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Semi-Blind Source Separation with Learned
Physic-Driven Constraints

Rémi Carloni Gertosio*, Jérome Bobin, Fabio Acero

Abstract—Blind source separation (BSS) algorithms are unsu-
pervised methods, which are the cornerstone of multispectral
data analysis, allowing for a physically meaningful data de-
composition. Being ill-posed inverse problems, BSS algorithms
must rely on efficient regularization schemes to better distinguish
between the sources and yield interpretable solutions. For that
purpose, we investigate a semi-blind source separation approach
in which we combine a projected alternate least-squares al-
gorithm with a learning-based regularization scheme. In this
article, we focus on constraining the mixing matrix to belong
to a learned physics-based manifold; to that end, we propose
to make use of the interpolatory autoencoder (IAE). Altogether,
we show that this allows for an innovative BSS algorithm, with
improved accuracy, which yet provides physically interpretable
solutions. The proposed method, coined sGMCA, is tested on
realistic multispectral astrophysical data in challenging scenarios
involving strong noise, highly correlated spectra and unbalanced
sources. The results highlight the significant benefit of the IAE
prior to reduce the leakages between the sources, which allows
a better disentanglement between the sources.

Index Terms—Blind source separation (BSS), manifold learn-
ing.

I. INTRODUCTION

ULTISPECTRAL data are found in various fields,

ranging from astrophysics to biology or remote sensing
for instance. Such data are constituted of measurements of the
same scene that are acquired at different wavelengths across
the electromagnetic spectrum. More precisely, under the linear
mixture model, a multispectral measurement X; € RY at a
channel j € [1.. J] of a given wavelength can be expressed
as the weighted sum of elementary sources {S;};c1..1:

I
X;=> A'S;+Nj, (1)
i=1
where A; is the contribution of source ¢ at the wavelength of

channel j and N; is some additive noise. Equation (IJ) can be
rewritten with matrices, yielding:

X = AS + N, )

where X € R7*F A e R/*I and S € RI*¥, The columns
of the so-called mixing matrix A include the electromagnetic
spectra of the sources.

Analyzing multispectral data can be tackled by factorizing
the data X into a source matrix S and a mixing matrix A. It is
a very challenging task, which is ill-posed and that requires the
use of prior information. Different kinds of priors have led to
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diverse classes of matrix factorization algorithms. One can cite
the methods based on independent component analysis (ICA)
[1]], which assume the statistical independence of the sources,
or the extensive class of nonnegative matrix factorization
(NMF) algorithms [2], which make the hypothesis that both
the sources and the mixing matrix have nonnegative elements.
The method presented in this paper is part of the family of the
sparse blind source separation (BSS) methods, which exploits
the sparsity of the sources in a given representation.

When applied to real data, the first challenge of BSS is
to build efficient priors to better discriminate between the
sources and limit leakage, that is when the estimate of a
component is contaminated by another component in the
source or the spectrum domain. In physical applications, this
is fundamental, especially to disentangle complex mixtures
such as those involving partially correlated sources [3]]. If
regularization schemes are well suited for the sources, it is
much less the case for the mixing matrices, which generally
exhibit strong structures (e.g. in multispectral imaging, the
mixing matrix corresponds to physical spectra). NMF does
impose the non-negativity of the mixing weights, but it is
a very loose constraint which does not particularly aim at
limiting leakage. Secondly, the regularizations should provide
physically exploitable information to produce interpretable
results.

Altogether, these challenges mandate the design of
regularizations that inject physics-driven information. As
stated by the manifold hypothesis [4], natural signals generally
lie on a low-dimensional manifold embedded in a large space.
This is also the case for physically relevant signals in a given
application. One approach would amount to switch to end-
to-end learning approaches to tackle BSS problems [5]-[7].
However, such methods are not well adapted to account for
the exact mixture model and the noise statistics, which is key
in scientific applications. Consequently, an hybrid approach
that combines standard variational approaches [8] and prior
learning is better suited. In this framework, designing an
effective BSS algorithm, with interpretable solutions requires
building regularizations, for the mixing matrix and/or the
sources, that precisely account for the manifold property.
Since the underlying manifold structure of the data is
generally unknown, one has to learn the regularizations from
data.

In the literature, combining variational approaches for in-
verse problems with regularization learning procedures comes
in different flavors. In [9]-[12], the proposed learning ar-
chitecture builds upon a residual network to mimic standard
proximal algorithms, in which regularization learning is one



element of the learning scheme. So far, it is unclear whether
this approach is well-suited for multiconvex problems such as
BSS. A different way of solving inverse problems with learned
regularizations consists in first inverting the observation op-
erator (e.g. the mixing matrix, when the sources alone are
estimated) with a fast and simple procedure (e.g. least-squares
solution) and then clean inversion artifacts thanks to a learned
denoiser. This technique has been investigated both with
standard convolutional networks denoisers [13]]-[17] or with
generative models with adversarial learning [[18]]. However,
the underlying denoiser depends on the linear operator to be
inverted. In the case of BSS, this means that it should depend
on the sources and the mixing matrix that are the variables
to be estimated. A DNN-based denoiser on the sources is
used in [[19] in the context of audio source separation, but the
denoising is likely not robust with respect to the prevailing
leakages in BSS.

So far, we identify two major limitations of these methods:
(i) they generally require a significant number of training
samples, which might make it not well adapted to most
physical applications, and (ii) in the case of BSS, learning
a denoising procedure might not be constraining enough
to efficiently discriminate between the sources and limit
leakages of unknown morphologies or statistical distributions.

The interpolatory autoencoder: To that purpose, we
introduced in [20] a novel framework, coined interpolatory
autoencoder (IAE), to build physics-driven regularizations for
general multi-linear inverse problems, which BSS is part of.
Rather than learning the underlying manifold structure, we
propose to learn to travel on it by interpolation between
so-called “anchor points”, which are samples that belong
to the manifold. To do so, we make use of a particular
neural-network-based autoencoder that builds maps between
the sample space and a code space. It is trained so that the code
of each sample can be expressed as a linear combination, or
barycenter, of the codes of the chosen anchor points; in doing
so, the manifold tends to be linearized in the code space.
More formally, let M be the manifold to be modeled, from
which N anchor points {c, }ne[1.. v are picked, and let ¢ and
1) be a forward encoder and a backward decoder, respectively.
One has:

N
Vo € M, 3{)\n}ne[l .N] € RN7 ¢($) = Z )\n¢(an) (3)
n=1

The autoencoder is optimized so as to minimize the recon-
struction error between some training data {x;}; and the
interpolants in the code space backprojected in the sample
space, i.e.:

2

“4)

N
Tt — 1/) (Z )\n,tqs(an))

n=1

argmin Z
o T )

where { A\, ¢ }nep. ) are the weights of the linear interpola-

tion of ¢(z) in the code space.

Once the autoencoder is learned, the manifold can be approxi-

mated as the barycentric span of the anchor points in the code
domain backprojected in the sample domain:

N
M= {I, El{)‘n}ne[l .N] S RNax = 7/’(2 >\n¢(an)> } .
n=1

&)
The TAE allows to build an efficient regularization scheme
in a variational inference approach by constraining signals to
belong to the resulting barycentric span, that is the modeled
manifold. In contrast to the aforementioned data-driven
methods, we show in [20] that the resulting interpolatory
scheme can perform well even when training samples
are scarce. The detailed architecture and a discussion of
the hyper-parameters of this autoencoder are presented in [20].

In this article, our main contributions are:

o We adapt and apply the TAE framework in the context
of BSS to constrain the spectra constituting the mixing
matrix. The resulting regularization is expected to greatly
constrain the sources by rejecting efficiently the leak-
ages, allowing an improved disentanglement between the
sources.

o We combine the IAE regularization with the sparse BSS
algorithm GMCA (generalized morphological component
analysis). The resulting procedure, which associates a
standard variational approach with learned priors on the
spectra, is named semi-blind GMCA (sGMCA). While
the known components are better constrained, the compo-
nents whose emission spectra are poorly or not known can
still be identified blindly, which is essential in physical
applications.

e« We evaluate and compare the proposed method with
several BSS algorithms on realistic multispectral
astrophysical data in various challenging experimental
settings.

Notations: A vector is written in bold lowercase; x,, denotes
the nth entry of vector x. A matrix is written in bold
uppercase; X,, and X™ are respectively the nth row and
the mth column of matrix X. [|-||, designates the p-norm for
vectors and the entrywise p-norm for matrices. ® denotes the
entrywise multiplication. X" and X+ designates respectively
the transpose and the Moore-Penrose inverse of X. Finally, ¢.)
and II.y denote the characteristic function and the orthogonal
projection on the set in subscript, respectively.

II. THE SGMCA ALGORITHM

A. Principle

The proposed source separation algorithm is based on a
variational approach. In order to build the corresponding
cost function, we first state the different assumptions on the
sources, the mixing matrix and the noise.

Data-fidelity term: In the following, the noise is assumed
to be additive, Gaussian, and independent and identically
distributed. Thus, in accordance with the forward model in
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(), the data-fidelity term is chosen as being the Frobenius
norm between the data X and the product AS:

1
f(A.8) =2 X~ AS];. (©)

Sources constraint: The sources are assumed to be sparse
in a given domain W, such as a wavelet representation. The
sparsity is enforced by a ¢;-penalization term:

o(S)= A e (W), 0

The hyperparameter A allows to tune the effect of the source
regularization; being a matrix, it can depend on the source
and the sample. For the sake of simplicity, we will assume
thereafter that W' is orthogonal.

Mixing matrix constraint: In a semi-blind approach, we sup-
pose that among the I sources, M have a spectrum modeled
by a IAE and I — M are fully unknown. Let M C [1 .. I
be the indices of the modeled components. The regularization
term on the mixing matrix is:

h(A)=> i, (A)+) o (AY). (8)
i€M ig¢M

Depending whether a spectrum A’ is modeled or not, the
applied constraint differs. If not (i.e. ¢ ¢ M), the spectrum
is constrained to belong to O = {a € R’,||a||, = 1,Vj €
[1..J],a; > 0}, that is the intersection of the unit Euclidean
sphere with the nonnegative orthant; the unit-norm constraint
prevents scale degeneracies such as ||A’||s — oo and ||S;|]2 —
0. If so (i.e. © € M), the spectrum is enforced to belong to
the barycentric span 5,,,, associated to the corresponding IAE
model m;, which is defined as:

Bmi = {a c RJ, X e SN’”",a = wmi(q)mi)‘) } ©)

where:
e ®,,, € R/*Nmi is the column-wise application of a
forward encoder ¢, : R7 5 R’ to N,,, anchor points,
e XA € SV = {Xe RNmi,Zg:f A, = 1} are the
barycentric coefficients; they are enforced to sum to one
for the sake of robustness to potential contaminants [20]],
o ¥, : R — R’ is a backward decoder.
The autoencoders are learned beforehand, from the data sets
of each family of spectra. Thereafter, in order to match the
constraint ¢ applied to the unknown spectra, we will assume
that the IAE models reconstruct spectra of unit Euclidean
norm.

To sum up, sGMCA seeks to solve the following problem:
o1 2 T
min §||X—AS||2+||A®(SW )Hl

+ Z 18,,, (A) + Z Lo (AY).

ieM i¢M

(10)

Equation (T0) is non-convex. It is however convex with respect
to S when A is fixed. This is however not the case for
the update with respect to A since the projection onto the
barycentric span is likely not convex. Fortunately, if the first
guess obtained by the least-squares estimate is decent, and

not completely drowned by leakages from other sources, the
projection tends to converge to a stationary point (see Section
[M-A). Though it is not convex, it generally leads to stable
projections that allow using traditional proximal minimization
schemes.

B. Algorithm and implementation

Input: data X, number of sources I, IAE models
A 'S + GMCA(X,I)
while convergence not reached do
Sources update:
Least squares: S < ATX
Thresholding: S + T (SW') W
Mixing matrix update:
Least squares: A + XS
Model-to-source mapping & starting points init.
for i € M do
Barycentric span projection: A’ Il (A)
end for
for i ¢ M do

Projection on O: A’ «+ Ilp (A?) =
end for

end while
Output: mixing matrix A, sources S

[a],
A,

Fig. 1. The sGMCA algorithm

The sGMCA method is described in Fig. [T It is based
on GMCA [21], [22], which is a BSS scheme built upon
a projected alternate least-squares (pALS) minimization
procedure. The sources and the mixing matrix are initialized
with GMCA. At this point the solution is approximate; the
mixing matrix and the sources are likely to be contaminated
by residuals of other components. S and A are updated
alternatively and iteratively until convergence is reached.
Each update comprises a least-squares estimate, so as to
minimize the data-fidelity term f, followed by the application
of the proximal operator of the corresponding regularization
term [23]]. The procedure is stopped when either the estimated
sources have stabilized (||S*®) — SE=1)||,/|IS*)||, < € with
€ = le—6 in practice) or a maximal number of iterations
have been reached (50 in practice).

1) Sources update: The proximal operator of the sources
constraint g is the soft-thresholding operator in the representa-
tion W, with threshold A. Following the pALS minimization
scheme, the sources update reads as:

S + prox,(ATX) =Ta (ATX) W)W (11

with To(-) = max (] - | — A, 0) ®sign(-), where the absolute,
max and sign operators are intended element-wise and O
is a matrix of zeros. The thresholding allows to refine
the least-squares estimate of the sources by removing the
contaminating noise as well as the potential residuals of
other sources, which could come from a misestimation
of A. The automatic tuning strategy of the thresholds



proposed in GMCA, which is detailed in [22], is implemented
similarly in sGMCA. Briefly, the threshold of a source
i is equal to 30;, where o; is the standard deviation of
the noise which contaminates source i. o; can either be
calculated analytically from the noise level of the data, if
it is available, or be estimated with the median absolute
deviation estimator. Moreover, the thresholds are adapted
to each sample thanks to a ¢;-reweighting scheme, which
allows to reduce the artifacts induced by the thresholding [[24].

2) Mixing matrix update: Let Arg = XS™ be the least-
squares estimate of the mixing matrix. Matrix factorization
is subject to permutation indeterminacy, which is why the
sources need to be mapped with the right models prior to the
application of the constraints. The mapping procedure is de-
tailed in section Hereinafter, the sources are considered
already mapped.

It is recalled that the proximal operator of the character-
istic function of a set is the orthogonal projection on the
aforementioned set. The orthogonal projection on O is the
composition of the projections on the nonnegative orthant and
the unit Euclidean sphere{ﬂ Thus, if a spectrum is unknown
(i.e. © ¢ M), the update simply reads as:

%. (12)
J1ass1, ],

where [-]; is the projection on the nonnegative orthant.
If a spectrum is modeled (i.e. © € M), one has:

A’ —Tlp (A") =

Al TIg,, (ALs'). (13)

The projection on B,,, is detailed bellow.

3) Projection on the barycentric span: The projection of a
spectrum a on a barycentric span B,, is given by:

g, (a) = Y (@mﬁ\) : (14)

with

;\7/3: argmin ||a—p¢m(<1>m)\)||g. (15)

AeSNm peR+

The work of [20] is extended by estimating jointly the ampli-
tude p of the input spectrum. It is indeed unknown because of
the preceding least-squares update and the potential presence
of leakages of other sources. The reconstructed spectrum is
enforced to be of unit norm (by construction of ,,).

The projection on the barycentric span boils down to
a non-linear constrained least-squares optimization problem,
that does not have a closed-form solution. In practice, it is
estimated with the AdaGrad iterative algorithm [25]); the sum-
to-one constraint A € S™V= is applied by defining a coefficient
equal to one minus the sum of the other coefficients.

Problem (T3)) being non-convex, the quality of the solution
greatly depends on the initialization of A and p. Drawing

I'This result holds if at least one coefficient of the input vector is positive,
which is in practice the case.

inspiration from [20], we propose to initialize A by a fast
interpolation in the code domain:

A = argmin ¢, (o (a) — B2
AESNm
svn( B, dm(Ilo (a)).

The input spectrum is projected on O to fulfill the unit-norm
hypothesis of the autoencoder. The solution is approximated
by a projected least squares, in which Ilgw,, is further
approximated by a rescaling (IIgn., (A) =~ A/ ZLL”I An);
this is enough for the sake of initialization. Let Il5, (a) =
Y (®mA) be the reconstructed spectrum using A. p is then
initialized so as to minimize ||a — p I, (a)||2, yielding:

(16)

%

a'llg,(a)

—m (17)
[, @],

ﬁ:

The initialization proposed above is not robust to the
potential interferences which are likely to contaminate the
input spectrum. Indeed, the calculation of by supposes that
the interferences are orthogonal to the input spectrum, which
is in general not the case. To that end, we use a greedy
initialization procedure, which draws inspiration from the Or-
thogonal Matching Pursuit algorithm. Succinctly, it associates
iteratively the source and the model which minimizes the
Euclidean distance between the input spectrum free of the
interference and its approximate projection. In practice, the
interferences are removed by subtracting a linear combination
of the identified spectra up to the current iteration. This is
performed with a coarse grid-search, which is enough for the
initialization. In addition, it is noted that this initialization
procedure also allows to map the sources with the right
models.

III. NUMERICAL EXPERIMENTS

In this section, the proposed method is evaluated on a
realistic toy model of the Cassiopeia A supernova remnant
observed by the X-ray space telescope Chandr (see [3]]
for more details about these data). The data are composed
of I = 4 sources of size P = 346 x 346 (see Fig. [2),
specifically one synchrotron source (radiation of the energetic
charged particles in the supernova remnant by the synchrotron
process), one thermal source (emission from a 107 K plasma
including continuum and lines emissions) and two Gaussian
line emissions. The mixtures are observed over J = 75
channels. An absorbed power-law model and a hot plasma
emission model produced using the Astrophysical Plasma
Emission Code (APEC [26]) convolved with the spectral
response of the Chandra telescope are used to generate the
sets of synchrotron and thermal spectra (see Fig. [3a] and [3b).
The emission line spectra are modeled as Gaussian kernels,
with widths proportional to the center as shown in Fig.

The sGMCA code that is used is open source (see Ap-
pendix). To the best of our knowledge, sSGMCA is the first

2chandra.harvard.edu
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(a) (®) (©) (@

Fig. 2. Spatial templates obtained from Chandra X-ray observations of the Cassiopeia A supernova remnant (logarithmic scale). @ Synchrotron. @Therma].

Gaussian L. [(d)] Gaussian II.
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Fig. 3. Ensemble of [(a)] absorbed synchrotron model, [(B)] absorbed thermal and [(c)] Gaussian lines. The colored thick spectra are the chosen anchor points.

BSS method that makes use of prior physical information. We
compare SGMCA with two benchmark experiments:

 an oracle version of GMCA, where S (respectively A)
is estimated with the ground-truth A (respectively S); it
provides an upper-bound for the reconstruction perfor-
mances,

« an alternate version of SGMCA in which the spectra are
regularized with a nearest-neighbor search among the
spectra of the training sets; this experiment allows to
better highlight the benefit of the IAE regularization.

The sGMCA algorithm is also compared to three standard BSS
algorithms, which have no prior physical information on the
spectra, namely GMCA and:

o HALS [27], which is a NMF algorithm designed to solve
mina >g,s>0 || X — AS||§ (the relationship > is intended
element-wise). The resolution is built upon a block-
coordinate descent. The non-negativity of the solution is
guaranteed thanks to multiplicative updates.

o SNMF [28]], which is a NMF algorithm enforcing the
sparsity of the sources in the direct domain by solving
mina>o,s>o [|X — AS||2 + A||S|),. Similarly to HALS,
multiplicative updates ensure the non-negativity of the
solution. To the best of our knowledge, there is no
extension of SNMF in a transformed domain, which

would better suit the data.

For the GMCA-based algorithms, the sparsity of the sources
is enforced in the starlet (an isotropic undecimated wavelet)
representation with two details scales [29].

The estimated spectra are assessed with the spectral angular
distance (SAD), recast in a logarithmic scale for the sake of

precision:
T .
Q 3 A EX3
) ) (18)
’2

SAD; = —10log;, (arccos <1
1Al [l A~

with A* the ground truth mixing matrix. Consequently, the
greater the SAD, the more accurate the estimation. We will
consider the overall SAD, that we define as the mean SAD
over all spectra.

The sources are evaluated with the signal-to-distortion, inter-
ference and noise ratios (SDR, SIR, SNR respectively), which
are classical performance metrics in BSS [30]]. It is reminded
that the SDR evaluates the overall reconstruction error, while
the SIR, the SNR and the SAR assess more particularly the
residuals from other sources, the noise contamination and the
remaining artifacts (e.g. the ones due to ¢; regularization),
respectively. Similarly to the SAD, we will use these metrics
in the logarithmic scale.



TABLE I
PARAMETERS OF THE LEARNING STAGE

Parameter Value

Sync.  Therm. Gauss.
Anchor points 3 3 2
Training samples 541 601 600
Validation and test samples 178 198 200
Number of epochs 10000 10000 100000
Regularization parameter 0.1
Number of layers 4
Residual parameter 0.1
Learning rate le—4
Solver Adam
Batch size 25

TABLE II

MEDIAN RECONSTRUCTION SAD OVER THE TEST SETS

Therm.
25.92

Overall
25.18

Gauss.

24.81

Spectra
SAD (dB)

Sync.
25.26

A. Learning of the IAE models

Before tackling the source separation problem, the IAE

models of the three families of spectra need to be learned.
The first step is to choose the anchor points and their numbers.
The minimum number of anchor points required by the IAE
is the dimension of the underlying manifold plus one. The
thermal and synchrotron spectra depend on two physical
parameters, therefore we will select three anchor points. The
Gaussian spectra depend on one parameter only, thus two
anchor points are needed. The choice of the anchor points
is in practice not particularly critical [20]; as long as they are
not colinear the reconstruction performances are satisfying.
The anchor points are selected by hand, so that they tend to
maximize their contrasts (see Fig. [3).
Once the anchor points are removed from the data sets, the
three sets of spectra are decomposed into training, validation
and test sets. The autoencoders are trained using the Adam
optimizer, with the largest learning rates which allow to
converge. The IAE is recalled to be equipped with skip
connections between each layers to avert vanishing-gradient
issues. For the same reason, greedy layer-wise pretrainings
are performed. The reconstruction performances are found to
stabilize as of four layers, which is therefore the number of
layers chosen for all three models. The values of the hyper-
parameters of the IAE models are summarized in Table [[}

Figure [] shows examples of reconstructed spectra by the
IAE, that is the results of the projections on the barycentric
spans, as well as the reconstruction errors. The spectra are
well reproduced on a reasonably wide dynamic, except for the
smallest samples. To correct this, the spectra could be learned
in a logarithmic scale, but it is out of the scope of the present
work. The median SAR of each type of spectra and in overall
are reported in Table [l These results give the IAE modeling
error bounds, that SGMCA cannot exceed.

Figure [5] shows two optimization landscapes of barycentric

span projections, that is Eq. (I3)) as a function of A. As stated
earlier, the optimization landscape is quite convex near the
solution, which allows using proximal minimization schemes
as long as the initialization is decent.

B. Results

1) Overall results: Firstly, let us compare qualitatively
sGMCA to the BSS algorithms on a typical run. Figure
[6] shows the estimated spectra along with the estimation
errors. The three BSS methods are particularly prone to
interferences, which result in either portions of spectra
misestimated at zero or with leakages of other components,
which is problematic for astrophysical interpretations. On
the contrary, sSGMCA manages to remove most interferences
and recovers satisfactory spectra. Figures and [§] show
the estimates of respectively the synchrotron source and the
Gaussian II source, as well as the associated estimation errors.
Residuals of other sources and/or reconstruction artifacts are
clearly visible in the estimation errors of the three blind
methods. The sGMCA algorithm provides a more accurate
source, whose error equally originates from interference,
noise contamination and artifacts.

2) Impact of the experimental settings: In order to confirm
quantitatively these results, three experiments, each described
in a paragraph below, are performed. These are constituted of
Monte-Carlo trials with varying spectrum (taken from the test
sets) and noise realizations. The median performance metrics
are reported in Fig. [0
The sparsity hyperparameter of SNMF is found to be
very sensitive to the noise level, noise realization and
mixing matrix. In the reported results, a fixed mean “good”
hyperparameter A = le—7 is taken.

a) Noise level: In this experiment, we test the four
algorithms with a zero-mean Gaussian noise of varying
standard deviation.

The overall tendencies are consistent; the higher the SNR,
the better the estimations. As we had observed previously on
the example, SGMCA estimates particularly well the spectra;
the gain in SAD is from a few to 10 dB compared to GMCA,
depending on the noise level. Since the sources are better
disentangled, this results in a significant gain of the SIR and
thus the SDR.

The additional prior information to which the nearest-
neighbor benchmark algorithm has access leads to improved
performances compared to GMCA, but not as much as
SGMCA. Indeed, the Euclidean distance of the nearest-
neighbor search is not adapted for spectra; this emphasizes
the advantage of the regularization provided by the IAE,
which learns in particular a better-suited metric.

It is noted that the performance metrics of sGMCA and
GMCA reach a plateau at a high SNR. According to the
hyperparameter tuning strategy of GMCA and sGMCA, the
thresholds applied to the sources are low at a low noise
level, inducing an underregularization. Interestingly, the
sGMCA is less sensitive to this effect, most likely because
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Synchrotron model, with Az = 1 — A1 — A2 to fulfill the sum-to-one
constraint. Gaussian model, the dashed line is the sum-to-one constraint
A1+ A2 =1.

the components are better separated.

b) Collinearity of the spectra: Two sources originating
from a similar physical process can share a similar spectrum,
as our two Gaussian line emissions. In this experiment, we
aim at testing to which extent the proposed method can
separate such sources. To do so, we define a dimensionless
variable distance; starting from an extreme position where
the two Gaussian spectra are disjointed (distance equal to

one), we progressively bring them closer until superposition
(distance equal to zero).

Similarly to the previous experiment, SGMCA outperforms
the BSS algorithms, with appreciable gains in SAD by 5 to
9 dB and in SDR by 7 to 18 dB compared to GMCA. When
the two Gaussian spectra tend to coincide, the performances
of sSGMCA and the oracle decline because the least-squares
update of the sources in the minimization scheme becomes
ill-conditioned. Moreover, the performance metrics of GMCA
do not depend of the distance because the errors of GMCA
are dominated by the thresholding artifacts.

c) Unbalance of the sources: Until now, the four sources
were normalized. However, real physical sources are likely to
be unbalanced and BSS algorithms may misestimate or fail to
identify the least energetic components. In order to evaluate
this phenomenon, the sources are unbalanced by multiplying
the synchrotron source by a varying scalar while keeping the
other sources constant. The reported SDR concerns only the
thermal and Gaussian components, since we want to assess
the impact on the hidden sources. The SIR is not shown
because it is delicate to compare two SIR from data with
different amplitudes.

Again, sGMCA allows to recover more precisely the spectra,
with a considerable gain in SAD ranging from 8 dB to 12
dB compared to GMCA, and up to 5 dB for the SDR.

When the sources are unbalanced, GMCA estimates precisely
the synchrotron spectrum but very poorly the three other
spectra (they are contaminated by the synchrotron component).
The accurate estimation of the synchrotron spectrum makes
it possible to separate the synchrotron source from the data
in the least-squares update of the sources, which allows for
the retrieval of the hidden sources, hence the acceptable SDR
(see examples of estimated sources when the synchrotron
source is a hundred times brighter in Fig. [I0] and [TT).
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Fig. 6. Example of estimated spectra, with SNR = 40 dB, distance = 1 and amplitude ratio = 1. Top row: spectra (solid lines: estimation, dashed lines:
ground truth). Bottom row: estimated spectra over ground truth spectra (plotted if ground truth greater than 1e—4). The figures on a same row share the same

ordinate range. [(@)] sGMCA. [(b)] GMCA. [(c)] HALS. [(d)] SNMF.

On the contrary, the nearest-neighbor benchmark algorithm
performs particularly poorly; it generally fails to identify
the spectra of the three hidden sources, because at the first
iteration (which we recall to be the output of GMCA) the
nearest neighbors of all four spectra are synchrotron spectra.

3) Impact of the IAE prior modeling: In the previous
experiments, all four components were constrained by IAE
models. In this subsection, we focus on the impact of having
one or more components fully unknown. To that end, Monte
Carlo experiments are performed where the IAE models of
the synchrotron, thermal and/or Gaussian spectra are removed,
both in the balanced and an unbalanced case. The results are
reported in Table [[T]]

In the balanced case, the performance metrics are particu-
larly sensitive to the presence or not of the thermal model.
The thermal source strongly correlates with the two Gaussian
line sources, it is therefore not surprising that constraining the
thermal spectrum notably improves the unmixing.

In the unbalanced case, where the synchrotron source has
a norm 100 times greater than the other sources, it is also
beneficial to include the synchrotron model. It allows to reduce
the leakages of the synchrotron source in the estimates of the
hidden sources.

IV. CONCLUSION

We introduce a novel source separation approach to tackle
physical multispectral data. Compared to standard blind source
separation methods, the objective is twofold: to better dis-
criminate between sources and to ensure the provision of
physically relevant information. To do so, we make use of
a learned, physic-driven, prior on the spectra of the sought-
after sources in a standard variational framework. Extensive
numerical experiments on realistic astrophysical data show that
the introduced regularization efficiently rejects inter-source

TABLE III
MEDIAN METRICS OVER 100 REALIZATIONS. Amplitude ratio 1S THE RATIO
BETWEEN THE NORM OF THE THERMAL OR A GAUSSIAN SOURCE (THEY
HAVE THE SAME NORM) AND THE NORM OF THE SYNCHROTRON SOURCE

Components modeled with an IAE

Amplitude Metric All Therm. & Sync. &  Gauss. None
ratio (dB) Gauss. Gauss.
SAD 21.67 20.71 15.59 15.32 12.54
1 SDR 38.73 37.31 22.09 21.97 19.45
SIR 38.54 35.36 18.81 18.52 16.61
SAD 17.73 12.27 8.83 8.27 5.78
0.01 SDR 33.74 26.32 23.13 22.80 19.86
SIR? 39.15 31.66 24.40 23.87 17.77

@ calculated over the thermal and Gaussian sources

leakages, thus improving significantly the estimations of both
the sources and the spectra, including in challenging settings.

We choose to specifically illustrate the application of the
proposed sGMCA algorithm in the context of multispectral
imaging. If remote sensing is a natural application of such
kind of methods, it can be applied to a large number of
matrix factorization problems with manifold-valued/manifold-
constrained factors. One can think of biomedical signal pro-
cessing (e.g. LC-MS data analysis) or EEG and MEG data
analysis in neurosciences. In the former, the temporal response
of the device (e.g. retention time) naturally belongs to an
unknown manifold. In the latter, the sSGMCA algorithm could
be applied to extract certain brain activity patterns from MEG
data.

APPENDIX

The code is open source and can be found online at
github.com/RCarloniGertosio/sGMCA on version 3
of the LGPL.


https://github.com/RCarloniGertosio/sGMCA
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Fig. 7. Example of the estimated synchrotron source, with SNR = 40 dB, distance = 1 and amplitude ratio = 1. Top: estimations (logarithmic scale),
bottom: absolute error (logarithmic scale). The figures on a same row share the same color scale. [@)] sSGMCA. [(5)] GMCA. [(c)] HALS. [[d)] SNMF.
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Fig. 8. Example of the estimated Gaussian II source, with SNR = 40 dB, distance = 1 and amplitude ratio = 1. Top: estimations (logarithmic scale),
bottom: absolute error (logarithmic scale). The figures on a same row share the same color scale. [(@)] sGMCA. [(b)] GMCA. [(c)] HALS. [(d)] SNMF.
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Fig. 11. Example of the estimated Gaussian II source, with SNR = 40 dB, distance = 1 and amplitude ratio = 0.01. Top: estimations (logarithmic scale),
bottom: absolute error (logarithmic scale). The figures on a same row share the same color scale. [@)] sSGMCA. [(5)] GMCA. [(c)] HALS. [[d)] SNMF.
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