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Introduction

We consider the abcd-Boussinesq system (1.1)

(1 -b∂ xx )∂ t η + ∂ x (a∂ xx u + u + uη) = 0 (t, x) ∈ R × T (1 -d∂ xx )∂ t u + ∂ x (c∂ xx η + η + 1 2 u 2 ) = 0
Where η, u are real functions with zero momentum T η(t, x) dx = T u(t, x) dx = 0. 1 Here the independent variable x corresponds to distance along the channel and t is proportional to elapsed time. The quantity η = η(x, t) corresponds to the depth of the water at the point x and time t. The variable u(x, t) is proportional to the horizontal velocity at the height θh, where θ is a fixed constant in the interval [0, 1] and h is the undisturbed water depth.

We are interested in the long time behavior of small amplitude solution of (1.1). In this paper, we would like to prove a Birkhoff normal form result for (1.1). The idea comes from Theorem 2.13 of [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF] (see also [START_REF] Bambusi | Birkhoff normal form for some nonlinear PDEs[END_REF], [START_REF] Bambusi | Almost global existence for Hamiltonian semilinear Klein-Gordon equations with small Cauchy data on Zoll manifolds[END_REF], [START_REF] Grébert | Birkhoff normal form and Hamiltonian PDEs[END_REF], [START_REF] Bambusi | A Birkhoff normal form theorem for some semilinear PDEs[END_REF], [START_REF] Delort | A quasi-linear Birkhoff normal forms method. Application to the quasi-linear Klein-Gordon equation on S1[END_REF]), where the authors prove a Birkhoff normal form result for Hamiltonian with nonlinearity satisfying a tame modulus condition and nonresonant frequencies. In [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF], the authors applied that result to many partial differential equations: NLW equations, NLS equations in one dimension and higher dimension, coupled NLS in one dimension. In this paper, we state a similar result for Boussinesq systerm.

As in general, the proof of a Birkhoff normal form result is obtained by constructing a sequence of canonical transformations to eliminate the non-normalized part if the nonlinearity step by step. This procedure relates to solving homological equations in each step. The idea in [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF] is to use a so-called tame inequality

uv s ≤ C( u s v 1 + v s u 1 ) (1.2)
and that if u ∈ H s depends only on high modes u = |k|≥N u k e i2πkx then

u 1 ≤ u s N s-1 . (1.3)
This term is small when N large enough. Then in the Birkhoff procedure, the nonlinearity, which satisfies the tame properties and has many high modes in expansion, is small and controllable. The study of frequency plays an important role in order to eliminate the remainder part of non-integrable resonant terms. However, contrary [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF], where external potentials were used to verify the nonresonant condition, we obtain the nonresonant condition by studying frequencies as functions of parameters a, b, c, d.

Our main contribution in this work is to verify that the nonlinearity in Boussinesq system satisfies a tame property and that the frequencies satisfy a nonresonant condition(section 4) then we prove our Birkhoff normal form result(section 5). In section 2, we state our main theorem and explain the scheme of our proof. In section 3, we recall notations of tame property and nonresonant condition, which was introduced in [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF]. We give the proof of local well-posedness in Appendix B.

The system (1.1) was originally derived by Bona, Chen and Saut [START_REF] Bona | Boussinesq equations and other systems for smallamplitude long waves in nonlinear dispersive media. I: Derivation and linear theory[END_REF], [START_REF] Bona | Boussinesq equations and other systems for smallamplitude long waves in nonlinear dispersive media. II: The nonlinear theory[END_REF] in the vein of the Boussinesq original derivation [START_REF] Boussinesq | Théorie des ondes et des remous qui se propagent le long d'un canal rectangulaire horizontal, en communiquant au liquide contenu dans ce canal des vitesses sensiblement pareilles de la surface au fond[END_REF]. The equation is derived to study the two dimensional, incompressible and irrotational water wave in the shallow water regime. The abcd Boussinesq equation and its extensions have been studied extensively in the literature (see [START_REF] Alvarez-Samaniego | Large time existence for 3D water-waves and asymptotics[END_REF], [START_REF] Bona | Long wave approximations for water waves[END_REF], [START_REF] Bona | Asymptotic models for internal waves[END_REF], [START_REF] Linares | Well-posedness of strongly dispersive two-dimensional surface wave Boussinesq systems[END_REF], [START_REF] Saut | The Cauchy problem on large time for surface waves Boussinesq systems[END_REF], [START_REF] Saut | The Cauchy problem on large time for surface-waves-type Boussinesq systems II[END_REF], [START_REF] Liu | Decay and Scattering of small solutions of a generalized Boussinesq equation[END_REF]). Here, the parameters a, b, c, d satisfy the consistency conditions (see [START_REF] Bona | Boussinesq equations and other systems for smallamplitude long waves in nonlinear dispersive media. I: Derivation and linear theory[END_REF], [START_REF] Bona | Boussinesq equations and other systems for smallamplitude long waves in nonlinear dispersive media. II: The nonlinear theory[END_REF])

a + b + c + d = 1 3 . (1.4)
To consider all possible value of the parameters (a, b, c, d) present in the equation is too complicated, here we concentrate our study to the "Hamiltonian generic" case namely the case where b = d > 0, a, c < 0.

In a next paper, we would like to study the Boussinesq equation in the KdV-KdV regime (b = d = 0). It is worth saying that to prove a Birkhoff normal form result for this case is much more complicated since in this case the nonlinearity is unbounded and its tame property is failed. However, a recent paper [START_REF] Bernier | Birkhoff normal forms for Hamiltonian PDEs in their energy space[END_REF] gives tools to deal with this problem. Acknowledgement : I wish to thank Professor Benoît Grébert for motivating me to publish this paper with numerous suggestions and discussions. The author is partially supported by the grant BeKAM ANR-15-CE40-0001-02, and by the Centre Henri Lebesgue, ANR-11-LABX-0020-01.

Statement of the main theorem

We expand the solution in Fourier variables

u(x) = k∈Z * u k e 2iπkx , η(x) = k∈Z * η k e 2iπkx (2.1) note that ūk = u -k , ηk = η -k since u and η are real, then (1.1) reads (2.2) ∂ t η k = -i2πk 1+4π 2 bk 2 ((1 -4π 2 ak 2 )u k + j+l=k u j η l ) ∂ t u k = -i2πk 1+4π 2 bk 2 ((1 -4π 2 ck 2 )η k + 1 2 j+l=k u j u l ) k ∈ Z * .
Simplify, we denote

D k = 2πk 1 + 4bπ 2 k 2 , ω k = (1 -4aπ 2 k 2 )(1 -4cπ 2 k 2 ) Ω k = D k ω k .
Before we state our result, we need to put the system (2.2) into a more convenient form by using a linear symplectic change of variables

ψ k = 1 √ 2 (α k u k + α -1 k η k ), φ k = 1 √ 2 (α k u k -α -1 k η k )
where

α k = 1-4aπ 2 k 2 1-4cπ 2 k 2 1 4 = α -k .
Then the system can be written as

(2.3) ∂ t ψ k = -iD k ∇ ψ -k H ∂ t φ k = iD k ∇ φ -k H k ∈ Z * ,
where H is the Hamiltonian

H = H 0 + P with H 0 = k∈N * ω k (ψ k ψ -k + φ k φ -k ) P = 1 4 √ 2 j+l+h=0 α h α -1 j α -1 l (ψ j + φ j )(ψ l + φ l )(φ h -ψ h )
Through all the paper, we identify the couple function (ψ, φ) with its series of Fourier coefficients (ψ, φ) = (ψ k , φ k ) k∈Z * . We also define the Sobolev space (s ≥ 0)

H s := {z = (ψ, φ) = (ψ k , φ k ) k∈Z * ∈ ℓ 2 (T) × ℓ 2 (T) | z 2 s = k∈Z * |k| 2s (|φ k | 2 + |ψ k | 2 ) < ∞}.
(2.4)

Denote by N k = |(ψ k , φ k )| 2 = |φ k | 2 + |ψ k | 2
the actions of the flow (ψ, φ)(t). We also denote

I k = |φ k | 2 , J k = |ψ k | 2 then N k = I k + J k = α 2 |u k | 2 + α -2 |η k | 2 . Denote by B s (R)
the open ball centered at the origin of radius R in P s .

Poisson bracket In the phase space H s , we define the Poisson bracket

{P, Q} = k∈Z * D k ∂ ψ k P ∂ ψ -k Q - k∈Z * D k ∂ φ k P ∂ φ -k Q = k∈N * D k (∂ ψ k P ∂ ψ -k Q -∂ ψ -k P ∂ ψ k Q) - k∈N * D k (∂ φ k P ∂ φ -k Q -∂ φ -k P ∂ φ k Q).
so that the equation (2.3) reads

(2.5)

i∂ t ψ k = {ψ k , H} i∂ t φ k = {φ k , H} k ∈ Z * .
Frequencies Let us write Ω k = 2πk 1+4bπ 2 k 2 pk 4 + ek 2 + 1 where p = 16π 4 ac, e = -4π 2 (a + c). Here we assume that b = d ≥ 0, and we consider two different cases: the "generic" case b = d > 0, a, c < 0 and the Kdv-Kdv case b = d = 0, a, c > 0.

In the generic case, since a + c + 2b = 1 3 , we have b = 1 6 -(a + c)/2 > 1 6 and

0 < p = 16π 4 ac ≤ 16π 4 (b - 1 6 ) 2 e = -4π 2 (a + c) = 4π 2 (2b - 1 3 ) ≥ 0.
We denote I b := (0, p 0 = 16π 4 (b -1 6 ) 2 ). In the Kdv-Kdv case, in order for frequencies to be real, we assume a, c > 1 4π 2 . Since a + c = 1 3 , we have

4 3 π 2 -1 < p ≤ 4 9 π 4 . Denote I 0 = ( 4 3 π 2 -1, 4 9 π 4 ]. For any r ≥ 3, we define α * := ( 7 2 r 3 + r 2 + 7r) 2 ; N * (r, α, µ) := [µ -1 2rα ]; s * (r, α) = 2αr 2 + 2.
Then our main result is stated as follow (2.6) and for any p ∈ I µ , for |t| ≤ µ -r+3/2 , there exists a transformation T : B s (µ/3) → B s (µ) satisfying

H • T = H 0 + Z + R. (2.7)
here Z is a polynomial of degree at most r + 2 that commutes with the actions N k , i.e.,

{Z, N k } = 0 ∀k ∈ Z * (2.8) and R ∈ C ∞ (B s (µ)) fulfills the estimate sup (ψ,φ) s≤µ/3 X R s ≤ Cµ r+ 3 2 . (2.9)
The canonical transformations and its inverse are close to identity

sup (φ,ψ) s ≤µ/3 (φ, ψ) -T (φ, ψ) s ≤ C s µ 2 sup (φ,ψ) s ≤µ/3 (φ, ψ) -T -1 (φ, ψ) s ≤ C s µ 2 .
(2.10)

Corollary 2.2. Fix r ≥ 1, assume Ω is nonresonant, then for any s sufficiently large, there exist µ 0 and c such that if the initial data is in B s (µ), µ ≤ µ 0 then

• (u, η)(t) s ≤ 2µ for t ≤ cµ -r+3/2 • α 2 k (|u k | 2 (t) -|u k | 2 (0)) + α -2 k (|η k (t)| 2 -|η k (0)| 2 ) ≤ µ 3 k 2s for t ≤ cµ -r+3/2 ; k ∈ Z * .
The difference between the "generic" system and the Kdv-Kdv system comes from D k . In the generic case b > 1 6 , we have |D k | ≤ 1, which makes it easy to prove tame property, while in the Kdv-Kdv case D k = 2πk is unbounded so that the nonlinear term P does not satisfies tame property. In the fullness of time, we would like to study this case, which is much more complicated.

2.1. Scheme of the proof. In order to prove the Theorem 2.1, we search iterative changes of variables T n , 1 ≤ n ≤ r, such that

H • T n = H 0 + Z 4 (I, J) + Z 6 (I, J, Y ) + • • • + Z n (I, J, Y ) + R n+1 . (2.11)
Where R n+1 is a perturbation term which is of the size µ n+ 3 2 and

I = (I k ) k∈Z * , J = (J k ) k∈Z * , Y = ( k j =0 Y k j ), Y k = ψ k φ k .
Here we call Y k the pseudo actions, which satisfy

{Y k , H 0 } = 0, k ∈ Z * . Moreover {I k + J k , k j =0 Y k j } = 0 ∀k, k j ∈ Z * . (2.12)
The condition k j = 0 appear naturally since H comes from an integration of a real function on the circle. As a consequence of the appearance of Y, the exchange of energy mainly occurs between I k and J k for a long time |t| ≤ µ -r+ 3 2 , ∀k ∈ Z * .

Normal form and tame modulus

In this section, we recall some notations and lemmas used in [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF].

3.1. Nonresonant condition.

Definition 3.1. Fix two positive parameters κ and α, and a positive integer N. A function Z is said to be in (κ, α, N )-normal form with respect to

Ω if Z kl = 0 implies |Ω(k -l)| < κ N α and |j|≥N +1 |k j | + |l j | ≤ 2.
Definition 3.2 (Nonresonant condition). Let r be a positive integer, we say that the frequency Ω is nonresonant if there exist κ > 0, and α ∈ R such that for any N large enough one has

(3.1) | j∈N * Ω j k j | ≥ κ N α for any k ∈ Z ∞ , fulfilling 0 = |k| := j |k j | ≤ r + 2, |j|>N |k j | ≤ 2.
Remark 3.3. If the frequency Ω is nonresonant then any polynomial which is in (κ, α, N )-normal form depends only on I, J and Y.

Example 3.4. If the frequency Ω is nonresonant then a polynomial of order 6, which is in (κ, α, N )-normal form with respect to Ω would be

Z 6 = k,l∈Z * a k,l Y k Y l Y -k-l + k,l,h∈Z * b k,l,h I k I l I h + c k,l,h I k I l J h + d k,l,h I k J l J h + e k,l,h J k J l J h where a k,l , b k,l,h , c k,l,h , d k,l,h , e k,l,h are real constants.
3.2. Tame modulus. Let us consider a homogeneous polynomial of degree r + 1 f : P s → R, which can be written as f (z) := |j|=r+1 f j z j , j = (. . . , j -l1 , j -l2 , . . . , j -11 , j -12 , j 11 , j 12 , . . . , j l1 , j l2 , . . . )

z j := (ψ, φ) j = . . . ψ j -l1 -l φ j -l2 -l . . . ψ j l1 l φ j l2 l . . . , |j| := l (|j l1 | + |j l2 |),
We can associate f to a symmetric r + 1-linear form f as

f (z) = f (z (1) , . . . , z (r+1) ) = |j|=r+1 f j 1 ,...,j r+1 z (1) j 1 . . . z (r+1) j r+1 , j l = (j l1 , j l2 ).
We say that f is bounded if there exists a constant C such that

|f (z)| ≤ C z r+1 s , ∀z ∈ P s , or equivalently | f (z (1) , . . . , z (r+1) )| ≤ C z (1) s . . . z (r+1) s . Now consider X f := ( 2πk 1+4π 2 bk 2 ∂ ψ k f, -2πk 1+4π 2 bk 2 ∂ φ k f ) the vector field of f. We write it as X f (z) = l X l (z)e l
where e l is l-th standard basis of P s and X l (z) is a real valued homogeneous polynomial of degree r. We also consider the r-linear form Xf so that X f (z) = Xf (z, z, . . . , z). Definition 3.5. Let f is a homogeneous polynomial of degree r, we define its modulus ⌊f ⌉ by

⌊f ⌉ := |j|=r |f j |z j .
We also define the modulus of its vector field X f as

⌊X f ⌉ := l∈Z\{0} ⌊X l ⌉e l .
Definition 3.6. Let s ≥ 1, a homogeneous polynomial vector field X of degree r is said to be an s-tame map if there exists a constant C s such that

X(z (1) , . . . , z (r) ) s ≤ C s 1 r r l=1 z (1) 1 . . . z (l-1) 1 z (l) s z (l+1) 1 . . . z (r) 1 . (3.2)
If a map is s-tame for any s ≥ 1 then it is said to be tame. Moreover if X is the vector field of a homogeneous polynomial f and ⌊X f ⌉ is an s-tame map also, then we define

|f | s := sup X⌊f⌉ (z (1) , . . . , z (r) ) s 1 r r l=1 z (1) 1 . . . z (l-1) 1 z (l) s z (l+1) 1 . . . z (r)
1 the s tame norm of f . We denote by T s M the set of function has finite s tame norm. Remark 3.7. If f ∈ T s M is a homogeneous polynomial of degree r + 1 then one has

X f (z) s ≤ X ⌊f ⌉ s ≤ |f | s z r-1 1 z s . (3.3)
The important property of s tame norm is that the Poisson bracket of two homogeneous polynomials in T s M is also in T s M (see lemma 4.12 in [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF]). Lemma 3.8. Assume that f, g ∈ T s M are two homogeneous polynomials of degrees n + 1 and m + 1 respectively, then {f, g} is a homogeneous polynomial of order n + m in

T s M with |{f, g}| s ≤ 2(n + m)|f | s |g| s . (3.4)
For a non homogeneous polynomial, we consider its Taylor expansion

f = f r
where f r is homogeneous function of degree r. Then we define

(3.5) T s,R := {f = f r | f r ∈ T s M ; |f | s,R := r≥2 |f r | s R r-1 < ∞}.
Following lemma 4.13 in [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF] we have Lemma 3.9. Let f, g ∈ T s,R , then for any d < R we have {f ; g} ∈ T s,R-d and

|{f ; g}| s,R-d ≤ 2 d |f | s,R |g| s,R .
Proof. Write f = j f j and g = k g k with f j homogeneous of degree j and similarly for g. One has

{f, g} = j,k {f j , g k }.
We have estimate for each term of the series

|{f j ; g k }| s,R-d = |{f j , g k }| s (R -d) j+k-3 ≤ 2|f j | s |g k | s (j + k -2)(R -d) j+k-3 ≤ 2|f j | s |g k | s 1 d R j+k-2 = 2 d |f j | s,R |g k | s,R
here we use the estimate

k(R -d) k-1 < R k d , ∀0 < d < R.
Then as in lemma 4.14 in [BG06], we deduce Lemma 3.10. Let g, χ ∈ T s,R be two analytic functions. Denote g l = {g l-1 , χ} for all l > 0 with g 0 = g. Then for any 0 < d < R, one has g n ∈ T s,R-d and

|g n | s,R-d ≤ |g| s,R ( 2e d |χ| s,R ) n . (3.6) Proof. Denote δ = d n .
Apply iteratively Lemma 3.9, one has

|g l | s,R-δl ≤ 2 δ |g l-1 | s,R-δl-1 |χ| s,R ≤ • • • ≤ 2 n n! ( n d |χ| s,R ) n |g| s,R . (3.7)
Using the inequality n n < N !e n , one has the thesis. Lemma 3.11. Let χ, g be two analytic functions with Hamiltonian vector fields analytic in

B s (R). Fix 0 < d < R assume X χ s,R < d 3 , then for |t| ≤ 1, one has sup z s≤R-d ϕ t χ (z) -z s ≤ X χ s,R (3.8) X g•ϕ t χ s,R-d ≤ (1 + 3 d X χ s,R ) X g s,R . (3.9)
For the proof see [START_REF] Bambusi | Nekhoroshev theorem for small aplitude solutions in nonlinear Schrödinger equation[END_REF] proof of lemma 8.2 Remark 3.12. For any positive integer number N, we write z = z+ẑ with z = (φ j , ψ j ) |j|≤N and ẑ = (φ j , ψ j ) |j|≥N . Then if homogeneous polynomial f ∈ T s M of order r + 1 has a zero of order three in ẑ, one has (3.10)

X f s,R ≤ |f | s ( 1 r r l=1 z (1) 1 . . . z (l-1) 1 z (l) s z (l+1) 1 . . . z (r) 1 ) ≤ |f | s ẑ 1 z r-3 1 z s ≤ |f | s R r N s-1 = |f | s,R N s-1 .
Here we use estimates

ẑ 1 ≤ z s N s-1 z s ≤ z s , ẑ s ≤ z s z 1 ≤ z s .
For a non homogeneous polynomial f ∈ T s,R of order less or equal r + 2

f = j≤r+2 f j then (3.11) X f s,R ≤ j≤r+2 X f j s,R ≤ j≤r+2 |f j | s R j-1 N s-1 = r |f | s,R N s-1 .
3.3. Homological equation. In each step of Birkhoff normal form procedure, we need to solve a homological equation

-i{H 0 , χ} + Z = f (3.12)
with Z is in (κ, α, N )-normal form. Then after each step, we have the new nonlinearity term of size {Z 4 , χ} + {f, χ}. Then we need to estimate the nonlinearity χ and the normal form Z. Lemma 3.13. Let f be a polynomial in T s M which is at most quadratic in the variables ẑ. Assume nonresonant condition, then there exist χ, Z ∈ T s,R with Z in (κ, α, N )-normal form solving

{H 0 , χ} + Z = f. (3.13)
Moreover Z and χ satisfy the estimates

|χ| s,R ≤ N α κ |f | s,R , |Z| s,R ≤ |f | s,R . (3.14)
For the proof see [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF] proof of lemma 4.7.

3.4. Remind the idea of [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF]. Here we recall the idea of the proof of the Theorem 2.13 in [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF]. The proof consists in using iterative Lie transformations. Consider an Hamiltonian function χ with the corresponding Hamiltonian equation

( ψ, φ) = X χ ((ψ, φ)).
Denote by ϕ t χ the corresponding flow and call ϕ χ = ϕ 1 χ the Lie transform generated by χ. Then for any polynomial g, we have an important property

d dt (g • ϕ t χ ) = {g, χ} • ϕ t χ .
To prove the theorem we find Hamiltonian functions χ n and Hamiltonians H n such that (3.15)

                   H n = H 0 + Z n + f n + R n H n+1 = H n • ϕ χn τ = ϕ χ 0 • • • • • ϕ χr H n+1 = H n -{H n , χ n } + n≥2 (-1) n n! ad χn (H n ) Z n+1 = Z n + f n + -{H 0 , χ n } f n+1 = -{f n , χ n } + r l≥2 -1 l l! ad l χn (H 0 + Z n + f n ) R n+1 = R n • ϕ χn + (-1) r+1 (r+1)! 1 0 ad r+1 χn (H 0 + Z n + f n ) • ϕ τ χn dτ.
Here f n is a polynomial of order r, R n is a small term. This leads us to solve the homological equation

{H 0 , χ} + Z = f (3.16)
with Z is in (κ, α, N )-normal form with respect to Ω. Then by [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF] if f 0 = P has the tame modulus property and frequencies Ω k satisfy a nonresonant condition, there exists χ solving (3.16) and

|X χ | s,R ≤ C N α κ |X f | s,R , |X Z | s,R ≤ C |X f | s,R . (3.17)
In our case, we formally expand f in Taylor series

f (φ, ψ) = j,l f j,l Π k,h ψ j k k φ l h h
and similarly for χ, Z. The equation (3.16) becomes

(Ω(j -l))χ j,l + Z j,l = k∈N * (Ω k (j k -j -k -l k + l -k ))χ j,l + Z j,l = f j,l . (3.18)
Here we use

{H 0 , ψ j k k φ l h h } = (Ω k j k -Ω h l h )ψ j k k φ l h h , Ω k = -Ω -k .
Then when Ω satisfies the nonresonant condition, we define the solution for the homological equation as following

χ jl := f jl (Ω(j -l)) with |Ω(j -l)| ≥ κ N α Z jl := f jl with |Ω(j -l)| < κ N α .

Boussinesq equation's properties

4.1. Nonlinearity. Now consider

P = k 1 +k 2 +k 3 =0 α -1 k 1 α -1 k 2 α k 3 (ψ k 1 + φ k 1 )(ψ k 2 + φ k 2 )(ψ k 3 -φ k 3 ).
We prove that P has tame modulus.

Lemma 4.1. The nonlinearity P has tame modulus.

Proof. One has that its modulus is

⌊P ⌉ = k 1 +k 2 +k 3 =0 |α -1 k 1 α -1 k 2 α k 3 |(ψ k 1 + φ k 1 )(ψ k 2 + φ k 2 )(ψ k 3 + φ k 3 )
and

⌊ XP ⌉ = (|D k |∂ φ -k ⌊P ⌉, |D k |∂ φ -k ⌊P ⌉) k∈Z * with |D k |∂ φ k ⌊P ⌉ = |D k |∂ ψ k ⌊P ⌉ = 1 2 √ 2 |D k |   j+l+k=0 1 2 |α k α -1 j α -1 l |(ψ j + φ j )(ψ l + φ l )   + 1 2 √ 2 |D k |   j+l+k=0 |α -1 k α -1 j α l |(ψ j + φ j )(ψ l + φ l )   = 1 2 √ 2 |D k | j+l+k=0 ( 1 2 |α k α -1 j α -1 l | + |α -1 k α -1 j α l |)(ψ j + φ j )(ψ l + φ l ).
In the case b = 0, we have that

|D k | = |2πk| 1+4π 2 bk 2 ≤ 1 2π|b| . Since |α k | ≤ 1,
we verify s-tame map property of ⌊X P ⌉ as

⌊X P ⌉ 2 s = 1 4 k∈Z * k 2s |D k | 2 ( j+l+k=0 ( 1 2 |α k α -1 j α -1 l | + |α -1 k α -1 j α l |)(ψ j + φ j )(ψ l + φ l )) 2 ≤ 9 64π 2 b 2 k∈Z * k 2s ( j+l+k=0 (ψ j + φ j )(ψ l + φ l )) 2 ≤ 9 16π 2 b 2 z (1) 2 s z (2) 2 1 + z (1) 2 1 z (2) 2 s i.e. ⌊X P ⌉ s ≤ 3 4π|b| z (1) s z (2) 1 + z (1) 1 z (2) s (4.1)
So that P has tame modulus.

4.2.

Frequencies. We now consider the frequencies

Ω k = 2π k 2 + 4π 2 bk 2 (1 -4aπ 2 k 2 )(1 -4cπ 2 k 2 ) = 2π k 1 + 4π 2 bk 2 pk 4 + ek 2 + 1 where e = -4π 2 (a + c) > 0, p = 16π 4 ac ∈ (0, p 0 = 16π 4 ( 1 6 -b) 2 ) = I b .
The parameter s and p are well-defined, positive and independent. In this subsection, we study frequencies Ω k as functions of p. More precisely, the goal of this part is to prove the following theorem, which has been demonstrated in slightly different contexts in [START_REF] Bambusi | Birkhoff normal form for some nonlinear PDEs[END_REF], [START_REF] Bambusi | Birkhoff normal form for pdes with tame modulus[END_REF] and [START_REF] Eliasson | KAM for the nonlinear beam equation[END_REF].

Theorem 4.2. There exists a set J ∈ I of full measure such that for any p ∈ J , fixed r ≥ 1, there exist κ = κ(r, p) > 0, α = α(r, p) > 0 such that for any N large enough then

| j≥1 Ω j k j | ≥ κ N α , (4.2) for any k ∈ Z ∞ , fulfilling 0 = |k| = j |k j | ≤ r + 2, |j|>N |k j | ≤ 2.
In order to prove Theorem 4.2, we need to construct some lemmas.

Lemma 4.3. For any r ≤ N, consider r indexes j 1 < j 2 < j 3 < ...j r ≤ N ; consider the determinant

D =: Ω j 1 Ω j 2 . . . Ω jr dΩ j 1 dp dΩ j 2 dp . . . dΩ jr dp . . . . . . . . . . . . d r-1 Ω j 1 dp r-1 d r-1 Ω j 2 dp r-1 . . . d r-1 Ω jr dp r-1 Then D = ±   r-1 j=1 (2j -3)! 2 j-2 (j -2)!2 j   r ℓ=1 Ω j ℓ   1≤ℓ<k≤r (x j ℓ -x j k )   ≥ C(r, b) 1 N 1 2 (5r 2 -3r)
.

Here

x j = j 4 pj 4 +ej 2 +1 .
Proof. We compute the iterative derivatives of Ω k with respect to p in the spirit of section 3 in [EGK16]

d j Ω k dp j = 2π k 1 + 4π 2 bk 2 (2j -1)! 2 j-1 (j -1)!2 j (-1) j k 4j (pk 4 + ek 2 + 1) j-1 2 = (-1) j (2j -1)! 2 j-1 (j -1)!2 j Ω k x j k .
Substituting this into the determinant then

D = ±   r j=1 (2j -3)! 2 j-2 (j -2)!2 j   r ℓ=1 Ω j ℓ × 1 1 1 . . . 1 x j 1 x j 2 x j 3 . . . x jr x 2 j 1 x 2 j 2 x 2 j 3 . . . x 2 jr . . . . . . . . . . . . . . x r-1 j 1 x r-1 j 2 x r-1 j 3 . . . x r-1 jr = ±   r j=1 (2j -3)! 2 j-2 (j -2)!2 j   r ℓ=1 Ω j ℓ   1≤ℓ<k≤r (x j ℓ -x j k )   . Since b ≥ 1 6 , we have estimate | r ℓ=1 Ω j ℓ | = r ℓ=1 2π |j ℓ | 1 + 4π 2 bj 2 ℓ pj 4 ℓ + ej 2 ℓ + 1 ≥ 1 (4πb) r r ℓ=1 1 |j ℓ | and 1≤ℓ<k≤r |(x j ℓ -x j k )| = 1≤ℓ<k≤r |j 2 ℓ + j 2 k + ej 2 ℓ j 2 k ||j 2 ℓ -j 2 k | (pj 4 ℓ + ej 2 ℓ + 1)(pj 4 k + ej 2 k + 1) ≥ 1≤ℓ<k≤r 2(|j ℓ | + |j k |) (p + e + 1) 2 j 3 ℓ j 3 k ≥ 1≤ℓ<k≤r 2(|j ℓ | + |j k |) (4π 2 (b -1 6 ) + 1) 4 j 3 ℓ j 3 k . Then D ≥ | r j=1 (2j -3)! 2 j-2 (j -2)!2 j 1 (4πb) r r ℓ=1 1 |j ℓ | 1≤ℓ<k≤r 2(|j ℓ | + |j k |) (4π 2 (b -1 6 ) + 1) 4 j 3 ℓ j 3 k ≥ C(r, b) 1 N 1 2 (5r 2 -3r)
where

C(r, b, p) = | r j=1 (2j -3)! 2 j-2 (j -2)!2 j | 1 (4πb) r 2 r(r-1)/2 (4π 2 (b -1 6 ) + 1) 2r(r-1) .

Now we recall a result from [BGG85] appendix B

Lemma 4.4. Let u (1) , • • • , u (r) be r independent vectors in R r of norm at most one, and let w ∈ R r be any non-zero vector. Then there exists

i ∈ [1, • • • , r] such that | u (i) , w | ≥ |w||det(u (1) , • • • , u (r) )| r 3 2
.

By [START_REF] Xu | Invariant tori for nearly integrable Hamiltonian systems with degeneracy[END_REF], we have the lemma Lemma 4.5. Suppose that g(p) be a C r -smooth function on an interval J ⊂ R. Let

J h := {p ∈ J : |g(p)| < h}, h > 0. If |g (r) (p)| ≥ d then |J h | ≤ M h 1/r
, where

M := 2(2 + • • • + r + 1 d ).
Now let us consider the function

g(p) = |k| -1 ( N |a|=1 k a Ω a + c), with |k| ≤ r < N , c is a fixed constant. Define R kc (κ, α) := {p ∈ I b | |g(p)| ≤ κ |k|N α } By lemma 4.4 one has max 1≤k≤r min p |∂ k g(p)| ≥ C(r, b)N -1 2 (5r 2 -3r)-2 so that |R kc (κ, α)| ≤ 2 C(r, b) κ 1/r N τ
with τ = 1 2 (5r -3r) + 4 -α r . Lemma 4.6. Fix α > 5 2 r 3 + r 2 + 7r, and let I κ = I \ kc R c,k (κ, α) then for any p ∈ I κ and for any c ∈ βZ, k ∈ Z N with 0 = |k| ≤ r, β > 0, one has

| N |a|=1 k a Ω a + c| ≥ κ N α Moreover |I -I κ | ≤ Cκ 1 r where C = 2 √ p+e+1 C(r,b)πb . Proof. Since |Ω k | = | 2πk 1 + 4π 2 bk 2 pk 4 + ek 2 + 1| ≤ √ p + e + 1 2πb |k| We have that | N |a|=1 k a Ω a + c| ≥ 1 for all |c| ≥ √ p+e+1 2πb rN. hence | kc R c,k (κ, α)| ≤ |k|≤r,|c|≤CrN |R c,k (κ, α)| ≤ 2 √ p + e + 1 2πb rN 2 C(r, b) r 2r N 1+τ κ 1/r ≤ 2 √ p + e + 1 C(r, b)πb κ 1/r .
Lemma 4.7. For any 0 < κ ≪ 1, there exist α ′ > 0 and a set J κ satisfying

|I -J κ | ≤ Cκ α+1 r+2
Such that ∀p ∈ J κ one has

|Ω N • k + e 1 Ω j + e 2 Ω l | ≥ κ N α ′ (4.3) for any k ∈ Z N , |e i | ≤ 1, |j| ≥ |l| > N, and |k| + |e 1 | + |e 2 | = 0, |k| ≤ r + 2.
Proof. One has an estimate for Ω j (and Ω l also)

Ω j = 2π √ ac b j + a j with |a j | ≤ C j .
Hence e 1 Ω j + e 2 Ω l = 2π √ ac b (e 1 j + e 2 l) + e 1 a j + e 2 a l .

If j, l > CN α /κ then e 1 a j + e 2 a l is just an irrelevant terms, so that the estimate (4.3) follows from Lemma 4.6 with β = 2π

√ ac b . For the case j, l ≤ CN α /κ, we reapplies the lemma with N, r replaced by N ′ = CN α /κ and r ′ = r+2. Then the nonresonance condition (4.3) holds provided α ′ = α 2 ≈ r 6 and the complement set is measured by a constant times κ α+1 r+2 .

Proof for Theorem 4.2. Define J := κ>0 J κ then it satisfies the Theorem.

Proof of the Theorem 2.1

Since P has tame modulus, there exists a positive number µ # such that

|P | s,µ ≤ Aµ 2 , ∀0 < µ ≤ µ # (5.1) here A = 3 2π|b| . Fix r * > 1, N > 1,
for any r ≤ r * , we define µ r and µ * by

µ * := κ 48er * N α A (5.2) µ r := µ(1 - r 2r * ) ∀µ r ≤ µ # , u r µ * ≤ 1 2 . (5.3)
Then by induction, we can construct sequences of Hamiltonian χ r , H r , Z r and continuous functions f r for 0 < r ≤ r * as in (3.15). Precisely Proposition 5.1. Fix r * > 1, N > 1, for any r ≤ r * , there exists a canonical transformation ϕ r = ϕ χr which puts H in the form

H r := H • ϕ r = H 0 + Z r + f r + R N r + R T r (5.4)
here Z r is a polynomial of degree at most r + 2 having a zero of order 3 at the origin and is in (κ, α, N )-normal form; f r is a polynomial having a zero of order r + 3 at the origin. Moreover

|Z r | s,µr ≤ 0 r = 0 Aµ 2 r-1 l=0 ( µ µ * ) l r ≥ 1 (5.5) |f r | s,µr ≤ Aµ 2 ( µ µ * ) r (5.6) the remainder terms R N r , R T r ∈ C ∞ (B s (µ r )) satisfy X R T r s,µr ≤ 2 r µ 2 ( µ µ * ) r (5.7) X R N r s,µr ≤ µ 2 N s-1 (5.8)
for any s ≥ 1. The transformation ϕ r satisfies sup (ψ,φ)∈Bs(µr )

(I -ϕ r )(ψ, φ) s ≤ Aµ 2 ( µ µ * ) r . (5.9)
Similarly, the inverse transformation fulfills the same estimate.

Proof. We proceed by induction. It is trivial for the case r = 0. For r > 0 we write

f r = f 0 r + f N r (5.10)
where f 0 r contains at most terms quadratic in ẑ, and f N r is the remainder of the expansion. Since both f 0 r and f N r are truncations of f r , then

|f N r | s,µr ≤ |f r | s,µr , |f 0 r | s,µr ≤ |f r | s,µr . By lemma 3.13, one has {H 0 , χ r } + Z r+1 -Z r = f 0 r (5.11) and |χ r | s,µr ≤ N α κ |f 0 r | s,µr , |Z r+1 -Z r | s,µr ≤ |f 0 r | s,µr . (5.12)
Then by lemma 3.10, one has

|f 0 r+1 | s,µ r+1 = |{Z r -H 0 , χ r } + {f 0 r , χ r } + lr n≥2 (-1) n n! ad χr (Z r + f 0 r )| s,µ r+1 ≤ 4r * µ |Z r -H 0 | s,µr |χ r | s,µr + 4r * µ |f 0 r | s,µr |χ r | s,µr + lr n≥2 |Z r + f 0 r | s,µr ( 4r * e R |χ r | s,µr ) n ≤ 4r * µ Aµ 2 r N α κ |f 0 r | s,µr + 2 4r * e R |χ r | s,µr 1 -4r * e R |χ r | s,µr |f 0 r | s,µr ≤ |f 0 r | s,µr µ µ * .
Here we use 

|f 0 r+1 | s,µ r+1 ≤ µ µ * |f 0 r | s,µr ≤ ( µ µ * ) r+1 Aµ 2 ,
and thus

|χ r+1 | s,µ r+1 ≤ N α κ |f 0 r+1 | s,µ r+1 ≤ N α κ ( µ µ * ) r+1 Aµ 2 . (5.13) Then sup (ψ,φ)∈Bs(µr) (I -ϕ r )(ψ, φ) s ≤ |χ r | s,µr ≤ N α κ ( µ µ * ) r+1 Aµ 2 , (5.14) sup (ψ,φ)∈Bs(µr ) (I -ϕ -1 r )(ψ, φ) s ≤ |χ r | s,µr ≤ N α κ ( µ µ * ) r+1 Aµ 2 . (5.15)
here we write z l to represent φ l or ψ l . Remind that

D k = 2πk 1+4π 2 bk 2 . Then ⌊X {f,g} ⌉(z) = k,l 1 ,••• ,ln j 1 ,••• ,jm |nD k D ln X l 1 ,••• ,ln k Y j 1 ,••• ,jm ln ± mD k D ln X l 1 ,••• ,l n-1 ,jm ln Y j 1 ,••• ,j m-1 ,ln k | × e k z l 1 • • • z l n-1 z j 1 • • • z jn . One has ⌊X {f,g} ⌉(z) 2 s ≤ 2 k,l 1 ,••• ,ln j 1 ,••• ,jm (|nD k D ln X l 1 ,••• ,ln k Y j 1 ,••• ,jm ln | 2 + |mD k D ln X l 1 ,••• ,l n-1 ,jm ln Y j 1 ,••• ,j m-1 ,ln k | 2 ) k 2s × (z l 1 • • • z l n-1 z j 1 • • • z jn ) 2 ≤ 2n 2 k,l 1 ,••• ,ln (|D k X l 1 ,••• ,ln k | 2 k 2s (z l 1 • • • z l n-1 ) 2 ln,j 1 ,••• ,jm |D ln Y j 1 ,••• ,jm ln | 2 (z j 1 • • • z jn ) 2 + 2m 2 jm,l 1 ,••• ,ln (|D ln X l 1 ,••• ,l n-1 ,jm ln (z l 1 • • • z l n-1 ) 2 × k,ln,j 1 ,••• ,j m-1 |D k Y j 1 ,••• ,j m-1 ,ln k | 2 (z j 1 • • • z jn ) 2 | 2 k 2s ≤ 2n 2 |f | 2 s |g| 2 0 ( 1 n z l 1 2 1 • • • z l i 2 1 z l i 2 s z l i+1 2 1 • • • z ln 2 1 ) z j 1 2 1 • • • z jm 2 1 + 2m 2 |f | 2 0 |g| 2 s ( 1 m z j 1 2 1 • • • z j i 2 1 z j i 2 s z j i+1 2 1 • • • z ln 2 1 ) z j 1 2 1 • • • z jm 2 1 ≤2(n + m) 2 |f | 2 s |g| 2 s ( 1 n + m -1 z l 1 2 1 • • • z l i 2 1 z l i 2 s z l i+1 2 1 • • • z l n+m-1 2 1 ). Appendix B.
In this section, we prove the local well-posedness for the Boussinesq system (see chapter 16 [START_REF] Taylor | Partial differential equations III. Nonlinear equations[END_REF]).

B.1. The case b = 0. Existence By the change of variables, the well-posedness of (2.3) implies the well-posedness of (1.1). The idea here is to obtain a solution to (1.1) as a limit of solutions (ψ ε , φ ε ) to

(B.1) ∂ t ψ ε,k = -iD k ∇ ψ ε,-k H(ψ ε , φ ε ) ∂ t φ ε,k = iD k ∇ φ ε,-k H(ψ ε , φ ε ).
Here (ψ ε , φ ε ) is defined by

ψ ε (t) = k∈Z * ϕ(εk)ψ k (t)e i2πkx (B.2) φ ε (t) = k∈Z * ϕ(εk)φ k (t)e i2πkx . (B.3)
Where ϕ ∈ C ∞ 0 (R) is an even, real valued satisfying ϕ(x) = 1 for any x ∈ [-1, 1]. Since ϕ has support bounded in R, the sum (B.2) and (B.3) are finite. As a consequence, the system (B.7) is of finite ODEs. By Cauchy-Lipschitz theorem, we know that there is a unique solution to this system, for t close to 0. First, we will prove that the solution

(ψ ε , φ ε )(t) exists in an interval [-T, T ] independent of ε ∈ (0, 1]. Lemma B.1. Let s ≥ 1, 0 < (ψ ε , φ ε )(0) s = µ, then (ψ ε , φ ε )(t) s ≤ 2µ ∀t ∈ [-bπ 3µ , bπ 3µ ] independent of ε ∈ (0, 1].
Proof. Since P has tame modulus one has an estimate

∂ t (ψ ε , φ ε )(t) 2 s = |{ (ψ ε , φ ε )(t) 2 s , P }| ≤ (ψ ε , φ ε )(t) s ⌊X P ⌉(ψ ε , φ ε ) s ≤ 3 2πb (ψ ε , φ ε )(t) 2 s (ψ ε , φ ε )(t) 1 .
By Gronwall's inequality, one has that (ψ ε , φ ε )(t) s ≤ 2µ for all t ∈ [0, bπ 3µ ], where we assume (ψ(x, 0), φ(x, 0)) s = µ ≪ 1. In the same way, we also have

(ψ ε , φ ε )(-t) s ≤ 2µ for all t ∈ [0, bπ 3µ ]. Denote I = [-bπ 3µ , bπ 3µ ], then (ψ ε , φ ε )(t) is uniformly bounded in C(I, H s ) ∩ C 1 (I, H s-1 ). Lemma B.2. Let s ≥ 1, the sequence {(ψ ε , φ ε )(t)} ε∈(0,1] is Cauchy in H s for all t ∈ I. Proof. We consider (v, w)(t) = (ψ ε 1 , φ ε 1 )(t) -(ψ ε 2 , φ ε 2 )(t). Then for any N > 0, there exists ε N ∈ I such that for any ε 1 , ε 2 ≤ ε N , one has (ψ ε 1 , φ ε 1 )(0) -(ψ ε 2 , φ ε 2 )(0) s ≤ 1 N s µ. The key point here is (ψ ε 1 , φ ε 1 ) k (0) = (ψ ε 2 , φ ε 2 ) k (0) for all |k| ≤ N. Moreover (v, w)(t) satisfies equation (B.4) ∂ t v k = -iD k (∇ ψ ε 1 ,-k H(ψ ε 1 , φ ε 1 ) -∇ ψ ε 2 ,-k H(ψ ε 2 , φ ε 2 )) ∂ t w k = iD k (∇ φ ε 1 ,-k H(ψ ε 1 , φ ε 1 ) -∇ φ ε 2 ,-k H(ψ ε 2 , φ ε 2 )). Then ∂ t (v, w)(t) 2 s = k∈N * k 2s (|∂ t v k vk | + |∂ t w k wk |) ≤ (v, w)(t) s ( ⌊X P ⌉((v, w), (ψ ε 1 , φ ε 1 )) s + ⌊X P ⌉((v, w), (ψ ε 2 , φ ε 2 )) s ) ≤ 3 2πb (v, w)(t) 2 s ( (ψ ε 1 , φ ε 1 )(t) 1 + (ψ ε 2 , φ ε 2 )(t) 1 ) + 3 2πb (v, w)(t) s (v, w)(t) 1 ( (ψ ε 1 , φ ε 1 )(t) s + (ψ ε 2 , φ ε 2 )(t) s )
By Gronwall's inequality, one has that (ψ ε , φ ε )(t) s ≤ 4 µ N s for all t ∈ I. Lemma B.3. Let s ≥ 1 and b = 0, then provided the initial datum (ψ ε (0), φ ε (0)) ∈ H s , ε ∈ (0, 1], with (ψ ε (0), φ ε (0)) s = µ small enough, the system (2.3) admits a solution (ψ, φ)(t) for all t ∈ I = [ -bπ 3µ , bπ 3µ ] with

(ψ, φ) in L ∞ (I, H s ) ∩ Lip(I, H s-1 ) ∀s ≥ 1. (B.5) Proof. By lemma B.2, the bounded function (ψ ε , φ ε ) converges to (ψ, φ) in L ∞ (I, H s ) when ε → 0. Similarly lim ε→0 X H(ψε,φε) → X H(ψ,φ) in L ∞ (I, H s-1 ), while as a result ∂ t (ψ ε , φ ε ) → ∂ t (ψ, φ) in L ∞ (I, H s-1 ). Thus (ψ, φ) ∈ L ∞ (I, H s ) ∩ Lip(I, H s-1 ) is a solution of (2.3). Lemma B.4. The solution (ψ, φ)(t) given in Lemma B.3 is in C(I, H s ), ∀s ≥ 1. Proof. It is enough to prove (ψ, φ)(t) s is continuous of t. Similar as lemma B.1, one has ∂ t (ψ, φ)(t) 2 s ≤ 3 2πb (ψ, φ)(t) 2 s (ψ, φ)(t) 1
so that (ψ, φ) ∈ C(I, H s ) and (ψ, φ)(t) s ≤ 2µ for all t ∈ I.

Uniqueness

Assume that (ψ (1) , φ (1) ), (ψ (2) , φ (2) ) are two solutions of (2.3) satisfying (ψ (1) , φ (1) )(x, 0) = (ψ (2) , φ (2) )(x, 0). Denote (ν, υ) = (ψ (1) , φ (1) ) -(ψ (2) , φ (2) ), then by computation one has

(B.6) (ν, υ)(x, 0) = 0 ∂ t (ν, υ) 2 s ≤ C (ν, υ) s (|(ψ (1) , φ (1) ) 2 s + (ψ (2) , φ (2) 
) 2 s ) for some constant C. By Gronwall's inequality it is proved that (ν, υ) ≡ 0. So that the solution (ψ, φ) is unique.

Finally we have proved Then one has

∂ t k∈N * |k| 2s (α 2 k |η ε,k | 2 ) + α -2 k |u ε,k | 2 ) = 2π 1 2 j+l+k=0 (α 2 l l 2s+1 + α 2 k k 2s+1 )u ε,j η ε,l η ε,k
+ 2π 1 6 j+l+k=0 (α -2 l l 2s+1 + α -2 k k 2s+1 + α -2 j j 2s+1 )u ε,j u ε,l u ε,k .

Here α 2 k = ( 1-4π 2 ak 2 1-4π 2 ck 2 ) 1/2 . One has

α 2 k = a c + O( 1 k ); α -2 k = c a + O( 1 k ).
So that Lemma B.6. Let s ≥ 1, the sequence {(ψ ε , φ ε )(t)} ε∈(0,1] is Cauchy in H s for all t ∈ I.

|α 2 l l 2s+1 + α 2 k k 2s+1 |
Proof. We consider (v, w)(t) = (ψ ε 1 , φ ε 1 )(t) -(ψ ε 2 , φ ε 2 )(t). Then for any N > 0, there exists ε N ∈ I such that for any ε 1 , ε 2 ≤ ε N , one has 

(ψ ε 1 , φ ε 1 )(0) -(ψ ε 2 , φ ε 2 )(0) s ≤ 1 N s µ
+ 2π 1 6 j+l+k=0 |α -2 l l 2s+1 + α -2 k k 2s+1 + α -2 j j 2s+1 | × (|u ε,j |u ε,l v k | + |u ε,j |u ε,k v l | + |u ε,k |u ε,l v j |) ≤ C (v, w)(t) s ( (ψ ε 1 , φ ε 1 )(t) 2 s + (ψ ε 2 , φ ε 2 )(t) 2 s ).
Here u ε,l = u ε 1 ,l + u ε 2 ,l and η ε,l = η ε 1 ,l + η ε 2 ,l , ∀l ∈ Z * . By Gronwall's inequality, one has that (v, w)(t) s ≤ 4 µ N s for all t ∈ I. As in the case b = 0, one has lim ε→0 (u ε , η ε ) → (u, η) ∈ C(I, H s ) solution of Boussinesq systems. Similarly, we have the uniqueness for (u, η).

Proposition B.7. Let s ≥ 1, b = 0 the system (1.1) is locally well-posed for sufficiently small initial datum in H s .

Theorem 2. 1 .

 1 Let r ≥ 1, 0 < µ ≪ 1. Then for any s ≥ s * , α > α * there exists a subset I µ ⊂ I b and a constant C = C(r, s, b) such that |I µ -I b | ≤ C|I b |µ α+1 r+2

Proposition B. 5 .∂

 5 Let s ≥ 1, b > 0 the system (1.1) is locally well-posed for sufficiently small initial datum in H s . B.2. The case b = 0. In this case, since D k = 2πk is not bounded, we do not have tame property, so that the proof for existence and uniqueness of (ψ, φ) solution has to be modified. As in the case b = 0, we defineu ε (t) = k∈Z ϕ(εk)u ε,k (t)e i2πkx u ε,k (0) = u k (0) η ε (t) = k∈Z ϕ(εk)η ε,k (t)e i2πkx η ε,k (0) = η k (0). t η ε,k = -i2πk((1 -4π 2 ak 2 )u ε,k + j+l=k u ε,j η ε,l ) ∂ t u ε,k = -i2πk((1 -4π 2 ck 2 )η ε,k + 1 2 j+l=k u ε,j u ε,l ).

  C|j|(|l| 2s + |k| 2s ) Since j + l + k = 0, we could estimate the term |j|(|l| 2s + |k| 2s ) by µ s 1 µ s 2 µ 3 , where µ 1 , µ 2 , µ 3 are the first, the second and the third large term among |j|, |l|, |k|. Similarly, one has|α -2 l l 2s+1 + α -2 k k 2s+1 + α -2 j j 2s+1 | ≤ Cµ s 1 µ s 2 µ 3 .Then applying the Young inequality, we have|∂ t k∈N * |k| 2s (α 2 k |η ε,k | 2 ) + α -2 k |u ε,k | 2 )| ≤ C (u ε , η ε ) 3 s for some constant C. By Gronwall's inequality, one has that (ψ ε , φ ε )(t) s ≤ 2µ for all t ∈ [0, 2 Cµ ]. Denote I = [-2 Cµ , 2 Cµ ], then (ψ ε , φ ε )(t)is uniformly bounded in C(I, H s ) ∩ C 1 (I, H s-3 ).

	≤	a c	|l 2s+1 + k 2s+1 | + |α 2 l -	a c	||l 2s+1 | + |α 2 k -	a c	||k 2s+1 | ≤

  . 2s+1 + α 2 k k 2s+1 ||u ε,j |(|η ε,l w k | + |w l ||η ε,k |)

	Moreover (v, w)(t) satisfies	
	∂ t (v, w)(t) 2 s =	
	k∈N ≤ 2π 1 2 j+l+k=0	|α 2 l l

* k 2s (|∂ t v k vk | + |∂ t w k wk |)

Here R N r contains at least terms cubic in ẑ. The two remainder terms R T r+1 , R N r+1 are in C ∞ (B s (µ r+1 )). For the first term, one has

For the second term

Proof of theorem 2.1. We take

] and s > 2αr 2 + 1 then the last term is smaller than µ r+1 . The transformation T and its inverse fulfill the estimate (2.10).

Appendix A.

Proof of lemma 3.4. Denote X := X f , Y := X g . One has