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Nonparametric estimation of conditional marginal excess moments
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Campusvej 55, 5230 Odense M, Denmark
() Institut Recherche Mathématique Avancée, UMR 7501, Université de Strasbourg et
CNRS, 7 rue René Descartes, 67084 Strasbourg cedex, France

Abstract

Several risk measures have been proposed in the literature, among them the marginal mean
excess, defined as MME, = E[(Y() —Q;(1 —p));[Y® > Qa(1 — p)], provided E[Y (V| < oo,
where (Y (1), Y () denotes a pair of risk factors, y; := max(0,y), Q; the quantile function of
Y@, j=1,2 and p € (0,1). In this paper we consider a generalization of this measure, where the
random variables of main interest (Y (1), Y(?)) are observed together with a random covariate
X e R and where the Y1) excess is also power transformed. This leads to the concept of
conditional marginal excess moment for which an estimator is proposed allowing extrapolation
outside the data range. The main asymptotic properties of this estimator have been established,
using empirical processes arguments combined with the multivariate extreme value theory. The
finite sample behavior of the estimator is evaluated by a simulation experiment. We apply also
our method on a vehicle insurance customer dataset.

1 Introduction

In many scientific disciplines, quantifying risks related to extreme events is of crucial importance.
For instance, insurance companies are once in a while faced with extreme claims which can jeop-
ardise the solvency of a portfolio, and hence accurate modelling of the upper tail of the claim
size distribution assumes a central place in their risk management. Other examples of disciplines
include environmental science (storms, rainfall), geology (severe earthquakes), hydrology (flood-
ing) and telecommunication (network load). The quantification of the risk of a risk factor Y with
distribution function Fy is done by so-called risk measures. In the univariate context, the most
commonly used risk measures are the Value-at-Risk (VaR), defined as VaR, = Q(1 — p), where Q
denotes the quantile function of Y, i.e.,

Qp) :=inf{y : Fy(y) = p}, pe(0,1),
see, e.g., Jorion (2007) for a review, and the conditional tail expectation (CTE), given by
CTE,=E(Y|Y >Q(1—-p)), pe(0,1),

provided E|Y| < co. During recent years, the CTE became a popular alternative to VaR since,
compared to VaR it is more conservative and it is also a coherent risk measure. We refer to, e.g.,
Artzner et al. (1999), Cai and Tan (2007) and Brazaukas et al. (2008). In practice, risk is often
related to several risk factors, and hence the above discussed risk measures need to be adjusted for



this multivariate context. For a pair of risk factors (Y (), Y®) with E|[Y (M| < o0, the CTE can be
generalized to the marginal expected shortfall (MES), defined as

MES, =E(YWY® > Qy(1—p)), pe(0,1), (1)

where Qo denotes the quantile function of the risk factor Y(?). This measure was introduced by
Acharya et al. (2010), to measure the contribution of a financial firm to an overall systemic risk.
For a financial firm, the MES is defined as its short-run expected equity loss conditional on the
market taking a loss greater than its VaR. Cai et al. (2015) studied the MES in a bivariate extreme
value framework, and proposed an estimator for it when the Y2 quantile is extreme, i.e., when
p < 1/n. See also Di Bernardino and Prieur (2018), and Das and Fasen-Hartmann (2018, 2019) for
related analyses of the MES in a multivariate extreme value setting. By replacing Y(!) in (1) by
an excess over a high quantile of its distribution one obtains the marginal mean excess (MME):

MME, :=E[(Y" - Qi(1 =)+ [Y® > Q2(1 - p)], pe(0,1),

provided E|Y (| < o0, and where g, := max(0,y) and Q; is the quantile function of Y(!). Das and
Fasen-Hartmann (2018, 2019) study a slightly different version of MME under multivariate regular
variation, introduced an estimator for it based on extreme value arguments, and established its
consistency.

Recently, several of the above mentioned risk measures have been generalized to the situation where
the variable(s) of main interest is (are) observed together with a random covariate. Daouia et al.
(2011, 2013) studied the estimation of extreme conditional quantiles, while the CTE was extended
to the regression case in El Methni et al. (2014, 2018). Goegebeur et al. (2021a, b) considered the
estimation of the MES in presence of random covariates.

In this paper we consider a generalization of the marginal mean excess, where the random variables
of main interest (Y, Y ®) are observed together with a random covariate X € R%, and where
the Y1) excess is also power transformed. We assume that the covariate X has a density function
fx, with support Sx < R? and we denote by F}(.|z) the conditional distribution function of y )
given X = x and by Uj(.|z) the associated conditional tail quantile function, i.e., U;(.|z) := inf{y :
Fj(y|lz) = 1—-1/.}, j = 1,2. In particular, we introduce the conditional marginal excess moment
(CMEM), defined as

030(20) =E [ (YD) = Ui (1/ple)) |V @ > Ua(1/pla), X = a0 @

where 8 > 0, provided E(|[Y(M#|X = z0) < o0, and where z is a reference position such that
xg € Int(Sx), the interior of the support of fx, assumed to be non-empty. The motivation for
introducing this power [ is that, in an insurance context for instance, with y® denoting the claim
size, (Y — Uy(1/p|zo))+ can be viewed as the payment by the reinsurer. Thus, different values
of 8 allow us to compute, among others, the expectation or the variance of this payment. We are
interested in the situation where p is small, i.e., p < 1/n, with n denoting the sample size. To obtain
this extrapolation, we will work in two steps, where in a first step we study an intermediate case,
which allows for constructing an empirical estimator for (2). In a second step this intermediate
estimator will be extrapolated outside the data range by a Weissman-type construction.

The remainder of the paper is organized as follows. In Section 2 we consider the CMEM in the
intermediate case. We introduce a locally weighted average as estimator for the CMEM and derive
its limiting distribution under suitable conditions. This intermediate estimator is then extrapolated
outside the data range in Section 3, where we study again the asymptotic properties. In Section 4
we evaluate the finite sample performance with a simulation experiment, while in Section 5 we
illustrate the method on a vehicle insurance customer dataset. Some auxiliary results and their
proofs are given in Section 6. Section 7 contains the proofs of the main results.



2 Estimator for the intermediate case

Let (Yi(l), )/;(2), Xi),1=1,...,n, beindependent copies of (Y(l), Y@, X). We start with considering
an estimator for 0g ,(xg) when p | 0 at an intermediate rate, i.e., when p = k/n, where k — o0 as

n — o but in such a way that k/n — 0. In this case it is natural to consider

~ 1 & % g
On = ;Kh (o — Xi) [Yz’(l) -0 (%’xO)L UGN,

where Kj, (.) := K(./hy)/h%, with K a joint density function on R?, (h,),>1 is a positive non-

mn’
random sequence of bandwidths with h,, — 0 if n — o0, 14 the indicator function on the event A,

and ﬁj(.|xo) is an estimator for U;(.|zg), defined as ﬁj(.|x0) = inf{y : ﬁn7]~(y|xo) >1-1/.}, where
F, j(y|zo) is a classical kernel estimator (Rosenblatt, 1956, Parzen, 1962), given by

7 i K, (w0 = X)Wy 6y
fa(wo)

Foj(ylzo) = : (3)

for j = 1,2, with

~ 1 &

fn(z0) = - Z Kh, (zo — Xi),

i=1

being a density estimator.
To study the asymptotic behaviour of this estimator we need to introduce some conditions.
We assume that Y1) and Y@ are positive random variables, and that they follow a conditional
Pareto-type model. Let RV, denote the class of regularly varying functions at infinity with index
v, i.e., positive measurable functions f satisfying f(tx)/f(t) — z¥, as t — oo, for all z > 0. If

¥ = 0, then we call f a slowly varying function at infinity.

Assumption (D) For all x € Sx, the conditional survival function of Y(j),j =1,2, given X =z,
satisfies

Fi(yl) = @@w*mw(r+ @@m)

1
()
where Aj(z) > 0, vj(x) > 0, and |§;(.|x)| is normalized regularly varying at infinity with index

—pj(z), Bj(x) >0, i.e.,
di(ylz) = Bj(x)exp <fy Wdu) ,

1 u

with Bj(z) € R and €;(y|lr) — —B;(x) as y — 0. Moreover, we assume y — €;(y|z) to be a
continuous function.

Under Assumption (D) we have that U;(-|z),j = 1,2, satisfy

Ujylz) = [Aj(@)]7® 55 (1 + a5(y|z)) , (4)
where a;(y|z) 1= 6;(U;(y|z)|z)(1 + o(1)), and thus |a;(.[z)] € RV_g, (2)y;(2)-
We also need a condition that describes the right-hand upper tail dependence of the joint distribu-

tion of (Y1), Y®) given X = 2. Let Ry(y1,y2|z) := tP(F1(YV|z) < y1/t, Fo(YP|z) < yo/t|X =



Assumption (R) For all x € Sx we have as t — ©

Ri(y1, ya2|z) — R(y1, y2lz),
uniformly in y1,y2 € (0,T], for any T > 0, and in x € B(xg,r), for some r > 0.
Note that this condition reflects in fact the asymptotic behavior of the conditional copula function.

It is an adjustment of the usual first order condition in multivariate extreme value theory (see, e.g.,
Chapter 6 in de Haan and Ferreira, 2006, and Cai et al., 2015) to the regression context.

Based on conditions (D) and (R) we can already obtain the following theoretical approximation to
0 p(x0), which is a result that is in fact valid for any p | 0.

Lemma 1 Assume (D), (R) and y1(xo) < 1/8. Then, as p | 0 we have

1
05 p(x0) JOO [ ’YI(IO):|W1(TO) _
, S| Rl|14+u 5 |z | du=7(@0),
(G (1/plao)l g &

In order to deal with the regression context, fx(.), R(y1,y2|.) and the functions appearing in
Fj(y|.),j = 1,2, are assumed to satisfy the following Holder conditions. Let |.| denote some norm
on R

Assumption (H) There exist positive constants My, Mg, Ma,;, My, Mp,, M., nfy, MR, NA;,
N> NB;» NMe;» where j =1,2, and k > v1(w0)B, such that for all z,z € Sx:

[fx(@) = fx ()] < M|z —2["x,
R — R(y1,
sup | (3/1,?/2|~"3)"i (y1,y2]2)| < Mgz — z|"=,
y1>0,3<y2<2 yral
4;(x) — A3(2)| < Mgl — 2™,
i) =2 () < My llz = 2™,
|Bj(z) = Bj(2)] < Mp,|z— 2",
sup [ej(ylz) —€;(yl2)] < Mgz —2|™.

y=1
We also impose a condition on the kernel function K, which is a standard condition in local
estimation, see, e.g., Daouia et al. (2011, 2013) and Escobar-Bach et al. (2018a).

Assumption (K) K is a bounded density function on R?, with support Sy included in the unit
ball in R, with respect to the norm |.|.

Before stating the weak convergence of én, we need to introduce a second order condition.

Assumption (S). There exist kK > v1(xo)8 and 7 < 0 such that, as t — o

[Bi(y1,pole) = Ry gelo)l _ g ry

sup sup N

zeB(z0,7) y1 >0, % <y2<2

for some r > 0.

This second order condition specifies the rate of convergence of R¢(y1,y2|z) to its limit R(y1,ya|z)
as t — o00. It is an adjustment of the second order condition in Cai et al. (2015) to the regression



context, by assuming that the order of approximation is also uniform in z € B(xg,r). Note that
the uniform requirement in the second order condition excludes the case where (Y1) V) are
asymptotically upper tail independent given X = x(, which corresponds to R(y1, y2|zo) = 0.

We can now state our first main result, the weak convergence of én/ fn(l'o), properly normalized.
Weak convergence is denoted by the arrow ~-.

Theorem 1 Assume (D), (H), (K), (S) withx — R(y1,y2|z) being a continuous function, R(y, 1|zq)
is continuously differentiable in y, and y — Fj(y|zo), j = 1,2, are strictly increasing. Let xg €
Int(Sx) such that fx(x¢) > 0. Consider sequences k = |n®41(n)| and h, = n~"a(n), where {1
and Uy are slowly varying functions at infinity, with o € (0,1) and

max( a a — 281 (x0) 1 (20)(1 — @) o
4% 201 1 g s A ) d 20 A ) 1 Bn(0)]
a —2B2(z0)v2(z0) (1 — a)(1 — By1(x0)) @  2B(1 — a)v3(z0)B1(w0)

d + 2(ney, Anp,y)[1— Byi(wo)] “d o d[1+y1(w0)(Bi(z0) —€)]
a+2(1—a)r) !
d> <A< d’

where 0 < € < (1(xo).
Then, for y1(xo) < 1/(28), we have

khd On —1] ~ L
0 yileo) 1
Fu(0)05.1/n (x0) Fx(@o) (P R+ 7 | 7160, 1|ag)du—n(w0)
{J‘ W w1(zo) ]_71(1900) ’ 1)du_71(m0)
1 (20) __1__
_(W(l OO oo ]_ J Rl ] 'yl(lmo) , 1|ZCO)(1 + u7W1BO ) Wl(lmo)du'}/l(ibo)}
_W(OO, ) 571(

0)
fx (o) " fx (o) Wi, ),

where W (y1,y2) is a zero centered Gaussian process with covariance function

E (W (y1,y2)W (71, 72)) = | K[5x (x0)R(y1 A T, 92 A Falo),

with | K|z := 4 /$ga K2(u)du, and W(0,y) and W (y,©) are zero centered Gaussian processes with

the same covariance function

E(W (o0, y)W (0,7)) = E(W (y, 0)W (g, 0)) = | K[3fx(x0) (y 7 ),

and Ry (y, 1|zo) denotes the derivative of R(y, 1|xo) with respect to y.

The variance of the limiting random variable in Theorem 1, denoted W, is given by

2
Var(Wy) 1512 {5%5(3;0) —1- ﬁ +2[1 — R(1,1]z0)]

~ fx(@o) 3

2
X <(g’> —[1+ 571(150)];2 + 5’71($0)> } ;



where

Lo Joo R <[1 N u,,},l(xo)/g]—l/%(:co) 1 560) dufzfyl(sco)7
0

12 - Jw R ([1 + u*’h(:ﬁo)/ﬁ]_lhl(m) s 1‘x0> du*"/l(xo)’
0

Iy = JOO R ([1 n u—m(:co)/ﬂ]’l/“‘x‘” 7 1‘330) [1 N u—w(m)/ﬂ]’m(“) du—1 (@)
0

3 Estimator for the extreme case

We now turn to the estimation of 03 ,(z¢) under extrapolation. Assuming (D), (R) and v1(zg) <
1/8, according to Lemma 1, we have the following approximation

[U1(1/p|zo)]? E O\ Pri(o)
tna(a0)~ [ e o2 @0~ () Onston)

To estimate 03 ,(x), we can use the estimator éﬁ’%(azo) = an/fn(xo) of 9@%(3:0) combined with

an estimator of the extreme value index 71 (zg). For the latter, we can use the local Hill (1975)
estimator

B Y Ky (w0 — X) (YY) — Oy (n/kaeo) ) 1
Fa(0)

already studied in Goegebeur et al. (2021b), and based on an intermediate sequence ki, possibly
different to k, such that k; — oo with k1/n — 0. This yields the Weissman-type estimator for

0,37p($0)

vV =01 (n/k: |0)}

)

A1ger (0) =

N E O\ Pk (zo)
Op.p(x0) = (np) 05,5 (x0)-

The estimator is said to be of Weissman-type, as it is in nature similar to an estimator for an
extreme quantile proposed by Weissman (1978).

The next theorem states our main result, namely the weak convergence of our Weissman-type
estimator 03 ,(zo), properly normalized.

Theorem 2 Assume (D), (H), (K), (S) withx — R(y1,y2|z) being a continuous function, R(y, 1|zq)
is continuously differentiable in y, and y — Fj(y|zo), j = 1,2, are strictly increasing. Let

zo € Int(Sx) such that fx(xzg) > 0. Consider sequences k = |n*l1(n)|, k1 = [n*'3(n)| and

hy = n~203(n), where {1, by and U3 are slowly varying functions at infinity, with o € (0,1) and

a+ 2y (900)51(1’0))
"1+ 2mi(w0)Ba(z0) )

e
a < o1 < min (d [d+2(npe Ana, ANyl

and
i ( « a— 201 (xo)y1(x0)(1 — @) «a
d+2(nr A gy ANAL AT d "+ 2(nay A ) [1 = Bra(z0)]
a = 2Ba(x0)ya(w0) (1 — ) (1 = Bni(wo)) a  28(1 — a)yi(wo)Ba(wo)
d+2(ne, AL = Bri(zo)] T d d[l+yi(wo)(Bi(wo) — )]’
a+2(1—a)r) aq a1 — 271 (20) B1(20) (1 — 1) &
d "d4+2(Mpy ATy ANAy) d ><A< ’



where 0 < € < Bi(xo).
Then, for v1(zo) < 1/(28) and p satisfyingp < £ such that Ink/(np) _, ) gnd ln 2 — e [0,00],

we have
\% krhs, 08, . By (x J
kh — 1] ~ 1 d — 1
(\/T’ T k/(np) ) (054)( ) min(r, )fX W (u, oo) u—W(1,00)
: 1 1
+ min <1’7“> -7 Gy 1
fx(@o) o R([L+u™ 7 ] 710, 1|zg)du1(wo)
|:f W ’Yl O)] W )du—'yl(l‘o)
© ) 1 e 1
—-(W (l,oo)—W(oo,l))J Ri([1+wu 8 | MG 1zg)(1+u 7 ) wl(xo)du—’}’l(l"o)]
0

CW(s,1) | B (o)
fﬂm)+fﬂmﬂWLw%'

The variance of the limiting random variable in Theorem 2, denoted Wy, is given by

|K I3
fx(20)

2
+[mm<Li>]lﬁ%ﬂﬂﬂ—1—§§+2ﬂ—iﬂLHmﬂ<<2)-—D+ﬁw@wﬁz+ﬂw@w>]

+2m1n< >5V1( )[WJF <R(1’1’”50)_L1 }Wd ) <1_2) _1]}’

where I, I5 and I3 are defined as in the definition of the variance of Wy and

Var(Wy) {[min(r, 1)]*%7 (xo)

o 71/71(900) u_'Yl(xO)/ﬁ
— —1(w0)/B —71(z0)
L JO r ([1 T ] )1 x0> 1 4y~ (z0)/B du ’
. i (wo)/8] /1 @0) 1 (20)/8Y 7.~ (o)
Iy = f R [l—i-u (o ] ,1‘1-0 In(1 + =7 (@0)/8) gy (o),
0

4 Simulation

In this section we illustrate the finite sample performance of ggyp(azo) with a simulation experiment.
We simulate from the following models:

Model 1. We consider the logistic copula model
C(uy,uzlx) = e~ [(Elnu)™+(=Inux) ]V e [0,1],2 > 2. (5)
We take X ~ U[2,10], and combine this copula model with a Burr(¢, A, 7) distribution for Y ():

¢
C+uyr

with ¢ =1, A = 0.5, 7 = 8, giving 71 = 0.25, and a Fréchet distribution for Y?):

A
zmw=1—( ),y>mam7>&

Fy(y)=e ¥ y>o0,



with 75 = 0.5. This model satisfies (S) with R(y1,valz) = y1 + v2 — (y¥ + v3)V/*, 7 = —1 and
k =1 — ¢ for some small ¢ > 0.

Model 2. The conditional distribution of (Y1), Y(?) given X = z is that of
(|1Z11®) | Z5| 2@,

where (Zy, Z3) follow a bivariate standard Cauchy distribution with density function

1
fla1,2) = o — (1422422732, (21,2) e R%
We take X ~ U|[0, 1], and set
m(z) = 0.25 + 0.125 sin(27z), v2(z) = 0.1 + 0.1z.

This model satisfies (S) with R(y1,y2|z) = y1 + y2 — /¥ + y3, 7 = —1 and 8 = 2 (see, e.g., Cai
et al. 2015, in the context without covariates).

Model 3: We consider again the conditional logistic copula model defined in (5) combined with
conditional Burr distributions for Y1) and Y® given X = z, where we take (; = (o = 1, \; = 1
Ao = 0.5, and

7i(z) = 2"%, o(x) = 8/sin(0.3z).

For this model 71 (z) = 0.5e%2%. Similarly to Model 1, this model satisfies (S).

For all the models, the conditional marginal distributions Fj(.|zo), j = 1,2, satisfy Assumption
(D) (see, e.g., Beirlant et al., 2009, Table 1), as well as Assumption (H).

We implement our estimators §57p(xo) and 71 x, (zo) with a bi-quadratic kernel function, given by

15

K(z) = 16

—(l-z )2]1{3:6[71,1]}:

which clearly satisfies Assumption (K). Related to this, we need to select also a bandwidth h,,.
To this aim, we use the cross-validation procedure introduced by Yao (1999), and already used in
the extreme value framework by Daouia et al. (2011, 2013) and Escobar-Bach et al. (2018a), and
defined as:

2
hey = argmlnz Z < v®<y?) = Foh2,—i (Yj@))Xi)) )

hnet i=1j5=1

where #H is the grid of values defined as Rx x {0.05,0.10,...,0.30}, with Rx the range of the
covariate X, and

n
2k=1 ki K (2 — Xp) H{Y,f)gy}

et ki Ky (2 — X

Fn,hn,Q,—i (y|l‘) =

We simulate 500 datasets of sizes n = 500 and 1000 from each model. For each sample, we
compute aﬁm(xo) for two different values of p: 1/n and 1/(2n), and for two values of 3, where
the latter is chosen such that the condition v1(zg) < 1/(20) is satisfied: g = 1 for all models and
B =1.5,1.25, 1.2, for Models 1-3, respectively.

The intermediate sequence k1 on which the estimator for 1 (z) is based is selected by a graphical
assessment, where k; is chosen as the smallest value after which the median of 7; y, (z¢), computed
over the 500 replications, shows a stable part.



In Figure 1 we show for Model 1 the boxplots of 517[)(:130), where k£ = 0.15n, at various positions of
the covariate xg, for n = 500 (top row) and n = 1000 (bottom row), and for p = 1/n (left) and
p = 1/(2n) (right). The red curve shows the true value of 61 ,(xg). The layout of Figure 2 is similar
but with § = 1.5. Figures 3 and 4 show the corresponding results for Model 2, and Figures 5 and
6 for Model 3. From these simulations we can draw the following conclusions:

e Overall, the estimator performs quite well, but of course the results depend on the model and
the covariate position. In Model 1, R(y1,y2|xo) depends on the covariate, but the marginal
distributions do not. For Model 2, R(y1, y2|xo) does not depend on the value of zp but the
marginal distributions do, and for Model 3 both R(y1,y2|xp) and the two marginals depend
on zg. As is clear from the plots of the true function 63 ,(z), this quantity does not change
a lot in the covariate for Model 1, while on the contrary it changes a lot in the covariate for
Model 2, where there is a maximum and a minimum. In Model 3, 63 ,(x¢) decreases in zy.
Hence, the estimation under Model 1 is easier than for the other two models.

e The function 03 (o) follows the pattern of 1 (x¢) rather closely, see Figure 7 where we graph
the functions 7 (zo) for Models 2 and 3.

e Of the three models considered, Model 2 is most challenging for estimation as 6, (o) changes
a lot with the covariate. Near the x¢ value where 63 ,(z¢) attains its maximum, the method
tends to underestimate the true value. This can be explained by the local nature of the
estimation: indeed, for such positions, local estimation will be based on Y1) data coming
from distributions with a lighter tail, leading to an underestimation.

e Note that the estimation with p = 1/n corresponds already with extrapolation, as the esti-
mation is done locally, and hence based on fewer observations than n.

e For a given n, smaller values of p lead, as expected, to more variable estimates, as do larger
values of (5.

e The variability of 5/3710(1'0) is larger at xg where 71 () is large. This can be expected since at
such positions the Y ()-data are more heavy tailed, and hence show large variability.

e The cross-validation procedure that was used here leads to a global bandwidth, which gives a
reasonable performance for the whole covariate range, and which also works quite well for a
wide variety of models. For situations where 03 (o) varies a lot with the covariate it can be
advantageous to use a local bandwidth, since at such positions a smaller bandwidth will lead
to less bias in the estimation. Evaluating the performance of bandwidth selection criteria is
a topic for future research.

5 Real data analysis

In this section we illustrate our method on a real dataset. We analyze the dataset Vehicle Insurance
Customer Data, which is publicly available at
https://www.kaggle.com/ranja7/vehicle-insurance-customer-data. The dataset contains
socio-economic data of insurance customers as well as details about the insured vehicle. We fo-
cus on estimating the first and second marginal excess moments of the cumulative claim amount
throughout the contract, Yy, given a customer’s lifetime value, Y@, exceeding a high quantile
of its distribution and given an observation for the covariate income, X. In our analysis, we only
consider the data for which the customer’s income is not zero, which leads to a total of n = 6817
observations.
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In Figure 8, we show a scatterplot of the total claim amount versus the customer’s lifetime
value, which suggests a positive dependence between the two variables. The model assumptions
of asymptotic dependence and marginal conditional distributions of Pareto-type with moreover
v1(zo) < 1/(2p) can be verified by estimating R(1,1|x¢), the construction of local Pareto quantile
plots for the Y1) and Y®) data, and the estimation of (o). We refer for this analysis to Goege-
beur et al. (2021b), where in particular 7 (z() estimates were obtained in the range 0.30-0.35, and
this for several values of xg.

From Theorem 2, by applying the log-transformation, we obtain the following pointwise (1 — «)-
confidence interval for 6; ,(zo):

[51,;)(3:0) exp {Za/QVCZ(Wz)} 01 (o) exp {—mpvar(w}] :

n Gn

/ d
where z, /5 is the a/2- quantile of the standard normal distribution and a,, := min <\/kh$ll, % .

Note that a confidence interval for 63 ,(zo) cannot be obtained due to the condition 7 (xo) < 1/4
in Theorem 2, which is not satisfied for the present data. However, it can be shown that for
consistency of g ,(xo) one has the weaker constraint v;(zg) < 1/, meaning that for the present
data we can still estimate 03 ,(x0) in a consistent way.

As for the confidence intervals, we estimate the integrals involved in the variance of the limiting
random variable Wy by replacing the function R with an adjusted version of the estimator proposed
by Escobar-Bach et al. (2018b) for the stable tail dependence function:

1 n K
- . To — X ]1 = =
£ 2im1 K, (20 — Xi) {FraV1X0)<E 1 Fra(? 1)< yo}

J?n(x0>

~

R(y1,y2|z0) =

)

where ﬁml and ﬁmg are given in (3). The values of k and k; are determined by using a data driven

procedure proposed in Goegebeur et al. (2019), after which we estimate r by 4/ ’% In nip. As for
the choice of the bandwidth h,, we again determine it by applying the cross-validation criterion

described in Section 4.

In Figure 9, we show the estimates for 6, (o) together with the pointwise 95%-confidence intervals
for different values of income xg, with p = 0.001 and p = 0.0005. As expected, the estimates of
61 p(x0) with p = 0.0005 are higher than those with p = 0.001, while at the same time p = 0.0005
leads also to wider confidence intervals than p = 0.001, reflecting the higher uncertainty of the
estimate, which is due to the fact that the estimation is based on fewer observations. Combining
these with the estimates for second marginal excess moments we obtain estimates for the standard
deviation of the excess (Y () — Uy(1/p|zg))s, given that Y > Uy(1/p|zg) and X = xq, which is
shown in Figure 10.

6 Preliminary results

In order to prove our main theorems, we need some auxiliary results. For any v > 0 and v € Sk,
define

_ (zq)
§n(y1,u|xo — hnv) = %F1 (Ul (%’xo) Y1 [1 + ’Ufﬁﬁo ]’xo — hn’l}> y
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Figure 10: Vehicle insurance dataset. Estimates for the standard deviation of (Y1) — Uy (1/p|zo))+
given that Y > Uy(1/p|zg) and X = zo as function of income for p = 0.001 (solid line) and
p = 0.0005 (dashed line).

and

tn(y2lzo — hnv) = %Fz <U2 <k22‘950> ‘:Eo - hnv> :
Lemma 2 Assume (D) and (H) and xg € Int(Sx). Consider sequences k — oo and h, — 0 as

n — o, in such a way that k/n — 0 and B " In¥ — 0, j=1,2. Then, we have, for n large,
that
1

~ _m(=zq) " (=)
Sn(yr,ulzog —hpv) — (Y1 |1 +u B

—1/71(0) o™
1 (z0) 1 (z0) 1 (50)
< C[1+u_ 1‘*0] {hZA1+hZ”lan+hZ”l {1+u_ R ] 1n<1+u‘1ﬁ°>

Ch’lal
" n _m(=g)
] (lnk~|—ln(1+u B >>
Chy L +Ch
(zq) n n (zq) (zq)
4—]1261“]“Yl {1 + u_vlﬂo ] In (1 + u_ﬂﬂo ) <an + In (1 + u_ﬂﬁo >)]}
and

[#a(y2]0 — hnv) — 4o < C {h?f‘2 + R ln% + \52 (U2 (%‘xo> ’xo)‘ [hZB2 + B2 In %]} ,

S o [ e

uniformly in u >0, y1,y2 € [1/2,2] and in v e Sk.

Lemma 3 Assume (D), (H), v1(zo) < 1/8 and z¢ € Int(Sx). For sequences k = |n“l1(n)| and
hy = n~2lo(n), where £y and Uy are slowly varying functions at infinity, with a € (0,1) and

i < o a — 261 (xo)y1 (o) (1 — @) o
d+2(na, Any)’ d "+ 2(nay A ) [1 = Bra(wo)]”
o — 2f5(x0)72(w0) (1 — ) (1 — By (20)) o
4+ 200, A 15,)[L — B (20)] > <87
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one has that

sup sup
’UESK Y1,Y2€ 1/2 2

Ving | [ [ (3uton,uloo = ha). Byl — )

N
( 1 + u 7ﬂBﬂEO)}) o) ,yg‘a:())] du~—"@0)| 0.
Introduce now the notation
0, _ vy x;) [v® n “q
snse) = 25 Ko = X0 [0 =01 (o) 1], By oy
Assuming Fj(y|xo) strictly increasing in y, we have
7 N e 1 (z0)
bulyry) = = |l (Flwo) || T Gulyr,ulzo), goleo) du ), (6)
0
where
1 n
Tn(y1,yolro) += k Z;Kh" (w0 — Xi )H{F (Y(1)|x0)< y1,Fa(Y, )Ixo)< Y2}
1=
and
~ n— n _1(=zg)
Sn(y1,ulzg) = EFl <U1 (E|xo) Y1 {1 +u B ]’x()) )
Remark that our final estimator @n = én (Un,1,€n,2) , where Uy, ; 1= %,i = 1,2, and e, :=

%2 (tn 2U2(n/k|z0) o) -

Define now

g Ol
En(y1,y2) = E ([lel (ZIH?O)]B) '

Our next proposition establishes the uniform asymptotic behaviour of an(yl, y2) in y1,y92 € [1/2,2],
after proper normalization. The proof of the proposition uses a process convergence result for
T (y1,y2|xo) from Goegebeur et al. (2021a), which is repeated below for completeness.

Theorem 3 (Goegebeur et al., 2021a) Assume (D), (H), (K), (R) with x — R(y1,y2|x) being
a continuous function, xo € Int(Sx) with fx(xg) > 0, and y — Fj(ylxo), j = 1,2, are strictly
increasing. Consider sequences k — o0 and h, — 0 as n — o, in such a way that k/n — 0,
khd — oo and byt "2 M2 Inn /k — 0. Then for n € [0,1/2), we have,

L hd Tn(y1, y2lz0) = E(Tu(yr, y2|zo)) _ Wly1,y2)
" Y1 Y1

)

in D((0,T1?), for any T > 0.

For convenient representation, the limiting process in Theorem 3 will be defined on the same
probability space as T),(y1, y2|xo), via the Skorohod construction, but it should be kept in mind
that it is only in distribution equal to the original process. The Skorohod representation theorem
gives then (with keeping the same notation)

drr — E(T,, -
qp | YRR T, volz) = BTy, golao)] = W) | o,

n
y17y26(07T] yl
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Proposition 1 Assume (D), (H), (K), (R) with x — R(y1,y2|z) being a continuous function, xg €
Int(Sx) with fx(xz¢) >0, and y — Fj(y|xo), j = 1,2, are strictly increasing. Consider sequences
k — o0 and hy, — 0 asn — o0, in such a way that k/n — 0, kht — oo and hy* "2 "1 "2 1np | —
0. Then, for v1(xo) < 1/(28), we have

m [é\n(yla y2) —E (gn(yh yz))]

[U1(n/k|zo)y1]?

© N
+J w <[y1 (1 + u*ﬁ(ﬂww)] o) ,yg) du~"(@o)
0

sup
Y1,Y2€ [% 72]

Lo.

6.1 Proof of Lemma 2

According to Assumption (D), using the inequality |e® — 1| < |z|el*l, we have for some positive
constant C

1

- _1(=zg) " (=)
Sn(yr,ulzog —hpv) — (Y1 |1 +u B

1
- _m@o) |\ vil@o—hnv)
< Sp(yn,ulzo —hpv) =y |1 +u 7
_ 1 Ch”"fl
_ (=) 71 (20) _m(=zg) n _m(=zqg)
+C[1+u 5 ] h?ﬁl[1+u E ] 1n<1+u E )
1 y
_1(zg) | ~1(=0) 7y _ (=) Chnt _ (=)
< Cll4+u 7 xLhyt [1+u 5 In{l4+u 8

Ny _ (=) Chy "t _ 71(z)
+{1+h |1 +u B In{l4+u 8

[ e Gl

1 n _ (=)
1+m51 Ux (E‘xo> yi|l4+u 7 ‘xo—hnv

DI

_ (=)
xo) Y1 {1 +u B Nxo — hnv>

X

1 1
N HUI (%‘%)] ) T g

1 n _1(=g)
1+m51 Ui (E‘$0> vy [1+u 7 ‘%—hnv
—1

o (0 ()

Using Assumption (#) and again the inequality |e®* — 1| < |z|el*l, we deduce that, for n large,

A1(wo — hov) ’ nA
———= =1 < Chyt! 7
‘ Ai(z0) @)
1 1
n M (@o) ~ yi@o—hnv) _ Ty1 7, ¥
’(Ul (%]x0)) 1’ < Chrml (8)
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Now, using the explicit expression for d;(y|z), Assumption (), and Proposition B.1.10 in de Haan
and Ferreira (2006) with 0 < ¢ < f31(zo), we obtain, for n large, that

n _m(=zg)
1+ m51 U <§’$0> y1|1+u B ’5'30 — hyw
-1

p—— YO

» %)yl [Hu—ﬂsq\xo_hw)

(
5 <U1 (#]0) [1 + u‘“?‘”]‘xo - hnv) » 5 < { “(”’)] x())
5 <U1 (o) w1 [1 + u"Yl?O)Mmo) 0 (U (#fro) o)

o1 | Uy (%‘fﬂo) (0 [1 + U_W] ‘960) 1 (eg) T —B1(@o)
_ [I P
51 <U1 (%‘l’o) ‘l‘o) <y1 |: o ])

iz T ~Pr(xo)
+ <y1 [1 +u” 8 D 1
¢ ‘61 (Ul (%‘960)’330)‘ 8 [1 + hn'! [1 + umﬁw]Ch?fl (lnz +1In (1 + uﬂ(»f:())))] )

=3

Y1 (o)
v (o — hpv)

N
Q

01 -1

’51 <U1(

9)

uniformly in y; € [1/2,2] and v € Sk. Combining (7), (8) with (9), the first statement of Lemma 2
follows.

The proof of the second statement of Lemma 2 is similar, although simpler.

6.2 Proof of Lemma 3

We have the decomposition
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khd

n

o0
f [R (30 (1, ulto — T, Ta (0 — hov) o)
0

_71(=zg) _71(1920)
-R <<y1 {1 +u B D ,92’330)] du 71 (*0)

on N
< khd [R (§n(y1, ulzg — hpv), tn(y2|xo — hnv)\mo)
__1
-R ((yl [1 + uﬂ{l(;())]> o ,y2’x0>] du =1 (20)
w ~
khd L [R (§n(y1, ul|zg — hpv), ty(ye|zo — hn’U)|.CL‘0)
1
—-R <<y1 {1 +u VI(IBQCO)]) o ,y2’x0>] du =1 (%0)
On
< khd J R (3, (1, u|zo — hav), tn(ya|zo — hnv)|a) du=1(0)
\ . (Bn(y1, ul ), tn(y2] |zo)

Jehd

On o) 1\ ~ 71te07
f R ((yl [1 + umﬁo)]> el 7y2‘l’0> du =71 (@0)
0
e ]\ e
—r/khd f n(y1, ulzo — hpv) — (y1 [1+u 8 })
_,/khdj (Yoo — nv)_?/2’du 71 (20)

= TV +To+T5+ Ty,

du =1 (o)

where 0,, is a sequence such that J§,, — 0.
As for T1, since R(y1,y2|x0) < y1 A ya, we have

Ty < —A/khd f n(y1, ulzo — hnv)du_“(“"o)
1
< 90, /khd f < IO)) e —(a0)
1
(zg) T (=)
—r/khd f n(y1, u|zo — hpv) — <y1 [1 +u7W1BO }) e

=: Tl,l + TLQ.

du 1 (o)

Clearly,

T, <C kh%éf—’h(l‘o)’

and, by using the first uniform bound from Lemma 2, and assuming that A, t """ |Ind,| — 0, we
have, after tedious computations,

/ Lz
T172 _ 0< k‘h% 55 71( 0)> ’

leading to, for n large,

1 i@
Ty < OyJkhd 57
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The term 75 is similar, but simpler, and hence

1y
Ty < CJkhd 67 "

Concerning T3, we can use again the first bound from Lemma 2, and obtain, for n large
d MA, M1 n n
T3<C k‘hn <hn + hp, ln% + ’(51 (U1 (E’$0> ’.’L‘O)D ,
while for T, we use the second bound from Lemma 2, and obtain, for n large

Ty < OJkRgo, ) |1 + ni” In -+ 92 (U (%‘xo) 20 )| (B 4 b2 %)] .

Take 6, = h%. Remember k = [n®¢;(n)| and h, = n~2fy(n), where {1 and (5 are slowly varying
functions at infinity. Note that a € (0,1) by the conditions k¥ — oo and k/n — 0. The upper
bounds for 711, T5 and Ty, which must tend to zero, lead then to the following bounds for &

2814y A hyy) — (00— Ad) 2B5(0)y2(w0) (1 — @) + 2A(n-, A 1B,) — (0 — Ad))
2A~; (1‘0) ’ 2Am (xU) ’

§<min<

and
a—Ad
2A[1/8 = mi(xo)]
For the parameter A, we obtain bounds from the above bounds for &, by requiring that the lower

bound for £ is always below the upper bound. This, combined with the bounds coming from the
upper bound for T3 and the condition k:hﬁll — o0, leads to

&>

i < «a a — 261 (xo)y1 (o) (1 — @) a
d+2(na, Any)’ d Td+2(na, A ) [1 = Byi(z0)]
o — 2f2(w0)v2(20)(1 — ) (1 — By1(20)) o
A+ 201y A 1)L — B71(20)] > Asy

So one can first choose « € (0, 1), followed by selecting A satisfying its bounds, and finally the £
satisfying its bounds.

6.3 Proof of Proposition 1

Note that, using (6), we have

VR 15, (. m) — B (o))

[Ur(n/k|z0)y1]”
o0 )\ 1~ 7G0)
+f w ({yl (1 + umﬁw)] e ,yz> du 1 (70)
0

| ) [ B (T (3 (51, ul0), v2l0) — E (T (3o (91, ul0). 92 0))

<

—W B (y1, ulzo), y2)] du™ (=)

1
” o)\ ™G
f [W(gn(y1,u|xo)7y2) -w <[y1 (1 fu )} e ,y2>] du (o)
0

=: T5+ Ts.

+
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From Assumption (D), one obtains for n > ng that 5, (y, u|zg) < 2'+Y71@0) Hence, for n > ng
and n € (11(z0)5,1/2)

R (To (31, y2l0) = BTy, y2l0)) = W (g1, 92)
T5 < sup

n
y1€(0721+1/’yl(IO>]7y2€[1/272] yl

o0
< s (= [Tt o).

y1€[1/2,2] 0

Using Proposition B.1.10 in de Haan and Ferreira (2006) one obtains that for n > n;

o o (w0) \ ~71(z0)
sup <_J [gn(yhumo)]”du_ﬂm) < CJ <1 T ) gy,
y1€[1/2,2] 0 0

The latter integral is finite since v1(zg) < 1/(2/3). Using Theorem 1 in Goegebeur et al. (2021a),
see also Theorem 3, we deduce that 75 = op(1).

Now consider Ts. We have for any § > 0

3 5
Ts < sup ’W(fn(yl’u|x0)’y2)’ sup <_f [§n(y1,u|xo)]ndu”l(m)>
yiaell/22lu<s By, ulzo)]T e/, 0

@\
(o ()] 770
su

+ p 7
y1,y2€[1/2,2],u<s {yl <1 N u_“/1(;o)>} 71 (2q)

J _n(=zg) _71(7]9?0)
X sup — f nl+u 8 du~71(z0)
y1€[1/2,2] 0

w0 ~ _m(=zg) _“/1(1960)
+  sup —J W(sn(y1,ulzo),y2) =W |y (1+u 7 , Y2
y1,92€[1/2,2] 5

du_“(wo)> .

Note that
W (s, ,ulTg), Wy,
sup | (An(yl [20)y2)l - _ sup | (y£7 yz)\, for 1 > o,
y17y2€[1/272]7u<6 [Sn(y17 u‘xo)]n y1€(0,21+1ml (ZO)],WGD/Q,?] yl
and
_ 1
_1(zg) 71 (20)
'W<[yl <1+u s >] ,y2>‘
Wy,
sup _ < sup | (?1117 y2)|7
y1,92€[1/2,2],u<é {m <1 " u_”’l(g()))} 71 (zo) y1(0,21+1/71(20)] 9€[1/2,2] Y1

these two bounds being finite with probability 1 according to Lemma 2 in Cai et al. (2015).
Also, remark that

5
sup <—f [§n(y17u|xo)]"du“(x0)> < C§/B—m(z0) for n > ny

y1€[1/2,2] 0
= Cg, by taking § = ¢V/(/B8=7(z0)),

6 w) \ |~ rCe0)
sup _J' [yl (1 N u_m(ﬁo))] 71 (o) du_'ﬂ(zo) <C-.
y1€[1/2,2] 0
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Finally,

o0
sup — f
Y1 7y2€[1/272] 4

< sup
y1,y2€[1/2,2],u=0

1
(zg) 71 (z0)
W (5,(y1,ulwo), y2) — W ([yl (1 + u_vlﬁo )] T 7y2> du—'n(sco))

~ e\ e
W(sn(y1¢u|x0)ay2) -W Y1 1+u B ;Y2

51 (xo)

Since

sup
y1€[1/2,2],u>0

~ _71(zo) _71(1900)
Sn(yr,ulzo) — |y (1+u 7

and by using the uniform continuity of W on compact sets, one has for n > ny that

1
. _mf(=zg) " y1(=0)
W (sn(y1,ulz0), y2) — W ([?Jl (1 +u P )] ' ,y2>

= 0(1)¢

sup < €.

y1,y2€[1/2,2],u=0

Combining the above one obtains that Ts = op(1). This achieves the proof of Proposition 1.

7 Proof of the main results

7.1 Proof of Lemma 1

We have
o 1 A1 1

954,(%0) = ﬁf [yl — U1 <’x0>:| —-P <Y(1) > y1’Y(2) > U2 (’.%0) ‘X = $0> dy1
U1(1/plzo) p p p

B rowo
- 8 [Ul (1’:30)] J -1 11p <Y<1> > 2, <1‘x0> YO sy, (1];1:0) ’X - x0> dz.
p 1 p p p

Note that

lim 2P (Y<1> > 204 (1‘950) Y@ s, <1)x0> ‘X - xo) s (z*1/71<x0>, 1’%) ,
plO p p p

thus we only need to interchange the limit with the integral. To this aim, we can apply the

dominated convergence theorem since for z > 1
1— 1
min (1, *Fl <ZU1 <‘ZL‘Q> ’:Eo))
p p

1 1 1
-P <Y(1) > ZU1 <‘$0> ,Y(Q) > UQ <’$0> ‘X = $0>
p p p
1— 1
= - <ZU1 <‘9€0>‘$0> ;
p p

and according to Proposition B.1.9.5 in de Haan and Ferreira (2006), for z > 1,£,5 > 0, there
exists a pg such that for p < py we have

1~ 1 1
—F (ZUl (’%)‘%) < (14 6)z o0 =,
p p

This implies that, for p < py,

aﬁ,p(xo)
T/l <P 0],

N

* 1 ——F—+e ! 1 A —B-e-1
[ — 1P 12 w0 Cdz = (1 + 5)J 11— )t P s < oo,
0
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as soon as ¢ € (0,1/v1(xo) — ).
This yields

[Ule(ﬁiz%a N BLOO[Z _ 1],3—1R (z—l/%(mo)’ 1':30) dz,

from which Lemma 1 follows, after a change of variable.

7.2 Proof of Theorem 1

Our quantity of interest is

~

d . ) ) y 0, )\ fx(@o)
L (A ) 1) M(fx(ww 1) Fn(ao)

fn(20)08 1m0 03,1/ (7o)

_J?n(lxo) \/E\/HTL% (f”(w()) B fX(x()))

= \/khd (fx(%)@n o 1) (1 + op(1)) + op(1).

O5./m
We have the decomposition

b
VA (fx(fl»‘o) @) 1)

08.1/n

= e (a0, - 1)
g U ({z0))? [ VERE (B (1. 2n2)
0,k/n(20) fx (o) \ [Un1Ur (%l2o)]

khd ~ o~
fX(x(] (En(un,h en,Z) - En(lv 1))

khd B fx(20)03,1/m(20)
* (a0 (E"“’” (1 (Flz0))? >}

" Un U (20)]?
= AJkhd (27, -1 (80101 ( Tip+Tom+ Tsnl.
n (un,l ) + eﬁ,k/n(x()) { 1, + 2, + 3, }

3 - En(an,ly é\n,Q))

3

+

EL

~—

This decomposition can be motivated by Proposition 1 and the convergences

A khd (Gipg — 1) ~ ;;((z%))W(l,oo),

b B — 1) —m,

see Lemma 6 and the proof of Theorem 3, respectively, in Goegebeur et al. (2021a).

Then

~3 By (o)
khd (um - 1) - W),

and from our Lemma 1, we have

[tn1 U (R]20)]° o 1
T 1) 1

Hg,k/n(l'o) S((;O R([]_ +u B ]_’yl(aﬁo) , 1|x0)du—’71(a:0) '
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We need to study the three terms 71 ,,, 75, and T3,,.

Concerning 71 5, by Proposition 1 and following the lines of proof of Theorem 3 in Goegebeur et
al. (2021a) we obtain

1 (x0)

[Gn,1 U1 (%|z0)]? 1 SW(l+u N ]’mlzo) ,1)du~"(@0)

Tl n 7
03,5/n(T0)

(11)

)

(zg) 1 :
Fx(@0) g2 R([1 4 w57 1))
Concerning T ,,, according to (6)

TQ - kh E T AS 1 X ]. X I d ( )
n n n 9 u 9 u

s
o J E [T, (5n(Un,1,ulzo), €n2lzo)] du_’Yl(Io)} )
0

For y; either 1 or 4,1 and ys either 1 or €, 2, we have

Q0
j E [T, ($n(y1, ulz0), y2|z0)] du 71 (@o)
0

1
o -1l (@) |~ 71(=0)
- j R(.yl o) [1+u} o ,y21x0> du™ @) | K (v) fx (20 — hyv)dv
0 Sk

o0
+ . K(v)f [R (§n(y1, ul|zg — hpv), ty(y2|zo — hnv)|x0)
K 0

1
-t _n@e) | =g
-R <y1 ~1(zg) [1 Tu 71B0 ] 71 (zg 7y2‘x0>] du—’h(xo)fx(xo _hnv)dv

Q0
—i—f K (v) [R% (3n(y1, ulzo — hav), tn(yo]zo — hnv)|zo — hpv)
0 Sk
R (gn(yla ulzo — hnv), In(y2lzo — hnv)|zo — hnv)] fx(zo — hnv)dvdu”“(xo)
Q0
+f K () [R (5n(y1, ulmo — hyv), tn(y2|zo — hav)|zo — hyv)
0 JSk

—R (gn(yla ulzo — hyv), th(yz\CCo - hnv)|x0)] fx(xo — hnv)dvdu_“(wo)
1
w0 -t (z9) | 71 (=0)
= fX($O)J R <y1 V1 (=) {1+u_7150 ] 71 (=g ’y2‘$0) du—71(@0)
0

100 (1) .00 (5)) + 0r ) o

1
W) : (12)

by Assumptions (S) and (#) combined with Lemma 3.
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This implies that
Ty = khd {

*© _ (=) *ﬂ(lzo)
R [1+u 5 ] 1
0

o0 1 1
~T (s _x1l=g) B ~ _
ff R (unf( o [1 ruT A ] e ,en,wco) du 71(””0)} + op(1)

xo)] du 1 (x0)

x0> du_“(wo)} + op(1)

J:o) du (o)

€n,2

1
A~ g o
u (z0) 17 71 (=
1 _1(=zg) v1(z0)
—-R ( UL [1 +u" "B ] ,1

o0

_ 1
R ([1 + u—“if")] el

1
~  71(=0)

_ an,g\/@ {H(l) —u (unélz )] + 4 /khd (1= 8,.0) H(1) + 02(1),

where )
0 (o) |~ 71 (=0)
H(z):= J R (z [1 TV } e ,1}%’0) du~"(@0),

Assuming R(y, 1|xg) differentiable in y with a derivative R;(y, 1|xg), we have

1

1
@ T Tz T T (=
H'(z) = f Ry (z [1 + umﬁm] e ,1‘3:()) [1 + umBO)] e du~" (o)

0

by using the Lipschitz property of the R—function combined with the dominated convergence
theorem. Then by the mean value theorem

Ty = [q Jkhd (6n.0 — 1) — y/khd (a;;ﬂlfo) - 1)] H' (&) — A/ khd (8,0 — 1) H(1) + op(1),

1
a, ’{1(700)
,gn,Q
Using again the dominated convergence theorem, we have that H'(z) is continuous at z = 1, by the

assumed continuity of Ry(y, 1|xo) and the fact that R;(y,1|zo) is decreasing in y, R(y, 1|z¢) being

where &, is an intermediate random value between 1 and

concave. Then, by the continuous mapping theorem H’ (én) EyL (1).
All in all, we have

% o) ]~ 7rte0)
Ty, ~ W(Oo’l)f R [1+u—”(ﬁ°)] B 0),1‘1;0 du=1@)
fx(zo) Jo

__ 1 _ 1
L W1, 00) = Wieo, 1) joc R {1 + u_%@] e 1‘900 [1 + u‘mﬁw} T gy o),
fx (z0) 0

from which we deduce that

[Gn,1 U1 (%|z0)]?
03,1/m(70)

T s _ W(w,1)  W(1,0) = W(w,1)
- Fx (o) Fx (o)

71 () _ml=)

_ _ 1 1
XSSOR1([1+u B e 1|wg)[1 +u B ] ‘vl‘(woidu—w(wo)'

71(

zg) 1
[ R([L+u 5 |56, 1) du~n (=)
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Now, concerning 73, we have

_ th% o * 3 ule x - 1(m0)7fx($0)95,k/n($0)
T3, = fX(ﬂfo){ Jo E [T, (5n(1,u|z0), 1|z0)] du™" [U1(n/k|xg)]P }

o o) |G
£/ khd —J R(|l1+u 7 .1
0

o}
+f Ry i (8n(1, ulzo), 1]zo) du—WO)} +o(1)
0

x()) du~ 71 (x0)

o0
\/khzf [Ruie (3u (1, ul20), Llzo) — R (3a(1, ulzo), 1zg)] du=10)
0

Q0
+4/kh§{f0 x(])] du~71@) 4 o(1)

= T31n + 132, + o(1).

__ 1
71 (z0)

(=)
R(gn(lau\l‘o)al\xo)—R<{1+u_ﬁﬁo] ,1

As for T3 1, we use Assumption (S) to obtain

| Rk (1, y2lz) — R(y1, y2|2)|
yy Al

T3 1n] < khd Su su
bl n p p
2€B(20,hn) 0<y1 <00, <y2<2

X

o0
f (B (L, ul0))* A 1] du 1)
0

- oy () -

by our assumptions on the sequence k and since k > v1(zg). Then, for T3, we use the decom-

position
Tn
T30, < Wj xo)]du—m(wo)
0
®© _71(=zq) _wl(lmo)
|| R Gl 1a0) - 7 [1+u ﬂ} oo ) [ dunte

+4/khd
where T, is a sequence that tends to infinity. Consequently, by using the Lipschitz continuity of
R(.,.|xo) in the first integral and a straightforward bound for the second integral we have

__ 1
71 (z0)

~ _ (=)
R(sn(l,uxo),1\$0)—R<{1+u B ] , 1

)

1
71(z0)

Tn 71(=q)
T390 < Cq/khﬁ{j @S (1 ufxg) — [1 +u s ] u
0
+24/khd sup R(y1, 1|zo) T, (%)
y1>0
= o(1),
for a sequence T, such that
khdT;n@0) o, (14)
n 1= (z0)[B—B1 (zg) +e]
\/khd |6 (U1 (E'“) m)‘Tn E — o (15)
We have then
Uy 1 U1 (2]20)]°
[ (ileo)] T30 = op(1). (16)

03,1/n(70)
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To conclude the proof we comment on the sequence T},. Take Tj, = n¥. Then, (14) is satisfied if

a— Ad

O ()

and (15) is satisfied if
BI2(1 — a)y1(0)Br(z0) — (. — Ad)]
2[1 —y1(xo)(B — Pi(zo) +€)]

Requiring that the lower bound for v is below its upper bound gives the following constraint on A

As @ 20— a)vi (z0)B1(zo)

_ 1 !
d d[1+yi(x0)(Bi(wo) —€)]

From (12), we have the following further conditions

W pIEIX ) khd (%)T — 0,

leading to the additional bounds on A

A>max< a ’oz+2(1—a)7')>.
d+2(nr A nfy) d

P <

Combining (10), (11), (13), (16), Theorem 1 follows.

7.3 Proof of Theorem 2

We use the decomposition

05, (20) _ <k,)5[71 ky (T0) =71 (20)] 56’%(330) (%)BM(IO)G & (20)
05.p(x0) np 05,1 (o) 05.p(xo0) ’
T oy )

from which we deduce that

05.(x0) L (k)ﬁ[%,kl(ﬂﬁo)—%(ﬂ?o)] . T(Q)T(3) .

(np)ﬁ'n (xo)g ° ()
‘9,3,10(350)

—1y. (17)

We will study the three terms (T( ) — 1), =1,2,3, separately.
Using the assumption nk/(p) __, 0 combined with Theorem 2.1 in Goegebeur et al. (2021b), we

) Ne
m{@gg_l}w@“ U W(z,0)- dz—W(l oo)] (18)
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The asymptotic behavior of the term (T,B(2n — 1) has been already established in Theorem 1.
Now, according to (4), we have

FRON 0p1/m(20)/[U1(n/k|20)]" . (U1 (n/k|20)]P (&) (o) . (U1 (n/k|20)]P ()P (o) .
pn 05.p(20)/[U1(1/pl20)]° [Ul(l/p\xo)]ﬁ [Ul(l/p|900)]
03,k/m(70)/[U1(n/k|zo NE _1 (U1 (n/k|2o)]? ( )Bm(wo N {1 + al(n/k‘|x0)}ﬁ 1
05.p(20)/[U1(1/pl20)]? [Ul(l/p|930)]5 1+ a1(1/p|zo)

0p1m (0)/[UL(n/k|zo)])” (1ol L ot
0,p(z0)/[U1(1/pl20)]” VEkhd VEkhd |
since A/khd|61(Uy(n/k|zo)|zo)| — 0 and /khe|61(U1(1/plzo)|z0)| — 0 under our assumptions.
Remark now that

03 1/n(T0)

0
T .8 3, —71(0)
Gt~y o (ot o) 1)

1
_ me ([1 + Zvl(;o)] o) 1 5CO> dZ*’Yl(:Jco)

f [Ruic (8n(1, 220), 1|z0) — R (3u(1, 2|20), 1]a) | dz= 7 (%)

N Ny
[R Sn(1, z|xo), 1‘3:0) R ({1 + 2z B ] .1 1’0)] dz—71(%o)

1
_. *J' R([lJrz w1(;0)] 71(mo), )dz 71(z0)+T()+T()
0

Note that T[_(}T)l is similar to 731, and hence T = o(1/4/kh%). Further, T(ST)L is similar to 132,
and hence, for a sequence T}, as used for 732 ,, we have T(5 o(1/4/khd). Thus

© o) |~ i)
M = _J R {14_2_%0)] o) , 1o dz (o) +o0 ; .
v/ khd
Similarly, we have

[U1(n/kl|20)]° 0
1
6’,3 p(QTO) JOO [ _71(%)]_71(10) B
PV Rll1+2 75 |z | dz 71 (20)
[U1(1/pl2o)]? 0 0

[ G R (=5 o Gl o) )
w0 Gl

S G Gl )
~R ([1 + z—“(ﬁw} it 1 m)] PR

1
© (z0) |~ 71(=0)
= —f R([Hz—“ﬁ ] B x0> e~ @) 4 7 4 7).
0 b

,n

) :| dz 71 (o)
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Clearly T(?z =0(p ") =o0 <\/11W>’ by our assumptions on k and p.

Finally, similarly as for T[(f%, for T}, a sequence that tends to infinity, we have, for n large,

T |11 o) T
kh% ‘T(?L‘ < —MJ ]1) [Fl ([1 + Z_Wlﬁo ] Uy (11)‘1'0)‘1'0)] — [1 + z_ﬂ{lﬁo] o
’ 0

+2 sup R(z1, 1|z)y/khd T;771(@0)

dz—"1(zo)

21=0
1 1—v1 (z0)[B—B1 (zg) +e]
< C kh% 01 <U1 <p’3:0>‘;p0>‘Tn B +C k‘hz Tn—%(xo)
1—1 (z0)[B—B1 (zg) +¢]
< C/khd |6, (U1 <%‘x0) ‘:p())‘Tn B + Cy/khd Tn—’h(wo)
= o(1)

under the same conditions (14) and (15) on the sequence T;,.
Combining all these results together yield

3) 1
T, —1= ) 19
B,n 0 ( qﬁhg) ( )

Finally, decomposition (17) combined with Theorem 1, (18) and (19) achieves the proof of Theo-
rem 2.
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