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Interpolation for analytic families of multilinear
operators on metric measure spaces

Loukas Grafakos and El Maati Ouhabaz

Abstract
Let (Xj,d;, 1), 7 =0,1,...,m be metric measure spaces. Given 0 < p* < oo for
k=1,...,m and an analytic family of multilinear operators

T, : L7 (X)) x - L™ (X)) — L (X0),

for z in the complex unit strip, we prove a theorem in the spirit of Stein’s complex
interpolation for analytic families. Analyticity and our admissibility condition are
defined in the weak (integral) sense and relax the pointwise definitions given in [9].
Continuous functions with compact support are natural dense subspaces of Lebesgue
spaces over metric measure spaces and we assume the operators T, are initially de-
fined on them. Our main lemma concerns the approximation of continuous functions
with compact support by similar functions that depend analytically in an auxiliary
parameter z. An application of the main theorem concerning bilinear estimates for
Schrodinger operators on LP is included.
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estimates for Schrodinger operators.
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1 Introduction

Interpolation between function spaces plays a fundamental role in many areas of analysis
such as harmonic, complex, and functional analysis, as well as in PDE. The most common
interpolation theorems are the ones of Riesz-Thorin, Marcinkiewicz, and Stein. Unlike the



first two results which concern a single linear operator, Stein’s interpolation theorem for
analytic families of linear operators is formulated for families which vary analytically in an
auxiliary parameter. In this way it covers and supersedes the case of a single operator, it
is more flexible, and finds a variety of applications.

In recent years, there is an increasing interest for multilinear analysis. In this setting,
it is of interest to have interpolation theorems analogous to those for linear operators. The
primary purpose of this article is to prove a version of Stein’s interpolation theorem for
multilinear operators. Our interpolation result is given in the context of Lebesgue spaces
over metric measure spaces (X;,d;, ft;), 7 = 0,1,...,m in which balls have finite measure.
Such spaces have nice subspace of dense functions such as the spaces of continuous functions
with compact support C.(X;). We consider a family of multilinear operators T, for z in
the unit strip S = {2z € C: 0 < Re z < 1}. This family is analytic in an appropriate sense
which will be made precise in the sequel. Namely, for every f7 in C.(X;), j =1,...,m and
w bounded function with compact support on X, the mapping

Z T.(fY . ™ wdp (1.1)
Xo

is analytic in S and continuous on its closure. The operators T, are taking values in the
space of locally integrable functions on X, and satisfy the admissibility condition: there
exists a constant v with 0 < v < 7 and an s € [1,00] such that for any f7 in C.(X;) and
every compact subset K of X there is a constant C(f!,..., f™, K) such that

1/s
log [/K IT.(f,... ,fm)|sd,u0] <O(ft,..., fmK)etmel 2 e, (1.2)

The initial estimates are of the form
HTJ'—I—iy<f17 cee fm)“qu(XO) < Bij(y) H HfHHLP';(ij JE {07 1}7 y €R,
k=1

where B; > 0 and 0 < pf < co. Then we prove that for 6 € (0,1) and

1 1-6 0 1 1-6 0
— =+ and - = + —,
" Po %) q do 1

the multilinear operator
Tp: L (X1) x -+ x L (X,,) = LI(Xo)

is bounded with an appropriate estimate on its norm. We refer to Theorem for the full
statement. The reader easily recognizes the resemblance to the Stein’s complex interpola-
tion in the linear context.

In the multilinear setting, this type of results already appeared in the work of Grafakos
and Mastyto [9]. The theorem in [9] was proved in the more general setting of quasi-Banach
spaces. However the analyticity and admissibility required there were in the pointwise



sense. The admissibility used there is that for every (f1,..., f™) € LP' (X1)x- - - x LP" (X,)
and a.e. y € Xy, the mapping

2= T(p1, - om)(Y)

is of admissible growth. Unlike the integral condition (I.2), the pointwise admissibility
is not easy to check when the operators are not explicit. The extension to more general
rearrangement invariant spaces over X; is not important in our applications and is not
pursued here.

Section [4] is devoted to some bilinear estimates for Schrodinger operators. We consider
L = —div(AV) + V, where A = (ax)1<ki<n 1S @ symmetric matrix with real-valued and
bounded measurable entries and V' is a nonnegative locally integrable potential on R"™. We
prove that for every p € (1,00) and «, 5 € [0,00), there exists a constant C'(a, 3,7, p),
independent of the dimension n, such that

//|FLae_th($)TLﬁe_tLg(ﬂf)ldIt"*ﬁdtSC(a,ﬁ,%p)IIfIILpllglle'-
0 n

Here T is either V or multiplication by v/V. The result for « = 8 = 0 is due to Dragicevic
and Volberg [8]. Our proof relies heavily on their result as well as the interpolation theorem
applied to an appropriate analytic family of bilinear operators.

Finally, we provide the reader with some useful results on log-subharmonic functions

in the Section 5] (Appendix).
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2 Some preliminary facts

Throughout this section, (X,d, ) will be a metric space equipped with a metric d and
with a positive measure p on a o-algebra A of subsets of X. Let x € X and » > 0. A ball
B(z,r) is the set of points B(z,r) = {y € X : d(z,y) < r}. We assume the following mild
assumptions on (X, d, u):

(i) u(B(x,r)) < oo for any z € X and r > 0,

(ii) p is a regular measure with respect to the topology of X, i.e., for any A € A with
w(A) < oo one has

n(A) = sup{u(K): K is compact subset of A}
n(A) = inf{u(U): U is open subset of X and contains A}.

Simple functions on X have the form: Zjvzl AjX4;, where A; are complex numbers and
A; € A are pairwise disjoint and satisfy p1(A;) < co. Simple functions are dense in LP(X)
for any 0 < p < oo (as (X, p) is o-finite). Moreover, as the sets A; can be approximated
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from below by compact sets, simple functions with A; being compact sets are dense in
LP(X) for 0 < p < co. We denote by Li (X) the space of all measurable functions on X
that are integrable over any compact subset of X. We also denote by C.(X) the space of
all continuous functions with compact support in X. The subsequent lemma guarantees

the abundance of such functions.

Lemma 2.1. Given K compact and U open subsets of X such that K C U, there exists
h € C.(X) such that

Xk < h < xu.
Proof. The sets K and X \ U are closed and disjoint, so by Urysohn’s lemma (which is

applicable on metric spaces) there is a continuous function h : X — [0, 1] that is equal to
1 on K and 0 on X \ U. This function h satisfies the claim. O

The following result, inspired by [I], allows us to approximate C.(X) functions by
functions that are analytic in a new auxiliary variable z.

Lemma 2.2. Let 0 < py < p1 < 00 satisfy py < oo, and define p via 1/p = (1—6)/po+0/p1,
where 0 < 0 < 1. Given f € C.(X) and ¢ > 0, there exist N. and h5 € C.(X) supported in
pairwise disjoint open sets Uz, j =1,..., N, and there exist nonzero complex constants c5
such that the functions

Ne
fi = Z 5 [0 o g (2.1)
=
satisfy
Hfg—f||m§e if p1 <
15 = Il < = (2:2)
1fill e < lFllpw +2 i pr = o0,
and

1
1l < AIZ + €7 I tvall o < (A1 +2) 7 (2.3)
where €' depends on €,p, || f||Lr and tends to zero as e — 0.
Proof. Given f € C.(X) and € > 0, let E' = suppf. Let &' = |J, .5 B(,1) and notice that

in view of the compactness of E, the set £’ has finite measure. By the uniform continuity
of f thereis a ¢ in (0, 1) such that

1

€ 1 o
T,y € X7 d(l’,y) <6 = |f(l‘) _f(y)| < 2max(l,%) <1+[L(El)) :

Then we cover the support of f by finitely many balls By, ..., By: of radius §/2. We find
pairwise disjoint measurable subsets A; of B; that satisfy B U---U By, = AjU---U An,;
notice that this union contains E and is contained in E’. Suppose that N. of the A;
are nonempty, without loss of generality assume these are the first /V.; this way we have
Aj # 0 for all j < N, < N.. We now let ¢ = f(z;), where x; is any fixed point in A;. As
a consequence of these choices one has

1

N 1
€ € ]_ PO
Hf - jZ:;C;XAJ‘HLOO < 2max(17%) <1 —i—,u(E’)) ’
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It follows from this that if p; = oo then

S tal =1 ;C il < [ Fll e (24)
while if p; < oo then
L Ne 1 . i
min(1,px) 15 1 Po ~-qmin(L,px) gmin(1,px)
Hf ZC iXA; |me P [Qmax( )<1+M(E’)> M(jL:JlAJ)p ] ST,

where p. € {po,p1,p}.
By the regularity of ;1 we pick compact sets K; contained in A; such that p(A;\ K;) < Z

2
for some n > 0 chosen to satisfy

emil’l(l,pn)

a 26m1n (1,px mln(l,%)< .
;2{0%}(2‘ )

Then the compact sets K; are pairwise disjoint, so

I]I;élllcl (dist(K;, Kx)) = p > 0.

Now let

CEEKj

and choose U} open such that A; C U} and u(Uj \ A;) < 7 by the regularity of . Then
define
U; =U;nU}, j=12...,N..

The sets U; are open and pairwise disjoint. Also each US contains the compact set Kj.
By Lemma 1] we pick g5 € C.(X) with values in [0, 1] satisfying xx, < g5 < xus. Then if

p1 < 0o by the subadditivity of || - [[p™"" we write
N, .
min(1,p,.) min(1,p,.) < min(1,px)
Hf ch] LPr S Hf ZCXA LPk +HZC§(XAJ _gj) LPk
gmm( D)
S - 4+ Z |2 6|m1n(1 D) mln( )
< 8mln(l,]{)N)

— Y

as the x4, — g5 is bounded by 2 and supported in U5 \ K; which has measure at most 7.
This proves (2.2) when p; < oo. Note that the same argument shows that

Ne
[ =D e
j=1

<e,  re{01}. (2.5)

LPr



We set h§ = e’d)Jg where ¢% is the argument of the complex number ¢;. Then A5 is that
function clalmed in ([2.1). Observe that

N. Ne
- S5 = Yo
j=1 j=1
satisfies (2.2]) when p; < oo; in the case p; = oo we have
Ne
51 <> IS < sup\csl < |\ fll - +¢
7j=1

by . Thus ) holds when p; = co. We now write

N P
|fft Lro = Z‘CEVJ ZCEXU;
j=1 Le

having used ({2.5).
We set ¢/ =ePif p<1lande = (e+|flle)” — ||fl}» when 1 < p < co. Then &’ — 0

as ¢ — 0 and this proves (2.3) for py and analogously for p; when p; < oo; now if p; = oo
then || fi,;llze= < 1 and the right hand side of the second inequality in (2.3) is equal to 1,
so the inequality is still valid. ]

S ( min(1,p) + Hmem(lp)miDZELP)7

Throughout this paper S will denote the open unit strip S ={z € C: 0 < Rez < 1}
and S its closure, i.e., the closed unit strip. As the boundary of S has two disjoint pieces
and integration over each piece will be written separately, we introduce the “half” Poisson
kernel  on S\ {1} via:

1 sin(mz)

Uzy) = 2 cosh(my) + cos(mz)

(2.6)

where 0 <z <1 and —oco < y < oo but (z,y) # (1,0). This function is nonnegative and

satisfies
oo

Qz,t)dt =x forall0 <z < 1. (2.7)

—00

The next result due to Hirschman [I1], Lemma 1| is fundamental in complex interpolation.

Proposition 2.3. Let F be a continuous function on the closed unit strip S such that
log | F'| is subharmonic in S that satisfies

sup log |F(x +iy)| < C e, —00 < y < 00, (2.8)

0<z<1

for some fixed C,a > 0 with a < w. If Ny, Ny are continuous functions on the line that
satisfy No(y) > log |F(iy)| and Ni(y) > log|F(1+iy)| for ally € (—o0,00), then for any
6 € (0,1) we have

+oo

log |F(8)| < / +OOQ(1—9,t)N0(t)dt+ / Q(0,)N, (t) dt. (2.9)

—00 —0o0
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3 Interpolation for analytic families of multilinear op-
erators

Throughout this section (X, d;, 1t;), 0 < j < m, are metric measure spaces that satisfy
assumptions (i) and (ii).

Definition 3.1. Suppose that for every z € S there is an associated m-linear operator T,
defined on Co.(X1) X -+ X Co(Xy) and takzng values in L (Xo). We call {T,}. an analytic
family if for all (p1, ..., ¢om) inCo(X1) X+ X Cu(X,,) and w bounded function with compact
support on Xy the mapping

Z T.(01,- -y pm) wdpg (3.1)
Xo
is analytic in the open strip S and continuous on its closure. The analytic family {T,},
1s called of admissible growth if there is a constant v with 0 < v < 7 and an s satisfying
1 <'s < oo, such that for any (p1,...,¢0m) in Co(Xy1) X -+ X Co(X,,) and every compact
subset K of Xy there is a constant C(¢1, ..., om, K) such that

1/s
log {/ IT.(p1,. .., gom)\sd,uo] < C(p1,. . o, K) ™2 for all 2 € S. (3.2)
K

Now we state the main result on interpolation of analytic multilinear operators. In
Theorem below we assume that (Xj,d;,pn;), 0 < j < m, are metric measured spaces
with regular measures and balls having finite measure [i.e., satisfying conditions (i) and
(ii)].

Theorem 3.2. For z € S, let T, be an m-linear operator on Co(X1) X -+ x Ce(X,,) with
values in L, (Xo) that form an analytic family of admaissible growth. For k € {1,...,m}
let 0 < pf,pf <00, 0<qy,q1 <00, fir 0 <O <1, and define p~, q by the equations

1 1—-60 0 1 1-6 40

IE— — + — and — = + —. (33)
Pt Po P1 q do ¢

Suppose that for all (f*,..., f™) € Co(Xy) X + -+ X Co(X,,) we have

Hﬂy(flw"afm)Hqu(X < BOMO H |fR||LP5"(XH)7 (34>

[Tieay (£ ™) o ey < BiM(y H||f“||Lp1(X (3.5)

where My and M are nonnegative continuous functions on the real line that satisfy
Myy) < e, Mify) < e (3.6)

for some ¢, 7 > 0 with 7 < m, and By, By > 0. Then for all f7 in C.(X;), 1 < j < m, we
have

IZolrs s 7 oy < Bo " BIMO) [T e (3.7)
r=1



where

M(0) = exp { /_00 [Q(l —0,y)log Mo(y) + Q(0,y) log Ml(y)} dy}.

o0

Proof. Case I: min(qo,q1) > 1.

This assumption forces ¢, ¢} < oo and so ¢’ < oo as well. Given T, as in the statement
of the theorem, for f7 € C.(X;), 1 < j < m, and g € C.(X,) one may be tempted to
consider the family of operators

H(Z):/);Tz(flv7fm)gdﬂ0

which is analytic in S, continuous and bounded in S and satisfies the hypotheses of Propo-
sition [2.3] with bounds

[H (1y)| < Mo(y H 170 ot gl oy, [H (L +iy)[ < Ma(y HHf ez llgll Lo

for all real y. Applying the result of Proposition and identity (2.7) (with z = 1—6 and
x = 0) yields for all f!,... f™ e C.(X) and g € C.(Xo)

/Tg(fl,...,fm)gd,uo
X

0

< M(0)(Bo [ T I1£% 1| o ||9||ng,)1_9(31 T ||g||Lq'1)9- (3.8)
k=1 k=1

Unfortunately this bound does not provide the claimed assertion; it supplies, however, a
useful continuity estimate for the operator Tj.

To improve (3.8), let us first consider the situation where min(pf, p}) < oo for some
ke€{l,...,m}, Wthh forces p* < oo for the same k. Fix f7 € C.(X;), g € C.(Xo) and
e > 0. By Lemma- 2.2l we can find 1€, ..., f™° and ¢ such that

M. ’ /
K, __ K,E (1 Z)‘i‘ HZ /{5 e _ e %(l_z)+%z £
[ E Bk A<r<m, gi=) |d| g,
]11_1 k=1

where (ul-’E ,uxf) lies in Co(X7) X -+ X Co(Xin), v5 in Co(Xp), and

717

155 = £l <&, 95 = gll oy <& 15" = Flim <o ligi—gllq < (39)
» 4

1l < (1 ar + ), gl < (gl + )%, (3.10)
» 4

VfEallee < (17N +) 7 lghpal o < (lglly +€) T, (3.11)

where || f° — f*|| oy < € in (3.9) is replaced by || fg" ||z < ||f*[|z~ + €, if pf = oo and
analogously if pfj = oo.
Now consider the function defined on the closure of the unit strip

F(z) = / T(f5, . £59) o dpo
Xo

8



= Z Z{[H ,{(1 z) |d6|q0(1 Z)+q,z:| /)(OTZ(U};E,-.-,Ujmm’a)viduo},

1<j1<N}Y k=1

1<jm <NI"

18 me
]1""’ J

Applying Hélder’s inequality with exponents s and s’ to [ T Xo Jvs dpg and

using condition ([3.2)) we obtain for any z in S

m NF 1 s | |
()] < [H > I Z 6 ) ] ol 5 OOt g vl

k=1 j.=1

S ec/e'yﬂm z|

?

where C” equals max;, ;. C(u; up®, ..., u;",supp vg) plus the logarithm of the double sum
in the square brackets. Thus F' satisfies the hypoth681s of Proposition 2.3} as v < .

Holder’s inequality, hypothesis (3.4]) and (3.10)) give for y real

[F(iy)] < Moly HHf e 195 o < Molw) LT UL lleo + )75 (lgll +2) .
k=1

Likewise, Holder’s inequality, the hypothesis (3.4)) and (3.11]) imply for y real

H\\Q\

[F(1+y)| < Mi(y H||f1+zyHLP1H91+zyHLq1 = 1<Z/)H 171 o +5)%(H9Hm +e)n.
k=1

As log |F'| is subharmonic in S, applying Proposition we obtain

+oo +oo

log | F(0)] < / Q1 — 0,1) log[Mo(#) Qo] dt + / (0, 1) log[ My (1) Q1] dt

—00 — 00

where Q is the Poisson kernel on the strip [defined in (2.6])] and

m

N % i Ln N
Qo= TT (111 + )78 (llgller + '), H 15 e +€) 7T (gl por + €)%

k=1

Using identity (2.7)) (with z =1 — 6 and = = 0) and the fact that

m

o Q1 =TT (1 +) (gl +€)

k=1

we obtain (with M () as in the statement of the theorem) that

= [FO)] < MEO)B; "By [T (17~ eo+<") (lgll v +€7)- (3.12)

k=1

‘/Tg f@ yre e gme)ggdﬂo
X




An application of the triangle inequality gives
‘ / Ty(f*, -, ™) gdpo —/ To(fy=s- - £5°) 95 duo
Xo

Xo
m
3
k=1

(3.13)

/XTe(fé,..-,fé’”1,f”—fé“,f““,---,f"”)gduo

+

/ To(f25, - 1) (g — 65) dto
Xo

We now apply (3.8) in each of the terms on the right side of the inequality and we use
(3.9). We deduce that (3.13)) tends to zero as ¢ — 0. We conclude

< M(0) By’ BY [ T 11»llgll o (3.14)

k=1

/ Ty, ™) g dp
Xo

Finally we obtain by taking the supremum in over all g in C.(X,) with L7
norm equal to 1.

Suppose now that pfj = p§ = oo for some . This forces p* = oo for these k. Without
loss of generality assume that pf = pf = oo for all K < A\ and min(p§, pf) < oo for all
ke {A+1,...,m}. Werepeat the preceding argument working with the analytic function

P(z) = / TUF oo P P ) o dao
Xo

on S which is multilinear of a lower degree and satisfies the initial estimates

P ()| SBo(ljl||fwm)( IL 170 ) ol -

r=A+1

and
A m
[P+ i) < Bi( T ) l:[ 1740 )l
k=1 r=A+1

The argument in the previous case using Proposition yields

A m
A T@(fla"wfm)gduo SB(%_GB?<HHJ[%||LOO>M(0)< H HfKHLP">HgHLq"
0 k=1 K=A+1

Finally we take the supremum of the integrals over all g in C.(X) with L norm equal to
1, to deduce (3.7)).

Case II: min(gp,q1) < 1.

Assume first that min(p§, pf) < oo for all k. Choose r > 1 such that r min(go,q1) > ¢.
Let us fix a nonnegative step function g with [|g[| ;. x,) = 1. Assume that g = Zle AL X Ey
where ap > 0 and Ej are pairwise measurable compact subsets of X, (hence of finite

10



measure). It suffices to work with such dense subsets of L' (X) in view of the assumption
that Xy is a o-finite metric space. For z € C set

k=1
where we set
R(z) —7"[1 - Tq —z)— iz}
4o rq

Notice that R(f) = 1. We fix f* € C.(X) and € > 0. Let f/* be as in Case I obtained by
Lemma 2.21 Define the function

q K q
G = [t I dpo =3 [ RG] du). (315)
Xo w1 Ex

where

A =of* 3 |l

1<ji<NG L=l

K,€ %(1_'2)'*‘%2 1,e m,e
| |76 T (g, a0 ) ()]

1<jm <N

If we knew that each term of the sum on the right in (3.15]) is log-subharmonic, it would
follow from Lemma that so is GG. To achieve this we use Lemma which requires
knowing that for each k, the mapping z — F}(+, 2) is analytic from S to L'(F}). To show
this, in view of Theorem [5.2] it suffices to show that for any bounded function w supported
in Fj, the function z — fEk; Fi(z,z)w(z) dug(x) is analytic in S and continuous on its
closure; but this condition is guaranteed by the definition of analytic families.

We plan to apply Proposition to G and we verify its hypotheses. Using Hoélder’s

40

inequality with indices ** and (%) , (3.4), and the fact ||g||,» = 1 we obtain

aq
P

L
K

Glit) < { /X T <f;’i..-,f;”f>|q°duo}’""° lg“l ey < [Mo(t)H(llf“H'i;Jra/)p]
0 k=1

Similarly, we obtain the estimate

G(1+it) < [Ml(t)H (HfHHI;»H +€,>pn] T.

k=1

Finally we verify condition (2.8)) for G. Let E be a compact set that contains all Ej. We

11



apply Holder’s inequality with indices %5 and (%5)/ to obtain for z € S
G(2)

< || T=(F)xel;.

[ ¥ Ml

1< <N k=l

| PR

(15 um,s
gy 5o Ug,

4 K
(E)} [Z |dk‘w[1+3(;o+;1)]||XEkHL(ZS),]
k=1

1< jm'<Nm
q
T

q m,e v|Im z|
I sup C( ..... u; " E)e |:

S T ]

1<j1 <N} w=1

|:Z |a | /[1+ qo ql ]||XEkHL(rs>:|

1<jm <N

having used (3.2)). Taking the logarithm we deduce condition (2.8)) for G.
As ¢’ = ¢, by Proposition we conclude

/ To(fign - Fons)
Xo

Inequality (3.16]) implies that

x‘“
3

P g duo = (0) < (B BIM(O) ﬁ (1717 +€)?

k=1

) . (3.16)

1o (o5 1) L
m,e 1 a
:H|T9 ,...,0’)T
L’I‘
= sup {/ To(f5°, -0 f3™) %gduo: 9= arxs,, ax > 0, Ej compact, ||g||, = 1}
Xo
K L
< By BMO T (1] +<) " (3.17)
r=1

We also note that a similar argument applied to the log-subharmonic function

H(2) =/X T fo)lE 107 dit

yields the estimate

[H(0)| =

/ To(frs s fu)l g dpo
Xo

< (B T 1)

from which it follows that
[ To(F" o ™) < Bo " BYM H =0 ¥ (3.18)

12



via a duality argument similar to that leading to (3.17]).
We now make use of the triangle inequality

m (jmin(1, min(1, min(
ITo(f s F™) ”><Z\|Te — O T (5 f ) T

For the second term on the right above we use (3.17)), while the first term is bounded by
a constant multlple of ('=)min(La) in view of (3-18), and hence it tends to zero as € — 0.
We deduce (3.7) by letting ¢ — 0.

Finally, if py = py = oo for certain x we factor these x’s and we consider another
multilinear operator of lower degree. For instance if pj = p} = oo exactly when x <\, we
consider the operator

(™Y s T P ™

which satisfies the initial assumptions with constants By and B; replaced by the original
ones multiplied by H2:1 I\ poe - O

Remark 3.3. As we already mentioned in the introduction, an interpolation theorem for
analytic families of multilinear operators was proved in [9]. The main difference between
these results is that in [9] the concepts of analyticity and admissibility condition are in
the pointwise while ours are in the integral sense, as mandated by applications (see next
section). Unlike this pointwise admaissibility condition is not easy to check in general,
especially when the operators involved do not have explicit formulae.

4 A bilinear estimate for Schrodinger operators
We consider the self-adjoint operator
L= —div(AV) + V

on L?(R™) where A = (ay;) is a symmetric matrix with real-valued and bounded measurable
entries. It is assumed to be elliptic with ellipticity constant v > 0, that is

Zakl(x)fkgl Z 7|§|27 a.e.x e Rn’ vf = (517 7571) € Rn

k.l

The potential V' is assumed to be nonnegative and locally integrable.
By the standard sesquilinear form technique, one construct a self-adjoint realization of L.
The following theorem was proved by Dragicevic and Volberg [§].

Theorem 4.1. Let T' be either V or multiplication by V. Let p € (1,00) and p' its
conjugate number. Then there exists a constant C.,, independent of the dimension n, such
that

/ / e " f(@)[[Te™ g(x)| dx dt < Cmax(p, )| fl|zellgl - (4.1)
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The constant C,, can be taken to be C'max(1, %Y) with C' an absolute constant.
The aim of this section is to prove, under the same assumptions as before, the following
result.

Proposition 4.2. Let o, € [0,00) and 1 < p < oo. Then there exists a constant
C(a, B,7,p), independent of n, such that

//‘FLa@_th(w)TLﬂ@_tLg(ﬂﬁ)ldfﬂta*ﬁdtéC(a,ﬁ,%p)HfHLpHgHLw- (4.2)
0 n

This proposition can be viewed as a weighted version of the bilinear estimate stated in
the previous theorem. More precisely, let w : (0, 00) — (0, 00) such that w(t) ~ t" for some
n > 0. Then (4.2)) can be rewritten as

//|F€_th(I)-Fe_tLg(fv)ldSW(t)dtSC(%n,%p)HL_afHLpHL_(”_“)QHLP' (4.3)
0 n

for a € [0, 7).
Proof of Proposition[4.3. Define

Top(f.9)(@,t) = T(L)*e™* f(z) - T(tL) e " g(a).
The above proposition can be rephrased as
Top: LP(R™) x L¥ (R") — L*(R™ x (0, 00), dxdt)

is a bounded bilinear operator with norm estimated by C(a, 3,7, p).
For complex z, we define the bilinear operator

T.(f,9)(w,t) = D(tL)* 2™ f(w) - D(tL) e Fg(x),

where o/, ' € [0, 00) will be specified later.
We show that the family (77,) is analytic in the sense of Definition[3.1} Let f, g € C.(R™)
and w € L>®(R"™ x (0,00)) a bounded function with compact support K. We prove that

Z /Om/nTz(f,g)(x,t)w(x,t) dx dt (4.4)

is analytic on S and continuous on S.

Note that there exist a compact set Ky of R” and 0 < a < b < oo such that K C K x
[a, b]. This can be seen by taking Ky = p;(K) and [a, b] = po(K) where p; : R x (0,00) —
R™ and ps : R" x (0, 00) — (0, 00) are the first and second projections. These functions are
continuous and hence p;(K) and pe(K) are compact sets of R™ and (0, 00), respectively.
By arguing by contradiction, it is easy to see that a > 0. In particular, the function in

(4.4) coincides with
b
zH/ (DULY" e (- D (LY )t

L2
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Note that by ellipticity and the fact that V' is nonnegative,
IValfs < = [ Luwade = |22l and VPl < (27
Rn

Hence
ITul2. < max( >HL1/2 .. (4.5)

Recall that for every h € D(L), the function z + L*h is analytic on S and continuous
on S (see e.g. [10], Proposition 3.1.1, b)). Since the operator 'e™*" is bounded on L*(R™)
for every t > 0 (see (4.5)), it follows that the function

o (DL et DL e )
L
is an&lytic on S and continuous on S. It remains to bound in a neighborhood of each
2o € S this function by some function (¢) which is integrable on [a, b] and then obtain the
desired conclusion for the function in (4.4)).
By the Cauchy-Schwarz inequality and (4.5 we write

‘ <F(2§L)O"Z@—15Lf7 w(-, t)F(tL)ﬂ/Ze—tLg>

< HwHL‘X’ HI\(tL o/RezeftL(tL)ia’Ime

(4.6)

L2

‘ Hl—\ tL ,B’RezeftL(tL)iﬁ’Ing

L2

< HwHLOO max( ) HL1/2 tL)a 'Re z —tL(tL)wz Ime ‘ HLl/?(tL)ﬁ’Reze—tL(tL)i,B’Ing )
2 L2
The standard functional calculus for self-adjoint operators, i.e.,
|6(L)R| 2 < sup [p(A)[[[A]] 2,
A>0
gives
||(tL) o'Rez —tLhH 2 < e o’Re z(log(a'Re z)— ||h||L2 (47)

Clearly the term on the right hand side of is uniformly bounded in z in a bounded
neighborhood W, of a fixed 2y € S. It follows from this and the estimates in (4.6)) that

Cllwll L=

]<r(tL)a’ze—th,w(.,t)r(tL)ﬁ’ze—tLg> < = fllelglee, = € Wo.

L2

This function is integrable on [a,b] and hence by the dominated convergence theorem we
obtain that the function in (4.4) is analytic at 2y € S and continuous at zy € S.
Next, we prove the admissibility condition. For f,¢g € L?(R") and z =7 +is € S,

IT.(f, g ||L1(]R">< (0,00))

_ / /n|r (tL)¥=e ™ f(z) - D(tL) 2 g(x)| d dt

= / / ID(tL)* e L L= f . D(tL) e L L' g| dx dt

(9] 1/2
( / ID(tL)? e tE L8 f)2 dt)
0

IN

1/2
|| tL a'r —tLLzsa f|2 dt)

L2 L?
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We estimate the latest terms using the standard functional calculus for the self-adjoint

operator L on L?*(R™). Using (4.5)) we have

IN

1/2
tL a'r —tLLzsa f|2 dt)

/ HI\(tL>a/re—tLLiso/
0

max <1,

max (1

)
"y

L2

dt

L2

/ ”L1/2<tL)a’r€—tLLiso¢’
0

dt

L2

/ <L1/2 (tL>cu"re—tLLiso/f7 L1/2(tL)a/re—tLLisa'f> ] dt
0 L
& / : / : / dt
/ <(tL)20¢ T+l€72tLLzso¢ f7 15 f> -
0 L2t

e / - / dt s /
</ (tL)2oc r+1e—2tLLzso¢ f _’ 15« f>
0 12

/‘OO (tL)Qa r+1 72tLLzsa f Cit
0

L2

Using again the functional calculus, we have ||L*® f||y = || f||2 and

/oo(tL)2a r4+1 72tLLzsa f
0

dt

< su
; > p

& / dt : /
/ (t)\)Qa r+1672t)\ _‘ HLzsa fHL2
2 A>0 |Jo t

_ / 29762t (1 £l
0
— 22120y 4 1) ||f e

Thus we obtain for all 2 =r +is € S

max(1, 1)

1T (f5 9l 1R x(0,00)) < W\/F 2a/r + )02 + 1) || fll 29l z2-

In particular,

1
IT=(f5 9|1 (rr x(0,00)) < Max (1, ;) VI + 128 +

DAzl 2

(4.8)

(4.9)

for all f,g € L?(R") and all z € S. This proves that the analytic family of bilinear

operators T, is of admissible growth in the sense of Definition [3.1]

The particular case of (4.8]) for z = 1+ is yields
ax(1, 2)

1T 1is(f5 9| L1 R x (0,00)) < W\/F 2/ + I2B + 1) [ fllz2llgll 2

(4.10)

Next, we estimate the L'-norm of Tis(f,% Let p; € (1,2) be a fixed number and let

f € LP*(R") and g € LP*(R"). By Theorem

we obtain

1T, D)l monomey = / / e L5 f(2) - Te e L g(a)]| du dt
0 n

< CILE fllum 1L gl g
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Since the semigroup (e *F) is sub-Markovian and symmetric, L has a holomorphic func-
tional calculus on LI(R™) for all ¢ € (1,00) (cf. [6], or [2]). For imaginary powers, it follows
from these last two references that there exists a constant C(p;), independent of n, such
that for all s € R,

1L fllm < Cp1)e? | fl o (4.11)

Therefore,
I Tos (f, )|t (g 0,00p) < C v )€ @M fll o | g ot (4.12)

We are now in the position to apply Theorem [3.2] It follows from (4.10) and (4.12)
that for 6 € (0,1) and .- = g+ 1}3;19 we have

1To(fs D 1w x0,00) < oM (O fllrollgll,», (4.13)
with )
1 / /
Co = <max (1, —>2—a T (20 + 1026 + 1)) C(y,p)"
Y
" in(xt) - 5
sin(7f) o s
M(0) = ———(a + ds ¢ .
(6) exp{ 2 2(a +ﬁ>/_oo cosh(ms) + cos(mh) 8}
Finally, for any p € (1,2) we choose p; < p, o' = §, ' = g and set 6 = 12):51% so that
po = p and Ty = T, 3. The proposition follows from (4.13]). [

Remark 4.3. [t is an interesting question to understand for which functions F' and G one
has

| [ mRe @) 6t ded < CCF.G.p) s ol

Note that the term on the left hand side is bounded by the product

|| (/OOO CF(tL) 2 dt) v </Oo° TG(tL)g)? dt) v

The Littlewood-Paley-Stein functional ([;° |TF(tL) f]? dt)1/2 is bounded on LP(R™) forp €

(1,2] as soon as F' is holomorphic in a certain sector (with angle depending on p) and

decays faster that ﬁ at 0o (see [4]). Thus the first term in the above product is fine for

/

Lpr p

p € (1,2]. However the second term could be unbounded on LP (R™) even if L = A+ V
(V#0) and G(z) = e *. See again []).
5 Appendix: Log-subharmonic functions on the plane

A locally integrable function f on an open subset O of the complex plane with values in
[—00, 00) is called subharmonic if it is upper semicontinuous, i.e., limsup,, ., f(w) < f(2)
for every z € O and satisfies

1
&) < F /B _ fw (5.1)
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for any z € O and every r > 0 such that B(z,r) C O. If f € C?, then the above condition
is equivalent to Af > 0. A function is called log-subharmonic if it is nonnegative and its
logarithm is subharmonic.

Lemma 5.1. The sum of two log-subharmonic functions is log-subharmonic.

Proof. Let p(z,y) = log(e® + €¥) defined on R?. Then ¢ is obviously increasing in each
variable and is a convex function of both variables

Suppose that F, G are subharmonic functions on an open subset of the complex plane.
Then the fact that ¢ is increasing in each variable and Jensen’s inequality (which can be
used since ¢ is convex) gives

1 1
1

BE o, p(F(w), G(w)) dw,

which implies that ¢(F(z),G(z)) is subharmonic. Now let f, g be log-subharmonic func-
tions. Writing f = e and g = e, then log(f + g) = ¢(F,G). But o(F,G) was shown to
be subharmonic, thus log(f + ¢) is also subharmonic. O

We review a couple of facts from the theory of analytic functions with values in Banach
spaces. Let B be a Banach space and let f be a mapping from an open subset U of C to
B. We say that f is analytic if

exits in the norm of B.

Theorem 5.2. Let f be a mapping from an open subset U of C to a Banach space B. Then
f is analytic if and only if for every bounded linear functional A in B we have

RS

Z—r20 Z — ZO
exists in C.

Log-subharmonic can be generated from L!'(X)-valued analytic functions in terms of
the subsequent lemma.

Lemma 5.3. [17, Lemma 2] Let (X, 1) be a measure space with p1(X) < oo and let V' be
a complez-valued function defined on X x S such that the mapping z — V (-, z) from S to
LY(X) is a Banach-valued analytic function. Then the function

2o P2 = [ Vi)l duto)

15 log-subharmonic for any 0 < ¢ < 1.
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