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ABSTRACT

State estimation is a fundamental task in a plethora of applications. Two important classes of linear min-
imum mean square error (MMSE) estimators are Wiener filters (WFs) and Kalman filters (KFs), the latter
being the recursive form of the former for linear discrete state-space (LDSS) dynamic models. The min-
imum set of uncorrelation conditions regarding states and measurements which allows to formulate a
general KF form has been recently introduced in the literature, but for both WFs and KFs a standard key
assumption is that the measurement noise covariance is invertible. In this contribution we provide i) an
alternative derivation of the WF in the case of a non-invertible measurement covariance matrix, and ii)
the proof that under the minimum set of uncorrelation conditions lately released, the KF can always be
formulated irrespective of the measurement covariance matrix rank. Notice that these results also ap-
ply for Kalman predictors and smoothers, linearly constrained WFs and minimum variance distortionless

Conditions of existence

response (MVDR) filters, therefore being a remarkable result of broad interest.

1. Introduction

State estimation is a fundamental task in a plethora of appli-
cations, i.e., robotics, tracking, guidance and navigation systems,
to name a few [1-4]. Considering two complex random vectors X
and y, the linear estimator of x from noisy observations y which
minimizes the mean square error (MSE) is the so-called (linear or
affine) Wiener filter (WF) [2]. The main assumption to derive the
WEF is that the covariance matrix of y, Cy, is invertible [1-3,5,6],
which may not be the case in practice. Notice that the existence
of the WF with a singular measurement noise covariance is men-
tioned in Kailath et al. [7, Theorem 3.2.3], but neither the solution
nor the proof are provided, as well as in Anderson and Moore [8,
Theorem 2.1], where a solution is given but no proof is provided.

In the case of linear discrete state-space (LDSS) models where
we have a dynamic stochastic representation of both state and
measurements, state estimation refers to the estimation of x;
(at discrete time k) based on measurements up to discrete time
I, typlcally denoted as ik\l éik“(y], '/} :ikll(yl)’ with VIT =
(y]T, . y]T) The term estimator includes filters (I = k), predictors
(I < k) and smoothers (I > k). Indeed, the well-known Kalman fil-
ter (KF) is the recursive form of the WF for LDSS models [9].
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Again, a key assumption to derive the KF as a recursive WF is that
the covariance matrix Cyk is invertible [1-3,5,6,10]. Notice that [3,
p.214] states that “a singular covariance matrix does not present
any theoretical problem”, but neither the solution nor the proof
are provided. In addition, the following uncorrelation conditions
for the LDSS model,

CxU,wk = 0, Cxo.vk = 07 Cw,,w,< = kafsl,
Cv,,vk = Cvkall{s Cwl.vk = cwk_1 ka5]1{+1’ (1)

with {w,} and {v,} the state and observation noise sequences, are
typically assumed for the KF derivation in monographs [7, §9.1] [3,
§7.1]. These conditions have long been regarded as leading to the
general form of the KF including correlated process and measure-
ment noise. This set of minimum uncorrelation conditions has
been recently generalized in Chaumette et al. [9,11], leading to

C -0, C -0, Vk > 2, (2)

but such derivation also assumes that CVk is invertible.

In general, for the linear minimum MSE (MMSE) estimation
problem, considering LDSS dynamic systems, a fundamental ques-
tion is if the KF exists in the case where the measurement noise
covariance matrix is non-invertible. This is the main concern of
this article, where we generalize the results in Chaumette et al.
[9] and Chaumette et al. [11] as follows:

Wi_1.¥k1 Vie. Ykt

» The first contribution is an alternative straightforward deriva-
tion of the general WF form, which can always be computed
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irrespective of the measurement covariance Cy rank by resort-
ing to the Moore-Penrose inverse.

The second contribution is the application of the general WF
result to the filtering problem in LDSS models, i.e., the KF. This
allows to show that considering the general KF conditions of
existence [9,11], the general KF solution always exist and can be
formulated irrespective of the measurement covariance rank.

Notation:

Scalars, vectors and matrices are represented, respectively, by
italic, bold lowercase and bold uppercase characters. Mc (N, P) de-
notes the vector space of complex matrices with N rows and P
columns. The transpose and transpose conjugate operators are in-
dicated by ()T and (-)H. The identity matrix of size M is de-
noted by I,,. [A B] and [Q] denote the matrix resulting from the
horizontal and the vertical concatenation of A and B, respec-
tively. The vector resulting from the vertical concatenation of k
vectors ai,..., a, is denoted as a,. The matrix resulting from
the vertical concatenation of k matrices Aq,..., A, of same col-
umn dimension is denoted as A;. X and y denote P-dimensional
and N-dimensional complex random state and observation vec-
tors, belonging to the state space X c C” and observation space
Y c CN. my 2 Eyx[x] = Ex[x] is the expectation of x. If x and y
are two complex random vectors: a) Cx, Cy and Cxy are the co-
variance matrices of X, y, and their cross-covariance; b) If Cy is
invertible, then Cyy e —Cx,yCST]CQ,y. For the sake of legibility,

By (F930) ()] £ By F 0200 w0 |
2. Affine/linear MMSE estimator

The estimation error covariance matrix between a signal x and

the corresponding affine estimator, X 2 Ky + a, is
P(K.a) = Eyx[(Ky+a-x)()"]. (3a)

We look for the affine linear minimum MSE (AMMSE) estimator of
%1

X

x? =Ky +a’ | (K", a") = argmin{P(K. a)}. (3b)
(K.a)

Since we can write that Ky+a-—x=K(y—my)— (x-my)+

(a— (mx — Kmy)),

P(K.a) = Eyx[(Ky +a—x) ()] = G+ KGK" — CyK" — KC

+ (a— (my — Kmy))(a — (my — Kmy))". (4a)
This quadratic form in a is positive semidefinite, so

P(K.a) > Cx + KGK” — CyKH —KCf,  with
a = argmin{P(K, a)} = mx — Kmy, which leads to

equality for

P(K) 2 P(K, af) = Eyx[ (K(y — my) — (x — my))())"]

= Cx + KK — G K — KCY |, (4b)
and therefore

K” = arg min{P(K)} = arg rr}gn{P(K, ay)}. (4c)
X? —my = K°(y — my). (4d)

As KP (4c) is also the solution of the linear MMSE (LMMSE) es-
timator after centering x and y (4b), i.e, X— my = K(y —my), we
follow [7] hereinafter and only use the term linear to designate
both linear and affine MMSE estimators. In the sequel two cases
are considered: (i) Cy has full rank, and (ii) Cy has not full rank.

1 The superscript © is used to remind that the value under consideration is the
“best” one according to the MSE.

2.1. Cy full rank

If Cy has full rank, then it is an invertible positive definite ma-
trix, and (4b) can be recast as Schreier and Scharf [5, p.121]

P(K) 2 P(K. a}) = Cyy + (K— Gy Gy )Gy (K — Gy '), (5a)
which leads to the standard WF solution
KP = arg mKin{P(l()} =CxyGy': P(K?) 2 P(K", a},) = Cyy. (5b)

ay, =my — K’my ; X° — my = Gy Gy ' (y — my). (5¢)
2.2. Cy not full rank

If Cy has not full rank, then dim {span(Cy)} = Q < N. Since it is
an endomorphism whose matrix is hermitian positive, it admits an
eigenvalue decomposition (EVD):

¢ =[VY] [g g} [V V] = vDV*, (6)

V is a basis of ker (Cy) € CNx(N-Q)

V is a basis of span(Cy) € CN*Q

D e C2XQ is a diagonal positive definite matrix
y”y:lQ, W W Z 1

VGV =Cyiy =D, VHGV =Cyuy =0

then in this case (4b) can be recast as

P(K) = Cx + KVDV" K" —Kc!

— CX,(wH+WH )yl( X. (WH+WH )y

= (e VDKV

— (Couny (V) + (KV)CY ).
However VA e CP1, Vi e c(N-Q)x1

= Gy (KV) = (KV)C,, )

0< |)\ch,va//~}2 = |CAHxvﬂHva’2 < CAHXC#HVHY

= (M1Cxh) (1" (VHCyV) 1) = 0 = Cyyny =0,
leading to
P(K) = Cx + (Ky)cyﬂy(l(y)” Coviy (KV)H — (KV)CX Viy

= Eyx[ (KV) (V" (y — my)) — (x —my)) ()],
1 H
= Gy + (K = oy €1 )Gy (K - € €1 )

(K - cx,ycfy)cy (I( - cx,yc;> (7a)

where C; is the Moore-Penrose inverse of Cy, i.e., considering Cy =
VDV = EVD(Cy), then

= Cx — Gy G, Tl +

if Cy is full rank : ¢} =C,", (7b)
if €y is not full rank : €} = vD~'V". (7¢)
Therefore
H
K =Gy G V' + A VT = KV =G Ciy
CPxN CPx(N-QC(N-Q)xN CcPxQ
= P(I(’) =Cyiy = mKin{P(l()}, (7d)

which means that there are infinite solutions when the observa-
tion space is not restricted (y € CN)2. Since all these solutions lead

2 Note that Eyx [VH y- my)] =
0 # (y —my) € span(V), Vy.

0= Vi (y—my) =0,Vy, ie, Eyx[VI(y—my)] =



to the same minimum MSE matriX, one can chose a best K, for
instance the one with the minimum Frobenius norm,

K® = C, yiyCyi, v

{P(Kb) 2 P(l(b, af(b) = Cyyiy (82)
K = CxyGy.

{P(I(b) A P(I(b ab,) = G — Gy G Tl (80)

and X —my = Cx,yCy(y— my). Another solution is to reformulate
(3a) and (3b)

P(K. a) = Eyx[ (K(V"y) +a—x)()"]. (9a)

and to look for the AMMSE estimator of X based on V'y (in-
stead of y),

<b _ b (yH by (kP ab) _ -
X =K (V'y) +a” | (K’ a") _al‘gl(‘lr(lvl;‘)l{P(K, a)l,

where Cv” is full rank. Then, according to (5a)-(5c),
K* = Cy iy Cyiy + P(K°) £ P(K. ag, ) = Cyyny.
Ry = Gy G, (V' (3~ my)). (9b)

with ai’(b =my - K (y” my).
2.3. General case

Finally, in any case, the solution of (3b)
x> =K’y +a’ | (K’ a’) = argmin{P(K. a)},
(K.a)

P(K. a) = Ey[(Ky +a—x)()"] =

H
+ (1( - cx,yc*y) G (K - cx,yc;)

¢
- Cx-ycycﬁy

+ (@a— (my — Kmy))(a — (my — Kmy))", (10a)
is

K’ = CyyCy. ab, = my — KPmy, (10Db)
P(K") 2 P(K’ a},) = Cx — G« Nl vChy- (10c)
X’ —my = Cx,yc;(y —my). (10d)

Remark 1. The result summarized in (10b)-(10d) is the general
WEF form, which can always be computed irrespective of the rank
of Cy by resorting to the Moore-Penrose inverse, and provides the
general affine/linear MMSE estimator.

3. LMMSE filter for LDSS models
3.1. LDSS models

We consider the general class of LDSS models represented with
the pair state and measurement equation,
X =Fp 1Xe 1 + W g, (11a)
(11b)

where the time index k > 1, x, e CP is the state vector, y; € CM
is the measurement vector and the model matrices F, and H; are
known. Unless otherwise stated, the process noise sequence {w,}
and the measurement noise sequence {v,}, as well as the initial
state Xg, are random vectors with arbitrary distributions but at

Vi = HiXy + v,

least known mean values, covariance and cross-covariance matri-
ces, containing elements with finite modulus. The objective is to
estimate X, based on the measurements and our knowledge of
the model dynamics. If the estimate of X, is based on measure-
ments up to and including time I, we denote the estimator as
X1 £ Xgi (¥1. - .. ¥;), and we use the term estimator to refer to the
class of algorithms that includes: (i) filtering, i,dk, (ii) prediction
Xy (I < k), and (iii) smoothing, Xy, (I > k).
First, (11a) can be rewritten for k > 2 as

k-1
Xe =By 1X1 + GWi_1, GWi_q = By,

I=1

Fk le 2. Fl’ k > l
B = I k=1, Gy e Mc (P, Prv),
0 k<1

where P, = Zf‘ﬂ B, then an equivalent form of (11b) is
Vi = AeXy + 0y, Ay = HiBy 1, g = v + Hi G Wy (12a)

Let A; = H; and n; = vq, then (11b) can be extended on a horizon

of k points from the first measurement as,
Vi = AgXy + 1, (12b)

where ykvﬁk € ./\/l(c (Nk, ]), Kk € M((;(Nk, Pk) and Nk = Zf:] Nl'
3.2. LMMSEF for LDSS models with G, full rank

The LMMSE filter (LMMSEF) of x; based on measurements up
to time k, k > 2, is simply (5b) and (5c)

b b1 (v
[JIH Kk] (Yk - myk)’
with [J2_| KP]Cy, =Gy y,. provided that Cy, has full rank, where
I € Mc(Pe. Ni_q) and K2 € Mc (P Ny). Thus, 18,
the solution of the system of linear equations

{Jb cYk 1 Kchk Vier — cxkak—l

Xy = My, + Kp(Vi — my, ) = my, + (13a)

and K? are

Ib G .yt KbCyk Gy
which yields to J] Cx,.9, 1%’1 1 I(bcyk Vi (;;:4 Consequently,
(13a) can be rewrltten as,
XD, =my, + I} | (Vo1 —my, ) + K} (y —my,)
= Kt + KL (Ve — Vi) (13b)

oh e
X1 =My + G5, G

(Y1 —my, ).
Vo1 =my, +Cy 5 G (Viy —my, )
Yijk—1 = My, VieFe1 &, Yk-1 Yie1)?

which is the general form of the so-called predictor/corrector for-

mat of the LMMSEF. Moreover, as Cy g, . =H,(C,(.k,yk71 +G, 5.,
and G 5, , =F1Cx_, 3., + Cw_,3,, then according to (5b) and
(50),

Sb b b .wb _ g ob b
Vi1 = X1 + Vi1 5 Xeo1 = FeeaXe_ gt + Wi_q ey

Vzum =my, +C, 3 1Cyk (Yk 1- m?k,l)v

\Tvﬁlk =my, + ka,yk(‘fyk (yk - mvk),

and (13b) can be recast as

Xy =FaX)_ g + M, + K (Vi — (KX, +my,))
+ (Cw, 5., — KiCu, 3., )c;k{l (Vi1 —my, ).

However, in general, no LDSS model for the noise sequences

{wy_1, v} is known (i.e., otherwise it could be incorporated into
(11a) and (11b)) and the computation of Cf becomes compu-

tationally intractable as the number of observatlons k increases.

(13¢)



Therefore, the general assumptions required to obtain a computa-
tionally tractable form of iﬁlk (13c) are

CWIH Y = 0. CVkka—] =0 k=>2. (13d)
Indeed, under (13d), X I<|k (13c) reduces to

) b b

Xk = Xije—1 T Ky (yk - y,dk_]), (13e)
Xijeor = FoaXqpey + Mg Ve = Hi&Qy  +my, (13f)

which is the KF form of the LMMSEF for LDSS models.

3.3. Insightful breakdown of the MSE of linear filters

Another noteworthy point is that under the general as-
sumptions (13d), the MSE of any linear filter X, =my, +

Kk(yk - mﬁk)’ k=2, Ky = [Jk—l Kk] where Jk-1 € Mc (Pksjvk—l)
and K, € M (B, Ny), that is,

~ o H
Py (Ky) = Ey.xl:(xk\k = %) (Xik — Xe) ] =Pyc(Jr-1. Ky, (14a)
breaks down into

P (Jk-1, Ki) = Quq (J—1, K)
+ (l - Kka)(cwk .+ Fk 1cwk 1.X11 + cwk,1,xk,1
— (1= KH) G, v K — K Gy (1—

Fy )1 -KHp"
KHp)" + K Gy KE (14b)

k>

Q1 Ji-1- Ki) = Eyx[ @ 1@f 4 ], (140)

Q1 = Tkt (Ve —my, ) — A= KH)Fq (X —my, ), (14d)

which is a key result in order to derive straightforwardly the gen-
eral form of the KF recursion (without extension of the state and
measurement equations). (14b) is easily obtained using (13d) and
the next breakdown of the error,

Gt + (Ki (Vi —my, ) — (1= KHy) (W — my,_)).
(14e)

X/<|1< — Xy =

Note that (14b) holds irrespective of the rank of Gy, provided
that (13d) is satisfied.

3.4. General form of the KF recursion

From (14b), and irrespective of the rank of G, (see (10c)), we

have that

P (Jk-1, Ki) > Pk\k(«]]Zq (Kp), Kk)s (15a)
Tea (K = argmin{Qu1 (Ji1, Ki)} = (Ip — KeHFi 1Ky
(15b)
Therefore,
nﬂgn{Pk\k(Kk)} = JE%{%/&ML K}
. b

= rIll(lkrl{Pk‘k(Jk_l (). Ky) } (16a)
Pklk (J£_1 (Kk) Kk) = (l - Kka)Pk\k 1 (l - Kka)H
- (1= KH)Cx, v KY — K CY , (Ip — KeH)™ + K Gy K (16b)

which is the general form of the Joseph stabilized version of
the covariance measurement update equation. Moreover, under
(13d),

=b _ =b =~h _ <b
X1 = Fee1 X1t + Wi_qjkmq = FeoaXp_qpq + Mw, (16¢)
b b H
Pt =FiaPpy 1 Fog + Gy
H H
+ Fk—1cwk,1,xk,1 +Cw, , x Fi_q- (16d)

Interestingly enough, Py (Jﬂ] Kp). l(k) in (16b) can be written
as

<b = H
Ey,X[((xk - x/<|1<71) - I(k8k|1<—1)(') ]
where 5}(’“(_1 =V —372”{_] is the innovation vector, and under
(13d) the corresponding covariance is

(17a)

Stk 2 Co, = HP),_ HY + Gy, + HCY , +Cux HY.  (17b)
Then finally we have that
Kb =arg rrll(in{P,dk(Jﬁq (Ki). Ky) (18a)
k
where I(b is recursively computed according to (10c) as,
b 1l
Kp = (Pklk HE ¢ ) (S K|k~ 1) (18b)
Py = (I-KH )Py, | — chvk‘x,« (18¢)

b
with Pk|k

gain is given by
K° =arg n?(in{E,,,x[(K1 (y1 —my,) — (x; —my,)) ()]},
1

in (16d) and S?

Klk—1 n (17b). At time k = 1, the Kalman

where K‘{ can be computed according to (18b) provided that one
sets: Xojp = My, and Py, = C,.

Remark 2. Since (14b)-(14e), (15a), (16a), (17a) and (18a) only de-
pend on the general assumptions (13d), irrespective of the rank of
Gy, we can assert that under (13d) the Kalman form (13e) of the
LMMSEF for LDSS models (13a) always exists and can be com-
puted according to the recursion (16c)-(18c) provided that one sets

Xojo = My, and Pgm = Cx,-
4. Conclusions

The goal of this contribution was to assess the conditions of ex-
istence of the KF form under more general settings w.r.t. the cur-
rent literature. An alternative derivation of the general WF form
was provided. Such general WF can always be computed irrespec-
tive of the measurement covariance Cy rank by resorting to the
Moore-Penrose inverse. Regarding state estimation for LDSS mod-
els, it was shown that considering the general KF conditions of ex-
istence the general KF solution always exist and can also be for-
mulated irrespective of the measurement covariance rank. These
results also apply for Kalman predictors and smoothers, linearly
constrained WFs and MVDR filters, therefore being a remarkable
finding of broad interest.
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