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a b s t r a c t 

State estimation is a fundamental task in a plethora of applications. Two important classes of linear min- 

imum mean square error (MMSE) estimators are Wiener filters (WFs) and Kalman filters (KFs), the latter 

being the recursive form of the former for linear discrete state-space (LDSS) dynamic models. The min- 

imum set of uncorrelation conditions regarding states and measurements which allows to formulate a 

general KF form has been recently introduced in the literature, but for both WFs and KFs a standard key 

assumption is that the measurement noise covariance is invertible. In this contribution we provide i) an 

alternative derivation of the WF in the case of a non-invertible measurement covariance matrix, and ii) 

the proof that under the minimum set of uncorrelation conditions lately released, the KF can always be 

formulated irrespective of the measurement covariance matrix rank. Notice that these results also ap- 

ply for Kalman predictors and smoothers, linearly constrained WFs and minimum variance distortionless 

response (MVDR) filters, therefore being a remarkable result of broad interest. 
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. Introduction 

State estimation is a fundamental task in a plethora of appli- 

ations, i.e., robotics, tracking, guidance and navigation systems, 

o name a few [1–4] . Considering two complex random vectors x 

nd y , the linear estimator of x from noisy observations y which 

inimizes the mean square error (MSE) is the so-called (linear or 

ffine) Wiener filter (WF) [2] . The main assumption to derive the 

F is that the covariance matrix of y , C y , is invertible [1–3,5,6] ,

hich may not be the case in practice. Notice that the existence 

f the WF with a singular measurement noise covariance is men- 

ioned in Kailath et al. [7 , Theorem 3.2.3], but neither the solution 

or the proof are provided, as well as in Anderson and Moore [8 ,

heorem 2.1], where a solution is given but no proof is provided. 

In the case of linear discrete state-space (LDSS) models where 

e have a dynamic stochastic representation of both state and 

easurements, state estimation refers to the estimation of x k 
at discrete time k ) based on measurements up to discrete time 

, typically denoted as ̂ x k | l � ̂

 x k | l ( y 1 , . . . , y l ) = ̂

 x k | l ( y l ) , with y 
� 
l = 

y � 
1 
, . . . , y � 

l 

)
. The term estimator includes filters ( l = k ), predictors 

 l < k ) and smoothers ( l > k ). Indeed, the well-known Kalman fil-

er (KF) is the recursive form of the WF for LDSS models [9] .
∗ Corresponding author. 
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gain, a key assumption to derive the KF as a recursive WF is that 

he covariance matrix C y k 
is invertible [1–3,5,6,10] . Notice that [3, 

.214] states that “a singular covariance matrix does not present 

ny theoretical problem”, but neither the solution nor the proof 

re provided. In addition, the following uncorrelation conditions 

or the LDSS model, 

 x 0 , w k 
= 0 , C x 0 , v k = 0 , C w l , w k 

= C w k 
δl 

k , 

 v l , v k = C v k δ
l 
k , C w l , v k = C w k −1 , v k δ

l+1 
k 

, (1) 

ith { w k } and { v k } the state and observation noise sequences, are

ypically assumed for the KF derivation in monographs [7, §9.1] [3, 

7.1] . These conditions have long been regarded as leading to the 

eneral form of the KF including correlated process and measure- 

ent noise. This set of minimum uncorrelation conditions has 

een recently generalized in Chaumette et al. [9,11] , leading to 

 w k −1 , y k −1 
= 0 , C v k , y k −1 

= 0 , ∀ k ≥ 2 , (2) 

ut such derivation also assumes that C y k 
is invertible. 

In general, for the linear minimum MSE (MMSE) estimation 

roblem, considering LDSS dynamic systems, a fundamental ques- 

ion is if the KF exists in the case where the measurement noise 

ovariance matrix is non-invertible. This is the main concern of 

his article, where we generalize the results in Chaumette et al. 

9] and Chaumette et al. [11] as follows: 

• The first contribution is an alternative straightforward deriva- 

tion of the general WF form, which can always be computed 
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irrespective of the measurement covariance C y rank by resort- 

ing to the Moore–Penrose inverse. 

• The second contribution is the application of the general WF 

result to the filtering problem in LDSS models, i.e., the KF. This 

allows to show that considering the general KF conditions of 

existence [9,11] , the general KF solution always exist and can be 

formulated irrespective of the measurement covariance rank. 

Notation : 

Scalars, vectors and matrices are represented, respectively, by 

talic, bold lowercase and bold uppercase characters. M C ( N, P ) de- 

otes the vector space of complex matrices with N rows and P 

olumns. The transpose and transpose conjugate operators are in- 

icated by (·) T and (·) H . The identity matrix of size M is de- 

oted by I M 

. [ A B ] and 

[
A 
B 

]
denote the matrix resulting from the 

orizontal and the vertical concatenation of A and B , respec- 

ively. The vector resulting from the vertical concatenation of k 

ectors a 1 , . . . , a k is denoted as a k . The matrix resulting from 

he vertical concatenation of k matrices A 1 , . . . , A k of same col- 

mn dimension is denoted as A k . x and y denote P -dimensional 

nd N-dimensional complex random state and observation vec- 

ors, belonging to the state space X ⊂ C 

P and observation space 

 ⊂ C 

N . m x � E y , x [ x ] = E x [ x ] is the expectation of x . If x and y 

re two complex random vectors: a) C x , C y and C x , y are the co-

ariance matrices of x , y , and their cross-covariance; b) If C y is

nvertible, then C x | y � C x − C x , y C 

−1 
y C 

H 
x , y . For the sake of legibility,

 y , x 

[
( f ( y , x ) ) ( ·) H 

]
� E y , x 

[ 
( f ( y , x ) ) ( f ( y , x ) ) 

H 
] 

. 

. Affine/linear MMSE estimator 

The estimation error covariance matrix between a signal x and 

he corresponding affine estimator, ̂  x � Ky + a , is 

 ( K , a ) = E y , x 
[
( Ky + a − x ) ( ·) H 

]
. (3a) 

e look for the affine linear minimum MSE (AMMSE) estimator of 
 

 

1 : 

 

 

b = K 

b y + a b | (K 

b , a b 
)

= arg min 

( K , a ) 
{ P ( K , a ) } . (3b) 

ince we can write that Ky + a − x = K 

(
y − m y 

)
− ( x − m x ) + 

a −
(
m x − Km y 

))
, 

 ( K , a ) = E y , x 
[
( Ky + a − x ) ( ·) H 

]
= C x + KC y K 

H − C x , y K 

H − KC 

H 
x , y 

+ ( a − ( m x − Km y ) ) ( a − ( m x − Km y ) ) 
H 
. (4a) 

This quadratic form in a is positive semidefinite, so 

 ( K , a ) ≥ C x + KC y K 

H − C x , y K 

H − KC 

H 
x , y with equality for 

 

b 
K 

= arg min 

a 
{ P ( K , a ) } = m x − Km y , which leads to 

 ( K ) � P 

(
K , a b K 

)
= E y , x 

[
( K ( y − m y ) − ( x − m x ) ) ( ·) H 

]
= C x + KC y K 

H − C x , y K 

H − KC 

H 
x , y , (4b) 

nd therefore 

 

b = arg min 

K 
{ P ( K ) } = arg min 

K 

{
P 

(
K , a b K 

)}
, (4c) 

 

 

b − m x = K 

b 
(
y − m y 

)
. (4d) 

As K 

b (4c) is also the solution of the linear MMSE (LMMSE) es- 

imator after centering x and y (4b) , i.e., ̂ x − m x = K 

(
y − m y 

)
, we 

ollow [7] hereinafter and only use the term linear to designate 

oth linear and affine MMSE estimators. In the sequel two cases 

re considered: (i) C y has full rank, and (ii) C y has not full rank. 
1 The superscript b is used to remind that the value under consideration is the 

best” one according to the MSE. 0

2 
.1. C y full rank 

If C y has full rank, then it is an invertible positive definite ma- 

rix, and (4b) can be recast as Schreier and Scharf [5 , p.121] 

 ( K ) � P 

(
K , a b K 

)
= C x | y + 

(
K − C x , y C 

−1 
y 

)
C y 

(
K − C x , y C 

−1 
y 

)H 
, (5a) 

hich leads to the standard WF solution 

 

b = arg min 

K 
{ P ( K ) } = C x , y C 

−1 
y ; P 

(
K 

b 
)

� P 

(
K 

b , a b 
K b 

)
= C x | y , (5b) 

 

b 
K b 

= m x − K 

b m y ; ̂ x 

b − m x = C x , y C 

−1 
y 

(
y − m y 

)
. (5c) 

.2. C y not full rank 

If C y has not full rank, then dim 

{
span 

(
C y 

)}
= Q < N. Since it is 

n endomorphism whose matrix is hermitian positive, it admits an 

igenvalue decomposition (EVD): 

 y = [ V V ] 

[
0 0 

0 D 

]
[ V V ] 

H = V D V 

H 
, (6) 

 

 

 

 

 

 

 

 

 

V is a basis of ker ( C y ) ∈ C 

N ×( N −Q ) 

V is a basis of span ( C y ) ∈ C 

N×Q 

D ∈ C 

Q×Q is a diagonal positive definite matrix 

V 

H V = I Q , V V 

H + VV 

H = I 

V 

H C y V = C 

V H y 
= D , V 

H C y V = C V H y = 0 

hen in this case (4b) can be recast as 

 ( K ) = C x + K V D V 

H K 

H − C 

x , ( V V H + VV H ) y K 

H − KC 

H 

x , ( V V H + VV H ) y 

= 

(
C x + ( K V ) D ( K V ) 

H − C 

x , V H y ( K V ) 
H − ( K V ) C 

H 

x , V H y 

)
−

(
C x , V H y ( KV ) 

H + ( KV ) C 

H 
x , V H y 

)
. 

owever ∀ λ ∈ C 

P×1 , ∀ μ ∈ C 

( N−Q ) ×1 

 ≤
∣∣λH C x , V H y μ

∣∣2 = 

∣∣C λH x ,μH V H y 

∣∣2 ≤ C λH x C μH V H y 

= 

(
λH C x λ

)(
μH 

(
V 

H C y V 

)
μ

)
= 0 ⇒ C x , V H y = 0 , 

eading to 

 ( K ) = C x + ( K V ) C 

V H y ( K V ) 
H − C 

x , V H y ( K V ) 
H − ( K V ) C 

H 

x , V H y 

= E y , x 
[(

( K V ) 
(
V 

H 
( y − m y ) 

)
− ( x − m x ) 

)
( ·) H 

]
, 

= C 

x | V H y + 

(
K V − C 

x , V H y 
C 

−1 

V H y 

)
C 

V H y 

(
K V − C 

x , V H y 
C 

−1 

V H y 

)H 

= C x − C x , y C 

† 

y C 

H 
x , y + 

(
K − C x , y C 

† 

y 

)
C y 

(
K − C x , y C 

† 

y 

)H 

(7a) 

here C 

† 
y is the Moore–Penrose inverse of C y , i.e., considering C y = 

 D V 

H = EVD 

(
C y 

)
, then 

f C y is full rank : C 

† 
y = C 

−1 
y , (7b) 

f C y is not full rank : C 

† 
y = V D 

−1 V 

H 
. (7c) 

herefore 

K 

′ ︷︷︸ 
C P×N 

= C 

x , V H y 
C 

−1 

V H y 
V 

H + A ︸︷︷︸ 
C P×( N−Q ) 

V 

H ︸︷︷︸ 
C ( N−Q ) ×N 

⇒ K 

′ V ︸︷︷︸ 
C P×Q 

= C 

x , V H y 
C 

−1 

V H y 

⇒ P 

(
K 

′ ) = C 

x | V H y = min 

K 
{ P ( K ) } , (7d) 

hich means that there are infinite solutions when the observa- 

ion space is not restricted ( y ∈ C 

N ) 2 . Since all these solutions lead
2 Note that E y , x 
[
V H ( y − m y ) 

]
= 0 � V H ( y − m y ) = 0 , ∀ y , i.e., E y , x 

[
V H ( y − m y ) 

]
= 

 � ( y − m y ) ∈ span ( V ) , ∀ y . 
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o the same minimum MSE matrix, one can chose a best K , for 

nstance the one with the minimum Frobenius norm, 

K 

b = C 

x , V H y 
C 

−1 

V H y 
V 

H 

P 

(
K 

b 
)

� P 

(
K 

b , a b 
K b 

)
= C 

x | V H y 
(8a) 

K 

b = C x , y C 

† 

y , 

P 

(
K 

b 
)

� P 

(
K 

b , a b 
K b 

)
= C x − C x , y C 

† 

y C 

H 
x , y , 

(8b) 

nd 

̂ x b − m x = C x , y C 

† 

y 

(
y − m y 

)
. Another solution is to reformulate 

3a) and (3b) 

 ( K , a ) = E y , x 
[(

K 

(
V 

H y 
)

+ a − x 

)
( ·) H 

]
, (9a) 

and to look for the AMMSE estimator of ̂ x based on V 

H y (in- 

tead of y ), 

 

 

b = K 

b 
(
V 

H y 
)

+ a b | (K 

b , a b 
)

= arg min 

( K , a ) 
{ P ( K , a ) } , 

here C 

V H y 
is full rank. Then, according to (5a) –(5c) , 

 

b = C 

x , V H y 
C 

−1 

V H y 
; P 

(
K 

b 
)

� P 

(
K 

b , a b 
K b 

)
= C 

x | V H y , 

 

 

b − m x = C 

x , V H y 
C 

−1 

V H y 

(
V 

H 
(
y − m y 

))
, (9b) 

ith a b 
K b 

= m x − K 

b 
(
V 

H m y 

)
. 

.3. General case 

Finally, in any case, the solution of (3b) 

 

 

b = K 

b y + a b | (K 

b , a b 
)

= arg min 

( K , a ) 
{ P ( K , a ) } , 

 ( K , a ) = E y , x 
[
( Ky + a − x ) ( ·) H 

]
= C x − C x , y C 

† 

y C 

H 
x , y 

+ 

(
K − C x , y C 

† 

y 

)
C y 

(
K − C x , y C 

† 

y 

)H 

+ ( a − ( m x − Km y ) ) ( a − ( m x − Km y ) ) 
H 
, (10a) 

s 

 

b = C x , y C 

† 

y , a b 
K b 

= m x − K 

b m y , (10b) 

 

(
K 

b 
)

� P 

(
K 

b , a b 
K b 

)
= C x − C x , y C 

† 

y C 

H 
x , y , (10c) 

 

 

b − m x = C x , y C 

† 

y 

(
y − m y 

)
. (10d) 

emark 1. The result summarized in (10b) –(10d) is the general 

F form, which can always be computed irrespective of the rank 

f C y by resorting to the Moore–Penrose inverse, and provides the 

eneral affine/linear MMSE estimator. 

. LMMSE filter for LDSS models 

.1. LDSS models 

We consider the general class of LDSS models represented with 

he pair state and measurement equation, 

 k = F k −1 x k −1 + w k −1 , (11a) 

 k = H k x k + v k , (11b) 

here the time index k ≥ 1 , x k ∈ C 

P k is the state vector, y k ∈ C 

N k 

s the measurement vector and the model matrices F k and H k are 

nown. Unless otherwise stated, the process noise sequence { w k } 
nd the measurement noise sequence { v k } , as well as the initial 

tate x , are random vectors with arbitrary distributions but at 
0 

3 
east known mean values, covariance and cross-covariance matri- 

es, containing elements with finite modulus. The objective is to 

stimate x k based on the measurements and our knowledge of 

he model dynamics. If the estimate of x k is based on measure- 

ents up to and including time l, we denote the estimator as 
 

 k | l � ̂

 x k | l ( y 1 , . . . , y l ) , and we use the term estimator to refer to the 

lass of algorithms that includes: (i) filtering, ̂ x k | k , (ii) prediction 

 

 k | l ( l < k ), and (iii) smoothing, ̂  x k | l ( l > k ). 

First, (11a) can be rewritten for k ≥ 2 as 

 k = B k, 1 x 1 + G k w k −1 , G k w k −1 = 

k −1 ∑ 

l=1 

B k,l+1 w l , 

 k,l = 

∣∣∣∣∣
F k −1 F k −2 . . . F l , k > l 

I , k = l 
0 , k < l 

, G k ∈ M C ( P k , P k −1 ) , 

here P k = 

∑ k 
l=1 P l , then an equivalent form of (11b) is 

 k = A k x 1 + n k , A k = H k B k, 1 , n k = v k + H k G k w k −1 . (12a) 

et A 1 = H 1 and n 1 = v 1 , then (11b) can be extended on a horizon

f k points from the first measurement as, 

 k = A k x 1 + n k , (12b) 

here y k , n k ∈ M C ( N k , 1 ) , A k ∈ M C ( N k , P k ) and N k = 

∑ k 
l=1 N l . 

.2. LMMSEF for LDSS models with C y k 
full rank 

The LMMSE filter (LMMSEF) of x k based on measurements up 

o time k, k ≥ 2 , is simply (5b) and (5c) 

 

 

b 
k | k = m x k + K 

b 
k 

(
y k − m y k 

)
= m x k + 

[
J b k −1 K 

b 
k 

](
y k − m y k 

)
, (13a) 

ith 

[
J b 

k −1 
K 

b 
k 

]
C y k 

= C x k , y k 
, provided that C y k 

has full rank, where 

 

b 
k −1 

∈ M C 

(
P k , N k −1 

)
and K 

b 
k 

∈ M C ( P k , N k ) . Thus, J b 
k −1 

and K 

b 
k 

are 

he solution of the system of linear equations 

J b 
k −1 

C y k −1 
+ K 

b 
k 
C y k , y k −1 

= C x k , y k −1 

J b 
k −1 

C y k −1 , y k 
+ K 

b 
k 
C y k = C x k , y k 

, 

hich yields to J b 
k −1 

= C x k , y k −1 
C 

−1 
y k −1 

− K 

b 
k 
C y k , y k −1 

C 

−1 
y k −1 

Consequently, 

13a) can be rewritten as, 

̂ x 

b 
k | k = m x k + J b k −1 

(
y k −1 − m y k −1 

)
+ K 

b 
k 

(
y k − m y k 

)
= ̂

 x 

b 
k | k −1 + K 

b 
k 

(
y k −̂ y b k | k −1 

)
, (13b) 

 

 

b 
k | k −1 = m x k + C x k , y k −1 

C 

−1 
y k −1 

(
y k −1 − m y k −1 

)
, 

 

 

b 
k | k −1 = m y k + C y k , y k −1 

C 

−1 
y k −1 

(
y k −1 − m y k −1 

)
, 

hich is the general form of the so-called predictor/corrector for- 

at of the LMMSEF. Moreover, as C y k , y k −1 
= H k C x k , y k −1 

+ C v k , y k −1 

nd C x k , y k −1 
= F k −1 C x k −1 , y k −1 

+ C w k −1 , y k −1 
then according to (5b) and 

5c) , 

 

 

b 
k | k −1 = H k ̂  x 

b 
k | k −1 + ̂

 v b k | k −1 ; ̂ x 

b 
k | k −1 = F k −1 ̂  x 

b 
k −1 | k −1 + ̂

 w 

b 
k −1 | k −1 , 

 

 

b 
k | k −1 = m v k + C v k , y k −1 

C 

−1 
y k −1 

(
y k −1 − m y k −1 

)
, 

̂ 

 

b 
k | k = m w k 

+ C w k , y k 
C 

−1 
y k 

(
y k − m y k 

)
, 

nd (13b) can be recast as 

 

 

b 
k | k = F k −1 ̂  x 

b 
k −1 | k −1 + m w k −1 

+ K 

b 
k 

(
y k −

(
H k ̂  x 

b 
k | k −1 + m v k 

))
+ 

(
C w k −1 , y k −1 

− K 

b 
k C v k , y k −1 

)
C 

−1 
y k −1 

(
y k −1 − m y k −1 

)
. (13c) 

owever, in general, no LDSS model for the noise sequences 

 

w k −1 , v k } is known (i.e., otherwise it could be incorporated into 

11a) and (11b) ) and the computation of C 

−1 
y k −1 

becomes compu- 

ationally intractable as the number of observations k increases. 
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herefore, the general assumptions required to obtain a computa- 

ionally tractable form of ̂  x b 
k | k (13c) are 

 w k −1 , y k −1 
= 0 , C v k , y k −1 

= 0 , k ≥ 2 . (13d) 

ndeed, under (13d) , ̂  x b 
k | k (13c) reduces to 

 

 

b 
k | k = ̂

 x 

b 
k | k −1 + K 

b 
k 

(
y k −̂ y b k | k −1 

)
, (13e) 

 

 

b 
k | k −1 = F k −1 ̂  x 

b 
k −1 | k −1 + m w k −1 

; ̂ y b k | k −1 = H k ̂  x 

b 
k | k −1 + m v k , (13f) 

hich is the KF form of the LMMSEF for LDSS models. 

.3. Insightful breakdown of the MSE of linear filters 

Another noteworthy point is that under the general as- 

umptions (13d) , the MSE of any linear filter ̂ x k | k = m x k 
+ 

 k 

(
y k − m y k 

)
, k ≥ 2 , K k = 

[
J k −1 K k 

]
where J k −1 ∈ M C 

(
P k , N k −1 

)
nd K k ∈ M C ( P k , N k ) , that is, 

 k | k ( K k ) = E y , x 

[ (̂
 x k | k − x k 

)(̂
 x k | k − x k 

)H 
] 

= P k | k ( J k −1 , K k ) , (14a) 

reaks down into 

 k | k ( J k −1 , K k ) = Q k −1 ( J k −1 , K k ) 

+ ( I − K k H k ) 
(
C w k −1 

+ F k −1 C 

H 
w k −1 , x k −1 

+ C w k −1 , x k −1 
F H k −1 

)
( I − K k H k ) 

H 

− ( I − K k H k ) C x k , v k K 

H 
k − K k C 

H 
x k , v k 

( I − K k H k ) 
H + K k C v k K 

H 
k , (14b) 

 k −1 ( J k −1 , K k ) = E y , x 
[̂ q k −1 ̂  q 

H 
k −1 

]
, (14c) 

 

 k −1 = J k −1 

(
y k −1 − m y k −1 

)
− ( I − K k H k ) F k −1 

(
x k −1 − m x k −1 

)
, (14d) 

hich is a key result in order to derive straightforwardly the gen- 

ral form of the KF recursion (without extension of the state and 

easurement equations). (14b) is easily obtained using (13d) and 

he next breakdown of the error, 

 

 k | k − x k = ̂

 q k −1 + 

(
K k 

(
v k − m v k 

)
− ( I − K k H k ) 

(
w k −1 − m w k −1 

))
. 

(14e) 

Note that (14b) holds irrespective of the rank of C y k 
, provided 

hat (13d) is satisfied. 

.4. General form of the KF recursion 

From (14b) , and irrespective of the rank of C y k −1 
(see (10c) ), we

ave that 

 k | k ( J k −1 , K k ) ≥ P k | k 
(
J b k −1 ( K k ) , K k 

)
, (15a) 

 

b 
k −1 ( K k ) = arg min 

J k −1 

{ Q k −1 ( J k −1 , K k ) } = ( I P − K k H k ) F k −1 K 

b 
k −1 . 

(15b) 

Therefore, 

in 

K k 

{
P k | k ( K k ) 

}
= min 

J k −1 , K k 

{
P k | k ( J k −1 , K k ) 

}
= min 

K k 

{
P k | k 

(
J b k −1 ( K k ) , K k 

)}
, (16a) 

 k | k 
(
J b k −1 ( K k ) , K k 

)
= ( I − K k H k ) P 

b 
k | k −1 ( I − K k H k ) 

H 

− ( I − K k H k ) C x k , v k K 

H 
k − K k C 

H 
x , v ( I P − K k H k ) 

H + K k C v k K 

H 
k , (16b) 
k k i

4 
hich is the general form of the Joseph stabilized version of 

he covariance measurement update equation. Moreover, under 

13d) , 

 

 

b 
k | k −1 = F k −1 ̂  x 

b 
k −1 | k −1 + ̂

 w 

b 
k −1 | k −1 = F k −1 ̂  x 

b 
k −1 | k −1 + m w k −1 

, (16c) 

 

b 
k | k −1 = F k −1 P 

b 
k −1 | k −1 F 

H 
k −1 + C w k −1 

+ F k −1 C 

H 
w k −1 , x k −1 

+ C w k −1 , x k −1 
F H k −1 . (16d) 

Interestingly enough, P k | k 
(
J b 

k −1 
( K k ) , K k 

)
in (16b) can be written 

s 

 y , x 

[((
x k −̂ x 

b 
k | k −1 

)
− K k ̂  ε b k | k −1 

)
( . ) 

H 
]
, (17a) 

here ̂ ε b 
k | k −1 

= y k −̂ y b 
k | k −1 

is the innovation vector, and under 

13d) the corresponding covariance is 

 

b 
k | k −1 � C ̂ ε b 

k | k −1 
= H k P 

b 
k | k −1 H 

H 
k + C v k + H k C 

H 
v k , x k 

+ C v k , x k H 

H 
k . (17b) 

Then finally we have that 

 

b 
k = arg min 

K k 

{
P k | k 

(
J b k −1 ( K k ) , K k 

)}
, (18a) 

here K 

b 
k 

is recursively computed according to (10c) as, 

 

b 
k = 

(
P 

b 
k | k −1 H 

H 
k + C 

H 
v k , x k 

)(
S b k | k −1 

)† 
, (18b) 

 

b 
k | k = 

(
I − K 

b 
k H k 

)
P 

b 
k | k −1 − K 

b 
k C v k , x k . (18c) 

ith P 

b 
k | k −1 

in (16d) and S b 
k | k −1 

in (17b) . At time k = 1 , the Kalman

ain is given by 

 

b 
1 = arg min 

K 1 

{
E y , x 

[
( K 1 ( y 1 − m y 1 ) − ( x 1 − m x 1 ) ) ( ·) H 

]}
, 

here K 

b 
1 

can be computed according to (18b) provided that one 

ets: ̂  x 0 | 0 = m x 0 and P 

b 
0 | 0 = C x 0 . 

emark 2. Since (14b) –(14e), (15a), (16a), (17a) and (18a) only de- 

end on the general assumptions (13d) , irrespective of the rank of 

 y k 
, we can assert that under (13d) the Kalman form (13e) of the

MMSEF for LDSS models (13a) always exists and can be com- 

uted according to the recursion (16c) –(18c) provided that one sets 
 

 0 | 0 = m x 0 and P 

b 
0 | 0 = C x 0 . 

. Conclusions 

The goal of this contribution was to assess the conditions of ex- 

stence of the KF form under more general settings w.r.t. the cur- 

ent literature. An alternative derivation of the general WF form 

as provided. Such general WF can always be computed irrespec- 

ive of the measurement covariance C y rank by resorting to the 

oore–Penrose inverse. Regarding state estimation for LDSS mod- 

ls, it was shown that considering the general KF conditions of ex- 

stence the general KF solution always exist and can also be for- 

ulated irrespective of the measurement covariance rank. These 

esults also apply for Kalman predictors and smoothers, linearly 

onstrained WFs and MVDR filters, therefore being a remarkable 

nding of broad interest. 
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