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Hyperquaternion Conformal Groups

Patrick R. Girard, Patrick Clarysse, Romaric Pujol, Robert
Goutte and Philippe Delachartre

Abstract. The paper gives a new representation of conformal groups in
n dimensions in terms of hyperquaternions defined as tensor products of
quaternion algebras (or a subalgebra thereof). Being Clifford algebras,
hyperquaternions provide a good representation of pseudo-orthogonal
groups such as O(p + 1,¢q + 1) isomorphic to the nD conformal group
with n = p + ¢. The representation yields simple expressions of the
generators, independently of matrices or operators. The canonical de-
composition and the invariants are discussed. As application, the 4D
relativistic conformal group is detailed together with a worked example.
Finally, the formalism is compared to the operator representation. Po-
tential uses include in particular, conformal geometry, computer graph-
ics and conformal field theory.

Mathematics Subject Classification (2010). Primary 15A66; Sec-
ondary 11E88, 15A67.

Keywords. Quaternions, Hyperquaternions, Conformal groups,
Canonical decomposition.

1. Introduction

The 4D conformal group which contains the Poincaré group, is the group
of transformations * — ' of the Minkowski space Ej 3 (with signature
+ — ——) such that ds’> = M\2ds® where )\ is a real number and ds? =
c2dt? — dx? — dy? — dz? the metric. This group plays a major role in physics
in particular in electromagnetism, general relativity and conformal field the-
ories [4,18]. Maxwell’s equations (in vacuum) are covariant with respect to
the 4D conformal group and in general relativity, twistors constitute an al-
gebraic representation of it [21,25]. Generalizing to the nD case (with an
arbitrary signature), we shall call them conformal groups Conf, (p,q) with
n = p+ ¢. Due to the isomorphism Conf, (p,q) ~ O(p+ 1, ¢+ 1), the confor-
mal groups can be expressed as orthogonal groups and represented in partic-
ular by Clifford algebras Cy42(p + 1,9 + 1) [2]. Various representations (in
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specific dimensions or signatures) exist and are often formulated in terms of
matrices [15,16,22,24]. Though we shall focus on the algebraic properties of
the conformal groups, geometric aspects have been developed in particular
by Hestenes, the Lasenbys, Dorst, Dechant and Hitzer. Adopting the general
method presented in [2], we shall introduce a new algebraic representation in
terms of hyperquaternions. Historically, hyperquaternions are rooted in the
works of Clifford, Lipschitz and Moore [6,17,19,20]. Clifford, applying Grass-
mann’s ideas, introduced his algebras as a tensor product of quaternions and
gave a proof thereof. Lipschitz established the formula of nD Euclidean rota-
tions and thereby rediscovered, independently of Clifford, the (even) Clifford
algebra (composed of products of an even number of generators). Moore was
to call Lipschitz’s algebras “hyperquaternions” and gave a canonical decom-
position of Euclidean rotations which has been extended to pseudo-Euclidean
rotations by the authors [9]. In recent papers, we have applied hyperquater-
nions to express the unitary, unitary symplectic groups and the Poincaré
groups with dual hyperquaternions [7,9,10]. Though dual hyperquaternions
provide a correct representation of the Poincaré groups, the introduction of a
dual element (squaring to zero) might appear as somewhat unnatural. Here,
by adding two dimensions to the initial space, we shall introduce such ele-
ments within the hyperquaternion framework thereby extending the Poincaré
groups to the nD conformal groups. Concerning the isomorphism of hyper-
quaternions with standard Clifford algebras, a modern proof has been given
in [10]. Hyperquaternions yield an intrinsically defined tensor product (with-
out generators), a unique multivector structure (after a generator choice) as
well as simple expressions of the generators. The result is an efficient calculus
with a straightforward implementation. Hyperquaternions might also open
new perspectives of unification. After a few preliminaries, we present the
general framework of nD conformal groups. Then, we discuss the canonical
decomposition and the invariants. As example, the 4D conformal group is
examined and a worked example is provided. Finally, the hyperquaternionic
approach is compared to an operator representation. The Lie algebra of the
nD conformal group and the explicit multivector structure of the 4D case
are given respectively in Appendix A and B. Potential applications include
in particular, conformal geometry, computer graphics and conformal field
theory.

2. Quaternions, Hyperquaternions and Multivectors

Quaternions, constituting the quaternion algebra (H), are a set of four real
numbers [7,9,10,12,13, 23]

a=aj + ai+ asj + ask (2.1)
where the elements i, j, k satisfy the fundamental formula
i =42 =k*=ijk=—1. (2.2)

The quaternion conjugate is a. = a1 — asi — azj — ask with (ab), = be.ac.
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Hyperquaternions are defined as tensor products of quaternions H, H ®
H H®H® ---® H and their subalgebras C, H® C, H® H ® C, etc.. The
tensor product is uniquely defined via formulas such as

(4,4, k)@ 1@ 1=(ij,k), (2.3)
1®(i7j7k)®1:(I7J’K)’
101 (i,4,k) = (,m,n)

where (i,4,k),(I,J, K),(I,m,n) are distinct commuting quaternionic sys-
tems. We shall use the algebra HQH®H in the 4D example. Hyperquaternions
yield all real, complex and quaternionic square matrices via the isomorphism
H® H ~ m(4,R) where m(4,R) stands for real square matrices of degree 4.

Hyperquaternions constitute Clifford algebras C,,(p, ¢), over real num-
bers, having n = p+ ¢ generators e; such that e;e; +eje; =0 (i # j), e? =+1
(p generators) and e? = —1 (g generators) where the generators have a simple
compact form (for example e; = kJ, e = kK, etc.). Products of generators
yield multivectors (Vi) (0 < k < n), such as scalars (Vp), vectors e; (V1),
bivectors e;e; (i < j) (Va), trivectors e;ejer (¢ < j < k) (V) etc.. The prod-
ucts of an even number of e; constitute the subalgebra C'T, the rest of the
algebra is C~. The commutator of two general elements A, B is

[A,B] = (AB — BA) /2. (2.6)

The conjugate A, of a general element A is obtained by replacing the e; by
their opposite —e; and reversing the order of the elements

(AC)C = A7 (AB>C = (BC) (AC) : (27)
The interior and exterior products of two vectors a, b are given by
2a-b=(ab+ba), 2aANb=(ab—ba). (2.8)

More generally, for products between a vector and a multivector 4, = a; A
ag A ---Nay (2 <p<n), one has

2a-A, = [aA,— (1)’ Apd], (2.9)
20NA, = [aA,+ (-1)" Ayd]. (2.10)
Products between multivectors are defined by [5]
Ay ANBy = a1 A(a2A...ANap A By), (2.11)
Ay-By = (a1 A...Nap—1)-(ap- By)
(=)™ By 4y (p<a) (2.12)

For bivectors one has, in particular
BBy =B1-Bs+ By ANBy + [Bl, BQ] (213)
with

BiABy =V, |= (BiBs+ ByBy)| . (2.14)

1
2



4 P.R. Girard, P. Clarysse, R. Pujol, R. Goutte and P. Delachartre

3. Conformal Groups in n Dimensions

We develop here the hyperquaternion conformal groups in n dimensions. The
method consists in embedding the nD space in an (n + 2) D affine space ac-
cording to the method presented in [2]. We start with the general framework,
apply it to the restricted conformal group and then discuss the canonical
decomposition as an extension of Moore’s method and the invariants [9].

3.1. General Framework

To express the conformal group, consider the real hyperquaternion algebra
n
Cy.(p, q) having n = p+ ¢ generators e;, a vector space (E,, ¢ = Y x;e;) and

i=1
the metric

ds* = da® = (dai + -+ dmg) - (dac]zg+1 + dxp+q) (3.1)
Vectors are said to be timelike, spacelike and isotropic if respectively 2

positive, negative or nil. The conformal group of E,, is defined as the group
of transformations x — 2’ such that

ds"”* = \Nz)%ds* (\(z) € R). (3.2)
To obtain the latter, one embeds the algebra C,,(p, ¢) in the algebra Cy,+2(p+
1,q + 1) with two additional generators eg, €41 (6(2) =1, e =— ) . An
affine space is introduced by
2 2
X = (x 2_1)eo+x+ (m ;—1>en+1
= 2?14+ x+¢9 (3.3)

with X2 = 0 and
e = DT Ol - Ontl o, 2 CnHL T e, = OO 2 =e2=0. (3.4)
2 2 2
The nD conformal group of F,, is isomorphic to the orthogonal group O(p +
1,q+1) [2]. The latter can be constructed from orthogonal symmetries with
respect to a plane (going through the origin), perpendicular to a unit vector

u (time or spacelike) and given by

uXu
X' =- o (3.5)
By combining these symmetries, one obtains the formulas
X' =+aXa. (aa.= +1) (3.6)

where a € Cf ,(p+1,q+1) or C,, ,(p+1,¢+1). The n.D conformal group con-
tains the Poincaré group, transversions (also called special conformal trans-
formations) and dilations. The number of parameters equals %2(”“); its
Lie algebra is given in Appendix A.

If p and ¢ are odd, the conformal group, like the Poincaré group, has
four connected components. In all other cases, it has only two connected

components [2, p. 88]. An important physical example of the first type is the
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TABLE 1. Hyperquaternion conformal group (R: rotation,
T: translation, V: transversion, D: dilation; m(z) = (1 +
Kz)(1+ zK))

R T Vv D
a eeiej mQU 6€1P 6521( eeoen+1%
X' (=aXa.) | %61 e, 22e; + o' | 2leie”?
+2' +ex | 42 +e2 | Feam +a’ 4 e0e?
a aza, (r+P) |2+ Kz? |2
ax) 1 1 m(z) e’
_ ! +K —
y(z) = % axa, (x+ P) wm(x"’)” re ¥

TABLE 2. Multiplication rules

€1 €2 €0€n+1
S5 0 7(808"3171) €1
£ _ (eoenéﬂ +1) 0 e
€0€n+1 —&1 €2 1

relativistic space-time (p = 1,q = 3), which we shall develop below. Since
all other connected components can be derived from the restricted conformal
group ConfT|r (orthochronous and of determinant 1) we shall now focus on
the latter below.

3.2. Restricted Conformal Group
The restricted conformal group is defined as

X' =aXa.= X"+ 2" + X" e, (3.7)
with aa. = 1,a € C; ,(p +1,¢ + 1). Writing X’ = a(z)Y with

Y = <y22_1)eo+y(x)+ <y22+1>en+1 (3.8)

where Y2 = 0, one finds a(z) = X! — X0 and obtains the expression of
the conformal transform of z [2]

z’ z’

oz(x) = X/m+1l _ X/O'

Explicitly, the conformal group is constituted by (pseudo-Euclidean) rota-
tions, translations, transversions and dilations as indicated in Table 1 where
X' is obtained via the multiplication rules given in Table 2.

To verify that the above transformations are indeed conformal ones, one
might proceed as follows. Assuming a to be constant (independent of z), one

y(z) = (3.9)
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has
dX' = adXa. = da(z)Y + a(z)dY. (3.10)
Hence,
dX"? = dX? = da? = ds* = a(z)?dY? = a(z)?dy? (3.11)
where we have used Y2 = 0 (and thus YdY +dYY = 0). Finally, one finds
ds? = dy® = LS2 = \(z)%ds? (3.12)
a(z)?
which concludes the verification. The conservation of angles results from
[d (' + )" = A@)? [d (u + v))? (3.13)
yielding
du'.dv' = \z)*du.dv. (3.14)

A standard simple form of nD transversions © — y(z) is derived within the
Clifford algebra C,,(p, q) from

() = 2+ Ko* - 2 (3= + K)
N7 U+ Kn) (1 +2K) (& + K)oz (& + K)

is a scalar commuting with K) and giving

@) ' =2+ K. (3.16)

(where 22

3.3. Canonical Decomposition

Here, we shall apply the canonical decomposition of pseudo-Euclidean rota-
tions given in [9].

Considering the restricted group SO (p+1,q+1) with n =p+q = 2k
(or 2k+1), a rotation within that group can be decomposed into a maximum
of k + 1 orthogonal commuting simple planes B; [9]

$q 2o Pm
a=e2Brez Bz o7 Bm (3.17)

where a simple plane is defined by B; A B; = 0 entailing that B? is a scalar,
B? € {£1,0}. The simple planes B; can be expressed as
B, =M;4+e1 NP4+ NK; +¢e1 NeaD; (318)

with M; € C ,(p+1,q+ 1), and (P, K; € E,, D; € R). The bivector M;
represents the rotation, the vectors P;, K; respectively the translation and
transversion, D; the dilation. Expanding the relation B; A B; = 0, one obtains

0 = M;AM;+2e, AN(M; \NP;)
+2e9 A (M; N K;) + 261 ANeo (DiM; — Py A K;) (3.19)
and thus
M;ANM; = 0, D;M;=P,NK,, (3.20)
M;ANP, = M;NK;=0. (3.21)
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Hence, M; is a simple plane and the vectors P;, K; are coplanar with M, and

anticommute with it (M; P; = —P;M;), and similarly for K;. Developing the
term B? yields

D?

B? = M? + TZ

where P; - K; = % (P;K; + K;.P;) is the interior product of the two vectors.

For B? € {—1,1,0} one has respectively

24 0¥ . P
e 3B = €08 — + B;sin > (3.23)
eTB = cosh7 + B, sinh > (3.24)
®; ®,
eFB = 14 B~ (3.25)

Each component f; = e Bi can be decomposed via the Liouville theorem
and its extension to pseudo-Euclidean spaces by Haantjes [14] into a rotation
(R;), a translation (T}), a transversion (V;) and a dilation (D;) for example
as

fi=RT}V;D; (3.26)
leading for the entire transformation f = fi1fo--- fi, to
[ = (RiTiViDy) (RoT2VaD2) -+ - (R T Vi D)
= (RiRy-- Ry) (ThTy---To) ViV - Vi) (D1 D2 -+ - Dyy)
= RTVD (3.27)

where we have used the commutativity of distinct orthogonal simple planes.
Hence, one obtains a complete decomposition.

3.4. Invariants of the Restricted Conformal Group

The conformal group being isomorphic to O(p + 1, g + 1), the invariants are
those of the latter group. For SO(2m) or SO(2m+1), one has a maximum of
m independent Casimir operators commuting with the bivector B generating
the group [3]. For the restricted conformal group SO*(p + 1,¢q + 1), the
invariants can be obtained via the canonical decomposition presented in [9].
Writing

B=bBy+b:Bs+---+b,B, (328)
where B, are orthogonal commuting simple planes and b; are scalars, one
computes the bivectors

P = B, (3.29)

P, = (BAB)-B, (3.30)

P, = (BABA---AB)-(BABA---AB) (3.31)
m factors m—1 factors

and the scalars

S, =P -P, So=Py- P, Spu=Pp-P, (3.32)
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which commute with B and thus constitute m invariants.

4. Example: 4D Conformal Group

The 4D conformal group is of great importance in physics [4, 18]. We first
introduce the algebra, followed by a worked example with a canonical decom-
position and the construction of the invariants. Finally, the hyperquaternion
representation is compared to an operator representation.

4.1. Algebra
Consider the hyperquaternion algebra H@ H®H [~Cs (2, 4)] having six gen-
erators

eo=kI, e1=kJ, ea=kKl, e3=kKm, es=kKn, es=j (4.1)

and the multivector structure given in Appendix A. The 4D vector space
4

E, = span(ey,...,e4) has the metric (with . = > z;¢;)
i=1

ds* = da? = da? — dak — da? — da?. (4.2)
The restricted conformal group is expressed by

X' =aXa, (aa. =1, a€Cg(2,4)) (4.3)
with X = X% + x + X5e5 (and similarly for X’). The group contains the
following transformations:

e spatial rotations

a:eB

[SIEY

[B*=-1, Be€(,m,n)] (4.4)

boosts

GZGB

S5

[B>=1, Bel,Im,In)] (4.5)

e space-time translations

kI +j
a=eP" =14¢P {PEE;;, €1 = ;37 5%20} (4.6)

e transversions

_J—kI 9
= 2

a=e2F =14 K {KGEAL, €9 5 € :O} (4.7)

dilations

a=e1% (peR) (4.8)
with a total of 15 parameters. A combination of the above transformations
leads to the element f

X'=fXf. (ffe=1, [feCq5(2,4)). (4.9)
The canonical decomposition of f yields at most three orthogonal commuting
simple planes B;

f=ePr TP F B B2 e (41,0} (4.10)
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with B = b1 By + by By 4 b3 B3 the bivector of f and
Bi :Mi+€1pi+€2Ki+€1/\€2Di. (411)
One thus obtains a maximum number of three invariants.

4.2. Worked Example

As worked example, consider a transformation X’ = aXa. generated by a
dilation, followed by a transversion and a rotation such as

- engesg(ka)eeoen+1§ (412)

2 1 1
= “-14+n)+—7[J—-iK)(l-—m)]— —=il(1+n) (4.13
Vo + el -0 € mi - i @
with (tang =1,tanh £ = %) and the bivector B generating the transforma-
tion ) )

B:n—iil—l—i(J—iK)(l—m). (4.14)

Applying the canonical decomposition presented in [9], one finds

_ B1Y B, %2

a=e 2 e 2 (415)

where By, By are two commuting orthogonal simple planes

1
B, = TO(J—Z'K) (3l —m), (4.16)
1
B, = fE(inK) (I+3m) (4.17)
with B? = —1,B2 =1 (tan % = 1, tanh % = %) . To obtain the invariants,
one computes, as indicated above, the quantities
P = B, (4.18)
1 1
P; = (BABAB)-(BAB)=0 (4.20)
and the scalars
3

51:P1’P1:717

yielding the two conformal invariants S, Ss.

So=P, -P=—-1, S3=P;-P,=0 (421

4.3. Other Representation

Above, we have given an algebraic representation of the nD conformal groups.
Other representations exist in particular in terms of operators with the cor-
respondence [2, p. 135]
e rotations: e;e; — xi% — 13%,
J 2
e translations: (eg + €,41) €; — % ,

o)

e transversions: (e,4+1 — €g) €; — x2% — 22k 2

awk7

e dilations: egen41 — xi% :
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Both representations lead to the same Lie algebra, given in Appendix
A. Operators are used in quantum mechanics and quantum field theories [1].
Physical applications of conformal groups include in particular electromag-
netism, general relativity and conformal field theory [4,18].

5. Conclusion

In this paper, we have developed a new algebraic representation of confor-
mal groups in n dimensions in terms of hyperquaternions. The representation
is distinct from matrix ones and gives simple expressions of the generators.
After the general formalism, the canonical decomposition and the invariants
have been discussed. As concrete example, the 4D relativistic case has been
detailed together with a worked example. Finally, the representation has been
compared to an operator representation. It is hoped that the hyperquater-
nionic approach might advance the understanding of the algebraic structure
of conformal groups, provide an efficient operational calculus and open new
unification perspectives. Potential applications include in particular, confor-
mal geometry, computer graphics and conformal field theory.
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Appendix A. Lie Algebra of the nD-Conformal Group

Consider an nD space embedded in an n + 2 hyperquaternion algebra with
the generators eg, €1, ..., ey, en+1. The Lie generators of the rotations, trans-
lations, transversions and dilations of the restricted conformal group are re-
spectively

1
Mij = geie; (1<ij<ni#j), (A.1)
po= (M) e, K= (w) €i, (A.2)
2 2
D = 2 (A3)

2
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One derives easily the following Lie commutators [A, B] = AB — BA, with
nij = (eie; + eje;) /2.

[Mij, Ml = mje M+ ni Mk —nj0 Mk — nie My, (A.4)
[Mijvpk] = 0P —nix Pj, [Miijk] =0k —niw K, (AD)
[Ki, P]] = 2’]7,‘]‘D + Mij7 [D,Pl] = _Pi [D,Kl} = Kl (A7)

Appendix B. Multivector structure of H ® H ® H

A general hyperquaternion A is a set of 64 terms which can be grouped into
a set of 16 quaternions [g;] = a; + b;l + ¢;m + d;n with respect to the sets
ijk/IJK/lmn

A = [q1] +I[ge] + J[g3] + K [q4]
+i [gs) + i1 [g6] + iJ [q7] + i K [gs]
+3j [ao] + 31 [quo) + 77 [qu1] + 5 K [q12]

+k [qu3] + kI [qua] + kJ [q15] + kK [q16] (B.1)

yielding a multiplication table which can be implemented (algebraically or
numerically) on Mathematica using its quaternion product [g;] * * [¢;]. The
complete multivector structure is given below, where eg123 = egejeqes, etce..

A Mathematica notebook, concerning H® H® C is provided in [8].
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