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Diffusive limit approximation of pure-jump optimal
stochastic control problems

Marc Abeille* Bruno Bouchard! Lorenzo Croissant?

November 8, 2021

Abstract

We consider the diffusive limit of a typical pure-jump Markovian control problem as the
intensity of the driving Poisson process tends to infinity. We show that the convergence speed is
provided by the Holder exponent of the Hessian of the limit problem, and explain how correction
terms can be constructed. This provides an alternative efficient method for the numerical
approximation of the optimal control of a pure-jump problem in situations with very high
intensity of jumps. We illustrate this approach in the context of a display advertising auction
problem.

Keywords: Diffusive limit, stochastic optimal control, online auctions.

1 Introduction

Let N be a random point process with predictable compensator \v(de)dt, for some finite Borel
measure v on R, A > 0, and let X*®* be the solution of

Xt,x,oz = x4+ / /b()(;:’ac’()é7 Q, G)N(de, dS) 5
t
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in which « belongs to the set A of predictable controls with values in some given set A. Then, under
mild assumptions, the value of the control problem

T
V(t,z) :=supE [/ r(Xzf’a,ozs)st} :
acA t

with Ny := N(R, [0,t]), t > 0, solves the integro-differential equation

0V + Asup (/ V(-4 0b(-a,e))v(de) =V + r(-,a)) =0on[0,7) xR (1.1)
achA
with boundary condition V(7,-) = 0, possibly in the sense of viscosity solutions. From this

characterization, standard numerical schemes follow that allow one to approximate both the value
function V' and the associated optimal control.

However, is non-local and obtaining a precise approximation of the solution is highly time
consuming as soon as the intensity A of IV is large. This is the case, for instance, for ad-auctions
on the web, see e.g. [16], that are posted almost in continuous time, and on which one would
typically like to apply reinforcement learning technics based on the resolution of for the current
estimation of the parameters, leading to a possibly large number of resolutions for different sets of
parameters. On the other hand, when X is very large, it is tempting to approximate the original
jump diffusion control problem by its asymptotic as A — oco. In this paper, we consider the diffusive
limit approximation. Namely, if one takes A of the form A\ = 1/¢, with € small, and b = eb; + /eby
with [ by(-, e)v(de) = 0, then a second order Taylor expansion on implies that €V converges as
¢ — 0 to the solution V of

oV + sug (/ bi(-,a,e)v(de)d,V + % / b2]? (-, @, €)v(de)d,V + r(-, a)) =0, V(T,)=0. (1.2)

ae

The advantage of the above is that it is now a local equation which can be solved in a much more
efficient way. Note that another possibility is to consider a first order expansion as in [16], which
corresponds to considering a fluid limit, but this is less precise.

For such a specification of the coefficients (A, b), the existence of a diffusive limit is expected,
see e.g. [I8] for general results on the convergence of stochastic processes. For control problems,
the convergence of the value function can be proved by using the stability of viscosity solutions
as in [I7, Section 3|, which considers the limit of discrete time zero-sum games, or by applying
weak-convergence results. In particular an important literature on this subject exists within the
insurance and queueing network literatures, see e.g. [3, 3], [14]. However, it seems that there is
no general result on the speed of convergence in the case of a (generic) optimal control problem as
defined in Section 2l below.

In Section [3| we verify that the above intuition is correct. Unlike [17], we do not simply rely on the
stability of viscosity solutions. Neither do we rely on the weak convergence of the underlying process.



The reason is that weak convergence does not give access to the convergence speed in optimal control
problems. Instead, we directly study the regularity of the solution to . Thanks to its vanishing
terminal condition (otherwise it should be assumed smooth enough), we show that 92,V is uniformly
p-Holder in space, for some 5 € (0, 1], whenever the coefficients of are uniformly Lipschitz in
space and under a uniform ellipticity condition. By a second order Taylor expansion, this allows
us to pass from to up to an error term of order eg, and therefore provides the required
convergence rate. In general this rate can not be improved. As a by-product, we obtain an easy way
to construct an eg—optimal control for the original pure-jump control problem. We then study the
limit e_g(V — V) as € = 0. Under mild assumptions, we show that it solves a (possibly non-linear)
PDE. This provides a first error correction term. To achieve higher orders of convergence, this
approach can be generalised to a system of non-linear PDEs, upon its existence.

As an example of application, we consider in Section [4] a simplified repeated online auction bidding
problem, where a buyer seeks to maximise his profit when facing both competition and a seller who
adapts his price to incoming bids. Our numerical experiments show that our approximation permits
a considerable gain in computation time.

For ease of exposition, we shall restrict to situations where the controlled process is of dimension
one. This fact will be used explicitly only to derive our regularity results in Section Similar
results can be obtained in higher dimension, by using standard regularity results for parabolic partial
differential equations, see e.g. [19] 20].

2 The pure-jump optimal control problem

In this section, we begin by providing the definition of our pure-jump control problem, and state the
well-known link with its associated Hamilton-Jacobi-Bellman equation. The properties stated below
are elementary but will be useful for the derivation of our main approximation result of Section

2.1 Definition

Let €2 = D denote the space of one dimensional cadlag functions on R, and M(R x R, ) denote the
collection of positive finite measures on R xR, . Consider a measure-valued map N : D — M(RxR})
and a probability measure P on D such that N is a continuous real-valued R-marked point process
with compensator Av(de)dt, in which A > 0 and v is a probability measure on R. See e.g. [9]. For
ease of notations, we set N, := N(R, [0,t]) for ¢t > 0.



Let F' = (F!)s>; be the P-augmentation of the filtration generated by (Ng— N;)s>;. Given a compact
subset A of R, we let A’ be the collection of F!-predictable processes with values in A. For ease of
notations, we also define A := Uy0.A". Throughout this paper, unless otherwise stated we will work
on the filtered probability space (2, F,F,P), where F = F2 for T' > 0 given and F = F°.

We now consider a bounded measurable map (x,a,e) € Rx AxR — b(x,a,e). Given (t,z) € Ry xR
and a € A, we define the cadlag process X“%* as the solution of

Xho :x—i—/ /b(Xzf’a,ozs,e)N(de,ds). (2.1)
t

Given a bounded measurable map (z,a) € R x A — r(x,a) € R, we consider the expected gain
function

T
(t,x,a) € [0, T| x Rx A J(t,x;0) :=E {/ r(XE5, ag)dN, |, (2.2)
t

together with the value function

V(t,z) = sup J(t,z; ), (t,z) € [0,T] x R. (2.3)

acAt

All throughout the paper, we make the following standard assumption, which will in particular
ensure that V' is the unique (bounded) viscosity solution of the associated Hamilton-Jacobi-Bellman
equation, see Proposition below.

Assumption 1. For each e € R, (z,a) € R x A — (b(x,a,e),r(x,a)) is continuous. Moreover,
(b, 1) is bounded.

Remark 2.1. Note that boundedness of the coefficients b and r is not essential in the following
arguments. One could assume only linear growth in space, uniformly in the control. We make the
above (strong) assumptions to avoid unnecessary complezities.

2.2 Dynamic programming equation and optimal Markovian control

Let us now state the well-known characterization of V' in terms of the theory of viscosity solutions.

As usual, we say that a lower-semicontinuous (resp. upper-semicontinuous) locally bounded map
U:[0,T] x R+ R is a viscosity supersolution (resp. subsolution) of

Oyp + sup (/ o( -+ b(-,a,e))v(de) — p + r(-,a)) A=0, on[0,7T) xR, (2.4)

acA



if for all (¢,z) € [0,T) x R and all C* functions ¢ : [0, 7] x R — R such that (¢, z) attains a minimum
(resp. maximum) of U — ¢ on [0,7") x R we have

K {8tgo(t, ) + sup (/ U(t,x + b(x,a,e))v(de) — U(t,z) + r(x, a)) )\} <0
achA

with k =1 (resp. Kk = —1).

Proposition 2.2. V is a continuous and bounded viscosity solution of (2.4) such that

lim V(¢,2')=0, z € R. (2.5)

'’ —x

Moreover, comparison holds for (2.4)) in the class of bounded functions.

Proof. The argument being standard, we only sketch it. Fix h € (0,7 —t]. Let 7{ be the first jump
of N after time ¢. Denote by V, and V* the lower- and upper-semicontinuous envelopes of V', i.e.
Vi(t',2') .= liminf V(s,y), V¥, 2") ;== limsup V(s,y).
(sy)—=(t'2") (5,9)—=(t",a")

It follows from the same arguments as in [§] that V satisfies the (weak) dynamic programming
principle

sup E [V*(Tlt Ah thAZ) T(Xi’;_’a, OéTiS>1{Tlt§h}i|

acAt

<V(t, x) (2.6)

*( _t t,r,x t,x,«

< sup B V(7 AR I8 + r (X5 ) gy |
Following [8] again and using [6, Lemma 22|, this implies that V, and V* are, respectively, a
super- and a subsolution in the viscosity sense of (2.4). Since r and b are bounded, the map
(t,z) — (14 22)e"C" is also a viscosity supersolution of the above, as soon as C' > 0 is large enough.
Standard arguments then imply that comparison holds for the above Hamilton-Jacobi-Bellman
equation in the class of bounded functions (or even with linear growth), and therefore that V, = V*,

meaning that V' is continuous. The continuity at 7' follows immediately from the fact that r is
bounded, as |V (t,-)| < (T —1t) ||r|| .- O

We next prove the existence of an optimal Markovian control. In the following, we denote by 2 the
collection A-valued Borel maps on R, x R.

Proposition 2.3. For all (t,z) € R, xR, there exists a[t,x] € A" such that V (t,z) = J(t,z; alt, x]).

It takes the form
Z 1 ” Tt é 7I‘L;U,oz[t,m])

>0



in which T} is the i-th jump of N after time t for i > 1, with 7§ :=t, and & € A satisfies

a(t',2") € argmax {/V(t',x’ +0(2',a,e))v(de) + r(2',a) } , (U 2") e Ry x R.

a€h

Proof. Since V, b and r are continuous, by Proposition and Assumption [I} and since A is compact,
we can find a Borel measurable map (¢,z) — a(t, z) such that a(¢, z) belongs to argmax{ [ V (¢, +
b(z,a,e))v(de) + r(x,a), a € A} for all (t,z), see e.g. [4, Proposition 7.33, p.153]|. Let us fix
(to,z0) € [0,T] x R. By the dynamic programming principle in , the continuity of V', and the
definition of a above,

V(to,x9) = sup E [V(Tlto AT, Xto’xo’a) + T(Xt?(’)xo’a, aTlto)l
T —

to
ac At T AT

= sup E [(/ V(r° AT, 2o + b(z, 10 s e))v(de) + r(zxo, an0)> 1{Tf°§T}]

acAto

{TfOST}]

=K [(/ V(T° AT, xg + b(xg, é‘rfo/\T’ e))v(de) + r(zxo, de0)> 1{T1t0<T}:|

= |[V(7l AT, X570 + (X157, @) oy |

TfO/\T lto
in which & := a('7x0)1(t0,7f0]‘
: ¢ t0,20,6 .
For ease of notations, we now set ¥4 := 7 AT and X; = X QOJ;’TQ. By the same reasoning as above,
T
1

we have, for a fixed w € 2,

V(h(w), Xi(w)) =E [V(Tfl(w) AT, Xﬁl(w),x;w),a(w)) + (X1 @)X @)a(w) @T{gl(w) (w))1{ﬁﬂl(w>g}

N P _
in which
a(w) 1= A, 20) L, toy + 80, Xa(W))1 1o oo
The right-hand side of the above coincides P-a.e. with
91,X1,4 91,X1,6 A
E |:V(T{91 AT, XTl’;l/\lT )+ 7“(XT§171 ,oszl)l{TflgT} .7:191}
=E {V(TSO AT, Xigéﬁ)fa) + T(X:;t)éio’a’ Qo)1 it0 oy foOAT} :

Let us complete the definition of & by now letting it be defined by

A § ' A t0,20,&
o = 1, ¢ to.a(- X .
(%7941 ( ) 7.2750 )

>0



By iterating the above procedure, we have

V(to, LC()) =K

T,tlo/\T )
V(ro AT, X970 + / r(XﬁExO’a,&s)dNS] ,n> 1

T,tlo AT to

Since 70 — 0o P-a.s. as n — oo, it now follows from the dominated convergence theorem that

T
V(to, z0) = E [ / r<X§z’%’a,ds>st] |
to

]

Remark 2.4. In the example of application of Section [ below, the function r is of the form
r(z,a) = lgsap(x,a) in which p is a continuous function and A = R,. Although r is not
continuous, this does not alter the result of Proposz'tz’on because sup,ep{o(t, ¢, a)+ o> p(z,a)} =
supgeafe(t, z,a) + Lasayp(x,a)} as soon as ¢ is continuous in its a-argument. This applies to
(t',2',a) — p(t',z) a) == [V(t',2'+b(z', a,e))v(de). The argmaz in Proposition|2.9 is also achieved
as soon as p > 0. If p can take negative values, then the max is not achieved at points (t,x) in
E = {({t,2') : supyep{ot’, o', a) + Lazanp(a’,a)} = o(t', 2", 2")}, but in this case one can construct
a sequence of t-optimal controls, for all © > 0. For instance, if @ and the coefficients are uniformly
Lipschitz in a, we can choose them of the form &'(t,x) = a(t,x)l{¢w)erey + (T — )1t 2)ery, for
v >0 small. The same analysis holds for the results presented in Section [3 below.

3 Diffusive approximation

As already mentioned, the characterization of Propositions [2.2] and allows one to estimate
numerically the value function and the associated optimal control. However, the integro-differential
equation (2.4) is non-local and the computational cost of its numerical resolution increases as A
grows. On the other hand, we can expect that our pure-jump problem admits a diffusive limit as
A — oo which is, by its local nature, much easier to solve numerically, and can serve as a good proxy
of the original problem as soon as A is large enough.

In this section, we begin by defining the diffusion control problem that is the candidate for the
diffusive limit of our pure-jump problem. We then study the regularity of the corresponding value
function, from which we will be able to derive our main approximation result, see Theorem
below, and construct approximate optimal controls, see Proposition [3.4 Finally, we identify a first
order correction term in Subsection [3.5] which is extended to higher orders in Subsection [3.6]



3.1 The candidate diffusive limit

Given € € (0,1), we now take as A the intensity

so that it is large for € > 0 small. To ensure the existence of a diffusive limit, we need to assume
that the jump coefficient b introduced in Section [2]is of the form

be = eby + \/ebs

for two bounded measurable maps by, by : R x A x R — R, each satisfying Assumption (1] (with b; in
place of b, i = 1,2), and with b, satisfying the additional Assumption .

Assumption 2. The function by satisfies:

/bg(:c,a,e)u(de) =0 forall (x,a) € R XA, and ( inf /|b2(:1:,a, e)*v(de) =:n>0. (3.1)

x,a)ERXA

In the above, the coefficient b; should be interpreted as a drift term while b,y is a volatility. The
respective scaling in € and /€ together with Assumption [2| are required to ensure that our pure-jump
problem actually admits a diffusive limit of the form below. Problems where this scaling of
coefficient is appropriate involve many jumps of small relative size, with a variance of the same order
as their drift over time.

Likewise, we consider the value function

1 T
Ve(t,z) := sup J(t,z; ) with J.(t,x; ) := )\—E [/ r(XP5 ag)dN, |, (t,x) € [0,T] x R.
¢

ac At €

(3.2)

Note that the scaling by 1/A. means that (up to a constant factor 7' — t) we consider the gain by
average unit of actions on the system. Indeed E[Ny — N;| = A(T — t) and the control applies only
at jump times of N. Note that we omit the dependence of N on ¢, for ease of notations.

We shall see that V., together with the associated optimal policy, can be approximated by considering
its diffusive limit as € — 0. The coefficients of the associated Brownian diffusion SDE are given by:

1
2

u(z,a) = /bl(:c,a,e)y(de), o(x,a) = (/|b2(:c,a,e)]2y(de)) , (,0) € R x A.

From now on, we assume that they satisfy the following.

8



Assumption 3. The maps x € R — u(z,a), r € R o(z,a) and v € R — r(x,a) are Lipschitz,
uniformly in a € A, with respective Lipschitz constants |||, llollps, and [[rlly,-

More precisely, let P be a probability measure on I and let W be a stochastic process such that
W is a P-Brownian motion, let F! = (F!),>¢ be the P-augmentation of the filtration generated by
(W — W), and let A* be the collection of F'-predictable processes. Given a € Af, we can then
define X**% as the unique strong solution of

X0 = x—l—/ p( X5 ag)ds —|—/ o( X% ag)dW,. (3.3)
t t
The candidate diffusive limit problem is then defined as

T
V(t,x) = sup E {/ T(Xﬁ’x’é‘,as)ds} , (t,x) €]0,T] xR
¢

acAt

where E is the expectation operator under P.

3.2 Regularity properties

We first prove that V is a smooth solution of its associated Hamilton-Jacobi-Bellman equation. Most
importantly, its second order space derivative is S-Holder continuous, for some 5 € (0, 1]. This will
allow us, in Section [3.3] below, to prove that it actually coincides with the diffusive limit of V; as €
vanishes. The precise value of the Holder exponent 8 will be further discussed in Remark below.

Proposition 3.1. V belongs to Cy([0,T] x R) and is the unique bounded solution of

a€eh

o+ sup (W00 + 3 LY +(0) ) =0, o0 [0.T) X R, (3.4)

V(T,-) =0, onR. (3.5)

Moreover, there exists 3 € (0,1], such that 02,V is (uniformly) B-Hélder continuous in space.
Proof.  a) We first show that V € C,([0,T) x R) N C°([0,T] x R). Let us set

1
F(x,p,q) := sup (u(ﬂ?, a)p+ 50°(x,a)q + r(z, a)) , (,p.q) €R?,
achA



and observe that, by Assumptions [2] and 3],

1 1
37 lg—¢| <|F(2,p,q) — F(z,p.¢)| < = |lo]% | — ¢ (3.6)
vF(2,0,0) < ||l (1+[v]*) (3.7)
|F(2,p,q) — F(',p", ) <(Ipl el + lal 1ol 1ol + 17 ll) 12— 2]

1 9
+ il [0 = 2] +§||0'Hoo|q—q’| (3.8)

for all (z,2',p,p,q,q,v) € R

For n > 1, existence of a C12([0, T) x R) solution V,, to (3.4) on [0, T) x (—n,n) with boundary
condition V;,, = 0 on ([0,T) x {—n,n}) U ({T} x [~n,n]) follows from [20, Theorem 14.24],
(3.6)), (3.7) and (3.8]), upon mollifying F' and then passing to the limit.

We now provide uniform estimates on the gradients. Note that

&

Tark™e
Va(t,z) = sup E / T(Xﬁ’x’a,@JdS]
t

acAt

where
Thed—inf{s >t : X" ¢ (—n,n)}.

n

It follows that, for h € (0,7 —t),

Vi(t+ h,x) = sup E
acAt

(T—m)ATR ™%
/ r( X505 ay)ds
t

which readily implies that |V, (¢t + h,z) — V,,(t,z)| < h|r||l«, and therefore

[0Vl < 7l (3.9)
Similarly, for h € (—1,1) such that = + h € [—n,n],
— — —_ T — — — — — —
‘Vn(t,x + h) — V,(t, x)‘ < HrHLip sup E [/ ‘X;,uh,a _ X;,m,a‘ ds & ‘Té,erh,a _ Trtl,x,a| .
acAt t
The first term is handled by using the uniform Lipschitz continuity in space of (u, 0):
— T —_ — —_ —
E { / | XLt — xboe ds] < C |h| (3.10)
t

in which C; > 0 does not depend on n. As for the second term, Assumption 3] and our
boundedness assumptions allow us to apply [7, Theorem 2.2| with # = 0, r = n and for

10



P of the form ¢(X"**%) or (X»*%) for a smooth function ¢ such that ¢(y) = y + n for
y € [-n,—/n] and p(y) =n —y for y € [\/n,n]. It implies that

B HTé,erh,o? _ Trtﬁx’&u < O,F HXt a+h,a _ gtaa ) } < Ll

t,x+h, a/\TTtL,x,a Trtl,a:+h,a/\7_;fl,m,a

for some positive constants Cy and C7 independent of n. Combined with (3.10), this leads to

10:Vall o < N7l (Cr+Cs). (3.11)
The fact that Vj, solves combined with , and then proves that
102, Val| ., < Cs (3.12)

for some C3 > 0 that does not depend on n.

We now prove the uniform Hélder continuity of the gradients and second derivatives. Upon
mollifying F', we can assume that it is C''. Given a neighbourhood O C [0,T] x [-n,n] of a
point (t,z), we derive as in [I, Section 3.1] that there exists C' > 0 and § € (0, 1], that depend
only on the ellipticity constant 1 and the Lipschitz constants of I’ with respect to its second
and third arguments, such that

|@mw@3—@m@@ng005—ﬁ+¢ﬂ >wM@V” for (t',2) € O.
In view of (3.9)), this implies that

for (¢',2") € [0,T] x R.  (3.13)

o0 ?

_ _ B
0Vt @) = OVt 2)| < C (11 =1]% + 2’ —2)) |
Up to changing § € (0, 1], one can prove similarly that
\@mw@q—@muwﬂgc@u¢ﬁ+w—ﬂﬂ,ﬂxwwqemﬂxR, (3.14)

for some C' > 0 that does not depend on n. We now set AV, = h™? (Vn(-, -+ h)— Vn),
h € R. It satisfies a linearized equation of the form

0 = 0, AWV, + Ap0u AWV, + BLo?, AV, + Cph' =7

at every point (t,z) € [0,7) x R such that x +h € (—n,n), in which, by Assumption [3|and the
estimates in b) above, (A, Cp)p>o is uniformly bounded and infy,~q infy 77xr By > 1/2. Hence,

|8§$Ahf/n] < 27]_1 (}atAhan + |Ah’ ‘835Ah‘7n} + |Ch| hl_’B)
and we conclude from — that

|02,V ) = R Vult,x)| < Cla’ — 2|’ w,a" € (—n,n), t <T (3.15)

11



@

for some C' > 0 independent on n. If we now set A,V,, = h=2(V,,(-+ h,-) — V,,), then the same
type of arguments leads to

02V, (t, 2) — 2, Vo(t, )| < CJY —#)2, x € (—nym), t,¢ < T (3.16)

for some C' > 0 independent on n.

d) It follows from steps b) and c) that (V},),>; is uniformly bounded in Ho,4([0,7) x R), as
defined in [20, Section IV.1]. By the Arzela-Ascoli theorem, it admits a subsequence that
converges in Ho,5(B), for any compact set B C [0,7") x R. We can pass to the limit in the
equation, so that the limit solves —. By comparison, the limit is V' and it shares the

same upper-bound in Hy,5([0,7) X R) as (V,,)n>1.

[
Remark 3.2. (a) Leta: [0,T) x R— A be a measurable map satisfying
_ 1 _
a € argmax <,u(-, a)0,V + 502(~, a)o2,V +r(, a)) on [0,T) x R, (3.17)
achA

see e.g. [4, Proposition 7.33, p.153]. Assume that there exists 5, € (0,1) such that r(-,a)
belongs to Hp, ([0,T) x R), then we can take 8 = .. This follows from [19, Section IV.14,
p390].

() If (u(-,a),0(-,a),7(-,a)) has more reqularity, one can obviously obtain more regularity on V
by, for instance, differentiating the associated partial differential equation.

(c) In the case where o does not depend on its a-argument, then one can appeal to [20, Theorem
12.16] to deduce that we can take f = 1. This follows from the Lipschitz continuity of F.

3.3 Convergence speed toward the diffusive limit

We now exploit the Holder regularity stated above to prove that V. converges to V at a rate €7 as €
vanishes. We shall see in Section below that it provides an eg-optimal control for the pure-jump
problem. In general, it can not be improved, see Example [3.8]in Section [3.5] below.

Theorem 3.3. For all (t,z) € [0,T] x R and € > 0,

T
V.= V| () < supE [ | [ anemaons
t

acAt

12



in which
5o = (Vb)) — V) — b,V — % b 02,7 (3.18)
satisfies
lorll,. < Cice? (3.19)
with
Cic =3 (=5 Il + 265 Poatall.) (197 ]+ el + VE 2]0)?)
A T
where K > 0 is the Holder constant of 02,V with respect to its space variable.

In particular,

lim sup s ||V5(t, D)= Vi(t, )Hoo <
el0

(T = ) K (||bafloc)**", t < T

N —

Proof. Since V € C/*([0,T] x R) and 92,V is -Holder continuous in space,
I ::/ (V(t, z+be(z,a,¢e)) — V(t,z)) v(de)
- / (be(x,a, DOV (1,2) + 5 b (7,0,€) DV (1, 7) +5re)) v(de)
where dr, is a continuous function, defined in , satisfying
el <1 (el + 2vE Bl ) (0.7 + K (elill + vellal)?)

1 s
+ 5 K2 (Vellbllo + lIb2floc)**. (3.20)

By the left-hand side of Assumption [2| the above simplifies to

I= 6/ (bl(a:, a,e)0,V (t,z) + %]bg\z(x, a,e)0uV (t, ) + 6rc(z, 0, e)> v(de).

Recalling the definitions of ;4 and ¢ and returning to the definition of 7, this is otherwise stated as

uo,V + %&aﬁzf/ +r= l/ (V(-, -+ be(-€)) = V(t,z) + e(r — or.)) v(de). (3.21)

€

13



Combined with Proposition [3.1], this shows that V' is a smooth solution of

9,V + sup E / V(- +be(-ya,e)) =V +€(r(-,a) — dre(-,a,€))) v(de) = 0, on [0,T) x R,

ach €

V(T,:) =0, onR.

(3.22)

Applying Proposition [2.2] (with the appropriate coefficients), this implies that

V(t,z) = sup E [/ / (r —or) (X" ag, e )N(de,ds)] ,
acAt
so that, by the definition of V,
T
Vo= V|(t,z) < sup E [/ /6](57“6\ (X;f’a,as,e)]\f(de,ds)]
t

acAt

T
= sup E [/ /|5r6| (Xz’x’o‘,as,e)u(de)ds} .
ac At t

We conclude by appealing to (3.20)). m

3.4 Construction of a eg—optimal control for the pure-jump problem

We now show that an eg-optimal control for (3.2)) can be constructed by considering a measurable
map a: [0,7) x R +— A satisfying

_ 1 _

a € argmax (u(-, a)o,V + 502(-, a)o2,V +r(-, a)) on [0,T) x R, (3.23)
ach

see e.g. [4, Proposition 7.33, p.153|, and define a** € A" by

ab® =a(s, X\2), s e [t, T,

s

recall (2.1)). As it is driven by a compound Poisson process, the couple (X taah® ab*) is well-defined.
Proposition 3.4. For all (t,z) € [0,T] x R and € > 0, a** is eg-optimal for V.. Namely,

1 T ~t,x
—FE [/ T(Xﬁf’a L )AN | > Vi(t, o) — 2(T — t)Clez,
¢

N1y

Ac
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Proof. 1t follows from Proposition 3.1, (3.23)) and (3.21) that
1 _ _
oV + E/ (V{4 be(-,a,e)) = V +er(-,a)) v(de) > — [ore]|

8t‘7 + sup 1 / (‘7(7 dan be('? a, 6)) - V + ET(', a)) V(de) < H(STEHOO )

ach €
so that applying It6’s Lemma and using (3.5)) leads to

— 1 T ~t,x
V(t,z) — (T —t) ||6re]|, < )\—E U r(Xo™ ,ag,x)st}
t

€

_ 1 T
Vit (= 0 ol > sup | [ r(x= aa.] = vigeo)
t

ac At Ne

We conclude by appealing to ((3.19)). [

3.5 First order correction term

Under additional conditions, one can exhibit a first order correction term to improve the convergence
speed in Theorem [3.3] and Proposition [3.4] From now on, we assume the following.

Assumption 4.

a. The map (t,z,a) € [0,T) x R x A e’gére(zﬁ,x,a,e) is continuous, uniformly in (e,€) €
R x (0,1).

b. The pointwise limit

ry = lim 6’§5r€(~,e)u(de), (3.24)

e—0
is well-defined on [0,T) x R.

c. Given 1
Ay := argmax (M(v EL)(%V + 502('7 5)331‘7 + T('= a>> ’
ach

comparison holds in the sense of bounded discontinuous viscosity super- and subsolutions for

1
O + max <u(-, a)0yp + 50(-, a)?o% o+ (- a)) =0, on[0,T) xR
acho

o(T,)=0 onR

(3.25)

and (3.25) admits a (unique) bounded viscosity solution, denoted by 5V ().

15



Remark 3.5. Let us comment the above:

a) Note that r1 is bounded, see (3.19) in Theorem [3.5 The right-hand side term in (3.24)
therefore admits a limsup and a liminf. The condition (3.24)) implies that the limit is actually
well-defined. This point will be further discussed in Remark[3.7 below.

b) If V admits a continuous bounded third-order space derivative 3,V , then one easily checks
that =1 and ry = ¢ [ |ba(-, €)[*v(de)d?

3 .V, by a simple Taylor expansion.

c) Also note that ezistence and uniqueness in (3.25)) holds as soon as (t,z) € [0,T) xR — Ay(t, x)
15 reqular enough, which can be checked on a case-by-case basis.

Under the above conditions, §V (! is the first order term in the difference V, — V, i.e. (3.27) below
holds with

VD =V 4 2670, (3.26)
Theorem 3.6. Let Assumption[] hold. Then, for all (t,z) € [0,T] x R,

lim (V. — V)(t,z) = V(¢ z)

and therefore

lim sup e 5 !Ve(t, x) — ‘z(l)(t,xﬂ =0. (3.27)
el0

If in addition SV is CY2([0,T) x R) and 02,6V is §3-Hélder continuous in space for some
constant 63 > 0 such that

limﬁ)up % ‘/ (e_gére(-, e) —ri(s, e)) v(de)|| < oo, (3.28)
then the control defined by
ab® = a(s, XbmYY s € [t, T (3.29)
with
ac argerglax {u(-, a)0,0V M + %0(-, a)?02,0V WM 41 (, a)} , on[0,T) xR, (3.30)
acho
satisfies

[Misy

1 T st
—E [/ r(Xme ,dz’x)st} > V.(t,x) —o(e?)
t

Ae

in which o is a continuous function satisfying lim,oy 'o(y) = 0.
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Proof. We split the proof in two steps.
a. Let us set W, := e % (V. — V) and consider its relaxed semi-limits
W*(t,z) := limsup W (¢, 2'), W.(t,z) := liminf W (¢,2').

.2 = (¢, t',x")—=(t,x)
(W) ) I

Note that Theorem [3.3] ensures that the above are well-defined and bounded. We claim that W* and
W, are respectively bounded sub- and supersolutions of . For brevity, we will only include
the proof of the subsolution property, the supersolution property is proved similarly. Fix ¢ € C’b1 2
and let (to,2,) € [0,T) x R achieve a maximum of W* — ¢ on a ball By, := {(t,z) € [0,T) x R :
lto — | < (T —t5)/2, |zo —a'| <k} C[0,T) xR, for some k > 0. Then, there exist a sequence
(te,, Ze,)e, such that €, — 0, W, (t.,, e, ) = W*(to, 2,), and such that (., ,z.,) is a maximum of
W., — o in the interior of By, see e.g. [2, Lemma 6.1]. For k > eé(Hblﬂoo + ||b%Hoo), the viscosity

subsolution property of V; , applying Proposition to the test function V 4+ €2 ¢, implies that
_ B
0 Sat(v + 67% (,D) (t€'n7 'r€n)

1 _ s _ s
+ — (/ (V + en @) (te,, e, + be(xe, , Qn, €))v(de) — (V + e <p> (te,, xe,) + €nr (e, éen)>

€n

for some a, € A. Recalling (3.18)-(3.19), a,, converges to some element of a € Ay(t., ) as n goes
to infinity, after possibly passing to a subsequence. By Proposition again combined with ((3.22)),

1 _B
0< gl )+ | (w(tsn, F, + by Ty €)) = Pt ) + ener 201 (0 On e>) v(de).
€

n

Sending n — oo and using parts a. and b. of Assumption [] together with Assumption [2] this leads to
1
O S at@(toa xo) + ,u(mo, d)aacgp(toa xo) + 50-(1‘07 d)agm@(toa 170) + r1 (CCO, &)7

so that the required subsolution property is proved on [0,7) x R. The fact that W*(T,-) < 0 follows
from the last assertion of Theorem [3.3] By comparison, W := W* = W, is the unique bounded
viscosity solution of (3.25) and is therefore equal to §V (1),

b. We now assume that §V(1) is C2([0,T) x R) and that 92,6V is §3-Hélder continuous in space
for some 65 > 0 such that (3.28)) holds. Using (3.28)) and the same arguments as in the proof of
Theorem [3.3] lead to

e

limsupe 2 /(57"9(-, e)v(de)|| < oo, (3.31)
€l0 0o
in which
1, .- _ _ 1 _
5r) = = (VO (-, 4 be) — VD) 4 €567, — b9, 6V — 5|z)2|25)~,3g,¢,5v<1> — 7.
€

17



Moreover, direct computations using the above and (3.22]) show that VY defined in (3.26]) solves

_ 1 _ _
at‘/e(l) + = / (‘/6(1)(7 -t be('v a, 6)) - ‘/6(1)<t7x) - €€§5T£1)<'7 a, 6)) V<d€> + T('v a) =0
€
on [0,7) x R, where a is defined as in ([3.30). Together with (3.31)), this implies that, for &** defined
as in (3.29)), we have

1 L tmd i (1) g

)\—]E (X0, a")dNg | > VI (t,x) — e20(e),

e t

in which O is a continuous function with O(0) = 0. On the other hand, it follows from Step a. that
Velt, ) = VO (1,2)] < o(e?). =

Remark 3.7. If the limit in is not defined, one can still define its limsup and its liminf (recall
that it is bounded). Let us denote them by r; and 11, respectively. Then, W* defined in the above
proof is simply a viscosity sub-solution of with v} in place of r1. Similarly, W, is a viscosity
super-solution of the same equation but with ri, in place of r1. This still provides asymptotic upper-

and lower-bounds for e_g(V6 - V).

Example 3.8. To illustrate the above, we consider a toy model in which explicit solutions can
be derived. Although it does not satisfy our general assumptions, e.g. of boundedness and Hélder
reqularity in space, we shall see that a similar approach can still be applied. We consider the dynamics

Xb5e = g +/ Xbre /(ebl(ozs, e) + veby(a,, e))N(de, ds),
t

in which by and by are bounded and continuous with respect to their first argument, uniformly in the
second one. For v € (0,1], the value function is defined as

V(t, ) —sup— [/ /|Xt“‘|”’r ag)d s},
aE.At

for some continuous function r. Then, one easily checks that V (t,z) = f(t)|z|” in which f solves

. - 1

ouf +sup (Flomta) + 3900~ D@} +1(@) ) =0 o0 0.7 x R,
ach

with f(T) = 0. Because |z|” factorizes, the Hélder constant of 92,V can be considered around x = 1.

Since the third-order space derivative of V is bounded in a neighbourhood of 1, Theorem applies

with = 1. The convergence rate is therefore of order €2 Moreover, by direct computations, the

first order correction term is of the form 6V (t,x) = §f(t)|x|" where §f # 0 solves

95T + sup <5f{w(d) L —ve@) it a)) 0

achg 2
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with 6 f(T) = 0, in which

(t,a) € [0,T] x A — r1(t,a@) == (v — 1)¢ ( / (b1b2) @, e)y(de)> (1)

for some (explicit) continuous map € with linear growth. In particular, this shows that the convergence
rate in €2 proved in Theorem is sharp.

3.6 Higher order expansions

To conclude this section, note that higher order expansions can be obtained, upon existence of an
associated systems of parabolic equations. Namely, let us assume the following.

Assumption 5. There exists (053;)i=o.... ;. C (0,1]% together with C**([0,T) x R) N C°([0,T] x R)
functions (§VW)_o.... i, such that, fori=0,--- ,i,, 02,6VY is §B;-Hélder in space and 5V solves
_ _ 1 _
OV + (-, 8)0:0V + S0 (-,80)°05,0V 0 + 1y a) =0, on [0,T) xR,
SVO(T, ) =0 onR,
i which a. is a Borel measurable map such that
. 1 _ .
a. € argmax (M(? d)am‘/e(%) + 50-('7 a)2a§m‘/e(10) + T('a a)) )
achA
with ' 4
_ . _ ‘o Bj—1 — . ¢
V=gV O 13 " e 6VU), B= " 6; fori < i,

j=1 =0

and, using the conventions 05_1 := 0 and ot = r, for 0 <1 <i,,

. 1 _ . _ . 88;_ . _ . 1 _ .
or) = = (BVO( -+ b)) — VD) 47 570D — 5,09,6V 0 — §|b2]28§mév(’) -
€
581 )
i = 1lgi—oy + Liso) lin%/e_ . ori=V (. e)v(de) fori < i.. (3.32)
€E—

The limits in (3.32) are well-defined on [0,T] x R, and

. _%Big
limsupe 2
el0

< o0. (3.33)

/(E—Bic’zléréi"_l) —7i,)(, e)v(de)

o0

Proposition 3.9. Let Assumption[5 hold. Then, for all (t,z) € [0,T] x R,

. _PBio
limsup e 2
€l0

V. — f/e(io)

(t,x) < 0.
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Moreover, the control defined by
abt =& (s, XL, s € [t, 1),
satisfies

1 T st,x Bio
Lk [ [ s, 2 Vit - EE L for atl e,
€ t

for some constant C' > 0.

Proof. With the above construction

_ . 1 _ . . — /. Big—1 . 5 .
@Vg("’) + —/ (VE(“’)(-, c+ be(-, 8, e)) — Ve(“’)(t,x) — €€ 2 (5r£’°)(-, Ae, e)) v(de) +r(-,a.) =0

€
on [0,7) x R, while
1

€

Big—1

/ (‘76(10)(7 -+ be(" a, 6)) - ‘76(10)@71‘) — €€ 2 5T£i0)('7 a, 6)> V(de) + T('a a) S 0

0, Vi) +

on [0,7) x R for all a € ”A. By (3.33) and the same arguments as in the proof of Theorem ,

8Biq .
limsupe 2 /67’£Z°)(~, e)v(de)|| < oo,
€l0 00
so that the required result follows by verification. m

4 Application to an auction problem

Repeated online auction bidding are typical problems in which the real value of the parameters b, r
and v are unknown and on which reinforcement learning techniques are applied. The later requires
to estimate, very quickly, the optimal control for different sets of parameters. Being modeled as a
discrete time problem, with fixed auction times, or more realistically in the form of a pure-jumps
problem as in Section , see also [16], we face in any case the fact that auctions are issued almost
continuously which corresponds to a very small time step in the discrete-time version or to a very
large intensity in the pure-jump modelling. The numerical cost of a precise estimation of the optimal
control is too important to combine it with a reinforcement learning approach.
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4.1 Model and description of the optimal policy

We consider here a simple auction problem motivated by online advertising systems. A single
ad-campaign is provided several opportunities to buy ad-space to display its ad over the course of the
day. These ad spaces arrive at random, according to the point process IV, since they are dependent
on users from specific targeted audiences loading a website. In real-world display advertising, the
kind encountered on the sides of web-pages, these opportunities take the form of an auction between
several bidders and an ad-exchange platform.

The format of the auction used is critical to the strategic behaviour of bidders and the revenue of
the seller. There is a large amount of literature in auction theory on the subject, see e.g. [21H23],
and real-world auctions can take very complex formats. For simplicity, we consider an auctioneer
which has implemented a lazy second price auction [23], 24] with individualised reserve price. In this
format, our bidding agent wins the ad-slot if it submits a bid above its (henceforth the) reserve
price and the competition, and if it wins it pays the maximum between the reserve price and the
competition. For a given reserve price z, a bid a € (0,400) and a random competition bid B > 0
following a smooth probability distribution Fj, the expected payoff r(z, a) for an auction is thus
expressible through a simple integration by parts as

r(z,a) =E[(v—2V B)lyssvp] = lass <(U —a)Fg(a) + /a FB(b)db) : (4.1)

in which v is the value of the ad-slot for the bidder.

As the right hand side of highlights, reserve prices are a mechanism put in place by sellers to
compensate for lack of competition, which would drive down the price and their profits. It is well
established that a reserve price is not as profitable as increasing the number of participants by one
[11]. Consequently, when there are many bidders a control will have little effect on the system. To
clearly demonstrate the use of controlling the reserve price, we study a strongly asymmetric setting,
where the agent has a value v = 0.5 much higher than the competition, which we take uniform
on (0,0.3). In this setting, it is directly competing against the seller for his extra value above the
average competition. For the purpose of this example, we do not want to go to the limit of this
asymmetry, the posted price auction where there is no competition, as it could lead the control
problem to degeneracy, such as negative prices and difficult boundary conditions.

There is a large literature on revenue maximisation algorithms in online auctions, or how to set the
reserve price to maximise revenue, such as [0, [10, 12} I5]. For the sake of simplicity, in this example,
we will model the dynamics of the reserve price using a simple mean reverting process:

bi(x,a,e) = ka+ (1 — k)rg — x and by(x, a,e) = e with v ~ Unif(—0.1,0.1),
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with k € (0,1) and ro € R,. The reserve price process X“** is then defined from these coefficients
as in (2.1), with b := b, = eby + \/eby and A = A\, = e '. This corresponds to setting a minimum
reserve price (1 — k)rg, and tracking the agent’s bid with aggressiveness measured by k. Setting
ro = 0.15 as the monopoly price of the competition guarantees the seller a better revenue against the
competition, while ka allows him to pursue the agent’s extra value. We set k = 1/2, for a balance
between prudence and aggression.

The control problem consists in maximising the static auction revenue, while considering the impact
bids have on the system. In the static auction format, we can identify three domains the reserve
price can be in: “non-competitive”, “competitive”, and “unprofitable”. When the reserve price is
below the competition’s average[] there is essentially no prejudice to the agent, since the reserve
price barely affects his profits. Therefore there is no need to compete with and control the reserve
price. On the other hand, when the reserve price is in the range between 0.3 and v = 0.5, the reserve
price becomes the dominant term in r and the agent has to compete with the seller over the value
margin it has relative to other buyers. Finally, if the reserve price is above v, there is no possible

profit so no reason to take part in the auction by bidding a > 0.

When the reserve price is dynamic, a good control seeks to maximise profit while pushing the reserve
price to the non-competitive domain. You can see this in effect on figure [T} In the non-competitive
regime (left), starting at a reserve price of 0.15, this policy recovers 85% of the best possible income
of the static setting, where the reserve price is 0 for all ¢, and the average price is 0.5 — E[B] = 0.35.
In the competitive regime (centre), the policy bids just above the reserve price to apply a downwards
pressure until it reaches the non-competitive domain again. Finally, in the unprofitable regime
(right), the agent boycotts the auction by bidding 0, bringing down the price. Notice how when the
agents stops boycotting there is an inflection point in the downwards trend of the price, schematically
represented by the dotted line.

4.2 Numerical implementation

Adapting and , we normalise the horizon to 1, and allow the reserve price to vary in R,
and a in R,. This allows us to easily set boundary conditions for the equation. When an auction
happens with a negative price x, the price is set by the competition, which will be a.s. positive. So
as r — —oo, the reserve price becomes irrelevant and the value converges to the value of a single
auction without reserve price due to the renormalisation of r.. Conversely, for ¢ < 1, as x — 400,
the probability of Xf % descending below v by time 7" and generating any revenue decreases due

'Recall that the competition here models the distribution of the maximum bid of all other participants, so this is
the average of the maximum of other participants’ bids.
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Figure 1: Selected sample realisations of the system for ¢ = 10715, starting from = =0.15 (left),
x =0.3 (centre), and x =0.7 (right).

to the noise. If € = 1, the first jump can always take X;,""* to (1 — k)ry regardless of start value.
In both cases, a Dirichlet boundary condition is appropriate at [0,1) x {—o00, 4+00}. In numerical
resolution, we will use Dirichlet boundary conditions equal to 0 on [0,1) x (—0.5,3). Given this
domain for the reserve price, we can set the controls on an even mesh in [0, 3], of fineness 0.01.

We solve both problems numerically with an explicit finite difference solver, and for simplicity a
Riemann sum using the same mesh for the numerical integration part. This formulation is equivalent
to a Markov Chain control problem. Let M; = {kA;; k=0,...,[1/A]}, My ={-05+kA,; k=
0,...,[3.5/A,]} be the space and time meshes, with sizes, A, = €¥/2/2, A, = A3 Denote Vio(z))
the output of the solver at time t,, € M; and position x; € M,. For the pure jump problem, we
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explicitly compute:

€ € A € v,e €
Vn ('IZ) - n+1<Ii) + — Sup Z VnJrl(xj)fx;,a(‘rj)Aﬁ? - VnJrl(xi) + T(‘rh (I)

€ aeAn zj GMz

where fr¢ is the transition kernel induced by bi(x,a,-), by(,a,-), and v. For the diffusion, we
consider meshes M; = {kd;; k =0,...,|1/d]}, M, ={-05+kd,; k=0,...,[3.5/d,|}, with
d, = 1072, d; = d? and solve recursively

_ _ 1 _

Vo1(x;) = Viu(z) + dy sup ((/-aa + (1= K)ro — x)0u Vi () + 502(5”1/”(:@) + r(x;, a))
GGATL

where 6% and J,, are the uplift first order and centred second order finite differences on M,

respectively. We took A,, = {1072k;k = 0,...,300} in both cases.

To give some insight into the complexity trade-off, see that when ¢ is large, there are relatively few
jumps so the time iteration won’t require many steps to get an accurate solution. This scaling is
indicated by the A;/e term. At the same time, the jumps are large so even a coarse mesh in x
will be sufficient for the numerical integration to approach the integral. Unfortunately as ¢ — 0,
one must refine both the time mesh, linearly with 1/¢, and the integration mesh which is paid
quadratically due to the non-local nature of the equation. In practice, this makes computations
grow at a super-cubic rate with €, which becomes prohibitively expensive quickly. In our example
problem, the noise is supported on a bounded interval of size /€, so we can save some computation
time, but figure [2| shows the computation cost (pictured with dots) still grows super-quadratically
and overcomes the cost of our accurate diffusion mesh (solid horizontal line) even for large €. Even
though we computed the diffusive limit to a very high precision, and with an explicit scheme, for €
of order of 1073 the CPU time spent to is already 6 times higher in the pure-jump problem. Note
that, in the pure-jump case, if the control were to intervene in a non-linear way we might need to
also refine the control mesh with e, further increasing the computational burden.

Beyond gains in computation, Figure [3] verifies that Proposition [3.3] holds with meaningful constants
in finite time on this problem. Figure |3| shows that the error is very low even for large values of e,
and decreases at the correct rate of e /2. Likewise, Figure 4| shows the rate of Proposition also

holds even for large e.
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Figure 2: Numerical cost for V; (log scales).

5 Remark on the diffusive limit of discrete time problems

Instead of considering the diffusive limit of a continuous time pure-jump problem, one could similarly
consider a sequence of pure discrete time problems with actions at time t? := iT'/n, i < n:

T - x,0
Vn<t, $) = sup —E Z 1{t?2t}T(XZil_’ ,O[t;_”) 3
1=0

acA T

with X5%< defined by

Xt,l‘,Ot =x+ ]-[t,T] Z ]-{t;ne(b]}b(X:i:ia’ O{t;’}? 57:’1)
=0

and in which (£]');>; is i.1.d. following the distribution v and A is the collection of A-valued processes

that are predictable with respect to the P-augmented filtration generated by Y, Linepo, 360

Upon taking b of the form
T I'T
b, = —by + 1/ —be, with E[by(-,&1)] =0,
n n
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Figure 3: Limit value function error relative  Figure 4: Limit policy error relative to V,, at
to Ve, at t = 0 (log scales). t =0 (log scales).

one would obtain the same diffusive limit as in Section [3.3| when letting n — co. Namely, the same
arguments as in |17, Section 3] combined with Proposition and the fact that comparison holds
for (3.4) imply that lim,,_,, V,, is well-defined and is equal to V.

B
2

One can also check that the convergence holds at a speed n™2. Let us sketch the proof. First, the

same arguments as in the proof of Theorem [3.3] imply that

ory, =

_ _ _ 1 _
V(e +by) = V) =00,V — 3 1b3]? Oy V

NS

satisfies
67|l < Cn~7 (5.1)

for some C' > 0 independent on n. Thus, by Proposition (3.1

0=0,V(t, x)z + sup/ (V(t,x +bu(z,a,e)) = V(t,z)+ Z(7“(:1/;, a) — orp(x, a, e))) v(de)

n a€h n

so that

~

V(t!, ) =supE
a€hA

Uy _
/ OV (!, x)ds + V (&, x + by(x, a, ?4—1)) + E(T(%, a) — orp(z,a, Z”H))]
¢

n
7

_ T
=sup (B [Vt + bufo 0, € + 1ol

ach

/ i+1(atV(t?, z) — 0,V (s, z + by(z, a, &) — orp(x, a, {Zﬂrl))ds] ) )

n
%

+E
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We then use (3.13) and (5.1]) to obtain that

V(! z) =supE

a€A

_ T i1
V(i x+ b2, 0,8 ) + ET(IL’, a) + / (s, x, @)ds]
t

n

in which |w,| < Cn~%, for some C > 0 independent of n. It follows that

> Lo (T(Xttf’a’ ag) + /
=0

t

n
_ tiJrl

T
V(! x) =sup —E
acA T

wn(s, Xﬁ’””’o‘, ozs)ds)] ,

which provides the expected result.

B
2

Likewise, the Markovian control defined through (3.23|) can be shown to be n™
the proof of Proposition [3.4]

-optimal for V,,, see
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