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Abstract

Structural changes occur in dynamic networks quite frequently and its detection
is an important question in many situations such as fraud detection or cybersecurity.
Real-life networks are often incompletely observed due to individual non-response or
network size. In the present paper we consider the problem of change-point detection at
a temporal sequence of partially observed networks. The goal is to test whether there
is a change in the network parameters. Our approach is based on the Matrix CUSUM
test statistic and allows growing size of networks. We show that the proposed test is
minimax optimal and robust to missing links. We also demonstrate the good behavior
of our approach in practice through simulation study and a real-data application.

1 Introduction

Most of the real-life networks, such as social networks or biological networks of neurons
connected by their synapses, evolve over the time. Detecting possible changes in a temporal
sequence of networks is an important task with applications in such areas as intrusion
detection or health care monitoring. In this problem we observe a sequence of graphs each
of which is usually sparse with large dimension and heterogeneous degrees. The underlying
distribution of this sequence of graphs may change at some unknown time moment called
change-point. The goal of this paper is to design a testing procedure that allows the
detection of the presence of a change-point.

Many of the real-life networks are only partially observed (Handcock and Gile 2010,
Guimera and Sales-Pardo 2009). The exhaustive exploration of all interactions in a network
requires significant efforts and can be expensive and time consuming. For example, graphs
constructed from survey data are likely to be incomplete, due to non-response or drop-out
of participants. Another example is online social network data. The gigantic size of these
networks requires working with a sub-sample of the network (Catanese et al. 2011). In
all these situations, being able to infer the properties of the networks from their partial
observations is of particular interest. To the best of our knowledge, change-point detection
for networks with missing links has not been considered in the literature. In the present
paper we focus on the case when we only have access to partial observations of the network
and we propose an efficient procedure for detection and estimation of a change-point that
is adaptive to the missing data.



In real-life networks both the entities and relationships in a network can vary over time.
In the literature we can often find approaches that detect vertex-based changes in a time
series of graphs assuming a fixed set of nodes. Nevertheless, changes in the set of nodes
are also quite frequent in applications. For example, the vertices of a citation network are
scientific papers and an edge connects two papers if one of them cites the other one. New
vertices are constantly added to such networks. Likewise, the set of nodes of the Web,
social networks or, more generally, communication networks are constantly evolving and
changing. To account for this possibility we generalize our approach to the case when nodes
of the network may come and go. Considering graphs with varying number of nodes calls
for a more general non-parametric model. In the present paper we build on a popular
graphon model and show that our detection procedure can be adapted to this more general
setting.

1.1 Contributions and comparison with previous results

We consider the problem of hypothesis testing for the presence of a change-point, com-
monly known as change-point detection. The related problem of estimating the unknown
change-points and their number is usually called the change-point localization problem. Our
primary motivation is to address the following fundamental question: What is the detection
boundary in the problem of change-point detection in dynamic networks? That is, we are
interested in the smallest amount of change in the underlying distribution of the network
such that successful detection of a change-point is still possible.

The change-point detection in dynamic networks and the related problem of the change-
point localization have attracted considerable attention in the past few years. Among
others, the problem of change-point detection has been considered in (Peel and Clauset
2015) where the authors introduce a generalized hierarchical random graph model with a
Bayesian hypothesis test. Wang et al. (2017) consider hierarchical aspects of the problem. A
model based on non-homogeneous Poisson point processes with cluster dependent piecewise
constant intensity functions and common discontinuity points is considered by Corneli et al.
(2018). The authors of (Corneli et al. 2018) propose a variational expectation maximization
algorithm for the change-point localization in this setting. More recently, in (Hewapathirana
et al. 2020) the spectral embedding approach is applied to the problem of detection of
vertex-based changes in dynamic networks. In (Zhang et al. 2020) the focus is on the online
detection of a change in the community structure using a subspace projection procedure
based on Gaussian model setting. An eigenspace based statistics is applied in (Cribben
and Yu 2017) to the problem of localization of changes in the community structure for
stochastic block model. These works focus mainly on the computational aspects of the
problem without theoretical justifications.

In (Wang et al. 2014) the authors introduce two types of scan statistics for change-point
detection for time-varying stochastic block model. Although the authors of (Wang et al.
2014) provide an asymptotic analysis of the test power for a simple situation of change in a
single community connection probability, the testing procedure lacks a threshold allowing
for testing at a given significance level. The problem of multiple change-point localization
is studied by Zhao et al. (2019). The change-point algorithm proposed in this paper is
built upon a refined network estimation procedure. The authors of (Zhao et al. 2019)
show consistency of this procedure. A very complete comparison of different change point



localization algorithms (including the one introduced in the present paper) is given in Sulem
et al. (2022).

A different line of work describes a general nonparametric approach to change-point
detection for a general data sequence (Chu and Chen 2019, Chen and Zhang 2015, Wang
and Samworth 2018, Pilliat et al. 2023). For example, a graph-based non-parametric testing
procedure is proposed in (Chen and Zhang 2015) and is shown to attain a pre-specified
level of type I error. Another related problem is anomaly detection in dynamic networks.
Here the task is to detect abrupt deviation of the network from its normal behavior. A
comprehensive survey on this topic is given in (Akoglu et al. 2015).

To the best of our knowledge, none of the existing works provides the minimax sepa-
ration rate for the change-point detection problem in dynamic network. We can only find
some partial answers. In particular, the results of (Ghoshdastidar et al. 2020) can be ap-
plied to the case of a known location of the change-point. Ghoshdastidar et al. obtain the
minimax separation rate for the two sample test and consider separation in spectral and
Frobenius norms. In the present paper we are interested in a more general setting where
no prior information about the existence or location of change-point is given, which is more
realistic and applicable to real data. The problem of two sample test is also considered in
(Chen et al. 2020) where the authors propose a test statistic similar to the one introduced
in (Ghoshdastidar et al. 2020) which is based on the singular value of a generalized Wigner
matrix. They apply this approach to the problem of change-point localization and derive
consistency results.

We provide the minimax separation rate for the spectral norm separation (in Section 3.1
we explain why we think that the spectral norm is an appropriate choice for this problem) in
the case of an unknown change-point location with missing links. Besides the lower bound
on the minimax separation rate, we also provide a test procedure based on the spectral
norm of the matrix CUSUM statistics that is nearly minimax optimal. Our focus is on
the challenging case when the networks are only partially observed. Missing values are a
very common problem in the real life data. Usual imputation methods require observations
from a homogeneous distribution. In the presence of unknown change-points such methods
are not expected to perform well. This, in turn, will impact the performances of the
change-point detection and estimation methods. These methods, in their large majority,
are designed for the case of complete observations and we fall into a vicious circle. The
only works considering missing values in the context of change-point detection that we
are aware of are (Londschien et al. 2021), (Xie et al. 2013), and (Follain et al. 2022).
In (Londschien et al. 2021) the authors consider the problem of multiple change-point
localization for graphical models. Xie et al. propose a fast method for online tracking of
a dynamic submanifold underlying very high-dimensional noisy data. (Follain et al. 2022)
considers change-point estimation in partially-observed, high-dimensional time series.

We also propose a new procedure for change-point estimation. The problem of a single
change-point estimation in a network generated by a dynamic stochastic block model has
been considered, among others, in (Bhattacharjee et al. 2020, Wang et al. 2021, Yu et al.
2021). Bhattacharjee et al. establish the rate of convergence for the least squares estimate
of the change-point and of the parameters of the model. They also derive the asymptotic
distribution of the change-point estimator. The problem of multiple change-points local-
ization has been studied by Wang et al. (2021). The authors of (Wang et al. 2021) provide
optimal localization rate in the case when the magnitudes of the changes in the data gener-



ating distribution is measured using Frobenius norm. More recently the methods of (Wang
et al. 2021) have been extended in (Yu et al. 2021) to the problem of online change-point
localization. The algorithms proposed in (Yu et al. 2021) and (Wang et al. 2021) require
two independent samplings. Unlike these methods, the algorithm that we introduce only
requires one independent sample which is a more realistic scenario in many applications.

Usually in works on change-point detection and localization in dynamic networks the
set of nodes is assumed to be fixed, e.g. (Ghoshdastidar et al. 2020, Wang et al. 2021) or,
in asymptotic setting, the number of nodes is assumed to go to infinity, e.g. (Chen et al.
2020). Both settings may be limiting in some practical situations where the set of network’s
nodes may change but not forced to go to infinity. Another common assumption in the
existing literature is to suppose that the observed networks are mutually independent,
notable exception being (Padilla et al. 2022, Xu et al. 2023). Using a popular graphon
model, we propose a different paradigm when the underlying distribution of the network
is independent of the number of nodes and networks may be time-dependent. We provide
an upper bound condition on the separation rate that guarantees the detection of a change
for two commun classes of graphons, K-step graphons and Hoélder continuous graphons.
We prove that our procedure is minimax optimal for K-step graphons (up to a logarithmic
factor and dependency on K).

To summarize, the key contributions of the paper are: 1) we obtain sharp (up to
numerical constants) minimax detection boundary in spectral norm for the problem of the
change-point detection in dynamic networks; 2) we introduce a new and more flexible notion
of sparsity (see Section 2.1); 3) we generalize our setting to graphon model which allows
us to consider time-dependent networks with a set of nodes that can change; 4) we obtain
upper and lower bounds on the minimax separation rate for change-point detection in the
step graphon model; 5) we introduce a new procedure for change-point estimation and show
its consistency.

The rest of the paper is organized as follows. We start by summarizing the main notation
used throughout the paper in Section 1.2. We introduce our model in the case of a fixed
set of nodes in Section 2 and, in Section 3, we provide our main results for this case. We
consider a more general setting which allows changes in the set of nodes and dependent
networks in Section 4. The numerical performance of our method is illustrated in Section 5.

1.2 Notation

We start with some basic notation used in this paper. For any matrix M, we denote by
M;; its entry in the ith row and jth column. The notation diag(M) stands for the diagonal
of a square matrix M. The column vector of dimension n with unit entries is denoted by
1, = (1,...,1)" and the column vector of dimension n with zero entries is denoted by
0, = (0,...,0)". The identity matrix of dimension n is denoted by id,. For a set A, we
denote by 14 its indicator function.

For two matrices M and N of the same size, their Hadamard (elementwise) product is
denoted by M ® N. For any matrix M € R"*", || M||r is its Frobenius norm, ||M||2—2 is its
operator norm. and || M|/ = max;; |M;;| is the largest absolute value of its entries. The
column-wise 1,00-norm of M is denoted by || M||1,0c = max; >, |M;;j|. For two sequences
an and b, we write b, = Q(ay,) if there exist C' > 0 and ng € N such that b, > Ca, for
any n > ng. We define the function ¢(t) = /t(1 —t) for ¢ € [0,1] that will control the



impact of the change-point location on the rate. We denote by C, the set of all symmetric
connection probability matrices:

Cp = {@ c 0,1 6= @T}
and by C? the set of all symmetric connection probability matrices with zero diagonal:

0 = {@ €Cp: diag(0) = 0}.

2 Modeling dynamic networks with missing links

Assume that we have T consecutive independent observations of a network modeled by
the adjacency matrix A® € {0,1}"*" (1 <t < T) of a simple undirected graph G* with
n vertices. The assumption of independent A’ is plausible in several applications, for
example, for transportation networks or Internet of Things (IoT) networks. In Section
5.3 we apply our procedure to Transport for London (TfL) Open Data for which we may
assume independent A’. We will relax this assumption in Section 4 considering a more
general graphon model.

We assume that at time ¢ the network follows inhomogeneous random graph model: for
1 < 7, the elements Aﬁj of the matrix A’ are independent Bernoulli random variables with
the success probability @ﬁj € [0,1]. It means that the edge (i,7) is present in the graph
G? with the probability G);fj. We consider undirected graphs with no loops. Then, the
matrix A! is symmetric and has zero diagonal. The corresponding matrix of connection
probabilities is denoted by ©! € [0, 1]"*™; it is also symmetric with zero diagonal.

Often in practice the dynamic network is only partially observed. In this case, instead
of observing A = {At, 1<t< T}, we observe a sequence of matrices Y = {Yt, 1<t< T}
where each matrix Y? contains the entries of the adjacency matrix A’ that are available
at time t. We say that we sample the pair (i,7) at the time moment ¢, if we observe the
presence or absence of the corresponding edge. We denote by Q! the sampling matrix such
that ij = 1 if the pair (¢, 7) is sampled at the time ¢, Qﬁj = 0 otherwise. As the graph is
undirected, the sampling matrix is symmetric. Importantly, our methods for change-point
detection and estimation do not require the knowledge of the sample matrices Q.

We assume that for each ¢, the entries Qﬁj (1 <i < j < n) are independent random
variables and that €' and A’ are also independent. We denote the expectation of f
by II € R™"™. Then, for any pair (i,j) and any ¢, Qﬁj ~ Bernoulli(Il;;) and, for any
i=1,...,n, weset [I;; = 1. Note that we can attribute any value to the diagonal diag(Q?),
since observing or not the diagonal elements does not carry any information about the
diagonal of A’ that vanishes by definition. We assume that, for any pair (i,75), we have
non-zero probability to observe A;;, that is, II;; > 0. For simplicity, we also assume
that II does not depend on ¢. This means that the probability of observation for each
vertex is not changing over the time. This assumption is realistic in many situations, for
example, when analysts sub-sample a very large network. Our proofs may be extended
to the situation of ¢-dependent II at the price of additional technicalities and we choose
to avoid it. We will use notation Y* ~ IRGML(©!1I) that stands for a realization of
an inhomogeneous random graph with missing links according to connection probability
matrix ©! and sampling matrix II.



We can write our observations using following “signal-plus-noise” model:
Yi=Tloe'+W' 1<t<T, (1)

where W' € [—1,1]"*" is the matrix of centered independent Bernoulli random variables
W}, with the success probability IT;;0}; and Y* € {0,1}"*" is the matrix with the elements
Y = ;AL

2.1 Modeling sparse networks

Real-life networks are usually sparse with a number of connections that is much smaller than
the maximum possible one, which is proportional to n?. This implies that @fj may change
with n and, in particular, @fj — 0 as n — oo for some (or all) (4, 7). Let p, = mgix|@t]oo.
In the literature on the sparse network estimation p, is usually called sparsity parameter
and it is assumed that p, — 0 as n — oco. In the present paper we consider a more general
notion of sparsity based on the column-wise 1,00-norm of the connection probability matrix.

Let k, = max 101,00 We will say that the network is sparse if, on average, the

degree of each node is much smaller than the maximal possible number of connections in
the network, that is, we assume that k,/n — 0 as n — oo. In particular, we have k,, < p,n.
We will work with the set of all symmetric, zero diagonal connection probability matrices
of sparsity at most k,,:

Mo (in) = {@ € O]1oe < Fin } 2)

This new notion of sparsity is more general than the one based on the sup norm and has
multiple advantages. First of all, this notion of sparsity allows each @ﬁj to decay at its
own rate (or to be constant for some of them) which is a much more realistic scenario.
Moreover, the methods for sparse network estimation often require the knowledge of the
sparsity parameter p, (see, e.g., (Klopp et al. 2017, Gao et al. 2016)) whose estimation is
a tricky problem. In contrast to p,, the parameter x, can be estimated using the observed
degrees.

In the case of model with missing links, we will need an additional parameter w,,, an
upper bound on the mean of the observed degree of each node, max;<t<7 [[IHOO||1 00 < wp.
In the particular case of uniform sampling with probability p, we have w, = pk, and
wn < nppn. In the case of missing links, we will work with the pairs of matrices (O, II)
with the sparsity level bounded by w,, and consider the following set:

Snlwn) = {(6,10) € Cp X Cpt IO Ol1,00 < Wn - 3)

3 Change-point detection problem

We suppose that the connection probability matrix © might change at some location
Ted{l,..., T —1}:

@t == @01{1§t§7—} + (@0 + AQT)1{7+1§t§T}7 t == 1, “ e ,T. (4)



Here OV is the connection probability matrix before the change and AO" € [—1,1]"%" is
a symmetric jump matrix of a change that occurs at time 7. If ©! does not change, then
AO" =0foralll<7<T-—1.

We consider the problem of testing whether there is a change in ©! at some (possibly
unknown) point 7 € Dp C {1,...T — 1}. Depending on the set of possible change-point
positions Dr, we can formulate two different testing problems: problem (P1) of testing
the presence of a change at a given point 7 with Dy = {7} and problem (P2) of testing
the change at an unknown location within the set of all possible change-point locations
Dr=A{1,...,T—1}.

The difficulty of assessing the existence of a change-point can be quantified by what is
called the change-point energy. It is defined as the product of the operator norm of the
jump in the parameter matrix and the function ¢(t) = \/t(1 — t) for t € [0, 1]. The function
q(t) quantifies the impact of change-point location on the difficulty of detecting the change.
Thus, we write the detection problem in terms of ¢(7/T)||[II ® AOT||2—2, the change-point
energy. In the case of full observations the sampling matrix is given by II = 1,12 and the
energy equal to ¢(7/T)||AOT ||a—z2.

To formulate the hypothesis testing problem we define the set of pairs of matrices before
and after the change at some location 7 with the jump energy at least r > 0:

Wi (wnr) = { (0710, (8%, 1) € S5%(wa) : o(r/T) [T (O~ )|, =7} (5)
Let Wy, (wp,0) denote the set without a jump:
Wi (wn, 0) = {{(ea,n) , (eb,n)} € S%2(w,) : ©° = @b}.

Then, the detection problem can be written as testing whether the jump AOT is zero under
the null,
Hp: {(0"+ AO7,10),(0° 1)} € W,(wn,0), for all 7 € Dy (6)

against the alternative hypothesis of a change in ©°
Hy : {(@0 + AO7,1I), (@O,H)} € W;T(wnaRn,DT) for some T € Dr. (7)

It is well known (see, e.g., (Ingster and Suslina 2003)) that the performance of a test depends
on how close the sets of measures under the null and under the alternative hypotheses are.
As a consequence, to determine the smallest possible distance between the null and the
alternative hypothesis is a crucial question in minimax hypothesis testing. This question
is formulated in terms of the radius R, p,, the minimal amount of energy that guarantees
the change-point detection. In this paper, we are interested in conditions on the minimal
energy that separated a detectable change from an undetectable one.

3.1 Matrix CUSUM statistic

We start by introducing our test procedure. We observe the dynamic network Y = {Y*, 1 <
t < T} defined in (1). We call a test (or decision rule) any measurable binary function
Y1 1Y — {0,1} of the data. If its value is equal to 1, we reject the null hypothesis and
say that there is a change in ©%. Otherwise we say that the dynamic network has no change
in the connection probability matrix.



Recall that Y € {0,1}"*" with the elements Ylg = Q%A%, where Q' is the sampling
matrix with mean II (if there is no missing data, then IT = 1,17 is the matrix of unit

entries). Define the following matrix process

T
HT —1) [1 < 1
Z =4/ —7=| - Y5 — —— Y*# =1,...,T—1.
T(t) T (t; T_ts:;_l >7 t ; ’ (8)

This process measures the difference between the average number of connections before and
after the point ¢. Intuitively, if there is a change in some entries of the parameter matrix
©! at time 7, then, with high probability, the value of the process Z at these entries will
be maximal in the neighborhood of 7. We call the process given by (8) Matrix CUSUM
(Matrix Cumulative Sum) process since it is related to the cumulative sums of Y as

T e
Zp(t) = ﬂT—wg;Y_Tg?/

We can write our model (1) in the equivalent form

Zr(t) = —pr() IO AT +£(t), t=1,...,T—1, (9)
where
t(T—t) [T T—71
pr(t) = (T) (tl{T—HStST} Rl - 1{1§t§7}> (10)
and the random matrices
T =) (1 T =
o= 2 (S "

are centered. The function p7.(t) attains its maximum equal to vTq(7/T) at the true
change-point ¢ = 7. Thus, for any matrix norm, we have

_ T
\max [E(Zr(0)]| = VTa(r/T) [T o A6
We need to ensure that the norm of the jump in the parameter matrix is larger than the
norm of the noise term £(t). We will use the test statistics based on the operator norm
of Zp(t) since we can control the operator norm of the noise term using the matrix Bernstein
inequality. On the other hand, we can easily see that the Frobenius norm is not a suitable
choice here. Indeed, assuming that for any ¢, 9% ~ pp — 0, we get

LR

n2

[EXCHF:
£~

>
n n2

Thus our detection procedure is the following one: if the operator norm of the Matrix
CUSUM statistic is sufficiently large at some point ¢ € Dp, we conclude that there is a
change in the connection matrix © of the network.



3.2 Definitions from the minimax testing theory

In this section, we recall some basic definitions from the minimax testing theory. Let
Y ={Y,, 1 <t < T}. Denote by P(go ) the measure of observations Y under Hy with
Y' ~ IRGML(6%1II) and by P(gyaerm)o,m the measure of ¥ under H; with Y ~
IRGML(©",11) for ©' = 0°1(1 <4<y + (0" + AOT)1(, y<qy, T € Dp. Let ¢ Y — {0,1}
be a test for one of the problems (P1) or (P2).

Definition 1. The type I error of ¥, T is given by

a(tnT) = sup P(@O,H){%,T = 1}
(00,1 €Sy (wn)

and the type II error of V¥, T is defined as

B, Rnpy) = sup {{ sup P(@+A@T,H),(®,H){wn,T = 0}}
(

T€Pr | {(004267,11),(00,I) } €Wy (wn, R, D)

Let a € (0,1) be a given significance level. Denote by ¥, the set of all tests of level at
most a:

W, = {wn,T : a(d}n,T) < Oé} .

Definition 2. A test ¢y, 1 € Uy is called minimaz if

ﬂ("LﬂZ,T; Rn,DT) - inf B(¢H,T7 R?L'DT)'
wn,T \I]a
It is known (see (Ingster and Suslina 2003), Theorem 2.1, p. 55) that, for any R, p, > 0,
the minimax test ¢, , exists and

* . 1
ﬁ(wn,Ta Rn,DT) = ” inf ﬁ(wn,T> Rn,'DT) >l—a— <

inf [Py — Pyl1, 12
n,TEVa 2P16731]|| 0 1”1 ( )

[
where Py is the measure of observations Y corresponding to the null hypothesis Hy and
[P1] is the convex hull of set of measures P; = P1(R,, p,) corresponding to the alternatives
Hy, and || - [[1 is the Li-distance. It might happen that the minimax test 1, 1 is trivial, i.e.
ﬁ(ﬂ):;;_p, R, p,;) =1—a,Va € (0,1). In this case the global risk of testing defined as the sum
of two testing errors is equal to 1 and the hypotheses Hy and Hy are not distinguishable.
This happens if some points of the set of alternatives are too close to the null hypothesis
set. To avoid this problem, we remove a ball of radius R, p, from the set of alternatives
H;. Therefore, it is of crucial interest to know what are the conditions on the minimum
radius R, p, that guarantee the existence of a non-trivial minimax test. These conditions
are formulated in terms of the minimax separation rate.

Definition 3. Let o, f € (0,1) be given. Let ¥, be the set of all tests 1 of level at most cv.
We say that the radius R}, p,. is (o, B)-minimaz detection boundary in problems (P1)-(P2)
of testing against the alternative Vy,(kn, Rppy) if

R:;,DT = d)lean; RnapT (avw)7

where

Ry (0, 9) = inf{ R >0 8(s,R) < 8},

9



The minimax detection boundary is often written as the product R} Dy = = Conpyps
where ¢, p, is called minimaz separation rate and C'is a constant independent of n and T'.
We say that the radius R,, p, satisfies the upper bound condition if there exists a constant
C* > 0 and a test ¥ 1 € Yo such that vC > C* j5( ;T,Rn py) < . We say that Ry, p,
satisfies the lower bound condition if for any 0 < C < O there is no test of level o with
type II error smaller than 5. Our goal is to find the minimax separation rate ¢, p, and
two constants C, and C* such that

C*Qpn,’DT S R;;,'DT S C*@n,’DT-

3.3 Change-point detection at a given location

We first consider problem (P1) of testing the presence of a change at some given point .
Using the Matrix CUSUM statistic, we define the following decision rule

wn7T<Y) - 1{HZT(7—)H2~>2>HLY,7L}’ (13)

where, given the significance level o € (0, 1), the threshold is
2n
Hop = 2V2(1 + €)y/ion + Ce log(;). (14)

Here € € (0,1/2] and C. is an absolute constant depending on ¢, see Lemma 12. The result
below provides the upper detection boundary.

Theorem 1. Let o, 8 € (0,1) be given significance levels. Assume that for some universal
constant C' depending only on ¢ € (0,1/2],

N\1/2 O
Rn724f(1+a)(“’T) +T1/21°g<aZB> (15)

Then, for the test 1]  defined in (13) with threshold (14) we have
O‘(¢£,T) <a and B(wg,TaRn,T) < p.

Proof. The proof of this theorem is based on Lemmas 3 and 4. Lemma 3 implies that
a(tpr) < . By Lemma 4, the type II error smaller than f is guaranteed if R, , satis-
fies (32). Condition (32) follows from (15) for a sufficienly large constant C. O

The key point of this proof is to find a bound on the spectral norm of the noise term (11)
that allows to control the Type I and II errors. This is done using the matrix concentration
inequality from (Bandeira and van Handel 2016), see Lemma 12. In the next theorem, we
provide the lower bound condition on the energy under which hypotheses Hy and H; are
indistinguishable. The result is written in terms of the global testing risk n = o 4+ 8 and
involves the constant C,, = log(l +4(1 — 77)2) that will be used throughout the paper.

Theorem 2. Let a € (0,1), 8 € (0,1 — «] be given significance levels and n = a + .
Assume that w, > /2C,. Then the (o, B)-minimaz detection boundary in problem (P1)
satisfies the following lower bound

R;,, > 20V (42)"" (16)
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The proof of Theorem 2 uses the fact that the minimax testing error in deterministic
setting is always greater than the one in the Bayesian setting. We reduce our testing
problem to the Bayesian hypothesis testing by imposing appropriate prior distributions on
the parameters ©° and ©° + AO under Hy and H; respectively. The prior is built in the
following way: under Hg we have an Erdés—Rényi model with the connection probability
pn and, under Hy, we observe networks with the probability matrix that deviates from the
Erdés-Rényi model by a matrix with i.i.d. Rademacher entries. In particular, the choice
of priors guarantees that, ©° and ©° + AO belong to the sets defined in (3) and (5) with
high probability. We have to find a condition on the change-point energy that guarantees
a non-trivial testing with the type II error at least 5. We use (12), the lower bound on
the type II error, which is written in terms of the total variation distance between the
corresponding random measures that we need to bound from above. Usually, it is hard
to bound the total variation distance, and we use the following relationship between the
TV-distance and the y2-divergence: |P—Q|rv < v/X2(P, Q). The key point in the proof is
to find an upper bound on the x?-divergence. This upper bound relies on a new technically
demanding bound on the Laplace transform of the Rademacher chaos proven in Cortinovis
and Kressner (2021). For a Rademacher vector ¢ we show that

TR? » 1 TR2 -\? TR? .\t
I+ Xz(Pa Q) N Eexp(nw’T : §CT(1n1£ - idn)C) S exp <<wnT> <1 - nwnT>

which implies that the x2-divergence is small if the rate satisfies Ry < (wn/T)Y2.

Remark 1. Under a mild assumption that the sparsity parameter wy is of polylogarithmic
order of n, that is, w, = (log%‘s n) for some § > 0, the minimaz detection boundary
satisfies

()" < <o)

Note that the lower and upper bounds match up to a constant with the detection rate
(wn/T)l/z. Under the polylogarithmic condition the upper bound constant does not de-
pend on the given global testing risk . On the other hand, the lower bound constant is
bounded from above by (2log5)/* ~ 1.34.

Remark 2. If we restrict our model to the trivial case of Erdés—Rényi graph model with
connection probability py, it can be shown that the minimax detection boundary is given by

() e = () ()

n = 1{(n_1)|S;7T|>\/ Pn/a}

based on the test statistic estimating the change in the connection probability

(T — 7 .
nt = (T )n(n—l ZZY _722

t 1 i#£j t=7+41 i#£j

and the test

is rate optimal. Note that in this case test (13) is suboptimal.

11



3.4 Testing for change-point at an unknown location with missing links

In this section, we study problem (P2) of testing the presence of a change at an unknown
location. To build a test in the case of unknown change-point location a natural idea is to
use a decision rule based on the maximum of the matrix CUSUM statistic over a subset T
of Dr: L, (Y) = maxse7 || Z7(t)]|2—2. For example, we can take the whole set 7 = Dr.
However, the choice of the set 7 may be optimized by taking a dyadic grid of {1,...,T—1}
(see, for example, (Liu et al. 2021)). Define the dyadic grid on the set Dp = {1,...,T — 1}
as T =TEUTE, where

T = {2’“, k=0,..., |log,(T/2)|}, TF= {T ok k=0,..., LlogQ(T/Q)J}. (17)
Note that |T| =2+ 2[logy(T/2)] < 2logy(T).

Our decision rule is based on the maximum of the matrix CUSUM statistic over the
dyadic grid:

Y)=1 18
me( ) {%¥||Z¥(t)“2ﬁ2>Ha’n‘T} ( )
where for some ¢ € (0, 1/2], the threshold is given by
4nlogy (T
Hont = 2\@(1 + &)y/wn + C:log (7152()) . (19)

The parameter wy, in (19) is an upper bound on the mean of the observed degree of each
node. Note that, using Kolmogorov’s law of large numbers, it can be estimated by the
maximum observed degree @, = maxj<i<r ||Y"||1,00. The following theorem provides an
upper detection condition for our test.

Theorem 3. Let a, B € (0, 1) be given significance levels. Suppose that for some e € (0,1/2]
and for a constant C depending only on ¢,

bwp\1/2  C 4nlogy(T)
n > 4(1 — —1 _— 2
R,DT_(—l-E)(T) —l—\/Tog( NG (20)
Then, for the test defined in (18)-(19), we have a(¢n 1) < o and B(Yn,1, Rnpy) < B.
Proof. The proof follows from Lemmas 5 and 6. O

Remark 3. As in the case of testing at a given change-point location, assume that w, =
Q (log2+5 n) for some 6 > 0. Then, if n > logT, the minimax detection boundary satisfies

(20" (5)

and our test is minimaz rate-optimal in the case of unknown change-point as well. Note
that Theorems 1 and 3 imply that the unknown location of the change point may have an
impact on the detection boundary only if w, < (logn + loglog T)?, that is, in the case of a
very sparse network or a very large number of observations T'.

1/2 “Rip < 4\@<%>1/2
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Theorems 3 and 2 provide the minimax separation rate in terms of the operator norm
of the Hadamard product of A®T and II. Let us first consider the case of the uniform
sampling with II;; = p,, for all (7, j) such that ¢ # j. In this case we have ||[II® AOT |22 =
Pnl|AOT |22 and we get the following result that provides the minimax separation rate for
the problem of testing for a change at an unknown location in a dynamic sparse network
with links missing uniformly at random.

Corollary 1 (Minimax separation rate for spectral norm separation). Consider
problem (6)—(7) with w, = Q (log2+5 n) for some § > 0. Assume that links are missing
uniformly at random with probability p, and that conditions of Theorems 2 and 3 are satis-
fied. Then, for n >logT, the minimax separation rate @, p,. for spectral norm separation
satisfies:

(21)

() s < SR

For more general sampling schemes, we can quantify how the missing observations affect
our detection problem by the following ”distortion” parameter:

mini 7 Hi 7

Op = 0,(II,O) = Jivi

where r =rank(Il® ©). (22)

Using Lemma 13, we have that
[TI® AB|l2—2 > 0,/ AO[|2—2.

Now, Theorem 3 implies that, for any fixed a, 8 € (0,1), w,, = Q(log%‘s n) and n > log T,
the risk of our test is bounded by n = « + § if the spectral norm of the jump matrix is
sufficiently large:

4 6w
A3 > — [
18672 = 50 7 )

Remark 4. Note that using Lemma 13 we can improve (22) and replace r = rank(II ©® ©)
by

r* = min rank(M).
M:(Mij): Mij:(HQG)ij fori#j
That s, we can modify the diagonal of I © © to get a matriz of a smaller rank as, for

example, in the case when both II and © have a community structure.

Example. Let us consider a network with two communities and missing communica-
tion. We have two communities with &k and n — k£ nodes such that the links between the
members of each community are fully observed. However, the links between the members
of two different communities can be missing and are observed with the rate p,. Then, after
a suitable permutation, II has the following block structure: II;; = 1 if 1 < 4,5 < k and
k+1 <1,7 <n; otherwise 11I;; = py,.

If the whole community changes its connection pattern, then A®© also follows the
Stochastic Block Model with the same community structure as II and we have

L6 AO|ays > %HA@HH-
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In this case, under the conditions of Corollary 1, the minimax separation rate ¢, p,.
satisfies 11
1/2 1/2
GO () < gy < S (Bm)1)
Pn T pn\ T

3.5 Change-point localization

In this section, we turn to the twin problem of change-point localization which amounts to
estimating the position of the change-point 7. That is, we seek for an estimator of 7, 7,,
such that |7, — 7| < e with high probability. The ratio e/T is usually called localization
rate of an estimator and the estimator is deemed consistent if its localization rate vanishes
as T — oco. As in the case of testing, our estimator is based on the operator norm of the
Matrix CUSUM statistic and it is defined as follows:

Fo€arg max || Zr(t)|2oe. (23)

<t<T-—

Let A = ||[II ® A©||2—,2 denote the magnitude of the change in the matrix of connection
probabilities. For presenting the results, we scale all the time points to the [0, 1] interval,
by dividing them by T'. Let * = 7/T and = 7,,/T. The next proposition shows that our
estimator is consistent.

Proposition 2. Let v € (0,1). For any ¢ € (0,1/2], with probability larger than 1 — =, the
estimated change-point ¥ = 7/T returned by (23) satisfies

@_x*’<6\/§(1+6) <&)1/2 C  log(2nT/~)
— Ager) \T Aga*) VT

where C' is a universal constant depending only on €.

Remark 5. Note that the minimax lower bound on the localization error obtained in (Wang
NG
et al. 2021) (without missing links, that is, when wy, = ky, ) implies that if A < ——"—
) ( 9 n = fn) imp fA< V33T ()

then no consistent change-point estimator can exist.

4 Testing the change in the sparse graphon model

In this section, we generalize our model to the case when the set of network’s nodes may
change and to the case of dependent networks. Considering graphs with varying number of
nodes call for a more general non-parametric model. The idea is to introduce a well-defined
”limiting object” independent of the networks size n and such that the observed stochastic
networks can be viewed as partial observations of this limiting object. Such objects, called
graphons, play a central role in the theory of graph limits introduced by Lovasz and Szegedy
(2006) (see, for example, Lovasz (2012), Borgs et al. (2008)). Graphons are symmetric
measurable functions W : [0,1]? — [0,1]. In the sequel, the space of graphons is denoted
by W.

Assume that we observe a dynamic network A' (1 < t < T) where each adjacency
matrix A; = (Agj) is of size n; that may change with time. We allow nodes to appear and
disappear from our networks and denote by V the set of all nodes of all networks, that is

14



¥ € V if there exists a time moment 1 < ¢ < T such that 4 is a node of At. Let N = |V| be
the cardinality of V.

We consider the sparse graphon model and assume that each vertex ¥ € V is assigned
to an independent random variable ey uniformly distributed over [0, 1]. Now, the edge (i, j)
is independently included in the network with probability ©}; = p,W'(e;,¢;), where W*
is the graphon which defines the probability distribution of the network at time instant ¢
and p,, is the sparsity parameter. Conditionally on € = (g9)ycy, we assume that Aﬁj are
independent Bernoulli random variables with parameter @ At ~ Bernoulh(@t ). Note
that the networks A* € {0,1}"*" (1 <t < T) are dependent through the latent varlables
g;. This is similar to the time dependent network models recently introduced in (Padilla
et al. 2022) and (Xu et al. 2023).

We suppose that the function W* might change at some unknown time moment 7, that
is, we assume that

W (z,y) = Wiz, y)1j<i<r) + Wa(z,y) L 1<i<ry- (24)

Additionally, we can assume that the latent variables €y may also change at time 7. We
will denote the new latent variables by €/, (for each 9, ¢/ may be depended on ey). Given
the observations A; (1 <t < T) of networks following the graphon model, we would like to
test whether there is a change in the function W at some unknown time moment 7.

Different graphons can be at the origin of the same distribution on the space of graphs.
More precisely, two graphons U; and Us define the same probability distribution on graphs if
and only if there exists two measure-preserving maps ¢1, ¢ such that, for all (z,y) € [0,1]2,
we have U;(¢1(x), ¢1(y)) = Ua(p2(x), ¢2(y)). Thus, we need to consider the quotient space
of graphons that defines the same probability distribution on graphs equipped with the
following distance:

30U = inf, [ /01]2 ), 1(y) — Un(a, ) de dy, (25)

LeEM

where M is the set of all measure-preserving bijections ¢ : [0,1] — [0,1]. Here ¢« € M
accounts for possible labels switching.

Let W(z,y) : [0,1]> — [0,1] be an integrable function. We can define the following
operator W : L]0, 1] — L»[0, 1]:

1
W= /0 W, y)f () dy

and denote by ||V ||2—2 the corresponding operator norm. Now we can define the following
operator-norm based distance in the quotient space of graphons:

S(WT, W) = Jnf [W7(z,y) - W (), o(y)) 2. (26)

The problem of detecting a possible change in the graphon function can be written as
the following hypotheses testing problem:

Hy: 6(WT, WT+1) =0 forall 7 € Dy against Hy : §(W7, WTH) > 0y, for some 7 € Dr.
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As in the case of the inhomogeneous random graph model that we considered in Section
3, our test is based on the matrix CUSUM statistics. Let A% denote the restriction of A*
on the set of nodes that is common to all the networks. Denote by n the size of this set. As
we allow for a change in the latent variables €y we should account for a possible mismatch
of the labels. Let 7 denote a permutation of {1,...,n}. For any matrix A € R™*" denote
by A o7 a matrix obtained from A permuting simultaneously its rows and columns. Then,
define

Z;E(t):%z:flsfL Asor.

Let 7* € argmin|| Z7(t)||l2 and Zr(t) = ZF (t). Now, the test is defined as follows:

Var(4)=1 { |1 Z0(®)]22 } 27
max ————— > 1
teT H(j‘[’m

where T is the dyadic grid (17) and H, ,; is a threshold which will depend on the class
of graphons under consideration. Note that we consider a tricky situation when we allow
for a change in the features of nodes. If we consider a simpler setting, assuming that only
the graphon function can change but features stay fixed, we can consider a simpler test,
without taking a minimum over all possible permutations with the threshold given by (19).

For i € {1,2}, let W; C W be two classes of graphons, as, for example, step-function
graphons or Holder—smooth graphons. Define the following set of pairs of graphons sepa-
rated by the distance at least 9, 7 > 0:

W(én;_p) = {{Wl,Wz} eEWL x Wy : (5(W1,W2) > 5n,T}-

Denote by Py the measure of observations of the networks Al,..., AT with the con-
nection probabilities given by @gj = p,W (e, e;). Similarly, given a pair of graphons W7y,
W3 denote by Py, 1, the measure of observations Al ... AT with a change at 7. Then,
the type I and II errors of testing for the graphon change-point detection are defined as

follows,

a(n,r) = sup PW{%@,T = 1}

WeWg

B(n1,0n1) = Sup sup P%I,WQ{@%,T = 0}.
TE€D W1, WaeW(dp,T)

Let (5;;7T denotes the minimax separation rate for this problem. We consider two particular
classes of graphons that have been considered in the literature on sparse graphon estimation:
the class of step function graphons and the class of smooth graphons. We start by defining
the class of step function graphons with K steps:

Definition 4. Wy, the collection of K-step graphons, is the subset of graphons W € W
such that, for some symmetric matriz Q € RE*X and some ¢ : [0,1] — {1,..., K}

W(z,y) = Qpz)py) Jor all z,ye[0,1].
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Assuming that the underlying graphons belong to Wk, for some K; < K (we allow for
a change in the number of steps) we define the following threshold:

t 1/4 8n 1 T
St = 20+ €)V/2npn -+ 4n* /2Ty () (Ko + Kz)logn) 4 Ce log (71(52()) ,

(28)
where € € (0,1/2] and C. is a universal constant depending only on e.
We have the following upper detection bound in the case of step graphons:

Theorem 4. Fori=1,2 let W; € Wy, with K1, Ky < @ and let o, B € (0,1) be given
significance levels such that a A 8 > 8/n. Let K1, Ko < K. Assume that our observations
Al . AT follow graphon model (24) and that, for some € € (0,1/2]

q(%)&(wl,wg) > 4%&) —|—18q<%) (Klogn)l/4+ n;lfj/f log <8n;oi2ﬁ(T)> . (29)

Then, for the test defined in (27) with threshold (28), we have that (¢, r) < a and
B ) < .

The detection boundary in (29) has three parts. The one of the order (K/n)'/* is due
to the ‘agnostic error” coming from the variability of latent variables in the graphon model.
The second one, (npnT)_l/ 2 is related to the sampling of the observed dynamic network.
The third part comes from the Bonferroni device in order to control the errors at the levels
« and B. The next theorem provides a lower bound on the minimax separation rate:

Theorem 5. Let a € (0,1) and € (0,1—a] be given significance levels. Let n = a+ 3 and
C, = log(1+4(1 —n)?). Then the («, B)-minimaz detection boundary for the change-point
detection in step graphons model satisfies the following lower bound:

. 8 Y g(r/T)| |, V20 =)=/
q<T/T>6n,Tz[(3<1—n>2) o e

The proof of the lower bound consists of two parts. The first one is obtained by bounding
the Kullback—Leibler divergence between measures in the case when the node assignment
vector changes but the connection probability matrix remains unchanged. We derive a
bound similar to the data processing inequality from the information theory which is then
reduced to the divergence between two multinomial distributions. The second part is simi-
lar to the one considered in Theorem 2 and considers the case of a change in the transition
matrix with fixed node assignment. We control the chi-squared divergence between mea-
sures under the null and alternative hypotheses. Combined with Theorem 4, this result
provides the minimax separation rate for the problem of testing a change in step-function
graphon model:

Remark 6. Assume that the network satisfies the polylogarithmic assumption on the spar-
sity, np, = Q(log%‘S n) for some small 6 > 0 and that n > logT. Then, Theorems J and 5
imply that the minimaz separation rate for step graphons satisfies the following upper and
lower bounds which are given up to a constant,

q(7/T) 1 ) Klogny1/4 1
)8 7 Sa(r/T _
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The network sampling rate (np,T)~'/? is exact (up to a constant) and the agnostic error
rate q(7/T)n='* is optimal up to a logn factor and the number of blocks.

Next, we consider the class of smooth graphons.

Definition 5. For any v > 0, L > 0, the class of y-Holder continuous functions (v, L)
is the set of all functions W : [0,1]? — [0, 1] such that for all (z',y'), (z,y) € [0,1]?,

W) = Py (@ 9), (&' = 2y =) < L (o' =2~y =y~

where |y] is the maximal integer less than «y and the function (2',y') — P, ((z,y), (2’ —
x,y —y)) is the Taylor polynomial of degree || at point (z,y).

Assuming that the underlying graphons belong to 3(v;, L;) for some (~;, L;) with ~; >
~v > 0, we define the following threshold:

AL
t\ (logn\ 2 8n logy (T
HE = 4(1 +£)np, /2T + 2npn\/Tq(T) ( Oi”) +C. log (”052()> C(30)

where € € (0,1/2] and C. is a universal constant depending only on e.
The following theorem provides the upper detection condition for Holder continuous
graphons:

Theorem 6. For i = 1,2 let W; be ~;-Hélder continuous functions and let o, B € (0,1) be
given significance levels such that o A B > 1/n. Assume that, for some e € (0,1/2]

T cx 44/6(1 + ¢) 7\ (logn ER 4C; 8nlogy(T)

where v = min(y1,7y2). Then, for the test defined in (27) with threshold (30), we have
oy, r) < a and B(Yy, 1,0, 1) < B.

5 Numerical experiments

In this section, we provide the study of numerical performance of our method. For each
setting we applied three tests: the test Yy at the given change-point 7 defined in (13),

the test 1, over the dyadic grid T¢ defined in (18) (we add the point |T/2] to the

grid in our simulations) and the test wf;uT”(Y) based on the maximum over the whole set

Dr ={1,...,T —1}. Each test is calibrated to the significance level & = 0.05.

The test defined in (13) is based on the threshold (14) depending on some given value
e € (0,1/2] and an unknown universal constant C.. To overcome this difficulty, we use a
slightly different threshold obtained from the matrix Bernstein inequality (see, for example,
Theorem 1.4 in (Tropp 2011)). The threshold for the test ¢ 1 is given by

~ 1 log(n/a) (llogz(n/a)

| 1/2
anT = gm QW + 2Kn, Og(n/a)) .
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For test over the dyadic grid ¢, 7(Y") and the test 1#7{“:,{1(3/) we use the same threshold
g Llog(n|T]/a) , (1log?(n|T]/)
HO&,TL,T(t) =3 (7 2
3 VTq(t)T) 9 Tg*(t/T)

In order to compare the performance of the tests under different regimes (n, T, ), we
introduce “energy-to-noise ratio” defined by

1/2
+2nnlog(n/a)> , teT.

P/ T)IAO 55
Vkn/T

This ratio provides a numerical upper bound on the minimax testing constant (see Theo-
rem 1). We denote by ENR”, ENR?, ENR/ the minimal detectable ENR for the tests ¢7, 1,

Yn 1, and wzuu, respectively. Here “detectable” means that the average power of the cor-
responding test is equal to 1 over 100 simulations. Note that the lower bound constant for
any test of level o with 8 = 0 is equal to ¢* = log"/*(1 + (1 — @)?)/(4v/2) (see Theorem 2).

ENR := ENR,, 7 (7/T, AO") = 4

5.1 Results for Stochastic Block Models

In this section, we apply our method to four different scenarios of Stochastic Block Models
(SBM). Recall that for an SBM model with K communities and connection probability
matrix () between the communities the matrix of connection probabilities © is defined as
0 = Z7QZ, where Z € {0,1}*" is the membership matrix. Each row i of the matrix
Z contains only zeros except one entry Z;; that is equal to 1 if the node i belongs to the
community j. We suppose in these simulations that the membership matrix Z does not
change.

Scenario 1: SBM with 2 communities, change in connection probability between communi-
ties. 'We suppose that the network follows the Stochastic Block Model with two balanced
communities (block sizes are [n/2| and n—|n/2].) The probabilities of connection between
the communities change at some point and are given by the following matrices Q1 (before
the change) and @ (after the change point):

06 1 06 ¢

Scenario 2: SBM with 2 communities, change in connection probability within one com-
munity. As in the previous scenario, we assume that the network follow the stochastic
block model with two balanced communities. In this scenario, the matrices 1 (before the
change) and @ (after the change point) are defined by

1 0.5 0 05
Ql - lon <0'5 0.6> ) Q2 - pn (0'5 O.6> ) 5 E [07 1]'

Scenario 3: SBM with 2 communities, change in connection probability within two commu-
nities. Same setting as before, but now connection probabilities inside of both communities

change:
1 02 0 0.2
Ql—pn <0.2 1 >7 QZ—pn (0'2 5 >7 66[0’1]'
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Scenario 4: SBM with 8 communities and change in connection probability between commu-
nities. We suppose that the network follow the stochastic block model with three balanced
communities (the block sizes are k1 = ko = [n/3] and k3 = n — k1 — k2). The probabilities
of connection between the communities change at some point and are given by the following
matrices ()1 (before the change) and Q4 (after the change point)

06 1 06 06 1-6 0.6
Qi=pa| 1 06 05|, Qu=p.|1-6 06 05+6|, 6€]0,05].
0.6 0.5 0.6 06 05+6 0.6

This scenario was considered in (Yu et al. 2021) with the constant parameter § = 0.5. In
our study we vary 0 and report the test power in terms of the change in the energy.

Scenario 5: SBM with 2 communities, change in connection probability within communi-
ties. We suppose that the network follows the Stochastic Block Model with two balanced
communities (block sizes are |n/2| and n — [n/2].) The probabilities of connection within
the communities change at some point and are given by the following matrices Q; (before
the change) and @2 (after the change point):

Ql = Pn <Oi6 0%6) ) Q2 = Pn ((15 (15> 3 d€e [07 1]'

The sparsity p, is set to n~1/2. The sparsity parameter ,, is set to &, = %npn(HQl 11,00V

|Q2||1,00) for Scenarios 1-3, 5 and to k,, = %npn(HQlHl,oo V |Q2]|1,00) for Scenario 4. In all
the scenarios we have k,, < y/n.

5.1.1 Varying n and T

In this part we study the dependency of the energy-to-noise ratio ENR on n and T'. We
report the results of simulations for five scenarios in Table 1. We see that globally the ENR
decreases when the number of observations T increases. Some changes cannot be detected
by our tests. For example, for Scenarios 1, 2 and 4 the change-point is undetectable for
T = 20 and n = 100 by any test. It can be explained by the small number of observations
T implying the threshold that is systematically greater than the value of the test statistic.
Scenario 4 seems to be more difficult than the other ones, it might be, in particular, due
to the fact that the allowed changes are within the interval [0, 0.5] that is smaller than in
Scenarios 1-3.

The ENR of the test ¢, ;- is always smaller than the ENR of two other tests. Con-

cerning the tests over the dyadic grid and over the whole set of observations, the test 1, 1

outperforms the test wgujlf in the majority of parameter settings and scenarios.

5.1.2 Estimating the sparsity

In this section, we study the performance of our tests with the thresholds based on the
estimated sparsity parameter k,. Taking the maximum of 1, co-norms max; max; A?j as an
estimator will systematically overestimate x,. Indeed, since Emax; &; = /2logn(1+o0(1)),
for & ~ N(0,1) i.i.d., using the Gaussian approximation for binomial variables we can show
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n T | ENR” | ENR? | ENR/ n T | ENR” | ENR? | ENR/

Scenario 1 | 100 | 20 NA NA NA Scenario 2 | 100 | 20 NA NA NA
7/T=05 | 100 | 50 | 2.1546 | 2.4397 | 2.6298 || 7/T' =0.5 | 100 | 50 | 2.1550 | 2.4766 | 2.7018

100 | 100 | 2.0612 | 2.4197 | 2.6885 100 | 100 | 2.1834 | 2.5018 | 2.7292
100 | 250 | 2.0546 | 2.4089 | 2.6923 100 | 250 | 2.0857 | 2.5172 | 2.8049
150 | 20 | 2.1928 NA NA 150 | 20 | 2.2389 NA NA

150 | 50 | 2.1363 | 2.4515 | 2.6266 150 | 50 | 2.1812 | 2.5387 | 2.7175
150 | 100 | 2.0801 | 2.4763 | 2.6745 50 | 100 | 2.1239 | 2.5284 | 2.7812
150 | 250 | 2.0360 | 2.4276 | 2.7408 150 | 250 | 2.1588 | 2.5586 | 2.7984

Scenario 3 | 100 | 20 | 2.2098 NA NA Scenario 4 | 100 | 50 NA NA NA
7/T =0.5 100 50 2.1253 | 2.4495 | 2.6296 7/T =0.5 100 | 100 NA NA NA

100 | 100 | 2.0377 | 2.4452 | 2.6999 100 | 150 | 2.0235 NA NA
100 | 250 | 2.0137 | 2.4146 | 2.7386 100 | 250 | 2.0483 | 2.3748 | 2.7013
150 | 20 | 2.2528 NA NA 150 | 50 NA NA NA
150 | 50 | 2.1212 | 2.4814 | 2.6815 150 | 100 NA NA NA
150 | 100 | 2.1508 | 2.4904 | 2.7168 150 | 150 | 2.0664 | 2.4236 NA
150 | 250 | 2.0583 | 2.4163 | 2.7743 150 | 250 | 2.0420 | 2.3713 | 2.2007

Table 1: The results of simulations for five proposed scenarios for n = 100 and 150.

that E(max; A%) < k, + /265 logn/n. To estimate #y,, we first calculate A% = Y70 | Af
for each t = 1,...,T. Then, we obtain a robust estimator of the sparsity taking the 0.9-

?j. The final estimator of k,, maximizes the obtained estimated

sparsities k. over t: K, = maxtQ({Zyzl Agj, ji=1,... ,n},O.Q). Here Q(Z, ) denotes

level empirical quantile of A

n
the a-level empirical quantile of the sample Z. The relative risk of estimation of k, is
shown for different values of n and sparsity p, in Table 2. We can see that the choice of the
quantile @ = 0.9 guarantees k,, > Kk, which is important to maintain the test significance
at level smaller than « and it also has a good estimation precision for a large range of graph
sparsity regimes.

Sparsity Q n =100 | n =200 | n =500 | n=1000 | n = 1200
0.7 || -0.0334 | -0.0352 | -0.0407 | -0.0294 -0.0212
pn =n"01 0.8 || -0.0018 | 0.0070 | -0.0082 | -0.0200 -0.0067
0.9 || 0.0586 | 0.0545 | 0.0230 0.0029 0.0154
0.6 || 0.0239 | 0.0090 | -0.0008 | -0.0066 -0.0114
pn=n""2 | 08 || 0.0350 0.0823 0.0460 0.0310 0.0269
0.9 || 0.1342 | 0.1631 | 0.1029 0.0746 0.0677
0.7 || 0.1299 | 0.1412 | 0.0837 0.0806 0.0850
pn=n""% | 08| 02712 | 0.2189 | 0.1800 0.1489 0.1486
0.9 || 04892 | 03719 | 0.3396 0.2623 0.2577

Table 2: Approximation of the relative risk of estimation R(ky) = E(ky,, — ky)/kn, over 100
simulations for 7' = 10, 7 = T'/2, n € {100, 200, 500, 1000, 1200}, three different levels of
sparsity p, and the quantiles @ € {0.7,0.8,0.9}.

In Fig. 1 we compare the performance of the test adaptive to the unknown sparsity
level with the test where we use the true value x,. We consider Scenario 1 with n = 100,
T = 100 and Scenario 4 with n = 100, T' = 250. For Scenario 1, k, ~ 0.8np, and, for
Scenario 4, Kk, = 0.77np,. In our simulations the change-point is located in the middle. For
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Scenario 1 with 7' = 100, our estimator k,, slightly overestimates the true value x,, = 7.94
with the average value k, = 12.9129 calculated over 100 simulations and over all values of
the parameter §. For Scenario 4 and T = 250 we obtain a better estimation that is equal
to K, = 11.6858 while the true value k,, = 7.26. For Scenario 1, the tests adaptive to the
unknown sparsity level behave quite well with a reasonable power and with the ENR that
is about 1.25 times greater than the ENR of the corresponding test with known k,. For
Scenario 4 the proportion between the ENRs is about 1.07 times. Better performances of
the adaptive test for Scenario 4 is expected as in this case the change in the sparsity level
of the network is less important than in the Scenario 1. Our test construction is based on
the upper bound for the sparsity level for all ¢ and naturally gives better results in the case
of the change which is more homogeneous in terms of sparsity.
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Figure 1: The test powers with known and estimated sparsity parameters for n = 100,
7/T = 0.5 and T = 100 for Scenario 1 (on the left) and 7" = 250 for Scenario 4 (on the

right).

5.1.3 Change-point localization in the case of uniform sampling

We have simulated the networks of size n = 100 from Scenario 1 with 7" = 100 and a change-
point located at 7 € {5,25,50}. The networks have missing links generated according to
the uniform sampling matrix I = p,(1,1¢, — id,) with the sampling rate p, € (0,1].
We compute the average absolute error of our estimator 7 defined in (23) over N = 100
simulations normalized by the number of observations T: Ry(7,7) = (NT) "' SN | [7i — 7.
We present the dependence of this risk on the sampling rate p, and on the norm of the
jump AOT.

In Fig. 2 we observe the dependence of the risk on the location 7: the closer 7 is to
the middle of the interval, the easier the estimation is. The dependence of the rate of
convergence of 7 on the norm ||II ® AO7|2—y2 = p,||AOT |22 is represented by the level
curve p,||AO! |22 & const separating the black area corresponding to a low change-point
localization error from the light one with the higher error.
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Figure 2: The risk of the change-point estimator under Scenario 1 for 7' = 100, n = 100
and the change-points 7 € {5,25,50} (left to right). The links are observed at the constant
sampling rate p, € (0,1]. The estimation is easier when the change-point is located in the
middle (the graph to the right).

5.1.4 Change-point localization for non-uniform sampling patterns

We have simulated the networks of size n = 100 with the change point in the middle of
T = 100 observations following three different sampling patterns:

Setting A. Change-point in missing communication. The networks before and after the change
follow Scenario 1. The sampling matrix II = Z7I1Z has the same community structure
as the networks before and after the change and follows “missing in communication”

~ 1 . . . .
pattern: II = <p 11)) This example was considered in Section 3.4.

Setting B. Change-point in communication, within groups missing values The networks be-
fore and after the change follow Scenario 1. The sampling matrix II = Z7TIZ has the
same community structure as the networks before and after the change and follows

. e ~ 1
“missing within groups” pattern: Il = <11) p>'
Setting C. Change-point and missing links withing communities. The networks before and

after the change follow Scenario 5. The sampling matrix II = Z7TIZ has the same
community structure as the networks before and after the change and follows “missing

in communication” pattern: = <]1) 1 1]9)

In Fig. 3 we present the results of the simulations that show the dependence of the risk of
estimation on the sampling probability p and the jump norm ||A®||2—2. Under Setting A,
the distortion parameter is d,(II,©) = p/v/2 and we see that the level curve is given by
p||AO7 |22 ~ const since the links between the communities with a change-point are
sampled at the uniform rate p. Under Setting B, the missing links do not affect the change-
point estimation since ||II ® AB|a—2 = [|AO]|2—2, the level curve is constant and the
change-point estimation risk is independent of the link sampling. Finally, under Setting C,
the distortion parameter is equal to 0, (IL,0) = (p A1 — p)/v/2 and we see a different level
curve (p A1 — p)||AB7|22 &~ const with the change in connection probabilities within
blocks and links observed with different sampling probabilities p and 1 — p.
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Figure 3: The risk of the change-point estimator under three different patterns of missing
links for 7= 100, n = 100 and 7 = 50 (Setting A—C, from left to right).

5.2 Results for graphon model

In this section, we simulate a dynamic network from graphon model with the graphon
function in Hoélder classes with

Wi(z,y) = xy before the change and W,/ (z,y) = (zy)” after the change.

Here v > 1 is the smoothness parameter that defines the impact of the change. We suppose
that the assignment vector £ does not change. The sparsity parameter is set to p, = 1/y/n.
The smoothness parameter v varies from 1 to 5, the change-point is at the middle of the
interval, that is 7 = T'/2, and the number of observations is 7" = 100. The matrix size
varies from 50 to 400.

On the left hand side of Fig. 4 we see the dependence of the power of three tests (M

Un,T, wg#l on the smoothness parameter «. The results are similar to those obtained for
the SBMS, the test over the dyadic grid outperforms the test over the whole grid and
both are less powerful that testing at a given change-point 7. The change in graphons
with smoothness v > 3 can be detected with power close to 1. The graph on the right
hand side of Fig. 4 shows the power of the test ¢ ;- for different sizes of networks n €
{50, 100, 200, 300,400} and for different values of the smoothness . We can see that the
detection power grows with n that confirms the detection rate 1/y/np,T. On the other
hand, the smaller is the smoothness =y, the harder the detection will be. For example, if
~v = 4, the detection power is 1 starting from n = 100 and for v = 2, the detection power
becomes close to 1 only for n = 400.

5.3 Transport for London (TfL) Open Data

In this section, we apply our test to the real data coming from the Transport for London
(TfL) Open Data API'. The data contains information about London Bicycle Sharing
Network collected since 2012. The dataset contains the following information: the ID of
each bicycle, the ID and name of the origin and the destination trip stations, the journey
(rental) starting and ending time and date, and the unique ID and the duration of each
trip.

! Acces to the data via https://api.tfl.gov.uk
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Figure 4: Power of the testing the change in the Holder class graphons at 7 = T'/2, T' = 100.
The graph to the left displays the power for three different test for n = 200. The graph to
the right shows the power of the test (O for different values of v depending on the matrix
size n.

We have analyzed the data during the two-month period from June 24, 2012 to August
31, 2012. The summer of 2012 is a remarkable period because of the Games of the XXX
Olympiad that was held from July 27 to August 12, 2012 in London. The dynamic network
is a sequence of T' = 69 daily observations. Each observation is a graph with n = 595
vertices corresponding to the bike rental stations. We say that two vertices are connected
if the minimal trip duration between the corresponding stations is not less than 3 minutes
and the number of trips is greater than a predefined threshold. For each day, the threshold
on the number of trips is equal to the 0.9975-level empirical quantile of the distribution of
the total number of trips between every couple of stations excluding disconnected stations
(zero trips during the day). The obtained network has the average sparsity &, = 43.2319
(over T = 69 observations). The corresponding value of p, = k,/n = 0.0727 < n= 04

Fig. 5 on the left shows the graph of the matrix CUSUM statistic calculated over the
whole period from June 24, 2012 to August 31, 2012. We can see that the maximum of the
statistic is attained at the position corresponding to July 22, 2012. This date corresponds
to the day of the arrival of the Olympic Torch to London.?. Our test detects this change-
point at the significance level o = 0.05 and our estimator correctly estimates it. The value
of the test statistic is 53.3311, the corresponding threshold is equal to 40.5244.

We see several peaks on the graph of the matrix CUSUM statistics which may imply
that actually this data exhibits several change points. One of them corresponds to the
end of the Olympics on August 12, 2012. It is possible to combine our test with the
segmentation methods for multiple change-point localization (see, for example, SMUCE
(Frick et al. 2014), WBS (Fryzlewicz 2014) or the method proposed recently in (Verzelen
et al. 2023)).

For example, if we take the data covering the period from July 23 to August, 22 (see

2The details about the traffic perturbation in London on July 22, 2012 can be found at the TfL
website: https://tfl.gov.uk/info-for/media/press-releases/2012/july/olympic-torch-relay-has-
arrived-in-london--plan-your-travel-and-get-ahead-of-the-games-tomorrow--sunday-22-july-
2012.
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Figure 5: On the left: values of the matrix CUSUM statistic calculated during the whole
period of observations. On the right: values of the matrix CUSUM statistic calculated
during 31 days from July, 23 to August, 22.

Fig. 5), our test detects the change-point corresponding to the date of the London Olympics
closing ceremony on August 12, 2012. Here we observe the network during 7" = 31 day and
the values of the test statistic and the corresponding threshold at the level o = 0.05 are,
respectively, 43.5854 and 41.7997. The estimator estimates correctly the change-point.
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A Upper bound results

In this section, we provide the Lemmas that control the type I and II errors of the tests for
problems (P1) and (P2).

A.1 Testing at a given point

Lemma 3. For any « € (0,1) the type I error of test (13) is bounded by «.

Proof. Recall that Zp(t) = —pr(t)II © AOT 4 £(t), where

t T
e = /LY <1ZW‘9—T1_t 3 WS)

s=1 s=t+1

and that under the null hypothesis W* = (W;‘;) € [-1,1)"*" are independent centered
Bernoulli matrices with independent entries taking values in {1 — HijG?j, —HUG%} with
the success probability Hij@?j. We have

aWir) = s Poym{IZr(r)llase > Han }
(©0,I)ESn (wn)

2n
= s P&z > 2v2(1 + )i, + Colog (=) }.
(907H)€Sn(wn) o

Using the bound from Lemma 12 with ||[IT ® ©°||; oo < wp, we get a (¥, 1) < . O
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Lemma 4. Let o, 5 € (0,1) and Hy,, be given by (14). Suppose that

Rur = 4V2(1 4 ¢) (’;?)1/2+ \% <10g<2 ) —Hog(QBn)) (32)
Then the type II error of test (13) is bounded by 3.
Proof. For ease of notation we denote
(0,A07) ={(6+ AO0",II),(0,1)}.
By definition of B(¢n 1, Ry p,) we have
B(n 1 Rnz) = sup P ren) {I1Z7(7)ll2—2 < Han} -

(©,A07)EW 1.(wn,Rn,py)

Using the triangle inequality, (32), the choice of H,,, and the fact that ur(r) = vVTq(1/T)
we compute

BWh s Rur) < sup Pio.s0n{ €Mz > pr(r)|AO7 o2 — Han
(©,A07)EW] 1r(wn Ry, D)

2n
< sup P(@,A@T){Hg(f)um > VT Ry r —2v2(1 + €)wy/* — Clog ( - )}

(©,A07)EW? 1.(wn,Bn.Dy)

2n
< sup Piosen {6l > 2VA(1+ 2 + Cotog ()}
(©,007)EWT 1 (wn,Rn.Dy) B

Applying Lemma 12 and using ||IT ® ©°|; oo < wy, [T ® (0% + AOT)||1,00 < wy, We obtain

the statement of the lemma. O

A.2 Testing at an unknown change-point

Lemma 5. For any a € (0,1) the type I error of test (18) is less than a.
Proof. Using the union bound we can bound the type I error as follows
(Wn,r) = Pitg{ max |1 28 (8)l252 > Honr }

<> sw o Peom{IZF (0)22 > Hapr )
Te7 (80.)ES, (wn)

=> s )@OH{||5<>|M>2ﬁ<1+e>w;/2+oglog<‘mli§m>},

o7 (00 I)ES, (wn

Using Lemma 12 with ||[TI, ® 091 o0 < wy, we immediately get for every t € T

4nlogy(T) o
sup 0 13 >2\f21+5w,11/2+010g( < .
(€0,I1) €S (wn) Feon {H Ol t+e) ) o } 2logy(T)
Using the fact that |7 < 2logy(T'), we obtain a(¢y, 1) < a. O
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Lemma 6. Let o, 8 € (0,1) and Hy 7 be given by (19). Suppose that for some e € (0,1/2]

1/2 \/§C€ 4nlogy(T') 2n
Rnpy > 4V6(1 —|—€)<T) T <log . +log5>.

Then, the type II error of the test 1, T is bounded by [3.

Proof. For ease of notation we denote
(©,A07) ={(6+ AO7,1I), (6,11)} .

By definition of B(¢n 1, Ry p,) we have

B(Wn1, Rnpy) = sup sup Peaem) {max 127 (1) |22 < Ha,n,T}
7€DT (©,A07)EW!, 1.(wn,Rn.Dy) teT

< inf sup sup P(@,A@T){||Z7}:(t)||2—>2 < Ham,T}
t€T r€Dr (©,A07)EW], 1(wn,Rn. D)

< inf sup sup Pe.sen {IlE®) 22 > p7 ()T © AOT|[2s2 — Hamr} -

t€T r€Dy (©,A07)EW], 11(wn,Bn. D)

If 7 < T/2, there exists a t* € TF such that 7/2 < t* < 7. It is easy to see that

i) =\ e 2 o T 2 ST,

since 7 < T/2 iff (T —7)/(2T — 1) > 1/3. If 7 > T/2, noting that p5.(t) = ph""(T — 1),
we can reduce the estimation of uZ.(t) to the previous case: there exists T —t' € T such
that (T —71)/2<T —t <T —7 and pf(t') = p (T —t') > %\/T(](T/T).

Thus, for any 7 € Dy we have the following bound of the type II error

sup P(o,80n) { [€() 22 > W (DI © AO7 [0 ~ Honir |
(©,207)eW] 11(wn,Rn, D)
. 1
< sup Pio.aon {6412 > S=VTa(r/T)I® AT |5 — Honr )
(©,A07)EWT 1 (wn,Fn. D) \/3
< sup Pio a0 { Iz > = VT Rupy — Honr}
(©,807)EWT 1 (wn R, D) V3
. 2n
< sup P(G),AG)T){Hf(t )22 > 2v2(1 + e)wy/? + Celog *} <.
(©,A07)EWT 1.(wn,Rn,py) B
The first inequality follows from the fact that p7.(¢ \/ (T'/3)q(T/T), the second inequality
is a general fact, the third one follows from the deﬁmtlon of RnyDT and in the last one we
use Lemma 12 together with [[II ® 0|10 < wp and |[IIG (O + AO) ||1,00 < wp. O
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B Lower bound results

B.1 General idea of the lower bound construction

Let Y = (Y1,...,Yr) be the observations of the dynamic network following the inhomoge-
neous random graph model defined on a probability space (€2,.4,P). Using (12), we can
see that a lower bound on the type II error can be obtained by bounding from above the
total variation distance between the measures of Y under the null and the alternantive
hypotheses. The total variation distance is usually hard to bound and we can use instead
the chi-squared or the Kullback-Leibler divergences as ||P1 — PollTv < /x?(P1,Pp) and
|IP1 —PollTv < +/2KL(P1,Pg). Thus, the problem of bounding the TV-distance is reduced
to the problem of bounding one of these two divergences. This is can be done using the
second moment method or the fuzzy hypotheses method as follows.

Let m,0 and 7,1 be some prior distributions on the set of parameters (©,II) and
(04+AO7,1I) of the network under Hy and Hy, respectively. Define the mixture distributions

pho(Y) = E.r P(Y) and ph1(Y) = E;r P(Y), where P is the probability measure of Y.
The expectations w.r.t. to the measures pzﬂ» are denoted by Ezﬂ-, i = 0,1. The following

bounds hold true (see, for example, (Ingster and Suslina 2003)):

inf  B(Y g Ruy) = _inf sup P(@t@m){w;j - o}
n,Te\I’a u]n,TG\I}O‘ (9779T+1)€W; T(wan'IL,T)

1
>1- §||P£,1 - Pz,o TV — & (33)

1
>1- 5\/X2(pn,17pn,o) — o

, T 9 1/2
=1-3 EL, [di?l -1 -o (34)
n,0

(Y)

Let o € (0,1) and 8 € (0,1 — a]. Set n = a+ 8. To establish a non-asymptotic lower
bound inf = B(¢n1,Rnr) > B and the corresponding (o, 8)-minimax detection rate, we

T €%

need to find the conditions on R, such that

2

<1+4(1—a—B)2=1+4(1—n)*

T [dpg,l (Y)

n,0 T
dpn,O

In the case of problem (P2) of unknown change-point 7 € Dp, bounding the type II error
can be reduced to the case of a given change-point location provided in (33):

inf R 35
p 0f o, B¥n1, Ropr) (35)
= inf sup sup P(@0+A@T,H),(®0,H){¢n,:r = 0}
Un,7€Va reDr (00+AO7 I0),(00, I EW] 1(wn,Rn D)
> inf sup P(@0+A@T*7@0){¢n,T = 0}7 (36)

Vn.7€Va (904 AOT* TI),(€0,)EW 1 (wn, R, D)
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where 7* € Dr is any possible change-point from the set of alternatives. Thus, we can
reduce the construction of the lower bound for the case of an unknown change-point to the
case of a given change-point 7*.

B.2 Auxiliary lemma

Let p, € (0,1/2] and ¢ € [-1,1]. Denote by pp and p, the Bernoulli measures with the
parameters p, and p,(1 + ¢) with the corresponding densities dpg and dp, with respect to
some dominating measure A. The following simple formulas will be useful in the proof of
the lower bound.

Lemma 7. Let p, € (0,1/2], ¢,q1,92 € [-1,1]. The following relations hold true for a
Bernoulli variable X ~ pg:

dp 2 P 2
Eo || (X)=1 L
o[ o =1k g

dpg, dp Pn
By | 222292 | (x) = q .
’ [dpo dpo]( )=1+ 1—p,

B.3 Lower bound for Inhomogeneous Random Graph Model

We will establish the lower bound for the case of the known change-point location 7. Let
I1,, be the sampling matrix with the unit entries on the diagonal, diag(Il,) = 1,, and with
non-zero entries, min;; I1;; > 0. In case of min;; II;; = 1 there is no missing links. Recall
that o € (0,1), 5 € (0,1 —a] and n = a+ 5.

Proof of Theorem 2. In what follows we denote by §, the Dirac measure concentrated at
x, where & can be a real or a matrix value. Denote by P(Y) = [[_, P(Y*) the measure of
the observations Y = (Y!,...,Y7T) from (1).

Denote by Ot = I1,,0O! the parameter of the observed adjacency matrix. We will impose
the following priors on the matrix parameters ©f of the dynamic network Y = (Y1, ..., Y 7).

Step 1. Priors on the transition matrices.
w
Set pp, = (1 — sn)inl for some ¢, € (0,1) that will be chosen later. Assume that
n [R—
under the null hypothesis Hg all the observed connections occur independently with
the same probability p, for all 1 <¢ < T. Set Vp = pn(1,1F — id,) and define the
prior under Hy on the sequence of the sampled connection probability matrices ©¢
(1<t<T):

T T
mro(©h,...,07) =] ow(®") = [T 11 95.(6%). (37)
t=1 t=11i#j
Here 4y, stands for the Dirac measure concentrated at Vp and defined on the set of
matrices II,, ® O such that (©,1II,) € S,(wy). The prior is indeed concentrated on
S (wn), since ||[Voll1,00 = (n —1)pn = (1 — €)wp, < wh,.

Let us define the prior under Hy. Let ¢ = ({3, ..., () be a vector of i.i.d. Rademacher
random variables taking values in {—1,1} with probability 1/2. Assume that the
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sampled connection probability matrices before and after the change are defined by
T T
Vie="Vo— (1 — T)ATLC’ Voo =Vo+ T A e, (38)

Rnr

/T Note that
the operator norm of A, ¢ is equal to 7,, and the energy of the change-point is
a(7/T)[[Ancllas2 = R s

To define the prior concentrated on W(wy,, Ry - ), we need to show that ||V; ¢|[1,00 < wh,
1 = 1,2 for sufficiently large n. We have that for all n > 2 and for i = 1, 2,

where A, = L’H(QQT —id,,) is the change matrix with r, , =
n—

TV (T -7
Wiclhoo < 1ol + =X F Al
TV (T —-71
= (1 - 5n)wn + rn;#
-
=(1—ep)wn + q<f>rn77\/T -1

< (1—ep)wn + anT\/f

Let €, = (2077)1/4w;1/2, then for all w, > /2C), we have ¢, € (0,1). It will be shown
later in (43) that Rn,T\/T < epwp and, consequently, ||V ¢|l1,00 < wp. Thus, the prior
under Hj is well defined and is given by

T T
w10, 0T) =] 61 (0" [ dw. (8. (39)
t=1

t=7+1

Step 2. Likelihood ratio of mixtures.

To shorten the notation, denote

@ .:_<1_1>7“n7ﬁ for = T
” T/ pp(n—1)" 77 Tpp(n—1)

We can now calculate the mixtures under Hy that are given by
T t
puo(¥) = Er POY) = [ [ (1= )
i>jt=1
and under H; that are given by

-
~ ~ .t. ~ ~ —_ ,t,
p:L,l(Y) = Equ;lP(Y) = E¢ H <H(pn + pn‘ﬂ,'rgigj)y” (1= pn — PnQLTCiCj)l Y

i>j \t=1

T
~ ~ ,t, ~ ~ —_ .t.
X H (pn + anQ,TCiCj)Y” (1 — Pn — anZ,TCiCj)l Y”)] »

t=17+1

where E¢ stands for the expectation w.r.t. to the distribution of .
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Denote by Z = {—1,+1}" the set of all sequences ( = ((1,...,(,) taking values in
{—1,+1}. We can write the likelihood ratio of mixtures,

dp:n dPg, . ¢i¢ u APgs,-¢i¢;
o) = T (I 00 TT ®50m))

CeZi>j \t=1 t=71+1

where pg stands for the Bernoulli measure with the parameter p, and p, denotes the
Bernoulli measure with the parameter p,, + ¢, as in Lemma 7, Section B.2.

Step 3. Second moment of the likelithood ratio.
Let ¢ be an independent copy of the vector (. Using Lemma 7, we can calculate the
second moment of the likelihood ratio,

del 2 dp TCZC TC'LC A dp ‘rClCdp 7'526
Eo[ n] (Y) 22n Z HH qi, j q1 J(Yt) H q2, j q2, J(YZE)

dpn,o e | dpo Po =1 dpo dpo
g 2 0+ T2t 06) (14 T2 a3.0668)
¢Cezi>]
1
=g 2 o | Y rog(1+ 1t GGG
¢Cez i>j
N Pn__ 2 »r 77
+(T —7)log 1+ - ﬁnqg,Tczcjc,cg)> .
Note that
2 Tq*(r/T)rs, TR2 1
P+, + (T —7)g3,) = _
L= pn (1= pn)pn(n — 1) wn (1= pn)(n—1)(1—ep)

BT 1
wn (T=pn)(n—1)(1—2n) e
log(1+ ) < z and using the fact that the distribution of -, (;(;((; is the same as

the one of Z#j ¢iCj, we obtain the upper bound

dp] 112 1 1 i
A0 25 ¥ enll e
) ¢,Cez i#]

and denote the last quantity by u, = Applying the inequality

= Ecexp (i 2 66) = Beexp(5umCt (131, —id,)C). (40)
i#j

Step 4. Upper bound on the second moment.
Using Theorem 2 in (Cortinovis and Kressner 2021), we can bound the Laplace trans-
form of the Rademacher chaos ), £ GG as follows. Let A € R™™™ be a symmetric
matrix with zero diagonal. Then, V 0 < u < 1/4,

1—2pu _ 2% All%
1—4p = 1—4p

log B (" 4¢) < pf| A} log (41)
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C

Using this inequality, from (40) we obtain that for any u, < 1/2

dp;,l

shpn(n — 1))
dpn,O ‘

') < Beexp{ ¢ (111, — )¢} < exp (2T

.|

This bound implies that the second moment of the likelihood ratio is less than 1 +

4(1 —n)? if
2C n2
L, < =1 14— —1 42

where C;, = log(1 + 4(1 — n)?). Note that this condition will imply p, < 1/2. Now,
(42) is satisfied if

& S(l_ﬁn)(l_gn)<1_:l)\/ﬁ<\/1+2ncj_\/2077)'

Wn, n2

Noting that v/ + 1 — v/ > (1 +2y/2)7!, we get that this inequality is satisfied if

—1
Tfj“ < V20, (1= pn)(1 — gn)<1 - %) (1 + 220”) . (43)

n
It means that all the signals with energy R, . satisfying (43) are not detectable by

any a-level test with the type II error smaller than 8. Therefore the lower bound on
the minimal detectable energy for an a-level test with type II errors bounded g is

1/4
Ryr > (2log(1 +4(1 - 77)2)) / 1/%

and the theorem follows.

given by

Proof of result on the change-point localization

Proof of Proposition 2. Lemma 12 implies that for any s € [T], with probability at least

-

1€(5) 22 < 2V2(1 + €) /i + Ci log (2nT /). (44)

By the definition of 7,, we have || Z7(7,)||2—2 > ||Z7r(7)||2—2 which implies that

pr(T)A = [§(7) 22 < pp(Tn) A + [1€(T0) |2-52-

Using (44) and the union bound we get that with probability at least 1 —

(W7 (7) = 17 (Ta)) A < 4V2(1 + €)y/n, + Celog (20T /) . (45)
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First, consider the case 7, < 7. Using the definition of p7.(¢) (10), we compute

—_
|
8
*

() = i 5a) = VT (a6e) - ()
VT (22, 19)

1—xz* 1—72

= VT(1—2%) (\/1i*$*_\/1f5>

T —z") =T
1-2  /2(1—2%) + /2*(1 - 2)
> T(1—a,=>k)‘7["1_537

where we use that for any x € (0,1), z(1 —x) < 1/4. Plugging this calculation into (45) we
get

2wy, 1.5Cclog (2nT'/7)

¥ —Z)A<6(1+¢€ + 46
Now assume that 7, > 7. Then, using the definition of p7.(¢), (10), we compute
T T (2 T
() = i o) = VT (a6e) - @)% )
_ T (22 _a@)
x* z
11—« [1-2
T T
T—a*
\/xl—x —1—\/36 (1-=)
N
= )= 1.5
which implies
2wy, 1.5C,1 2nT
(F— ") A < 6(1 4 )y 2o 4 1:5C o8 2nT/y) (47)

Tx* T x*

Combining (46) and (47) and using ¢?(z*) < 2* A (1 — 2*) we get the statement of the
Proposition 2. ]

D Proofs of results for the sparse graphon model

We start by summarizing some notation that we use in the proofs:

Given a matrix © € [—1,1]"*", we define the empirical graphon associated with © as
follows:

f@((l), y) = @[nm],(ny]ﬂ (CIZ, y) S [0, 1]2. (48)
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In the same spirit, given a vector v = (vy,...,v,), for any x € [0, 1], we define the following
piecewise constant function

Yu(2) = Vnvp,), @ €[0,1] (49)
and set
F={vo: Il < 1}. (50)
We have that [|v||g, <1 implies

1 n
”%HLQ[OJ} = vaf <1.
i=1

We will need to work with a difference of two graphons, so we extend the definition of
graphon space. In what follows W refers to the collection of bounded symmetric measurable
functions W : [0,1)2 — [-1,1].

D.1 Proofs of upper bounds
Proof of Theorem 4. We have to find a threshold H , ;- such that

a(¢n,r) = sup PW,€{1/’n,T = 1} <a
wWewo

and show that

B(Yn,1,0n1) = sup ( sup PWT7WT+17€7€/{¢,%T = O}) < pB.

€Dy \ W™ WTH1eW, (5p.7)

Under Hy there is no change in the graphon function W but it can be a change in the

features. Let O = (an(aEi,Ej))(i,j) eln)x[n] denotes the matrix of connection probabili-

ties before the time point 7 and ©y = (p,ﬂV(eé,s}))(‘ —
1,7)EN|X|n

the matrix of connection

probabilities after 7. We have that

Zp(t) = — i ()AOT +€5(t), t=1,...,T 1,

t(T—1t) (7 T—71 .
pr(t) = ( T ) <t1{r+1§t§T} + T_t1{1§t§7}> , AOT=0;-607

and the random matrices

t T
0TI e

s=1 s=t+1

are centered. Let 7’ be a permutation of {1,...,n} such that

e arg min||@1 — B0 7['”2_>2.
™
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Let

HT —t) (1< 1 < )
fi0 =\ "7 ><t§:1WS_T—tZWSO7T>

be the corresponding noise term. Using the definition of 7* and the triangle inequality, we
have that

1Zr(t)||l2m2 < p7(8)[|©1 — O2 0 7'[l22 + IE(E) |22
< VTqt/T)||01 — O3 0 7'[|as2 + [|E(t) |22

Now, using Lemma 9, we have that with probability at least 1 —4/n
01— 02073 12 < 125 (o Jou) < 20 (3o, W) + o1
< 32n%p}, %og(n)
where f@i is the empirical graphon associated with ©;. Note that, for any x > 0,

P([[€(0)ll22 > 2) = Egey et 1oey [P (1€0) 22 > 2 [{e9, €y }vev)] -

Now, we can bound P (||{(t)]|2—2 > x [{€v, €}y }vey ) using Lemma 12: for every § € (0,1),
conditionally on {ey, €}y }yey, we have
1/2

1€(@®) |22 < 2\/§(l+a)\/7 5 Z 16| . log (2;)

with the probability larger than 1 — & where ©" = pn (W'(¢i,€5)) (; j) ey Note that
101,00 < npp and we get

T2 Z 101,00

s=t+1

602 < 200+ €) /2 + Coto () 1)

with the probability larger than 1 — §. Taking 6 = «/(2|T]), using the union bound and
a > 8/n, we obtain

(o) = sup Prw{max | Zr(t)ase > Hy i} < e
Wewg teT

Let us turn to the type II error. Following the proof of Lemma 6, we can show that, if
7 < T2, there exists t* € T* such that 7/2 < t* < 7 and

ﬁ(wn,Ty 5n,T)
* (% \/T /T T *
< s Puewen €2 > YT D Aoy, L b
W™ W1 eWo (6.17) V3
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Using the triangle inequality, Lemma 8 and the definition of the empirical graphon (48)
we get

€l > AT 01— 00 s — HL
nTq(r/T), .
> Tnf@r — Hp gy g
nvV/Tq(7/T) 3 .
= f ”f 01 f@207l'*H2—>2 - Ha,n,t*
n\/>q /T
> \/(g/ ) (f@17f@2) ant*
Now, using twice the triangle inequality, we get
- n\/Tq 7/T - s
16l = "I (80, W3, W2) — 8o 0 W) = 30 W o)) = Hoi
(52)
Note that Lemma 9 and 5(f@i, pn W) < 52(f@i,pn W;) imply
~ K;logn 1/4
5(f@iapnvvi) §4pn < ng )

with probability at least 1 —2/n. Taking 8 > 8/n and using (51) with § = 3/2 we get that
(52) implies B(¢n 1, 0n 1) < B if

1/4
"ﬁ\q/g/ 7 (pné(wl, Wa) — 4pn ((Kl i), k’g”> ) > H}, 1o +2(14€)y/2np,+Ce log (?)

n

Combining this condition with the threshold H ,, defined in (28) and the facts that
q(t*/T) < q(7/T) for t* < 7 < T/2and K;, Ko < K, we obtain the detection condition (29).
The case of 7 > T'/2 is analogous.

U

Proof of Theorem 6. Theorem 6 follows from combining the bounds obtained in Lemma 8,
Lemma 10 and Theorem 3. O

Lemma 8. Let © = (0;;) € [—1,1]"*" be symmetric matriz. Then
1|22 = n foll2-2.

Proof. By the definition of the operator norm, we have that

folaz= _ sw | [[ oty deal

1/1€L2[0’1HWHL2<1

(i+1)/n (G+1)/n
O I 3L / vads [ vt dy

w€L2[0’1HWHL2<1 J/mn

¢6L2[071}7Hw“L2 <1

1 v, )
= sup - Z O;;v; v; ‘
ij
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where v = f @+)/ny, z)dr and v¥ = (v ;‘/’)Z 1- Note that the Cauchy-Schwartz in-

equahty implies
(i+1)/n 2 p/n
/ Y(z)dr )] < n/ V2 (z) dz

and we get that |[v¥|s, < 1 for ¥ such that ||¢||r, < 1. Now we can write

llfollz < sup (2 Oijvi0;| = 110]l2-2
[lv]leg <1

and the statement of Lemma 8 follows. O

Lemma 9. For any K < % assume that W € Wyg. Let © = (0;) € [0,1]™*" be

symmetric matriz with entries ©;; = W(&,&;) for i < j, where & are i.i.d. wuniform
random variables on [0,1]. We have that, with probability large than 1 —2/n,

5(fo, W) < 4(§log (n))m-

Proof. Following the proof of Proposition 3.2 in (Klopp et al. 2017), we get

K
~ 1 ~
5 SAWT) < =+ 3T e — Al
Q(fA@a )_n ‘ |

a=1
with

Z {Ez€¢ l(a

and A\, = A¢~!(a)), where A stands for the Lebesgue measure. Since €, ...&, are i.id.
uniform random variables, n), has a binomial distribution with parameters (n,\,). We
have n/):a —nXg = > (Yi — Ag), where Y; ~ Bernoulli(\;). Applying the Bernstein
inequality we obtain that for any ¢ > 0

K

1/2
InAa — nAg| < <2tz,\a(1 - )\a)> +2t/3

a=1

with probability 1 — 2e~!. Taking ¢ = log(nK) implies that with probability 1 — 2/(nK)
N 12 , 2
[nAg — nAa| < (2nA;log(nK))” = + 3 log(nK).

Using K < n and the union bound we obtain that, with probability 1 —2/(n),

K 1/2
< 1 2 4K log(n) 1 Klogn 4K log(n)
52 W)y< —+4— E (nAg1 12 22 00 <~ 49 _
(fo, W) < n n nAalogn) 3n + n + 3n
where we use Zle Ae = 1 and the Cauchy—Schwarz inequality. Using %g(n) <1 we
complete the proof of Lemma. 9. O
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Lemma 10. Assume that W € X(v,L). Let © = (0;;) € [0,1]"*" be symmetric matric
with entries ©;; = W(e;,e;) for i < j, where ¢; are i.i.d. uniform random variables on
[0,1]. We have that, with probability at least 1 —2/n,

5(fo, W) <2 (logn>2

n

Proof. Following the proof of Proposition 3.6 in (Klopp et al. 2017), we get

5*(fo, W) < 2+1§”:‘ ULER ’27/
© “n o n nt+1 M
m=1

where 7/ = v A 1 and €, stands for the m-th largest element of the set {e1,...,e,}.
Note that, the random variable £, follows S-distribution with parameters (m,n+1—m),
€(m) ~ Beta(m,n + 1 —m). The S-distribution is sub-Gaussian and the proxy variance o?
for Beta(m,n+1—m) is bounded by m (see, for example, (Marchal and Arbel 2017)).
By the exponential Markov inequality (see, for example, (Vershynin 2018), Lemma 5.5) we

get,
m 2 2
P ‘ - ‘ tp < 2et /(%)
{ 6(m) nl > } < Ze
Taking t = (logn/(n + 2))'/? implies that, with probability at least 1 — 2/n?,

1/2
‘6 _om ’ < logn
m = ¥ nt2)

Now, applying the union bound we obtain

9, 5 2 logn \"
w) < 2
(o, W) = 0+ n+2

n

and Lemma 10 follows. O

D.2 Proof of the lower bound for K-step graphons
We will start with the definition of a class of K-step graphons used throughout the proof.

K
Let u = (u1,...,ux) € (—%, %) be a given vector satisfying > uy = 0. Define the
k=1
partition T = |J IIj of the set [0,1]? into K? blocks:
1<kI<K
k—1 k -1 l
E—1 k -1 l

i=1 i=1 i=1 =1

Let Q@ = (Qr)i<ki<kx € [0, 1]5*K be a matrix of connection probabilities. The K-step
graphon W, is a blockwise constant function defined by

Walz,y) = Y Qul{(z,y) € T(u)}. (53)

kle[K]?
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Let € = (e1,...,en) € [0,1]" be the vector of i.i.d. features uniformly distributed over
[0, 1]. Note that the community assignment of each vertex v is defined by the corresponding
variable gy:

P{ﬁ belongs to the block k‘} = P{sg € [E + 5 U; E + iu)} = 1 + uy,.
— 'K — ‘ K

We can introduce a new random variable {y = &y(u), ¥ € [n] of the block assignment fol-
lowing multinomial distribution M (K, p1,...,px) with parameters py = 1/K + u. Denote
the corresponding vector of i.i.d. multinomial variables by &, = (&1(u),..., & (u)) € [K]™.
Given &, the connection probabilities are given by

aniu,-ua Z#]
@ij@u):{o gt 13

Denote by Py, ¢, (A?) the conditional distribution of the dynamic network at time ¢ given
the node assignment &,:

Piv, ¢, (4%) = [] ©s5(€0) 4 (1 — ©55(6)) %

I 3 (0nQi)™5 (1 = paQu) 5 1{(&(u), & (w)) = (k, 1)}
1<J k,l€e[K]?

In what follows we denote by A = (A!,... AT) the full set of observations and by
AST = (AY,... A7) and A>T = (A7F1 ... AT) the realizations before and after the time 7.
We denote by P27 (A7) and P®(T=7)(A>T) the corresponding product measures.

A K-step graphon depends on two main ingredients: the partition IIx of [0, 1]? and the
connection probability matrix ). We will see that choosing different prior distributions on
Q and II will lead to two different lower bounds. The first lower bound, that we call agnostic
error lower bound, will be derived from the uncertainty of sampling vector of features .
The second one, that we call network sampling lower bound, comes from the uncertainty of
random realizations of the network.

Without loss of generality, we will prove the result for K = 2. Indeed, for any K > 2,

inf  sup sup P(WTﬁ),(WTH?E,){qﬁ = ()}
VeWa g eef0,1]m (W e),(WTH,e)EWK (dn,7)

2 Jnf  sup sup P(Wne»(Wm,s/){‘Z’ - 0}
PeW, ,e/€[0,1]" (W ,),(WT+1 e eWa (8, 7)

and the boundary for the case of two blocks will imply the one for K blocks.

Proof of Theorem 5.

1. Agnostic error lower bound. The first lower bound is related to the error coming from
the sampling of e. We start by choosing a prior distribution on the graphons and the
assignment vectors. Based on the prior, we will bound the Kullback-Leibler divergence
between measures under the null and the alternative hypotheses. Note that it follows

from (33) and the inequality 3[|P1 — Pollrv < y/3KL(Po,P1) that the type II error is
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bounded from below by 3 if KL(Pg, P1) < 2(1—a—3)? = 2(1—n)2. Thus, we need to provide
an upper bound on the Kullvack—Leibler divergence that will imply the corresponding lower
bound on the minimax detectable distance between graphons.

Step 1. Choice of priors. We will use W, graphons defined in (53). We suppose that the
connection probability matrix ) is the same under Hy and under H; and is defined

as Q = (i (1))

1. Prior under Hg: we choose vector u = 0 and get a partition IT with blocks of
a constant size 1/2. The corresponding graphon is denoted by Wy. Let & and &
be two independent blocks assignment vectors following the multinomial distribution
with class probabilities pr, = 1/2, k = 1,2. Since matrix @) does not change, the cor-
responding conditional distributions Py, ¢, and Py, ¢ coincide. Then, the measure
under Hy be given by

Po(A) = ( {22} P(& = a)P%éO:a(AST)) (b %} P(& = b)Pﬁf(oT,ig;)b(A>T))-
ac{l,2}" €11,2}™

2. Prior under H;: fix some 0 < & < 1/2. Let u = (g,—¢), v = (—&,¢) and W,,, W,
be the corresponding graphons with the probabilities of classes 1/2 + ¢ and 1/2 — e.
The only difference between these two graphons is a slight disequilibrium around
(z,y) € [1/2 —,1/2 4 €]%. Tt is not difficult to see that 62(W,, W,) > 2e.

Let &, € {1,2}" and &, € {1,2}" be two independent class assignment vectors before
and after the change in the graphon such that P(&(u) = k) = 5 +uy, P(&(v) = k) =
% 4+uvp Vi=1,...,n, k=1,2. The measure under H; is defined as

Pi(4) = <ae{zl‘;}n P(& = a)P§] ,Eu:a(AST)> (be{%}n P(& = b>P%T,§:)b(A>T))_

Step 2. Bounding the divergence. Denote for brevity P({ = a) by P¢(a). Since the matrix
@ is the same for all graphons, the conditional probabilities generating the networks
under Hg and under H; are the same. Denote

Po(A=T|a) == Py7 o (AST) = Pii7 o, (A57)

and

Po(A”7[b) = PR T (A77) = PR T (457,

43



Then, we have

L(Po. P1) Z( > Pe(@Pe(A%a)) (Y0 Pg(h)Pa(A”"Ih)

ae{l,2}n be{1,2}n

(3 Pa@PoA=|a)) (X Py b)Po(A7TID)

ac{1,2}n be{1,2}n
x log
(S Pa@PoA=r|a)( £ Pe(0)Po(A>)
a6{1,2}” be{lyQ}n
<r
> Pgla)Po(AST|a)
=3 X Pe(a) (ATl log | ST _
= . > Pe(a)Po(A=T|a)
A=T ac{1,2} aciTaoym

>, Pg(b)Po(A”T[b)

o be{1,2}n
2 Z P (O)Fp(A7T D) log | =5 e e
el e

be{1,2}

Thus, taking into account that the function f(x,y) = xlog(xz/y) is convex, we can
apply the Jensen’s inequality and obtain that

P
KL(Po,P1) < > Pg(a)log (@) ZP (AS"|a)

ac{1,2}n Pgu(a
P, (b)
+ ) Pg(b)log 50217 > Po(A”7|b)
be{1,2}» A>T

_ n(KL(Péo,Péu) + KL(Pg, va)).

The last inequality follows from the fact that P¢(a) are product probabilities. Thus we
have to bound the Kullback—Leibler divergence between two binomial distributions.
Using the inequality log(1 + x) > x/(1 4+ z) V& > —1, we obtain

1 1/4 2¢?
KL(P£O7P£u> - 10g(1/4 ) S 1 —45"2

which implies KL(Pg,P1) < 4ne?/(1 — 4e?). Recall that 62(W,, W,) > 2c. Conse-
quently, if 6 = 6(W,, W), we can write

KL(Pg,P1) <
if . )
1+4n=1(1—n)?

The last inequality is true if 6% < %n*1(1 —n)? for all n > 8. It implies the lower
bound condition on the distance between graphons:

1/4 3
§(Wa, Wy) < (3) (1 — )2~ 1/4,
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1. Network Sampling lower bound. In this part we will suppose that the transition matrix
Q@ changes but the partition IT does not change. In order to bound the type II error by 3
from below, we need to show that the chi-squared divergence between the mixtures under
Ho and Hj is smaller that 4(1 — n)?.

Step 1. Choice of priors. It will be sufficient to show the result for the case of K = 2,
since as we will see the lower bound on the separation rate is independent of K.
We will work with 2-step graphons with fixed partition II into 4 equal blocks Iy =
k—1/2,k/2) x [l —1/2,1/2), 1 < k,1 < 2.
Prior under Hy. We suppose that under Hy the connection probabilities are all equal
to 1/2, that is Q = <1g i?;) and ©;; = pp/2, Vi # j. The corresponding graphon

is denoted by Wy. Denote py = p,/2. Then, independently of the feature vector
e=(e1,..-,€n),

HH Y ZJ pO)T—Zf:lAgj

1<j 1=1

Prior under Hy. Denote by Q1 and Q)2 the connection probability matrices before
and after the change-point. Let € > 0. We assume that

-1 (P1 P2 P3 P4
= and =
@1 =pn (pz pl) @2=pn <p4 p3>

where

Y s D R N (A

B (1 T ) B (1 n T )
Denote the corresponding graphons by Wi and W5 and the corresponding matrices of

connection probabilities by 0;, i = 1,2. Let £ = (&1,...,&,) be the class assignment
vector of i.i.d. variables taking values {1, 2} with probability 1/2. Then

T T T—7 T
P1(4) = PR (A=)PRT7 (A7)
where
Al At Al _AL
Py, (A") = H(m T =p)' NG =&Y 4y (1 - po)' TN L{G # @-})
1<j
and
Al Al Al —_AL
Py (A% = [T (3" (L po) 45106 = &) 45,7 (1~ pa) 01 £ &)
1<j
Step 2. Bounding the x?-divergence. To prove the lower bound, we will need an upper

bound on the chi-squared divergence

dPy

2
dT’o) —1<4(1—a—B)?=4(1-n)>

\*(Po, P1) = Ep, (
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This bound will follow from the upper bound on the second moment of the likelihood
ratio:

Ep,L*(A) <1+ 4(1 —n)?
where L(A) = %(A). Define the set S = {{a,b} €MP?: a<hb &= €b} and its
compliment S¢. Denote by N = n(n — 1)/2 the cardinality of S U S¢ and by u the
distribution of S. Then, L(A) = [ Lg(A)du(S), where

Ls(A) = <1 —m)fs <1 —p3>(TT)S <1 —p2>fs“ <1 —p4>(TT)SC
1 —po 1 —=po 1 —po 1 —=po

t

T T
< 11 (m 1 —p0)> 5 <p3<1 —m))éﬂ%
po(1 —p1) po(1 —p3)

{i,j}es

T T
< TI (m(l —po)>t§A”' (m(l —po>>t_¥+/*u
(ig)ese po(l — p2) po(1 — pa)

We need to find the second moment of L(A). Let S; and Sz be two independent
copies of S, then Ep [L?(A)] = [Ep,[Ls, (A)Ls,(A)]du(S1)du(S2). We have that

1—py \"UStHIS2D g o (P (S11+182)
Bro[Ls, ()2 ()] = (1222 .

. <1 _ p2>7(|5f|+|S§ (1 _p4> (T—7)(IS§|+]S5])
- Pbo 1-— Po

T T
«E H p%(l - p0)2 tgl A p%(l - pO) t:;-ﬂ A
. 5(1—p1)? 5(1 —p3)?

{i.7}€51NS5 P

T T
y H p%(l - pO)2 tgl A pi(l - p0)2 t:;+1Aij
5(1— 5(1—pa)?

2
{i,j}€S5NSS po(1 = p2) Po
T T

t t
X H ( p1p2(1 —po)? )E A < p3pa(l — po)? >t§+1A”’
(71281 ASs p3(1—p1)(1 — p2) P31 —p3)(1 — p4)

Taking into account the relations p1 — pg = (1 — 7/T)pne, p2 —po = —(1 — 7/T) ppe,
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ps —po = —(7/T)pne, pa —po = (7/T)pre and Lemma B.2, we obtain

>T(|51052+|Sf”5§|)

- 5.2 2
EPO [LS1 (A)LS2 (A)] =1+ (1 B )QP()(linpO)

> (T=7)(151NS2|+[SENS5)

1_1)2 oy )T'&AS?'
T/ po(1—po)

. N\ 2 €2p,% (T—T)|S1A82|
8 < - <T) Po(l—po)>

Next, using the fact that |S1ASa| + |S1 N Sa| + [S{ N S2| = N, we obtain

Ep, [le (A)L52 (A)] <

e T\ 2 T\2 oy
exp | (15111 8ol + ST 1 S5]) (T(l_T) +r=n(z) >po<1—po>

—|51A8,| (T(l 7)) - T)<T>2) po<€1fpo>}

2 2
2( T Te Pn c c
=exp |q <—>7 2|51 NS +2[5TNS —N}
() oo 2 (2151 0 el 2085 0.5 - )
Note that pg = pn/2 < 1/2. Thus, in order to bound the second moment likelihood
ratio, we need to control the exponential moment

Ero[L2(A)] < Bs, s, {exp [ (2181 18] + 2157 1 85 = N)ae? (7 ) 2n] }

We need to control the exponential moment of the random variable U = |S1 N Sy| +
|S¢ N S§|, where S1 and S are independent random variables distributed accord-
ing to p. Following the last lines of Lemma 4.9 in (Klopp et al. 2017), denote by
¢W = (&1,...,&,) and ¢@ = (&1,...,&,) the assignment vectors corresponding to
the variables S; and Ss, respectively. For any (i,5) € {1,2}? introduce the random
variable that counts the number of nodes in the classes ¢ and j according to the first
and the second assignement:

;o (4,) € {1,2)%

Then 2|51 N S| +n = N} + N2 + N2, + N3, and 2|S§ N S§| = 2N11 Nog + 2N12Noy .
Hence, 2U +n = (N11 + Nog)? + (N2 + Naj)?. Note that Nyj + Nag + Nig + Nog = n.
Let Z := N1+ Nog —n/2. 1t is a centered binomial random variable with parameters
(n, 1/2) and

Ny = Ha s € =i, ¢ = j}

U~ N=(n/2+ 2?2+ (n/2—-2Z)*~n—N=27Z%—n)2.
Consequently, we need to control the exponential moment of Z2:

Ep,[L?(A)] < Eexp [8Tq2 (%)52an2} .
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Using Hoeffding’s inequality, we can show that P(Z% > t) < 22t/ thus Z2 is
subexponential with the moments E[Z2¥] < n*k!. Consequently, for any =, such that
0 < nvy, < 1 we have

+oo kE[ZZk +oo 1

nZ>
Ee” <1—|—kz:1 <ann [

Set 7, = 8T¢? ( )5 pn. We can see that if ny, < 4(1—n)2(1+4(1—n)%)"! <1, then
Ep,[L?(A)] < 1+4(1 —n)2. Since §%2(W;, W) = 4e?, we have v, = 2Tnp,q? (%)52
and the above condition on n+y, implies the lower bound

V2(1 —n) 1
A+ 401 — )2 apT

and the second part of the theorem follows.

()i

E Auxiliary results

E.1 Concentration inequalities for matrix processes

The first result is the concentration inequality for the operator norm of a random matrix
with independent entries (see Bandeira and van Handel (2016), Corollary 3.12 and Remark
3.13):

Proposition 11 (Bandeira and Van Handel, 2016). Let W be an m x m symmetric matriz
whose entries Wy are independent centered random variables bounded (in absolute value)
by some o, > 0. Then, for any 0 < € < 1/2 there exists a universal constant c. such that,
for every x >0

2
x
P{IWlame > 2V2(1 + o + 2} < mesp (— ) ,
cco?
1/2
where o = max; [Z] var(WZ-j)] .
Next we apply this concentration inequality to the Matrix CUSUM statistics.
Let X! € [-1,1]™"™ (1 < t < T) be a sequence of matrices with independent entries
X}, for any 1 <4,j <n and for any t = 1,...T. Assume that X}; are centered Bernoulli
random variables taking values in {1 — B!, —ij} with success probability ij. Consider

K
the following centered matrix process defined in (11):

T—1t
s=1 s=t+1

T
£(t) = t(T_t)Ci:XS—I XS>, | <t<T-1.
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Lemma 12. For any € € (0,1/2] there exists an absolute constant C. such that, for every
d € (0,1) we have

Je(Oln < 21 D [

with the probability larger than 1 — 4.

1/2

‘ 2n
+C. log 5

ZHBS||1,00+ T2 Z 181,00

s=1 s=t+1

(54)

Proof. The result follows from the direct application of Proposition 11. Since X° are
independent, we can easily estimate o2 from above:

o2 = max Z Var[&;;(2)]

H(T —t 1
= (T )mzaxz<t2821ij(1—Bf —t2 Z B;; >

s=t+1

St(TT max tQZZB 2 Z ZB

s=1 3 s=t+1 j
t(T
= (tQZIIlelloo+ nE leBsHloo)
s=t+

We will show now that the norm [|£(t)||oc is bounded by some ¢* with high probability.
Consider the entries of the matrix £(¢) defined by
¢ T
HT —1) (1 1
&i(t) =\ = (tZX%—T_t > X%)=ZV§
s=1 s=t+1 s=1
Since —ij < ij <1- ij we have ag < Vz“; < bs with

HT—1) (1 |
T 1{1<s<t} R 1{t<s<T}

Since X7; are independent, applying the Hoeffding 1nequahty, we obtain for any > 0 that
forany 1 <14,5 <mn,

2:1:2 2 2
’ < g
P{\&g(t)l >33} < Qexp{ Zs(bs—as)z} 2e
Using the union bound, we get that
P{Hg(t)uoo > m} < nQP{\&j(t)] > w} — op2e-22%

Consequently, for any § € (0,1) we have [|£(t)]|loo < log'/?(2n/v/3) < log'/?(2n/6) with
probability larger than 1 — §/2. Applying Proposition 11 given the event {||§ B loo < a*}
with o, = log!/?(2n/8) we get

bs —as <

2

x
P > 1 < B -
{|]§(t)H2_>2 > 2v2(1 +¢)o —1—37} < nexp{ e Tog(2n/) } +3
Choosing z = /c: log(2n/d) and C; = c2/? we obtain (54). O
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E.2 Result on the Hadamard product of two matrices

Lemma 13. Let A = (4;;) € [0,00)™" and B = (B;;) € R™*". Assume that diag(B) = 0.
Then,

e
|A® Bllg—2 > %HBH%% (55)
where r = rank(A ® B). Moreover, if A and B are symmetric, we have that
minij Aij
AoOB > ———||B , 56
|| ||2*>2 2WH H24>2 ( )
where
r* = min rank(M).

M=(M;j): Mij=(A®B)s; fori#j

Proof. 1f ’ rgur;é A;; = 0, then the statement of the Lemma is trivially true. Now assume
ij): i#j
that mm A;j > 0. We have that
(i) i#]

IBII5 o < IBIIF = > A% (A;")*B}
i#j
<max(A;;")?[4 0 B} < rmax(A;;")?|A© B3,
i#] i#]

which implies (55). On the other hand, let M be a solution to

M e arg min rank(M).
M:(M”) M”:(A@B)” for Z#]

Let rank(M) = r* < r. We have that

I1BIB2 < 18I = - A3 (4B < max(4;') {Z(AUB AP }
i#] i#]

= max(A;")?| M]3 < r*max(A;")? M]3,
i#£] i#£]

which implies

[Bll2—2 < \ﬁmaX( D M][a2 < 2\ﬁma><( G A Bl (57)

where in the last inequality we use that ||M|2—2 < 2||A ® B||l2—2. To prove it, using the
triangle inequality, it is enough to prove that ||M — A ® B||2—2 < ||[A ® B||2—2. Let denote
by A1(X) < X2(X) < -+ < A\ (X) the eigenvalues of a symmetric matrix X. Then, using
Weyl’s inequality, we have that

Njtk-n(AO®B) <N (A®B— M)+ (M) < \jyi—1(A©® B). (58)

Note that 7* < r implies that there exist a k such that \;(M) = 0 but \y(A ® B) # 0.
Assume first that |[M — A® B|la2 = —A1(M — A® B). Then, taking in (58) j = 1 we get
~M(M—-AGB) < \(AGB) < ||[A® Bll2—s2. Now, if |M — A® Blla—y2 = A(M — A® B),
taking j = n we also get \p,(M — A©® B) < =\,(A® B) < ||[4A® Bl|2-2.

To conclude the proof, note that (57) implies (56). O
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