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Abstract

In this work, we design and analyze a Hybrid High-Order (HHO) discretization method for
incompressible flows of non-Newtonian fluids with power-like convective behaviour. We work under
general assumptions on the viscosity and convection laws, that are associated with possibly different
Sobolev exponents r € (1,00) and s € (1,00). After providing a novel weak formulation of the
continuous problem, we study its well-posedness highlighting how a subtle interplay between the
exponents r and s determines the existence and uniqueness of a solution. We next design an HHO
scheme based on this weak formulation and perform a comprehensive stability and convergence
analysis, including convergence for general data and error estimates for shear-thinning fluids and
small data. The HHO scheme is validated on a complete panel of model problems.

Keywords: Hybrid High-Order methods, non-Newtonian fluids, Navier—Stokes, power-law, Carreau—
Yasuda law, power-like convective behaviour, lid-driven cavity problem

MSC2010 classification: 75A05, 76D05, 65N30, 65N08, 65N12

1 Introduction

In this paper, building on the results of [11], we design and analyze a Hybrid High-Order (HHO)
method for incompressible flows of non-Newtonian fluids governed by the generalized Navier—Stokes
equations. The formulation considered here encompasses general viscosity and convection laws, possibly
corresponding to different Sobolev exponents. The proposed numerical method enjoys several attractive
features including the support of general meshes with polytopal elements and hanging nodes and high-
order.

Nonlinear rheologies are encountered in several fields, including ice sheet dynamics and glacier
modelling [1, 29], mantle convection [44], chemical engineering [31], and biological fluids [24, 37].
Their mathematical study was pioneered in the work of Ladyzhenskaya [36]; detailed well-posedness and
regularity analyses of the corresponding system of equations have been carried out in [5, 7, 21, 41, 43].
Recently, a variation of the classical trilinear convective term has been considered in [35] in relation to
the computation of the Wasserstein distance in the context of optimal transport applications. In this work,
we propose a further generalization of this model encompassing power-like convective behaviours that
satisfy non-dissipativity relations; see Assumption 2 below The power-law behaviours of the viscous and
convective terms are characterized by (possibly different) Sobolev exponents s € (1, 00) and r € (1, ).
In Theorem 5 below, we carry out a well-posedness analysis for the continuous problem showing that
a subtle interplay of these exponents determines the existence and uniqueness of a solution. Such an
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interplay, which reverberates at the discrete level, is required to leverage the Holder continuity of the
convective function that appears in the weak formulation of the problem. To the best of our knowledge,
both the analysis of this generalized Navier—Stokes problem and its numerical approximation are entirely
new.

While a large body of literature deals with the numerical approximation of the Navier—Stokes equa-
tions, only a relatively small fraction of these works addresses nonlinear rheologies. Finite element
methods for creeping (Stokes) flows of non-Newtonian fluids with implicit power-law-like rheologies have
been considered in [22, 33]; see also [32] concerning generalized Newtonian fluids with concentration-
dependent power-law index. Non-Newtonian fluid flows with standard convective behaviour have been
considered in [13, 14]. This model encountered in several other works: see, e.g., [34] for a local discon-
tinuous Galerkin method; [46] for a study of non-Newtonian polymer flow through porous media; [31]
for a Finite Element method for non-Newtonian fluids subject to a space variable power-law exponent;
[30] for simulations of transient flows of non-Newtonian fluids; [2] for a finite element approximation of
non-Newtonian polymer aqueous solutions with fractional time-derivative.

Recent works have emphasized the importance of handling polytopal meshes in the context of
numerical fluid mechanics; see, e.g., the introduction of [16] for a broad discussion on this subject.
General meshes, possibly combined with high order, can be used in this context to: adapt the shape of the
elements to the local features of the flow, thus improving the resolution of boundary or internal layers;
perform non-conforming local mesh refinement, which naturally preserves the mesh quality; reduce the
computational cost while preserving the approximation of the domain geometry by mesh coarsening
[3, 4]. Among recent methods for incompressible flows that natively support general polytopal meshes
and arbitrary-order, we can cite discontinuous Galerkin methods [18] (see also [19, Chapter 6]), Virtual
Element methods [6, 25, 28, 40] (see also [45]), and HHO methods [10, 12, 20] (see also [16, Chapter
9]). The extension of HHO methods to creeping flows of non-Newtonian fluids has been very recently
considered in [11].

In this paper, we extend the HHO method of [11] to the full generalized Navier—Stokes equations
with power-law viscous and convective behaviours. The discretization of the convective term relies on
the novel formulation devised at the continuous level, which guarantees non-dissipativity at the discrete
level and is obtained replacing the continuous gradient by the classical HHO gradient reconstruction in
full polynomial spaces; see [15, Eq. (4.3)] for the scalar case. For this novel discrete convective function
we prove the key properties that intervene in the stability and consistency of the method. The former
consist, in addition to non-dissipativity, in a Holder continuity property expressed in terms of a discrete
WL _(semi)norm. The latter include consistency for smooth functions and sequential consistency. We
perform complete stability and convergence analyses, highlighting the interplay between the exponents
r and s. Specifically, existence and uniqueness of a discrete solution, established in Theorem 15, hold
under the same conditions on r and s as for the continuous problem and a data smallness assumption
where the constants of relevant continuous inequalities are replaced by their discrete counterparts. We
then establish, in Theorem 16, various convergence results under minimal regularity of the solutions using
compactness arguments. Finally, an error estimate for shear-thinning fluids displaying different orders of
convergence according to the degeneracy of the problem in the spirit of [17] is proved in Theorem 17.
When polynomials of degree k > 1 are used, denoting by % the meshsize, the error estimates give orders
of convergence ranging from h*+D=1 to p%+1 for the velocity and from Ak+D(" - to Ak+D=D) for the
pressure, depending on the degeneracy of the problem.

The rest of the paper is organized as follows. In Section 2 we introduce the strong and weak
formulations of the generalized Navier—Stokes problem, discuss the assumptions on the viscosity and
convection laws, and study existence and uniqueness of a weak solution. The construction of the HHO
discretization is carried out in Section 3 by defining the discrete counterparts of the viscous, convective,
and coupling terms. In Section 4, we formulate the discrete problem and state the main stability and
convergence results for the method. In Section 5, we investigate the performance of the method on a
complete set of model problems. Finally, Section 6 collects the proofs of the consistency properties of



the discrete convective function and of the main results.

2 Continuous setting

Let Q ¢ RY, d € {2,3}, denote a bounded, connected, polyhedral open set with Lipschitz boundary
0Q. We consider the incompressible flow of a fluid occupying Q and subjected to a volumetric force
field f : Q — R9, governed by the following generalized Navier—Stokes problem: Find the velocity field
u : Q — R and the pressure field p : Q — R such that

—V-o(.Vsu)+(u-V)xy(Lu)+Vp=f in O, (1a)
Viu=0 in Q, (1b)
u=>0 on 0Q, (1c)

/p =0, (1d)
Q

where V- denotes the divergence operator applied to tensor-valued or vector-valued fields, Vg is the
symmetric part of the gradient operator V applied to vector fields, and, denoting by RZ*¢ the set
of square, symmetric, real-valued d X d matrices, o : Q X Rgx‘j - fo‘i is the viscosity law and
¥ : Qx R4 — R4 is the convection law. In what follows, we formulate assumptions on o and y that
encompass common models for non-Newtonian fluids and state a weak formulation for problem (1) that
will be used as a starting point for its discretization.

2.1 Viscosity law

For all m € [1, oo], we define the conjugate, singular, and Sobolev exponents of m by

dm :
L itm<d
m = ¢ [1, 0], m = min(m, 2) € [1,2], m = {d-m B €[mo0]. (2)
m—1 00 ifm>d

For all 7 = (7)1<ij<a and n = (7;)1<ij<a in R4 we also define the Frobenius inner product
T = Z?J.ZI 7;/17;j and the corresponding norm |7 |gxqg = VT : T.

Assumption 1 (Viscosity law). Let a real number r € (1, o) be fixed. The viscosity law satisfies
o QxR — R j5 measurable, 3)
o(x,0) € Lr/(Q, fo‘l) for almost every x € Q. 4@
Moreover, there exist real numbers § € [0, o0) and 0hc, Ohm € (0, 00) such that, for all T, € fo" and
almost every x € Q, the following Holder continuity and Holder monotonicity properties hold
0 7) = (Il a < e (6 + el + M) 7 17 = Ml )
(0, 7) = o(e,n): (T =) 2 hm (6" + 171y + ITIIled)rT_2 T = g (6)

Remark 1 (Degeneracy function). The parameter ¢ in Assumption 1 is related to the degeneracy of the flux
function when r < 2. Another possible choice, considered in [17], consists in taking 6 € L" (€, [0, 0)).
This variation requires only minor changes in the analysis, not detailed here for the sake of conciseness.

Example 2 (Carreau—Yasuda stress). An example of viscosity law satisfying Assumption 1 is the
(i, 8, a, r)-Carreau—Yasuda law such that, for almost every x € Q and all T € RfXd,

rf_z
o (x,7) = p(x) (699 + [l )) 7, (7)

where y : Q — [u_, ui]and a : Q — [a-, a,] are measurable functions with p., a. € (0, ), § € [0, 0),
and r € (1, ). Notice that the case § = 0 corresponds to classical power-law fluids. See [11, Example 4]
for a proof of the fact that this law matches Assumption 1 and also [17, Example 6] for the generalization
of § to a function.



2.2 Convection law

In what follows, |-| will denote both the absolute value of scalars and Euclidian norm of vectors, while ®
denotes the tensor product of two vectors such that, for all x = (x;)1<i<q € R4 and y = (Yih<j<a € RY,
x®y = (x;y)is<ij<a € R

Assumption 2 (Convection law). Let a real number s € (1, ) be fixed. The convection law satisfies

X QX R? — R% is measurable, (8a)
x(x,0) = 0 for almost every x € Q. (8b)

We also assume that, for all w € R¢, the non-dissipativity relations hold:

W -Vx(w) = (xGw) - V)w + (s = 2)w| 2 [(x( w) - VIw - wlw, (8¢)
wexi,w)=x-w)w. (8d)

Moreover, there exists a real number ype € (0, 00) such that, for all v, w € R4 and almost every x € Q,
the following Holder continuity property holds:

s—=§

(e, w) = x ()] < ne (Il + 01) 5w — v (8e)

Example 3 (Standard convection law). The standard convection law is obtained taking s = 2 and
x(,w) = w. According to Theorem 16 below, with this choice we can prove convergence provided that
re (%, oo) ifd=2andr € (%, oo) if d = 3. Error estimates stated by Theorem 17, on the other hand,
also require 7 < 2, reducing the above intervals to r € [3,2] if d = 2 and r € [2,2] if d = 3; note that
the additional regularity assumption allows the left limit points.

Example 4 ((v, s)-Laplace convection law). Another example of convection law satisfying Assumption
2 is the (v, s)-Laplace law considered in [35] in the context of applications to optimal transport and such
that, for almost every x € Q and all w € R4,

X(x,w) = v(x)|w| 2w, )

where v : Q — [0,v,] is a measurable function with v, € [0, o) corresponding to the local flow
convection index, while s € (1, ) is the convection behaviour index. It can be proved as in [11, Example
4] that y is an s-power-framed function, which implies (8e).

2.3  Weak formulation

The starting point for the HHO discretization of problem (1) is the weak formulation studied in this
section. We define the following velocity and pressure spaces embedding, respectively, the homogeneous
boundary condition for the velocity and the zero-average constraint for the pressure:

=0}, P:={qeL”(Q) : [,q=0}

Assuming f € L (Q)?, the weak formulation of problem (1) reads: Find (u, p) € U x P such that

U= {v e whr(Q)? -

* Vg

a(u,v) +c(u,v) + b(v,p) = /f -y Vv e U, (10a)
Q

-b(u,q) =0 Vg € P, (10b)

where the function a : UxU — R, the bilinear form b : Ux L" (Q) — R, and the function ¢ : UxU — R
are defined such that, for all v,w € U and all g € L" ’(Q),

a(w,v) = /Qa'(-, Viw) : Vi, b(v,q) = — ‘/Q(V -v)g, (11)

4



s—2 V-w

c(w,v) = ;/Q(/\/(-,w) -Viw v+ xGw) -Vyw-w— %/gz(,\/(-,w) -V -w. (12)

s Q |W|2

In order to obtain the function ¢ in (12), we have used (8c)—(8d) as follows: Denoting by nsq the
unit normal vector pointing out of Q2 and observing that 1 = % + %, for smooth enough functions
v,w : Q — R9 such that V-w = 0 and wy,, = 0 we can write

/ - V)X Cow) -
Q

=1 [t v [ Ontw v
1 V-w (13)
:;(/Q(X(gw)-V)w-v+(s—2)/g—(/\((-,w)~V)w~w)

lwi?

_é(L(W-V)V‘X('sW)‘I‘W_/ (s W‘”Bﬂ))’

where the second equality follows from an integration by parts along with (8c), while the cancellations
are a consequence of the assumptions on w. Using (8d) on the last non-zero term of (13), we finally get
the expression in the right-hand side of (12). This version of ¢ satisfies, by construction, the following
non-dissipativity property: Forallw € U,

c(w,w) =0. 14)

We now recall the following Korn inequality (see [26, Theorem 1]): For all m € (1, o), there is
Ck.m € (0, 00) only depending on m, d, and Q such that, forall v € U,

“V”Wl,m(g)d < CK’m”VSV“Lm(Q)dxd. (15)
Theorem 5 (Existence and uniqueness for problem (10)). Under Assumptions 1 and 2, there exists a
solution (u, p) € U X P to the weak formulation (10), and any solution satisfies

1

. v . e
1.y SCV[(O'hnllll f||L,,(Q)d) + min (5r;(52 ol f||Lr,(Q)d) )} (16)

il

with Cy > 0 depending only on Q, d, and r. Moreover, assuming 2 < s < , ie.,

]

[24=D) ifd=2andr € [3,2) ord =3 andr € [2,2],

> Td-r 2’ 5°
s €14[2,3] ifd=3andr € (2,3), (17)
[2, ) ifd=2andr € [2,0)o0rd=3andr € [3, ),

and that the following data smallness condition holds:

4 —_r
s+1-7

r _ _ _ =
0 + (ol lrrya) < (1+2€5) " (Cotagd Cuommo™) ™ as)
the solution of (10) is unique.

Remark 6 (Uniqueness). Uniqueness of the solution of (10) is not guaranteed for any value of r and s. If
r > 2, then the solutions of (10) form a comb in the degenerate case 6 = 0. The assumptions on r and s
ensuring the uniqueness of the continuous weak solution will carry out to the discrete level, in both the
well-posedness result of Theorem 15 and the error estimate of Theorem 17, where r < 2 is additionally
required.



Proof of Theorem 5. 1. Existence. Replacing the function a by the sum a + ¢ in [11, Remark 6] and
using the non-dissipativity (14) of the convective function c yields the existence of a solution to the weak
formulation (10) and the a priori estimate (16), see also [17, Proposition 6] for the min-term.

2. Uniqueness. Let (u,p),(u’,p’) € U X P be two solutions of (10). Taking the difference of (10a)
written first for (u, p) and then for (u’, p”), we infer, for all v € U,

a(u,v) —a(u’,v) + c(u,v) —c(u’,v) + b(v,p — p’) = 0. (19)

Ifu =u’, (19) yields b(v,p — p’) = 0 for all v € U. This relation combined with the inf-sup stability of
b (c.f. [8, Theorem 1]) yields,

lp =Pl @ < Go sup b(v,p-p’)=0.

verl"'wl,r(g)d:l

Hence, uniqueness of the solution is equivalent to uniqueness of the velocity.
Assume now 2 < s < % and (u,p) # (u’,p’). Setting e := u — u’, the previous reasoning yields

u # u’, hence |e|y1.7qa > 0. Using the Holder continuity (26) of ¢ proved in Lemma 8 below with
(u,w,v) = (u,u’,e) and m = 7, we infer

1-s
|e|‘2)vl,f(Q)d 2 C;}’Xl;cl (luK/Vl,r(Q)d + Iu’l‘;;vl,r(Q)d) (C(u,’ e) - C(u’ 8))

1-s
= Cotid (101 s + 18 g e ) (alu, ) = a(@’, )

F=l-s
r

11 R 2
2 Cg i Xpe CaOhm (5r + |u|€V1,r(Q)d + |u’|;Vl,r(Q)d) 6" rlelwl,f(g)d

F=l-s

5+ (ol ) | O ey

F-l-s

> C} Xne Caotm(1 + 2C7)

where the equality in the second line is obtained using (19) with v = e together with the fact that
b(e, p—p’) = 0 thanks to (10b), the third line is obtained invoking the Holder monotonicity (21) of a with
m = 7, while the conclusion follows using the a priori bound (16). Since |e|y 1.7y« > 0, simplifying and
raising to the power =—7— < 0, we infer the contrapositive of (18). O

We next prove the Holder monotonicity of a used in the proof of Theorem 2.3 above after recalling
the following result. Let X C R4 be measurable, n € N*, and let ¢, Pls...»Pn € (0,00] be such that
no Lo % The continuous (¢; p1, . . ., p»)-Holder inequality reads: Forany (fi, ..., fn) € X, LP{(X),

i=1 p;
n
[ [#
i=1

< I fillri x)- (20)

n
L' (X) i=1

Lemma 7 (Holder monotonicity of a). Form € {7,r} and all u,w € U, it holds

2
r 6r—m|u _ w|m+2—r (21)

a(at,u = w) = alw, u = w) = Coomm (87 + [1liys g0 + Wiy ) .

Proof. The case m = r is obtained reasoning as in [11, Eq. (46)] and using the Korn inequality (15). It
remains to prove the case r > 2 withm = 7 = 2. Let e := u — w. Using the Holder monotonicity (6) of
o with (1,n) = (Vsu, Vyw) yields

2-r

a—hm”VSe”iZ(Q)dxd < ‘/Q (6r + Vst + |VsW|2><d) " (0'(‘, Vsu) - o(, sz)) : Ve

< 6" (a(u, €) — a(w, e)),

(22)

where we used the monotonicity of R 3 x — x>~ € R since r > 2, together with the definition (11) of
a. Applying the Korn inequality (15) yields (21). O



We move to the Holder continuity of ¢ used in the proof of Theorem 2.3 above after recalling some
preliminary results. For any n € N*, the s-power framed function R” 3 x — |x|*"2x € R” enjoys the
following properties (see [11, Appendix A]): There exist Cyc, Chm € (0, 00) depending only on s, such
that the following Holder continuity and the Holder monotonicity properties hold for all x, y € R”,

12 = [y 2y] < Guellxl® + [¥1°)5 |x = 57, (23a)
(220 = [y 2y) - (x = 3) = Gun(l® + [y | =y, (23b)

Finally, we recall the following Sobolev embeddings: For all m € [1,0) such thatm < r* and allv € U,

||V||Lm(Q)d < Cs,m|V|W1,r(Q)d, (24)
where Cs ,,, > 0 is a real number depending only on m, r, d, and Q.

Lemma 8 (Holder continuity of ¢). Under Assumption 2, for all m € [1,r] such that

*

s < —, (25

3|3

and all u,v,w € U,

s+1-§

|C(ll, V) - C(W, V)l < CC,thC (|u |€V1*"(Q)d + |w|;V1,r(Q>d i | wlwl m(Q)d |v|W1’m(Q)d’ (26)
where C.,,, > 0 depends only onm, r, s, d, and Q.

Proof. Throughout the proof, a < b (resp. a = b) means a < Cb (resp. a = Cb) with C > 0 having the
same dependencies as C .
Using the definition (12) of ¢ and inserting = ( fg(/\/( u) - Vw-v+ =2 fg |u|2 Ly u)-V)w-u +

%/Q(/\/(,u) Vv - w), we get

c(u,v) —c(w,v) = %( ‘/Q(X(-,u) VY u—-w)-v +/Q ((CGou) = x(w)-V)w - v)

T T2

( L) V) =) +/(%<x<-,u>~vw~u—

£322 uo((-,w)-\?)w-w))
) w2

73 Ta

_é(‘/g(/\/(.,u).V)v.(u—w) +/Q((X(',u)—x(',W))~V)v~w).

Ts 76
@7
We start by writing
I77] + 75] < /Q G )1Vt = W) aalv]
< th/ [V = w)laalv]
(28)

< nellll} oo gy |2 = Whwm(@y V[l o e

b th|u|W1 r(Q)d |u w|W1 r(Q)4 |u wIWI m(Q)d |v|W1vm(Q)d

s+1-§

=
< th(|u|cvl,r(g)d + |w|;‘/l,r(9)d |u | 1 m(Q)d|v|W1 m(Q)d»

7



where we have used the Holder continuity (8e) of y with (w,v) = (u,0) to pass to the second line,
the (1; fml,m, sm’)-Holder inequality (20) in the third line, the Sobolev embedding (24) (valid since
sm’ < m* by 25) and m < r = m" < r", so that sm’ < r*) together with the (1; -, -*-)-

H(')'lder inequality (20) (valid since m < r) in the fourth line, whlle the conclus1on follows writing first

|u|° Whr@d = < (lulwrra +Wlwirq))® ~! by monotonicity of R 3 x +— x*~! € R, then |u— W|W| r(Q)d <

(lulwrr gy + |W|Wl,r(Q)d) ~5 by a triangle inequality, and, finally, noticing that (x + y)" < x” + y” for all
x,y € [0,00) (see [11, Eq. (36)]). Similar arguments give for the fifth term

73] < xhc/ PIITE 2

< uellall} o vl = Wllpsm @yalVlwimqya (29
s+1-§

< th(lulc‘/l,r(g)d + |W|;Vl,r(g)d) I IWI m(Q)dl‘)lW"m(Q)d'

We next estimate 74, which provides a paradigm for the remaining terms. Inserting = (|u 2w lu®
w+ w2 |u|"'w ® u + |u|*>u ® u), rearranging the terms, and using a triangle inequality yields

—1 [, 1-2 -2
|w|® ||u| uu—|wl w®w|dxd

< ||w|—l (|u|s-2u - |w|S—2w) ® w|d o ||u|_1(|uls_2u - |w|s‘2w) ®u
X

dxd (30)

! (1wl 2wl = el 2l ) (el e+ |w|-1w) @ u
dxd
< 4lul*2u — 2w < 4Che (lul® + W) Ju -l

where the last line is obtained using Cauchy-Schwarz and triangle inequalities along with the Holder
Lyu yv-u

continuity property (23a). Thus, inserting + e (x(,w) - V)w - u and using a triangle inequality leads to

171 < [ (Do = xConl + LeComl a2 @ = el o ], ) (9wl

<(1+ 4Chc)th/ (ul* + W) | = wl [V axalv|
Q

s=§
s

€2y

< (14 4Gkt (1811 e g + W1 iya ) 18 = W g W oy 1P oy

s+1-§
r

< Xhe (lulc‘/l,r(g)d + |w|;V1,r(Q)d) | W|W1 m(Q)dlvlwlsm(Q)ds

where we have used the Holder continuity property (8e) of y together with (30) in the second line, the
(1; fms sml ,m, sm') Holder inequality (20) in the third line, and the Sobolev embedding (24) (since, as
showed above, sm’ < m* < r*) together with the (1; & preiim m) -Holder inequality (20) (since m < r) and
the inequality [11, Eq. (36)] to conclude. Similar arguments give for the second and sixth terms an

analogous bound:

s+1-§

|75| + |76| < Xhe (|u|‘r/Vl,r(Q)d + |w|‘r;V1,r(Q)zl) i |u Wl lm(Q)d|v|W1 sm(Q)d - (32)
Plugging (28), (29), (31), and (32) into (27) gives (26). O

Remark 9 (Role of condition (25)). In the proof of Lemma 8, condition (25) is used (along with m < r)
to control L% -norms of functions in U with W™_(semi)norms.

3 Discrete setting

In this section we establish the discrete setting.



3.1 Mesh and notation for inequalities up to a multiplicative constant

Let H c (0, ) be a countable set of meshsizes having 0 as its unique accumulation point. Given a set
X c R4, we denote by hyx = SUP( y)ex2 |* — y| its diameter. For all i € H, we define a mesh as a couple
My, = (T, Fr) where 7}, is a finite collection of polyhedral elements such that 4 = maxreg;, hr, while 7,
is a finite collection of planar faces. Notice that, here and in what follows, we use the three-dimensional
nomenclature also when d = 2, i.e., we speak of polyhedra and faces rather than polygons and edges. It is
assumed henceforth that the mesh M;, matches the geometrical requirements detailed in [16, Definition
1.7]. In order to have the boundedness property (40) below for the interpolator, we additionally assume
that the mesh elements are star-shaped with respect to every point of a ball of radius uniformly comparable
to the element diameter. Boundary faces lying on dQ and internal faces contained in € are collected in
the sets 7—7}’ and ?2, respectively. For every mesh element T € 7, we denote by #r the subset of ¥,
containing the faces that lie on the boundary dT of T. For every face F € ¥, we denote by 7F the subset
of 7}, containing the one (if F € 7—;}’) or two (if F € Thi) elements on whose boundary F lies. For each
mesh element T € 7j, and face F € ¥, nyr denotes the (constant) unit vector normal to F' pointing out
of T.

Our focus is on the A-convergence analysis, so we assume that the mesh sequence (M}, ), < is regular
in the sense of [16, Definition 1.9], with regularity parameter uniformly bounded away from zero. The
mesh regularity assumption implies, in particular, that the diameter of a mesh element and those of its
faces are comparable uniformly in / and that the number of faces of one element is bounded above by an
integer independent of 4.

To avoid the proliferation of generic constants, we write henceforth a < b (resp., a = b) for
the inequality a < Cb (resp., a > Cb) with real number C > 0 independent of A, of the constants
0, Ohes Ohms Xhe in Assumptions 1 and 2, and, for local inequalities, of the mesh element or face on which
the inequality holds. We also write a =~ b to mean a < b and b < a. The dependencies of the hidden
constants are further specified when needed.

3.2 Projectors and broken spaces

Given X € 7, U 73, and [ € N, we denote by P/(X) the space spanned by the restriction to X of scalar-
valued, d-variate polynomials of total degree < /. The local L*-orthogonal projector 7%, : L'(X) — P!(X)
is defined such that, for all v € L'(X),

/ (v —vw =0 Vw e P(X). (33)
X

When applied to vector-valued fields in L'(X)¢ (resp., tensor-valued fields in L'(X)4*9), the L>-
orthogonal projector mapping on P!(X) (resp., P/(X)?*¢) acts component-wise and is denoted in boldface
font. LetT € T, m € [1,00],i € [0,/ +1],and j € [0, i]. The following (i, m, j)-approximation properties
of 7TlT hold: For any v € W&"(T),

v — anvle,m(T) < th_]lvlwi,m(T). (34a)

If, additionally, i > j + 1, we have the following (i, m, j)-trace approximation property:

P ._i
|V - ﬂéleWj,m(aT) < ]’l;w I |V|Wi~’"'(T)' (34b)

The hidden constants in (34) are independent of 4 and 7', but possibly depend on d, the mesh regularity
parameter, /, i, and m. The approximation properties (34) are proved for integer i and j in [15, Appendix
A.2] (see also [16, Theorem 1.45]), and can be extended to non-integer values using standard interpolation
techniques (see, e.g., [39, Theorem 5.1]).

At the global level, we define the broken polynomial space P!(7};) spanned by functions in L'(Q)
whose restriction to each mesh element T € 7;, lies in P/(T), and we define the global L?-orthogonal
projector 77;1 : LY(Q) — P!(75,) such that, forall v € L'(Q) and all T € 75,

i 1
(ﬂhv)|T =V,

9



Broken polynomial spaces are subspaces of the broken Sobolev spaces
W™ Tp) = {v € L"™(Q) : v, e W*"(T) VT €T},

which we endow with the usual broken seminorm | - [yn.m(q;); see, e.g., [19, Section 1.2.5] for further
details. As a consequence of the (/ + 1, -, -)-approximation properties (34a), for all ¢ € C°(Q),

nfl¢ Y ¢ strongly in WL (7. (35)

We define the broken gradient operator V, : Wh1(7;) — L'(Q)? such that, for all v € W"!(7;) and all
T € T, (Viv) = Vv|,.. We define similarly the broken gradient acting on vector fields along with its
symmetric part V j,, as well as the broken divergence operator V- acting (row-wise) on tensor fields. The
global L?-orthogonal projector ”2 mapping vector-valued fields in L'(Q)? (resp., tensor-valued fields in
LY (Q)%4) on PL(7;,)? (resp., P!(7;,)4*¢) is obtained applying n;l component-wise.

4 Discrete problem and main results

4.1 Discrete spaces and norms

Let an integer k > 1 be fixed. The HHO space of discrete velocities is
Ut = {v, = (vr)res, VF)res,) : vr € PXT)? VT € T, and vy € PX(F)? VF € 73} .

The interpolation operator I’ ’;l 1 ARY(0) KR i ﬁ maps a function v € Wh!(Q)? on the vector of
polynomials I' flv defined as follows:

k., . k k
th = ((nTvlr)TE‘ﬁ,’(ﬂFvlp)FEﬁ)'

For all T € 7, we denote by U ; and I’ § the restrictions of I ’;l and U ’;l to T, respectively and, for all
v,elU fl, we let v, = (v7,(VF)Fer) € QF’} denote the vector collecting the polynomial components
of y, attached to T and its faces. Furthermore, for all y, € U ];l, we define the broken polynomial field
vi, € PK(75,)¢ obtained patching element unknowns, that is,

Vn)y =7 YT € Ty,. 36)
For any m € (1, o), we define on Q’;l the seminorms ||-|1,m,» and [|-|l,m,» such that, for all v, € Q;‘l,
%
12 loun == (Z ||zT||:'jm,T) Ve € {L &), (37a)
TeT,

with, forall T € 7y,

.
1-
VYL e + ) hF'”IIvF—VTIIZ”m<F>d) ’

Ny rllimr =
FeFr
L (37b)
. l_
v pllemr = (IVPr 1 aa + . hpmllvF—vﬂlemd) :
FeFr

The difference between these seminorms lies in the fact that the symmetric part of the gradient replaces
the gradient in ||-||g m.7-

The discrete velocity and pressure are sought in the following spaces, which embed, respectively, the
homogeneous boundary condition for the velocity and the zero-average constraint for the pressure:

QZO ={v, = (vD)ren. VF)res,) € Qlf, cvp=0 VFe ﬁb}, Pt =PXT) N P.

10



The following discrete Korn inequality was proved in [11, Lemma 15]:
VAl + Pl ya S 1212, VY, € Upy,. (38)

A first consequence of (38) is that ||-||g m.5 is @ norm on U ;‘l o- A second consequence is the following
equivalence uniform in A:

“Kh“s,m,h = ||Kh||1,m,h Vv, € Qﬁo (39)
The following boundedness property for I’ ; is proved in [16, Proposition 6.24] and requires the star-shaped
assumption on the mesh elements: For all T € 7; and all v € W' (T)4,

W5V lrr < Cilvlwr ryas (40)

where C; > 1 depends only on d, the mesh regularity parameter, r, and k.
Finally, we recall the following discrete Sobolev embeddings (see [15, Proposition 5.4]): For all
m € [1, 00) such that m < r*,

Wrllpmya S 1 llrn S W4llern Yy, €Uy, (41)
where the last inequality is a consequence of (39).
4.2 Local gradient reconstruction

For all T € 7, we define the local gradient reconstruction G'} : Q; - Pk(T)dXd such that, for all
Yr € gi’

‘/GigT T = /VvT T+ Z (vp—vy)-(tRrfp) V1 e Pk(T)dXd. 42)
T T Fern IF

A global gradient reconstruction Gfl U ';l — PK(7,)%%4 is obtained patching the local contributions, that
is, forally, € g’,;, we set
Gy, =Ghyv, VT e, (43)
By construction, the following commutation property holds (see [20, Eq. (23)]): For all T € 7}, and all
v e Wh(T)4,
Gh(I5v) = 75.(Vv). (44)

Combined with the (k + 1, r, 0)-approximation properties (34) of zrk., this gives, for all v € W*+27(T)4,

7

IGEISY) = Vollryaca + | D RElGETEY) = VI, s | < B Whyionrrya. (45)
FeFr

As a consequence, for all ¢ € C(Q)?,

Gi(I+9) 7 V¢ strongly in LI*(Q)?*4, (46)

Combining [20, Proposition 1.1] with the local Lebesgue embeddings of [16, Lemma 1.25] (see also [15,
Lemma 5.1]) gives
IGFYrllLrqryaxa < Nvpllirr — Vvp € Ug. (47)

11



4.3 Convective term

The convective term is discretized through the function ¢, : U ’;l xU ’;l — R such that, for all (w,,v,) €
U, x Uy,

Vh - Wh

-2
cny )= 1 [ rComn) - G, v+ 2 [ P o) - G, v

lwh|? 48)

1
- /Q Cwn) -GYp, - wi.

This expression is obtained replacing in (12) the continuous gradient by G’;l and the functions by their
broken polynomial counterparts obtained according to (36).

Remark 10 (Comparison with [20]). For the standard convection law corresponding to s = 2 and
x (-, w) = w, the convective function (48) becomes

1 1
cn(w,,v,) = E/Q(Wh - GRW, Vi - EL(Wh‘Gﬁ)Kh'Wh-

This expression differs from the one originally proposed in [20, Eq. (32)] in that a gradient reconstruction
of degree k instead of 2k (noted Gik therein and defined taking P?*(T)?*¢ instead of P*(T")%*¢ both as a
codomain for G%k and as a test space in (42)) is used. The latter choice leads to a simpler expression in
the standard case since, forally,,w, € U Z and all T € 7y, the quantity v ® x (-, wr) is a polynomial of
degree 2k inside 7', and G%k can thus be expanded according to its definition; cf. [20, Eq. (33)]. This
is no longer the case when considering general convection laws, for which the quantity vy ® x (-, wr) is
possibly non-polynomial inside 7.

Lemma 11 (Properties of ¢i,). Under Assumption 2, the following properties for cj, hold:

.. o k
1. Non-dissipativity. Forallw, € U,,
ch(w,, wy,) =0. (49)

.. L. . . * k
2. Holder continuity. For m and s as in Lemma 8 (i.e., m € [1,r] and s < %) andallu,,v,,w, € Qh,O’
it holds

s+1-§
r

s§—1
JenCays v,) = en o v,)| < Comatne (15 + 19405, 0) 7 iy = w4l 10 e (50)

where Cyc.m > 0 is independent of h.

3. Consistency. If
r*

5 < (&2))

r’
then, for all w € U 0 WK27 (7,4 0 WKL (704 (so that, in particular, w € W (Q)?) such that
V-w =0, it holds

sup
Yn GQZ’O, ”Kh Ils,r,h =1

/Q 0 -V Cow) - v — cu(Tow,v,)

s=1
k+1 s R s s
Sh " [|w|;vk+l,sr’(7;l)d+ (|w|‘;/1,sr’(9)d+|w|€;vl,r(9)d) (|w|Wk+1~”/(7;'l)d+|W|Wk+2v’(‘7;,)d)]

Tl (52)

(k+1)(5=1) s
+ h (lew Wk+1,xr'(t7;l)d'

l,sr’(Q)d +|W Iévl,r(Q)d)

12



k

4. Sequential consistency. Let (v, )nen denote a bounded sequence of (U, o, ||"lle,r.n)new such that

h,0°
Vh—— V€ U strongly in L")(Q)%, and Gky, - Vv weakly in L"(Q)**4, and assume
s< = (53)
r
Then, for all ¢ € CZ(Q,R?), it holds, up to a subsequence,
(v 1,$) — c(v, ). (54)

Proof. The non-dissipativity (49) of ¢, is an immediate consequence of its definition (48). The proof
of the Holder continuity (50) is analogous to that of the corresponding property (26) for c, replacing the
relevant continuous Sobolev embeddings (see Remark 9 on the role of the condition s < 'r’,’l—f) with their
discrete counterpart (41), and leveraging the norm equivalence (39). Properties (52) and (54) are proved
in Section 6.1 below. O
4.4 Viscous term

For all T € 7;, we define the local symmetric gradient reconstruction GéT : g; — PK(T,RZ*4) by
setting, for all v, € g’;,

1
Gy = 5 [Grer +(Grop)T] (55)

Similarly, the global symmetric gradient reconstruction G’; nt U ];l — PX(T5,, R9%4) is obtained setting,
forally, € Qﬁ,

1
Gy = 5 [Ghyy + (Grpy)T] (56)

The discrete counterpart of the function a defined in (11) is the function a;, : U ’;l x U ;‘l — R such
that, forally,,w, € Qﬁ,

ah(ﬂh, Kh) = ‘/S;o-('a Glsc’hﬁh) : G’;hzh + Sh(ﬁh, Kh)' (57)

Taking inspiration from [11] and [17], we take the stabilization function s, : U’ ’;L xU Z — R such that

Ohe + Oh
Sh(W,,vy) = % Z hT/

TeT, orT

r=2
r

(5r + |A§TET|V) AIBTET : AIL;TKT’ (58)

where, for all T € 7}, the boundary residual operator AST U ’} — L"(8T)? is such that, for all v elU ’},

1
(ASTKT)IF = E [ﬂ];?(rljc"HKT - VF)— ﬂl]("(r]]("HKT - VT)] VF € fr,
with ri“ U ]} — P*1(T)9 velocity reconstruction consistent for polynomials of degree < k + 1 (see

[11, Section 4.1.3] for one possible definition). With this choice, it holds (see, e.g., [11, Lemma 8]):
Ab@ivy=0 vy e PH(T)Y (59)

We define the corresponding boundary residual seminorm ||, such that, for all y, € U 'fl,

7

|2h |r,h = Z hT ”AgTzT ||£”(6T)d . (60)
TeT,
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For future use, we note the following local uniform seminorm equivalence:
k k k
VT € Th NGk 2L L, gyana + WA 17, o = W0l Vo €US (61
which, summed over T € 7, gives
”Gﬁzhlllrj(g)dxd + |Kh|:,h = ”Kh”;,r,h VKh € Qz (62)
Lemma 12 (Properties of s,). Under Assumption 1, we have the following properties for sp:

1. Holder continuity. Forallu,,v,,w, € Q;‘l it holds

r—r

[sn (s v),) = su Wy v,)| S e (6r + 1y, + |£h|:,h) " lwy, - Kh|f,7zl|zh|r,h‘ (63)

2. Holder monotonicity. Forall w,,w, € U ’;l it holds

2-F
r

(Sh(ﬂh,lh - Eh) - Sh(ﬂh’ u, - Kh)) (5r + |£h|:,h + |Kh|:,h) R O'hmlﬂh - Khlfjf_f- (64)

3. Sequential consistency. Let (v, )new denote a bounded sequence of (U ﬁ,o’ Il - lle.r.n)new- Then, for all
¢ € C2(Q),
Sn(vy, 1,$) —— 0. (65)
Proof. Properties (63)—(64) can be proved reasoning as in [11] and proceeding as in [17] for the addition
of . It remains to prove (65). Using the Holder continuity (63) of s, with (w,,v,,w,) = (v,,I ’;l¢, 0),
we infer

r—r

512 LB < e (6 + 12, 70%) ™ 1273 1B (66)

Recalling the definition (60) of the boundary residual seminorm, we get

L5810, = > hrlAS AEDI], o

TeT,

= Z hT”AgT[LI;(¢ _ﬂ];‘+1¢)]||rr(3T)d
TeT,

< D@ =B, < 16 -2 Bl gy
TeT,

where we have used the polynomial consistency (59) of the boundary residual to insert ﬂ’}“q} in the
second line, the local seminorm equivalence (61) to pass to the third line, and the boundedness (40) of 1. ;
to conclude. Plugging this bound into (66) and using (35) along with the boundedness of (||v,, |le,r,n)rew
(which implies that of (|, |,,n)nex by virtue of (62)) yields (65). O

Lemma 13 (Properties of ay,). Under Assumption 1, we have the following properties for ay:

1. Holder continuity. Forallu,,v,,w, € g’;l it holds

r—r

r -1
|ah(£ha Kh) - ah(ﬂh, Kh)| < Ohe (5r + HEhH;,r,h + Hmh”.:‘,r,h) ”Eh _Eh”;,r,hllﬁh”e,r,h- (67)

2. Holder monotonicity. For m € {F,r} and all u,,w, € U ﬁ, it holds, with Cqy > 0 independent of h,

ah(ﬂh’ u, - ﬁh) - ah(mh’ u, - ﬁh)

)
r

6" M|y, — w17 (68)

> Caatm (6 + 5, + 1w, 15,1) s
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3. Consistency. Let w € U NW**2"(7;)4 be such that o(-, Vow) € W' (Q)4%d n Wk+Lr' (7,)d%d  Then,

sup
Zh egﬁ)oa “Kh ”s,r,h=1

/ (Voo (- Vew)) - v + an(w,v,)
Q

< hk+l lo(, VSW)lwarl,r'(r];l)dxd

r—v

+ h(k+1)(f_l) mil’l (gh(w)’ 1)2_f O-hC (6r + |w|€V1,r(Q)d) ' |w|CV_k1+2,r(7L)d7 (69)

where {,(w) = 67! maxzeq, (|T|_IL’ |Wlwk+2,r(T)d)hk+1 if 6§ #0, {p(w) := oo otherwise.

Proof. Properties (67) is proved in [11] (with (63) replacing [11, Eq. (41b)]). Similarly, (68) is shown
replacing [11, Eq. (41c)] by (64) when r < 2, and the proof of the case r > 2 is analogous to that
of the corresponding property (21) for a, replacing the continuous Korn inequality (15) by its discrete
counterpart (38). Finally, (69) is obtained modifying the reasoning of [11] according to [17, Theorem
10] in order to introduce the term involving ,(w). O

4.5 Pressure-velocity coupling
We define the global divergence reconstruction D’;l U fl — PK(73,) by setting for all v L €U fl,
Dy, = tr(Gyy,). (70)

The pressure-velocity coupling is realized by the bilinear form by, : U’ ’;l x PX(7,) — R such that, for all
(¥, qn) € Uy X BX(Th),

bn (V) 4n) = = /Q Dy, qh- (71)
Lemma 14 (Properties of by). We have the following properties for by,:
1. Inf-sup stability. It holds, for all g, € P,
lanll @) < sup br (v, qn)- (72)

Yn Egﬁ,(y ”Kh ||8,r,h:1
2. Fortin operator. For all v € W (Q)¢ and all g, € P*(T),
b}, an) = b(v. qn). (73)

3. Consistency. For all g € W' (Q) n WKL (7,),

sup
Kh egﬁ,os “Kh ”a,r,h =1

/QVq Vp — bh(Kh, ﬂEQ) < hk+1 |Q|Wk+l,r’(7;l). (74)

4. Sequential consistency/l. Let (qn)nex € (P;j)he(ﬂ be such that gy, 4 € P weakly in L" (Q).
Then, for all ¢ € CZ(Q)4, it holds
bi (L. 4n) —— b(. q). (75)

5. Sequential consistency/2. Let (v, )her € (Qfl o)hew be such that Dﬁgh ﬁ) V-v weakly in L"(Q).
Then, for all y € CZ(Q), it holds

b1 (v, 7 ) ——> b(v. ). (76)

Proof. Properties (72)—(74) are proved in [11]. Let us prove (75). Given ¢ € C=°(Q)¢, (46) combined

with the definition (70) of D yields D (I iq))ﬁ V-¢ strongly in L"(Q). Hence, b,(IX$,qn) =

_/QDIZ(LIZ‘M Gh——> ~ /Q(V-(b) q = b(¢.q). Let now ¢y € C(Q2). Combining the fact that

D’;lgh —— V-v weakly in L"(Q) by assumption with (35), we obtain (76) by writing bs(v,, n’,j(//) =

h—0
~ Ja Dby mhtr —— = (V1) ¥ = by ). 5
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4.6 Discrete problem and main results

The discrete problem reads: Find (u,, py) € U ’;1’0 X P;l‘ such that

ap(Wy, vy,) + cn(y,, v,) +bp(v,, pr) = /Qf “Vh vy, € Qlfz,o’ (772)
~by(u,, qn) =0 Van € Pf. (77b)

The following theorem states the existence of a discrete solution to problem (77) and provide conditions
for uniqueness.

Theorem 15 (Existence and uniqueness for problem (77)). Under Assumptions 1 and 2, there exists a
solution (u,, pn) € U fl 0 X P;f to the discrete problem (77), and any solution satisfies

+ min (5’; (> ol llrrpa) ™ )] . (7%)

'

e < Con | (G381 )

Pl
— 2(F— — r+l1-7
lpnllL @) S Ohe lo'h;lnfllu'(g)d + lr=21=1) (O’hnll||f||Lr'(Q)d) ], (78b)

where Cyqy > 0 is independent of h. Moreover, assuming 2 < s < % (cf- (17)) and that the following data
smallness condition holds:

’

_ r -1 _ _ —F s+r—F
"+ (O-hnll“f”Lr'(Q)d) < (1 + 2C§v) (Cdc{f)(hclcdao-hmér r) | ’ (79)
the solution of (77) is unique.

Proof. Replacing aj by aj, + c¢j, in the proof of [11, Theorem 11] and using the non-dissipativity (49) of
cp, yields the existence of a solution to problem (77) and the a priori estimates (78), noticing that the
Holder monotonicity (68) of a, with m = r is the key property leveraged in the proof. Uniqueness of the
solution under the above assumptions on s and r and the data smallness condition (79) can be proved as its
continuous counterpart in Theorem 5 leveraging the inf-sup stability (72) of by,, the Holder monotonicity
(68) of aj, with m = 7, and the Holder continuity (50) of cy,. O

We next state convergence results and error estimates.
Theorem 16 (Convergence to minimal regularity solutions). Let ((&,,, pn))ne be a sequence of

(g’;l 0 X P;l‘)heﬂ such that, for all h € H, (u,, p) solves (77). Assume (53), namely s < % ie.

(LLD) jfd=2andre(1,2)ord =3 andr € (1,3),
(1, 00) ifd=2andr € [2,00)0ord=3andr € [3, ).

s € (80)

Then, under Assumptions 1 and 2, there exists (u, p) € U X P solving (10) such that up to a subsequence,

o u, —— u strongly in LI"")(Q)4;

h—0

* G]sc,hﬂh h_—>_0_) Vu strongly in Lr(Q)dxd;

i |Eh|r,h —0;
h—0

® h—0> p strongly in L" (Q).
Moreover, if the solution to (10) is unique (cf. Theorem 5), the convergences extend to the whole sequence.

Proof. See Section 6.2. O
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Theorem 17 (Error estimate). Assumer <2 < s < rr—, so that, in particular, the fluid is shear-thinning
and

[2, dg__rl)] ifd=2andr € [—

3 )Ord:3andre [9,2],
[2, ) ifd=2andr =2

NS 5

8D

Let (u,p) € U X P and (u,, pn) € U ZO X P}’i solve (10) and (77), respectively. Assume the uniqueness
of such solutions (which is verified, under (81), if the data smallness conditions (18) and (79) hold),
and the additional regularity u € W*2" (T;)4 0 WKL ()4 (so that, in particular, u € W' (Q)4),
o(-, Veu) € WH(Q)xd n Wk+br'(gydxd and p e WH'(Q) N WL (7). Let, furthermore, the
following data smallness condition be verified:

’

B r _ Cdao-hm s+1-r
= 0"+ (ol f ) < (14 €+ ep) ™ (5l ) 82
N Tl Q)4 ( v I dv) 2Cde.r Xhe (82)

Then, under Assumptions 1 and 2, it holds

), — Lol < N, ™ (A min (g (s 177 N + BN, (83a)

2-r
lpn — n/ngLr,(Q) < (TthTﬁ,:]er 7 (h(k+1)(r_1)2 min (& (w): 1)(2—r)(r—1)N2r—1 + h(k+1)(r—1)N3r—l) (83b)

(1 + thahm/v g )(h(k“)(’ Y min (&(u); 1> Ns + hk“N3)

with y, introduced in (69) and where we have set, for the sake of brevity,

N = oe|u |Wk+2 " ()

N3 = o (, Vst i (g7 yaxd + |Plyocsne-n. (g )
s=1

18 gm0+ (188 g + 18 pa ) (Bl 0 + lwion iy )
Proof. See Section 6.3. O

Remark 18 (Orders of convergence). From (83), neglecting higher-order terms, we infer asymptotic
convergence rates of O%,| € [(k +1)(r— 1), k + 1] for the velocity, and Of, € [(k+1)(r=1) (k+1)(r=1)]
for the pressure, according to the dimensionless number £, (u). Notice that, owing to the presence of
higher-order terms in the right-hand sides of (83), higher convergence rates may be observed in practice

before attaining the asymptotic ones.

5 Numerical examples

The method (77) was implemented within the SpaFEDTe library (cf. https://spafedte.github.io).
In this section we present a numerical validation including a verification of the convergence rates in
dimensions d = 2 and d = 3, as well as the more physical two-dimensional lid-driven cavity problem.

5.1 Numerical verification of the convergence rates

We consider manufactured solutions of problem (1) with diffusion law corresponding to the (1, 1, r, r)-

Carreau—Yasuda model (7) and convection law given by the (1, s)-Laplace formula (9). The corresponding

2 . : .
Sobolev exponents are the couples (7, s) € {g 2,2, g 3} that match the condition s < . The volumetric

load f and the Dirichlet boundary conditions are inferred from the exact solution. Polynomial degrees
ranging from 1 to 3 are considered. For each value of d € {2,3}, we let Q = (0, 1)¢, and consider the
exact velocity u and pressure p such that, for all x = (x;)1<i<q € Q,

d d
u(x) = l_l sin (5 x;) and p(x) = 1_[ sin (5 x;) — 721__2~ (84)
J=Li# 1<izd i=1
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Table 1: Asymptotic convergence rates predicted by Theorem 17 (cf. Remark 18) according to r and k.
We also indicate, for the sake of completeness, the interval for s in which the assumptions of Theorem 17
hold; when the interval is empty, the asymptotic convergence rates correspond to the predictions of [11,
Theorem 12] valid for the corresponding generalized Stokes problem.

: : : 2

, d=2 2 [2, 8] [2, c0) 0 0
d=3 0 2 [2,3] 0 0
k O Ope | Ola Ope | Ol Ope | Oty Ope | Ot Ope
o2 [ By 2 2% 4
2 331 (33 [%3] [E%]]3 3 ]2 235 3
3 [2,4] [L2] | [£.4] [$.L8]] 4 4 8 8 2 2

We consider the HHO scheme on distorted triangular (if d = 2) and cubic (if d = 3) mesh families. In
Figure 1 we display detailed convergence results for the case :— =2,ie. r= % ifd=2andr = % ifd = 3.
Table 1 collects the asymptotic convergence rates predicted by Theorem 17 with the interval for s in which
the assumptions of Theorem 17 hold; when the interval is empty, we display the asymptotic convergence
rates given by [11, Theorem 12] for the (generalized) Stokes problem, i.e. the same convergence rates
if r < 2 and O’V‘el = 0’I§re = % otherwise. When r < 2, the convergence rates are expected over an
interval depending on the degeneracy of the problem (cf. [17, Theorem 11]); since 6 = 1, the expected
convergence rates should correspond to the maximum of these intervals. In Tables 2 and 3 we provide an
overview of the experimental convergence rates obtained for d = 2 and d = 3, respectively. Overall, the
results are in agreement with the theoretical predictions. The expected asymptotic orders of convergence
of the pressure are exceeded for » < 2, where the experimental convergence rates is closer to k + 1
(i.e., the same rate as the velocity). One explanation could be the partial nature of the error estimate
(83b) involving only the L?-orthogonal projection of the continuous solution. Should this behaviour be
confirmed by further numerical evidence, it could suggest that the error estimate for the pressure can
be improved. When the assumption r < 2 < s of Theorem 17 is not met, the convergence rates seem
to coincide with the predictions of [11, Theorem 12] for the corresponding Stokes problem with no
convective terms when s > 2. However, in the case s < 2, we notice that the presence of the convective
term seems to influence the convergence rates of the velocity and the pressure which are often lower than
expected. This could be explained by the consistency (52) of cj,, which involves a term in A*+D(s=1)
when s < 2. While the assumption r < 2 < s seems necessary to obtain estimates of the convergence
rates in the present setting, we do not exclude that it could be lifted using different techniques (notice that
convergence is guaranteed by Theorem 16 under significantly milder assumptions).

5.2 Lid-driven cavity flow

We next consider the lid-driven cavity flow, a well-known problem in fluid mechanics. While this problem
has been solved with a large variety of numerical methods for Newtonian fluids with standard convection
law, some of the combinations of general viscosity and convection laws considered here appear to be
entirely new. The domain is the unit square Q = (0, 1)?, and we enforce a unit tangential velocity # = (1,0)
on the top edge (of equation x, = 1) and wall boundary conditions on the other edges. This boundary
condition is incompatible with the formulation (10), even generalized to non-homogeneous boundary
conditions, since u ¢ U. However, this is a very classical test that demonstrates the performance of
the method in situations closer to real-life problems. We consider the diffusion law corresponding to
the (y, 1, r, r)-Carreau—Yasuda model (7) with a moderate Reynolds number Re := /% = 1000, and the
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Figure 1: Numerical results for the test cases of Section 5.1 where = = 2. The slopes indicate the

convergence rates expected from Theorem 17 when s = 2, and [11, Theorem 12] otherwise.
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Table 2: Convergence rates of the numerical tests of Section 5.1 withd =2 and r € {%, 2, %}

N

[\S][O8)

wio

[SI[V)

h

u

p

u

u

p

u

p

u

p

4.06e-02
2.03e-02
1.03e-02
5.11e-03

2.06
2.11
2.06
2.12

1.95
2.32
1.99
2.23

2.07
2.12
2.05
2.13

2.09
2.13
2.05
2.13

2.06
2.35
1.96
2.20

2.14
2.14
2.05
2.14

2.19
2.33
1.99
2.16

2.18
2.14
2.04
2.15

2.17
2.29
2.04
2.16

4.06e-02
2.03e-02
1.03e-02

3.31
3.20
3.12

2.32
2.36
2.19

3.30
3.21
3.14

3.29
3.22
3.14

2.94
3.13
322

3.26
3.22
3.14

2.50
247
2.26

3.23
3.23
3.15

2.34
2.38
2.22

4.06e-02
2.03e-02
1.03e-02

4.50
3.31
2.83

6.13
3.36
3.09

4.77
4.20
4.05

4.74
4.25
4.21

6.42
3.72
3.93

4.64
4.29
4.21

6.29
3.76
3.99

4.49
4.32
4.22

6.07
3.83
4.07

][O}

wio

[\ [9)

h

u

p

u

p

4.06e-02
2.03e-02
1.03e-02
5.11e-03

1.95
2.01
1.95
2.01

1.72
2.09
1.88
2.03

1.96
2.01
1.94
2.01

1.97
2.01
1.93
2.01

1.79
2.11
1.87
2.01

2.04
2.01
1.93
2.01

1.90
2.13
1.86
1.98

2.07
2.00
1.92
2.01

1.94
2.10
1.88
1.97

4.06e-02
2.03e-02
1.03e-02

3.05
2.99
291

2.08
2.11
1.97

3.04
3.00
292

3.03
3.00
2.93

2.80
2.82
2.99

3.01
3.00
2.93

2.37
2.24
2.04

2.99
3.01
2.93

2.20
2.16
2.00

4.06e-02
2.03e-02
1.03e-02

3.83
3.11
2.66

3.55
3.15
2.63

4.07
3.86
3.80

4.08
3.89
3.92

3.87
3.90
3.92

4.09
3.90
3.90

4.00
3.80
3.96

4.09
391
3.88

4.06
3.73
3.98

[S][N)

wio

[S][9)

h

u

p

u

p

4.06e-02
2.03e-02
1.03e-02
5.11e-03

1.68
1.64
1.50
1.46

1.43
1.58
1.59
1.60

1.79
1.78
1.67
1.65

1.79
1.78
1.66
1.65

1.49
1.62
1.59
1.61

1.79
1.76
1.65
1.66

1.53
1.63
1.57
1.61

1.80
1.75
1.64
1.67

1.55
1.64
1.55
1.61

4.06e-02
2.03e-02
1.03e-02

2.68
2.64
2.53

2.22
1.83
1.61

2.68
2.64
2.55

2.67
2.64
2.55

2.68
2.54
2.39

2.65
2.64
2.55

247
2.07
1.71

2.64
2.64
2.55

2.26
1.89
1.63

4.06e-02
2.03e-02
1.03e-02

3.62
2.97
2.62

3.59
2.78
2.48

3.65
3.14
3.09

3.65
3.15
3.10

3.62
292
291

3.65
3.15
3.10

3.61
2.93
292

3.64
3.15
3.11

3.59
2.94
2.93
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Table 3: Convergence rates of the numerical tests of Section 5.1 withd =3 and r € {2, %, 3}.

(S]]

wio

[Sl1)

k h

u p

u p

u

p

u p

u

p

1.57e-01
1 7.87e-02
3.94e-02

1.87 1.52
1.92 2.08
1.95 233

1.85 1.56
191 2.15
1.95 2.46

1.84
1.90
1.95

1.58
2.18
2.49

1.81 1.64
1.88 2.22
1.94 248

1.76
1.86
1.93

1.71
2.26
2.45

1.57e-01
7.87e-02

2.88 2.86
291 277

2.87 3.01
292 323

2.87
292

3.06
3.34

2.86 3.09
292 3.04

2.87
292

3.10
2.74

1.57e-01
7.87e-02

3.88 3.88
392 4.24

3.87 3.90
392 4.27

3.86
3.92

391
4.28

3.85 3.94
391 4.29

3.83
391

4.00
4.29

r =

S]]

wio

[S11)

k h

u p

u p

u

p

u p

u

p

1.57e-01
I 7.87e-02
3.94e-02

1.77 1.38
1.88 1.78
1.92 1.90

1.75 142
1.87 1.95
191 221

1.74
1.86
1.90

1.43
1.99
2.29

1.72 147
1.83 2.03
1.88 2.17

1.68
1.80
1.85

1.53
2.06
2.04

1.57e-01
7.87e-02

246 2.61
2.57 231

246 271
2.57 2.89

2.46
2.57

2.73
3.05

246 2.70
2.57 2.64

2.46
2.57

2.65
2.32

1.57e-01
7.87e-02

3.08 3.21
332 351

3.08 3.22
332 352

3.07
3.32

3.22
3.52

3.06 3.22
331 3.52

3.05
3.31

3.22
3.52

r =

N

SN}

wio

(ST

k h

u p

u p

u

p

u p

u

p

1.57e-01
1 7.87e-02
3.94e-02

1.63 1.29
1.73 1.61
1.17 1.56

1.62 1.31
1.72  1.82
1.18 1.89

1.62
1.72
1.19

1.31
1.88
2.03

1.60 1.31
1.71 1.90
1.21 1.80

1.59
1.69
1.25

1.35
1.90
1.61

1.57e-01
7.87e-02

2.16 242
230 221

2.16 245
230 2.57

2.16
2.30

245
2.64

2.16 243
230 243

2.16
2.30

2.39
2.20

1.57e-01
7.87e-02

276 2.84
293 2.89

276 2.84
293 2.89

2.75
2.93

2.83
2.89

275 2.83
293 2.89

2.75
2.92

2.83
2.89
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convection law given by the (1, s)-Laplace formula (9). In order to compare the flow behavior with
respect to both r and s, with (7, s) in %, 2, 3} x {2} and {%} X {% 2, %} we solve the discrete problem
on a Cartesian mesh of size 32 x 32 for k = 3, corresponding to 15872 degrees of freedom. In Figure
2 we display the velocity magnitude, while in Figure 3 we plot the horizontal component u; of the
velocity along the vertical centreline x; = % (resp., vertical component u; along the horizontal centreline
Xy = %). When r = s = 2, reference solutions from the literature [23, 27] are also plotted for the sake
of comparison. We observe significant differences in the behavior of the flow according to the viscous
exponent r and the convective exponent s, coherent with the expected physical behavior. In particular,
the viscous effects increase with r, as reflected by the size of the central vortex and the inclination of the
centrelines. We observed the same phenomenon on the Stokes problem, cf. [11, Sec. 5.2]. Moreover, the
turbulent effects increase with s as shown by the circular nature of the central vortex and the sharpness
of the centrelines.

6 Proofs of the main results

In this section we first give the proof of the properties (52) and (54) of the discrete convective function
cn, then prove, in this order, Theorems 16 and 17.

6.1 Consistency of c;,

Proof of (52) (Consistency). Let, for the sake of conciseness, W, = I flw. Using the single-valuedness
of (w - nyp)x(-, w) across any interface F € Th‘ together with the fact that v = 0 on any boundary face

F € F?, we get
Z Z /F(W'"TF)X(-,W)-vF =0.

TeT, FeFr

Proceeding as in (13) but with an element-by-element integration by parts, and using the previous relation
to insert v into the boundary term, we infer

/(w-V)X(-,w>-vh=1/(x(-,w>-\7>w-vh+s‘2/”’“'"’(x(~,w)-V>w-w
Q s Jao Q

s lwl?

‘%(/QW("W)'W)WW Wi (w-an>x<-,w>-(vF—vT)). (85)

TeT, FeEFr

Using the definitions (33) of ﬂ’}, (43) of G, and (42) of G'} (the latter with T = 71'; (x(G,wr) ®@Wwr)), we
get

Joctmn 6w, =Y [ Gy sah e @)

TeT,

= Y [wridacaneins Y 3 [ (dhotin s b or - 60

T, TeT, FeFr

where the removal of ﬂ’; is justified by its definition after observing that Vvy € PK=1(T)4xd ¢ pk(T)dx4,
Plugging (86) into the definition (48) of cj, we obtain

1 -2 W
ch(ye ;) = < /Q Qe 1) - GRR,, - v+ — fQ "l’;v hT;h(X(',Wh)~G’fl)ﬁh-wh
1
-—/( / PO DRDTRIEDNDY / (nm(-,wmwnn)-(vF-vT>). (87)
5 \Ja TeT, Ferr *F

Subtracting (87) from (85), then adding and subtracting to the right-hand side of the resulting expression
the quantity
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Figure 2: Numerical results for the test case of Section 5.2. Velocity magnitude contours (10 equispaced
values in the range [0, 1]).
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Figure 3: Numerical results for the test case of Section 5.2. Horizontal component u#; of the velocity along
the vertical centreline x| = % and vertical component u; of the velocity along the horizontal centreline
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2
T l;”(x( w) Gy, - w+—

/ eCow) - G, - v

/(X( w) - Vp)vy - Wy

s Ja |w

+ Z (/ (Y, wr)@Wr)nTF) - (VF—VT)+/(WT nre)x(,w)- (VF—VT))

TeT, FeFr

we obtain
J oD v = enThw,) = £ (T4 T+ 2 (B4 T0) = (T4 6 4 T3+ T+ ), (88)
with
7= [ Oetow)- (7 =G v,
7 = / (00 w) = X)) - GE)3b, - v
Toim [ 2 (eow) - (V- GE L

o |wl?
vh-wh

Vp W n koA n
T = GF -, -G : ,
v [ w6k, w = ) G

Ts5 = /Q(X(',W) Vv - (w—wp),
T = / (eCow) = X 1) - Va)v

Tim 3 3 [ r) w0 = v,

TeT, FeFr

Tim 3 3y [ Gbrnre) (o) = xCobr) - 0 =),
Te‘7;, Fe¥r

To = Z Z / ((X(',WT) ® Wr — (¥ (, Wr) ® WT)) nTF) ~(vE = V7).
TeT, Ferp * F

We proceed to estimate these terms. For 77 and 73, using the (1;s’r’,r, sr’)-Holder inequality (20)
together with the Holder continuity (8e) of y, we get

T+ 1731 < xwellwll}) (Q)d IVw = G (L W)l - yaxa Vil Lsr @y
3 hk+1/\/hc|w| wlLrQ)d |W|W’<+2 ()4 ”Khlls r.hs

where we concluded with the consistency (45) of the gradient reconstruction together with the continuous
(24) and discrete (41) Sobolev embeddings (valid since sr’ < r* by (51)) and the norm equivalence (39).

Moving to 7; and 74, using a Cauchy—Schwarz inequality together with the Holder continuity (8e) of
X on 7, and the same reasoning as in (31) on 7 yields

hc h h hWWnldxd|Vh
|72] + |74l < xi (|W|s+|w )5 1w =" GE R acal vl
< Xhe (”w”Lsr (Q)d + ||wh||Lsr (Q)d) ||W wh“Lsr (Q)d”G h”Lr(Q)dXd ”vh”L“’ (Q)d

k+1)(5-1 1-5
< h< +1)- )th|wlé;1,rfg)d|w|s k+1,s7 (T)dllvh”&r,h,

where we have used the (1; %, %, r, sr’)-Holder inequality (20) in the second line, while the conclusion

follows from the continuous (24) and discrete (41) Sobolev embeddings (again valid since sr’ < r*
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by (51)) along with the boundedness (47) of G’;L and (40) of I%, and the (k + 1, sr’, 0)-approximation
properties (34a) of n’;l.
With a similar reasoning as for 7,, we get the following bounds for 75 and 7s:
|T5] < hk+1th|W|€;|1,r(Q)d|w|wk+l,sr’(7;,)d||Kh||s,r,h,

k+1)(5-1 1-§ §—1
|75| s h( " )(S )XhClwliS);l,er)d|w|€}‘1k+l,sr’(7;l)d”Kh”s’rah'

Moving to 7g, the Holder continuity (8e) of y, the (1;sr’, %, g%;, r)-Holder inequality (20), and the
bound hr < hr yield

1
> thanzzr,(aT)d) (Z A (I He— |IWTIIZZr»(aT>d))

TeT, TeT,

|7§| < Xne

5-1 1

N sr’ 1—
x ( > hrlw —wT||;2r,(3T)d) (Z D hilve —vrngr(md)
TeTn TeT, Fefr

S+1-§

k+1)(5-1 A s §—1
< RkFDE )th (lwlévl,sr’(g)d + ”w”zsr’(g)d + ”wh“zsr'(g)d) |w|évk+l,sr’(7;l)d”Kh”s,r,h
s+1-§
S

-1

k+1)(5-1 §
< HEDED e (wl + ] W85t 12l

N
Wl,sr’(Q)d Wl,r(Q)d)

where, to pass to the second line, we have used the discrete trace inequality [16, Eq. (1.55)], the
continuous trace inequality [16, Eq. (1.51)] together with the bound Ay < 1, the (k + 1, 57, 0)-trace
approximation properties (34b) of n’}, and the definition (37) of ||||¢.,.n, While the conclusion is obtained
using the Sobolev embedding (24) (again valid since sr’ < r* by (51)).
With a similar reasoning, we get the following bound for 77:
s—1

k+1 s
|7;| < h * Xhc (|w|;vl,sr’(g)d + |w|€Vl,r(Q)d) |w|Wk+l~”'(‘771)d||Kh||8,r,h-

Moving to 79, the Holder inequality together with the bound Ay < hr and the definition (37) of
lIlle, -, yield

-

[75] < ( Z hr ||xCoor) ® Wi — 5 (x (- 7) ® W)

r/
L7 (8T)d*d ”Kh ||8,r,h
TeT,

hk+1

K+l s s
< B xhe |WT|;V1<+1,”'(7;!)¢1 ”Kh“s,r,h < Xhce |w|;,vk+l,sr’(7;l)d ”Kh”s,r,h,

where we passed to the second line using the (k + 1,r’, 0)-trace approximation properties (34b) of 71';
together with a triangle inequality and the Holder continuity (8e) of y (with (v, w) = (0, wr)), while the
conclusion follows using a triangle inequality and the (k + 1, s#’, k + 1)-approximation properties (34a)
of 71'1;, to write |WT|Wk+1,sr'(7l~l)d < |wr - wlwkﬂ,xr’(q;l)d + |W|Wk+l,sr’(7;1)d < |W|Wk+l,sr’(77’)d.

Plugging the above bounds for 71, . . ., 79 into (88) and passing to the supremum, (52) follows. O

Proof of (54) (Sequential consistency). Let ¢ € CX(Q)? and set éh =1 ’;l(b. Writing the definition (48)
of ¢, with (w,,, v,,) replaced by (v,,, éh), we have

2 &h‘vh

o |val? (Covn) - Gy, v

A 1 ~ -
cnlwd,) =5 [ Ot G, -+

i T

1 A (39)
——,/(X(',Vh)'GIZ,)Q Vi
N Q h

73
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Inserting +|v;,|~2(v, ® vi)x (- v), then using a triangle inequality, we get

1941200 @ v Covw) = 1720 @ X G| o

-2 -2
< Cwn) = Gl + [l (il P v =i vew)| Lo o)

sff

< Xhe (th“isr’(g)d + ”v”zsr'(g)d) ”Vh - v”L” "(Q)d’

where we have concluded proceeding as in (30) and using the Holder continuity (8e) of y and the
(s'r"; 8L 5 1) -Holder inequality (20). Thus, recalling that vy, ——3" strongly in L%’ (Q)¢ (since

sl <r* by (53)), which implies that ||v;]|® +|v|Is is bounded uniformly in /4, we infer from

(90) h . Lsr (Q)d Lsr (Q)d
that,
|vh|_2(vh Qvi)x(,vi) m |v|_2(v ® v)x(;, v) strongly in Ls’r’(Q)d, 91
X5 vn) ﬁ) x(, v) strongly in ler'(Q)d. (92)

Hence, observing that # + % + # = 1, the strong convergence (35) of ¢ 4 in L7 (Q)4 together with the
fact that Gfl Y, ﬁ) Vv weakly in L”(€Q)?*¢ by assumption, along with (91) for 77 and (92) for 75 yield

h—0

T — | |2 (,\(( v)-V)v-v and 7'—> /(X( v)-Vv-¢ (93)

Moving to 73, the fact that vy, =0 strongly in L3 (Q)? (since sr’ < r* by (53)) together with the

strong convergence (46) of G';ltl_?h in L"(Q)?*4 (notice that the weak convergence would suffice to infer
the result in (107) below) and (92) give

T [t 9y, o)

Hence passing to the limit in (89), using (93)—(94), and recalling the definition (12) of ¢, we infer (54). O

6.2 Convergence

Proof of Theorem 16. Step 1. Existence of a limit. Since, for all h € H, (u,,pr) € U I;L,o X P;l‘ solves
(77), the a priori bounds (78) implies that the sequences (||u,, |l¢,r,n)nes (hence also (||, [l1,r,n)ner bY
(39)) and (||pn |l ))nest are bounded uniformly in 4. Thus, invoking the discrete compactness result
of [16, Theorem 9.29], we infer the existence of (u, p) € U X P such that, up to a subsequence,

Cup——ou strongly in LI )(Q)4;

« Gk [~ Vu weakly in L (Q

*Ph P weakly in L" (Q).

)dxd;

Step 2. Identification of the limit. The discrete mass equation (77b) along with the sequential consistency
(76) of by, yield, for all ¥ € C(Q),

0 = by(w, 1) —— blu ) = 0
By density of C(Q) in L™ (Q), this shows that u satisfies the mass equation (10b).
Let us show now that (u, p) satisfy the momentum equation (10a). Since the sequence (||u,, ||e,r,n)nen

is bounded uniformly in %, (62) along with the fact that ||G’; plpllLr@axa < IIGﬁg wllLr(@yaxa imply
that the sequence ( ||G'S" plp L @)axa)ness is also bounded uniformly in h. Combined with the Holder
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continuity (5) of o, this result implies that the sequence (||o (., GIS‘ pW L ()axa e is also bounded

uniformly in k. Therefore, (o (-, Gf’ nl)nen weakly converges to some o € L” (QRP) yp to a
subsequence. Furthermore, using the discrete momentum equation (77a) together with the definition (57)
of ay,, for all ¢ € C(Q)4, letting q_'fh = L’;l(p, we get

/Q (.G ) Ghg, = /Q fonie =i, d,) — el )~ bu@, ). ©9)

So, since G’;héh o0 V¢ strongly in L"(Q)4*¢ thanks to (46) and o'(-, Gru,,) —— O weakly in

L” (Q)%4 passing to the sub-limit equality (95) yields

/Gu :VS¢ = /f-¢—c(u,¢)—b(¢,p), (96)
Q Q

where we used (35) together with the sequential consistencies (65) of s, (54) of ¢, and (75) of by, in the
right-hand side. By density, (96) is valid for ¢ € U. On the other hand, using the definition (57) of ay,
the fact that sp,(up, uy) > 0, and (77) together with the non-dissipativity (49) of c;, we infer

/0(-, GELu,) : GY Ly, = ap(up, up) — sp(up, up) < ap(up,up) = /f “up. 97
Q Q
Hence, using the Holder monotonicity (6) of o and inequality (97) we obtain, for all A € L"(Q, R%*?),
0< /Q (0’(-, Gf’hgh) -o(., A)) : (G’;hgh - A)
< /f cup - / o(~GXu,) A - / (. A): (G, - A) 98)
Q Q ’ Q ’

— [oa- [ouia- [otn): Ta-u)

where the limit of the third term is justified by the fact that o(-, A) € L' (Q, R%*d) thanks to the Holder
continuity (5) of o and the weak convergence of Gl;, L — Vu in L"(Q)?*? (consequence of the

analogous property for Gi u,). It follows from the classical Minty’s trick [38, 42] (see [15, Theorem 4.6]
concerning its application to HHO methods) that (u, p) satisfies (10a). Indeed, taking A = Vsu + tVgy
with # > 0 and v € U into (98), and using (97) with ¢ = u + tv, we get

t/ o(Vsu £tVgy,A) : Vgy = t/f v+ cla) — te(u, v) + b p) — th(v, p), 99)
Q Q

where we have used the fact that u satisfies the mass equation (10b) (proved above) and the non-

dissipativity property (14) of c, respectively, in the cancellations. Dividing (99) by ¢, letting t — 0, and

using a dominated convergence argument made possible by the Holder continuity (5) of o gives (10a).
Hence, (u, p) € U X P is a solution of the weak formulation (10).

Step 3. Strong convergence of the velocity gradient and convergence of the boundary residual seminorm.
Passing to the upper limit inequality (97), and using (96) with ¢ replaced by u together with the mass
equation (10b) and the non-dissipativity property (14) of ¢ to cancel the two rightmost terms in the
resulting equation, we obtain

limsup/O'(-,G’;hgh):G’;hgh s/f-u :/o,,:vsu. (100)
Q Q Q

h—0
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Thus, the Holder monotonicity (6) of o together with the (r, 5=, - *E;f )-Holder inequality (20) yields,

F=2
27 ;
lim sup (O'hm”Gshuh VsuH;;(Q)rdxd (6r + ||£h||£,r,h + ”VSu”rr(Q)dxd) )
h—0

(101)

S limsup/((r( Gsh u,)-o(,Vu)): (Gshuh - Viu) <0,
h—0

where we concluded by strategically separating the terms in order to use inequality (100) along with
the weak convergences of o (-, Gihﬂh)ﬂ o, in L7 (Q)%*4 and Gihgh I Veu in L"(Q)%4,

Hence, since (||u,, ||¢,r,n)rnes is bounded uniformly in A, G’;hgh m V,u strongly in L (Q)*¢ up to a

subsequence. Now, using the Hlder continuity (5) of o~ together with the (r’; -=, 75 )-Holder inequality,
we get

o (- GE ) = o (- Vsu)|| Lo axa

k
< e (074 161, s+ 191 ) ™ IGE 1, = il g —— 0.

Thus, o (-, G’; ) - o (-, Vsu) strongly in L™ (Q)?*? up to a subsequence. In particular, we have
=2

Ohm (6r+|£h|:’h) |uh|r+2 g <Sh(£h’lh):'/g;f'uh_'/90-('7G h) G uhh—)o (102)

thanks to the Holder monotonicity (64) of s;, and the definition (57) of a;,. Hence, |u,, |, ﬁ) 0.

|"‘2ph. Reasoning as in [11, Eq. (50)],

Step 4. Strong convergence of the pressure. Set py o = fQ |pn
we infer the existence of v, € W&’r(Q)d such that

|r’—2

Vv, =lpnl” ph—pra  and v, lwira < Ipall) 7 ‘@ (103)

Furthermore, letting fph =1 ];lv pn» and using the boundedness (40) of I fl together with (39), we get

“Kph”s,r,h s |vphlwl,r(Q)d ”ph”L" Q"

Since (||pnllL» q))nes is bounded uniformly in A, by [16, Theorem 9.29] there exists v;, € U such that
‘,)\ph _h_o_> vp Strongly in L[l’r*)(Q)d and Gl;lfph —h—o—> va Weakly in Lr(Q)dXd Therefore, reCaHing

that o (-, G]Sihgh) — o (-, Vsu) strongly in L (Q)?*4 we get

/Qa'(-,G u,): Gshﬁphj /g;a'(-,Vsu):stp. (104)

Using the Holder continuity (63) of s;, with w, = 0, we next infer

vty £y )1 5 0% (07 + 1, 17,) Lty 511, b —— 0 (105)
since |u,, |r,n Y 0 by (102) and noticing that the sequence (|9 o |r.h)nes is bounded uniformly in &
by (62). Thus, recalling the definition (57) of aj;, (104) and (105) yields

(W), 9,,) — a(u,v,). (106)
Furthermore, replacing ¢ by v, in the reasoning that gives (93)—(94) after recalling that G];, P oy ﬁ Vv,
weakly in L"(Q)9*? and that $,, o strongly in L3 (Q)? (since sr’ < r* by (80)), we infer

ch(uh, L )—> c(u,vp). (107)
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Moreover, since f € L' (Q)¢ and # P ﬁ) v, strongly in L" (Q)4, we get

'/S;f'l”\phm'/s;f'l’p. (108)

Hence, using the fact that p;, has zero mean value over Q together with the equality in (103), the definition
(11) of b, the Fortin property (73) of by, and equality (77a) yields

/(|Ph|r,_zph)Ph = /(V‘Vph)l?h =—b(vp,.pn) = —bu(¥, . pn)

Q Q
= ah(ﬂhvfph) + Ch(ﬂhv ﬁph) - ‘/Qf : ‘/"\ph m’ a(u, vp) + c(u, Vp) - ‘/Qf “Vp (109)
= —b(vpp) = /Q (Vo

where we have used the discrete momentum equation (77a) and applied the limits (106), (107), and (108)
in the second line, used the continuous momentum equation (10a) to pass to the third line, and invoked
the mass equation (77b) to conclude. Meanwhile, since (”lph|r’_2ph||Lr(Q))hef]_( = (lprllLr @)nes is
bounded uniformly in &, |ps|” ~2p;, weakly converges to p, € L’ (Q) up to a subsequence. In particular,

Ph.o ﬁ) Dr.o = fg pr,and we deduce that V-v,, ﬁ) Pr—Dpr.o weakly in L () and, by uniqueness
of the limit in the distributional sense, that V-v,, = p, — p, o. Therefore, using (109) together with the

fact that p has zero mean value over (2, we infer

/ (Ipul” 2 pr)pn —— / prp. (110)
Q h—0 O

Moreover, using the Holder monotonicity property (23b) (with (n, x, y,s) = (1, pn, p, ")) together with

the (1, #,—P %ri,ﬁ)—Hb'lder inequality, and passing to the limit with (110), we obtain

»

-

)
< /Q (pul 2 pn = 1pI"2p)pr ~p)—— 0. (11D

r'+2-r'

r/ rl
lon =PI (ml e gy + 1PN )
Hence, py, h——o—> p strongly in L" () up to a subsequence. O

6.3 Error estimate
Proof of Theorem 17. Let (e, &) = (w;, — @, pn — Pn) € QZ,O X P}': where @, = L’;lu and py, = n}’jp.
Step 1. Consistency error. Let &, : U fl o — R be the consistency error linear form such that, for all

k
v, €U

8h(2h) = ‘/Qf *Vh — ah(éh’zh) - Ch(ﬁhe Kh) - bh(Kha Ph). (112)

Using in (112) the fact that f = —=V-o (-, Vsu) + (1 - V)x (-, u) + Vp almost everywhere in Q together
with the consistency properties (69) of ay, (74) of by, and (52) of c;, (since s < rr—t), we obtain

$ = sup En(v,) s KD min (&,(u); 1> No + KA. (113)

Yu EQ;O’ “Kh ”e,r,hzl
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Step 2. Error estimate for the velocity. Replacing aj by a;, + cj, in the reasoning of [11, Eq. (70)] yields,

Sh(fh) = ah(ﬂh’ Eh) - ah(éha Eh) + Ch(Eh?Eh) - Ch(ﬁh’ Eh)

7

s+l-r
(Cdao'hm — Cde,r Xne (6r+ ”Z;,“:;,r,h + Héhllg,r’h) )

r=2

¥

e,z (114)

[\

X (674 g 7, + 1 1,

s+l-r r=2 )
CdaOhm — Cdc,thch " N] " ”ths,r,h

1%

2
O-thl " ||£h ||g’r’h7

1%

where, noting that 7 = r and § = 2 since r < 2 < s, we have used the Holder monotonicity (68) of ay,
together with the Holder continuity (50) of cj (since s < rr—f) in the second line, the a priori bound (78a)
on the discrete solution along with the boundedness (40) of the global interpolator and the a priori bound
(16) on the continuous solution in the penultimate line, and the small data assumption (82) to conclude.

Hence, the fact that E(e;,) < $l|e, lls,rn together with (113) yields (83a).

Step 3. Error estimate for the pressure. Using the Holder continuity (50) of ¢, together with the same

raisoning giving the penultimate line of (114) we infer, for all v, € U}

L_l
|Ch(ﬁh, Kh) - Ch(lh, Kh)| < thNl " ”Eh &,r.h |Kh &,r,h- (115)
Thus, replacing a;, with aj; + ¢, in the reasoning of [11, Eq. (72)], we obtain
”€h ”LV'(Q) < sup (Sh(Kh) + ah(ﬁh, Kh) - ah(ﬂha Kh) + Ch(ﬁh’ Kh) - Ch(ﬂh’ Kh))
Yu egﬁ’()’ “Kh ||8,r,h=] (1 16)

—1 s=L
< S+ onellen 27 + el ™ ey larns

where we have used the Holder continuity (67) of aj, together with (115) to conclude. Finally, the bounds
(113) and (83a) (proved in Step 2) give (83b). O
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