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ON A PROJECTION ESTIMATOR OF THE REGRESSION FUNCTION
DERIVATIVE

FABIENNE COMTE* AND NICOLAS MARIE'

ABSTRACT. In this paper, we study the estimation of the derivative of a regression function in a standard
univariate regression model. The estimators are defined either by derivating nonparametric least-squares
estimators of the regression function or by estimating the projection of the derivative. We prove two
simple risk bounds allowing to compare our estimators. More elaborate bounds under a stability as-
sumption are then provided. Bases and spaces on which we can illustrate our assumptions and first
results are both of compact or non compact type, and we discuss the rates reached by our estimators.
They turn out to be optimal in the compact case. Lastly, we propose a model selection procedure and
prove the associated risk bound. To consider bases with a non compact support makes the problem
difficult.

AMS 2020 classification: 62G07 ; 62G07.
Keywords: Adaptive procedure - Derivative estimation - Non compact support - Nonparametric
regression - Optimal rates - Projection method

1. MOTIVATION AND BIBLIOGRAPHICAL ELEMENTS

In this paper, we consider the random design regression model
(]-) K:b(XZ)_'—ElaZE{laan}:n}ly

where b(.) is the unknown continuously derivable regression function, X7, ..., X,, are independent and
identically distributed (i.i.d.) random variables with density f with respect to Lebesgue’s measure, and
the errors €1,...,&, are ii.d, unobserved, centered with variance 02, and independent of the X;’s. The
observations are (X;,Y;)1<i<n, and we assume that b is regular enough to admit a derivative. We are
interested in nonparametric estimation of the derivative b’ of b, on a compact or a non-compact support.

The question of nonparametric estimation of derivatives is not new and is studied in different contexts,
such as density estimation or white noise model (see Efromovich [18]), and not only in regression. In-
deed, there can be a lot of reasons for wishing to estimate not only a function but also its derivative,
which may be of intrinsic interest as measure of slope for instance. Recently, Bercu et al. [4] studied
this question in the concrete application setting of sea shores water quality. Precisely, they propose an
estimator defined as the derivative of the well-known Nadaraya-Watson estimator. Dai et al. [16] also
mention applications to the modeling of human growth data (Ramsay and Silverman [28]) or to Raman
spectra of bulk materials (Charnigo et al. [6]).

Derivatives of a rate optimal estimate of the regression function are proved to be rate optimal estimates
of the corresponding derivatives, see Stone [31, 32], who establishes optimal rates for local polynomial
weighted estimators on a compact set. See also a discussion on the topic in Rice and Rosenblatt [29], for
a fixed design model.

Nonparametric estimation of the regression function derivative has been studied following different meth-
ods, relying on local polynomial regression, regression by smoothing splines, or difference quotients. We
emphasize that the strategy for fixed design context where x; = i/n rely on dedicated methods. Indeed,
differences Y; — Y;_; bring information on &', which is not the case for random design on non compact
support. In local polynomial regression, the derivative can be estimated by the coefficient of the derivative
of the local polynomial regression fitted at given point z, as summarized in Tysbakov [34], Chapter 1.
Stone [32] showed that derivative estimation with splines can achieve the optimal L2-rate of convergence
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2 FABIENNE COMTE* AND NICOLAS MARIET

(proved in Stone [31]) under mild assumptions. Further asymptotic properties are obtained by Zhou and
Wolfe [36], mainly in the fixed design setting on compact support: they rely on splines estimators, arguing
that they avoid boundary problems of kernel estimators. Note that extensions to functional regressors
have been conducted (see Hall et al. [22]).

The smoothing parameter selection problem remained unanswered in the first papers. For kernel strate-
gies, the bandwidth choice for the derivative estimator (based on a factor rule) is discussed in Fan and
Gijbels [20], but not studied from theoretical point of view. Liu and Brabanter [25] propose a methodol-
ogy which generalizes the difference quotient based estimator of the first order derivative to the random
design setting, when X follows a uniform distribution on [0, 1]. They also discuss bandwidth selection in
their setting. Lastly, we mention that an adaptive method in wavelet basis is studied in Chesneau [7],
but it involves an estimate of f. As a consequence, the rate of estimation depends on the regularity of
this function, which we want to avoid.

In the present work, we consider a projection method and propose an estimator as a finite develop-
ment in an orthonormal IL? basis with m coefficients. We start from the least-square estimator studied by
Baraud for the fixed design model in [2] and the random design model in [3]. These last results have been
extended to non compact support by Comte and Genon-Catalot [11]. We show that two strategies can
be considered to deduce from this an estimator of b'(.), which do not coincide in general. We prove risk
bounds for both strategies, and to our knowledge, these are the first results allowing for non compactly
supported bases and estimators. In the case of a trigonometric basis and compact support estimation,
we recover the optimal rates given in Stone [31] under light assumptions. We also obtain specific rates
in the non compact Hermite basis setting. Lastly, we propose a model selection strategy relying on a
Goldenschluger and Lepski [21] method and prove a risk bound for the final estimator: this result holds
for sub-gaussian (bounded or gaussian) errors and allows to reach automatically the optimal rate on
regularity spaces, without requiring the knowledge of the regularity of b. We discuss our assumptions,
which remain rather weak.

The plan of the paper is the following. We define our notation and estimators in Section 2. In Sec-
tion 3, we present our assumptions and prove two simple risk bounds allowing to compare our estimators.
More elaborate bounds under a stability assumption (see Cohen et al. [8, 9]) are also provided. Bases
and spaces on which we can illustrate our assumptions and first results are described in Section 4. They
are both of compact or non compact type, and we discuss the rates reached by our estimators. They are
the optimal ones in the compact case. Section 5 is dedicated to the adaptive procedure: we prove a risk
bound and deduce corollaries about adaptive rates. The possibility of non compact support makes the
problem difficult, and even if the estimator seems to follow a standard Goldenshluger and Lepski [21]
scheme, the proofs are delicate, due to an additional bias term. A short numerical study shows that the
collection of estimators contains relevant proposals and suggests a simpler practical strategy.

2. ESTIMATORS AND ASSUMPTIONS

2.1. Definition of the estimators. Let B = (¢;);en fo} be a Hilbert basis of L*(I, dz) with I € B(R).
For the sake of readability, for every j € N\{0}, the function x € R — ¢;(z)1;(z) is also denoted by
;. The following mean squares estimator of by = b1y, which is studied in Baraud [3] and in Comte and
Genon-Catalot [11], is defined by

bm(@) =3 Onlis(@) s 0 €1,

where m € N\{0},

m

1~ -~
Bl =61 (X,Y):=-U_'d*Y,
n
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M* denotes the transpose of M, Y = (Yi, .. .,Yn)*, X = (Xl, e 7Xn>*7 (/I\)m = (ij(Xi))lgigmlgjgm
and

1~

W =~ 87,8 = (95 @r)n)1<s b

with
(ot 1= 3 (X(X0)

for every ¢, : R — R. The map (p,%) — {p, 1), is the empirical scalar product, and the associated
norm is denoted by |||, in the sequel. The theoretical analogous on L2(R, f(z)dx) is

www—w%ww:ﬁw@¢@ﬂaw,

and the associated norm is denoted by ||.||s. The reader can refer to Baraud [2, 3], Cohen et al. [8, 9],
and Comte and Genon-Catalot [11] for risk bounds on b, and an adaptive estimator.

On the one hand, a natural estimator of b/ is
(2) Bl (a) = Y L) @)
with m € N\{0}. Obviously,
(Bt (X1), o b (X)) = @00, = =), 0,125, Y

with &J;n := (¢}(X;))i,j- This requires to choose a regular basis. Note that, contrary to what may occur
for the density estimator, this way is simpler than derivating the Nadaraya-Watson kernel based estimator
as done in Bercu et al. [4]. Indeed, the latter involves the derivative of a quotient of two functions.

On the other hand, when (by;)(inf(I)) = (bwj)(sup(l)) for every j € {1,...,m}, (t',¢;) = —(b,¢})
and the orthogonal projection (b'),, of b’ on Sy, := span{e1,...,¢m} in L2(I,dz) satisfies

m

()m(z) = = (b0, ¢)e; ().

Jj=1

Several of the basis we have in mind are such that the derivative of ¢; can be expressed as a fi-
nite linear combination of the other ¢j’s. Thus, if there exists Ay, mip € My mtp(R) such that
®, = Oy pA;, 4y, One can consider a projection estimator of the derivative instead of derivating
the projection estimator of b:

(3) b{mQ Z m ]‘PJ

j=1
with
1 — *
é?n = _EAmym“!‘P\I/m-i-p‘I)m-i-pY
Obviously,
7 7 * 1~ - *
(b;f (Xl)v RS b;;? (Xn)) = _E(I)m+pAm7m+P\Ijm+pq)m+pY

We shall see in this paper that the two strategies are different and we will provide risk bounds that allow
to compare the two methods.
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2.2. Notations and elementary properties:

e The operator norm of a matrix M is defined by [[M||Z, := Amax(MM*), where we recall that
M* is the transpose of M and Ayax(MM™) is the largest eigenvalue of the square matrix MM*,
which are nonnegative. Note that for a square, symmetric and nonnegative matrix A, ||A|lop =
Amax(A). Note also that if A and B are two matrices such that AB and BA are well defined,
then Apax(AB) = Amax(BA). Finally, note that if A and B are two square, symmetric and
nonnegative matrices, then Tr(AB) < ||AllopTr(B) = Amax(A)Tr(B).

e The Frobenius norm of a matrix M is defined by

|M||% := Tr(MM*) = Tr(M*M).

e The natural scalar product on L?(I, f(z)dz), also called f-weighted scalar product, is denoted
by (.,.)f, and the associated norm by ||.||.

e For every ¢ € L?(I,dx), its orthogonal projection on S,, = {®1,...,@m} in L?(I,dz) is denoted
by ¢

3. RISK BOUNDS

3.1. Preliminary rough risk bounds on B;nl and Bjnz In the sequel, we assume that b’ exists and is
square integrable on I, and that the density function f fulfills the following assumption.

Assumption 3.1. The density function f is bounded on I.
First, we provide the following rough but general risk bound on g’ml

Proposition 3.2. Under Assumption 3.1,

~

E (1B = I2] < 31flloo inf llt= b2 +3E [ 8, (85,8m) 7B, 12, b = bmll3] + 3185, — )ml}
2
o D \V-L(H \*&H/
+ZE {Tr ((<I>m<1>m) (@) %)}7

where by, is the 1L2(I,dx)-orthogonal projection of b on S, and b, is its derivative, while (b'),, is the
IL2(I, dz)-orthogonal projection of b’ on S,,.

Let us comment the four terms in the previous bound:

(1) The first term is the bias term we could expect. It can be evaluated on regularity spaces. Without
Assumption 3.1, this terms can be replaced by infics, ||t — b’||?p.

(2) The second term involves the bias related to b, which would be negligible compared to the previous
one; but it is multiplied by a coefficient which has an order depending on m and will at least
compensate the improvement.

(3) The third term can be evaluated in the different bases: the procedure makes sense if the derivative
of the projection and the projection of the derivative are close, for fixed m. Under Assumption
3.1, it is less than 3| f| |6}, — (')m||?, null in trigonometric spaces with odd dimensions, and
of order less or equal than the first term in Laguerre or Hermite bases (see Proposition 4.1).

(4) The last term is the variance term, and it is established in Proposition 3.3 that it increases with
m as expected.

Proposition 3.3. The map m — E [Tr ((C/Isjn&\)m)’l(@n)*&);n)] is increasing.

To sum up, we will have to make a compromise between decreasing bias term (1) and increasing
variance term (4), with the specific difficulty related to nuisance terms (2) and (3).

Now, we turn to the estimator Zﬁf and assume that there exists p € N such that ¢, ..., @, fulfill the
following assumption:

Assumption 3.4 (m,p). For every j € {1,...,m}, ¢} € Sj1p-
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Note that Assumption 3.4(m,p) implies that there exists A, mitp € Moy m4p(R) such that

(4) C/I\);n = (/ﬁerpA*

m,m+p-

Trigonometric, Laguerre, Hermite and Legendre bases satisfy Assumption 3.4(m, p), see Section 4. More
precisely, we have p = 0 for the Laguerre and Legendre bases and A,, ,, is a lower triangular square
matrix. We have p = 1 for Hermite and trigonometric bases with A, ,4+1(j, k) = 0 for k > j+ p. For the
trigonometric basis with an odd dimension, we can keep a square link A, ,,, with a null first line followed

by diagonal 2 x 2 blocks of type
0 —2mj
25 0 '

Assume that b and ¢4, ..., @, fulfill also the following assumption.
Assumption 3.5 (m). For every j € {1,...,m},

b(a)pj(a) = b(@)p;(a),
where a := inf(I) and @ := sup(I).

Note that, for instance, Assumption 3.5(m) holds for every m € N when b(a) = b(g) = 0. Under this
additional condition, by the integration by parts formula,

(5) (', 05) = —(b,gj) 1 Vi€ {L,...,m}.
So,
(6) (b/)m(X) = Z<b7 50;'><pj (X) = _EI\)mAm,m-‘rp (<b7 <Pj>)1<j<m+p )

which legitimates the definition (3) of the alternative estimator 3;,? of /. Let us establish a risk bound
for this estimator.

Proposition 3.6. Under Assumptions 3.1, 3.4(m,p) and 3.5(m),

E (182 = 01| < 20flloe inf 11t= b2 +2E [ B A By Brne) " B2 16— b2

~

+%2E [Tr ((‘i’fnﬂa&’mﬂ))_1A;,m+pq):n§)mAm’m+p)} '

Note that for p = 0, this bound is almost the same as in Proposition 3.2, except that the undesirable
term [|b],, — (0')m||7 no longer appears. The counterpart is that the result of Proposition 3.6 requires the
additional Assumptions 3.4 and 3.5. Thanks to Proposition 4.1 (see Section 4 for details):

o In the specific case of the trigonometric basis, the additional term ||b],, — (b’)m||?c in the bound of
Proposition 3.2 is null, and the first estimator requires less assumptions, so the first strategy is
better.

e In the case of the Hermite basis, Assumption 3.4(m,p), p = 1 and Assumption 3.5(m) are
automatically fulfilled, so the second strategy is probably better.

e In the Laguerre basis, Assumption 3.5(m) is satisfied for all m if 5(0) = 0. If this holds, it follows
from Proposition 4.1 (iii) that both strategies give the same rate.

e In the case of the Legendre basis, the additional term ||b], — (b')mH? is likely to be large, so the
second strategy should be preferred.

3.2. Elaborate risk bounds on ;! and ;2. First of all, under Assumption 3.1, let us consider

U = E(Wn) = (95, 00) ) k-

Assume also that it fulfills the following assumption called "stability assumption" by Cohen et al. [8].
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Assumption 3.7 (m). The matriz V., satisfies

n
log(n)’

S(m) i=sup Y p;(@)? < oo and  Lm) (T, [lop v 1) <
j=1

| e

where ¢ = (3log(3/2) — 1)/9.

Since the ¢;’s doesn’t depend on m, the S,,’s are nested spaces. Thus, since m — £(m) and m — || U, 1[op
are increasing, if there exists mo € N\{0} such that Assumption 3.7(mg) is fulfilled, then Assumption
3.7(m) is fulfilled for every m < my.

Now, consider the truncated estimators

1l 712 . 71,2
bm = bm ]-Am+p and bm = bm ]-Am+p7

where

Ay = {ﬂ(m)(ll‘fffnlop Vi< clogrzn) } '

Then, let us establish elaborate risk bounds on ;! and b/:2.

Proposition 3.8. Under Assumptions 3.1, 8.4(m,p) and 3.7(m+p), if E[V(X1)?] < 0o and E(Y}') < o,
then

~ 202
. 1 1
B [[B5 — VI2] < 3l if 1= 012 + ONALL 1210 = bl + 3%, — ()3 + = AL 13

2en /2
Amm 2 E Y4 1/2 3E V(X 4\1/2 8.1
+ lOg(TL) || ) +P||op ( 1 ) + ( ( 1) ) nd
with A,f,fmﬂ, = \I/}qﬁpA;‘n’erp\I/;,l/z and Ay, mip s defined in (4).

Proposition 3.9. Under Assumptions 3.1, 3.4(m,p), 3.5(m) and 3.7(m + p), if E[b'(X1)%] < oo and
E(Y}}) < oo, then

~ 202
; )2 ,2
B (62 = VI2] < 20l inf l1t= 012+ 61A%% 1210 — bnopllF + == A2, 1

g(’n‘) e n4
wzth Am m+p T ‘I‘m /p Am m p\IJn'{ and Am m+p 1S deﬁned mn (4)

The coeflicients involved in the bounds given in Propositions 3.8 and 3.9 are the theoretical ones instead
of the empirical in Propositions 3.2 and 3.6. They will allow us to evaluate rates of convergence for the
estimator, provided that the basis is specified.

4. BASES EXAMPLES AND EXPLICIT RISK BOUNDS

4.1. Examples of bases. First of all, let us provide four usual bases which can be considered because
the ¢;’s are derivable:
e The trigonometric basis: Defined on I = [0,1] by #;(x) := 1, t2;(z) := V2cos(2mjz) and
taj+1(z) == V2sin(27jx) for j = 1,...,p with m = 2p + 1. Thus, £(m) = m for (p;)1<j<m =
() 1<j<m-
e The Laguerre basis: Defined on I = R, via Laguerre’s polynomials L;, j > 0, by

k

0(2) = VaL (20)e " with Li(x) =3 <£)(1)k7€!.
k=0
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It satisfies (¢;,¢x) = 0 ; (see Abramowitz and Stegun [1], 22.2.13), where d, ; is the Kronecker
symbol. Then, (¢;);>¢ is an orthonormal family of L?(R) such that £;(0) = v/2 and

1€l = sup |£;(x)] = V2.
rER

Thus, £(m) = 2m for (¢;j)1<i<m = ({j—1)1<j<m- The s satisfy the following recursive formula
(see Lemma 8.1 in Comte and Genon-Catalot [12]):

j—1
lh=—Lly and (j=—0;—2 fforj>1
k=0

The Hermite basis: Defined on I = R, via Hermite’s polynomials H;, j > 0, by
. _‘/E2
hi(x) = cn(§)H;(x)e ™ /2
with

s dJ g2 . . _
P (e) and () = (gAY

The family (H;);>o is orthogonal for the e =

Hj(z) := (=1)e
-weighted scalar product:
/ Hj(2) Hy(x)e™ da = 20 j1/m85, = ¢ (5)0;x
(see Abramowitz and Stegun [1], 22.2.14). Moreover,
1Pilloc = sup [ (z)] < ¢o - with o = L
zTE

(see Abramowitz and Stegun [1], 22.14.17 and Indritz [23]). Thus, £(m) < 7~'/?m, but it is
proved in [13] that there exists K > 0 such that

sup hi( K+y/m.

a:ER Z

Therefore, we set £(m) = K+/m for (p;)1<j<m = (hj—1)1<j<m- The h}’s also satisfy a recursive
formula (see Comte and Genon-Catalot [12], Equation (52) in Section 8.2):

1 1 - - .
h(/) = —Ehl and h; = ﬁ(\/;hjfl —\J] + 1hj+1) for Vi 2 1

The Legendre basis: Defined on I = [—1, 1], via Legendre polynomials G;, j > 0, by

2 +1 1 &

0,(2) == \[F5=Gy0) with Gy(a) = g 5167~ 1))

As

/G )G (z)da 2+15]k,

the family (g;);>0 is an orthonormal family of L2([—1,1]). For example, go(z) = 1/v2, g1(x) =
V/3/2x, ga(x) = 1/24/5/2(32% — 1), etc. Note that they are easy to compute numerically thanks
to the recursive formula

gu(2) = ~ (20~ zgn-1(2) — (2~ Dgn ()]

(see Formula 2.6.2 in [19]). Moreover,

m—1

, which gives Z gi(z)?* <
7=0 3=0

25 +1

195llc0 <
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and £(m) = m?/2 (see also Cohen et al. [8]) for (¢;)1<j<m = (9j-1)1<j<m- The g}’s also satisfy
a recursive formula:

d [n/2]

SOt = V2n+3 kz_o 2(n — 2k) + 1gn—_ox(z),

which can be written

(9) Gap41 () = /A0 +3 Zv4k+ Lg2k(2),  Ghpyn(@ \/4p+52\/4k+392k+1( )-

k=0 k=0

Under Assumption 3.5(m), thanks to Equality (5) and to the recursive formulas available for each basis
described above, we are able to compare the derivative o], of by, to the derivative of the projection ('),
of V' as follow:
Proposition 4.1. Under Assumption 3.5(m):

(i) If I =1[0,1] and @; = t; (the trigonometric basis with an odd m), then ||b),, — (V'),||? = 0.

(i) If I =R and p; = hj_1 (the Hermite basis), then

18 = )nll? = 5 (0, 1) + (b, o)),
(iii) If I =Ry and ¢; = {;_1 (the Laguerre basis), then

m—1 2
157, = (6)im|* = 4 (Z (b, €k>> :

k=0
If in addition b(0) = 0, then
2
165, = () l* = 4m [ Y (b, )
k>m
(iv) If I =[-1,1], ¢; = gj—1 (the Legendre basis) and m = 2p, then

2

167 — ()mll® = 3 (Z VAk +3(b, g2k+1>> (4p—1) (Z Vak + 1(b 92k>>
k=0

k=0
2
p—1 p—1 J
D VA +3D VAR +3(b, gaega) + VA 1Y VAE+ 3(b, gars1)
j=0 k=3 k=0

2

p—2
+> [ V4i+5 Z VAk 4 1(b, gag) +\/4]+QZ\/4k+1bgzk>
=0

k=j+1

This implies that there exists a deterministic constant ¢4.1 > 0, not depending on m and n, such
that ||b), — (V) ||? < caam®.

m

The cases are ordered from the simplest (the trigonometric one) to the most complicated (Legendre case
for an even m).

4.2. Explicit risk bound for the trigonometric basis. As the trigonometric basis has compact
support, say I, we estimate in fact b := bl; and we can assume that f(z) > fo > 0 for every x € I.
Moreover, we assume that f is bounded (Assumption 3.1). We set I = [0, 1] for simplicity and assume that
b(0) = b(1) (which ensures Assumption 3.5(m) for all m). Then, by considering models with an odd m,
Assumption 3.4(m, p) is fulfilled for all m and p = 0. Moreover, we know from [11] that || ¥, |lop < 1/ fo-
Then, we get

MWl

||Op fO ’

Lm)=m, || Apmlle, <7*m?, A

=||Aaf2

mmHop
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and

1
1ALl = 1AL < —m?.
Jo
The last bound comes from the following inequalities

||A ||F = Tr[\D;mlA:@,mqijm77n] < H\Ij;n1||0pTr[A* \IlmAm,m] = ||\1117n1||0101E Tr(Afn,m@mAm,m)}

m,m
1 n m-—1
10) = 0 ol [Te(@ (1,)%)] = 0 o | D23 (X0
i=1 j=0
m2 . n m-—1 5 ) m3
< T o | D YD A X) | = me o <
n i=1 j=0 f

using that for p; =t;, ¢} = £2mjp;11. So, the risk bound on Zﬁf established at Proposition 3.9 becomes

6 202
w2l = b ) + 2 4 2

11 E~/’2—/2 <2 inf 2
() 152 = 012] < 20 (g e - 012 + e

with ¢; > 0 and odd m. Since p = 0 and b, = (V') for the trigonometric basis, the risk bound on E;nl
established at Proposition 3.8 is the same up to a multiplicative constant.

Now, let us evaluate the rate of convergence of the estimator for b in some regularity space and well
chosen m. Let 8 be a positive integer, L > 0 and define

WP (3, L) := {g € C?([0,1];R) : g*~V is absolutely continuous,
/01 ¢ (2)2dx < L? and ¢V (0) = g (1), Vj =0,...,8—1}.
We obtain the following result:
Corollary 4.2. Consider the estimator 3;,12 computed in the trigonometric basis on I = [0,1] with 0 <

fo < (@) < | fllee < 00, BB/ (X1)*] < 00 and E(Y{) < co. If b€ WP (3, L) with § > 1, b(0) = b(1) and
Mopt = n'/ A+ | then

E (102, = VI2] < (LB, 1 s fo, o)n 2P~/ @040,
Proof. By Proposition 1.14 of [34], a function f € WP (8, L) admits a development
f= Zﬂjcp] such that 292 2 < (L),
720

where 7; = j# for even j, 7; = (j — 1)? for odd j, and C(L) := L?>7~2f. Moreover, if b belongs to a the
Sobolev ellipsoid WPe' (3, L) with 8 > 1, then ¥’ € WP (5 — 1,27 L). So,

b= bm[|* < ¢(L, Bym ™" and b — ()n* < e(L, Bym =270

Therefore, plugging m = mep, = n/(26+1 in (11) gives the result of Corollary 4.2. Indeed, Proposition
3.9 applies because the required conditions are automatically satisfied by the trigonometric basis. O

Note that we obtain the optimal rate for estimating the derivative of a regression function (see Stone
[32]). It coincides also with the rate of estimation for the derivative of a density (see Tsybakov [34],
Efromovich [18, 19], recently Lepski [24] on general Nikolski’s spaces, or Comte et al. [10]).
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4.3. Explicit risk bound for Hermite basis. Consider s, D > 0 and the Sobolev-Hermite ball of
regularity s

(12) Wi(D) =410 €L?R): > kai(d) <D,
k>0

where a3 (0) = (0, hi). In the Hermite case, the following bounds hold:
£m) = Kvm,  [[Ammillay <2my 1AL 112 = 1855115 < 20/l ¥k lopm

and
1
AL E = 1AL2 L 1F < 2K )WY flop(m + 1)3/2.

The last bound is obtained by following the line of the trigonometric case above, up to (10), using next
formula (8) for the derivative of the basis functions.

In this context, it is proved in [11] that ||¥,!||op is increasing with m. Therefore, we can state the
following result.

Corollary 4.3. Consider the estimator 3;,3 computed in the Hermite basis on I = R under Assumptions
8.1 and 3.7(m + 1). Assume also that b' is square integrable, E[V'(X1)*] < oo and E(Y]) < oco. If
U op < m? for all m, and if b € W5, (D) with s > 14, then by choosing mep = n'/+t1/2) yields
EIB:2,, = VIE] < e(Dys, [ flloe, o201/,

The rate is deteriorated compared to n~=2(5=1/(2s+1) " which is the optimal rate of estimation for the
derivative of a density in a similar non compact setting (see bounds (15) and (16) in [10]). However, we
are in the framework of an inverse problem, due both to the derivative aspect and to the non compact
support feature of the basis. Moreover, we believe that the deterioration is unavoidable and is due to the
term || ¥, op in the variance. Indeed, a simplification occurs when estimating b, which does not when
looking for /.

Proof. The following Lemma (Lemma 2.2 in Comte et al. [10]) gives a relationship between the regularity
of @ € W} (D) and the regularity of its derivative.

Lemma 4.4. Consider s > 1 and D > 0. If 0 € W} (D) admits a square integrable derivative, then there
exists a constant D' = C(D) > D such that 0/ € Wi *(D’).

By Lemma 4.4, if b € W (D), then ||b—b,,[|> < Dm=%, ||t — (V)] < C(D)m~5*1, and the risk bound

on RWQ established at Proposition 3.9 becomes

B (1752 = V2] < 207l (gl = V1P + 611 gl - bm+1||2)

4KO’ C1
k% +1||0p(m + 1)3/2 +
(s— s 4Ko? ¢
(13) D f loolm™ =D 4 4 lopm(m + 1) ]+T|\‘Ifml+1llop(m+1)3/2+
with ¢; > 0. Thus, if |¥,!||op = O(m?), for s > v+ 1, the estimator is consistent, and to plug the choice
m = mep; = n'/5T1/2) in (13) gives the result of Corollary 4.3. O

4.4. Explicit risk bound for Legendre basis. By Proposition 2.6.1 in [19] (see also [17], Section 7.6),
it is known that if b € C"([-1,1];R) (r > 1) and if there exists o € (0, 1] such that

O () — b (s)| < QIt — s|* 3 Vs, t € [-1,1],
then there exists ¢ > 0 such that

b — b > < em ™20t and 10" — (V) m* < em~2(r=1+a)
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The space of regularity 5 = r + « considered above will be called Holder space and denoted by H(53, Q).

By Proposition 4.1, we can see that the first estimator may not be consistent as ||(b,,)" — (b'),]|*> may
not tend to zero. However, Formula (9) shows that the Legendre basis satisfies Assumption 3.4(m,p)
with p = 0 and triangular matrix A, ,, with null diagonal. As the basis is compactly supported, we can
proceed as in the case of the trigonometric basis, assuming I = [—1,1], 0 < fo < f(z) < || f|loc < 00 for
every z € I, and b(—1) = b(1) = 0. Then,

m? f
£m) = T (Bl ety AL, = 1AF205, < L0t

and .
5
—m°.
fo
As a consequence, for b € H(B,Q) with 8 > 2 and b(—1) = b(1) = 0, Proposition 3.9 implies that if

Mept = n'/ 24+ then

1AL = (AL <

152 — V] < (@2 [l for 220D/ 2341),

We mention this rate, but it is sub-optimal in the compact support case, specifically in comparison with
the trigonometric basis.

5. A GOLDENSHLUGER-LEPSKI TYPE ADAPTIVE ESTIMATOR

The choice of the adequate m is crucial to reach the best order for the quadratic risk. However, this
choice depends on unknown quantities, such as the order of regularity of the unknown function. This is
why it is important to propose a way to select this dimension from the data. The problem is difficult,
especially if we intend to bound the risk of the associated adaptive estimator. Penalty based model
selection often rely on a contrast minimization, which seems not possible here. This is why we propose
a Goldenshluger-Lepski type strategy, described in [21] for kernel estimators, and extended to dimension
selection in Chagny [5].

More precisely, consider the random collection

o | 5o e _n_
M,, = {m €{1l,....n}: &m+p) (1,4, ll5, V1) < alog(”)}

where 0 > 0 is a constant depending on | ]| (see the proof of Theorem 5.2), and the random penalty

~ 0'2m o 1, e
V(m) = ——= (25, Pm) " (7,) 7 lop-

n

This section deals with the adaptive estimator Y= E:/n\l , where

m = arg min {A(m) + nlﬁ(m)}

meM,,
with
A(m) := sup {||i)\;nl/\m, —3’7;11, 2 - mgﬁ(m')} and ko < K1.
m/EJ\qn +
Consider

—1 2 0 n
= : <= — ,
Mui={me (1ecein s S+ I3, v ) < 3 2

the theoretical counterpart of M\n, and M, with the same definition as M,, but with 9/4 replaced by
40. The maximal element of M, is denoted by M, . Finally, let

02m fi1 2
7” m,m+p||op

V(m) :=

be the theoretical version of V(m).
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Lemma 5.1. The map m — V (m) is increasing.

Theorem 5.2. Let Assumption 3.1 be fulfilled. Let also Assumption 3.7(m + p) be fulfilled for every
m € M,,. Moreover, assume that there exists x > 0 such that E(exp(ke?)) < oo, that

(m)
(14) sup [exp(—aim) + exp(—ag/£(m))] p < o0 ; Vai,Vas >0
nEN\{O} log mzq £(m)
with
m—1
& (m) :=sup »_ ¢(x)?,

el =0
and that there ezists ¢ € N\{0} such that
15 sup < 00.
(15) nenfo} | n4/? log mz@ £(m

Then, there exists a constant c5.o > 0, not depending on n, such that

E([V' —VlI7) < es.2 inf {]E(Ilbi;z1 —V12) + mV(m) + AL 12,10 — b7

+ s {IAL by = bl Db = b 12}

m/'EMLm! >m

9 C5.2
+5lflle  sup b =] |2} -
m/'eME m/ >m n

Conditions (14) and (15) are fulfilled by all the bases we mentioned (trigonometric, Laguerre, Hermite,
Legendre) because £(m) and £'(m) have the order of powers of m. The condition on ¢; is fulfilled by
Gaussian random variables for any x < 1/(202), and by random variables with a compactly supported
distribution. The quantity

inf (O —012) + mV(m) + 1A% 1216 bullF}

me

has the order of the minimum risk over the estimators of the collection in this problem. The three
additional terms are due to the bound on the bias term

E ( sup [[Ex (F;hm) — Ex (¥, >||2>
m'eM,,

Concretely, Theorem 5.2 can be applied to one of our specific bases. Indeed, for the trigonometric case,

we get the following result.

Corollary 5.3. Consider the estimator % computed in the trigonometric basis on I = [0,1] with 0 <
fo < f(@) < ||flloo < 00 under Assumption 3.7(m). Moreover, assume that there exists x > 0 such that
E(exp(ke?)) < oo and that b is square-integrable on I. If b € WP (B3, L) with 8 > 1, then

E([b = ¥[12) < e(fo, |fllow, Lyn =210/ GAF),

Therefore, our adaptive estimator automatically reaches the optimal rate, up to a multiplicative constant,
in the compactly supported setting associated to the trigonometric basis. For the Hermite case, we obtain
the following bound.

Corollary 5.4. Consider the estimator v computed in the Hermite basis on I = R under Assumptions
3.1 and 3.7(m + 1). Assume also that V' is square integrable on I, E[b'(X1)%] < oo and that there exists
k > 0 such that E(exp(ke?)) < oo. If ¥  op S m? for every m € {1,...,n}, and if b € W}, (D) with
s> 2v+9/4, then

(6 = ¥[2) < (D, s, || flloc, 0*)n 27170/,

As a consequence, the Hermite estimator also reaches automatically the best rate we could expect, in the
difficult context of non compact setting, but under stronger conditions.
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6. A NUMERICAL EXPLORATION

n = 250 n = 1000 n = 4000

Herm Trigo Herm Trigo Herm Trigo
by 100 MSE 0.910.50) 0.82(0.46) | 0.23(0.13) 0.23(0.13) | 0.06(0.03)  0.07(g.03)
dim 10.7(1.30) 4.94(0.93) | 13-1(146) 6.13(1.30) 15.2(2.05)  7-40(1.45)
by 100 MSE 11127y 8.75(s.11) | 297179y 3.16(1.92) | 0.8500.47) 1.24(0.62)
dim 10.8(1_01) 4.76(076) 12.9(1_37) 5.99(1_12) 15.2(2.01) 7.30(1_34)
)
)

by 100 MSE [[0.07(010) 0-44(0.31) | 002003y 0-120.07) | 0-005(0.006) 0-03(0.02
dim 1.03(0.22) 2.53(0‘90) 1.03(0'22) 2.90(0'93) 1.01(0.15) 3.45(0'93
by, 100 MSE [ 0.030.04) 1.54(1.92) | 0.007(0.01) 0.50(0.51) | 0.002(0003) 0.140.10)
dim 112051 23800.64) | 1.0800.38) 2.75(0.60) | 1.080042)  3.16(0.55)
b3 MSE 1.1400.91) 0.64(0.55) | 0.2500.13) 0.19(0.10) | 0.06(0.03)  0.06(0.03)
dim 11.3(1.15) 3~69(1‘16) 14.1(1.35) 5.12(1'77) 16.7(1_44) 7.18(2'07)
bé 100 MSE 18.824_7) 4'96(9484) 3'89(2.69) 2.31(2_33) 1.08(0.71) 1.21(0_73)
dlm 11.4(1_15) 3.53(1.01) 14.2(1_30) 4.88(1_43) 16.7(1.42) 6'62(1.66)
by 100 MSE || 0.68037 0820041 | 021011y 0-24(0.12) | 0-06(0.03 0-07(0.03)
dim || 8.71091) 520(0.02) | 11.6(2.01) 6.30(132) | 149043 T-42(1.41)
B, 100 MSE || 7.60(3.4s) 10.8(5.48) | 2650118 3400157 | 0930043y 117055
dim 9.17(2_02) 5.11(0.75) 11.8(1_91) 6.17(1_11) 15.2(1.99) 7.28(0_94)

TABLE 1. "100 MSE": MSE of the oracle (for b and b, defined by (16)) multiplied by
100 with standard deviations (Std) multiplied by 100 in small parenthesis. "dim": mean
of the oracle dimensions with Std in small parenthesis. Columns "Herm" correspond to
the Hermite basis, columns "Trigo" to the half trigonometric basis. 400 repetitions

Due to the theoretical difficulty of the question, in a model which looked rather simple at first sight,
we wondered if the strategy consisting in derivating the least squares regression estimator was relevant,
and if numerical investigations could bring information about a good estimation strategy.

This is why we choose to look at oracles: we compute all estimators of the collection and use the knowledge
of the true function to compute the error associated to all of them in order to select the best one in term
of its L2-distance to the true. We also look with careful interest at the associated dimensions.

We considered the four simple functions

(16) bi(z) = 2sin(rx), by(z) = exp(—2?/2), bs(x) =22, ba(z) = 4x/(1 + 2?),
and we generated YV; = b(X;) +¢;, 1 = 1,...,n, for i.i.d. X; ~ N(0,1), independent of the i.i.d &; ~
N(0,0?), with o = 0.25 and b = bj, j = 1,...,4. For each sample, we compute the least squares estimator

of b, together with its derivative, in the Hermite and in the trigonometric bases. We use what we call
the "half" trigonometric basis, relying on functions z + /2sin(mjz) and = + +/2cos(mjz) on [0,1],
rescaled to the interval [a,b]. For each function b, we considered K = 400 repetitions, and samples of
sizes n = 250, 1000 and 4000. We computed the L2-distance between each oracle estimator of b and the
true b, and each oracle estimator of b’ and the true b, on an interval with bounds corresponding to the
3% and 97% quantiles of the X,’s, and finally take the average on the 400 paths. Moreover, we average
the selected dimensions for each sample. In other words, we retain the dimension and error corresponding
in each case to the smallest error, and compute means and standard deviations. The results are reported
in Table 1.

Table 1 shows that the MSE decreases when n increases, in all cases, and whether b or V' is estimated.
The orders associated with the MSE given are more concretely illustrated in Figures 1 and 2, and we can
see that the estimations are very satisfactory. We can notice that function b; is chosen to be easy for
the trigonometric basis, but the Hermite basis performs very well in this case too. On the contrary, the
function by is supposed to be easy for the Hermite basis, and it is, with small selected dimensions, but the
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trigonometric basis has a much worse performance. For the two other functions, the two bases perform
similarly, with decreasing error when increasing n and simultaneous increase of the selected dimensions.
This is expected from the theoretical formula giving the asymptotic optimal choice of m as a power of n,
at least when the function under estimation does not admit a finite decomposition in the basis.

What is really puzzling in these results is the comparison of oracle dimensions for b and b': in each
case, they are almost the same. As penalization methods require an important work for calibrating
constants, especially for Goldenshluger and Lepski strategies, this suggests to propose model selection for
the estimation of b, and use this for ' as well. This idea is rather intuitive, but far from easy to prove.
This is why we studied a different theoretical method, which reaches optimal rates for trigonometric
basis, but would be difficult to calibrate. This section advocates for a useful and practical strategy, since
model selection for the regression function estimation is adequately calibrated in practice. However, our
numerical results consider only few elementary functions and may require to be confirmed in a larger
numerical study, which beyond the scope of this paper.

_a a -a -= o = -
(=1 s
a - - a - B
= | - = -
=2 r — =2 - -
a - - a - -
o - o -
~a b m _a N
= m = N
= F m = 4 N
—a m _a N
-s -s
- -= o =2 Ea s - -= o =2 e

FIGURE 1. 40 oracles compared to the true, n = 250. First line b3 (see (16)), 100 MSE
= 1.22 and 0.51, mean selected dimensions: 11.2 and 3.6. Second line %, 100 MSE
= 20.9 and 3.53, mean selected dimensions: 11.2 and 3.40. Left Hermite basis, right
trigonometric basis.

7. CONCLUDING REMARKS

In this paper, we have defined two projection estimators of the derivative of b, based on observations
(Xi,Y:)1<ign drawn from Model (1). Under weak assumptions, we prove two simple risk bounds allowing
to understand the differences between the two strategies. More elaborate bounds under a stability condi-
tion introduced by Cohen et al.[8] are also given. These results are concretely illustrated in the context
of trigonometric, Legendre, Laguerre and Hermite bases, the first two ones being compactly supported,
but not the last ones. Optimal rates are recovered with our method in the context of the trigonometric
basis, but our setting is more general, which is a novelty. Lastly, we propose a model selection procedure
and prove a general risk bound for the adaptive estimator. It automatically reaches the optimal rate in
the trigonometric case. These last results are also new and not straightforward.

The method we propose should be implemented and numerical experiments conducted to compare the
two estimators here proposed to other methods existing in the literature. Our elementary investigation
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=2.s 2. s
=2 | - =2 -
1.5 - 1.5 ~ -
a - - a - -
o.s - - o.s -
o ~ - o -
-o.s - —o.s5 m
-2 - —a N
1.5 - 1.5 - -
= m = N
2.5 2.5
= o =2
a - a -
=.5 - =2.s m
= B = B
=.s B =2.s B
= | - = |- -
1.5 | - 1.5 -
= - E -
o.s - - o.s -
o - o -
-o.s - —o.s m

FIGURE 2. 40 oracles compared to the true, n = 250. First line by (see (16), 100 MSE
= 0.71 and 0.89, mean selected dimensions: 8.7 and 4.9. Second line b}, 100 MSE
= 7.94 and 11.0, mean selected dimensions: 9.02 and 5.00. Left Hermite basis, right
trigonometric basis.

for simple examples suggests that the method can work as the collection of estimators always contains a
good one. It also suggests that keeping for the estimation of ¥’ the dimension selected for b may be a safe
simple strategy. Several extensions of this work may be of obvious interest: explanatory variables with
higher dimensions may be studied as well as higher order of derivatives, possibly only in the compactly
supported case to begin with. Extensions to dependent contexts (the case of autoregressive models or
the case of diffusion models) are also to be considered. As our proofs rely on results conditionally to the
X;’s, thanks to their independence with the noise, dependency should imply theoretical difficulties.

8. PROOFS

All the properties on matrix norms used in proofs are reminded in the Subsubsection 2.2 at the end
of the introduction.

8.1. Proof of Proposition 3.2. Note first that
bt (X) = ),(2},2,) 195,
and since Y; = b(X;) + €;, X; is independent of ¢;, and E(e;) = 0 for every i € {1,...,n},
Ex (b (X)) = @,(25,8:) " €7,0(X)

" Ex (@7, (95,8m) 7 @2, @1, (85,81) 7 87,6(X) = 1'(X))n) = 0.
Then,
Ex (5~ '12) = Ex(IF (%) — Ex[B (X)) + Ex[B (X)] - B(X)B,0]
= B (8, (@5, 80) B 3,) + 8, (85, B) 7 5,0(X) — B (O3,
=: l(A + B).

n
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On the one hand,

On the other hand,
B < 3|, (05,8,,) 7105, b(X) — b, (X)[13,0 + 31165, (X) — (0 (X)II3.0 + 3] (0 (X) — ' (X)13,.-
So,
1
- < : 2 I (! 2
CE(B) <3 inf [t =17 +3]1bh, — (V)ml|3 + 3E(C)

with

1 o o~ -
C=;||¢’in(¢fn@m)‘l¢;b( ) = b,(X)I3

In order to manage this last term, note that

m
~

b (X) =D (b, 0)05(X) = (b, 05))1<icom-

=1
So,
(17) (0930 1<icm = (@5, 8m) ' @7y (X)
and then,
m o~ o~ o~ o~ o~
‘PJ ‘P] = o, m ({0 SOJ>) <m = (I’;n(q);(bM)il(I):nbM(X)-
]:1
Therefore,

~

1 = Fx D \—13= 3 o* A *
O = @7 (27, 8m) 107 (B(X) = b (X))3,50 < 1@ (P i) ™ B 12,16 — B[
This concludes the proof. [J

8.2. Proof of Proposition 3.3. The ¢;’s do not depend on m, so the S,,’s are nested spaces, and then
to establish the following equality is sufficient in order to conclude:

(18) ]EX< sup Vn(t)2> —Tr{ ~12Q %1/2}

tESm:||t||n=1
with .
V= ﬁ@;n)*@m and v, (1) == (g, ).

Let us prove Equality (18). Consider t € S,,, such that ||t||, = 1. Necessarily (and sufficiently),
t= ap;
j=1
with a = ¥,,/?u and u € R™ such that |lull2,m = 1. Then,
t= ur Y [0 k0
k=1 j=1

and, thanks to Cauchy-Schwarz’s inequality,

m m m m 2
va(t)? = (e, )0 = | D up <€7 Z[\Ilr_nl/2]j,k90;'> <> <€, Z[‘I’;l/2]j,ksﬁ}> :
j=1
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So,
O 38y T s T ) | - (5
|t m k=1 j=1 n k=1 j=1 "
Therefore, since €1, ..., &, arei.i.d, centered, and respectively independent of X3, ..., X,,, and since @;1/2

and U/ are symmetric matrices,

2

Ex( sup Vn(t)2> = %Z Z[‘T’;l/Q]m@}(Xi)

tESm:|t||n=1

g Ui o~ _ = _
= L P [ PR (A

7,k 0=1
o2 R - o2 ~ ~ o~
= N 0 g W50 ek = ST [0,120, T2
n n
Gk, e=1

This concludes the proof. O

8.3. Proof of Proposition 3.6. As in the proof of Proposition 3.2,

2
2,n

7 1 S I 3 —13*
EX(Hb;’n2 - blHi) = EH - (I)mAm,m-l-p((I’m—&-pq)m-&-p) 1(I)m+pb(x) - b/(X)|

2 ~
Ty [(@*

m,m—+p=m

<

S| +

(1= BBt By B )™ B X) = (X + 1) (X) = 0(X) 3]

2
~ ~ ~

g * — * * T

—|—;T1“ |:(¢)m+p¢)m+p) 1Am,m+p¢)m¢mAm»m+l)} :
On the one hand, as previously,

2 .

~E(I®)m (X) = V' (X)5,0) = 20l )m = lIF < 2 fllo inf [t -]
On the other hand, thanks to Equalities (6) and (17),

(b/)m(X) = =P Ammtp ((b, ‘Pj>)1gjgm+p = *(I)mAm,m+p<(I):<n+p(I)m+p)71(I)q*n+pbm+p(x)-
Then,
I = @A (P Pratp) ~ 27 pb(X) = () (X3,
= | = LAt p( Py Prntp) ~ s (B(X) = by p (X)) 3,1

This concludes the proof. [J

8.4. Proof of Proposition 3.8. Consider the following set

1 o 1
O, = {|||t||;i/||t§ —1|< 3 Yt € Sm} = {||\1:m1/2\1/m\1/m1/2 — T llop < 2}.

The proof relies on the following lemma, borrowed from Comte and Genon-Catalot [11, Lemma 5.
Lemma 8.1. Under Assumption 3.7(m), there exists a deterministic constant ¢g1 > 0, not depending
on m and n, such that

PC) < B and  P(AS) < B2

n n
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First of all,
B(lbst = 012] =B (1B = V12 1n,,, | + B2 1ns,,,)-
Obviously, by applying Lemma 8.1, since E[b'(X;)%] < oo,

1
E(IV[3Las,,,) < EW (X2)'TP(A5,4,)'? < PR (X0) 12 .

Let us dissect [[b5! — ¥/||214,,,  via the event Qp,

m+p
E (I8! = V12 1,0,] = B0 = V121000000, +E [0 = 1310,,00,.,
g E |:||/b\4;11 - blH’?llAm+anTn+p:|

2 (BB 1 L000,) /2 + (W 12)2| P ) /2 =2 S + T

On the one hand, let us find suitable bounds on the two remaining terms:

e For every measurable function ¢ : R — R and ¢ € [1, oo[ such that E()(X1)??) < oo, by Jensen’s
inequality,

(19) E(||v]|2 [( Z«/ﬂ H ZE = E(?(X1)).

Then, E(|[t'][3) < E(Y'(X1)*).
e Recall that

VLX) = B (35,8,) 185 Y = By AL (BE D) 1B Y.

m,m+p m
First,
1D p A% (P @) T P12 = Aina (P p A (P @) ™ A p @i )
= 07 P p Ay U212,
< n*1||wm1/2||op||<1>m+p N
= 17 op Amax (D msp T Ay i)
(20) < N lop s llop 1 A -4 12
Moreover, ¥y, +pllop < £(m+p) and £(m) |85 lop < L(m+p) [T, lop < n/log(n) on Ay,
Then,
E(|[b5 4 1n,,,) < %EOI\I’ ||Op\|wm+p||op1Am+p 3| A minlldy
< b;ﬁmm,mwnﬁpza ] g Amm ol B

Thus, thanks to Lemma 8.1,

T = 2 [B(B;2 3 1a,.,) 2 + E(14)2] P25, )2
1/2

C
1A et 5 B2 + EW' (X1) )Y 2] pY

[log( )

On the other hand, with the exact same ideas as in the proof of Proposition 3.2,
- s inf ||t =% = 3|6L, — (b)) IF
S =3Il inf 1t = VI = 31, — )}

< 3B (1@ A (B B) B 2,116 = 20

+%2E {Tr (((/I\):"L(/I\)m)_1Am,m+Pq>:’t+p$m+PA:n,m+p) 1A'm.+PQO+P:| =: 51+ Sa.
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Let us find suitable bounds on S; and Ss:

;i/j\flm+p\11;1+/; belong to [1/2,3/2]. The same way, on 2,,, the
eigenvalues of W,/ 0,/ belong to [1/2,3/2] and then, those of the matrix \111/2@;}\1'71,{2

belong to [2/3,2]. S0, on Qyp, S1 = || P pA o D)L O 12, satisfies

e On Q,,4p, the eigenvalues of ¥

7n,m+p(

Sl = >\max m+p mm+p(@* 0] )—lAm?mﬂ;(I):ner)

@
maX(Am m+p\Ilm Am ym+p m+p)
= M (U Ly AL PO WAL 0 )

= s (U W U VALY W 2O w2 (ALY ) (W, 20,0, )
= (0, U AL PO (AL ) (0 0 )Y
VAT T

lop

1/25 1/2 1
19,20 O 2 o | AL

m—+p m+p m—+p mm+pHop||

<
1
(2]‘) g 3||Afn m+p||0p'

llop

Thus,
9||Am m+p||opE(||b - bm||2) - gHAm m+p|| p”b mH?

e As previously, since the eigenvalues of \I/,lr{Q\/I\lfnl \11717{219 belong to [2/3, 2],

m+p

2
S, = m [T <\I/1/2\If Lpl/2(AT
n

m m,m-+p

-1/25, w2 AL
) \Ilm+p\pm+ll m-‘rpAm m+p) 1A7n+mem+p:|

0'2 ~_ — ~ —
< TR [P0 0 2oy Tr (A5 4) 0, 0 mL/SA” )10, ]

m,m-—+p m-+p m,m+p
20 1 1205 e LINE!
< — n [(Afn m+p) \Ij'rn—&-/pE(\I/m-i'p) 7n+/p Afn 7n+p] - ” m m+p||F'

The result follows by gathering all the terms. [J

8.5. Proof of Proposition 3.9. First of all,
E (2 - ¥I13] =B [IB:2 = 0|2 1,0, | + BV IRz,
Obviously, by applying Lemma 8.1, since E[b(X;)%] < oo,
¢ 1/2 1
E(I¥I31as,,,) < B/ (X0)']'R(AS, )2 < /B (X0)'T2 .

Let us dissect |[0;2 — V|214,,,, via the event Q4

E|10,2 = V13100, = B [I8:2 = 01210, 000,, | +E B2 = 01214,..005,,, |
<E (02 =210 0000,

2 (BB 1100002 + BV )2 P,

W2 =S +T.
On the one hand, let us find suitable bounds on the two remaining terms:

e As in the proof of Proposition 3.8, thanks to Inequality (19), E(|[6']|2) < E(b'(X1)?).
e Recall that

b/r;zz(x) = (I)mAm,erp(q):nerq)erp) 1(b:z+pY
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First,

||(I)mAm,m+p(q):n+pq)M+p) ‘I)* +p||op = /\max(q’mAm,m+p(q):n+pq)m+p)ilAm m—i—pq):n)

_ = —1 2
=n 1H(I)mAm7m+P m-i-/p”

_ =—1/2
0 22 B A |12,

N

” \Ilv_n{i-p HOP Amax (Ajn m+p\IJmAm7m+p)

N

||\I/'r_n{i-p||0p||\llmHOPHAm,m"!‘P“(Q)p'

Moreover, ||\/I}mH0p < £(m) < £(m + p) and £(m —|—p)||\11m+p||Op cn/log(n) on Ap,qp. Then,

~ 1 ~
E(Hb’/r;’7,2||$l]'Am+p) < (H\IIerpHop”\I,m”cQ)plAerp| %,n)”Am’ﬂ”H“p”gp

n

2
?n? 1 ?n?
mam =3y | < Al apE(YF).
IOg( )2 H +P|| (n p i > IOg( )2 H +P|| ( 1 )

Thus, thanks to Lemma 8.1,

T = 2 [B(B;2)31a,.,) 2 + E(14)2] P50,

1/2
¢
80t BBV 4 B (30) 2| S

[log( )

On the other hand, with the exact same ideas than in the proof of Proposition 3.6,

S — 2||f||ooti€%f ||t - b,”2 < 2E [||‘I)mAm,m+p((p:n+p(bm+p) 1(1)* +p||opr 7n+p||$L1Am+pﬂQ‘m,+{1:|

o? * : * *
+ZE |:’I‘I' (((PerpcI)erp) IAm ﬂ”Hrp(Prn(I> Am erP) 1Am+mem+p:|

=: Sl + 52.

Let us find suitable bounds on S; and Ss:

e On Qy,4p, the eigenvalues of \If;i/j\flm+p\ll;£r/§ belong to [1/2,3/2] and then, those of the matrix

\I',ln/ip\fl;@p ;{ip belong to [2/3, 2] The same way, on (2,,, the eigenvalues of ¥ 2, w2

belong to [1/2,3/2]. So, on Q4 p, Sy = ||®pA m7m+p(<l>m+p<1>m+p) 1<I>m+p|| satisfies

*

o _ Bk N 1A%
Sl - /\rnax m’rn+p((1)m+p(bm+p) A'm ,m~+p m)

— ZA\max m m+p m+p mm+p m

1/2(Af2 )\111/2 \/I\’_ 1/2 AfQ 1/2\11 )

m,m-+p m—+p = m+p m+p mm+p m
= A (U 20 WV VR(ALR w2 GTL wE AL (W2, w212

7nm+p) m-+p m+p m+p—m,m+p
2 1/2 -1 1 2 2
= ”( 1/2\11 v, 1/2)1/2(A{n m+p) \Ijrr{+p\1/77L+p m/-l—pA{nm+p(\I/ 1/2\11 v 1/2)1/2H

1/2 -1 gl1/2

= Amax

(@
(A
(w
(

g ”‘Ij 1/2\11 v I/QHOPHAmm-&-p”opH\Ijm—&-p m-+p m+pH0P
< 3||Am m+pH op
Thus,

6||Am m+p|| pE(Hb - bm+P||2) - GHAm m+p|| p”b - bW”LJrP”?c
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e As previously, since the eigenvalues of R e 1q

m+p ~ m+p = m+p belong to [2/?” 2]’

m-4p

2 ~ ~
SQ — iE |:TI‘ (\111/2 \Il_l \111/2 Af,? \1171/2\Pm\1177nl/2(A£7’,2m+p)*) 1Am+pﬂ9m+p:|
n 5 3

m—+p ¥ m+p Fm+p—m,m+p T m

2 o~ —~
< B[, 8 0 o T (AL 0 2T 0 AL ) ) Ta,,)
n s 3

m-+p = m+p ¥ m+p m,m+p = m

202 [

< ST | AL U VPE(,,) 2 (A
n

* 20’2 £,2 2
m,m+p * m 7n,m+p) :| = THAm,m-&-p”F‘

The result follows by gathering all the terms. O

8.6. Proof of Proposition 4.1: The Hermite case. Consider a square integrable function b, and

3

bm = <ba hj > h‘j
J

Il
=]

its projection on S,;, = span{hg, ..., h,—1}. On the one hand,

m—1
b = <b,hj>h;-.
=0
Then, thanks to Equality (8),
m—1
1 - -
b = 7 (b, h3) (V/Ghj—1 =V + 1hj11)
=0
1 m—2 m
v D b hy)G+ Thy = (b, by 1)\
=0 =1
12 m—1 m
=7 jgo { J+ 1(b, hj1) — /5 (b, hj—1>} hj — ( 5 (0, hn—2)him—1 + 4/ 5<b’ hm1>hm> ~

On the other hand, if ¥’ is square integrable, then
V=" (¥, h)hy.
j=0
The usual integration by parts gives (b, h;) = —(b,h’;) as soon as lim; 4o b(z)h;(z) = 0 (this holds
because the h;’s have exponential decrease and b is square-integrable, thus bounded near infinity). So,
the projection of ¥’ is

-1

3

)y = — (b, h;)hj
=0
-1
= —% Db Vil = i+ 1)k
=0
= % - {\/j +1{b; hjy1) — fj(b,hj,lﬂ h;.

(e}

j=

All the components of b/, and (b'),, are the same on S,,_2. So,

b = ) = =1/ 5 (01w = 4/ 5 b o),

m
2

and then,

167, = ®)mll* = 5 (b, hm—1)® + (b, hun)?) -
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If b belongs to a Hermite-Sobolev space with regularity index o > 1, then the term [|b/, — (b'),,]|? is of
order m~(®~1 which is also the order of infscs, ||t — V|

The Laguerre case. As previously, on the one hand, b, = Z;n:_ol (b,£;)¢;, and thanks to (7),

m—1 j—1
U = D (b)) <—€j _2Z€k>
7=0 k=0
m—1 m—1
== > (b 1) —22 >t | e
j=0 k=0 \j=k+1

On the other hand, if b’ is square integrable, then b" = 3, (', £;)¢;. Thus, since (V',¢;) = —(b,£}) by
Assumption 3.5 (true when b(0) = 0),

m—1 7j—1
<<b, )l =2 (b, m) 4;
7=0 k=0
Consequently,
m—1 /m— m—1 m—1
(V) — b, =2 ( (b, €1, ) (Z (b £k>> l,
i=0 \ k=0 k=0 =0
and then

0 — B2 = 4 (Z_<b,ek>> .

Moreover, by assuming that b(0) = 0,

D (b, i)k (0) = V2> (b, 4) = 0.

k>0 k>0

S0, Yy (b, lk) = — Y45 (b, fr), and then

2

1 )m = 001 = 4m [ > (b, )

k>m

Finally, if b belongs to a Laguerre-Sobolev space with index o > 1, then the right-hand side in the
previous equality is smaller than

D kb, 4)? = O(m~h) O

kE>m
8.7. Proof of Lemma 5.1. First,
V(m) = o> [T} (8,) Bl lop = 0 [ 0,1/ 2(®],)" 81,07, 2o
where \11511/2 is a symmetric square root of ¥ . Now, as the matrix is symmetric,

[0 2(@),)* L, 05 2 o, = sup x U, V(@) 0, U 2x =0 sup |2
xER™ tESm:||tlln=1

So, clearly, m s V(m) = o*m/n SUDyes, . ¢f.—1 |It'l7 is increasing. O
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8.8. Proof of Theorem 5.2. Throughout this subsection, for the sake of readability, we omit the su-
perscript 1 and write b/, instead of ;.

Following the lines of the proof of Theorem 2 in Comte and Genon-Catalot [11], we consider the sets

2, ={w: M, C Mp(w) C MI} and Q, = m Qs
meME

where

+ . } -1 2 . n
MF = {m e{l,...,n} £m+p)([[V,ppllop V1) < 4e Toz(7) }

First,
E [||5’ - b/||$L1(QmEn)c] <% with o >0
) n

This follows from the proof of Proposition 3.8, using that P(Z) < ¢3/n® and P(QS) < ¢y/n®. For
these last probabilities, we refer to Comte and Genon-Catalot [11], Lemmas 7 and 9, where the choice of

9 =1/[f(||fllo V 1+ 371)] with § = 192 is explained. Here, the constant f has to be increased to obtain

the power n~8 instead of n=2.

Now, we control the loss of Zgﬁ on 2, NE,. For any m € M,, using that on =, it also holds that
m € M,,, we have

5 — b1 < 3(1[6 — Bspm |2+ [ — DI + [[60, — 612
< 3(A(m) + koV (M) + A() + KoV (m) + |[b),, —V'||2)
(22) < 6(A(m) + mf/(m)) + 3H3§n — b’||i as ko < K.
Moreover,
A(m) <3 sup {7, — Ex(®,)II2 ~ 2V (m) }
meﬁ/l\n 6 +
~ ~ Ko -~
3 sup {[Funm — Ex @) |2 = 2V () |
m’GM\n +
+3 sup |[ExOnm) — Ex (00|12,
m’GM\n
and since

sup { - }zmax( sup { - ¥ sup { - }))

m’'eEM,, m’'eEM,,:m/'<m m/'eEM,,:m/'>m

by Lemma 5.1 (m — V (m) is increasing),

-~

~ Ko
sup {8 = Ex Fpupm 12 = SV ()}

m’'eM,, +
77 77 2 RO, . 77 77 2 Ko
<max [ sup {|B, — Ex@u)l2 = 2V} 5 {16, - Ex@)I2 - SV 0m)}
e M 6 + 6 +
< suwp {8, - Ex (@)% - 2V (m)
me/\?” 6 +
Thus,

o~ ~ Ko =~ ~ o~
(23)  Am) <6 swp {15, —Ex@)IE - 2V0m)} +3 s [Ex () — Bx (@) 3,
mE./\//Tn + m’e./(/l\n
The following lemma provides a suitable bound on the first term in the right-hand side of Inequality (23)

obtained via the conditional Talagrand inequality.
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Lemma 8.2. Let Assumption 3.1 be fulfilled. Let also Assumption 3.7(m + p) be fulfilled for every

m € M,,. Moreover, assume that there exists k > 0 such that E(exp(ke?)) < oo, and that Conditions
(14) and (15) hold. Then,

E

7 7 R0 5 €8.2
sup { I, — Ex(®,)[2 = 2V(m)} | <=2,
meM,, + n
where ¢g.o > 0 is a deterministic constant not depending on n.

By Inequalities (22) and (23), and then by Lemma 8.2, for any m € M,,,

E(|[' —b'|210,nz,) < 36E

~ ~, Ko &
sup [0}, —Ex (0,5, — =V (m) ]
mE.K/l\n { 6 }+

~

+18E |1z,00, SUD [Ex pm) = Ex(®,)[% | + 6mE(V (m)1a, ) + 3E([b), — b']2)

mAm/’
m/eM,,

< BE([B), — V'[12) + 6r165V (m) + =2

n
+18E ]'Eann sup ||EX(/b\’/ﬂL/\7)’L/) - EX(/b\fm/)”i
m’eﬁ/l\n

~

with ¢o > 0. The inequality E(V(m)1lg, ) < ¢V (m) is obtained via the same method than in the proof
of Proposition 3.9.

Let us now control
B i= ~E llanman sup  |[Ex (8 (X)) — Ex (b, (X))II%W] :
n m eM:m/>m
Thanks to Equality (17),
Ex (b (X)) = Ex (b (X)) = Ex (b3 (X)) = b, (X) = (Ex (b5 (X)) = b, (X)) + e (X) = b}, (X)
= Py (0(X) = by (X)) + P (b(X) = by (X)) + b (X) = b, (X).
Since we are on ,,, and since m,m’ € M} on =, when m € M,, and m’ € M\n,

Sp [\11*1/2 \T/m,ﬂ,qfl/z} c [1/2,3/2] and Sp [\D},{?\f/;ﬁ\lf},{?} c [2/3,2],

m’+p m’+p
and the same for m instead of m'. So, thanks to Inequality (21),

1P |12, < 3||ATE

ng m’,m’erng'

In the same way,

[5) ,1
||Pm||c2)p < 3||A1f'ri,m+p||c2>p'

Thus, on £,

1 ~
P (0(X) — b (X))13,, < 3|AL 15116 = b 12

m’,m’+p
1
< 6IALT 2 (b = bag, 2 + [[baz, — bu (1)
1
< 6IALS 26— by 2+ 3/201byrs — b3

where M, is the maximal element of M and

1~
N Em (b(X) — b (X))13, < BIALL 125116 = b2

m,m+p

For the last term, on §,,

3 3
18 (X) = B, GO < St = Hil? < Sl — 2
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Therefore,
B 9||Am m+p||op||b_bm||?+18 Sup {HAm m+pHop(HbM,J{ _bm’H?p—’— Hb_bMTJ[”cQ)o)}

m/ eEMEm/ >m

9
+5llflle sup 1B = 017

m'eMEm/ >m

This concludes the proof. O

8.9. Proof of Lemma 8.2. We emphasize that the lemma would be true for M\n replaced by the weaker
(and more natural)

{me s s+ 8l o v 1 < 07

with ¢ defined in Assumption 3.7(m + p). We only use this constraint in the following.
First of all, for any m € M, since [¢]|2 = sup,es, . [tlln=1(ts )2 for every ¢ € Sy,

B, —Ex (@)= sup  va(t)?
1€ tlln=1

with, for any b = (b1y...,bm) ER™and t = ZJ 16505,

1, o~ ~_ 12 1, o = 12 1
lt) = (0, 8, B850 = — (8, 8,1 8;,)7HX), 2)on = —(04(X), 2)an,

where

~ o~ e ~ o m o

D, U, H(@),) (X)) = =@ U (D)) Db,

Note that v, () = vV (t) + 2 (t), where v )() = n HO0y(X),eW)s, with e = (g1}, /<m, —
E(eile;|<m, )i and m, = (gx~ Uog(n))Y/?, and V2 (t) = n"10:(X),e®),,, with £ = (eilie;|>m, —
E(eiljc;|>m,))i- On the one hand, in order to apply Talagrand’s inequality to sup,cs, .j¢|,=1 vk(t)?
conditionally to (X1,...,X,), consider

Amn(X) = Ex < sup 1/7(11)(15)2> ,

tESm:||t|ln=1

By = sup { sup |e©(z)] } and

teSm:|tlln=1 | (e,z)E[—2my ,2m,]x T

Crnn(X) = tESm: ||t|n1{ Zvarx [ (X )} }’

and let us find suitable bounds on each of these random quantities.
e Bound on 4,, ,(X). Note that

var(e{") <E(e11, 1<m,) <E(e}) = 02

Then,

o v _varel) e o1

n

Amn(X) < —Ex(| @), 0, ;e

0.2

< T |8 O N@ )*}

n2

( )*(I);n”OP = H”.
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e Bound on B, ,. Since m € M, m|| U op < (m —f—p)H\I/mWHOlD < ¢en/log(n), and then

2m,, SRR
By < = sup |y [0L(®),) @bl (2)
b:|| @ bl[2,n =" j=1

2m,,

P om,,
< TS sp B @) Bl < T o) O (8,)°12,

B || Dbz, ="/

n

2m,, — PP PP
A o 1B (81)° 8L o < 2¢cqm—1uwm1<<bm*¢>;nuw — M.

Then,
nH o
— = -/m.
M 2\/cqr
¢ Bound on C,, ,(X):
E (1)2 n 2 PN N L
Con®) < XD Stex2< D s §00 @) 6,008,
’ n tESm:|[t|ln=17 n3 Bl Bl . — ’
milltln=1 =1 N ®mbll2,n=vn
2
= 0—3 sup Vo e ol o O, 0 LD ) D,,b
B ll2 = —
o’ 128 V& 72 o’ T-1/2(80 \*2 0% S s 12
= ﬁ~ N S}’-p ||\I] ((I) ) @ bH2,n < ?H\I}m ((I) ) Hop = 7H(bm\11m ((Pm) HOP =:v
bil|@mbll2,n=vn
Then,
nH?
=m.
v

So, by Talagrand’s inequality,

sup vV ()2 —4H?
tESmilltn=1 N
<o |—exp | —co +—exp| —¢3
n v n M

< ST o () [ e + e - 5. =) |

Ex

where ¢q, ¢2, ¢3,¢1, €3 > 0 are universal constants, and thus

S :=FEx | sup sup v\ ()2 — @V(m)
meM, | teSmilltla=1 6 .

< gm% 1552y om) e+ gesp (—£2 - VT |
< oy o s [ aewe (35 VB )|

m<n
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thanks to the definition of M\ Thanks to Condition (14), this term is of order 1/n. On the other hand,
since £(m )||\Il Ylop < en/log(n) for every m € M,,, and by Markov’s inequality,

1
T=Ex| sw s vP0)) < SE(eP)3,) sup  sup [0(X)3,
meM, tESm:”tHn=l n me./\/l tESm: HtHn—l

1 1
< (DR (] > m)'2 sup { Cswp[[8,8,1(8,)"8 b||2n}
n meMn " BB mbllan=vn
1 o o~ o~
< —E(e))/?P(exp(re) > n®)'/? sup [[@, W (®),)"lop
n meM,,
1 o (m) (m)
< 1/2 1/2
X n]E( ) 7q/2E(eXp(l€51 - 2 m \ nq/2 log E m

with ¢4 = cE(e})'/?E(exp(re?))'/2. Thanks to Condition (15), this term is of order 1/n. In conclusion,

<2E(S) +2E(T) < 2. O
n

~ ~, KO =~
E| sup {6} —Ex @I - FVm)}

meM.,,

8.10. Proof of Corollary 5.3. Here, (¢;);jen+ is the trigonometric basis. Thus, with £(m) of order m
and £'(m) of order m?3, Conditions (14) and (15) are obviously fulfilled. Moreover, under f(z) > fo > 0,
we know that | ¥, !|op < 1/ fo, and then M, has order n/log(n). We take M," = n/log(n) for simplicity.
The first terms of the bound in Theorem 5.2 have been already evaluated in the proof of Corollary 4.2,
so we have to study the additional ones:

sp  LIALE g — b4 b by |20} and s [~ B2
m<m’<n/log(n) m<m’<n/log(n)

We assume that >_ (b, ©0)2i% < L with 8 € NN (1,00). First,

Hf”oo N2 2
sup AL byt — bt < sup m b, ¢;
m<m/<n log(n) H m’ m-&-p”opH M m Hf X fO m<m’<n/log(n)( ) j;/( J>
< Wlloo 281,
fo

So, this term is of same order than the bias term. Next,

sup [ = bl < D [(2m) (b, s))? < Cm 2P,

m<m’<n/log(n) j>m

Lastly, for any m and x € I,

1/2
(b= bm) (@) < V23 [bop) < V2D 5% (b0)2 > 57
2L
TR CHA e
which gives ||b — by |loo < ¢(B, L)m~?+1/2 and
(@L) ( n ) 28+3
sup Am m’ b—10b + .
m<m/<n/ log(n) || +p|| p” M H fO log(n)

We have n=20+3 < n=2(8=1/(28+1) a5 soon as B > (3 + v/13)/4 ~ 1.65, which holds true when 3 €
NN (1,00). In conclusion, this together with Theorem 5.2 and the orders given in Section 4.2 gives the
announced result. [J
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8.11. Proof of Corollary 5.4. Here, (p;)jen+ is the Hermite basis, and for || ¥, 1o, = m?, the con-
straint on the collection of models implies M;" = n!/(27*1/2) This is compatible with the choice of
Mopt = 1/n*t1/2 as s > 2y +9/4 > 2v. Again, we have to study the orders of the additional terms of
the bound in Theorem 5.2:

1
sup LA B (g = bl 4 b= by
m<m’<n/log(n)

2)} and sup [V — b2

m/’
m<m’<n/log(n)
under the regularity condition b € W (L) with s > 2y +9/4 > 1. First,

1
sup AL e b = barllF < lfllee sup ()TN (b y)?
m<m’§1\/fﬁ,’ m<m’§hf{f j>m/

< oo™,

So, this term is of same order than the bias term. Next, using Formula (8),
sup ”b;n’ - b;n”2 5 Z ]<b7 90j>2 < Cm78+1.
m<m/<1\/1:r j=m

This term is also of same order than the first bias term and is negligible with respect to the previous one.
Lastly, ||b — by |2 < C(s, L)r~'/?2m=*%1, and thus

} < = (5=1=2)/(27+1/2)

‘ 2
o0

1
sup {||A£q,’,m/+p||gp||b - b]%:r
T)'L<7n/§]\4’j[

by using the value of M, . We have
§—v—2 s—=1—7v
2y +1/2 © s+1/2

if (s—v—2) (s—&—;) —(s—v-1) <2v+;> > 0.

Since
1

(s—7v-2) (8+;> —(s=y-1) <2v+2) :(s—v)(s—2v—2)—%,

s—v>2and s—2y—2>1/4, the constraint is fulfilled and this last term is negligible with respect to
the rate. Considering the orders obtained in section 4.3, we get the result. [
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