable x; is assigned the value true if the arcs between A; and B; are
directed from B; to A; and false if the arcs between A; and B; are directed from
A; to B;.

Consider a clause C = {z;,z;,z¢}. The vertex vc has one neighbor in each
of A;;Aj and Ay in G. As D is strongly connected and G is cubic, vc has
one in-neighbor w, say in Ay and w has an in-neighbor in D[V;]. It follows by
construction that xy is set to true in the truth assignment. Similarly, one of
%, T, e is set to false. It follows that the assignment is feasible.

6.4. From truth assignment to orientation

Assume that there is a feasible truth assignment for an instance F' of CM-
NAE3SAT consisting of a variable set X = {z1,...,2,,} and a clause set C.
Relabeling variables, we may assume that there is some ¢ € {0,...,m} such
that x; is set to true for ¢ = 1,...,¢ and x; is set to false for i =t +1,...,m.
Let Al = U§:1 Ai, Az = U?;t+1 Ai, Bl = U;Zl .BZ and Bz = U;it+1 .Bz

We define an orientation D of G as follows. We orient all edges from P to R
where P and R are two consecutive sets in Ay, Ve, As, Bo, Vi, B, A;. Finally,
we orient the edges of K as a circuit.

Ucl UGQ UCg
K Ky K3 K,
K
Figure 4

Figure 4 shows the obtained orientation for the formula consisting of the
variables x1,...,24 and the clauses Cy = {x1,22,23},Co = {x1,22,24} and
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C3 = {1, 23,24} when x; and x5 are set to true and z3 and x4 are set to false.

The following is the orientation’s decisive property:

Claim 17. In D, every vertex vc € Ve has an in-neighbor in Ay and an out-
neighbor in As.

Proof Let C contain the 3 variables x;,z; and x,. As the truth assignment is
feasible, one of x;, x;, x¢, say x;, is set to true and a different one, say x;, is set
to false. Then, by construction, D contains an arc from A; C A; to vg and an
arc from ve to A; C Ay W

The following result will finish the proof:
Claim 18. Let s € S. Then D — § is strongly connected.

Proof Since K is oriented as a circuit, all vertices of K are in the same strongly
connected component . By construction, all vertices in B have an in-neighbor
in Vg C @ and all vertices in A; have 2 in-neighbors in B in D, so at least one
in D — §. It follows, by Claim 17, that all vertices in A; UB; U V¢ are reachable
from Q). By similar arguments, @) is reachable from all vertices in Ay U By U V5.
This yields that Ve C Q. Finally, from every vertex in A; U By there exists a
directed path of length 1 or 2 to a vertex vg € V. Similarly, to every vertex in
As U By there exists a directed path of length 1 or 2 from a vertex vg € Ve. It
follows that D — § is strongly connected. B

This reduction proves Theorem 7.

7. Conclusion

Our work shows that f(G) < 7 for every 3-edge-connected graph G and that
f(G) = 3if G is the Petersen graph. Also, we show a better bound for the more
restricted classes of essentially 4-edge-connected graphs and 3-edge-colorable, 3-
edge-connected graphs. Further, we show that a graph of Frank number bigger
than 5 would imply the failure of Conjecture 1. Moreover, the decision problem
whether all edges of a given subset can become deletable in one orientation is
proven to be NP-complete.

The most obvious remaining problem is to improve these bounds on the
Frank number in the general case. Considering the indications found during our
work, we propose the following conjecture:

Conjecture 2. FEvery 3-edge-connected graph G satisfies f(G) < 3.

A possible way to make progress towards Conjecture 2 would be the following
generalization of Lemmas 4 and 5. Using the fact that cubic graphs are 4-edge-
colorable [14] and similar arguments as before, Conjecture 3 would imply that
f(G) < 4 for any 3-edge-connected graph.

Conjecture 3. Let M be a matching of a 3-edge-connected graph G intersecting
each 3-edge-cut of G in at most one edge. Then M is deletable.
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It would also be interesting to generalize Frank numbers to arbitrary odd
connectivity:

Open Problem 1. Given a (2k + 1)-edge-connected graph G, what is the min-
imum number of k-arc-connected orientations such that each edge becomes an
arc whose deletion does not destroy k-arc-connectivity in at least one of these
orientations?

It follows from a theorem in [1] that this number is bounded by a constant
depending only upon k. We are particularly interested in whether or not this
number can be bounded by a constant not depending upon k.
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