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ERGODICITY OF THE FISHER INFINITESIMAL MODEL WITH QUADRATIC
SELECTION

VINCENT CALVEZ, THOMAS LEPOUTRE, AND DAVID POYATO

ABSTRACT. We study the convergence towards a unique equilibrium distribution of the solutions to a
time-discrete model with non-overlapping generations arising in quantitative genetics. The model de-
scribes the dynamics of a phenotypic distribution with respect to a multi-dimensional trait, which is
shaped by selection and Fisher’s infinitesimal model of sexual reproduction. We extend some previous
works devoted to the time-continuous analogues, that followed a perturbative approach in the regime
of weak selection, by exploiting the contractivity of the infinitesimal model operator in the Wasserstein
metric. Here, we tackle the case of quadratic selection by a global approach. We establish uniqueness
of the equilibrium distribution and exponential convergence of the renormalized profile. Our technique
relies on an accurate control of the propagation of information across the large binary trees of ancestors
(the pedigree chart), and reveals an ergodicity property, meaning that the shape of the initial datum is
quickly forgotten across generations. We combine this information with appropriate estimates for the
emergence of Gaussian tails and propagation of quadratic and exponential moments to derive quantita-
tive convergence rates. Our result can be interpreted as a generalization of the Krein-Rutman theorem
in a genuinely non-linear, and non-monotone setting.

1. INTRODUCTION

Fisher’s infinitesimal model (also known as the polygenic model) is a widely used statistical model in
quantitative genetics initially proposed by R. FISHER [I3]. It assumes that the genetic component of a
quantitative phenotypical trait is affected by an infinite number of loci with infinitesimal and additive
allelic effects and claims that the genetic component of descendants’ traits is normally distributed around
the mean value of parents’ traits, with a constant (genetic) variance across generations. This model
allowed reconcilling Mendelian inheritance and the continuous trait variations documented by F. GALTON
via a Central Limit Theorem. More specifically, by taking limits when the number of underlying loci
tends to infinity on a model with Mendelian inheritance, N. BARTON, A. ETHERIDGE and A. VEBER [4]
recently proved rigorously the validity of Fisher’s infinitesimal model under various evolutionary processes
(e.g., natural selection).

In this paper we study a time-discrete evolution problem for the distribution of a phenotypical trait
z € R? in a population undergoing sexual reproduction and the effect of natural selection. Specifically,
starting at any initial configuration Fy € M (R9) of trait distribution, we analyze the long term dynamics
of trait distributions {F,, },en across successive generations n € N, which solves the following recursion

Fy = T[Fa-], (1.1)

for any n € N. The operator 7 encodes the balanced effect of sexual reproduction in the population
(under the infinitesimal model) and natural selection. Specifically, T is defined by

T[F] := e ™B[F], (1.2)

for any trait distribution F' € M, (R?). On the one hand, m = m(x) > 0 is called the selection function
and represents the mortality effect of a trait-dependent natural selection on the population, so that e=™
stands for the survival probability in the next generation. On the other hand, the operator B is chosen
to be Fisher’s infinitesimal operator and it takes the form

L I +£L’2 F(l’l)F(ZEQ)
B[F)(x) :== /R?d G (:U - > oo F(e) do? dzy dzgy, € RY (1.3)
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for any trait distribution FF € M, (R?). Here G = G(x) is a probability density (the mizing kernel) and
the factor G(z — %) represents the transition probability that two given individuals with trait values
21,75 € R? will mate and yield a descendant with trait value z € R%. In other words the resulting trait
distributes around the mean value ££22 of parents’ trait with law G. By definition, B[F] quantifies the
number of births after all possible matches of any couple of individuals according to the trait distribution
F. Altogether, T[F] quantifies the amount of offspring of a population distributed according to F having
resisted the effect of selection.

The above sexual reproduction operator B has recently pulled the attention of both the applied and
more theoretical communities, ¢f. [4l, [, 5] 16l 17, 18]. In this paper we shall restrict to Gaussian mixing
kernel and quadratic selection function, i.e.,

1 e
G("E) = W@ 2, T € Rd, (14)
m(z) == %W, z e R, (1.5)

where o € R is a fixed parameter. Thereby, the trait of offsprings is normally distributed around the
mean value of the trait of parents by assumption , thus reducing to the standard infinitesimal model
when the assumptions of the Central Limit Theorem are met [4]. For simplicity, we set a Gaussian G with
unit variance, but any value of the genetic variance could also be considered (see nondimensionalization
in Appendix . In addition, note that by assumption the mortality rate is minimized at z = 0 and
it grows quadratically as |x| — oo. In this study, we restrict to trait-dependent mortality, and consider
a constant fecundity rate, for the sake of simplicity. We believe that the techniques developed here can
easily be extended to a trait-dependent fecundity, provided that selection effects have a Gaussian shape,
as for the survival probability e=™.

Before introducing our results, we shall relate the previous time-discrete problem to analogous
time-continuous quantitative genetics models of evolutionary dynamics that have been studied in the
literature. Meanwhile, we will anticipate the major difficulties that can be faced when analyzing the
long-time dynamics of . To this end, we consider, the following type of integro-differential equations
for the evolutionary dynamics of a trait distribution f(¢,z):

Oif = —m(z)f +R[f], t>0,x€RY,
f(O,a:) = f0($)7 T e Rd)

where, m = m(z) is again the mortality rate and R = R[f] is the reproduction operator. Hence,
R[f](z) determines the amount of births with trait value z € R? per unit of time. As for (L)), the
resulting dynamics of the population becomes a consequence of a balance between selection encoded by
the trait-dependent mortality and the diversity generated by the growth term R across generations.

Many studies consider a linear reproduction operator R, associated with a probability density K =
K (z) characterizing the mutational effects at birth, of the form

(1.6)

RUf@) = | K-ty =k (1.7)
The factor K(x — y) determines the probability that an individual with trait value y € R? produces
a descendant with trait value z € R¢ (possibly deviating from y). This class of linear reproduction
operators is well-suited for an asexual mode of reproduction. This includes parabolic equations in the
limit of small variance of K. In particular, we refer to a series of works about the long-time asymptotics in
the regime of small variance, initiated in [2],[3, 12], including an additional density-dependent competition
term that makes the analysis non standard (see e.g. [10] and references therein for the well-posedness of
the constrained Hamilton-Jacobi equation derived in the limit).

Recently, inspired by the infinitesimal model, the case of sexual reproduction has been addressed by
invoking the preceding nonlinear version B in as reproduction operator R = B. Several asymptotic
regimes have been addressed: large reproduction rate [15] [I7], (18], small variance asymptotics [9, [16]. In
the latter case, the limiting problem keeps the non-local nature of the problem, being of a finite-difference
type, rather than a Hamilton-Jacobi PDE. Before we continue the discussion about the state-of-the-art,
let us emphasize that there is no restriction on the parameters in the present work.

Since both f — mf and f — B[f] are 1-homogeneous operators, we can seek for special steady
solutions of through the following ansatz:

ft,x) = eMF(x), (7)€ Ry xRY, (1.8)
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The parameter A € R represents the rate at which the number of individuals grows (if A > 0) or decreases
(if A €0), and F = F(z) > 0 is an unknown probability density. By imposing such an ansatz on
(1.6)-(1.3), the following generalized spectral problem arises for the couple (A, F'):

{ AF(z) + m(z)F(z) = B[F)(z), x€R4,
Jga F(2) da’ = 1.

Note that the operator B is genuinely non-linear so that methods based on the Krein-Rutman theory
or maximum principles cannot be applied straightforwardly, see [5 1] and the references therein for
the linear case. Further, usual extensions of the Krein-Rutman theory to 1-homogeneous operators [14]
cannot be applied neither because B is not monotone. To date, the main strategy behind the existence
of solutions of relies on a suitable application of Schauder fixed-point theorem to the operator
F — (XA +m)~1B[F] over an appropriate cone of L!(R?) that is conserved by the nonlinear operator,
see [7]. However, uniqueness cannot be achieved by this method. Moreover, it has been proven in [9]
Corollary 1.5] that several equilibrium states (A, F') can co-exist in the presence of multiple local minima
of m (provided the variance of G is small enough). That is, the generalized eigenproblem does not
admit a unique positive eigenfunction, in contrast with general conclusions of the Krein-Rutman theory.

Recently, G. RAOUL addressed the long-time dynamics of in 1D, with R = B and a trait depen-
dent fecundity rate [I8]. He obtained local uniqueness and exponential relaxation under the assumption
of weak and localized (compactly supported) selection effects. To this end, he controlled locally in space
the Wasserstein distance between the solution and the stationary state, using the uniform contraction
property of B in the space of probability measures sharing the same center of mass. Unfortunately, the
Wasserstein metric is not fully compatible with multiplicative operators, such as trait-dependent fecun-
dity (see the discussion in [I8, Section 3.4] and Section [2[ below). This can be circumvented under the
additional assumption that the trait density is locally uniformly bounded below, following [6]. Obviously,
this cannot hold globally for integrable densities, hence G. RAOUL developed estimates of the distribu-
tion’s tail to complete the contraction estimates. Also, a lot of attention has to be paid to the dynamics of
the center of the distribution which is essentially driven by selection. Indeed, in the case of flat selection
(m = 0), the problem is invariant by translation, so that local uniqueness cannot hold. To conclude this
discussion, let us emphasize that global uniqueness and the asymptotic behavior of generic solutions to
the evolution problem 1) is still open. Below, we provide a first result in this direction, for the
time-discrete problem (1.1)), though.

We remark that the time-discrete version that we propose in this paper can be partially regarded
as a discretization in time of the above time-continuous problem (L.6)-(L.3), with non-overlapping gen-
erations (see Appendix [Al for further details). As for the time-continuous problem, we could seek special
solutions to the time-discrete problem in the following form

Fo(z) = \"F(z), (n,z)eNxR% (1.10)
Again, A € R is the rate of growth (if A > 1) or decrease (if A < 1) of individuals, and F' = F(x) is an
unknown probability density. This yields the following generalized eigenproblem for the couple (A, F'):

{ AF(z) = T[F)(z), = &R
Ja F(a2') da’ = 1.

(1.9)

(1.11)

In this paper we aim to address the following questions:

(Q1) Does the eigenproblem have a unique solution (A, F,) for each a € R+7

(Q2) Consider any generic initial datum Fy € M, (R?) and its associated solution {F,},en of the
time-discrete problem (L.I). Do the renormalized profiles F,, /|| F, || 11 (ra) converge to the unique
steady profile F',, solving when n — co?

We shall prove that the answer to both questions is affirmative. It stands to reason that similar existence
and local uniqueness results like in [7, 9] could be extended to the new eigenproblem by applying
Schauder and Banach fixed point theorems. Nevertheless, in this paper we introduce a novel method that
unravels an ergodicity property of the operator 7, leading to quantitative estimates for the relaxation
of profiles {F), }nen towards F,,. First, we prove that a explicit (Gaussian) solution to the eigenproblem
(1.11)) exists. Second, by computing n iterations of the operator T, that is F,, = T"[Fp], we notice that
information of F), at the trait value x is propagated from the initial datum Fj across 2" ancestors over a
binary tree with height n and rooted at = (the pedigree chart). Interestingly, an appropriate reformulation
of 7™ in the case of Gaussian mixing and quadratic selection shows that the dependence of
the solution {F}, },en on the initial datum Fj is rapidly lost across the different levels of the tree. More
specifically, a strong convergence of generic solutions {F),} of the time-discrete problem towards
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the steady Gaussian profile F', solving is achieved locally with respect to x. Third, we prove
an appropriate propagation of quadratic and exponential moments, leading to uniform tightness of the
family {F, }nen. Finally, we glue all the information together and conclude the final global convergence
result in question (Q2) in relative entropy. Specifically, we obtain our main result:

Theorem 1.1. Assume that o € RY and set any initial datum Fy € M (R?). Hence, the solution
{Fu}nen to the time-discrete problem (1.1) verifies that the growth rates ||Fy| 11 gay/||Fn-1ll1®e) relaz

towards A, and the normalized profiles F, /| F| 1 (re) relaz towards F, where (A, Fo) are given by

vl

9 _
Ay = <1 + (1 + U;)) , Fo:=Goo2, (1.12)
and the variance o2 € R is the unique positive root of the equation

1 T+ 20)% + 8a — (142
— =a+ — e, o= (1+20)* +8a — (1 +2a) (1.13)
(e ]_—I—UQ"‘ 20

Specifically, for any e € R% there exists a sufficiently large C, € R such that

[ Fnllr ey

- Aoz S OE((2 ka)1/3 + E)n7

[l ey

F,
DkrL (”
[ Fnll L1 (ray

‘ Fa) < G2 ka)2/3 +e)",

for any n € N, where Dgy, is the Kullback-Leibler divergence (or relative entropy) and ko, € (0, %) reads
(34 2a) — /(3+2a)? — 8

1 .
Note that any solution (A, F') to the eigenproblem (1.11]) yields a solution to the time-discrete problem

(1.1) through the ansatz (L.10). Then, question (Q1) will readily follow from question (Q2) and, in
particular, the unique solution (A,, F) to (1.11)) is Gaussian.

ko = (1.14)

Corollary 1.2. Assume that o € R, then there exists a unique solution to the eigenproblem (1.11)) and
it is given by (Mg, Fo) where X, and F,, are determined by (1.12)).

On the one hand, note the necessity of a € R in both Theorem and Corollary @ Indeed, for
a = 0 we recover infinitely many solutions by the translation invariance of the infinitesimal operator
B in . On the other hand, we emphasize that our choice of Gaussian mixing kernel and the
quadratic selection function will be used throughout the paper and it will allow for some explicit
calculations. In particular, the unique solution of the eigenproblem is the explicit Gaussian profile
determined by (Ao, F) in (1.12)). However, we believe that the Gaussian structure is not mandatory and
a similar ergodicity property might be true for more general mixing kernels G' and selection functions m
with a less suited algebraic structure. We leave all these extensions, along with the case of overlapping
generations and the full time-continuous dynamics, to future works.

The rest of the paper is organized as follows. In Section [2] we discuss about the generic incompatibility
of the Wasserstein distance with a multiplicative operator and we provide a brief outlook of the strategy
of our proof. In Section [3] we provide some necessary notation and we introduce the special class of
Gaussian solutions of both problems and , which will inspire some parts of the paper. Section
is devoted to introduce some main properties of 7 regarding the emergence of Gaussian behavior (in
the large) from generic initial data, and a suitable propagation of quadratic and exponential moments
across generations. In Sectionwe reformulate via a high-dimensional integral operator propagating
ancestors’ information across the different levels of the pedigree chart, which will be the cornerstone to
study the long-term dynamics. In Section [6|we prove our main results, namely, Theorem[I.T]and Corollary
Section [7] contains some numerical experiments that illustrate the results in this paper. In Section
we provide some conclusions and perspectives. Finally, Appendix [A] contains the adimensionalization
of the problem, and the relationship between and the previous time-continuous analogues in the
literature is discussed.

Notation:
e Fuclidean norm: We denote the Euclidean norm and Euclidean inner product by |z| and z-y respectively
for any z,y € RY. Similarly, we denote ||x| = (X1, [#:]?)'/? for any x = (z1,...,2,) € R™ with

x; € R4,
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e Function spaces: M(R?) denotes the Banach space of finite Radon measures on R% endowed with
the total variation norm and M. (R?) represents the subspace of non-negative Radon measures. Simi-
larly, P(R?) is the metric space consisting of probability measures endowed with narrow topology, and
P, (R?) is the subset of probability measures with finite second order moment endowed with the quadratic
Wasserstein distance W,. Finally, for any p € [1,00] and k € N, LP(R%) and W*?(R?) denote the usual
Lebesgue and Sobolev spaces.

e Ezxpectations: Given any random variable X : (2, F,P) — R, we denote its expectation by E[X].

e Gaussian functions: Given u € R? and a positive definite symmetric matrix ¥ € Mg4(R?), we will
denote the density of the multivariate normal distribution with mean p and covariance matrix X by

Gux(x) = ;e_%(x_“ﬁzfl(x_“), r € R
(2m)? det(X)

As usual, a random vector X : (€, F,P) — R will be said normally distributed with mean p and
covariance matrix ¥ (in symbols X ~ N (p, X)) if Law(X) = G, . When ¥ = 621, for some o € R, we
will simplify notation G, ;2 = G, 521, and it will be called the Gaussian centered at p with variance o2.

2. MOTIVATION AND STRATEGY OF THE PROOF OF THEOREM [ 1]

In this section, we discuss the incompatibility of the quadratic Wasserstein distance to quantify directly
contractivity under the joint effect of the reproduction operator B in and a generic multiplicative
selection e~™. Although a small perturbation of the case of flat selection (m = 0) could still be considered
via a perturbative argument (see discussion above, [I8] and also [I7]), our novel approach is able to tackle
a purely non-perturbative setting. We end the section by briefly discussing the strategy of our proof.

2.1. Some properties of the sexual reproduction operator. We start by recalling some of the main
properties of the sexual reproduction operator B. Since the fecundity rate has been normalized to 1 (see
Appendix , then B preserves the mass and center of mass, namely,

IBF s = WPy, [ aBIF@)do = [ aP(aa), (21)

Rd

for any F € M, (R%). Furthermore, it is contractive in the space of probability measures with a common
center of mass, endowed with the quadratic Wasserstein metric. As discussed above, this property has
been used fruitfully by G. RAoUL (¢f. [I8]) to analyse the long term behavior of the time-continuous
problem in the regime of weak (and compactly supported) selection acting on fecundity. For the sake of
clarity, we recall this fact and its proof below:

Lemma 2.1. Assume that Fy, Fy € Po(RY) and they have the same center of mass. Then,

W3 (B[F1], B[Fs]) < = W3 (F1, Fy) .

N | =

Proof. Recall the following dual characterizations of the quadratic Wasserstein distance (cf. [1 21]):

WQQ(Fl,Fz) = inf {/ , |z — y\z y(dz,dy) : v € P(Rd X Rd), migy = F1, mopy = Fg}
Rz
(2.2)

:sup{/d(bldFl—l— l¢>2dF2: |p1(z) + P2(y)| < |z —y|? Vx,yeRd},
R Rd

where m; : R? x R? — R? is the projection onto the i-th component for ¢ = 1,2. Taking any couple
(41, ¢=2) as above and using the specific form of the operator B we obtain:

y B[Fy](z) g1 () do + y B[F3)(y) ¢2(y) dy

:/deg(x_ 3“;“) é1(2) Fl(dxl)Fl(dxg)da:—i—/

R3d

G <y s ;—y2> 2 (y) Fo(dyr) Fo(dyz) dy

1+ o

= G(z) ¢ (z +

) Fl(d$1> F1<d$2) dz +
R3d

G0 (z + 0 ”) Fa(dyr) Fa(dyn) d=.
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Consider any transference plan v € P(RY x R?) between (F}, F») as above. Specifically, we have that
mxy = F1 and mouy = Fy. Then, we can gather both integrals as follows:

BIR@) dr(w)do+ | BIRw) baly) dy

Rd
T+ X2

= G(z) (¢1 (Z+ > ) + @2 <Z+ y1-2ky2>> y(dx1,dyr) v(dze, dy2) dz.

R5d

Since the condition |¢1(x) + ¢2(y)| < |z — y|? is verified for all z,y € R?, then we find

/ BIF))(x) 61 () da + / BIES)(y) doy) dy
R4 Rd

1
<71/ G(2) (1 + 22) — (y1 + y2)|> Y(dzr, dyr) y(dza, dys) dz
RS
1

=1 /4d (21 + z2) — (1 + y2)| Y(dxy, dyr) y(das, dys)
R

1 1
*/ 21 — y1|* v(dwy, dyr) + */ |25 — ya|” y(dwa, dys),
4 RQd 4 R’zd

where in the third line we have used that G is a probability density and in the last line we have used the
crucial fact that F; and F5 share the same center of mass in order to cancel the cross-terms (otherwise
the estimate would boil down to a non-expansiveness estimate). Taking supremum over (¢1,¢2) and
infimum over v and using the dual characterizations yields the result. ]

Note that the fact that both F; and F, have the same center of mass has been crucially used to
cancel the crossed term. Otherwise, by the Cauchy—Schwarz inequality we would merely obtain non-
expansiveness:

Wa(BIF1], BIF2]) < Wa(Fy, Fy). (2.3)
Using the contractivity property of Lemma along with the conservation of mass and center of mass
in yields the long term dynamics of in the special case o = 0.

Corollary 2.2. Set any initial datum Fy € My (R?) such that [, |z|*Fy(dz) < oo and consider the
solution {Fy, }nen to the time-discrete problem (1.1) with o =0, i.e., F,, = B[F,,_1] for alln € N. Then,

[ Enll Lt (ray ( F, 1
T= 0 1a W2 7G ,2 S )
||FTL—1HL1(Rd) HFnHLl(Rd) Ho on/2

for every n € N, where py := fRd x dFy(x). In particular, the set of stationary distributions under B is

{Fo(- — p) : p € R}, where Fo = Goo will denote here on the Gaussian centered at the origin with
variance equals 2 in agreement with the notation (1.12) in Theorem .

The preceding result might be regarded as the counterpart of Theorem for a = 0. Indeed, by
Talagrand transportation inequality for a Gaussian measure [20] we obtain the relation

F, F,
W2< - 7G1. 2> §4DKL< = GL 2)-
P\ Fall ey’ " IFallzray | H

However, we remark that Theorem does not hold if &« = 0 due to two fundamental reasons. On the
one hand, note that by the previous Corollary 2.2] F,, converge towards a Gaussian with the same center
of mass as the initial datum. Then, the centers of mass of F),, do not necessarily get shifted towards the
origin in this case. This is in agreement with the translation invariance of B. In particular, that explains
why equilibria are not unique for oo = 0 contrarily to the case o € R%. On the other hand, even if we
set the initial center of mass at the origin (i.e., o = 0) so that we kill the translation invariance, our
method of proof of Theorem leads to estimates that blow up as a — 0.

2.2. Incompatibility of Wasserstein metric with multiplicative operators. Note that by defini-
tion , our operator T is the composition of the sexual resproduction operator B with the multiplica-
tive operator by the survival probability e~"". Then, it might be natural to study perturbations of the
previous Lemma [2.1] including the following conservative multiplicative operator.

Definition 2.3 (Normalization of multiplicative operator).
e ™F

MIFli=m ———
= e P e

, FeMi(RY)\ {0}



ERGODICITY OF THE FISHER INFINITESIMAL MODEL WITH QUADRATIC SELECTION 7

However, the latter is not Lipschitz continuous with respect to the quadratic Wasserstein metric. Hence
the composition of B and M is not expected to be contractive, even in the case of weak selection, without
any additional restriction. We illustrate such a Lipschitz discontinuity of M in the following example.

Example 2.4. Suppose that the m € Ci(R) is radially symmetric around the origin and set Fy, Fy €
P2(R) as the sum of two Dirac masses, Fy being symmetric, and Fy nearly symmetric. More precisely,

1 1 1 1
F = 5541 + 55}” = §§7h+6 + §6h+67
where h > 0 is fized so that m/(h) # 0 and € > 0 is small. Note that

M[Fl] = I, M[F2] = (1 _p6)5—h+6 + Pdnye,

where p. € (0,1) is given by
67m(h+6)

Pe = e—m(=h+e) 1 g—m(hte)’

On the one hand, we have Wy (F1, Fy) = € because Fy is simply deduced from Fy by a translation of size
€. On the other hand, assuming m'(h) > 0 for simplicity (a similar argument holds if m'(h) < 0) and

taking € > 0 sufficiently small we obtain p. < % and

Wa(M[F], M[F,]) = \/52 + 4h(h —€) (; —pg) ~ &+ hm/(h)Y/?e'/2,

as € = 0 by symmetry and the mean value theorem. In a sense, the leading order term corresponds to
the cost of moving a piece of mass % — pe from —h + € to h in order to equilibrate the Dirac masses in
the transport plan. Since m’(h) # 0 this leads to the Lipschitz-discontinuity of the operator M.

In [I8], this case is ruled out by assuming that the densities are uniformly bounded below on compact
intervals. In our case, we will avoid relying on the above quantification in Lemma [2.1] for the contractivity
of B and will propose a different strategy that we discuss in the sequel.

2.3. Brief description of our strategy. As advanced before, our strategy is based on a finer under-
standing of the iterations of 7 across generations. Specifically, it relies on a suitable reformulation of
the solutions {F, },en solving the recursion for the special quadratic selection function m in .
First, we shall illustrate the case a = 0 since our goal is to recapture the special contraction phenome-
non behind Lemma from our new viewpoint. With that intuition in mind, we will then propose the
strategy for a > 0.

¢ Case a = 0. By the previous Corollary it is instructive to reformulate the recursion (|1.1) in
terms of the relative distributions F,, = F,,/F:

_ 1 1 T1 + T2 S s 1 2 Fo1(21) Fn1 (22)
Fo(2)Fu() = 5= —aml g :
@@ =7 /Rm eXp( 2 ‘x 2 gkl ) R P o) dof

where Z is a n-independent normalizing constant. The quadratic form in the exponential reaches its
maximum value at (21, z2) = (/2,2/2). This motivates the change of variables

dCEl dZEQ s

z + z +
Tr1 = — To = —
1 2 Y1, 2 2 Y2,

which appropriately centers the quadratic form at the minimum and yields the following expression:

Fy(z)F,(x)

w2l 1 s 1, 1, Fn71(%+y1)Fn,1 2 4 y)
B z 73 — gl =7 - dy, dys. (2.4
R B G e e v ey R CY)

— o 2
Note that by the special scaling in the definition of F,,, the exponential e~ cancels with the factor
Fy(z) in the left-hand-side (up to a multiplicative constant), so that it remains

_ B ~ Foi((+y1)Foo1(% +y2)
Fn(.T) N /de G(yl’yQ) f]Rd Fo(ﬂ?/)Fn_l({L‘l) dx’

dyl dy? ) (25)

where G is a multivariate Gaussian distribution. At this level, we start to observe the contraction
phenomenon since the dependence of = on the right hand side of (2.5) has shrunk by a factor 1/2.
However, we also note that F,,_; appears twice so that it is not evident how to infer the final effect. A
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possible strategy to see if there is a quantitative degradation of the dependence on z could be to study
the relationship between Vlog F,, and Vlog F,,_;. Specifically, differentiating (2.5)) implies:

Vlog F,(z) = % g Vlog Fy_q (g + yl) Vp—1(x; dy1, dys)
L ) (2.6)
+ = Vieg F,,_4 (— + yg) Vn—1(x; dy1, dys) ,
2 Jrea 2
where the z-dependent probability measures v, _1(x;dy;, dys) on the variables (y1, y2) have the following
density with respect to the Lebesgue measure:

n—1(2; dy1, dyz) G(y1,y2)Fa1 (3 + 1) Fa1 (3 + 2)
dy1 dy Jiza G y5) Far (5 + 94) Fua (5 + wh) dyfs dyy
Therefore, we formally deduce the following non-expansiveness property:

V108 Bl e sty < [V 10g Bt | e o) (2.7)

We emphasize that, in such a rough estimate, we have not used carefully the preservation of the center
of mass. This results in the non-expansiveness estimate , which is conceptually no better than the
previous non-expansiveness property in the quadratic Wasserstein metric, obtained as in Lemma
without assuming that the centers of mass are the same. There is one main drawback though: typically
V log F,, are genuinely unbounded unless F,, and F have the same Gaussian decay for large = (which is
much too restrictive). A major point of our work will precisely be to circumvent this unbounded factors.
A refinement of the above argument in leading to real contractivity would require again tackling
more carefully the center of mass. However, we will not address this in the current paper and we refer to
Section [§] for some perspectives and future works in this line. For this reason, our method of proof will
finally not yield satisfying results in the case a = 0, but we find this idea illuminating to address the case
of a non-trivial effect of selection when o > 0.

¢ Case a > 0. In this case, our strategy is essentially driven by the previous underlying structure. The
first step consists in choosing the appropriate normalization extending the previous definition of F,,. We
opted for F,, = e™F, / Fo (which reduces to the above choice when a — 0). There is some freedom here.
Actually, the term e™ is not mandatory, but it is convenient as such for an easier sorting of the various
terms. Indeed, we may typically consider the (close-to-optimal) normalization F,, /Gy ,2 for any variance
o2 larger but arbitrarily close to o2 (being o2 the variance of the expected equilibrium F,).
However, for general selection functions m we do not know the expected equilibrium. To account for a
more robust viewpoint, we follow a more robust approach so that we do not “optimize” the normalization.

In a nutshell: we iterate the operator 7 in the recursion for Fj, up to the initial datum and we obtain
(modulo a multiplicative constant) a formula of the following type

Py [ en(-Quas{ai) IT otes)

Here, the index i spans the 2"T' — 2 members of the genealogical tree with n generations of ancestors
from the root (excluded) to the leaves, whilst j only spans the 2 members at the leaves. In addition,
Q.. is a quadratic form taking as arguments all traits x and {z;} (i.e., all the 2"+! — 1 ancestors in the
family chart including the root x). As compared to the case o = 0, we shall see that the minimizers of
this high-dimensional quadratic form get shifted towards the origin, as Q,, contains additional quadratic
contributions §|x; |2 coming from the selection function (cf. Section. As aresult of successive backwards
changes of variables from leaves to the root very much as in , the following expression is obtained:

Faa) o Fola) [ expl=Qultuh) T] Rotma + A (b)) s} (23)

J

Now, Qn is a new quadratic form and AJ is a linear map for each leaf j, both taking as arguments all
traits {x;} (root excluded). Then, the dependency upon z is split into two parts: an explicit term F, (z)
outside the integral (which is proven to converge towards F', by construction) and the contribution x,x
inside Fy for an appropriate sequence {kn}tnen C Ry. The major observation here is that k, < 27"
because of the strong shift towards the origin under selection.

Formula for « > 0 then suggests a stronger form of contraction compared to for « = 0.
Indeed, there are still 2" terms in the product indexed by j, but the contraction parameter x,, appears to
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decay fast enough to compensate them. To make this argument quantitative, let us differentiating (2.8)
again to obtain

Vlog Fy(z) = Vlog Fy() + iy Z /R Viog Fo(tna + A, ({yi}) va (3 d{yi}) , (2.9)

(2n+1_2)d

where the z-dependent probability measures v, (x; d{y;}) on the variables {y;} have the following density
with respect to the Lebesgue measure:

va(a:diyi}) _ exp(=Qn({y:) T1; Folrnw + A5 ({y:}))
Wik Jarrrmpa exp(=Qu{y}) 1, Folinz + A ({yi)) dfyf)

If @ = 0, then the sequence of parameters degenerates to k,, = 27" so that amounts to the above non-
expansiveness property (2.7). However, if o > 0, precisely the fact that s, < 27" would infer that the
large sum over j consisting of 2" terms has a vanishing contribution, bounded by &,,2" ||V log Fy|| Lo (R4)-
As mention before, there is a drawback: the factors V log F}y are not really bounded. Then, we shall require
more precise estimates for large values of {y;} in the high-dimensional integral, which are guaranteed by
virtue of the strong enough decay of k.

3. PRELIMINARIES

In this part, we collect some necessary preliminary tools and results that will be used later on.

3.1. Perfect binary trees. In this paper, we shall systematically use indices ¢ that do not range on
discrete intervals {1,...,n} but rather on the vertices of a specific type of trees, which are called perfect
binary trees, see [19, 22]. A general definition for trees could be conducted in terms of directed graphs
consisting of a finite set of vertices V and a binary relation E C V x V that determines the directed edges
connecting a vertex to another vertex. Specifically, a directed graph (V,E) is called a (finite ordered
rooted) tree and is denoted T = (V, E) if it does not contain neither loops nor cycles, there is a designated
vertex ) € V (the root) that is not the target vertex of any edge, and any other vertex is connected
with the root through a unique directed path. Since we will restrict to binary trees where each vertex is
connected to at most two other vertices, we will simplify our notation and will identify trees with their
universal address system, see [19, Section 11.3.3]. Namely, a binary tree T consists in a finite subset of
words T C Wy := U ({1, 2}* with letters in the alphabet {1,2} that verifies:

(1) 0eT.
(2) If il € T or i2 € T for some word ¢ € Wy, then i € T.

This implies that the root is the empty word, and T is stable under chopping letters on the right of its
words. Given a word i € T, we denote its length (number of letters) or height in the tree by |i|. In
particular, |#] = 0. A binary tree T is said to be perfect if, in addition, the following properties hold:

(3) Given a word i € W, then i1 € T if, and only if, i2 € T.
(4) There exists n € N such that |i| <n for every i € T and

#{ieT: |i|=n}=2".

This implies that, except for the root, words in T appear in couples {i1,:2} and paths in the tree arising
from the root achieve the same maximal height n. The above four conditions determine a unique tree,
which we call the perfect binary tree with height n € N and we denote by T". See Figure[l] for a graphical
representation of the perfect binary tree T* of height 3. Binary trees are often used to describe the
different generations of offsprings after a given individual. In our case, we shall make a reverse use of
trees. Namely, a binary tree will represent the family tree or pedigree chart of an individual, consisting
of the different generations of ancestors of such an individual. For this purpose, we shall establish the
following terminology:

(1) (Leaves) We say that a vertex i € T" is a leaf of the tree if |{| = n. The set of all leaves of T"
will be denoted by

L" :={ieT": |i| =n}.
(2) (Levels) We say that a vertex ¢ € T" is on the m-th level of the tree if |i| = m for some
1 < m < n. The set of all vertices on the m-th level will be denoted

Ly, :={ieT": |i| =m}.
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111 112 121 122 211 212 221 222
NSNS NS N
11 12 21 22
N N,

0

FIGURE 1. Perfect binary tree T3

In particular, note that Ly = {0} is the root and L, = L™ are the leaves. For simplicity of
notation, we denote the set of vertices of the root-free and leaves-free tree respectively by
TP =T"\{0}, T =T"\L".
(3) (Child) Given a vertex ¢ € T}, then there exists a unique word j € Wy such that i = j1 or
i = j2. Such a vertex j is called the child of ¢ and will be denoted by c() = j.

(4) (Parents) Given a vertex € T , we define the parents of i as the subset of all vertices that have
the same common child ¢, that i 1S,

P(i) == {il,i2}.
(5) (Mate) Given a vertex i € T, we define the mate of i and we denote it m(¢) as the only other
vertex in T™ that has the same child as 1, i.e.,

{i,m()} = {c(i)1, c(i)2}.
(6) (Tree order) Given two vertices i,j € T", we say that ¢ < j if the associated words are so
ordered according to the lexicographical order of the set of words Ws with two letters {1, 2}.

(7) (Highest common descendant) Given two vertices i,j € 'T'n, we define the highest common
descendant of i and j, and we denote it by i A j, as

iNj:=max{l e T": 1 <4, 1<y},
where the maximum is considered with respect to above tree (lexicographic) order.

Remark 3.1 (Tree-indexed variables). Given n € N, we shall identify R*2" D4 = (RH)T: gnd R?"? =
(RHY". Specifically, vectors y, € R2Z"=D4 gnd z, € R*"® will be regarded as indexed families

Yn = (yi)ieTfa Zy = (Zj)jeL"a (3'1)
where y; € R? and z; € R? for each i € T, and j € L™,
3.2. Gaussian solutions. In this part, we compute particular solutions of the time-discrete problem
(1.1) and the associated eigenproblem (1.11)). As we advanced before, we shall exploit the explicit
algebraic structure imposed by G (given by the Gaussian mixing kernel (1.4])) and m (given by the

quadratic selection function (1.5)). Namely, explicit Gaussian solution will be obtained. We recall first
the following stability property of Gaussians under convolutions.

Lemma 3.2 (Stability of Gaussians). The following relation holds true
G/Ll rrf * G/LQ (7 - G,ul+,u2,af+a§a (32)
for any couple of means 1, po € R and variances 02,03 > 0.

Using the above result, we can obtain the following explicit evaluation of the operator T in (|1.2)) over
the class of Gaussian functions.

Lemma 3.3 (Evaluation on Gaussians). Consider any p € R? and 0? € R%, then
T[Gﬂyaz] = M G“*J%

where the parameters m.., p, and o2 are given by:

_1 ofpl?
2 2 2

e | te(+%) ) 1+ %

) * — T 5 U* o L 2
(1+a(l+ %))/ : l+a(l+9%) 1+a(l+

My =

o)

m‘q
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(a) The malthusian exponent A, against parameter « for d = 1. (b) The equilibrium variance o’i against parameter a.

FIGURE 2. Plot of eigenvalue A, and variance at equilibrium o2 against a for d = 1.
The case o = 0 corresponds to absence of selection, which is conservative (Ag = 1), and
the variance at equilibrium o3 is twice the variance of the mixing kernel in B.

Proof. On the one hand, note that by Lemma[3.2]
BlGyo2)(@) = (G (5) * Guor # G ) (20) = G, o2 (@),

for each z € R?. Therefore, by definition of 7 in (I.2)) we obtain

a 1 « 1 1
Gia —e 5kl )= ———— B P IR L
TlCoell@) = e wir 2 = ey o T2 g gl
for each z € R%. By completing the square inside the exponential, we conclude our result. O

Consequently, the following explicit Gaussian solution of the eigenproblem (1.11)) is found.

Proposition 3.4 (Gaussian solution of the eigenproblem). Assume that « € R, then the eigenproblem
[L.13) has a unique Gaussian solution (Aa, Fy), determined by the relation (L.12) in Theorem[1.1]

Proof. We look for A € R, p € R? and o2 € R such that A\G,, ,2 = T[G, ,2]. By Lemma and
bearing in mind parameters m., . and o2 in ([3.3) we obtain that (), i, o) must solve the equations:

el 2
Lha(1+97) 1+ 2
A= 22 T %a 0f = ——— 2
(1+a(l+ %))4/? l+a(l+ %) l+a(l+ %)
Hence, the only solution is given by = 0 and X and ¢? are determined by (1.12)) and (1.13)). O

Remark 3.5 (Dependency on selection). The eigenvalue Ao € R and the variance o? € R% determined

by the relations (1.12) and (1.13)) for the the unique Gaussian solution (Aa, Fo) to the eigenproblem ([L.11))

are monotonically decreasing with the selection coefficient . Namely, the larger o, the smaller o2, and
Ao Indeed, we obtain (see also Figure@

a oo = 02N\ 0, Ay \(0
a0 = 2,2, A, L

Therefore, if selection is strong, then F is very concentrated around the origin and, if selection ceases,
then F, is twice as spread as the mizing kernel G in , a famous result in quantitative genetics, see
e.g. [8]. Note that Ao, < 1 for any o € R% and, consequently, the special steady solutions F,, = X, F
coming from ansatz (1.10) always get extinct for large n. This is an artificial consequence of our parameter
reduction in Appendiz|Al. In particular, if we maintain parameter 8 in coming from the ratio between

2
birth and mortality rates, then the above special steady solution only extincts if f < (1 + a(1+ %)).
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Remark 3.6 (Eigenproblem with o« = 0). The same ideas as in Proposition yield the Gaussian
solutions to the eigenproblem (L.11)) in the absence of selection (i.e., « = 0). However, there is no longer
uniqueness due to the translation invariance of B. Indeed, we obtain the Gaussian solutions:

A=Xo=1 F=Fo(—p)=GCGpp,

for any p € RY. Indeed, it is a consequence of the contraction property stated in Section that these
are all possible generic solutions (not only Gaussian). Specifically, by the conservation of mass we
obtain that the only possible eigenvalue is X = 1. Then, the eigenproblem reduces to a fixed point
equation for B. We can then conclude by Corollary[2.3

We emphasize that the above presents a crucial difference of behavior between the nonlinear problem
with sexual reproduction and the analogous linear version with asexual reproduction operator ([.7).
Namely, whilst in the former case there exists nontrivial solutions in the absence of selection, in the latter
case it can be seen that such a nontrivial solution does not exists (e.g., through Fourier arguments). This
suggests that whilst in the linear problem both reproduction and selection stay balanced, in the nonlinear
problem reproduction appears to dominates selection structurally.

Finally, we note that by iteration of the operator 7 and Lemma we can compute the explicit form
of solutions of the time-discrete problem issued at Gaussian initial data. In fact, the Gaussian
structure is preserved along generations, although mass, mean and variance are modified.

Proposition 3.7 (Gaussian solutions of the time-discrete problem). Consider any mo € R, po € R?
and 08 € R, and set the Gaussian initial datum Fy = myg Guoﬁa?,' Hence, the solution {F,},en to the
time-discrete problem (1.1) takes the form

F,=m, Gumgi, (3.4)

for n € N, where the parameters m,, € R, p, € R? and 02 € R? are governed by the recursions:

1 almpal?
-
e 1+a(1+“T*1) T 1 1
o = o T ranrnsy) @ tiryaa Y
(14 a1+ —=271)) L+a(l+ —22) n 1+ -5

Lemma 3.8 (Relaxation of variance). Assume that o € R%, consider any of € R% and define the
sequence {02 }nen by recursion according to the third recursion in (3.5)), i.e.

1 1
:a+

U% 1 +

2
In—1

2

for every n € N. Hence, if 08 > o2 then o, \, 0% asn — oo and, if 03 < 02 then o, / 02 asn — oo,
where o is given by (1.13)). In addition, we obtain the convergence rates

o7 — oo | < Cyrl, (3.7)

for every n € N, where the constant C,, € R, depends on 02 and o (we obtain that C, = 0 if 02 = 2),
=+ 0 0 a
and the ratio ro € (0,1) is given by
Ty = 8 . (3.8)
(2a+3) + v/ (2a+ 1)? + 8a)?

Proof. ® STEP 1: Monotone convergence of {02 },cn.
Consider the function f: R — R given by

1
f(x):a‘f‘r%wa reRy,

and, for simplicity of notation, define

T, = (62)7', = (02", neN (3.9)

« n

Notice that x, is the unique fixed point of f in Ry and {z, },en determines the fixed-point iteration of
the map f issued at xg = (02)7!, that is, z,, = f(zn_1), n € N. Our goal is to show that {z, },en
converges towards z, and find convergence rates. Since f is not contractive, we cannot apply the usual
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Banach contraction principle and a different argument is provided. First, note that € Ry — f(x) is
strictly increasing and x € R} — @ is strictly decreasing. Then, we obtain that
< f(z) <me, f0<2x <,
flx) =, if v = x,,
T < flx) <z, if 2>,
which implies the aforementioned monotonicity properties of {x, }nen and, in addition,
min{z,, o} <z, < max{z., o}, (3.10)

for any n € N. In particular, this yields the monotonic convergence of {2, }nen towards ., or equivalently,
the claimed monotonic convergence of {02}, cn towards o2 as n — oc.

e STEP 2: Convergence rates.
Second, to compute the convergence rates we shall use the special algebraic structure of function f, which
is the restriction to Ry of the Mobius function M : R\ {—3} — R given by

M(z) = % xeR\{;}.

Note that M has two fixed points:

T4

20+ 1% /(20 +1)% 4 8«
= . ,

where we note that 2y = 2, € R} and x_ € R™. Then, by definition of {z, },en in (3.9)) we obtain

- :2(a+1)mn,1—|—a72(a+1)x++a: 2 (1 — 1) (3.11)
no 2%n_1 + 1 2wy + 1 (2ap_1 + 1)(2my + 1) "7F T '

Unfortunately, since zy can be chosen arbitrary close to 0, then the lower bound on z,_1 is arbitrary
close to zero. Hence, by inspection, one notice that contraction on (3.11)) would only be guaranteed for
large enough « depending on zy. However, for general a a similar argument yields

20a+Dap1+a 2a+Dz_+a 2

n— T = = et —T). 3.12
Tn 22n_1 + 1 20— +1 Gt ) @e 1) Wt ) (3.12)

By dividing (3.11)) by (3.12) and iterating the identity we obtain

T — Ty _ 20_ +1 naco—er, (3.13)
Ty — T_ 204 +1 Ty — T_
for every n € N. In fact the basis can be restated as follows
20— +1  (2a+4+3) —+/(2a+1)? + 8« 8 -1
= = = ’I“a .
204 +1  (2043)+/(2a+1)2+8a  ((2a+3)+/(2a+ 1)? + 8a)?
Therefore, using the uniform control (3.10) and (3.13]), we conclude that
|zy — 24| = Mhﬁo — x| 7Tl < mz.xx{x*,:no} — = |zo — x4| 70, (3.14)
|xo — 2 min{z,,xg} — z_
for every n € N. Finally, notice that
02 — 02| = 02 02 fon — 2] < max{0?, 032w, — 2], (3.15)
for every n € N. Hence, joining (3.14)), (3.15) along with (3.10) ends the proof. O

In particular, for Gaussian initial data we recover an explicit particular case of the general relaxation
result in Theorem [TI1

Corollary 3.9 (Relaxation of Gaussian solutions). Assume that o € R, consider any mg € Ry, po € R4
and o2 € Ry, and set the Gaussian initial datum Fo = mo G, 0,. Hence, the Gaussian solution {F,, }nen
to the time-discrete problem (L.1)) verifies that the growth rates || Fy|| 1 way/||Frn—1llp1(re) relaz towards
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Ta
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Ficure 3. The ratio r, against parameter a.

Ao and the normalized profiles Fy, /|| Fy| 11 (ray relax towards Fo, where (Ao, Fo) is the unique Gaussian
solution (1.12) to the eigenproblem (1.11|) as proved in Proposition . Specifically, for any e € R%

MFnllzr ey
[ F—1llL1 (Ra)

F,
DKL <
[Fallorce

— A SCL AV ey L Oy rn,

‘ Fa> <CpeAYpey y 0,77,

where D, is the Kullback-Leibler divergence (or relative entropy), o is given by (3.8) in Lemma|[3.8
Cp. € Ry depends on «, po, 03 and e, and C,, € Ry depends only o and o3. In fact, Cp,c =0 if uo =0
and C, =0 if 03 = 02.

Proof. First, note that when o € R, then the parameters my,, p, and o2 in (3.5) verify

. m'll . .
lim =Xy, lim p, =0, lim 0721 = O'i
n—00 Mpy_1 n—oo n—o00

In the sequel, we quantify the rates of convergence. Since o2 has already been studied in Lemma we
shall focus only on p,, and m,,. Let us fix any arbitrarily small ¢ € R%.. On the one hand note that

A 52 - o2’
|1 l+a(l+222) T+a(l+ %)

for every n € N. By the mean value theorem and Lemma [3.§ we obtain

|:LL7L| _ Ai/d

<Cyry
\,un,1|

(o2l

for an appropriate C,, € R depending on v and o?. Since A, € (0,1) then d’Alembert’s ratio test readily
shows that p,, relaxes to zero as a geometric sequence. Indeed, note that

ol = (22— X/ a4 ] £ 24 C i

for any n € N. By an inductive argument, this yields

lpn| < H(Ai/d +Curo)liol S Cs()‘i/d +e)", (3.16)
k=1
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F1GURE 4. Comparison of convergence rates in Theorem and Corollary

for sufficiently large C, . € R?, where we have used that r, € (0,1) to absorb C, 7% in an e-small term.
On the other hand, note that

_1_ depal®
2 2
My, A e o (14 725 ) 1
Mp—1 (14 a1+ 751 ))d/2 1+a(l+ 7a))cl/2
O‘“‘n—l‘Q

_1_ %Pn—1l
2 o2
n—

e 1+a(1+T)

-1 1 1
_|_

- o2 52 =
(L4 a(l+ —5+))4/2 (14 a1+ 2242 (L+a(l+ F))4?

By the mean value theorem,
o ol daled, -~ ol
T2t 4 (1)t

Therefore, using contraction of mean (3.16) and contraction of variance (3.7) in Lemma entail the
rate of convergence for the m, /my, 1. Finally, given that both F,/||Fy| 1 1®e) and F, are Gaussian
functions, the relative entropy can be computed explicitly. Specifically,

n |,U'n|2 d (o2 d o2
D T |[Fa ) = | =-1]-=1 ).
i ( [ Fnll 21 ey > 207, T3 o? 9 8 o2
Hence, using again (3.16)) and (3.7) concludes our result. O

The proof of Theorem for generic non-Gaussian initial data Fy € M, (R9) will be the core of this
paper and we postpone it to Section [6]

My, ‘
Mmp—1

Remark 3.10 (Rough convergence rates). Note that the convergence rates claimed in our main Theorem
are not sharp compared to those in the previous Corollary for the special Gaussian solutions.
Specifically, in Corollary the sharpest rate is determined by )\i/d (blue line in Figure . However,
n Theorem the claimed rate is given by (2 k:a)l/?’ (green line in Figure . We believe that this is a
technical consequence of the method of proof in our fundamental Lemmal[6.3 in Section[6 In this paper,
we will not address this “deficiency”. Although it might be removed through an appropriate bootstrap
argument, unfortunately that does not appear feasible in our case due to the complicatedness of the method.

4. SOME PROPERTIES OF THE OPERATOR T

First, note that for any F' € M, (R?) we obtain that T[F] € W*1(R?) n Wk (R?) for each k € N
thanks to the fact that F' has finite mass and the Gaussian mixing kernel G in is smooth and has
bounded and integrable derivatives of any order. In particular, solutions {F),},en to the time-discrete
problem become instantaneously smooth after the first generation for any generic initial datum
Fy € M (R%). In the sequel, we will derive a quantitative control on the emergence of Gaussian tails
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for T[F]. In addition, we will quantify the propagation of quadratic and exponential moments for the
normalized profile T[F]/||T[F]| 11 (re). Both a priori estimates will be required later in Section @

4.1. Emergence of Gaussian tails.

Lemma 4.1 (Emergence of tails). Assume that o € R, consider F € My (R?) and set *,02 € R%. by

1
72 = -, g e (O,1> .
« 14+«
Then, the following properties are fulfilled:
(1) (Upper control of tails) There exists C' = C(a, F') > 0 such that
TF)(z) < C Gy (), (4.1)

for every x € R%.
(2) (Lower control of tails) There exists ¢ = c(a, a2, F) > 0 such that

TIF|(z) = ¢Gop2 (), (4.2)

for every x € R?.

(3) (Control of log-derivative) Assume that F is absolutely continuous with respect to the Lebesgue
measure and it has Gaussian tail, i.e., there exists 0% € R% and C € R% such that F(z) < CG 42
for every x € R, Then, there exists D = D(a, a2, 02,C, F) > 0 such that

[Viog T[F](x)| < D(1+ |zl), (4.3)
for every x € R?.

Proof. First, notice that F' € M (R?) is any generic distribution but G € L>°(R%). Then, B[F] € L>=(R%)
and, by definition of 7 in (1.2)), we obtain

TIF)(z) < |BIF)|| g maye™ 217" = | BIF]|| e ey (2ma™") " G52 (2),

for every x € R?. Hence, ({.1)) holds for appropriate C' > 0. Second, note that

,g|$|2 1 2
e 2 xr1 + X9
F = —— | — F(dz,)F(d
TF](z) (Qﬁ)d/2||F||M+(Rd) /de eXP( 5 T 5 > (dz1)F(dz2)
—5lel® 1 1 1
ez 2 2
_ Ll S F(dz:)F(d
T Trrs Jou™® (3197~ it -2l 4 3 o1 ) ) ) i
—gz? 9
ez +e, 0 2+4c¢ 9
> P g /R?d exp (— 1 |z]® — ” |z1 + 22 ) F(dz1)F(dzs)

_g|r|2 )

e +e€ 2 2+ ¢ 2 24+ ¢ 9

= - - — F(dx1)F(d

= @0 Flla, o) /RJXP< g 1o - Tl = = el ) Flde) F(des),

for every € > 0, where in the third line we have used Cauchy—Schwarz’s inequality and in the last line we
have used Young’s inequality. Consequently, we obtain that

d 2
2 ) ||GO’22fEFHM+(Rd)6*%II\267¥\IIQ7

TIF)(2) > (2m)%/2 <2+€ [Pt oo

for every x € R%. Taking ¢ > 0 small enough and an appropriate constant ¢ > 0 yields (4.2). Finally,
taking derivatives on (|1.2)) and taking norms yields the following estimate

1 e 5lal

V2| F| 1 ey TIF](2)

1V log T{F)(@)] < (1 + a)la] + [ l@aalic ( - 9”‘2”“) F(day) F(das),

(4.4)

for every x € R?. Consider any R > 0 and split the integral in the right hand side of (4.4) into the
subsets {(z1,22) € R??: |(x1,29)| < V2R|2|} and {(z1,72) € R?? : |(21,22)| > V2R|z|}. For the first
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subset, we use the definition (1.2]) of the operator 7. For the second subset, we use the uniform bound
of G along with the assumptions on F and the preceding lower bound (4.1]) of 7[F]. Then, we obtain
2?5 —5le|® 62"2 |2 /

V2| F || 11 (ray |(@1,22)|>V2R|z|

2 T 2|95‘ +oo
C Q 2| ‘ e 2o / 2d

1 2
r*“e” 22" dr
V2| F || 11 (ray VZR|z|

02 d —7|x\ ;ﬂx\ 8d — 4 d—% +o00 )
<(1+a+R)z| + < ( ) o=t / re” 7" dr
\/7

[V1og T[F)(z)] < (1 +a+ R)|z| + (21, 22)|e” 2071022 gy day

=(1+a+ R)|z|+

V2| F| 11 gay e 3R]
202 d 2d+1 8d — 4 d—% 1 RrRZ 1 2

:(1+a+R)|x\+\[ Z 7 e 3o+ ,)‘“7
|| Fl L1 (ra) e

for every x € R?, where in the third line we have used the inequality

d—1
a1 o (24-1\TE (g)“‘l exp (5557)
e 3 202

for every r > 0 and € > 0 in the particular case of ¢ = 1/2. Taking R > 0 large enough ends the proof. O

The previous result can be iterated to obtain similar properties for solutions {F,},ecn to the time-
discrete problem issued at a generic initial datum Fy € M, (RY). In particular, we note that
Gaussian tails emerge instantaneously after the first generation n = 1 and linear growth of the log-
derivative is guaranteed after the second generation n = 2.

Corollary 4.2 (Propagation of tails). Assume that o € R, consider the solution {F,},en of (L.1)
issued at a generic initial datum Fy € My (R?) and set 57,03 € R} by

1 1
—2 2
= —, € |0, .
Ty A ( 1—|—a>

Define the associated sequences of variances {2 }nen and {2 }nen by the following recursive relations
1 1 1
a =a+ 1+,2 ; a =a+ 1+2i’
for every n € N. Then, the following properties are fulfilled:

(1) (Upper control of tails of F,,) There exist C,, = Cp, (v, Fy) > 0 such that
Fu(#) < Cu Goga (@), (4.6)
for each x € R? and every n € N.
(2) (Lower control of tails of F,,) There exist ¢, = cp(a, 03, Fy) > 0 such that
Fo(x) > ¢n Go g2 (), (4.7)

for each x € R% and every n € N.
(3) (Control of log-derivative of F,,) There exists D,, = D, (c, 03, Fy) such that

[Vlog Fy(z)| < Dn(1 + ), (4.8)
for each x € RY and every n > 2.

Proof. Note that once and are proved, we can readily apply in Lemma to FF=F, 1
with n > 2 (which satisfies the required upper control by a Gaussian function) and we recover the estimate
([&8) for the log-derivative of F,, = T[F,—1]. Then, we just focus on proving estlmates ) and ([.7)
through an inductive argument First, note that Lemma[4.1]applied to F = Fy yields (4.6 and with
n = 1. Let us assume that ( and . ) hold for some n € N and let us prove it for n + 1. Specrﬁcally,
using the induction hypothesis we obtain that

Fn+1($) = 6_%‘$|28[Fn](x)
C2 a 2 .
__~n =%l G- G G 5
€ * 72 * o2 x
B HFTLHLl(]Rd) ( (2) 0,75, 0, )( )
02 [ 2

=__n e~ 3klg <Co.\C
HFnHLl(Rd)e 0’1+"Tn( ) n+1 Oa

(4.5)

(@),

n41



18 VINCENT CALVEZ, THOMAS LEPOUTRE, AND DAVID POYATO

for every 2 € R? and appropriate C,,,1, where we have used Lemma for the stability of Gaussian
under convolutions and the definition ([{.5) of o2 ;. This proves (4.6 for n + 1 and a similar argument
yields the lower estimate (4.7]). O

By Lemmawe note that the sequence of variances {72 },en and {02 },en relax towards the asymp-
totic value o2 with a geometric convergence rate. This is consistent with our main result in Theorem [1.1
and Corollary In fact, this suggests that any solution {F,},en to the time-discrete problem ((1.1])
must relax towards the asymptotic profile F,,. In addition, recall that for any solution (A, F') of the eigen-
problem we recover a particular solution of the time-discrete problem via the ansatz ,
i.e., F,, = A\"F. Hence, we expect that (A, F) must indeed be the unique solution to the eigenvalue
problem . However, we are still far from characterizing the full long-term dynamics for the solution
{F, }nen in Theorem and the uniqueness result in Corollary Namely, the above coefficients C,,
and ¢, contains crucial information about the balance of mass and their values in Corollary are not
necessarily optimal. Indeed, note that they are given by explicit recursive formulas

—2\d/2 Cy —2\d/2 C?L
Cry1 =1 —0a0,)" 7", cpy1=(1—-0a7,)" 57—,
HFnHLl(Rd) HFn”Ll(Rd)
but they require further knowledge about the behavior of || I, || 1 (gay. In the next paragraph, we overcome
this important issue of scaling factor by focusing on renormalized profiles, for which we prove uniform
propagation of moments.

4.2. Propagation of quadratic and exponential moments. In this section we analyze the propaga-
tion of quadratic and exponential moments along the normalized profiles F, /|| F || 1 (ray, where {Fy, }nen
is a solution to (I.1)). Before addressing the case of generic initial data Fy € M (R?), we illustrate the

particular explicit case of Gaussian initial data Fy = myg Gﬂoygg.

Remark 4.3 (Gaussian case). Consider any mg € Ry, pg € R? and 0 € Ry, set ¢ € R} with
€ < Smax(oZo2} and consider the solution {F,}nen to the time-discrete problem (1.1)) with initial datum
Fy = moG Then, by direct calculation we obtain

F,
/ ‘xpi)d% = |unl® + 02,
re [ Fnllzr(re

2.
10,00

€ 2

/ gl;;lZ Fn(x) d 6172502 [Fen |
e T = ,
Rd HFnHLl(Rd) (1- 2503)d/2

Here, {in}nen and {02 },en are the mean and variance of {F, }nen according to formula (3.5) in Propo-
sition[3.7 As studied in the proof of Corollary[3.9 we have the uniform bounds

|| < lnol and  min{og, o2} < o7, < max{og, o2},
for everyn € N. Then, we obtain that both the quadratic and exponential moments are uniformly bounded.

In the sequel, we explore the case of generic initial data Fy € M4 (R). For simplicity of notation, we
define the following conservative operator associated with 7.

Definition 4.4 (Normalization of T).

TR
S = e

Therefore, we obtain the following control of quadratic moments under S.

F e My (R?)\ {0}

Lemma 4.5 (Control of quadratic moments). Assume that o € R and set any parametern € (m, 1).
Then, there exists a constant M = M (o, 1) € R such that

3}'2 xX)ax .%'2
[ JaPstF@ de <My [ 1o

for any measure F € M, (R?).

F(dx)
1M pmerey’

Before we proceed with the proof, let us comment on some apparent difficulties. For this discussion,
we assume normalized F € P(R?) without loss of generality, as we are only concerned with the shape of
profiles here. Note that the conservative operator S in Definition [£.4] associated with 7 is actually the
composition of the conservative operator B, and the conservative multiplicative operator M in Definition
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2:3] namely, S = M o B. The former is invariant by translation, whereas the latter is not. However, we
have the following inequality for the operator M:

/|x\2M[F](:v)dm§/ le2F(dz) . (4.9)
R4 R4

This inequality is intuitively clear: by applying the selection operator M, the quadratic moment (that
is, the Wasserstein distance to the Dirac distribution at the origin) is non-increasing. In fact, the proof
is a straightforward consequence of the following identity:

z|? x)dr — z|*F(dx _! 212 — |y|?) (e—™@) _ o—m(y) _ Fdz)F(dy)
[P MP@) e = [ a0 =5 [ = 1o) ( ) Jrre R

Note that the right-hand-side of this equality is indeed non-positive, provided that m is radially non-
decreasing as it is the case for our quadratic choice (1.5). A similar estimate can also be tested on the
operator B. Specifically, by a simple change of variable the following identity holds true:

2
/ (2 2B[F)(z) dz = Var G + 3/ 2 F(dz) + = / 2 Fd)
Rd 2 Jpa 2 | Jga
Then, it might seem natural to combine these two relationships in order to control the quadratic moments
of the composition S = M o B. Suppose, for instance, that the center of mass in the last term of
can be bounded a priori uniformly on F. Then, the combination of and yields the contraction
property in Lemma [4.5 due to the reduction by half in the size of the quadratic moment of F. Of course,
without such a uniform control on the center of mass, the last two terms in would contribute
together (by Jensen’s inequality) with a merely non-expansive factor [p, |2|> F(dz) that is not enough
for our purpose (we will iterate Lemma on the F,, later). This a priori estimate of the center of
mass should then be derived mainly from the selection component M, as the reproduction component
B is invariant by translation. However, it cannot be derived solely from M, because the latter can have
a dramatic effect on nearly symmetric distributions. This can be seen on the same configuration as in
Example above: for a sum of nearly symmetrical Dirac masses, the center of mass is close to zero
before selection, and close to one of the endpoints after selection (when h is large). Nevertheless, such a
configuration is destroyed by B, so that the combination of M and B is crucial to guarantee the uniform
boundedness of the quadratic moments as shown in the argument below.

(4.10)

Proof of Lemma[[.5 Set any F' € M (R?). First, note that

/ e @G (w Tt x2> F(dx1) F(dzs)

3 2 F F

/ 2 [2S[F](2) d = 22 1 I1E ]| pray 1l ae(mey
Rd

/ e—m(m)G <$ _ 1+ Z‘2) F(dxl) F(d.rg) da
R3d 2 1| pray 1 (| ae(meay

Since G is a Gaussian function given by (1.4) and m is a quadratic function given by (|1.5)), then we can
compute explicitly the integrals with respect to x in the numerator and denominator. Specifically, for

fixed z1,z2 € R? we define 7 := ”“42"”2 and we obtain

. _ 1 1 a 1 |z|?
2 m(a,)G . dr = - 2

1 1 «
m(z) —Adr = —— - —12
/de Gz —Z)dx = a e exp< 57 |z )

Therefore, we can write alternatively

9 1 a _5\ F(dry) F(dzs)
[Z|"exp | —5 |z|
1 1 R2d 21+« 1| aray 1l perey

T l+a (I+ap / exp(l o |:z|2> Fldz) _Fldws)
2 21+a [N PUTEDR TN PUTED

/ |« [2S[F)(x) de (4.11)
Rd

Our ultimate goal is to bound the second term in (4.11]). To this end, we provide a lower bound for the
denominator and an upper bound for the numerator in two separate steps.



20 VINCENT CALVEZ, THOMAS LEPOUTRE, AND DAVID POYATO

e STEP 1: Consider an arbitrary R; € R’} to be determined later. Then, we obtain

1 F(d F(d
[ ew (— o :c|2> (dr)) _F(dry)
R2d 21+« IE' ]| peray 1Nl A rey
1 F F
> / exp <— a |:1:|2> (z1) (z2) dxy dxy

|7|<Ri 21+« 1] L1 ey 1F Nl o ey

1 F(d F(d
AT Ay i
21+a 2> I ameay 1F me

1 1 F(d
> exp (—aR%) (1 - —2/ x|2(x)) .
214+« 2R1 Rd HFHM(R‘{)

e STEP 2: Consider an arbitrary Ry € R’} to be determined later. Then, we obtain

| F(de)) F(d
/ |Z|? exp < - |§7|2> = ) __ I + I,
Roa 21+a " ) | Fllmes 1 Fllmes

(4.12)

where each term reads

1 F(d F(d
n ::/ |Z|? exp (— < |x2> (da1) (daz) ,
|7]< Ro 21+« I F Nl mey 1F | may

1 F(d F(d
I ::/ |1_7|2exp( |Z 2) (dz) (dz2) .
|Z|>Ro 21+a I E N pqray 1] mrey

On the one hand, the first term can be readily estimated by
1 F(d F(d
I < Rg/ exp (— a x|2> (dr1) _Fdrs) (4.13)
R2d 21+a [Fl| pmeray 1l mcray

On the other hand, the second term can be estimated by

21 1-—- F(d F(d
I2 < — +a/ exp <_,y @ x|2> ( xl) ( 552)
|Z|> R 2

T ey « 1+« F F ,
271 1 I1F' ]| peray 1l A (rey (4.14)
<2 +aexp( 1-9 «a R%),
ey « 2 14+a
for any v € (0, 1), where we have used the straightforward inequality
7"26Xp 1_a 2 gzl—’_aexp —71_7 a 2 ,
21+« ey «o 2 14+«
for any r € Ry with r = |z|.
e STEP 3: Putting (4.12), (4.13) and (4.14) into (4.11)) yields
5 1 R} 2 14 a P <2 1+aR2) €xXp (_%mR2>
MS _1+a+(1+a)2+67 a 1— 2 F(dz) ’
ﬁ f]Rd |J)| ”FHM(]Rd)
for any Ri, Ry € R and v € (0,1). We set the values
1 d R?
Bt [t T
2(1-19) Jr IF | mczey” 1—x
with v, € (0,1). Then, we obtain
1 2 1+a 1 F(dz)
2 2
z|*S[F)(z) dx < + — + / | ————,
Rd| "SIF)) “1l+a eyd «a 21 =6)(1 —9)(1 4+ «)? d| | ||F||M(Rd)
thus ending the proof by the arbitrariness of v,d € (0, 1). |

By iteration, we then obtain the following contractivity of the variance of generic solutions of (1.1)).

Corollary 4.6 (Propagation of quadratic moments). Assume that a € R, set any parameter n €
(m, 1) and consider the solution {Fy,}nen of (L)) issued at a generic initial datum Fy € M (R?)
with [pa |z|*Fo(dx) < co. Then, there exists M = M (o, n) such that
F, M Fold
[P < [ ol
[ Fnll L (ray 1- 77 [ Foll pmray’
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for any n € N.

Let us note that, on the one hand the factor ™ makes the dependence on the variance of the initial
datum Fj negligible as the amount of generations increases. On the other hand, the constant M does not
depend on the chosen initial profile Fyy. This is compatible with our ergodicity property in Theorem [I.1

Lemma 4.7 (Control of exponential moments). Assume that o € RY, set ¢ € RY so that ¢ < § and any

parameter x > ﬁm Then, there exists a constant C = C(a,e,x) such that

/Rd 7 S[F)(2) dz < C {1 +exp (X /R w%) } ,

for any measure F € M, (R).

Proof. Since G is a Gaussian function given by (1.4)) and m is a quadratic function given by (1.5]), then
we can compute explicitly the integrals with respect to = in the numerator and denominator like in the
proof of Lemma [4.5( and we obtain

» / exp (1 a— 2 |j|2> F(dz1) F(dz2)
/ esleS[F](l‘) do — < 1+« ) / R2d 214+ a—2¢ ||F||M(Rd) ||FHM(Rd) (4.15)
R4

l1+a—2 / < I a 2) F(dey) Fldes) -
exp | —z |Z|
g2 21+a [ PUTEDR (78 PUTET)

where T = “"1;22 . Again, we provide bounds for the numerator and denominator in (4.15). Regarding the

denominator, we recover estimate (4.12)) for any R; € R* . Thus, we focus on the bound of the numerator

/ exp (_1 a— 2 |x2> F(dz1) F(dzs) L4
R2d 21+ a—2¢ 1| preay 1 (| aemeay ’

where each term reads

1 a—2 o\ F(dry) F(dzo)
I = exp | —5 |Z| ;
|| <R» 21+a—2 1| merey 1 F N mray

1 a—2 o\ F(dry) F(dzo)
I := exp | —= || )
|2]> Ro 21+ a—2 IE N pmeey 1 F Nl mey

On the one hand, note that

I <exp (ER%> / exp (—1 a |x|2) Pldey) _Fdrs) (4.16)
- (1+Ot—2€)2 R2d 214+« HFHM(Rd) ||F||M(Rd)’

where we have used the mean value theorem applied to the function r € R 17’? to derive the relation

« a— 2¢ < 2e
1+a 1+a—-2 " (1+a—28)2

1 a—2e

Putting (4.12)), (4.16)) and (4.17) into (4.15)) we obtain

2 l+a \%? eR3 exp (_% 14?;3525]{%) exp (% 1$alz%)
clzl* QI p de < [ ———
e [F](z)dx < exp 5 Fda)
R 1+a—2¢ (14+a—2¢) lfﬁfﬂgdeix

”F”M(Rd)
for any Ri, Ry € R7. As in the proof of Lemma we choose them as follows

1 F(dx) a l4+a—2
R2 _ 2 R2 _ R2
L7201 -9) /Rd | |1 F[| pray’ 27 14a a—2 Y

where § € (0,1). Then, we obtain
/ ealmle[F](x) dx
R4

1+a 42 o € 1 / 5 F(dz)
< < +exp ‘.’t| )
1+a—2¢ ) l+a(l+a—2e)(a—2¢)2(1 —0) Jpa 1] Ay

and we end the proof by arbitrariness of 6 € (0, 1). O

On the other hand,
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Therefore, small exponential moments can be controlled by quadratic moments. We can then couple
Lemma, and Corollary to obtain the propagation of exponential moments in the time-discrete

problem (1.1)).

Corollary 4.8 (Propagation of exponential moments). Assume that o € R, sete € R withe < § and
any parameter 1 € (m, ) Consider the solution {Fy, }nen of (1.1)) issued at a generic initial datum
Fy € M (R?) with [5, |z[*Fy(dx) < co. Then, there exist C = C(a,e,n) and C' = C'(a,e,n) such that

/ €6|w\2 ( ) dox < C{1+exp (O/ (1 +77nfl/' |’I“2 FO(dx) >)},
Ré 1l L1 (e R || Follpmray

for any n € N.

5. REFORMULATING THE RECURSION

In this section we find an appropriate reformulation of the recursion for the solutions {F, },en of the
time-discrete problem , as already discussed in Section Note that by iterating 7 n-times we
find that F), depends on the initial datum Fy € M (R?) via a high-dimensional integral parametrized by
variables indexed on the binary tree T (representing the traits of the ancestors in the pedigree chart).
Specifically, for any initial datum Fy € M (R?) we obtain:

o Iteration I:
By the explicit definition of 7 in (1.2]) we readily obtain

Fl(x) = é/ eim(w)G (,CL' — 7 +x2) F()(xl)Fo(fEQ) dxq, (51)
1Foll meray Jrea 2

where we denote x; = (21, 22) € R?%.

o Iteration 2:
By (5.1) with Fy replaced by Fy and using Fy = T[Fp] in the right hand side we get

1 / _ I1+LI}2
Folg) — o= (m@)+m(@)+m(e) <I)
A TV P Yy )

+ +
X G (xl - 55'1123712) G (LUQ — W) Fo(:L'u)Fo(xlg)Fo(xgl)Fo(.’Egg) dXQ, (52)

where we denote x93 = (171,.I2,$11, 1712,1‘21,$22) S RS,

o Iteration n € N:

By a clear inductive process, we can iterate the operator 7 as many times n € N as needed to recover an
explicit dependence of F), on the initial datum Fy. Of course, this generates a high-dimensional integral
involving 2(2™ — 1) variables that we can label along the vertices of the perfect binary tree T" according
to the universal address system notation in Section Namely, we obtain

1
Fo(z) = - Py p—
§ e (P

L1(R%)

x/ I exp | — Z m(z;) H G( il ;x12) H Fo(z;) dxy, (5.3)
RQ 2m—1

=n

ieT ieL™

where we have used the tree-indexed notation x,, = (xi)ieTg € R2(2"-1d i Remark and zg := .

The ultimate goal of this section is to find a suitable change of variables as discussed in Section
We shall see that the effect of such a change of variable on the above high-dimensional integral in
will reveal that actual dependence of {F}, },en on the shape of Fj. We will see that such a dependence is
indeed weak and the initial datum is rapidly “forgotten” across the different levels of the tree T™. This
ergodicity property will be crucial in our analysis and will be exploited later in Section [f] to derive our
main result in Theorem [L1]
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5.1. A change of variables across the binary tree. The goal of this section is to appropriately
reformulate the high-dimensional integral by exploiting the special form of the Gaussian mixing
kernel G in and the quadratic selection function m in . Namely, we shall derive a suitable
change of variables according to a n-step backwards process starting at the leaf variables x; with j € L"
and ending at the root variable xy = x. More specifically, at each level m in the tree we shall change
the reference frame of the variables z; indexed with 7 € L}, so that the quadratic form involving those
variables in the exponential of gets appropriately centered at its minimum. By doing so we find
that the minimum is located at a contracted value of the variable z.;) € Ly, ; at the level m — 1 below,
which is indexed by its children c(7) in the binary tree (recall notation in Section . By appropriately
propagating the backwards process across the tree, and by tracking the accumulated contraction of
variables, we shall see that the eventual dependence on the root variable x is weakly gradually forgotten
as n — oo. This suggests an apparent form of ergodicity, which we will be crucial later in Section [6]

First, for the sake of clarity, we illustrate our method in the simpler case n = 2. Later, we address the
general case with n > 2 driven by the same strategy. As proposed in Section we define the following
choice for the rescaled profiles that will be used along the change of variables. We recall that the term
e™ is not mandatory but it is convenient for an easier sorting of the various terms.

Definition 5.1 (Rescaled distributions). Consider any F € M (R?). Then, we define

, T eR?
Fo(x)

F(dx) :=e™

By substituting (1.4) and (1.5 into (5.1)) and writting the integral in the right hand side in terms of
the rescaled function Fj in Definition we obtain that

1 1
(e™Fy)(x) =
(2m)3472 (4m)2 | E1 | o sy [ Fo g
2
o 1 r1t+x
x / exp <2(|x1|2 +leal®) = 3 ‘“ T )
6d
R (5.4)
1 T11 + Z12 ! T21 + 22 i
TPl T T Ty T T T
2 2 2 2

a _ _
X exp (—700%11\2 + |z12]? + |z21|® + |3322\2)) Fo(z11) Fo(w12) Fo(wa1) Fo(z22) dxa.

Here, the parameter og € RY has been defined by

so that quadratic terms in the last line of correct the rescaling Fyy of Fy. The new formulation will be
obtained by an appropriate change of variables, so that the quadratic forms inside the above exponential
get appropriately centered. To do so, notice that this formula involves as many variables x; as indices
i in the perfect binary tree T2. Indeed, we have sorted the different terms in in such a way that
the second line only involves variables x1 and zo in the first level Lf of the tree, whilst the third and the
fourth line contain the terms involving the variables x11, 12, 21 and xas in the second level of the tree
L2 (i.e., the leaves L?). We will divide the method into two steps. First, we will address the change of
the variables indexed by the leaves L?. Second, we will address the corresponding change of the variables
indexed by the first level of the tree L2.

e STEP 1: Change of variables for x11, x12, 21 and xas.
Consider some coefficient k7 > 0 to be determined later and define the change of variables x11 — y11,
T12 — Y12, T21 — Yo1 and Taa — Yoo given by

211 = k121 + Y11, 12 = k121 + Y12,

To1 = k122 + o1, Tog = k122 + Y12
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On the one hand, using the change of variables in the terms inside the exponential of (5.4)) which involve
r11 and 12, we obtain

2
_ T11+ T2

oY 2 Qo 2, 1
5 |z11]” + 5 |z12]” + ‘301 5

2

2
Y11ty

Qg 9 Qo 5 1
— QO a0, Sl -k
2| 11 +yi|© + 5 |k121 + y12] +2‘( 1)Z1 5

1 le" « 1
=3 (20407@% +(1- k1)2) 21 |* + ?O|y11|2 + 70\2912\2 + §|y11 + y12]?

1—-k& 1—k
+ (Oéo]ﬁ - 21> 1y + (Olo/ﬁ - 21) 1 Y12

On the other hand, using the change of variables in the terms which involve x5, and xs2, we get

2
21+ T2z

Xro B

G n G0 o 1
2|1U21|+2|x22\+2

2
Y21t Y22

o « 1
:20|/f1962+11212+;k1$2+y22|2+2‘(1—k1)$2 5

1 « « 1
=3 (200k7 + (1 — k1)?) |z2f* + 70|y21|2 + 70\3/22\2 + §|y21 + Yoo?

1-k 1—k
+ (Oéokl— 3 1>$2'y21+ <040/€1— 5 1)x2~y22.

Notice that one can eliminate the crossed terms in both expressions by choosing

1 1

ki := = .
"T1+20 2(1+a)

In that case, adding both terms we obtain that

2
21+ T2z
2

2
11+ T2

2 2

1
%|$11|2+%|$12|2+* ‘3’31 5

« o 1
+ 70|I21|2 + ?0|51722|2 + = ‘IQ

1 1 1
1—k 2 - 2 - 2 - o 2
( D]z + ey lyi1|* + 1er ly12] 8|y11 Y12|

+

AU Rl ORI

1 1 1
1—-% 2y - 24— 2_C — 2
( 1)|ZE2| Ak \yzl\ 4k1|y22| 8|y21 y22|

Putting everything together into (5.4) yields

1 1 1

e Fy)(x) =
(" 12)(@) = G572 )2 [l e 1 Fo

e

2
« 1
oo <_;<$12+|x2|2) 3 )
R6d
(5.5)

1 1
X exp (_4k1(y“2 + Jyi2? + ly2i|* + |y22]?) + §(|y11 —y12|” + y21 — 9222)>

1+ T2
2

X Fo(k‘lﬂh + Z/n)Fo(kll"l + ylz)po(lﬁxz + yzl)Fo(kN?Q + y22)
x dxy dxg dyr1 dyia dyoq dyaa,

where the parameter a; € R has been defined by
ar:=1—k + q,

in order to recombine the initial terms in the second line of ([5.4) involving variables indexed by the first
level L% with the new remainders that have appeared from the previous step.

e STEP 2: Change of variables for x; and x5.
Consider some coefficient k3 > 0 to be determined later and define the change of variables 1 — y; and
To9 — Yo given by

r1 =kox +y1, T2 = kox + yo.
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This time, using the change of variables in the terms of the exponential in the second line of (5.5)) yields

2
WP g2 L] - T
2\:1:1| + 2|4132| —|—2‘x 5
2
« o 1 +
::Eﬂbx+mﬁ+~§MﬂHﬂM2+§(1—kﬁx—g%j%

« « 1
(2041]9% + (1 - k2)2) |$‘2 + 71\311|2 + ?1|y2\2 + §|y1 + y2|2

1—-k 1-k
+<a1k2 5 2>I'yl+(a1k2 9 2>x~y2.

Again, we can cancel the crossed term by choosing
1 1

[N

ko = = .
> 1420 3+2a-—2k
Namely, we obtain that
2
e TN LI R Sk
y [+ Sl gl 2

1

1 1 1
— 01—k 2 2 2L a2
(= k)l el ™+ el = glon = o

Then, putting everything together into ([5.5)) yields

1 1 1 71+a—k2‘z|2
2

F =
2(%) = Gy (a2 [ s oy [ oo

B

1 2 2 1 9
>< T — J—
/Rwexp< Ty (lyal? + y2|?) + 8|y1 s )

5.6)
1 1 (
X exp <4k‘1(|y11|2 + |y12? + |y21|* + \y22\2) + §(|y11 —y12|® + Y21 — y22|2)>
X Fo(klkzl” + kwyr + yn)po(klkzl” + kiy1 + y12)
x Fo(kikox 4 k1yz + y21) Fo(k1kom + k1ya + ya2) dyo,
where we denote again y, = (y1, Y2, Y11, Y12, Y21, Y22) € RO,

Before stating the main result for general n € N, we collect some natural notation according to the
preceding computations, that will be useful here on. First, we define the following sequences of coefficients.

Definition 5.2 (Coefficients). Consider any o € R..
(1) The coefficients {ky}nen are defined by the recursive formula

1
kl e o rua
2(1+a)’
1 (5.7)
kp = ———— > 2.
" S sa k., 1TE
(2) The coefficients {kn}nen are defined by the recursive formula
Ko =1,
’ (5.8)

bkp =k - kn, forn>1.

We note that for n = 2 the above coefficients k1, ko reduce to those appearing in the previous refor-
mulation (5.6 of the recursion. Since it will be used later, we study the asymptotic behavior of such
sequences of coefficients as n — oco.

Lemma 5.3 (Asymptotic behavior of the coefficients). Consider the sequences {kn}nen and {kp}nen in
Definition[5.4 Then, the following properties hold true:

(1) (Coefficients k) The coefficients {kn }nen are positive numbers and k., \, ko asn — 0o, where
ko € R is the smallest root of the equation
1

7:’6&' .
3+ 2a -2k, (5.9)
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Specifically, ko is given explicitly by formula (1.14) and it is related to the coefficient v, in
formula (3.8) of Lemma by 1o = 2k>. In addition,

kp — ko <Cr 1 (5.10)

for every n € N, where v, is and C' € RY. depends only on a.
(2) (Coefficients k,) The coefficients {kn tnen are positive numbers and decay geometrically with
mazimal rate kq. Specifically, for every e € RY there exists C, € R such that

K < Ce(ke +€)", (5.11)
for every n € N.

Proof. On the one hand, the properties of {k,, }nen readily follow from those of {k;, }nen and the relation
(5.8) in Definition Specifically, for any given ¢ € N and any n > ¢ we get the decomposition

q n
k{ ki
Fin = (H k:m) ( 11 km> < Kk = kT;kQH < g (Cri k)"
m=0 q

m=q+1 gt+1

Therefore, taking ¢ sufficiently large so that C'rZ*! < ¢ we conclude (5.11). We then focus on the
properties of {k, }nen and we use a similar strategy like in Lemma

e STEP 1: Monotone convergence of {ky }nen.
Define the following function

me(foo,§+a).

f@) = 5o ;

T 3+ 20 -2z
Then, by {kn}nen obeys the following recursive relation
kn = f(kn-1), n>1
Let us consider the fixed points z_ < x4 of f, i.e,
(3+2a) £ /(34 2a)? -8
1 .
By inspection, it is clear that 0 < k, = 2_ < x4 < % + o and

o < flz) <z, fze(r_,zq),

where k,, is given in . Since k1 € (z_,x), then we conclude that {k;, }ren is a well defined, positive
and monotonically decreasing sequence contained in the compact interval [z_,z;]. Therefore, it must
converge towards some limit ¢, which is a solution of f(x) =z i.e., £ € {x_, x4 }. Since the full sequence
{kn}nen is below x4 and decreasing, we then conclude that £ = z_ = k,. In particular, we obtain

ka < kn < kla (512)
for any n € N.

e STEP 2: Convergence rates.
As for Lemma we shall use the special algebraic structure of the function f, which is the restriction
to (— 00,3 4+ a) of the Mobius function M : R\ {2 4+ a} — R given by
1 3
M) =———— R\ {2 .
@)= 30 a0 "€ \{2 +O‘}
By definition of {k, }nen in (5.7) we obtain
1 1 2

= J— — k _ _ )
X4 3+ 2a — 2k,—1 34+ 2a— 224 (3.,.20[_2]{”71)(3_'_204_214)( n—1 l‘+)

ky, —

Similarly, we obtain

kp —x_ = ! - ! = 2 (kp—1 —x-)
T T 3% 202k, 3+20—22. (3+20—2k,1)B3+2a—2z_) "t TS
By dividing both expressions and iterating such an identity we get
kn — 2 2a — 22, \"" "k —a_
To _ (3207 2w N kimzo (5.13)
kn — x4 3+ 20 — 2x_ ki — x4
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111 112 121 122 211 212 221 222

\/ \/ \/ \/
\/ \/

\/

0

FIGURE 5. Unique path joining the leaf j = 121 to the root in the perfect binary tree T?.
The corresponding lineage map takes the form ®!2!(x;y3) = k3 + Koy1 + K1y12 + Y121-

for every n € N. In fact, the basis can be restated as follows
3+20 -2z, 3+2a—4/(3+20)2-8 8

3+20—2r- 34204 ,/B3+20)2-8 (3+2a++/(3+2a)% - 8)?
where 7, is determined by (3.8) in Lemma Therefore, using (5.12)) and (5.13) we conclude that
ki —xz_ ki —x_

b~k = T (o — k) TR S ey )

=ry <1,

for any n € N, thus ending the proof. |

Definition 5.4 (Quadratic forms). Consider the sequence {k}nen in Definition[5.3 Then, we define
the quadratic form Q, = Qn(yn) by

1 n_
: Z Z <4k y11\2 + |Z/i2|2) - §|yi1 - yi2|2) » Yo € R(" =D, (5.14)

m=01i€eLl,

where we are using the tree-indexed notation y, = (yi)icTr € R22"=D4 in Remark .

Again, note that when n = 2 the above quadratic form Q2(y5) reduces to the one inside the exponential
of (5.6). We now show the following uniform control of the quadratic forms Q,, as n — oo.

Lemma 5.5 (Uniform positive definite quadratic forms). Consider the quadratic form Q, = Qn(y,,) in
Definition [5.4] and define the couple of coefficients Bumin, fmax € R} by

14+ 2a 1

Bmin = 4 5 Bmax = 4ka7

where kg, is given by formula (1.14]). Then, we obtain that

ﬂmin” Yn ||2 S Qn(yn) S Bmax” Yn ||25
where we are using the tree-indexed notation y, = (y;)ictr € R2C"=1d i Remark .

Proof. By virtue of Young’s inequality, we obtain the following lower and upper bound for @,

)IDDRTCLEREY [N SAMCEINAED 3) Do

m=0iel?, m=04€elL?,

2)’

for every y, = (yi)ietr € R?2"~D4_ Then, the result follows from Lemma which guarantees the
uniform control k., < kp—n < k1 for every m=0,...,n— 1. O

Definition 5.6 (Lineage maps). We define the lineage maps ®) = ®J (x;y,) associated to the leave
j € L™ (see Figure[d) as follows

n—1

I (z;y,) = Knz + Z KmYem(j), Yn € R2(2"-1d, (5.15)

m=0
where x € RY represents the root value, y, = (y;)ietr € R~V is represented according to the tree-

indexed notation in Remark the sequence {kn}nen is given in Deﬁnition Qandc: T — T" is the
map in Sectzon that, to any vertex i € T}, it associates its child c(i) € T"
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We are now ready to state the main result of this section extending formula (5.6) to any n € N. The
starting point is again formula (5.3)). In the particular case of Gaussian mixing kernel (1.4]) and quadratic
selection function (|1.5)), it takes the explicit form

1 1 1
(e™Fn)(z) = g o oy
(2 ) (27—1)d/2 (47T)2 d H ||F ”%1 &)
2
_ QX 2 4 g [2) 4 & [, — FiLE Ti2
: /Rm,l)d o ; g ([l lraa) 5 o == ]
i€

1 _
xexp | — Z BNk H Fo(zj)dx,, (5.16)
jeLn jeLn

for any z € R? and n € N, where we have used the tree-indexed notation x,, = (z;);etn € R2(2"—1)d

in Remark [3.1] . we have set 7y := x and we have considered the rescaled distribution Fy according to
Deﬁnltlonn Again, notice that the exponential terms indexed by the leaves L™ in the last line of -
have been introduced to appropriately correct the rescaled distribution Fy of Fyy. As a consequence, the
factor (4m)~2" ' arises from the normalization by F (z;) whilst the factor (27)~(2"~D4/2 comes from
the repeated products of the Gaussian mixing kernel G. The main result then reads as follows

Proposition 5.7 (Reformulation of the iterations I). Assume that o € Ry and set any initial datum
Fy € M (RY). Hence, the solution {F,}nen to the time-discrete problem (1.1)) admits the following form

71+(x—kn 2
e | 1

En e~ @) T Fo( dyn, (5.17
) = e T Lo, I ut@hiosya v 517

for every x € R? and n € N, where we are using the tree-indeved notation y, = (Yi)ieTn € R2(2"=Dd jp

Remark along with further notation from Definitions and[5.6

As we anticipated for the particular case n = 2 at the beginning of this section, the proof of Proposition
will be based on the following change of variables

it = knomTi + Y1,  Tiz = knomTi + Yio,

for every i € L], , which we will apply in a backwards way starting at indices ¢ € L], _; and ending at ¢ = (.
Again, the objective of such a change of variables is to appropriately move the reference frame so that the
above quadratic forms % T — %ﬂ % inside the exponential of get appropriately centered and
no crossed terms remain when the selection parts $(|z;1|* 4 |42|*) are taken into account. For simplicity,
along the proof we shall restrict to tracking how the various terms inside the exponentials in get

modified after the change of variables.

Proof of Proposition [5.7.

e STEP 1: Change of variables ;1 — y;1 and x;3 — y;2 fori € L., .
We consider the change of variables given by

Ti1 = kixi + yin, T2 = ki + Yo,
where k; is given by Definition The collection of all the terms for ¢ € L, _; in (5.16) then read

2
Q0 00 o, 1| mat s
9 |(,C21| + 2 ‘xz2| +2 Ty 9
2
1 i1+ Yi
= *|k1$z +yirl® + 7“{;11‘2 + yio|* + ‘(1 — ki) %

1 o « 1
=3 (2aokf +(1— k1)2) || * + 70|yz'1|2 =+ 70|y12|2 + §|yi1 + yio|?
1—-% 1-%
+<ao/€1— 5 l)xz"yu-i-(aok?l— 7 1)1’1"3/1'2

(Y « 1
= = (2a0k? + (1 — k1)?) |z > + 70|yi1|2 + 7O|yi2|2 + §|yi1 + Yia|?

— N =

1 1 1
= (1= k)il + —yar|* + —lyizl®* — Zlyir — yazl?
( 1)zl +4k1|yl\ +4k1|y2\ 8|yl Yiz|”,

[\



ERGODICITY OF THE FISHER INFINITESIMAL MODEL WITH QUADRATIC SELECTION 29

where we have defined the coefficient ag € R by
oy =a+ -,
0 + 5
to recombine terms in the second and third lines of (5.16), and we have used the following relation
between k; and g in order to cancel the crossed terms, i.e.,

1

ki = .
! 1+20{0

e STEP 2: Change of variables ;1 — y;1 and x5 — y;2 for i € L], _,.
Again, we consider the change of variables given by
Ty = koxi + yi1,  Tio = kaxi + yio,

where ko is given by Definition Putting together the terms for ¢ € L) _, in (5.16) and the above
z;-dependent remainder in the above expression in STEP 1 yields the following term under the above
change of variables

2
a2+ Dl 4 & |y — T T2
2 |-'L'11‘ + D) ‘$12| —|—2 T; 5
2
1o o ) .
:21|k2xi+yi12+21k2x"+yi2|2+2‘(1—k’2)$i—y112y12

1 « « 1
=3 (2041k§ + (1 - k2)2) || + 71|yz'1\2 =+ 71\%2|2 + §|yi1 + yiz)?

1—k 1-—k&
+<a1k;2— 5 2>$i'yi1+<a1k2— 5 2)%"%‘2

1 a « 1

=3 (201 k3 + (1 = k2)?) || + 71|yz‘1\2 + 71\%‘2|2 + §|yi1 + yio|?
1 1 1 1

= (1—-k% 12 12 4 o l? — s — yiol?
2( 2) il +4k2|y11\ +4k2|y12| 8|y11 izl

where we have defined again coefficient the oy € RY by

ay =14+ a—kq,

in order to absorb the above-mentioned x;-dependent remainder. In addition, note that we have used
again the following relation between ko and «; to cancel the crossed term, i.e.,

1
1420y

k2

e STEP 3: Change of variables ;1 — y;1 and @ — y;2 for i € L], 5.
We consider the change of variables given by
xi1 = k3Ti + Yi1,
Tiz = k3xi + Yiz,
where ks is given by Definition Putting together the terms for ¢ € L, 4 in and the above

zi;-dependent remainder in the above expression in STEP 2 yields the following term under the above
change of variables

2
Q2 2 Q2 o LI Tt T
5 |zin]” + 5 | 2] —|—2 ;i 5
2
a @ 1 i1+ Yi
:22|k3$i+yi12+;k3$i+yi2|2+2‘(1—k‘3)$i_yl2y2

« « 1
(2a2k§ + (1 - k3)2) || * + 72|yi1\2 + 72\%‘2|2 + §|yi1 + yia|?

1—k 1-%&
+ (a2k3—23> i Y1 + <a2/€3— 5 3)%"%2

N =

« o 1
(2002k3 + (1 — k3)?) || * + 72|yi1\2 + 72\%2|2 + §|yi1 + yio|*

N =N =

1 1 1
1= kg)lzil” + —lyar|* + —lyizl® — Zlyin — vazl?
(L= ko)lzal™ + -lyanl™ + lvel” = glyia = il
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where we have defined again coefficient the ap € R*.
g 1= 1 + o — kg,
in order to absorb the above-mentioned z;-dependent remainder. In addition, note that we have used
again the following relation between k3 and as to cancel the crossed term, i.e.,
1
1+ 20[2 ’

Following a similar recursive process, we readily identify the quadratic form @),, in Definition in the
exponential of the integrand in the final expression ([5.17]).

ks =

e STEP 4: Identifying the lineage maps ®/, and the exponential factor.
On the one hand, the hierarchy of changes of variables immediately leads to

Tj = (b-’zl(x; Yn)7

for any leaf j € L™, thanks to Definition [5.2]for the coefficients {x, }en and Definition [5.6|for the lineage
maps ®7 . On the other hand, since the Jacobian determinant of each change of variables is 1, no further
factors appear during the iterative process except for the exponential x-dependent remainder e~ hep fa)?

of the last step of the recurrence, which is not absorbed in the quadratic form @,,. O

5.2. Probabilistic reinterpretation. For general purposes, in this part we reformulate the result in
Proposition [5.7] in appropriate probabilistic terms. We shall use the following notation.

Definition 5.8 (High-dimensional normal distributions). Consider any integer n € N and

2 —kp—m)kn—m K2,
: 1—k focn, T ey
mo.__ - hm—m - hn—m
= B g2 , (2 — kn—m)kn—ml ) (5.18)
[ a— 1= bpm  °
for everym =0,...,n — 1. Then, we will define the random vector Y, = (Y;)ietn distributed according

to the following multivariate normal distribution

1 m Yi n__
exp (3B aBEN (1)), ya e RV (59

' WHOZE 27) \/det (xm)

where again we are using the tree-indexed notation y, = (y;)ietn € R2(" =D jn Remark .

Notice that for every index i € L', with m = 0,...,n — 1 the pair (Y;,Y;2) is normally distributed
according to N'(0,2X™) and Y;; and Yy are certainly correlated. Nevertheless, the vector (Y;1,Y;2) is
independent on any other random vector Y; for indices j # i1 and j # 72. We are now ready to introduce
the following probabilistic reformulation of Proposition [5.7]

Proposition 5.9 (Reformulation of the iterations II). Assume that o € R% and set any initial datum
Fy € M, (RY). Hence, the solution {F,}nen to the time-discrete problem (1.1)) admits the following form

—1

2 2Mm7d
,wa n—1 4k m
2 1-kpn_m

(& _ .
Fo(v) = ——5513 TR Ty p— Fo(®4,(z;Y )], (5.20)
" (27T)d/222 d 7nH:0 ||F'm,||%1 ]_éd) Jgn " "

for every x € R? and n € N, where we are using the high-dimensional random vector Y,, = (Yi)ictn in

Definition along with further notation from Definitions and [5.0
Proof. By Proposition we obtain

_ 1+a27kn |2|?

F.(z) =

1 ~ o
e [ et T] A@ieiy,) dy.

(47r)27l71d(27r)(2n,1)d/2 Hz—:lo ||Fm||L1(Rd) R2(2" —1)d jeln

2 2™ td
(27r)(2n_1)d/2 lta—k 2 nt (;ﬂ“]:—m )
_#M‘ n—m

= n Fy(®! 5 dyn,
(47-[-)2"*161 € H ||F ||L7; T—m /R?(?" 1)dG (yn) H 0( n(m yn)) y

m=0 (R4) N jeLn
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for every z € R? and each n € N, where in the last line we have used that the inverse and determinant
of the covariance matrices X7 in (5.18]) take the form

2— kn—m
—1 =1 AR2 d
R Cdan(p) = (o)
,[d n—m Id 1- knfm
4 4kp_m
Then, the result follows by applying the law of the unconscious statistician (LOTUS) to relate the
preceding integral to the expectation of the random variable [];¢ . Fo(®) (2;Y,)). O

Remark 5.10 (Non-negligible correlat1ons) Since Y, in Deﬁmtzon- 5.8 is normally distributed and the
lineage map ®J (x;y,,) in Deﬁmtzon | is an affine transformation of y,,, then (®J,(x;Y,))jer are also
normally distributed. In addition, since the components of Y, indexed by any couple of indices (i1,42)
are correlated so are all the components of (9 (x;Y)) jeLn. Specifically, a straightforward computation
shows that the covariance matrix between any couple (i,7) € L™ x L™ of components takes the form

= )k
(Z —q“ q“)Id, if i NGl =n,

=0 Q-‘rl

R il " Z K2(2—kq+1)kq+1 L.

f 0 <|iAj| <mn,
Kp— l[ing|— llfk' q lfkq-&-l Zf ‘Z .7| n

n=liAl g il

. K
( nll_k>ld7 Zf |Z/\j|:O
Here, |i A j| represents the level of the highest common descendant i \j of i and j (cf. Section . Note
that correlations only disappears for leaves (i,7) such that n—|i A j| — oo, that is, when the length of the
path from i (or j) to the highest common descendant i \ j diverges as the height n of the tree increases.
Unfortunately, correlations are non-negligible in all other cases even for n — oco. This imposes severe
problems when handling formula (5.20) since products and expectations cannot be interchanged.

6. UNIQUENESS OF EQUILIBRIA AND QUANTITATIVE ERGODICITY PROPERTY

In this part we shall prove our main results, namely, Theorem and Corollary First, we will
derive a local convergence result as n — oo of the profiles { F, } ,en solving with generic initial datum
Fy € M (R?) towards the Gaussian profile F, in (L.12). This weaker local analogue of Theorem
will be enough to derive the uniqueness of the solution (A, F,) of the eigenproblem in Corollary
Second, we will extend our local result into our main global result in Theorem [I.1I] by quantifying the
relaxation of the growth rate || F, || 1 (ray /|| Fr—1|| L1 () and the normalized profiles F}, /|| F, || 11 (ray towards
the unique solution (A,, F,) of the eigenproblem (1.11]). Our strategy will exploit the high-dimensional

iterative formula (|5.20]) in Proposition

6.1. Local convergence result. In this part we shall prove our local convergence result. To this end,
we will show that the dependency of the expectation term in (5.20) on the variable x decays to zero as
n — oo uniformly over compact sets. To simplify notation, we shall define the following operator.

Definition 6.1 (Expectation operators). Under the notation in Deﬁmtions and we define

EnlFl(z) :=E | [[ F(®)(x:Yn))|, =R’ (6.1)

JeLn
for any n € N and any non-negative measurable function F : R? — R.

Note that &,[F](z) possibly takes extended values in (—oo, +o00] if the expectation does not exist.
However, if F' is a bounded function (and it will be often the case), we obtain that &,[F](z) always
exists and is finite. The following technical lemma for the tail of the incomplete Gamma function will be
required later to determine the asymptotic behavior of the above operator &,.

Lemma 6.2. Consider the (upper) incomplete Gamma function with parameter a € R, i.e.,

+oo
I'(a,z) = / s le7®ds, xeRYL. (6.2)
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Then, the following estimate holds true

T(a+1,z) < 2e7%/2, (6.3)
for every x,a € RY wverifying the constraints
T
>e, 20< ——. 6.4
x>e a Toa() (6.4)
Proof. Let us restate the incomplete Gamma function as follows
+oo

M+ 1a)= [ exp(—u(s)s)ds,

x
where 1,(s) is the function

Ya(s) = 1— aloi(s), s> 0.

Notice that v, is monotonically increasing for s € [e, 00). Hence, we obtain that
1

%(S) > d)a(x) > 57

for every s > x, where we have used (6.4]) on each of the above inequalities. Consequently, we get

+oo
Ia+1,z) S/ e~ 2 ds,

x

and this ends the proof. O

Therefore, we obtain the following weak dependency of &,[F] on the variable z as n — oo.
Lemma 6.3 (Asymptotics of &,). Assume that o € R’ and consider any F € C*(R?) such that
0< F(x) <C,

(6.5)

|Viog F(x)| < D(1+ |z]|),

for every x € R and appropriate C,D € R* . Then, for every ¢ € RY, there exists a large enough
constant C. € R such that the following property holds true

|Vlog5n[F](x)| <C. ((2 k., _|_€)n + ('ra +8)"|x| 4 67(2+€e) eCE((27‘a +€)"|m\2) 7 (66)
for every x € R? and any n € N, where &, is the operator in Definition .
Proof. Before proving the main result, note that the hypothesis (6.5)) guarantee that F' is bounded below
by a Gaussian profile. Indeed, by the fundamental theorem of calculus we obtain the following relation

1
log F'(z) = log F(0) + / V(log F)(0x) - z db,
0
for any 2 € R?. Using the linear growth assumption in (6.5]) for the log-derivative V log F' we obtain that
1
D
log F(x) > log F(0) — Dla] / (1 + bla]) 8 > log F(0) — . — Dl
0
for any € R? where in the last inequality we have integrated with respect to # and we have used
Young’s inequality to interpolate |z| by |z|?. Therefore, we obtain the following Gaussian lower bound
F(z) > ce Pl#l*, (6.7)
for each z € R? and some ¢, 8 € R*. depending only on F(0) and D.
For simplicity of notation we define
E, =&, [F],
for any n € N. In the sequel, we shall study the behavior of Vlog E,, as n — oo.
e SteP 1: Control of 3, . \Cbﬁl(a:,yn)\

By definition (5.15) of the lineage map ®7,, we obtain that

n—1 n—1
Do RL@y )l = Y [Fae + D Amen (| < 2malzl Y w2 D luil,
jeLn jeLn m=0 m=0 icLn

n—m
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where we are using the tree-indexed notation y, = (y;)ict» € R2(2"=1d jp Remarkﬂ andc: T, — T
is defined in Section Note that in the last inequality we have used that each index of the level L], _ .
in the tree contributes to the amount of 2" leaves. Then, by the Cauchy—Schwarz inequality we obtain

n—1 1/2
Do @h(wsy,)] < 2%nle| + (Z 2"‘m<2mnm>2> Iy, |l < 2%kalz] + V222 y, |l (6.8)

JjeL™ m=0

for any y, € R*2"~Dd where in the last part we have used that

n—1 n—1 e
1 1
2n—m 2m m 2 < 2n < 2n < 2n+1.
mZ:O ( R ) = mZ:O 2m(1 T a)2m = mZ:() 2m(1 + Oé)2m =

e STEP 2: Derivative of log F,,.
Taking derivatives on ([6.1)), using the second property in (6.5) along with entails

E[(S)er 1V 10g F(@ (55 Y )] Tljern P9 Y )]
E [[Lerr F(®h(; Y.0)]
E[(Sen (04 193, YD) T F(®3 (3 Y0)] (6.9)
E [HjeL“ F(‘I’%(x;Yn))}
< 2%k + 2R2 || 4 2™ %K, Ry (2),

S Kn

for every x € R?, where the remainder R,, reads

) e o Y o T e F(@ (25 Y )|
() : E {H]EL” F(@%(z;Yn))}

, zeR%

This estimation provides a first insight about the ergodicity property. Indeed the correlations, as measured
by kn, decreases faster than 27" (¢f. Lemma , meaning that the contribution 2"k, decays fast to
zero. It is also the case of the other contributions, locally in x, but the last one, namely 2"/ 2k R (2),
requires more work. Consider any v/2 < ¢ < f%ka’ which exists because 2k, < 1 for o € R, and split

R, (z) = RL(x) + R2(x) in terms of the functions

1 ; _
R =y [ vl [ F@lGwy, e @0 dy,, (6.10)
(@) Jiy, 1<qn e
1 ; _
R =y [ vl [ F@lwiy, e @0 dy,, (6.11)
(@) Jiy, 1>qn e
and the normalization factor
Zn(z) = / I F(@)(a:y,))e 90 dy,,. (6.12)
R2(27"—1)d

jeLn

e STEP 3: Lower bound for Z,.
Using the above lower bound by a Gaussian in along with the upper bound for @,, in Lemma
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implies the following estimate of Z,, in (6.12):

Zn(fc)zcz"/z(z L, B @5 (2;y,)1* | exp(—Bumaxl ¥, [I?) dyn
eron 4
JjeLr

n _o2ntl, 2 2
S 2 2R Bl / exp (= (2" 728+ Buax) 1y |1°) dyn
R2(27"—1)d

2n+1 .2
211.6_2 n 2

+OO n
- ‘/ p2@T D=1 oy (—(2"+26 + Bmax)r2) dr
0

on _—92n+1,2 g2 ’ +oo
c e 82(2”—1)55—1‘/ $(2"=1)d—1,-s g
2(2n+2ﬁ + Bmax) (2n—1)d

82 6722714»1’{2 Bla|?

2(2n+2ﬁ + Bmax>(2n_1)d

where in the last step we have used the Gamma function, that is defined by

‘82(2"71)d71‘ r((2" — 1)d),

+o0
I'(a) = / s le7%ds, a>0.
0

Recall that area of the hypersphere is [S?7!| = ?’Edd/)z . Then, we obtain
B

c? 7T(2n71)d 92n+1, 2 2
- K, Blz
Zn(z) > @25 1 o) T T4 =1 (6.13)
for every = € R%.
e STEP 4: Upper bound for R} and R2.
On the one hand, notice that
Ry (z) < q", (6.14)

for all z € R? by definition of R in (6.10). On the other hand, using the lower bound of Q,, in Lemma
we can estimate R2 in (6.11]) by

2’".
R (@) < if / IyallZe el Iy,
Zn ( ) Sy, 1z

n n__ _ . 2
_ ’S2(2 —1)d— 1‘/ 2(2" ~1)d+1 ,—Buminr® g,
—+oo

(2n—1)d 1/
26 ) + Bming?"

min

C ’82(2" 1)d— 1‘ 2" =D)d =5 g

ann(x)
G2 DT (2~ )+ 1, ™
nﬂ(z —1)d+1Z (z) I'((2" —1)d) 7

min

(6.15)

for all 2 € R?, Where we have used again the incomplete Gamma function (6.2) in Lemma Putting

the lower estimate ) for Z,, into (6.15)) yields

et s O 2 4 Bg) VAT (21 = D+ 1, ing™)
i I'((2" —1)d) ’

min

Ri(2) <

(6.16)

for all + € R%. Now, take a = (2" — 1)d and = = Bmin¢®" and notice that the constraints (6.4) in Lemma
hold true for large enough n € N as long as we choose ¢ > v/2. Hence, we obtain the estimate

Bmin 21

(2" = 1)d+1, Bring”") < 27274

for all n > ny = 14 (Bmin, d, q). Using Stirling’s formula for the remaining Gamma function in (6.16)), we
conclude the estimate

R2 22n+1H2 YIE c?" (2”'1‘26 + Bia )(2"—1)d e_ﬁ’m%q%t .
"= 2n g(2n—1)d n @r—na’ (6.17)
q C 6m1n (2’” _ 1)1/2 (M)

for every x € R? and each n > n,.

e STEP 5: Final conclusion.
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Let us put the preceding estimates (6.14)) and (6.17) into to achieve
on

M n
\Vlog B, ()| < 2%k + 27/2¢" Ky, + 272 || + 2Bl (6.18)
e

Bmin gon
for every x € R? and each n > n., where M = M(C, ¢, B, Bmin, Bmax, d; q) is a universal constant that we
have introduced to absorb all the double exponential factors of the form a2 with @ > 0 in the fourth
term along with any further lower order factor. On the one hand, choosing ¢ > v/2 sufficiently close to
V2 and using in Lemma we obtain the following asymptotics for the factors in the first three

terms of :
2"k < Co(2kg +2)",
22"k < Co(2kq +€),
2n/€i < CE(Z(ka +5)2)n < Ce(Ta +€)n7
for arbitrarily small ¢ € R} and sufficiently large C. € R* . Note that in the last identity we have used
the relation r, = 2 ki On the other hand, since ¢ has been taken larger than v/2 and arbitrarily close to

V2, then the double exponential in the denominator of the last term in (6.18)) kills the double exponential
on the numerator independently on the explicit value of M. Therefore, we obtain

M?" _(etom
S Cs 6 € b

e anlin an

by appropriately increasing C. if necessary. Similarly, we infer the following control for the remaining
a-dependent exponential factor in the fourth term of (6.18)

622n+1:‘€iﬂ‘3)|2 S 605(4(ka +5)2)n|$‘2 S 605(27‘@ +5)n‘x|27
which yields the announced estimate (6.6)). O

Remark 6.4 (Local convergence). Under the assumptions in Lemma we obtain that
lim sup |Vlegé&,[F](z)| =0,

for any radius R € RY,.
Therefore, we arrive at the following local version of our main Theorem [1.1

Corollary 6.5 (Local convergence result). Assume that o € RY., set any initial datum Fy € M4 (R?)
and consider the solution {F,}ncn to the time-discrete problem (1.1). Then,

lim sup Fu(@) _Fa (2)
N0 14 |<R Fn(()) Fa(o)
for every R € R* | where F, is the Gaussian profile .
Proof. By formula in Proposition and Definition we obtain the following relation
Vieg F(z) = —(14+ a — ky)z + Vg £, [Fo)(z),

for any = € R? and every n € N. Using the mean value theorem we then achieve

=0, (6.19)

Fo(x) F.(z) _ ! 2
log 7, (0) log NO) 7/0 (Vlog F,)(0x) - x df + 20'g¢|x|
l+a—k ! - 1
- - 1 F . —|x|? 6.20
5 |96|+/0 Vlog En[Fo](0x) - wdb + 2ailﬂﬂ (6.20)

kn - ka 2 ! —
= T|x| + [ Vlegé&,[Fo](0z) - x do,
0

where we have used the relation 1/ 02 =1+ a — k,. On the one hand, the first term in the right hand
side of converges to zero thanks to Lemma On the other hand, for the second term we shall
apply Lemma To do so we need to guarantee that Fy verifies the hypothesis of such a lemma.
Although this is not true for generic initial data, note that after two iterations Fy already satisfies (6.5),,
thanks to Corollary Regarding (6.5), note that, unfortunately, only two iterations are not enough to
guarantee such a crucial boundedness hypothesis in general. However, again by Corollary recall that
1 1 1 2

Fn(2) < Ot (rta )

)
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for appropriate C,, € R’ and the sequence of variances {G2 }men verifying the recurrence (4.5) with
initial datum &2 = 1/a. Note then that

11 11 11\ _o2-2 m
ats-—m=(aty-gz) (g7 ) ST O

2 2 oz) o2 73

for any m € N, where we have used Lemma in the second term. Since o2 < 2 because a € R* (recall
Figure and 7, € (0,1) we then obtain that the above coefficient becomes negative if m > n,, for a
sufficiently large n,, > 2 (depending only on «). This justifies that F),_ satisfies both conditions in .
Hence, we shall actually assume that I already satisfies without loss of generality. Therefore, we
can apply Remarkwith F = Fy and obtain that V log &, [Fp] converges to zero uniformly over compact
sets. Consequently, taking limits in entails

Fy(z) 1 Fo(z)

lim sup —

0g
n—oo |, I<R F,(0) F,(0)
for any R € R*, thus proving (6.19)). O

Proof of Corollary[1.9. Let (A, F') be any solution of the eigenproblem (1.11). Then, the ansatz (1.10)
defines a solution F,, = A" F' of the time-discrete problem (1.1). By Corollary we obtain that

log =0,

Flz)  Fa(x)
wi<r | F(0)  Fa(0)|
for any R € R%.. Hence, F/F(0) = F,/ F,(0). Since both F' and F, are normalized distributions, we
conclude that F' = F, and thus A = A\,. O

Whilst the above local convergence result in Corollary is enough to identify asymptotically the pro-
file F, a global result with quantitative convergence rates is still missing. In addition, the identification
of the associated eigenvalue A, as a limiting quantity is not apparent via this method. In the following
section, we give an answer to both questions by better exploiting the previous fundamental Lemma 6.3
and using the propagation of quadratic and exponential moments in Section [£:2]

6.2. Global convergence result. Before proving our main result, we require a careful control of the
ratios F;,(0)/|| | p1(rey as n — oo. Indeed, if {F, }nen is the solution (3.4)) of the time-discrete problem
(1.1]) issued at a Gaussian initial data Fy like in Proposition [3.7] we obtain explicitly
F,(0) 1

) —@ 0) = Fo(0) = —————,

||Fn||L1(]Rd) Hmdi( ) U( ) (277_0.%()(1/2
as m — oo, where y,, and o2 are determined by the recursive relations (3.5) and we have used that p,, — 0
and 02 — o2 according to Lemma In the following lemma, we provide a similar quantitative result
with convergence rates for generic initial data Fy € M, (R?).

Lemma 6.6. Assume that o € R, set any initial datum Fy € M (RY) and consider the solution
{Fn}nen to the time-discrete problem (L.1). For any ¢ € R there exists C. € R sufficiently large with

F,(0) _ 1
||Fn||L1(Rd) (2m Ui)d/Q

< C((2ka)?® + )7, (6.21)

for any n € N.

Proof. Let us fix any e € R* arbitrarily small so that (2k,)*?® + ¢ < 1. Again, this is true because
2k, <1 for a € R%. For simplicity of notation, we shall define the following sequence of coefficients:

£, (0)

= WO L eN
1l £ (e

Cp :

Our goal then reduces to studying the asymptotic behavior of {c, },en and obtaining quantitative con-
vergence rates. By formula ([5.20]) in Proposition for the recursion, we obtain

i B fRd o reskn |:r\25n[ﬁb](x) dx B / o Lta—ky |52 En [Fg](x) dz + i F,(x) du
Cn &n [FO}(O) |z| <R, gn[FO](O) Cn J|z|>R, FnHLl(Rd) ’
where we set the sequence of radius {R,, },en as follows
1
R,=————, neN. (6.22)

(2ky)/3’
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By solving the implicit equation on ¢, we infer

1-E,
= , 6.23
@ (27_‘, Ug)d/Q + En ( )
for every n € N, where the error terms E, and E, = n,1 + En o+ E, 3 take the form
. F,
|z|>Rnp ”Fn”Ll(Rd)
=\ k. T \1ra—k. )
1+a—Fk, 1+a—k, (6.24)
E,2:= / e~ lal? dx,
lz|> R,
E,3:= / e~ fal? (aL[FO](x) — 1) dx.
|2|<Ry En[Fo](0)
On the one hand, the propagation of quadratic moments in Corollary entails
~ 1 F, (m) 1
E, < — 2"7 < < (2k,)25. 6.25
On the other hand, by Lemma we readily infer that Eml in ((6.24) can be estimated by
|En, (6.26)

By direct calculation we obtain
lta—kn d 1 —kn, __lda—ky _

where I'(a, ) denotes the 1ncomplete Gamma function and we have used estimate in Lemma
as the constraint is trivially satisfied by our choice (6.22)) since R,, — oco. Finally, recall that we
can assume that I satisfies the hypothesis in Lemma without loss of generality (cf. proof of
Corollary . Then, given any ¢’ € RY there exists a large enough C.» € R¥ so that

/O (Vlog £,)[Fo(6x) -z d6

< (2ka +&")" Ry + (1o +6')" R + ¢~ T Cor2rate "R R
2k, " T " (24H™ C, /<L‘l,+e>n 1
S e T\ eka)?B o
((21{2 )1/3 +€> =+ ((2]{2 )2/3 +5> +e e (2]@@)”/3
S (2ka)*? +)",
where in the third line we have taken ¢’ small enough compared with & and in the last line we have used

the relation r, = 2 ka, which guarantees that all the contributions in the third line are dominated by
the first term ((2kqo)%/3 + €)™, Therefore, the mean value theorem implies

En[Fo)(z) /1 > 2
T =1 = Viog &) (0z) -2 df | — 1] S ((2ka)*® + )™
S == [ (] (TrseA) @) -2 S (@Ko + o)
Hence, E2 in (6.24) can be controlled by
ain 2 | EnlF
|E3| = / o trerta oy | Enlhol(2) 1’ dz < ((2ka)*? + )™ (6.28)
o] <R En[F0](0)
Putting (6.26)), (6.27) and (6.28) together yields
|Enl S (2Ka)*? +€)". (6.29)
Thereby, using the mean value theorem on ([6.23)) along with the bounds (6.25)) and (6.29) concludes that
1
< 2/3 n
Cn — (27_‘_0_2)(1/2 NE +|E | (( ) +E) °

We are now ready to prove our main result.
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Proof of Theorem[1.1}

e STEP 1: Convergence of the profiles F, /|| Fy || L1 (ra)-
By definition of the relative entropy we obtain the decomposition:

F,
DkL (n
||Fn||L1(]Rd)

’ Fa) = Dn,l + Dn,27 (630)

where each factor takes the form

[ (o Fal®) _ Fa@Y Ful@)
Pui= | (1 ST, 0) 8 Fa<o>> Folloree,

F,
Dy, 2 :=log & —log F,(0).
1l L1 (re)

On the one hand, for D, ; we shall refine the argument in formula in the proof of Corollary
Specifically, recall again that we can assume that Fy satisfies the hypothesis (6.5) without loss of
generality (¢f. proof of Corollary . Then, applying Lemma in order to control V log &,[Fp] with
fixed e € R} and sufficiently large C, € R yields

F, (3;‘)
F.(0)  *®Fa(0)

< (2 k., +€)n|x| + ("“a _’_€)n|m|2 + 6_7(215) ’ecg(Zra +8)"|37|2|x|’

’log

for any x € R?. Integrating the previous inequality against F},/||F}|| L1(rd) and appropriately applying
Jensen’s inequality in the first term and the Cauchy—Schwarz inequality in the third term we obtain

P 1/2
|Dp1l S (2kq +e)™ (/ |x|2¢ da:)
Re || Fullprwe

F,
+(ra +€)”/ M G
re | Fnllprmey

1/2 1/2
+67% (/ 6205(2ra+6)n‘z|27F"(x) dx) / </ |x|27Fn(I) dﬂ??) / .
Rd | FnllL1 (ma) R || Fnllpi(re

Take n. € N sufficiently large so that

dx

sup 2C. (271, +e)" <

n>ne

| R

Then, Corollaries [4.6] and imply that the above quadratic and exponential moments are uniformly
bounded with respect to n for n > n.. Therefore,

IDuil S @ka+2)" + (ra o) +e 0 < (2ka o)™ (6.31)
On the other hand, by the mean value theorem and Lemma [6.0] yields
F,(0
Daal € |t~ Fa(0)| S (20 )" (6:32)
[E L1 (re)

Finally, putting (6.31)) and (6.32) into (6.30) ends this part of the proof.

e STEP 2: Convergence of the growth rates ||Fy |11 (ra)/|| Frn—1ll£1 (ra)-
Let us fix any ¢ € R arbitrarily small so that (2k,)*® + ¢ < 1. For simplicity of notation we shall
define the following sequence of coefficients:
[ Fnll s ey

Ap 1=

o S
1 Fn-1l L (e

Our goal then reduces to studying the asymptotic behavior of {\,},en and obtaining quantitative con-
vergence rates. By definition of operator T in ([1.2]) we obtain that

A :/ e—m@)/ G(x—x1+m2> Foa@) Faalea) 00
" g R2d 2 | Fr—1llr@ay 1Fn-1ll21 e

By direct computation of the integral with respect to z we find that

F,_ F,_
Ap = H(xl,l‘g) 1($1) 1($2)
R2d [ Fn—1llpr ey 1Fn-1llL1 (®ay

dxl diCQ, (633)
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where the function H(x1,x2) takes the form

xr1 + X9 2
2

H(xy,230) := W exp (ﬂza) > , (z1,22) €RY. (6.34)

In addition, recalling the explicit form of the eigen-pair (As, F) in (1.12)) implies

Aa = H(.’El,xg) Fa(l‘l)Fa(Qig) dml dSUQ. (635)
R2d

Therefore, taking the difference of (6.33]) and (6.35) and noticing that H in (6.34)) is bounded yields

F,
5 DKL ( Fa)a
L1(R24) HFHHLl(Rd)

for any n € N, where in the last inequality we have used Pinsker’s inequality. The result then follows
from the above explicit convergence rates of the normalized profiles I, /|| Fy,|| 11 (ray in STEP 1. O

msH Fn o In
IFnllLray — 1FnllLr(ray

[An — -F,QF,

7. NUMERICAL EXPERIMENTS

For our numerical simulation, we have restricted to one-dimensional traits (i.e., d = 1) and we have
considered a step function of the following form as initial datum:

_ 1
" Z

where Z € R is a normalizing factor so that Fy € P(R). Let {F,}nen be the solution to the time-
discrete problem starting at Fj. Our numerical simulation is performed with PYTHON on the finite
computation domain [—15,60] for the trait variable z, which contains the support of the previous initial
datum Fp and all the mass of each F),, (except for a negligible Gaussian tail). In our simulation, we set
Az = 0.001 as the step for the discretization of our computational domain. In particular, with such a
step we compute numerical integrals with respect to = according to the left rectangle rule.

In the following, we explore numerically two different scenarios: weak selection and strong selection.
Specifically, we obtain numerical approximations for the profiles F,, in both regimes and we illustrate
numerically the convergence of the growth rates || Fy,|| 11 (ray/|| Frn—1|L1(re) towards the eigenvalue A,, and
the relaxation of the normalized profiles F}, /| F,[| 11 (ra) towards the eigenfunction F',. As a consequence,
we derive numerical approximations of the convergence rates to be compared with the theoretical results
in this paper. More specifically, as discussed previously in Remark (see also Figure , we note that
the theoretical convergence rates in Theorem are unfortunately not sharp. Indeed, we actually attain
numerically the same convergence rates as in Corollary which were sharp for Gaussian initial data.

Fy (3017, _3) + 20 L [7.5,12.5) + 50 L[30,40) + 30 U525 57,5]), (7.1)

7.1. Weak selection. In this part, we consider a small value = 0.015. This leads to the following
numerical values of the features of the equilibrium:

Ao ~ 0.9857, o2 ~ 1.8897.

characterizing the eigenpair (A, F), according to and . Note that since the selection
parameter has been taken very small, then the eigenvalue and the variance of the eigenfunction are close
to those at linkage equilibrium, namely, Ag = 1 and o3 = 2 (see Remark and Figure [2)).

In Figure |§| we observe the relaxation of the normalized profiles F, /|| Fy |11 (ra) towards the eigenfunc-
tion F, along the time iterations n = 0,1,2,3,4,7,150. We remark on the strong contraction of the
variance during the first few iterations leading to a well-identified Gaussian-shaped profile at time n = 3.
At time n = 7 the variance of the profile is already close to that of the equilibrium F',, but its mean is still
substantially shifted to the right. Thereafter, we observe the gradual motion of the profiles towards the
left at a much lower speed. After 150 iterations, the approximate mean and variance of F, /||Fy[ 11 (ra)
are given by ~ 0.0474 and ~ 1.8897 respectively, where the latter agrees with the above exact value o2
up to 5 digits.

In Figure m we represent the convergence of the growth rates || F},| g1 (ga)/||Fr—1l/11(rey towards the
eigenvalue A,. After 150 iterations we obtain that the growth rate takes the approximate value ~~ 0.9857,
which again agrees with the exact value A, above up to 5 digits.

In Figure |8 we have represented the errors

F, Fr
[l ey 15 1 ey
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Time iteration: n = 0 Time iteration: n =1
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FIGURE 6. Relaxation of the normalized profiles 5, /|| Fy[| 11 (ra) towards the eigenfunc-
tion F, along the time iterations n = 0,1,2,3,4,7 and 150 for a step function as
initial datum and weak selection parameter @ = 0.015. The vertical dotted line repre-
sents the location of the mean of the equilibrium profile F',.

in semi-log plots so that the horizontal axis appears in the natural scale and represents each time iteration,
and the vertical axis contains the logarithm of the errors. As observed, both plots reduce to essentially
straight lines, suggesting exponential relaxation. Interestingly, the rate of convergence measured in Figure
is approximately 0.9442. It coincides numerically with the rate of relaxation among the subclass of
Gaussian solutions (see Corollary, namely, )\i ~ 0.9442, in contrast with the upper bound (2 k,)'/? ~
0.9905 obtained in Theorem|[I.1} These results are in perfect agreement with the other convergence results
in Figure the numerical rate of convergence in the Kullback-Leibler divergence is 0.9441, which is
close to the one among the class of Gaussian solutions )\i, and better than the upper bound obtained
in Theorem namely (2k,)?/® ~ 0.981. Moreover, the numerical rate of convergence of the variance
of the normalized profiles F}, /|| F}, || 1 (re) is much faster: it is approximately ~ 0.4721 < 0.5, again close
to the expected value for Gaussian solutions, namely, r, = 0.472. These numerical results illustrate the
two-step process arising in the relaxation dynamics: convergence towards a Gaussian profile occurs much
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F1GURE 8. Numerical computation of the rates of convergence of the growth rates and
the normalized profiles: (a) semi-log plot of the errors ™% .= ||| F,, || 1 /|| Fr—1llz1 — Aal,
and (b) semi-log plot of the errors eP*°f := Dyy, (F,/||Foullp: || Fa)-

faster than relaxation of the mean towards the origin due to (weak) selection. Alternatively speaking,
the equilibrium variance builds up much faster than the center of the distribution gets to the origin.

7.2. Strong selection. In this part, we consider a larger value of a. We opted for a = 0.4. Indeed, if «
is taken too large then there is no visual difference between the solution and the equilibrium configuration
after one single iteration. This time, the numerical values of the features of the equilibrium are:

Ao ~0.7944, o2 ~0.9221.

The latter substantially differs from the value at linkage equilibrium (i.e., o3 = 2). In Figure . we
note that the solution resembles a Gaussian distribution after a couple of iterations. After 15 iter-
ations we obtain that the normalized profile F),/|F}| ;1 (re) has approximate mean and variance re-
spectively given by ~ 0.0017 and ~ 0.9221. In Figure [Ob] we observe the convergence of the growth
rates || Fo |1 ray/ || Frn—1llp1(me) towards the eigenvalue A,. After 15 iterations the growth rate becomes
~ 0.7944, which again agrees with the exact value A, above up to 5 digits.

Similar computations as in the previous Figure [8] allow finding numerical approximations for the rate
of convergence of the growth rates and the normalized profiles. Specifically, we obtain an approximation
~ 0.3901 for the rate of convergence of the growth rates. Once again, such a value is close to rate of
relaxation among the subclass of Gaussian solutions, namely, )\i =~ 0.3983, in contrast with the upper
bound (2k,)'/? ~ 0.8578 obtained in Theorem Similarly, the numerical rate of convergence of the
Kullback-Leibler divergence is 0.3966, which is close to the one among the class of Gaussian solutions
)\i, and better than the upper bound obtained in Theorem namely (2 k:oé)z/3 ~ 0.7358.
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FIGURE 9. (a) Zoom near the origin of the relaxation of the normalized profiles
Fo/||Fnll1 ey towards the eigenfunction F, along the time iterations n = 0,1,2 and 15
for the step function as initial datum and strong selection parameter o = 0.4. The
vertical dotted line represents the location of the mean of the equilibrium profile F,.
(b) Relaxation of the growth rates || F}, || 1 (gay /|| Fn—1ll 11 (re) towards the eigenvalue A,.

8. CONCLUSIONS AND PERSPECTIVES

In this paper, we have proven asynchronous exponential growth in a quantitative genetics model for the
evolution of the distribution of traits in a population governed by sexual reproduction and multiplicative
effect of selection. Our model assumes time-discrete non-overlapping generations, which rule out an
eventual mixing with previous generations of ancestors. In addition, our non-linear sexual reproduction
operator is set in agreement with Fisher’s infinitesimal model, and we have chosen selection to act on
the survival probability of individuals. Our main result provides quantitative convergence rates of the
renormalized distributions towards a unique stationary profile. Indeed, rates are exponential, which can
be interpreted loosely as a spectral gap in this non-linear context.

It is noticeable that the sexual reproduction operator is contractive under the Wasserstein distance (see
Lemma . However, the generic incompatibility of multiplicative selection with transport distances
becomes an apparent obstruction to the use of a direct perturbative approach in the regime of weak
selection (see Example . This obstacle was circumvented by G. RAaouL [I8], assuming that selection
is restricted to a compact support. We follow a different route in a purely non-perturbative setting. To
this end, we restrict to the specific choice of a quadratic selection function of the trait, for the sake of
simplicity. Our alternative approach relies on an appropriate study of the propagation of information
along large binary trees of ancestors, by a suitable reformulation of high-dimensional integrals, inspired
by the changes of variables performed in [9] in the regime of small variance. This reveals an ergodicity
property where the exact shape of the initial distribution is quickly forgotten across generations.

We remark that the above heuristic arguments indicate that the quadratic Wasserstein metric is not
fully appropriate for dealing with the problem at hand. However, we could not identify yet a proper
metric that extends the contraction property of the neutral case to the quadratic selection case.

Several perspectives are envisaged. First, there is an apparent price to pay with our method, in which
we fully exploit the Gaussian structure induced by quadratic selection in order to perform tractable
computations within the high-dimensional integrals. We believe though that the restriction to quadratic
selection might be overcome in future works to allow for more general selection functions. Second, as
studied in [9], the case of multiple minima on the selection function leads to non-uniqueness of stable
equilibria. Then, uncovering the hidden metastability and quantifying the relaxation towards a specific
equilibrium is of great interest for its applications in quantitative genetics. Finally, a major problem is to
transcend non-overlapping generations and tackle the full time-continuous model as presented in previous
literature.

APPENDIX A. NONDIMENSIONALIZATION AND DERIVATION OF THE TIME-DISCRETE VERSION

In this section, we shall nondimensionalize the time-continuous model (|1.6))-(1.3]) with Gaussian mixing
kernel G and quadratic selection function m. By time discretization on the Duhamel formulation, we will
derive the time-discrete version ([1.1) which has been central in this paper. Indeed, we shall show that
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we can reduce parameters into only one, namely, parameter & € R in the quadratic selection function
(1.5). Bearing in mind all the biological parameters and dimensions, our evolution problem reads:

Oif = —rmm(x)f + 1 Byz[f], t>0,x€R?
f(O,.T) = fo(l’), T € R4,

Here, 7,75 € Ry represent the mortality and birth rates and have frequency units, whilst the dimen-
sionless corrections of m and B take the form

(A.1)

m(z) dzy dzo,

e? B r1taz f(t21)f(, z2)
T 02 BoﬂfKtaﬂjﬁmc%ﬂz(z 2 >‘&df@¢ﬂ)dy

for each = € R?. Here, Go,»2 represents the Gaussian centered at 0 with variance o2, and o,, and ¢ have
the same units as the quantitative trait. On the one hand, o,, can be regarded as a characteristic unit
quantifying the effective range of selection. Namely, if |z| > o,,, then m(x) > 1. On the other hand, o2 is
the genetic variance and 202 represents the variance at linkage equilibrium often denoted by o2 j, := 20>
(¢f. [8]). We nondimensionalize our system by appropriately scaling our variables as follows

~ ¢ T o~

t=—, ===, t.7) = LAf(t, ).

s =1, JER) =)
Here, T' and L are characteristic units for time and trait. For simplicity, we set them as follows in terms
of the parameters of the system:
T:=—, L:=o.

In other words, we scale time according to the mortality rate r,, and the trait variable according to the
genetic variance o2. Dropping hats for simplicity yields the following dimensionless form of the equation

Of =—%z*f + BBlf], t>0,zecR?
f(0,2) = fo(x), z € R,

where B = B involves again unit genetic variance thanks to our scaling assumption. This reduces the
amount of free parameters to only two of them «, 8 € R, defined as follows:

(A.2)

2
OLE Ty
= ) 5::7

- o2 T
m m
In the sequel, we justify our time-discrete version (1.11f). Specifically, let us integrate equation (A.2)),
for t € [ty,tny1] where {t,}nen C Ry is any increasing sequence. Then, we recover Duhamel’s formula

tn 2
fltn,x) = e el n—tat) p(g | 2y 4 8 / e sl =B (s, )] (x) ds,
tn—1

for any n € N and each = € R%. Using the rectangle rule for the integral in the right hand side leads to
the approximations F,,(z) ~ f(n,z) of the the above time-continuous problem for f = f(¢,z):

Fo(z) = e 31°FF,_i(2) + Be 5177 B[F,_1](2), (A.3)

for any n € N and each € R?. Here, we have set unitary time steps t, — t,_1 = 1 for simplicity and
to = 0. We emphasize that the right hand side of consists of two different terms. On the one
hand, the first term describes the amount of old individuals from the previously generation n — 1 having
resisted the effect of selection in generation n. On the other hand, the second term computes the amount
of offspring conceived by individuals in the previous generation n — 1, where an eventual decline due to
selection has also been taken into account. Let us emphasize that in individuals from generation
n — 1 can merge (after breeding) with their offspring to form next generation n. This is typical in most
biological populations, which have overlapping generations (e.g., some multivoltine flies like Drosophila
melanogaster). However, some other systems have non-overlapping generations so that the full generation
n — 1 gets extinct after breeding and only their offspring survive at generation n (e.g., some univoltine
insects like the Dawson’s burrowing bee). In that case, by canceling the first term reduces to

Fy(x) = e~ 31 BIF, 1](2), (A.4)

for any n € N and each x € R. We remark that two different parameters « and § are still present in
(A.4). However, given that F' — e*%mQB[F] is a 1-homogeneous operator we can kill the parameter 3
by rescaling the trait distributions F,,. Specifically, define ﬁn = 7 "F,, and note that reduces to
our time-discrete problem with only one parameter .
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