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1 |  INTRODUCTION

Solid-state sintering is commonly used to densify and 
strengthen weakly bound, near-net shaped powder aggre-
gates. The driving force for sintering is surface energy min-
imization: a powder aggregate possesses excess surface area 
which can be eliminated by mass transport mechanisms ac-
tive at elevated temperatures, leading to the growth of con-
tacts between powder particles and the overall shrinkage of 
the sintering article.1-4 In practice, a sintering material can 
experience various forms of restraint which inhibit its shrink-
age (a phenomenon referred to as “constrained sintering”), 

leading to the generation of internal stress.5,6 Sources of re-
straint include friction between the sintering material and its 
substrate,5 non-densifying inclusions,7 and differential sin-
tering rates between different material components.8 Under 
certain conditions, this self-induced stress becomes large 
enough to cause the initiation and growth of cracks.7,9 This 
process, termed sinter-cracking, is typically observed during 
the early stages of sintering, when the bonds between parti-
cles are weakest.10-12

The process of sinter-cracking comprises two stages—ini-
tiation and growth. Sinter-cracks typically initiate near stress 
concentrators present either at the microscale (eg, as powder 
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Abstract
Cracking during sintering is a common problem in powder processing and is usu-
ally caused by constraint that prevents the sintering material from shrinking in one 
or more directions. Different factors influencing sintering-induced cracking include 
temperature schedule, packing density, and specimen geometry. Here we use the dis-
crete element method to directly observe the stress distribution and sinter-cracking 
behavior in edge notched panels sintered under a uniaxial restraint. This geometry 
allows an easy comparison with traditional fracture mechanics parameters, facilitat-
ing analysis of sinter-cracking behavior. We find that cracking caused by self-stress 
during sintering resembles the growth of creep-cracks in fully dense materials. By 
deriving the constrained densification rate from the appropriate constitutive equa-
tions, we discover that linear shrinkage transverse to the loading axis is accelerated 
by a contribution from the effective Poisson's ratio of a sintering solid. Simulation of 
different notch geometries and initial relative densities reveals conditions that favor 
densification and minimize crack growth, alluding to design methods for avoiding 
cracking in actual sintering processes. We combine the far-field stress and crack 
length to compute the net section stress, finding that it characterizes the stress profile 
between the notches and correlates with the sinter-crack growth rate, demonstrating 
its potential to quantitatively describe sinter-cracking.
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2 |   CARAZZONE Et Al.

agglomerates,10,13 rigid inclusions,7,14 and spatial variations 
in packing density or particle size15,16) or at the macroscale 
(eg, as design features like notches9,10,17). Sinter-crack initia-
tion is influenced by the pore size distribution and the initial 
relative density of the powder aggregate. For example, Wang 
and Atkinson discovered that for constrained sintering, pores 
tend to grow rather than shrink when their initial size exceeds 
a critical value.18 Sudre et al considered the porous matrix of 
a sintering composite and found that high initial relative den-
sities mitigate sinter-crack initiation by decreasing the extent 
of differential densification.6

After a sinter-crack has initiated, it can then grow through 
a process that closely resembles creep-cracking in fully dense 
materials. Bordia and Jagota, for instance, observed sin-
ter-crack growth in alumina films and found that sinter-cracks 
grew by the coalescence of pores in a process zone ahead of 
the main crack, similar to the linking up of grain boundary 
cavities ahead of a creep-crack.9,19 More quantitative, fracture 
mechanics–based analyses of sinter-cracking further support 
this similarity between sinter-cracking and creep-cracking. 
Ostertag et al used the stress intensity factors for a plane 
strain radial crack emanating from a central heterogeneity to 
compute the stress intensity required for sinter-crack growth 
in MgO and found that this stress intensity was similar to 
that required for creep-crack growth.7 Similarly, Jagota and 
Hui used fracture mechanics to analyze sinter-crack growth 
in a glass powder film containing a central crack and demon-
strated that the stress intensity produced by sintering ahead of 
the crack is not large enough to cause brittle fracture, favor-
ing instead crack growth by a creeping damage mechanism.20

Recently, the initiation and propagation of sinter-cracks 
were observed directly via in situ monitoring of a powder ag-
gregate sintering under restraint.21 The experiment revealed 
how sinter-cracks initiate following an incubation period of 
densification, then propagate through a ductile fracture mode, 
characterized by high material elongation and interrupted by 
phases of crack arrest and shrinkage. From this macroscopic 
view of sinter-cracking in progress, new questions arise. How 
does the microstructure evolve around the crack and in the 
sintering material? What is the stress experienced by the ma-
terial and how is it distributed? How does the stress evolve 
and can it be related to the crack growth rate? Addressing 
these questions requires knowledge of particle-scale phenom-
ena difficult to access experimentally, making computational 
simulations a valuable complement.

Several investigators have analyzed continuum aspects 
of sinter-crack initiation and growth using the finite ele-
ment6,12,20 and material point15 methods; however, these 
methods are inherently limited in their treatment of sin-
ter-cracking because they rely on macroscopic approxi-
mations of shrinkage behavior and cannot directly capture 
activity at the particle level, such as the evolution of particle 
contacts, on which sinter-cracking depends. By contrast, the 

discrete element method (DEM) is well-suited for studying a 
sintering powder aggregate, especially at the early stages of 
sintering when the material is particulate and particle rear-
rangement plays a significant role. As in real sintering, DEM 
allows the powder aggregate to evolve based on the forces 
acting on particle contacts, so that macroscopic behavior is 
the result of microscopic activity at the particle length scale, 
without continuum approximations. These contact forces are 
defined by constitutive laws derived from sintering theory, 
are calculated for the entire system of particles simultane-
ously at each step, and give rise to particle movement accord-
ing to Newton's equations of motion.22 DEM can accurately 
represent the random nature of a real powder aggregate and 
can probe the mechanical and structural properties of sintered 
aggregates.23,24 It naturally incorporates phenomena such as 
particle rearrangement, contact breakup and formation, and 
interaction between neighboring contacts.25

Using DEM, Henrich et al found that for a constrained 
sintering specimen containing a stress-concentrator, cracking 
was inhibited by a low tangential viscosity at the contacts 
between particles, which allowed particle rearrangement and 
prevented the buildup of stress near the stress-concentrator.22 
In a similar study, Martin et al also found particle rearrange-
ment to favor sintering without cracking, but observed crack 
initiation due to local packing heterogeneity and greater crack 
propagation caused by greater initial relative density of the 
specimen.25 They found that a large void in the specimen will 
close during sintering when there is no constraint on densifi-
cation and particle rearrangement is maximized, suggesting a 
regime for sinter-crack healing. Rasp et al used DEM to look 
at cracking in films containing cylindrical cavities sintering 
on rigid substrates.26 In addition to the effect of particle rear-
rangement observed previously, they found that incorporating 
small cracks in the specimen microstructure was necessary to 
reproduce experimentally observed behavior.

The objective of this paper is to determine the cause and 
nature of sinter-crack initiation, propagation, and arrest by 
using DEM to investigate the structural evolution of a sinter-
ing powder aggregate under the influence of constraint and 
stress-concentration. We first consider the difference between 
free and constrained sintering by looking at densification that 
occurs with particle contact growth. Then, we test a range of 
stress-concentrator dimensions under constrained sintering 
conditions to determine the effect of stress concentration on 
densification, stress evolution, and cracking behavior. From 
this, we identify the appropriate stress parameter for describ-
ing the effect of the stress-concentrator on sinter-crack prop-
agation. Using fracture mechanics, we examine the effect of 
the stress-concentrator on specimen compliance and how it 
relates to the stress evolution. We then briefly explore the 
dependence of the crack growth rate on the initial relative 
density of the specimen. Finally, we examine the microscopic 
stress field around the notches to determine the characteristic 
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stress parameter, and then demonstrate a correlation between 
this parameter and the crack growth rate, a correlation which 
points to the appropriate framework for describing and pre-
dicting sinter-crack behavior.

2 |  COMPUTATIONAL METHODS

Structural evolution and sinter-crack behavior were investigated 
using the in-house DEM code dp3D developed at SIMAP labo-
ratory. Particles are modeled as spheres interacting with each 
other through their contacts during sintering. At each time step, 
the sum of contact forces determines the acceleration of parti-
cles. The code uses an explicit scheme with dynamic resolution 
of velocities and positions for each particle. Further details con-
cerning the methodology can be found in earlier works.27,28

The simulation specimens were thin double edge notched 
panels like the one shown in Figure  1. The edge notched 
panels were composed of spherical particles and were sin-
tered under uniaxial restraint while damage evolution at the 
notches was assessed as a function of sintering time and spec-
imen relative density. The net section stress in the midplane 
of the specimens was measured by exploiting the ability of 
DEM to compute the forces acting on individual particles. 
This quantity was compared with the sinter-crack growth rate 
to understand the fracture mechanism.

2.1 | Specimen preparation

Figure 1 gives the relevant dimensions of the edge notched 
specimens, with the height, thickness, and width represented 

by H, B, and 2W, respectively. The height and length of each 
edge notch are represented by b and d. Each specimen began 
as a gas of 75 000 randomly placed 5 μm diameter particles 
having a relative density of 0.30. The gas was condensed by 
a slow isostatic compaction at a macroscopic pressure much 
less than the particle elastic modulus to ensure that densifi-
cation is solely driven by particle rearrangement. Boundary 
conditions were fully periodic and compaction was carried 
out to a relative density of 0.62 by shrinking the periodic 
box. The panel specimens were further densified to relative 
densities of 0.65, 0.70, and 0.75 by an affine displacement 
of particles. This method of specimen preparation, which is 
the same as that used by Martin and Bordia in their study of 
films sintered on rigid substrates,30 gives an isotropic, ho-
mogeneous, randomly packed particle aggregate. During the 
affine displacement and in the subsequent sintering step, the 
relative density was computed based on the material con-
tained within a reference sphere centered in the middle of 
the specimen, far from the edge notches (cf. Figure 1). The 
reference sphere initially contained  ~  950 particles. Note 
that if a particle resided on the surface of the sphere, only 
its portion inside the reference sphere was considered in 
the density calculation. Material properties used for these 
specimen preparation steps are given in the Supplementary 
Material.

The specimens were approximately 85 particles tall, 
55 particles wide, and 15 particles thick. The thicknesses 
of the specimens before sintering were between 60 and 
70  μm, similar to the thickness of tape-cast barium cer-
ate–based films used in hydrogen separation devices31 and 
of screen-printed zirconia films used in solid oxide fuel 
cells,32 materials systems in which sinter-cracking can be 

F I G U R E  1  Double edge notched 
panel composed of spherical glass particles. 
Relevant dimensions are indicated: 
specimen height H, width 2W, and thickness 
B, as well as notch height b and length d. 
Dark blue particles at the top and bottom 
were prevented from moving in the z-
direction to produce a state of uniaxial 
restraint. The side view is a cross section 
through the middle of the panel. The 
dark green particles are contained within 
the reference sphere, used for measuring 
relative density. Renderings were produced 
using OVITO29
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4 |   CARAZZONE Et Al.

a problem.18,33 The specimen dimensions were chosen to 
minimize sample size effects. Specimen height was such 
that further increases in its value did not change the crack-
ing behavior for the greatest notch height considered. The 
specimen thickness was large enough that further increase 
in thickness did not significantly influence the cracking be-
havior, although there was still a thickness effect in which 
crack length after a given amount of densification tended 
to increase with thickness, all other factors being constant. 
After the preparation steps described above, edge notches 
were introduced into the panel specimens by removing par-
ticles contained within extruded ellipses centered on the 
specimen edges. Notch geometries were generated with 
heights of 3, 5, and 10 particles and lengths ranging from 
1 to 15 particles.

2.2 | Contact law

The contact law used in this work was developed by Jagota 
et al to describe the early stage of viscous sintering, in which 
the material can be approximated as an assemblage of parti-
cles.2 In this regime, the sintering material is well character-
ized by the contact area between particles as a state variable, 
as opposed to the final stage of sintering, when the material 
is better characterized by its porosity. The law has been used 
previously to investigate viscosities and sintering rates in 
composite packings of viscous spheres.34 Viscous sintering 
applies to glass materials and is well understood, making it a 
good model case.35

Figure 2 illustrates the geometry of a single particle con-
tact and the forces acting on it. Following Jagota et al,2 the 
equations for the normal and tangential forces, f N and f T, are 
given as.

where η is the shear viscosity of the fully dense material, γ is 
the surface energy, and a is the contact radius. dh

dt
 is the normal 

component of the relative velocity between particles and corre-
sponds to particle coalescence; du

dt
 is the tangential component 

of the relative velocity and contributes to particle rearrange-
ment. The contact radius a is related to the length of particle 
overlap h through Coble's geometric model of neck growth:36

for particle radius r and time t. The extrinsic strain rate term 
included in the original contact law developed by Jagota et al 
have been omitted from Equations 1 and 2. The extrinsic strain 
rate represents the part of the total strain rate at one contact that 
is due to the strain occurring at other contacts on the same par-
ticles.2 Omission of the extrinsic strain rate is justified because 
DEM naturally accounts for these interactions.

The viscous sintering contact law presented in Equations 1 
and 2 is valid while the material remains particulate and de-
formation occurs mainly at the particle contacts. Viscous 
flow, the mechanism by which viscous sintering occurs, can 
occur almost anywhere within a glass particle at sintering 
temperatures.1 However, finite element analysis of the vis-
cous sintering of two spherical particles has shown that, for 
a normalized contact radius ranging from 0.01 to 0.5, the de-
formation of the particles due to sintering is localized in a 
small region near the neck.37 For all results reported here, the 
average normalized geometric contact radius of the specimen 

(1)f N =
3�

2

dh

dt
a�−

3�

2
0.83a� ,

(2)f T =−
�

2

du

dt
a�,

(3)da

dt
=

r

a

dh

dt
,

F I G U R E  2  Particle contact geometry showing directions of 
the normal (N) and tangential (T) forces f acting at the contact. The 
diagram indicates particle radius r, contact radius a, and length of 
particle overlap h. Curvature of the neck represents the Coble contact 
geometry
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lies within this range. Finally, we note that the sintering term 
in Equation 1 (containing γ) implies that the sintering force 
increases with the contact radius a. This effect has been con-
firmed computationally for viscous sintering in the range of 
normalized contact radius considered here.1

2.3 | Simulation conditions

Equations 1 and 2 were evaluated using material properties 
for soda lime glass given by McLellan and Shand, summa-
rized in Table 1.38 The shear viscosity η of the fully dense 
glass was calculated using the Arrhenius model:

where �0 is the pre-exponential constant, Q is the activation en-
ergy, R is the gas constant, and T is the absolute temperature. 
Specimens were sintered under free and constrained loading 
conditions at a temperature of 700°C, near the softening point 
of the selected glass, where Equation 4 gives the value of η as 
6.90 MPa s.

Following other DEM investigations, sintering was car-
ried out to a relative density of 0.90, which is suitable for 
models describing a material having open porosity.22,26 The 
present contact law has been shown to agree well with exper-
iments and with other theoretical models of viscous sintering 
for the linear shrinkages and range of relative density con-
sidered in this work.2,37,39 Theoretical work has shown that 
for spherical particles, neighboring contacts begin to impinge 
on one another at a relative density of 0.90, indicating that 
the assumption of discrete contacts is valid until this point.40 
This relative density corresponds to an average normalized 
contact radius of 0.5 for spherical particles, which is the ap-
plicability limit determined by finite element analysis for 
the present contact law.37,41 Recent observations with X-ray 
microtomography found that separated contacts on sintering 
glass spheres begin to coalesce at a relative density of 0.75; 
however, mostly open porosity was observed until a relative 

density of 0.90, consistent with our application of DEM to 
this range.42

Fixed grip loading conditions were achieved by selecting 
layers of particles at the top and bottom of the specimen and 
imposing on them a condition of zero-displacement in the 
z-direction. Each layer was five particles thick and is shown 
in dark blue in Figure 1. This loading configuration results in 
a state of uniaxial tensile stress far from the notches, thereby 
simplifying analysis of stress evolution and cracking be-
havior. The simulations were conducted after removing the 
periodic boundary conditions initially used to generate the 
numerical specimen. We note that while the model of Jagota 
et al was developed for the case of an isotropic sintering ma-
terial, it is nonetheless applicable to the present case of aniso-
tropic boundary conditions: anisotropy is allowed to evolve 
in the system because of the discrete elements themselves, to 
which the isotropic model is applied.

2.4 | Stress measurements

The stress in the specimen was determined by means of the 
local particle stress tensor �, calculated for each particle i as 
follows:43

where f is the force vector acting on the contact between parti-
cles i and j, and x is the position vector connecting their centers. 
The force vector f derives directly from Equations 1 and 2. The 
summation acts on the vector product f ijxij for all particles j 
in contact with particle i. The representative volume V* is the 
Voronoi cell volume computed for particle i using tessellations 
obtained with the Voro++ package.44 Thus, Equation  5 ac-
counts for the local variations in packing density that evolve 
during sintering. Dimensional analysis of Equation  5 reveals 
that the second term in Equtaion 1 gives a 1/r dependence to 
�. Thus, the magnitude of the stress is expected to increase as 
the particle size decreases for a monodisperse aggregate, but 
the distribution of the stress within the aggregate is expected to 
remain the same.

A continuum representation of the zz stress component 
in the specimen was obtained by averaging � over discrete 
volumes. The averaging volume was a 10-μm cube (twice 
the particle diameter). The cube was centered in the x di-
mension of the specimen and moved through the y and z 
dimensions by steps of 5  μm, omitting particles within 
5 μm of the specimen surfaces to avoid free-surface effects. 
At each step, the arithmetic mean was calculated for the zz 
component of � for all particles with centers lying inside 
the cube, yielding �ave. By considering only those parti-
cles for which |x| < 5 μm, the effects of the free x-normal 

(4)�=�0 exp

(

Q

RT

)

,

(5)�i =
1

V∗
×
∑

j≠i

f ijxij,

T A B L E  1  Material properties for soda lime glass, obtained from 
McLellan and Shand38

Material property Symbol Value

Theoretical density (g/cm3) ρt 2.5

Surface energy (J/m2) γ 0.3

Pre-exponential, viscosity 
(MPa s)

η0 1.05 × 10−14

Activation energy, viscosity (kJ/
mol)

Q 276

Viscositya  (MPa s) η 6.90
aAccording to the Arrhenius model. 
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surfaces of the specimen were omitted. The far-field stress 
�far was calculated by averaging �ave over the regions be-
tween the notches and the fixed particle layers, for which 
100 μm <  |z| < 150 μm. This was to avoid stress concen-
tration effects from the notches and surface effects from 
the fixed particle layers. The stress profile � in the notch 
region, for which |z| < 30 μm, was determined as the maxi-
mum �ave at each position y in the notch region.

2.5 | Sinter-crack length

The length of the sinter-crack was determined by monitoring 
the geometric separation of particles (ie, the failure criterion 
for a sintered contact is simply given by the condition that the 
interparticle distance is greater than the sum of their radii). 
The notch roots were regarded as the points of crack initia-
tion because particle separation events were concentrated in 
this area. While such separation events occurred elsewhere in 
the specimen, their frequency was low enough to disregard 
them. The initiation of the sinter-crack was determined by 
monitoring for particle separation within one particle diam-
eter of the original notch root. Subsequent particle separa-
tion events were regarded as part of the main crack if they 
occurred within one particle diameter of previous separation 
events. The length of the sinter-crack was taken as the hori-
zontal distance between the instantaneous positions of the 
crack tip and the notch root.

3 |  RESULTS AND DISCUSSION

3.1 | Densification behavior

3.1.1 | Free sintering

We first consider the densification behavior of specimens 
without edge notches sintering under free and constrained 
conditions. The relative density � as measured by the refer-
ence sphere is plotted in Figure  3 against a dimensionless 
time τ, defined as

where t is the time in seconds.2 The free sintering curve start-
ing at initial relative density �0 = 0.62 shows a positive curva-
ture similar to that for specimens with �0 equal to 0.65, 0.70, 
and 0.75. The continuum average calculation of Jagota et al 
for the case of free sintering is shown for comparison with the 
simulation.2

The free densification curves given by Jagota et al and 
the present DEM are consistent in their form, both displaying 

positive curvature and both reaching � = 0.90 around � = 0.3

. However, the DEM curve begins with a slower densification 
rate which accelerates gradually, surpassing that of the con-
tinuum curve at � = 0.18. This reveals an important distinc-
tion between the continuum average calculation and the DEM 
simulation due to the consideration of particle rearrangement. 
The continuum average calculation of Jagota et al considers 
a constant particle coordination number of 7.3 and a starting 
relative density of 0.62 (although the coordination number 
for such relative densities is often lower46). Conversely, the 
DEM simulation tracks a change in average coordination 
number from 5.7 to 7.9 over the course of sintering. The av-
erage coordination number at the beginning of the simulation 
is less than the value assumed by Jagota et al, causing the 
total driving force for densification (hence the densification 
rate) to be less than that determined by their calculation. As 
the average coordination number increases, the total driving 
force for sintering increases, causing the densification rate 
to accelerate. Thus, the increase in the average coordination 
number of the DEM simulation causes its densification rate 
to increase and surpass that of the continuum calculation, re-
vealing how particle rearrangement can significantly affect 
densification behavior.

The positive curvature of � with � means that the densi-
fication rate �̇� accelerates as � increases. In addition to the 

(6)� =
�

�r

(

3

4�

)1∕3

t,

F I G U R E  3  Relative density ρ vs reduced time τ for the 
unnotched panel (inset) during free and constrained sintering. Data 
from the discrete element simulation are labeled as DEM. Shown for 
comparison are the continuum average calculation of Jagota et al for 
the same contact law2 and the spherical pore model of Mackenzie and 
Shuttleworth45 (MS), both for the case of free sintering. The initial 
relative density in each case is 0.62
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contribution from particle rearrangement just noted, this be-
havior results from the linear dependence of the viscous and 
sintering parts of the normal force fN on the contact radius 
a in Equation 1, combined with the increase of a with the 
length of particle overlap h (therefore �) according to Coble's 
geometric model of neck growth in Equation  3. This is in 
contrast with models for crystalline sintering limited by grain 
boundary diffusion, for which the viscous part is proportional 
to a4 while the sintering part is constant (depending on r� in-
stead of a�).27 While some evidence exists for an accelerating 
�̇� at the onset of sintering,2,47 the observed behavior of �̇� in 
Figure 3 is generally inconsistent with experiments on vis-
cous sintering, in which a deceleration is typically observed 
in the range of 0.6 < ρ < 0.9.48,49 However, the densification 
rates predicted by the model were shown by Jagota et al to 
be similar to those determined experimentally for the present 
range of relative density, justifying use of the model to probe 
sinter-cracking behavior. Nonetheless, future improvement of 
the model is warranted for a more realistic description of vis-
cous sintering using DEM.

From a theoretical perspective, the corrected viscous sin-
tering model of Frenkel, from which the sintering part of 
Equation  1 is derived and from which the accelerated �̇� 
arises,1 has been shown to give reasonable agreement with 
finite element analysis of the viscous sintering of two 
spheres.39 For comparison with other sintering models, 
Figure 3 also shows the results of Mackenzie and Shuttleworth 
for a free-sintering viscous material made of closed spherical 
pores.45 Although displaying a negative curvature, the 
Mackenzie-Shuttleworth model lies near the continuum aver-
age of Jagota et al and the present DEM results, predicting 
similar densification rates.

3.1.2 | Constrained sintering

In the case of constrained sintering, the specimen experiences 
macroscopic shrinkage in x and y only, while remaining in-
tact in z. Figure 3 shows that the constrained specimen densi-
fies more slowly than the free specimen, as expected due to 
a lack of shrinkage in z. The manner in which uniaxial re-
straint retards densification can be understood through a con-
tinuum analysis of the shrinkage of the constrained specimen. 
Following Bordia and co-workers,2,50 we approximate the 
particle aggregate as an isotropic linear viscous compressible 
solid, in which the principal stresses (σi) and strain rates (�̇�i) 
are related as follows:

The subscripts here refer to the directions of the principal 
stresses; N and F are Poisson's ratio and the viscous equiva-
lent of Young's modulus (or the uniaxial viscosity) for a po-
rous material and are both functions of �; �̇�f  is the free strain 
rate, which is experienced by the densifying material in the 
absence of external forces or constraints.

The boundary conditions for the constrained specimen are 
�̇�z = 0 and �x = �y = 0. The strain rates in the x and y direc-
tions are therefore.

Because Poisson's ratio for a sintering material is always pos-
itive,50 Equation 8 predicts that the shrinkage rates in the direc-
tions transverse to the loading axis are faster in the constrained 
specimen than in the free specimen. This effect is confirmed 
by the simulations: at � = 0.75, the xy area of the constrained 
specimen is shrinking 7% faster than that of the free specimen.

The strain rate tensor, �̇, is related to �̇� by.

giving for the case of free sintering

and for constrained sintering

Comparison of Equations 10 and 11 shows that �̇�c differs 
from �̇�f  by a factor of 2(1 + N)/3. The factor of 2/3 results from 
zero shrinkage in the z-direction while the term (1 + N) reflects 
the enhanced x and y shrinkage rates due to Poisson's ratio.

To compare this result with the simulations, we use the 
expression for N developed by Scherer for a viscous sintering 
material with open porosity51:

According to this expression, for � = 0.75, N = 0.35, thus 
the constrained specimen should be densifying 10% slower 
than the free specimen, in good agreement with the 14% ob-
served for the simulations.

 1In deriving the sintering part of f N (second term in Equation 1), Jagota et 
al used a corrected form of Frenkel's model to describe the rate of change 
of the contact area due to sintering.2 This model is compared with finite 
element analysis of the two sphere viscous sintering unit problem in Ref. 
[39].

(7)
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3.2 | Stress evolution in the 
sintering specimen

Figure 4 shows the far-field tensile stress �far that developed 
in the densifying material as a function of the relative density 
�. The data are for specimens with an initial relative density 
�0 of 0.70, an initial notch height b/H of 0.06, and the initial 
notch lengths d/W shown next to each curve. Here and in the 
next section, we focus on the unnotched specimen (d/W = 0).

At the onset of sintering, there is a transient stress (not 
shown) of 62 kPa due to an applied numeric force required 
to start the simulation. Following this initial transient, �far de-
creases to 43 kPa and then increases at a nearly constant rate 
as the specimen densifies. This far-field uniaxial stress can 
be converted to the sintering stress Σ using equations from 
viscous sintering theory:50,51

where N is defined as in Equation 12. Thus for �far = 43 kPa 
at � = 0.71, following the transient, Equation 13 gives Σ to be 
130 kPa. This is slightly larger but within an order of magnitude 
of the sintering stress determined experimentally for glass pow-
ders48 and comparable with that predicted by theory for viscous 
sintering.52 Furthermore, Rahaman and De Jonghe observed an 
increase in the sintering stress of borosilicate glass powder from 

0.63 to 0.95 relative density,48 in line with the behavior on dis-
play in Figure 4.

The positive slope of the stress evolution curves can be un-
derstood in terms of the normal force contact law, Equation 1. 
Macroscopically, the velocity term dh

dt
 in Equation 1 is zero 

with respect to the z-direction because the fixed grip bound-
ary conditions prevent vertical shrinkage. Hence, the tensile 
term containing the product of the contact radius a and the 
surface energy � must give rise to the observed �far behavior. 
Because the surface energy is held constant during these sim-
ulations, there are only three potential contributions to the 
positive relationship between �far and �: (a) an increase in the 
mean radius of particle contacts with nonzero projected area 
in the z-direction, (b) an increase in the number density of 
such contacts, and (c) a decrease in the z-normal cross-sec-
tional area caused by shrinkage transverse to the loading axis. 
The total z force (not shown) acting on the fixed particles 
increases in a manner similar to �far, suggesting that increase 
in the mean radius and number density of z-oriented particle 
contacts (resulting from particle rearrangement) causes the 
uniaxial stress to increase with time. This hypothesis is con-
firmed and discussed in Section 3.3.

The positive relationship between �far and the mean contact 
radius is further emphasized by comparing the initial sinter-
ing stress of specimens with different initial relative densi-
ties, which, because of the specimen preparation method, 
also had different initial mean contact radii. Unnotched spec-
imens with �0 values of 0.65, 0.70, and 0.75 had mean initial 
contact radii of 0.48, 0.87, and 1.11 μm, respectively; their 
initial �far values were 24, 43, and 60 kPa after the transient 
region. In each case, an increase in the initial contact radius 
gives a corresponding increase in the initial stress by approx-
imately the same factor, demonstrating that the induced stress 
is a function of the contact size.

3.3 | Evolution of specimen anisotropy

Another effect of the uniaxial restraint is to induce devel-
opment of an anisotropic structure in the specimen. To il-
lustrate this point, Figure 5A is a polar histogram showing 
the angular distribution of particle contacts in the specimen, 
where the normal vectors for all contacts have been pro-
jected onto the yz plane. The histogram counts are normal-
ized by the total number of particles so that integration of 
the curve gives the average coordination number: 7.1 at the 
start and 8.5 at the end of sintering from 0.70 to 0.90 rela-
tive density, revealing the creation of new particle contacts 
as a result of particle movement during densification. Prior 
to sintering, the distribution of contact orientation is iso-
tropic; following densification, Figure 5A reveals that slight 
anisotropy has developed, with the creation of more con-
tacts in z than in y.

(13)Σ=
�far

1−2N
,

F I G U R E  4  Far-field tensile stress σfar plotted against the relative 
density �. σfar is the average of stress values measured between the 
notches and the layers of fixed particles. A transient stress of 62 kPa at 
the onset of sintering has been omitted from all curves for clarity. Data 
are for a notch height b/H of 0.06 and the notch lengths d/W shown 
next to each curve
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| 9CARAZZONE Et Al.

The anisotropic evolution of contact structure is even 
more obvious in Figure 5B, which shows the mean contact 
area normalized by the particle surface area. In Figure 5B, 
the contact size distribution begins as isotropic and then be-
comes strongly anisotropic as the specimen densifies, with 
the mean contact area normal to y growing 50% larger than 
that normal to z. Contact area growth in z is retarded by the 
vertical restraint, which prevents particles from coalescing 
in this dimension. However, the growth of contact area in 
z is still significant and must arise from particle rearrange-
ment allowed by the random nature of the particle packing. 
Particle contacts oriented with nonzero components in both 
y and z can grow in size due to movement of the particles in 
y; likewise, movement of particles in y can lead to rotation of 
contacts toward z, thereby increasing contact area in z. The 
combined effect of this contact evolution is to increase �far in 
the constrained specimen, as shown by Figure 4.

3.4 | Effect of notch geometry on 
specimen behavior

3.4.1 | Microstructural evolution

We next consider the behavior of the specimens containing 
elliptical edge notches under constrained sintering condi-
tions. As described in Section 2.5, the sinter-crack is defined 
as the continuous region of ruptured particle contacts ema-
nating from the notch roots. While diffuse damage could be 
observed throughout the notched specimens, major cracking 
was confined to the regions adjacent to the notch roots.

Figure 6 shows a series of images taken at different stages 
of densification from 0.70 to 0.90 relative density for two 
types of notch geometries: shallow (length of 3 particles, 
d/W = 0.11) and deep (length of 15 particles, d/W = 0.56). 
Both notches have a height of 5 particles (b/H  =  0.06), 

F I G U R E  5  Angular distribution 
of (A) the average coordination number 
and (B) the mean contact area for the 
constrained unnotched specimen at the 
start of sintering (blue) and at the end of 
sintering (red). Relative densities ρ are 
indicated next to each curve. The graphs 
represent a projection of contact normal 
vectors onto the yz plane. Data are divided 
into 100 bins

F I G U R E  6  A shallow notch (3 particles deep, d/W = 0.11) and a deep notch (15 particles deep, d/W = 0.56) of the same height (5 particles, 
b/H = 0.06), shown at equal intervals of relative density ρ. Dark red particles represent cracks growing from the notch roots and the dashed lines 
indicate the initial specimen profile. Values of reduced time τ are shown. Scale bars are 50 μm
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10 | CARAZZONE Et Al.

corresponding to initial gross stress concentration factors of 
3.5 and 15.6, respectively.53 The dark red particles represent 
sinter-cracked material; the initial specimen profile is shown 
in each image.

The shallow notch specimen displays typical behavior for 
sintering under uniaxial restraint: its height remains constant 
while its width shrinks by 11% and its thickness by 14%, 
corresponding to a final relative density of 0.90. The shape 
of the notch changes slightly, widening in z by 17%. Crack 
growth begins early, proceeds gradually, and is confined to 
the region close to the notch, traveling a horizontal distance 
approximately equal to the notch length. A damage zone of 
separated particles accumulates adjacent to the notch root 
and expands vertically. The crack grows only slightly during 
densification from 0.80 to 0.90 relative density, and the final 
length of the crack developed by the shallow notch is 15% of 
the ligament width, far from complete fracture. Uncracked 
material between the notches resembles material far from 
the notches, indicating that the stress field around the sin-
ter-cracks did not influence densification in the center of the 
specimen.

Like the shallow notch specimen, the deep notch speci-
men maintains a straight profile along its edges. However, it 
experiences less xy shrinkage than the shallow notch speci-
men (the width shrinking by 10% and the thickness by 13%). 
Less shrinkage in x and y indicates a contribution to densi-
fication from shrinkage in z—that is, less restraint on verti-
cal displacement of particles—allowed by the greater length 
of the notches. As with the shallow notch, widening of the 
deep notch begins immediately but progresses much farther: 
at ρ = 0.90, the notch has widened by 70%. Crack growth 
begins immediately and proceeds rapidly, with large damage 
zones accumulating at the roots of the notches, expanding 
vertically and developing horizontal branches. At ρ = 0.90, 
the cracks have traveled completely through the ligament. 
The cracks do not grow far outside of the ligament region, 
demonstrating that damage tends to isolate between the de-
fects, where stress concentration is greatest. Nevertheless, the 
sinter-cracking behavior observed here is more diffuse and 
less catastrophic than that observed in DEM simulations of 
crystalline material, where cracks easily traveled through the 
width of the specimen.25

We observe a tendency for particles to remain connected 
even when nearby particles have lost contact, produc-
ing crack-bridging ligaments that can slow crack growth. 
Similarly, Bordia and Jagota investigated sinter-crack 
propagation from a notch root in a glass powder film and 
observed connected particle ligaments bridging the crack 
opening.9,20 Substantial crack-bridging behavior has also 
been observed in experiments using crystalline powders, 
where propagation of a sinter-crack from a notch was ac-
companied by sections of material connecting the two frac-
ture surfaces.9,21

3.4.2 | Evolution of sinter-crack length

The behavior of sinter-cracks growing from the notches is 
demonstrated in Figure 7 by a plot of normalized crack length 
c/W vs �. The data are for a notch height of five particles 
(b/H = 0.06) and the full range of notch lengths tested. c was 
taken as the average length of the cracks growing from both 
notches. Normalization by W gives a sense of size with re-
spect to the specimen.

In general, the sinter-cracks begin growing immediately 
and go through alternating phases of growth and arrest. For 
shallow notches of d/W = 0.11 and below (dashed lines in 
Figure 7), cracking is minimal and characterized by large re-
gions of diminished growth or crack arrest. Continued den-
sification of the specimen combined with the cessation of 
material rupture leads to shrinkage of the crack size during 
the arrest phases, a phenomenon recently observed experi-
mentally through in situ monitoring of sinter-cracking in re-
strained notched panel specimens.21 This behavior indicates a 
regime of notch geometry where catastrophic sinter-cracking 
is suppressed: while a crack may initiate, it will grow slowly 
or not at all.

In contrast to small notch lengths, notches larger than 
d/W  =  0.11 display nearly linear increase of crack length 
with time, interrupted by short periods of crack arrest. These 
nongrowth regions may be incubation phases where the 
stress builds prior to overcoming the strength of the particle 
contacts; or, they may represent damage taking place ahead 
of the crack tip prior to linking with it. By inspecting the 

F I G U R E  7  Crack length c normalized by specimen half-width 
W vs relative density ρ for a notch height b/H of 0.06 and ρ0 of 0.70. 
Notch lengths d/W are shown next to each line. Dashed lines show 
large regions of little crack growth
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sinter-cracking specimens, we find ligaments of connected 
material separating regions of damage; the sudden rupture of 
these ligaments leads to a jump in crack length. Such damage 
zone behavior was also observed in a sintering alumina film 
where the main sinter-crack grew by coalescing with voids 
that formed ahead of the crack.9 It is also a common feature 
of creep-cracking in dense materials where crack growth oc-
curs through the formation and coalescence of grain bound-
ary cavities, sometimes accompanied by crack-bridging 
ligaments.19,54

As notch length increases to the maximum value tested, 
the crack length data become more closely spaced, indicating 
a limiting crack growth rate. Similar limiting behavior was 
found to apply to the mode I stress intensity factor (KI) for a 
cracked sintering film: at first, KI increases with the square 
root of the crack length, but then approaches a limiting value 
that is independent of crack length.20 Finally, of all the notch 
lengths shown in Figure 7, only the greatest (d/W = 0.56) ex-
periences cracking through the entire width of the internotch 
section.

Returning to Figure  4, the tensile stress experienced by 
the notched specimens may be understood in light of their 
cracking behavior. Data are shown for selected notch lengths 
ranging from d/W = 0.08 to 0.53 and an initial relative den-
sity of 0.70. For all notch lengths, the stress �far experienced 
by the notched specimen is less than that of the unnotched 
specimen, and as the length of the notch increases, �far de-
creases by greater amounts. This divergent behavior is a 
function of the competing processes of stress buildup through 
densification and stress relief through crack propagation. It 
also reflects the increase of specimen compliance due to the 
initial notch geometries and the growth of sinter-cracks from 
the notches.

3.4.3 | Densification between the notches

When cracking occurs, particle contacts at the notch root 
are broken by adjacent densifying material while unbro-
ken particle contacts ahead of this cracked region continue 
to sinter. Densification continues ahead of the crack due to 
x and y shrinkage, which in turn strengthens the material 
against fracture. Shrinkage in these dimensions can also af-
fect z-oriented contacts through particle rearrangement and 
contact rotation; such processes aid densification ahead of a 
stress-concentrator.22

Figure 8 shows the relative density measured far from the 
notches (far-field) and between the notches (internotch) for the 
two specimens shown in Figure 6 (shallow and deep notches). 
The reference spheres used for the measurement were the 
same initial size and were centered with respect to specimen 
thickness; their positions are indicated in the Figure 8 inset. 
For the shallow notch (d/W = 0.11), densification of far-field 

and internotch material is similar, indicating minimal effect 
due to the notches on microstructural evolution. For the deep 
notch (d/W = 0.56), densification behavior is similar at early 
stages, but diverges near a reduced time of 0.05. The far-field 
material begins to densify more rapidly due to a greater spec-
imen compliance. Meanwhile, the internotch material con-
tinues densifying at a slower rate due to particle movement 
in x and y, even as desintering and contact rupture are taking 
place in z due to the concentrated stress near the notches.55 A 
balance between these opposing processes, densification in x 
and y vs de-sintering in z, explains the crack arrest behavior 
observed for small notch lengths in Figure 7.

In their stress intensity analysis, Jagota and Hui deter-
mined a critical crack size for sinter-crack growth.20 Similarly, 
for creep-cracking in fully dense materials, a threshold stress 
intensity factor has been identified below which cracks 
blunt and retract.56 While we observed particle separation 
even for small notch lengths, crack growth was suppressed 
for notches below a certain size (d/W ≤ 0.11, Figure 7). As 

F I G U R E  8  Relative density ρ plotted against reduced time 
τ for material far from the notches (‘far-field’, green and orange 
reference spheres) and between the notches (‘internotch’, purple and 
pink reference spheres). Data are for a notch height b/H of 0.06 and 
notch lengths d/W of 0.11 and 0.56
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seen in Figure 8 for the shallow notch, densification ahead of 
the flaw progresses normally, supporting the critical crack 
size condition. In a similar stress intensity analysis, Ostertag 
et al suggested that suppression of crack nucleation is un-
likely, while avoiding significant crack growth is of greater 
practical importance.7 From Figure  8, the shallow notch 
shows this possibility: for a small enough flaw, densification 
of the bulk material is unaffected.

More generally, the gradients in structure and relative 
density that develop in the region between the notches can 
strongly influence the trajectory of the sinter-crack. The con-
tinued densification between the notches for the deep notch 
specimen suggests a material toughening mechanism that can 
serve to slow and potentially stop the growth of a sinter-crack. 
Even as the crack travels into the center of the specimen, x 
and y shrinkage continues to densify the material in the inter-
notch region. Thus, crack arrest might result if densification 
ahead of the crack exceeds the tendency of the crack to grow.

3.5 | Fracture mechanics analysis of notched 
specimen behavior

3.5.1 | Specimen compliance

From linear elastic fracture mechanics, it is well-known that 
the compliance of a double edge notched specimen increases 
with the length of the notches and the length of cracks or 
damage emanating from them.57,58 Furthermore, there is a 
mathematical analogy between linear elastic and linear vis-
cous boundary value problems, which holds that solutions 
to linear elastic problems can be extended to identical lin-
ear viscous problems by replacing strains with strain rates 
and moduli with viscosities.59 By applying this analogy to 
the linear elastic solution for the compliance of a cracked 
double edge notched specimen, we can determine the effect 
of the edge notches and sinter-cracks on the uniaxial stress 
observed in Figure 4.

For the specific constrained sintering problem that we 
are considering, the equivalent linear elastic boundary value 
problem is a linear thermoelastic panel with a positive co-
efficient of thermal expansion that is first restrained under 
fixed grip loading conditions at one temperature, then cooled 
to generate an internal tensile stress. The nondimensional 
load line compliance Z of this specimen is related to the in-
duced thermal stress �ind through the Young's modulus E as 
follows:57

where s is the displacement that would occur without the 
fixed grip conditions, B is the specimen thickness, and A is the 

cross-sectional area normal to the restraint. For thermoelastic 
shrinkage, the displacement s is determined by the linear ther-
mal expansion coefficient α and change in temperature ΔT:

where H is the specimen height as in Figure 1. When the ther-
moelastic panel is cooled under fixed grip conditions, it experi-
ences an induced stress according to Equations 14 and 15. The 
equations show that an increase in specimen compliance Z will 
produce a decrease in the stress �ind caused by a given change 
in temperature.

In the case of constrained sintering, the mass transport 
mechanisms that lead to densification are the cause of the 
induced stress. Following the linear viscous analogy, the dis-
placement s is replaced by the displacement rate ṡ and the 
Young's modulus E is replaced by the uniaxial viscosity F. As 
with the thermoelastic panel, ṡ is the displacement rate which 
the densifying material would experience in the absence of 
external restraint and is therefore related to the free strain rate 
�̇�f  introduced in Section 3.1.2. Similar to the product �ΔT  for 
the thermoelastic case, �̇�f  represents the tendency of the spec-
imen to shrink macroscopically and corresponds to the driv-
ing force for densification. For the case of uniaxial restraint, 
ṡ is related to �̇�f  through the specimen height H aligned with 
the z restraining axis:

For the constrained specimen, we determine �̇�f  from the 
densification measured by the reference sphere. The mac-
roscopic strain rates �̇�i are nominally zero in z due to the 
boundary conditions and approximately equal in x and y. 
Combining Equations 8 and 9 thus gives �̇�f  as.

where N is again the result of Scherer for Poisson's ratio of a 
viscous sintering material with open porosity.51,60

If the divergent stress behavior observed in Figure  4 is 
explained by the difference in specimen compliance, then 
the dependence of the uniaxial viscosity F on the relative 
density � should be similar for all specimens. Rearranging 
Equation 14, substituting Equations 16 and 17, and using �far 
instead of �ind, we obtain.

where we have replaced the instantaneous cross-sectional area 
A with the product of the instantaneous specimen dimensions 
B and 2W.

(14)�ind =
sEB

ZA
,

(15)s=�HΔT ,

(16)ṡ= �̇�f H.

(17)�̇�f =
�̇�

2 (1+N) 𝜌
,

(18)F=2WZ𝜎far

2 (1+N) 𝜌

H�̇�
,
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For a double edge notched tension panel, Z is calculated 
by the following formula:57

where we define g as the sum of the notch length and one third 
of the crack length. This approximation compensates for the 
character of the sinter-crack: it is not a perfect through-thick-
ness crack, to which Equation 19 applies, but instead tunnels 
through uncracked material as it grows from the notch. Further 
justification for this approximation is provided through a look 
at the stress profile in Section 3.7.

Figure  9 shows F plotted against ρ for the same notch 
lengths shown in Figure  4. For viscous sintering materials 
with open porosity, Scherer60 has used a thermoelastic analy-
sis to approximate the uniaxial viscosity as.

The evolution of F during sintering seen in Figure  9 is 
in qualitative agreement with that predicted by Scherer for 
late sintering densities (𝜌 > 0.75), the curves lying parallel to 
each other. The values from Scherer in this range are less than 
those of the unnotched specimen, revealing the difference 

between the model due to Scherer, which is based on porosity 
as a state variable, and the model due to Jagota et al used in 
our simulations, which is based on particle contacts. Unlike 
the stress in Figure 4, which showed divergent behavior for 
the different notch lengths as sintering progressed, the uniax-
ial viscosity curves lie parallel to each other beyond � = 0.75

, showing similar evolution of F with ρ and indicating that 
change in specimen compliance is an important factor in the 
change of the measured far-field stress. The spread seen at 
the early stages of sintering in Figure 9 is caused by delay 
in the distribution of stress through the material at the onset 
of sintering. As sintering progresses, the stress distributes 
throughout the specimen and the viscosity curves converge.

From a practical perspective, it is common in experimen-
tal fracture mechanics to determine the length of a crack in 
a specimen based on the measured load line compliance. 
The present results suggest that this method can be used 
to determine the length of sinter-cracks as well, provided 
the densification kinetics are known. Finally, it is apparent 
that the presence of a notch allows far-field densification 
to occur more rapidly. As seen in the measurements of far-
field relative density in Figure 8, the deep notch specimen 
(d/W = 0.56) attains ρ = 0.90 at a lower reduced time than 
the shallow notch specimen (d/W = 0.11). This faster densi-
fication is the result of less restraint on the far-field material 
due to the notches and the sinter-cracks, which increase the 
specimen compliance.

3.5.2 | Dependence of cracking behavior 
on notch geometry

There are a variety of candidate parameters that might be 
used to describe the stress field ahead of a sinter-crack, in-
cluding the stress concentration factor,61 stress intensity fac-
tor,57 creep-crack growth parameter C*,19 and net section 
stress.62 If the stress field can be calculated accurately, then 
cracking behavior may be predicted. To test the relevance of 
these parameters to sinter-cracking, we simulated a range of 
notch heights and lengths, then compared the extent of sinter-
crack growth with different parameters representing the ini-
tial specimen geometry.

The gross stress concentration factor Ktg can represent the 
effect of both the height and length of the notch and is typ-
ically used for discontinuities that are not atomically sharp. 
For opposing elliptical edge notches in a symmetrical panel, 
Ktg is given by53

where q is the radius of curvature of the notch root, a function 
of both the height and length of the notch, and d and W are 

(19)

Z =
H

2W
+

4

�

{

0.0629−0.0610

[

cos

(

�g

2W

)]4

−0.0019

[

cos

(

�g

2W

)]8

+ ln

[

sec

(

�g

2W

)]

}

,

(20)F=
3��

3−2�
.

(21)
Ktg =

�

0.855+2.21
√

d∕q
�

�

1−0.50
�

d

W

�

−0.0134
�

d

W

�2

+0.081
�

d

W

�3
�

�

1−
d

W

�−1∕2

,

F I G U R E  9  Uniaxial viscosity F, as calculated from the 
specimen compliance, plotted against the relative density ρ. Data are 
for specimens of initial relative density 0.70, notch height b/H of 0.06, 
and normalized notch lengths d/W shown next to the curves. The data 
points corresponding to the initial stress transient have been omitted. 
The red dashed line is Scherer's approximation60
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as defined in Figure 1. We calculate Ktg for each initial speci-
men geometry and compare it with the final normalized crack 
length c/W after sintering from 0.70 to 0.90 relative density. The 
data are plotted in Figure 10A for all notch heights and lengths 
considered. As expected, a greater Ktg produces a greater final 
crack length. However, there is significant spread between the 
curves and specific values of Ktg do not predict unique final 
crack lengths, demonstrating that Ktg is not a good descriptor of 
sinter-crack growth in this case.

This result was also obtained in an experimental study 
on creep rupture of fully dense copper and aluminum, where 
it was found that creep rupture did not depend on the stress 
concentration factor and did not vary with the height of the 
flaw.62 Instead, there was a correlation between rupture life 
and a normalized representative rupture stress, a quantity 
composed of the average stress acting on the minimum sec-
tion adjacent to the flaw and the uniaxial creep rupture data 
for the material. Accordingly, we test the influence of the 
minimum section on sinter-cracking behavior by plotting c/W 
against the initial normalized notch length d/W in Figure 10B. 
Except for some slight deviations, the results for different 
notch heights overlap for the entire range of d/W. The final 
crack length generally increases with the initial length of the 

notch, but plateaus at higher values of d/W, revealing again 
the limiting dependence of crack growth on flaw size seen in 
the plots of crack length vs relative density in Figure 7.

Figure  10 demonstrates that cracking behavior depends 
strongly on the initial length of the notch, with no obvious 
contribution from its height for those values tested. This 
result is counter to intuition, since in a nonporous material 
with an externally applied stress, the Ktg of the notch should 
influence cracking behavior by having a multiplying effect 
on the crack tip stress field after the crack has initiated.63 Its 
lack of influence in this case may be due to the small differ-
ence between particle and notch size, so that even nominally 
blunt notches behave as sharp cracks. Another possible ex-
planation is that although the notch root may have a large 
macroscopic radius of curvature, the interparticle necks at 
the notch root have a radius of curvature orders of magnitude 
smaller, so that the interparticle necks act as sharp crack tips; 
this is consistent with theory for porous materials, for which 
mechanical properties are expected to depend on the stress 
concentration factor of the pores.64 Nevertheless, the correla-
tion between the final crack length and initial notch length 
strongly suggests the use of stress parameters that depend on 
the flaw length only, such as the stress intensity factor, creep-
crack parameter, or net section stress.

3.6 | Effect of initial relative density on 
crack growth

Multiple investigators have considered the dependence of 
sinter-cracking behavior on the initial relative density �0 of 
powder aggregates and have arrived at conflicting conclu-
sions. Some found that sinter-crack growth was more rapid in 
specimens with low �0.

7 Others found that sinter-crack growth 
was more rapid for greater �0 because particle rearrangement, 
an important energy dissipation and stress relaxation mecha-
nism, is suppressed at higher relative densities.15,25

To shed light on the effect of ρ0, sinter-cracking behaviors 
are compared in a plot of normalized crack length c/W vs ini-
tial normalized notch length d/W in Figure 11 for specimens 
of constant notch height and different ρ0. c/W was measured 
at a reduced time τ of 0.1 for even comparison of specimens 
with different ρ0. Figure 11 shows that, for nearly all values 
of d/W, c/W decreases with ρ0. For d/W = 0.3 and ρ0 = 0.65, 
the crack length at τ = 0.1 is 2x that of ρ0 = 0.70 and 4x that 
of ρ0 = 0.75. It is interesting to note that the uniaxial stress 
alone is not a predictor of cracking behavior: as mentioned in 
Section 3.2, specimens with greater ρ0 experienced greater 
far-field stress, but here exhibit lower crack growth rates.

The ρ0 dependence evident in Figure 11 is opposite that 
found in DEM simulations of cracking in crystalline mate-
rials sintered under similar conditions (notched panel, uni-
axial restraint).25 There, complete fracture was observed for 

F I G U R E  1 0  Final normalized crack length c/W plotted against 
(A) the initial stress concentration factor Ktg and (B) the initial 
normalized notch length d/W for specimens sintered from ρ = 0.70 
to 0.90. All notch heights and lengths are shown

CO
LO

R 
on

lin
e,

 B
&W

 in
 p

ri
nt



1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53

| 15CARAZZONE Et Al.

higher ρ0, while for lower ρ0, more cracks initiated and crack 
opening was greater, but complete fracture did not occur. 
Thus, the resistance to sinter-cracking in crystalline powder 
aggregates appears to increase with decreasing ρ0. Martin 
et al attributed this effect to the higher viscosity of the denser 
aggregate, which reflects the larger mean contact radius and 
higher particle coordination number associated with higher 
relative density, and the stronger dependence of the aggre-
gate viscosity on the contact radius for a crystalline mate-
rial. These factors inhibit particle rearrangement and other 
stress relaxation mechanisms at the crack tip, thus promoting 
fracture.

The results shown in Figure 11 also suggest that viscosity 
influences sinter-cracking behavior, since the viscosities of the 
glass powder aggregates scale with relative density, as seen in 
Figure 9. However, in the present case of a glass material, our 
results indicate that a lower viscosity leads to a greater crack 
growth rate. This inverse dependence of crack growth rate on 
viscosity has also been observed for creep-cracking in fully 
dense materials, including polycrystalline ceramics, where 
the phenomenon, referred to as Monkman-Grant behav-
ior, has been associated with diffusion-mediated cavitation 
ahead of the crack.65,66 Other investigations have identified 
an inverse dependence of creep-crack growth rate on cavity 
spacing, a parameter analogous to the relative density.58,67 
Thus, the parallel behavior between creep-cracking and sin-
ter-cracking observed here further supports the analogy be-
tween the two processes. While this conclusion differs from 
the sinter-crack behavior found in simulations of crystalline 

materials, we note that it matches what has been observed 
experimentally in sintering aggregates of MgO, where higher 
crack opening and displacement velocities were associated 
with lower ρ0 for the aggregates, corresponding to lower ag-
gregate viscosities.7

3.7 | The stress profile between the notches

From the force vectors acting on particle contacts and the 
corresponding particle center-to-center position vectors, the 
local stress tensor σ is calculated for each particle in the sys-
tem using Equation 5. The zz component of σ, σloc, is shown 
for particles in the notch region as a function of y-position in 
Figure 12 over the course of sintering from 0.70 to 0.90 rela-
tive density. The notch region is defined for particles with ab-
solute z-position less than 30 μm and absolute x-position less 
than 5 μm. The instantaneous positions of the notch and crack 
tips are represented in Figure 12 by vertical solid and dashed 
lines, respectively. Above each graph is a contour map show-
ing the σave stress field and a rendering showing the cracked 
material. The contour maps show that far from the notches, 
the tensile stress is nearly uniform across the width of the 
specimen. Between the notches, the stress is amplified in a 
lobe pattern that expands as the specimen densifies, with the 
greatest stress lying ahead of the notch tips.

The stress data σloc show a relatively uniform tensile 
stress experienced by particles lying between the crack tips, 
increasing on average as the specimen densifies. Ahead of the 
notch and behind the crack tip, particles experience greater 
σloc due to stress concentration from the notch, while behind 
the notch tip σloc decays toward zero due to the free surface of 
the notch. Many values of σloc lie above 100 kPa, representing 
local stress concentration effects that cause an increase over 
the far-field stress values observed in Figure 4. During den-
sification, σloc tends to increase until a cracking event (parti-
cle separation) takes place, after which it sharply decreases. 
The position of these local maxima between the notch and 
crack tips justifies the use of the crack length approximation 
in Equation  19. While the crack tip represents the farthest 
extent of particle contact rupture, the region of greatest stress 
concentration lies behind the tip, where a greater amount of 
contact rupture has occurred, extending more completely 
through the thickness of the specimen.

Superimposed on σloc is the continuous average stress pro-
file �, calculated from σloc by the spatial averaging method 
described in Section 2.4. The graphs in Figure 12 show that 
� tracks the behavior of σloc, exhibiting a uniform stress be-
tween the crack tips and stress amplification near the notches. 
As discussed in Section 3.2, the magnitude of the stress ob-
served here is consistent with that observed experimentally 
for glass powders48 and that determined theoretically for vis-
cous sintering.52

F I G U R E  1 1  Normalized crack length c/W vs initial normalized 
notch length d/W for different initial relative densities ρ0 and a notch 
height b/H of 0.06. Crack lengths were measured at a reduced time τ of 
0.1
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� also reveals stress relaxation during densification. 
Initially, � displays pronounced maxima near the notch 
tips, consistent with findings of finite element analysis 
for different types of heterogeneities in constrained sin-
tering materials.7,26 As densification proceeds, these max-
ima diminish, and the stress profile between the notches 
assumes a uniform value characterized by the net section 
stress �net:

67

where g is the median crack length as in Equation 19. �net rep-
resents the average stress acting on the minimum cross section 
of the specimen and is shown as a horizontal black line in each 
graph of Figure  12.62 It lies alongside � between the crack 
tips and shows good agreement with the stress profile in this 
region.

This result is indicative of a creeping material in which 
the initial elastic stress field ahead of a stress concentrator is 
relaxed through creep deformation at elevated temperatures 
and low applied loads.65,67 In the sinter-cracking specimen, 
the stress field resembles the elastic case at the start of densi-
fication, before significant deformation has occurred. Then, 
particle rearrangement and contact rupture cause the stress in 
this region to relax to the net section value. Thus, Figure 12 
shows that a far-field stress measurement may be used to 
evaluate the stress field between the notches, a valuable re-
sult for experimental work. To our knowledge, this is the first 

quantitative view of the stress profile ahead of a flaw in a 
sinter-cracking specimen that does not depend on continuum 
approximations.

The large local values of σloc that lie between the notch 
and crack tips reveal the presence of uncracked material 
in the region. The sinter-crack does not propagate as a 
through-thickness crack, but in a diffuse manner, leav-
ing unbroken particle contacts in its wake. Stress from 
the densifying far-field material continues to act on these 
connected particles, and local stress concentration from 
the notch leads to large values of σloc prior to further 
rupture. This crack bridging behavior has been observed 
as ligaments bridging fracture surfaces in fully dense 
creep-cracking materials, such as ceramics containing an 
amorphous phase, causing a decrease in the stress felt by 
the material at the crack tip.68 However, damage is not 
limited to the region within the crack. Ahead of the crack 
tip, particle separation occurs prior to linking with the 
main crack. Such events are evidenced by local maxima 
in σloc lying ahead of the crack tips in Figure 12, and they 
form a damage zone through which the crack propagates. 
In fully dense creep-cracking materials, the formation of 
grain boundary cavities ahead of the crack tip by creep 
deformation causes a damage zone which weakens the 
material and promotes crack propagation.58 In such a sys-
tem, crack growth behavior is dependent on the spacing 
of the cavities.67 We expect that sinter-cracking will have 
a similar dependence on the distance between broken par-
ticle contacts.

(22)�net =
2W�far

(2W−2g)
,

F I G U R E  1 2  Stress profiles (bottom row) showing tensile stress σ in the notch region as a function of y-position: σloc is the zz component of 
individual particle stress tensors; � is the mean profile determined by spatial averaging over the region; σnet is the net section stress acting on the 
material between the notches. Vertical solid lines show the positions of the notch tips and vertical dashed lines show the positions of the crack tips. 
Instantaneous relative densities are given in the top right of each graph. Data are for ρ0 = 0.70, b/H = 0.06, d/W = 0.34, and particles in the region 
|z| < 30 μm and |x| < 5 μm. Above each graph is the corresponding σave stress field shown as a contour map. Renderings of the sinter-cracks are 
shown at the top
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3.8 | Correlation of the crack growth rate 
with stress

To determine the relation between crack growth behav-
ior and the stress induced by densification, it is helpful 
to look at the phenomenon of creep-cracking, to which 
sinter-cracking has been likened by others and to which 
the present results suggest a strong similarity.7,9,21 Clear 
similarities exist between the two phenomena, includ-
ing the time-dependent flow of material, cracking under 
small stresses, and rupture by intergranular failure.19,67 In 
creep-crack growth, investigators have observed correla-
tions between the crack growth rate ċ and some power of 
the stress intensity factor Kn

I
 or the net section stress �n

net
, 

where n is often equal to the stress exponent in the creep 
rate deformation law.67 Dependence on Kn

I
 has been attrib-

uted to creep brittle materials and high applied stresses, 
while dependence on �n

net
 has been attributed to creep duc-

tile materials and low applied stresses.67,69 The stress pro-
files in Figure  12 reveal that σnet characterizes the stress 
in the region between the notches where cracking occurs, 
and that elastic parameters such as KI do not apply due to 
stress relaxation. The sinter-cracking specimens experi-
ence low applied stresses (Figure  4) and the high strains 
involved in densification imply ductile material behavior 
(Figure 3), suggesting the application of σnet. It has been 
further observed for fully dense materials that creep rup-
ture behavior depending on σnet is indifferent to the elastic 
stress concentration factor,62 as observed here for sinter-
cracking (Figure 10).

To test for a correlation between ċ and σnet, we calculate 
the instantaneous sinter-crack growth rate ċ at densification 
intervals of 0.01 for all notch heights and lengths described 
in Section 2.1, discarding small negative changes in crack 
size caused by shrinkage of the specimen. The correspond-
ing σnet values are calculated according to Equation 22 and 
the results are plotted in Figure 13. The correlation between 
ċ and σnet is good, with most values of ċ lying between 10−7 
and 10−5 m/s, suggesting that the two quantities are related 
through a power law of the form ċ∝𝜎n

net
. Dependence of ċ 

on σnet in creep rupture of fully dense materials has been 
attributed to creep relaxation of the stress field via vis-
cous flow or diffusion.56,70,71 In the case of sinter-cracking, 
stress relaxation can also result from particle rearrange-
ment.22 A minor group of data points falls at low values of 
ċ, below 10−7  m/s. These points represent the competing 
processes that tend to suppress advancement of the crack, 
such as particle rearrangement and contact growth taking 
place ahead of the crack tip, as well as overall shrinkage of 
the specimen.

The observed crack growth rate is on the order of μm/s 
for a σnet of  ~  100  kPa, a rate greater than the 0.1  μm/s 
crack growth rate observed through experiment for a 

crystalline material densifying more slowly.21 A linear re-
gression fit of the log-log data gives n as 1.47 ± 0.14, close 
to the value of 1 for a linear viscous material. This value is 
consistent with that expected for a sintering material, 
which is classically approximated as linear viscous.50,72 
The result is also consistent with the dependence expected 
for a model of crack velocity based on viscous flow.70 For 
comparison, KI was calculated2 using the same median 
crack length g and far-field stress σfar as for σnet. The result-
ing plot of ċ vs KI is given in the Supplementary Material 
along with the stress profiles predicted by KI for the speci-
men shown in Figure  12. While a correlation between ċ 
and KI can also be observed, the stress profiles in Figure 12 
reveal that the physically meaningful description is based 
on σnet.

The stress relaxation behavior seen in Figure 12 and the 
correlation between ċ and σnet demonstrated in Figure  13 
shed new light on recent observations of sinter-cracking. 
Complex phenomena such as the existence of a crack incu-
bation phase and phases of crack arrest and shrinkage can be 
explained in terms of particle rearrangement, crack-bridging, 
and transverse shrinkage of the constrained sintering mate-
rial.21 Contrary to previous analyses,7,17,20 the stress field in 
a sinter-cracking material is not found to depend on elastic 
stress parameters, such as the stress concentration factor or 

 2KI for a double edge notched tension specimen was used.57 The formula is 
given in the Supplementary Material.

F I G U R E  1 3  Rate of sinter-crack growth with respect to time 
ċ plotted against the net section stress σnet. Data are for specimens of 
initial relative density 0.70 and all notch heights and lengths tested. 
The red dashed line is a linear regression fit of the data with slope n 
shown
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stress intensity factor, but instead shows consistency with 
ductile creep-cracking behavior. While crack initiation in the 
presence of a stress-concentrator is likely, the present simu-
lations show the probability of a threshold flaw size below 
which sinter-cracking is significantly mitigated. On a prac-
tical note, the dependence of the sinter-crack growth rate on 
the net section stress implies a failure criterion based on the 
minimum section of material, which could aid in the design 
of sinter-crack–resistant structures.

4 |  CONCLUSIONS

We have investigated the cracking behavior of edge notched 
powder aggregates sintered under uniaxial restraint. Through 
a detailed analysis of densification, stress evolution, and 
cracking behavior, we reach the following conclusions:

1. Restraint retards densification of the powder aggregate;
however, linear shrinkage is accelerated in dimensions
perpendicular to the restraint because the effective
Poisson's ratio of a sintering material is positive.

2. Restraint causes stresses to develop in the sintering ag-
gregate, arising ultimately from the surface energy of the
material. The introduction of flaws, such as edge notches,
aligned perpendicular to the induced stress causes the
far-field internal stress to decrease, an effect that can be
described on the basis of specimen compliance, with a
greater flaw size leading to a greater specimen compliance
and a decreased far-field stress.

3. The presence of flaws concentrates the internal stress and
leads to the initiation of cracks. Cracks initiating at the
flaws exhibit intermittent growth, characterized by alter-
nating periods of arrest and advance. This behavior results
from crack-bridging ligaments and continued densifi-
cation ahead of the crack. There appears to be a critical
flaw size below which crack growth is limited and experi-
ences prolonged arrest; above this critical flaw size, crack
growth is nearly continuous. For large initial flaws, the
crack growth rate reaches a limiting value, as predicted
by stress intensity analysis of a sinter-crack in a thin film
sintered on a rigid substrate.20

4. The stress field in the powder aggregate is best described
by the net section stress, rather than parameters such as
the stress concentration factor or stress intensity factor.
By comparing the crack growth rate with the net section
stress, a correlation is found that is consistent with obser-
vations in the creep-cracking literature. The present results 
show that the crack growth rate is linearly proportional to
the net section stress, supporting the classical approxima-
tion of a sintering material as linear viscous.

5. Greater crack growth rates are observed for specimens of
lower initial relative density, due to their lower effective

viscosity. Lower effective viscosity allows greater crack 
tip velocity, as observed in previous sinter-cracking ex-
periments.7 Thus, to suppress sinter-cracking in a powder 
aggregate, a greater green density is desirable.

6. The stress field in a constrained sintering material is af-
fected by flaw size and by stress relaxation due to creep
and particle rearrangement. For sufficiently small flaws,
the stress field is small and material ahead of the flaw den-
sifies normally. For larger flaws, densification ahead of the
flaw decelerates but still takes place due to shrinkage per-
pendicular to the restraint. In both cases, relaxation of the
stress field near the flaws is expected due to creep deforma-
tion of the material. Taken together, these mechanisms are
expected to contribute to crack mitigation or arrest.
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