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relies on omni-directional antennas of the same power. In this context it is important
to bound not only the complexity of the coloring algorithms, but also the number of
colors used. In this paper, we consider two natural distributed settings. In the location-
aware setting (when nodes know their coordinates in the plane), we give a constant time

Keywords:

Unit-disk graphs distributed algorithm coloring any unit-disk graph G with at most 4w(G) colors, where
Distributed coloring w(G) is the clique number of G. This improves upon a classical 3-approximation algorithm
Average degree for this problem, for all unit-disk graphs whose chromatic number significantly exceeds

their clique number. When nodes do not know their coordinates in the plane, we give a
distributed algorithm in the LOCAL model that colors every unit-disk graph G with at most
5.68w(G) + 1 colors in O (log*n) rounds. This algorithm is based on a study of the local
structure of unit-disk graphs, which is of independent interest. We conjecture that every
unit-disk graph G has average degree at most 4w(G), which would imply the existence of
a O(logn) round algorithm coloring any unit-disk graph G with (approximately) 4w(G)
colors in the LOCAL model. We provide partial results towards this conjecture using
Fourier-analytical tools.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

A unit-disk graph is a graph G whose vertex set is a collection of points V € R?, and such that two vertices u, v € V are
adjacent in G if and only if ||[u — v|| <1, where || - || denotes the Euclidean norm. Unit-disk graphs are a classical model of
wireless communication networks, and are a central object of study in distributed algorithms (see the survey [21] for an
extensive bibliography on this topic). A classical way to design distributed communication protocols avoiding interferences is
to find a proper coloring of the underlying unit-disk graph: the protocol then lets each vertex of the first color communicate
with their neighbors, then each vertex of the second color, etc. Clearly the efficiency of the protocol depends on the number
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of colors used, so it is important to minimize the total number of colors (in addition to optimizing the complexity of the
distributed coloring algorithm).

The chromatic number of a graph G, denoted by x (G), is the smallest number of colors in a proper coloring of G. The
clique number of G, denoted by w(G), is the largest size of a clique (a set of pairwise adjacent vertices) in G. Note that for
any graph G we have w(G) < x(G), but the gap between the parameters can be arbitrarily large in general (see [20] for a
recent survey on the relation between w and y for various graph classes). However, for unit-disk graphs it is known that
X (G) <3w(G) — 2 [15] (see also [9] for a different proof), and improving the multiplicative constant 3 is a longstanding
open problem. It should be noted that while computing x (G) for a unit-disk graph G is NP-hard, computing w(G) for a
unit-disk graph G can be done in polynomial time [5].

In the LOCAL model, introduced by Linial [13], the graph G that we are trying to color models a communication network:
its vertices are processors of infinite computational power and its edges are communication links between (some of) these
nodes. The vertices exchange messages with their neighbors in a certain number of synchronous rounds of communication
(the round complexity), and then (in the case of graph coloring) each vertex outputs its color in a proper coloring of G.
When in addition each vertex knows its coordinates in the plane, we call the model the location-aware LOCAL model (more
details about these models will be given in Section 2.1).

In the location-aware LOCAL model, the following is a classical result [11,12,22,23] (see also [21] for a survey on local
algorithms, which are algorithms that run in a constant number of rounds).

Theorem 1.1 ([11,12,22,23]). A coloring of any unit-disk graph G with at most 3 x (G) colors can be obtained in a constant number of
rounds by a deterministic distributed algorithm in the location-aware LOCAL model.

We prove the following complementary result, which improves the number of colors as soon as x(G) > %a)(G). Note

that there exists an infinite family of unit disk graphs G for which x (G) > %w(G) [14]. Our algorithm is inspired by the
proof of [9] showing that unit-disk graphs satisfy y <3w.

Theorem 1.2. A coloring of any unit-disk graph G with at most 4w(G) colors can be computed in a constant number of rounds by a
deterministic algorithm in the location-aware LOCAL model.

Given two integers p > q > 1, a (p:q)-coloring of a graph G is an assignment of g-element subsets of [p] to the vertices
of G, such that the sets assigned to any two adjacent vertices are disjoint. The fractional chromatic number x7(G) is defined
as the infimum of {% | G has a (p:q)-coloring} [18] (it can be proved that this infimum is indeed a minimum). Observe that
a (p:1)-coloring is a (proper) p-coloring, and that for any graph G, @(G) < x(G) < x (G). The fractional chromatic number
is often used in scheduling as an alternative to the chromatic number when resources are fractionable, which is the case for
communication protocols. It was proved in [8] that for any unit-disk graph G, x(G) < 2.155w(G). Here we give an efficient
distributed implementation of this result.

Theorem 1.3. There is a constant q € N, such that in any unit-disk graph G, there exists an integer p with % < 2.156 w(G) such that
a (p:q)-coloring of G can be computed in O (1) rounds by a deterministic distributed algorithm in the location-aware LOCAL model.

We now turn to the abstract setting, where vertices do not have access to their coordinates in the plane. For a real
number n > 0, let log*n be the number of times we have to iterate the logarithm, starting with n, to reach a value in (0, 1].
Since paths are unit-disk graphs and coloring n-vertex paths with a constant number of colors takes (log*n) rounds in
the LOCAL model [13], coloring unit-disk graphs of bounded clique number with a bounded number of colors also takes
Q(log* n) rounds in the LOCAL model. Recalling that for any unit-disk graph G, (G) < x(G) < 3w(G), a natural question
is the following.

Question 1.4. What is the minimum real ¢ > 0 such that a coloring of any n-vertex unit-disk graph G with ¢ - w(G) colors
can be obtained in O (log*n) rounds in the LOCAL model?

Using the folklore result that any unit-disk graph G has maximum degree at most 6w(G) — 6 (see [9]), together with the
fact that unit-disk graphs of maximum degree A can be colored efficiently with A + 1 colors in the LOCAL model [19], we
deduce that unit-disk graphs G can be colored efficiently with 6w(G) colors in the LOCAL model. We obtain the following
improved version by studying the local structure of unit-disk graphs, using techniques that might be of independent interest.

Theorem 1.5. Every unit-disk graph G can be colored with at most 5.675 w(G) + 1 colors by a deterministic distributed algorithm in
the LOCAL model, running in O (log* n) rounds.

In relation to Question 1.4, it is natural to study the power of graph coloring algorithms in unit-disk graphs in a different
(less restrictive) range of round complexity.
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Question 1.6. What is the minimum real ¢ > 0 such that a coloring of any n-vertex unit-disk graph G with ¢ - w(G) colors
can be obtained in O (logn) rounds in the LOCAL model?

An interesting property of the O (logn) range of round complexity (compared to the O (log*n) range) is that it allows to
solve coloring problems for graphs of bounded average degree (rather than bounded maximum degree). The average degree
of a graph G is the average of its vertex degrees. The maximum average degree of a graph G is the maximum average degree
of a subgraph H of G. In [2], Barenboim and Elkin gave, for any € > 0, a deterministic distributed algorithm coloring n-
vertex graphs of maximum average degree d with at most (1 + €)d + 3 colors in O(g logn) rounds (the result was proved
in terms of arboricity rather than average degree).

While the chromatic number and degeneracy of unit-disk graphs (as a function of the clique number) are well studied
topics, it seems that little is known about the average degree of unit-disk graphs. We conjecture the following:

Conjecture 1.7. Every unit-disk graph G has average degree at most 4 w(G).

It can be checked that the constant 4 is best possible by considering uniformly distributed points in the plane. In this
case each vertex has degree equal to some density constant ¢ > 0 times the area of a disk of radius 1, so the average degree
is ¢ - . On the other hand any clique is contained in a region of diameter at most 1, and the area of such a region is known
to be maximized for a disk of radius % [3], i.e., the graph has clique number c - v /4, giving a ratio of 4 between the average
degree and the clique number.

Using the result of Barenboim and Elkin [2] mentioned above, Conjecture 1.7 would imply the existence of a deterministic
distributed coloring algorithm using (4+¢€) w(G) colors in O(@ logn) rounds (for fixed € > 0 and sufficiently large w(G) =
Q(1/€)).

Unfortunately we are quite far from proving Conjecture 1.7 at the moment. Our best result so far is the following.
Theorem 1.8. Every unit-disk graph G has average degree at most 5.68 w(G).

Our final result shows that Conjecture 1.7, if true, is more subtle that it might seem. In the example above showing
the optimality of Conjecture 1.7, the largest cliques are formed by sets of points that are all contained within some disk of
radius % We may naturally define the disk clique number of a unit-disk graph G, denoted by wp(G), to be the largest size
of a clique contained within such a disk. Note that wp(G) depends on the embedding of G in the plane, not just of the
underlying graph (contrary to the clique number w(G)). One may wonder whether Conjecture 1.7 holds for wp(G) instead
of w(G) - by the same argument as for Conjecture 1.7, the constant 4 would be best possible. It is however not the case

and we show the following stronger lower bound:
Theorem 1.9. There exists a unit-disk graph G of average degree at least 4.0905 wp (G).

Here, 4.0905 is roughly 4 - (1 + %), where J; is the Bessel function of the first kind and B its first zero. Theorem 1.9
shows that any approach to prove Conjecture 1.7 needs to account for possible shapes of cliques different than the ones
contained in disks of radius % As the constant suggests, our proof technique relies on Fourier analysis and special functions
and we believe that they could be of independent interest in the study of unit-disk graphs, and more generally of intersec-
tion graphs of other objects in the plane. In particular they also allow us to prove Conjecture 1.7 when the distribution of
points is sufficiently close to the uniform distribution (in the sense that the support of its Fourier transform is contained in
a small disk around 0).

Organization of the paper. We start with a presentation of the LOCAL model and some basic results on coloring and unit-
disk graphs in Section 2. Section 3 is devoted to proving our main results in the location-aware setting, Theorem 1.2 and
Theorem 1.3. In Section 4, we study the local structure of unit-disk graphs and deduce our coloring result in the LOCAL
model, Theorem 1.5, together with our upper bound on the average degree of unit-disk graphs, Theorem 1.8 above. In
Section 5, we introduce Fourier-analytical tools to approach Conjecture 1.7 and prove Theorem 1.9.

2. Preliminaries
2.1. Distributed models of communication

All our results are proved in the LOCAL model, introduced by Linial [13]. The underlying network is modeled as an n-
vertex graph G whose vertices have unbounded computational power, and whose edges are communication links between
the corresponding vertices. In the case of deterministic algorithms, each vertex of G starts with an arbitrary unique identifier
(an integer between 1 and n%, for some constant o > 1, such that all integers assigned to the vertices are distinct). For
randomized algorithms, each vertex starts instead with a collection of (private) random bits. The vertices then exchange
messages (possibly of unbounded size) with their neighbors in synchronous rounds, and after a fixed number of rounds

3
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(the round complexity of the algorithm), each vertex v outputs its local “part” of a global solution to a combinatorial problem
in G, for instance its color c(v) in some proper k-coloring c of G.

It turns out that with the assumption that messages have unbounded size, after t rounds we can assume without loss
of generality that each vertex v “knows” its neighborhood B;(v) at distance t (the set of all vertices at distance at most ¢t
from v). More specifically v knows the labeled subgraph of G induced by B;(v) (where the labels are the identifiers of the
vertices), and nothing more, and the output of v is based solely on this information (see [13]).

The goal is to minimize the round complexity. Since nodes have infinite computational power, the paragraph above
shows that any problem can be solved in a number of rounds equal to the diameter of the graph, which is at most n when
G is connected. The goal is to obtain algorithms that are significantly more efficient, i.e., of round complexity O (logn), or
even O (log*n).

In this paper, we will also consider the location-aware LOCAL model, which is a variant of the LOCAL model in which the
n-vertex graph modeling the communication network is a unit-disk graph embedded in the plane, and every vertex knows
its coordinates in the embedding.

2.2. Distributed coloring

Consider a graph G. In the (deg + 1)-list coloring problem, each vertex v is given a list L(v) of colors such that |L(v)| >
d(v) + 1, where d(v) denotes the degree of v in G, and the goal is to color each vertex v with a color from its list L(v), so
that any two adjacent vertices receive different colors.

A graph G has bounded growth if there is a function f such that for any integer r > 1, and any vertex v € V(G), the
maximum number of independent (i.e., pairwise non-adjacent) vertices among the vertices at distance at most r from v
is at most f(r). It was proved in [19] that any graph of bounded growth and maximum degree A can be colored with
A + 1 colors in O(log*n) rounds in the LOCAL model (where the hidden constant in the O(-) notation only depends
on the function f bounding the growth). As noted by an anonymous reviewer, the proof of [19] extends verbatim to the
(deg + 1)-list coloring problem.

Theorem 2.1 ([19]). There exists a deterministic distributed algorithm in the LOCAL model that solves the (deg + 1)-list coloring
problem in any n-vertex graph of bounded growth in O (log* n) rounds.

It can be checked that unit-disk graphs have bounded growth (the function f in this case is quadratic, see [19]), which
yields the following immediate corollary.

Corollary 2.2. There exists a deterministic distributed algorithm in the LOCAL model that solves the (deg + 1)-list coloring problem
in any n-vertex unit-disk graph in O (log* n) rounds.

2.3. Unit-disk graphs

For 0 <r <1, and a point v let D,(v) be the disk of radius r centered in v and let C,(v) the circle of radius r centered
in v. Given a unit-disk graph G embedded in the plane, a vertex v, and a real 0 <r < 1, we denote by d,(v) the number of
neighbors of v lying in D,(v), and by x,(v) the number of neighbors of v lying on C;(v). Note that dq(v) is precisely d(v),
the degree of v in G, and for every 0 <r <1, d;(v) = Zse[o,r] Xs(v) (note that since s — xs(v) has finite support, this sum
is well defined).

It is well known that a disk of radius 1 can be covered by 6 regions of diameter 1 (see [9]), and thus the neighborhood
of each vertex of G can be covered by 6 cliques (and thus d(v) < 6w(G) for each vertex v of G). A Reuleaux triangle R is the
intersection of 3 disks of radius 1, centered in the three vertices of an equilateral triangle T of side length 1 (see the green
region in Fig. 1). The three vertices of T are also called vertices of R. Note that Reuleaux triangles have diameter 1, and 6
Reuleaux triangles are enough to cover a disk of radius 1. Moreover, points close to the center of the disk are covered by
more triangles than points on the outer circle. This can be used to prove the following.

Lemma 2.3. For each vertex v of a unit-disk graph G embedded in the plane, Zre[o’”(z —1)xr(v) < 6w(G).

Proof. Let v be a vertex of G. Note that each neighbor of v lies in Dq(v) (the disk of radius 1 centered in v). Let x be an
arbitrary point of Cy(v). For 6 € [0, 2m), let Ry be the Reuleaux triangle having y, v, z as vertices, in clockwise order (with
y and z two vertices of C1(v) at distance 1), and such that the angle Zxvy is equal to 6 (Ry is depicted in green in Fig. 1).
Consider also a neighbor u of v lying on C;(v), the circle of radius r centered in v. For # chosen uniformly at random in
the interval [0, 27r), the probability that u is covered by Ry is the length of C.(v) N Ry (the bold arc of Fig. 1) divided by
2mr (the circumference of C,(v)). This probability is thus

2 2)—n/3
(Zarccos(r/2)—m/3)r arcc‘”%r) T3 _ L arccos(r/2) — 1/6.
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Fig. 1. The intersection (in bold) of a circle C; of radius r with a Reuleaux triangle Ry (the green region). (For interpretation of the colors in the figure(s),
the reader is referred to the web version of this article.)

Note that x — arccosx is concave in [0, %], and thus r— f(r) := %arccos(r/Z) —1/6 is concave in [0, 1]. As a consequence,
for any r €[0,1], f(r) = (f() = fFO)Ir + fO) = (g — Hr+3=35— ¢
It follows that each neighbor of v at distance at most r from v is covered by Ry with probability at least % - %. Therefore,

the expected number of neighbors of v covered by Ry is at least Zre[o.l](% — %)xr(v). Since each Ry has diameter 1, the

vertices of Ry induce a clique in G and thus Ry contains at most w(G) vertices. It follows that Zre[OJ](% — g)xr(v) < w(G)
and thus Zre[o’l](Z —1)x(v) < 6w(G), as desired. O

The following is a direct consequence of Lemma 2.3.

Corollary 2.4. For each vertex v of a unit-disk graph G embedded in the plane and r € [0, 1], d(v) + (1 — r)d;(v) < 6w(G). In
particular d12(v) < 12w(G) — 2d(v).

Proof. By Lemma 2.3, 6(G) = } 50,112 — 9)%s(V) = D sci0.1( = )X (V) + D scir)@ — $)x5(v) > 2 = Ndr (v) +d(v) —
dr(v) = (1 —r)dy(v) +d(v). By taking r = % we obtain d(v) + %duz(v) < 6w(G), and thus dy2(v) < 12w(G) — 2d(v), as
desired. O

In the next section will need the following useful observation of [9] (see also [8]).

Lemma 2.5 ([9]). Let G be a unit-disk graph embedded in the plane, such that the y-coordinates of any two vertices of G differ by at
most +/3/2. Then x (G) = w(G).

We deduce the following easy corollary (which holds in the LOCAL model, so it does not require nodes to know their
own coordinates in the plane).

Corollary 2.6. Let G be a unit-disk graph embedded in the plane, such that the y-coordinates of any two vertices of G differ by at
most +/3/2, and the x-coordinate differ by at most £, for some real number £. Then G can be colored with x (G) = w(G) colors by a
deterministic distributed algorithm running in O (£) rounds in the LOCAL model.

Proof. Take any shortest path P =vq,vy,..., vy in G. Then for any 1 <i<k—2, ||vi — vis2|| > 1, since otherwise P would
not be a shortest path in G. Since y-coordinates differ by at most +/3/2, it follows that the x-coordinates of v; and vi,,
differ by at least 1, and the x-coordinates of the vertices v; with i odd are monotone (say increasing with loss of generality).
Hence, the x-coordinates of v; and vy differ by at least k/4, and by definition, k < 4¢. As a consequence, any connected
component of G has diameter at most 4¢, and thus any connected component can be colored optimally by a deterministic
distributed algorithm running in O (¢) rounds in the LOCAL model. O

3. Location-aware coloring

In the proceedings version of this paper, we claimed that for any 0 < € < 1, a coloring of any unit-disk graph G with
at most (3 + €)w(G) + 6 colors can be computed in O(1/€) rounds by a deterministic distributed algorithm in the location-
aware LOCAL model [6, Theorem 8]. Unfortunately, we recently discovered an error in our proof of [6, Lemma 3], on which
|6, Theorem 8] was based, and at the moment we are not able to fix the proof. Here we prove the following weaker version
instead.

Theorem 1.2. A coloring of any unit-disk graph G with at most 4 w(G) colors can be computed in a constant number of rounds by a
deterministic algorithm in the location-aware LOCAL model.
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Fig. 2. Covering V (G) with horizontal stripes in the proof of Theorem 1.2.

1/e
v3/2] —

|

R(z,y)
(z,y)

Fig. 3. In grey, the region R(x, y) defined in the proof of Theorem 1.3.

Proof. In the remainder, by the distance between two regions Ry and R, of the plane, we mean the minimum distance
between a point of Ry and a point of R,. We start by covering V (G) with consecutive horizontal stripes S1, Sa, ..., each of
height +/3/2 (see Fig. 2). Note that any two stripes Sj and Sjy3 are at distance at least 2 - V3/2=4+/3>1 apart, so there
are no edges connecting a vertex lying in S; and a vertex lying in Sj3.

Let R be a union of rectangles of height +/3/2 and length 1 (depicted in white in Fig. 2), with the following properties:

(1) each rectangle of R is included in some horizontal stripe S;, i > 1,

(2) any two consecutive rectangles of R on a stripe S; lie at distance 5 apart,

(3) the distance between the ends of a stripe and the closest rectangle of R on that stripe is at most 5,
(4) any two rectangles of R lie at distance more than 1 apart.

Note that (4) can be obtained by simply shifting the rectangles of R in S; to the right to obtain the rectangles of R in
Si+1 (and possibly adding a new rectangle of R at the beginning of S;i1).

For any i > 1, let S = S;\'R. Note that each S; consists of a sequence of rectangles of height +/3/2 and length at most 5,
all at distance more than 1 apart. It follows from this observation and Corollary 2.6 that for each i € {0, 1, 2}, the subgraph
G; of G induced by the vertices lying in the union of all S} with j=1i (mod 3) has chromatic number at most w := w(G),
and can be colored with w colors in O (1) rounds in the location-aware LOCAL model. We will color each of these 3 graphs
Gi, i € {0, 1,2}, with a disjoint set of at most w colors. It remains to colors the vertices of G lying in R. Using Corollary 2.6,
the set of vertices lying in each rectangle of R can be colored with w colors in O (1) rounds, and we can use the same set
of w colors for each rectangle of R, as all these rectangles are at distance more than 1 apart. In total we have used at most
3. w+ w=4w colors, as desired. O

It was proved in [8] that for any unit-disk graph G, x(G) < 2.155w(G). We now give an efficient distributed version of
this result.

To give an intuition of the proof, note that the fractional chromatic number of G can be equivalently defined as the
infimum x > 0 such that there is a probability distribution over the independent sets of G, such that with respect to this
distribution, each vertex has probability at least 1/x to be in a random independent set. A way to define such a good
distribution in a unit-disk graph G is to choose a random point (x, y), and then consider the grey rectangles depicted in
Fig. 3. The union of all vertices lying in grey rectangles induces a union of perfect graphs of bounded diameter and can
thus be colored in a constant number of rounds (in the location-aware LOCAL model) with w(G) colors. We now take a
random color class among the w(G) color classes, and it can be easily checked that each vertex has probability at least

H—”f/% e 15 19 lie in this random independent set (see [8] for a version of this argument with

horizontal stripes instead of rectangles).
We now give an efficient distributed version of this argument that does not use randomization, and in particular allows
to output (p, g)-colorings with bounded p and g, which is a desirable property in the context of local algorithms [1,4].

6
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Theorem 1.3. There is a constant q € N, such that in any unit-disk graph G, there exists an integer p with % < 2.156 w(G) such that
a (p:q)-coloring of G can be computed in O (1) rounds by a deterministic distributed algorithm in the location-aware LOCAL model.

Proof. Fix any real € > 0. Let G be a unit-disk graph embedded in the plane, and let @ = w(G). Given (x,y) € R2, let
R(x, y) be the axis-parallel rectangle of height +/3/2, length 1/¢, and bottom-left corner (x, y). Let R(x, y) be the union
of all rectangles R(x',y’), for ¥ ex+ (1+1/€)-Z and y’ € y + (14 +/3/2) - Z (see the grey area in Fig. 3). It will be
convenient to assume that each rectangle contains its top and right boundaries and excludes its bottom and left boundaries.
In particular, any two points from distinct rectangles of R(x, y) are at distance more than 1 apart. Thus it follows from
Corollary 2.6 that for any (x, y) € R2, the subgraph of G induced by the vertices lying in R(x, y) can be colored with at
most w colors in O(1/€) rounds in the location-aware LOCAL model.

Fix some integer r > 1. For any 0 <i <r — 1, we consider the region R,’ = R(i 1+ 1/e), i(l ++/3/2)). Note that for

each point (x', y’) of the plane, there are at most [r - 1+11/E] integers 0 <i <r— 1 such that x’ lies outside of the projection

of R; on the horizontal axis, and there are at most [r -

] f/zw integers 0 < i <r — 1 such that y’ lies outside of the

projection of R; on the vertical axis. As a consequence, each point of the plane lies in at least

r—[r~]+17/2]—(r-1+1—1/61>r—(r 1+f/2+1) e +1 (1)

regions R;. Note that for any € > 0, 1;—1/6 = €+1 < €, and thus (2) is at least (0.464101 — ¢)r — 2. It follows that for
sufficiently large (but constant) r and sufficiently small (but constant) € > 0, the quantity (2) is at least 0.4641r. Now, for
any 0 <i<r—1, we consider a set S; of @ colors (such that all sets S; are pairwise disjoint) and color the subgraph of G
induced by the vertices lying in R; with colors from S;. By the paragraph above, this can be done in 0(1/¢€) = 0(1) rounds
in the location-aware LOCAL model. In total, at most p :=rw colors are used, and since each point of the plane is covered
by at least 0. 4641r regions RR;, each vertex receives at least q := [0.4641r] different colors. We obtain a (p:q)-coloring of

G with p/q < g7za7 < 2.1560, as desired. O

4. Coloring without coordinates

We start by giving a bound on the average of the degrees of two adjacent vertices. Before proceeding with the proof of
our result, we give a high-level intuition of our approach. A unit-disk graph can be viewed as multiset of points in the plane
(several points might be located at the same coordinates), or equivalently as a set of points carrying some integral positive
weights, or equivalently again, as a function u : R — N20 where u((x, y)) =i > 0 if and only if the unit-disk graph has i
vertices located at (x, y). Let us call ;((x, y)) the weight of the point (x, y). The assumption that the underlying unit-disk
graph has clique number at most w can be described by an (infinite) set of linear inequalities of the following form: for any
region R of the plane with diameter 1, the sum of the weights of the points of R is at most w. The degree of a vertex v
can also be described as a linear combination of the weights: it is the sum of the weights of the points in D (v). Therefore,
the average of the degrees of two vertices u and v can also be described by a linear combination of the weights. We want
to prove an upper bound on this quantity for all unit-disk graphs of maximum clique size w, so what we can do is set our
weights as variables, add the (linear) constraints implying that all cliques have size at most @, and maximize the (linear)
objective function defined as the average of the degrees of two adjacent vertices. The optimum will be the desired upper
bound on the average of the degrees of two adjacent vertices in a unit-disk graph of maximum clique size w. However, we
quickly run into a number of complications.

e In order to be solved efficiently, a linear program needs to allow for rational solutions. But this is fine, we can simply
relax the condition that the weights are integral by allowing rational weights, and compute the optimum. It will still
give an upper bound on the integral version of the linear program.

e There is an infinite number of constraints, as there is an infinite number of regions of diameter 1 in the plane. So
here too, we relax the problem and only consider a well chosen (finite) set of regions of diameter 1 and set as (linear)
constraints that the sum of the weights in each of these regions is at most w. Again, the optimum with respect to this
smaller set of inequalities will be at least the optimum for the original problem, and thus still be an upper bound on
the average of the degrees of two adjacent vertices.

e There is an infinite number of variables (all points in Dq(u) U D(v)). Here, we argue that because of our choice of
finitely many regions for the constraints, there are optimal solutions whose support is discrete (located at the inter-
section of the boundaries of these regions). Moreover, using symmetry arguments, we show that it suffices to consider
a very small number of points, and eventually our proof boils down to solving two linear programs with a handful of
variables and inequalities.

We now proceed with the formal proof of our result.
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Fig. 4. Two adjacent vertices u and v in the first part of the proof of Lemma 4.1.

Lemma 4.1. For every two vertices u and v in a unit-disk graph G embedded in the plane such that % < lu — v| £ 1, we have
7(d@) +d(v)) <5.6750(G).

Proof. Let § = ||lu —v| € [%, 1] and w = w(G). Given a bounded subset R of the plane, we denote by w(R) the number of
vertices of G lying in R. Note that for any vertex x of G, d(x) = (D1 (x)), and thus it is enough to prove that %(pc(m W)+
n(D1(v))) <5.675w(G). We will give two different upper bounds on %(,u(Dl(u)) + w(D1(v))), and the minimum of the
two will be at most 5.675 w for every § € [%, 1]. The second upper bound will be stronger than the first, except when §, the
distance between u and v, is close to 1 (see Fig. 5 for a comparison of the two upper bounds as a function of § € [%, 1).

For the first bound, consider the region S, € D1(u) (bounded by the fat red dashed curve) and the region S, C D{(v)
(bounded by the fat blue curve) in Fig. 4. S, is defined as follows: take 6 points z1, ..., zg appearing in clockwise order
on Cq(u), such that any two consecutive points z;j, z;+1 (with indices modulo 6) form an equilateral triangle with u, and
such that z; and z, are symmetric with respect to the line (uv). Now define S, as the union of the five Reuleaux triangles
with vertices uzyz3, uz3z4, Uz425, UZ526, and uzgzi. The region S, is defined as the symmetric of S, with respect to the
perpendicular bisector of the segment [u, v]. Note that by definition, each of S, and S, can be covered by 5 regions of
diameter 1, and thus

w(Sy) <50 and  u(Sy) <5w. (3)

By Lemma 2.3, we also have

Y -DuCGw)<6o and Y @—nuGv) < 6w @)

re(0,1] ref0,1]

(recall that C,(u) is the circle of radius r centered in u). Note that d(u) = w(D1(u)) = Zre[o,uﬂ(cr(”)) and d(v) =
mw(D1(v)) = Zre[o,l] w(Cr(v)).

Subject to these inequalities (and with w fixed), our goal is to maximize %(,U,(Dl(u)) + w(D1(v))) over all point sets
in the plane. As explained in the introduction of this section, it is convenient to relax the problem and optimize over
points sets carrying some nonnegative (non necessarily integral) weights. In this context, (R) is simply defined as the
sum of the weights of the points lying in R (the objective function %(/,L(D](u)) + w(D1(v))) and the linear constraints (3)
and (4), which were defined using w, are modified accordingly). Thus we have a linear program with objective function
%(M(Dl(u)) + wu(D1(v))) (which we seek to maximize), whose variables are the weights of the points in the plane, with
linear constraints given by (3) and (4). The solution of this linear program will give us an upper bound for our original
(integral) optimization problem.

We now argue that some optimal solution of the linear program defined above has finite support. We define the follow-
ing points (see Fig. 4):

e w1 is a point in (D1(u) N D1(v))\ (S, USy), such that ||u — wq| + ||v — wq|| (the sum of the distances of wq to u and
v) is maximized,

e W is one of the two points in the intersection of C1(u) and Cy(v),

e w3 is a point of (C1(v) N Sy)\ Sy, which is arbitrarily close to S,.

e wj is the symmetric of w3 with respect to the perpendicular bisector of the segment [u, v].

Observe that the linear inequalities (3) and (4) and the objective function %(M(D1 (u)) + w(D1(v))) are symmetric with
respect to the line (uv) and to the perpendicular bisector of the segment [uv]. This allows us to restrict ourselves to optimal
solutions that have the following additional properties:
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Fig. 5. Two upper bounds on ﬁ(d(u) +d(v)) when ||u — v|| = é. The function % is plotted with a red dashed curve, and the function % is plotted in
blue.

e they are symmetric with respect to the perpendicular bisector of the segment [uv] (i.e., we can interchange u and v
without affecting the solution), and
e their support lies in one of the two half-planes defined by (uv), say the upper half-plane.

For the first property, it suffices to take the average of some optimal solution and the symmetric image of this solution
with respect to the perpendicular bisector of the segment [uv], and for the second property, it suffices to take the union of
the solution in the upper half-plane and the symmetric of the solution in the lower half-plane with respect to (uv).

As D1(u) \ D1(v) and D1(v) \ Dq(u) are symmetric with respect to the perpendicular bisector of the segment [uvV], it
follows that in some optimal solution as above we have p(Dq(u)\ D1(v)) = w(D1(v) \ D1(u)). If this quantity is non-zero,
we can modify this solution by deleting all the points in the support of the solution that are in the symmetric difference
of Di(u) and Dq(v) and adding weight w(D1(u) \ D1(v)) = u(D1(v) \ D1(u)) to the point w,. The objective function
remains unchanged and (3) and (4) are still satisfied, so we obtain a (symmetric) optimal solution whose support lies in
the intersection of D1(u) and D1(v). Now, if a symmetric weighted point set satisfies this property as well as (3) and (4),
and contains a point z (and its symmetric z') distinct from wy, wy, ws (and their symmetric images), then z and z’ can be
moved locally so that

e the boundaries of S, and S, are not crossed in the motion, and
e ||[u—z|| + ||v — z| increases (and by symmetry, ||u — Z'|| + ||v — Z’|| increases).

The first property implies that the inequalities of (3) remain valid after the motion. The second property implies that the
left-hand sides of the two inequalities of (4) are non-increasing: the contribution of z and z’ to Zre[o,l](z — 1 u(Cr(u)) is

C-lu-zhp@+2—llu—-2ZIhuE)=M@A-Uu-zl+lv-zI)u@,

where we have used that u(z) = u(z’) and ||u — Z'|| = ||v — z|| by symmetry. The same holds for the second inequality by
symmetry. It follows that the two inequalities of (4) are still valid after the motion, while the objective function remains
unchanged. This shows that we can assume without loss of generality that in some optimal solution, the support of the
weighted point set is included in {wq, w2, w3, w5}, and the weight of ws is equal to the weight of w}.

Once this has been observed, it remains to solve the following finite linear program (here x; = u({w1}), x> = p({wy}),

and x3 = pn({ws}) = n({wih).
max X1 + X2 + 2x3
X1,X2,X3

sit. X2 +x3<5w

2
2—\/§+<1— 1-%) -x1+xz+<3—\/1+82—5\/§>~X3§6a)

X1,X2,x3 20

where we have used d(u, wy) =d(v, wq) = \/62/4+ (1-y/1-82/4)2 and d(u, w3) = d(v, w}) = v'1+ 82 — §+/3 (these
expressions are obtained from repeated applications of Pythagoras’ theorem starting from d(u,v) = 3§ and d(u, wz) =
d(u, wh) =d(u, w3) =d(u, wj) =1, and using that wy is at distance 1 from two specific points of C1(u) and C;(v) forming
a rectangle with u and v). Let us denote by f5(8) the optimum of this linear program. We compute f5(8) for § € [%, 1]
numerically using SageMath (see [7] for the source code); the function % is plotted in Fig. 5 (red dashed curve).

We now turn to our second upper bound on %(M(Dl(u)) + ;(D1(v))). Consider the region R, C Dq(u) (bounded by the
fat red dashed curve) and the region R, C D;(v) (bounded by the fat blue curve) in Fig. 6. The region R, is defined as

9
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Fig. 6. Two adjacent vertices u and v in the second part of the proof of Lemma 4.1.

follows: take 6 points z1, ..., zg appearing in clockwise order on Cq(u), such that any two consecutive points z;, zj+1 (with
indices modulo 6) form an equilateral triangle with u, and such that z; lies on the line (uv), and the angle Zzyuv is equal
to 0. Now define R, as the union of the four Reuleaux triangles with vertices uz,z3, uz3z4, uz4zs, and uzszg. The region
Ry is defined as the symmetric of R, with respect to the perpendicular bisector of the segment [u, v]. By definition, each
of the regions R, and R, can be covered by four regions of diameter 1, and thus

n(Ry) <4w and  p(Ry) <4ow. (5)

As before, by Lemma 2.3, we also have

> @-nDuC@)<6o and Y @-NuC(v) < 6. (6)
rel0,1] rel0,1]

Note that d(u) = u(D1(u)) = 3_cjo.17 4(Cr(w)) and d(v) = u(D1(v)) = 310,17 H(Cr(V)).
We now define a number of points and a new region (see Fig. G). Points w1, wp, w3, w} are defined similarly as in the
first part of the proof, using R, and R, instead of S, and S,.

e wjq is a point in (D1(u) N D1(v)) \ (Ry URy), such that |[u — w1+ ||v — wq]| (the sum of the distances of w to u and

v) is maximized,

w3 is one of the two points in the intersection of C;(u) and Cq(v),

w3 is a point of (C1(v) N Ry) \ Ry, which is arbitrarily close to Ry,

w} is the symmetric of w3 with respect to the perpendicular bisector of the segment [u, v],

wg € C1(v) and w), € C1(u) are symmetric with respect to the perpendicular bisector of the segment [u, v], and the

distance between w4 and wﬁl is equal to 1,

e the region Ry, (depicted in green in Fig. 6) is the union of triangles uvw4 and uvw}, circular sectors wavwy C Dq(v)
and wauw), C D1(u), and the symmetric region with respect to (uv). For convenience we assume that Ry, does not
contain ws.

By definition, d(u, w}) =d(u, w2) =d(ws, w) =d(v, wg) =1, and thus each of the top and bottom halves of the region
R,y has diameter 1. Hence,

M(Ryy) < 2. (7)

The objective is again to maximize %(;L(D1(u)) + w(D1(v))) over all weighted point sets satisfying (5), (6), and (7). As
before, we can assume that some optimal solution is symmetric with respect to the perpendicular bisector of the segment
[uv], that its support lies in the upper half-plane defined by (uv) and is included in the intersection of Dq(u) and D1 (v).
If a symmetric weighted point set satisfies this property in addition to (5), (6), and (7), and contains two symmetric points
z and Z' distinct from wi, wa, w3, and w4 (and their symmetric images), then z and z' can be moved locally so that
lu—z|+|v—2z| and |ju — Z'|| + ||v — Z/|| increase and thus no constraint is violated. Together with the symmetry of
the constraints and objective function, this shows that we can assume without loss of generality that in some optimal
solution, the support of the weighted point set is included in {w1, wa, w3, wj, wy, wj;} and moreover p({ws}) = pn({w}})
and /1({wg}) = w({w,}). The optimization problem can thus again be formulated as a finite linear program, as follows (here

x1 = p((w1}), x2 = u({wa}), x3 = u({ws}) = u({ws}), and x4 = u({wa}) = u({wyh).

10
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max X1+ X2 + 2Xx3 + 2x4
X1,X2,X3,X4

st. xp+x3+2x1 <4w

X1+ 2x3 < 2w

2
2—/§+<§—\/1—%> ~x1+xz+<3—\/1+82—8)~X3

+<3—M)-X4<60)

X1,X2,X3,X4 2> 0,

2
where we have used d(u, wi) =d(v, wq) = \/82/4 + (ﬁ/Z —J/1-(1+ 8)2/4> ,du, w3) =d(v,wy) =+1+4482 -3, and

d(u, wg) =d(v, w,) = /1 —§ (these expressions are again obtained from repeated applications of Pythagoras’ theorem). Let
us denote by f4(5) the optimum of this linear program. We compute f4(5) for § € [%, 1] numerically using SageMath (see

[7] for the code); the function % is plotted in Fig. 5 (blue curve).

We can now check that when § € [%, 1], min{ f4(8), f5(8)} is maximized when § =1, with f5(1) =5.6746w and f4(1) =
6w (note that f4(1/2) =5.6698 w < f5(1)). It follows that for any u, v with ||u — v| € [%, 1], %(d(u) +d(v)) <5.6746 w, as
desired. O

This bound easily implies that there is an efficient distributed algorithm coloring G with at most 5.675w(G) + 1 colors.

Theorem 1.5. Every unit-disk graph G can be colored with at most 5.675 w(G) + 1 colors by a deterministic distributed algorithm in
the LOCAL model, running in O (log* n) rounds.

Proof. Let w = w(G), let A be the set of vertices of degree more than 5.675 w, and let B be the remaining vertices. We claim
that any connected component of G[A], the subgraph of G induced by A, is a clique. Indeed, any two adjacent vertices in
G[A] are at distance at most % by Lemma 4.1 and thus if G[A] contains a path uvw, then u and w are at distance %—0—% <1,
and so u and w are adjacent. Since G[A] is a union of cliques, it can be colored with at most w colors in O (1) rounds (each
connected component has diameter at most 2, and contains at most w vertices). For each vertex v € B, let L(v) be the set of
colors from 1, 2,...,5.675w+1 that do not appear among the colored neighbors of v. Let us denote by d4(v) and dg(v) the
number of neighbors of v in A and B, respectively. Note that for each v € B, |L(v)| > 5.675w+1—da(v) >dp(v) + 1, since
da(v) +dp(v) < 5.675w. Coloring the vertices of B from their lists L(v) is thus an instance of the (deg + 1)-list coloring
problem, which can be solved by a deterministic algorithm running in O (log*n) rounds, by Corollary 2.2. The resulting
coloring is a coloring of G with at most 5.675w + 1 colors, as desired. O

As a direct application of Lemma 4.1, we now obtain an improved upper bound on the average degree of any unit-disk
graph.

Theorem 1.8. Every unit-disk graph G has average degree at most 5.68 w(G).

Proof. Set € =6 — 5.675 = 0.325 (all the computations in the proof are with respect to this specific choice of €) and
w = w(G), and consider a fixed embedding of G in the plane. By Lemma 4.1, the average of the degrees of any two vertices
u,v with lu—v| € [%, 1] is most (6 — €)w.

Each vertex v of G starts with a charge w(v) =d(v)/w, so that the average charge is precisely the average degree of G
divided by w. The charge is then moved according to the following rule: for any § > 0, each vertex with degree (6 — € — §)w
takes m from the charge of each neighbor. For each v € V(G), let w'(v) be the resulting charge of v. Note that the
total charge has not changed and thus the average of w’(v) over v € V is still the average degree of G divided by w. We
now prove that w’(v) < 6 — € + 0.005 = 5.68 for each vertex v € V, which directly implies that G has average degree at
most 5.68 w.

Consider first a vertex v of degree at most (6 — €)w. Then d(v) = (6 — € — §)w for some § > 0. By the discharging rule, v
takes m from the charge of each of its (6 —e — §)w neighbors, and might also give some of its charge to its neighbors.

Thus w/(v)<6—6—8+(6—6—6)w(6_%8)w=6—6.
Consider now a vertex v of degree more than (6 — €)w. Then d(v) = (6 — € + §)w for some 0 < § < €. By Corollary 2.4,
dq2(v) < 2(€ — 8)w, and thus D = D1(v) \ D1/2(v) contains at least (6 — € + §)w — 2(e — 8)w > (6 — 3€ + 35)w vertices.
By Lemma 4.1, each vertex of D has degree at most (6 — € — §)w. Observe that the function x — ﬁ is increasing for
our choice of € and for x € [0, €], thus each vertex of D takes at least m from the charge of v (while v does not
receive any charge from its neighbors). It follows that

11
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/

_ 2e€5—482
w'(v =6—€+ F5=5 <5.68,

<6—€+8—(6—3¢+30) 0555
<

)
for any 0 < § < € (for our choice of €). O
In the next section, we propose an approach to improve upon Theorem 1.8 (and get closer to Conjecture 1.7) using
Fourier analysis.

5. Fourier analysis and the average degree of unit-disk graphs

Recall from the introduction that the disk clique number of a unit disk graph is the largest size of a clique contained
within a disk of radius 1/2 (note that this depends on the embedding of the graph in the plane). In this section, we
will leverage Fourier-analytic techniques in order to investigate the ratio between the average degree of unit-disk graphs
and their disk clique number. Since those tools are not standard in the graph theory literature, we first motivate their
introduction informally.

A unit disk graph G is at its core simply a (multi)set of points in the plane and thus can be represented by a (discon-
tinuous) function f:R? — N. In this language, the degree of a vertex v can be readily computed as d(v) := fD1(v) f)du,
where the integral denotes the counting measure, i.e., a sum; and thus the sum of the degrees will be fRZ fx)d(x)dx,
yielding average degree

Jrz Fdydx  [ra f ) [p, () f)dudx
Jr2 F0dx Jr2 f(0dx '

On the other hand, the disk clique number can also be formulated nicely, as the number of vertices in a disk of radius
1/2 centered at x is simply ]ueDm(X) f(u)du, and thus the disk clique number is max, g2 fnm(x) f@du.

Both the expressions of average degree and disk clique number can be expressed in a more compact way using the

language of convolutions. The convolution product f % g is defined as (f * g)(x) = nyRz f(x)g(x — y). If we denote by

xr : R?2 — {0,1} the indicator function of the disk of radius r > 0 centered in 0 = (0,0), we then have for the average
degree the compact formulation [ f - (f * x1)/I|f|l1, while the disk clique number is || f * x1,2|lc0, Where we have used
the functional analysis norms || f|[1 = ['|f| and || f||cc = max f. Controlling the ratio between these two quantities is the
aim of Question 5.1 below.

This functional formulation suggests a natural attempt at maximizing the ratio between the disk clique number and the
average degree: we could try to look for a nonnegative function f :R2 — R=% (which we would then discretize) of fixed
average || f|l1 and such that the unit disk average f * x is constant, while f and hopefully f * X1/, are not (and thus the
maximum value of the latter would be greater than the average value of f). In the one-dimensional case, any nonconstant
1-periodic function would do, but how to reason about this in two dimensions?

The analogy with periodic function in the one-dimensional case suggests that Fourier analysis might be helpful. Further-
more, the language of convolution products gives us a second hint that these quantities would be simpler to investigate in
the Fourier domain: indeed, a key property of Fourier transforms is that they turn convolution products into usual products:
m =7~'g‘. The Fourier transforms of the functions ¥, involve special functions called Bessel functions of the first kind,
denoted by Ji. In line with the one-dimensional case, where being 1-periodic amounts to having Fourier coefficients which
are nonzero only at integer values, the analogue of 1-periodic functions that we are looking for will turn out to be functions
whose Fourier coefficients are only nonzero when J1 is zero. Discretizing such a function will bring us back to the realm of unit
disk graphs, yielding examples with interesting properties.

In the remainder of this section, we formalize this idea properly, leading to a proof of Theorem 1.9. In order to be
rigorous, some parts require analytical tools, for example the framework of tempered distributions, for which we refer to
standard analysis textbooks, e.g., Rudin [17]. But the graph-theoretically minded reader can safely disregard these analytical
issues and read through the text using the analogies that we have just described, thinking of a function as merely a
(continuous version) of a unit disk graph, and of an integral as a sum.

5.1. The question

A function that will be crucial in the remainder is y; : R? - {0, 1}, the indicator function of the disk of radius r > 0
centered in 0 = (0, 0).

1 if x| <r,
0 otherwise.

Xr(x) = {

We will be mostly interested in x1,2 and x;.
Let f:R2— R>% be a Lebesgue-integrable function. As f(x) = |f(x)| for any x € R2, we have

ff(X)dx:/lf(X)ldx:||f||1.
R2 R2

12
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We will be interested in integrating f on disks of radius r > 0 centered in points x. As explained above, this can be
described easily with a convolution product.

/ fydy = f fydy = f FWxr(y —x)dy = (f * xr) (),
RZ

yeDr(x) Ix=yl<r

where D;(x) denotes the disk of radius r centered in x, and f * x, denotes the convolution product of f and ;.
Question 5.1. What is the minimum constant ¢ > 0 such that for any Lebesgue-integrable function f:R? — R>?,

Hf 1=/f(X)'(f*X1)(X)dX<C- IFl -0 * xa/2lle0?
RZ

Note that Di(x) can be covered by a constant number of disks of radius % so there is a constant ¢ > 0 such that
Il f* x1lloo < C-IIf * X1/2ll00, and thus the question above is well defined.

Take R = [0, N1? and let 1z denote the indicator function of R. Note that || 1g|l1 = N2 and |1 * X12llo =7 /4 for N > 1.
On the other hand, for all x € [1, N — 1]?, (1g * x1)(¥) =7 and thus wyp =@t — o(1)N2 =4 —o()|11gll1 - 1k * X172lc0s
as N — oo. This shows that ¢ >4 in Question 5.1. We will see in Section 5.4 a finer example that shows that ¢ > 4.0905 in
Question 5.1.

5.2. Application to unit-disk graphs

Let us explain the connection to our original problem of bounding the average degree of unit-disk graphs as a function
of their clique number.

Take a unit-disk graph G embedded in the plane, and consider the associated (finite) point multiset P = V(G) in R2. By
translation, we can assume that P C [0, N]?, for some real N > 0. Fix some integer M >> N, set § := N/M; and divide [0, N]?

into M2 squares R;j (for i, j € {1,..., M}) of size § x § (and area §2). Define the following function f:R? — R>0.
0 ifx ¢ [0,N]?,
f(x) =11 .
5—2|PﬂRij| leERij.

In words, f(x) is the number of points of P in the square containing x, scaled by a factor §2.
Note that for any i, j € {1,..., M},

ff(x)dx:&z -3 IP N Ryj| = PN Ryl.

It follows that || f||; = |P| = |V (G)|. More generally for any fixed disk D € R? of positive radius, '[D f(x)dx — |[PND| as
8 — 0 (or equivalently, as M — oo).

As any disk of radius % has diameter at most 1, the points of P lying in such a disk form a clique in G, and thus P
intersects every such clique in at most w(G) points. It follows that || f * x1,2]l < (1 4+ 0(1))w(G) (where the o(1) term is
with respect to § — 0, or equivalently, as M — o00).

For sufficiently small § > 0, for any point p € P and § x § square R containing p, fR fF)(f = x1)(x)dx counts the number
of points of P (possibly with repetitions) coinciding with p, times the number of points in the disk of radius 1 centered in
p (which is the same as the number of neighbors of p in G). It follows that as § — 0, pf — ZveV(G) d(v), the sum of the
degrees of G. So for any constant ¢ > 0 answering Question 5.1, we have

Y dw)<c- VG- (1+0(1) - (G),

veV(G)

and thus the average degree of G is at most (¢ +0(1)) - w(G).

What about the reverse direction? Given some function f showing that the answer to Question 5.1 is at least cg, for
some cg > 0, we can translate this into a discrete distribution of points in the plane as follows. We consider a sufficiently
large grid of dimension N x N, and sufficiently small step § > 0, and for some sufficiently large real k > 0 we place [kf (x)]
points of P at each point x of the grid. If f behaves well (for instance if f is continuous and periodic), the ratio between
the average degree and the disk clique number (recall that this is the maximum number of points in a disk of radius %) of
the associated unit-disk graph G will be close to co. However it might be possible that maximum cliques in the unit-disk
graph G do not come from disks of radius % but other shapes of diameter 1 (see Section 5.4). In this case the average

degree of G is not necessarily close to cg - w(G).
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5.3. Tools

Given a Lebesgue-integrable function f:R? — R, the Fourier transform of f is given by

Fe) = f Fooe2miédy,
2

where x - £ denotes the dot product of x and &. Note that for any function f:R2% — R>0,

f(0)=/f(><)d><=/If(X)IdX=I|f||1.

When f is also integrable, we have that the reverse equality

fx) = / F(&)e?xéde

holds almost everywhere (and it holds everywhere if f is continuous).
It is well known (see for example [16, Example 17.3.1]) that for any & € R?,

J1@m|§1)
len -
where J; denotes the Bessel function of the first kind. Note that Ji(x) ~x/2 when x — 0, so x1(0) = 7 is well defined

by continuity. Observe that for r > 0 x,(x) = x1(x/r) for every x € R?, and thus by the time-scaling property of Fourier
transforms, we have

X1() =

rJ1@mriigl)
Il
for any £ € R? (as above, x,(0) =r? is well defined by continuity).

An important property of the convolution product is that it behaves well under Fourier transforms. For any £ € R? and
r>0,

Xr(E) =12 51(8) =

2

F*x . . 2
Frn© = F© ) = f(é)%_
So we have

(f * X1,2)®) = /f@)hmnsn) rint g

* :
2 <N f* x172ll00

for any x € R2.
If we denote by 1 the constant function with 1(x) =1 for any x € R?, then 1(&) = §(¢), where & denotes the Dirac delta
function.! In this case the equality above tells us that for any x € R?,
rJ1@rwrl§l)
2mx Edé Xr

0) =12,
€l O =xr

(1 Xr) (%) 2/3(5)
R2

which is just a complicated way to say that the area of a disk of radius r is 7r2.

For f and g square-integrable, the Parseval formula (see, e.g., [17, Section 7.9]) stipulates that

/ FRgdx= / F©ace)de.

Assuming that f is square-integrable, then so is f * x, (this follows from the Minkowski integral inequality [10, Inequality
202]), and thus we have

/ T - (f * ) (0dx = / F© - Fran @)

1 Dirac delta functions can be formally defined using distributions or generalized functions, see for example Rudin [17, Chapter 6].
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for any r > 0. If moreover, f is a real function, it follows that

J1@r|ElD
&1

N 2
d§=f||f(§)llz~wdé
RZ

uf=/f<x>-(f*m)(x)dx:/%ﬂs) =
R2 R2

On the other hand, we have

/II]A“(é)II2 ]]gﬁ;lﬁn)dé /f(X) (f * x1/2)X)dx < ||f*Xl/2||oo/f(X)dX I1f = x172ll00 - 1 f 1
2

So if we had J1(2¢) < § 5 - J1(§) for any £ >0, and for some (hopefully small) constant ¢ > 0, this would directly imply
wr <cllflli- I f * x1/2ll00. However, the former does not hold, as the two functions oscillate independently.

An important observation here (in connection with the next section), is that for any z € [0,1.18], J1(27m2z) <2 J1(72),
with equality only if z= 0. This shows that in the disk D1.15(0) of radius 1.18 centered in 0,

N 2 .

2||5||
D1.18(0) D1.15(0)

so if the support of]‘ lies in D1.18(0), we have w¢ <4- || f* x1/2ll - | fll1, with equality if and only if the support off‘ is {0},
which is equivalent to say that f is a constant function. So if we want to find examples where ¢ >4- | f * x1/2ll00 - I fll1,

we need to make sure that the support of f intersects the complement of D1 15(0).
5.4. A finer example

Consider the function f:R2 — R>? defined by f((x,y)) := 1 + sin(2Bx), where B is the first positive zero of the
Bessel function Ji, that is B is the smallest positive real such that J1(B) = 0. It is known that B ~ 3.8317. We will use
Fourier analysis on f, which is definitely not Lebesgue-integrable. Nevertheless, this can be justified using the framework of
tempered distributions, to which f belongs since it is bounded. For the sake of readability, we do not enter these technical
details and refer the reader to standard textbooks on distributions, e.g., Rudin [17, Chapters 6 and 7].

Take some real number N =k - %, for some integer k > 2 (note that % is the period of f), and let g: R? — R be defined
as g(x) = f(x) - 1o y2(x). Note that ||g|l; = N? (since N is a multiple of the period of g), and | g X120 = I1f * x12ll00
(as g is periodic and we have chosen N large enough). As we have seen above, the value of || f * x1/2/lcc can be computed
using

.l]( ”E”) 27'”)(5 S

(f*x12)%) = /f(é) 2]

In order to use this equality, we observe that for any & € R?,

FE =8+ 566 - 2) -5+ £,

where § denotes the Dirac delta function. This shows that f‘(é) =0 unless é = 0 or £ = ﬂ:% (we observe, in connection
with the final comment of the previous section, that g ~122>1.18).If &= , then J1(|&|) =0, by definition of B.

It follows that the only non-zero term in the integral is for & =0, where jl(jﬁg"ﬁ”) 2””‘5 = Z. By the definition of the Dirac
delta function, the integral evaluates as

Ji( &l 2n1x§ é_—__

(f*x12)%) = /f(é) 2]

This shows that [|g * Xx1/2llcc = IIf * X1/2/lc0 = %
It remains to evaluate

Mg = / g(x) - (g* x1)X)dx = / fX) - (g x1)(x)dx.
R2 [0,N]2
We can compute pg for N a multiple of 77 /B by using the Parseval formula as before, this time to f and g x;. Note that f
is not square-integrable in this case, but it is a tempered distribution and g has compact support and is thus a test function,
so we can still use Parseval formula [17, Chapter 7] in this case (we omit the definitions of tempered distributions and test
functions here, the reader is referred to [17] for more details). We first compute that g(0) = N* = ||g|l1, g(zg) = 212 and

83 = ‘21\{2. Now:
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/ F®) - (g* x1)0dx

[0,N]?

=/f(X)-(g*X1)(X)dX— / £ - (g% x1) (dx

[—1,N+1]2\[0,N]?

/f(x) (g * x1)(x)dx — O(N)

2
/f(s) H@TIED 46
H
. 2
/(5(&)+21(5(s+ )-8 - ﬁ)))-g(&)-%ds—om
hQrlEn) 1 7JieB) 1 7)i(=2B)
/”g”( m (PG ) 3 g ) —ow

B J1(2B)
—n||g||1(1+ = >—O(N),

where we used that f(x)- (g x1(x)) is zero outside of [—1, N +1]? and is always at most 2, that limg o % = and

that the J; function is even. Now, % ~0.04527 and ||g|l; = N2, and thus we obtain that for N large enough,

Mg~ 4.0905 - |Igll1-11g* x1/2l00-

Therefore we have ¢ > 4.0905 in Question 5.1. Recall that the disk clique number of a unit-disk graph G, denoted by
wp(G), is the largest size of a set of points contained within a disk of radius % in G. Discretizing the function g introduced
above as described in Section 5.2 yields the following theorem.

Theorem 1.9. There exists a unit-disk graph G of average degree at least 4.0905 wp (G).

Proof. We consider a 2-dimensional grid of dimension N x N and step § > 0, and we place [kg(x)] points at each point x
of the grid for the function g(x) := (1 + sin(2Bx)) - 1 yj2 (). This set of points defines a unit-disk graph G. As explained in
Section 5.2, for N and k large enough and § small enough, the ratio between the average degree of G and its disk clique

number wp (G) will converge to %. By the calculations above, this ratio is larger than 4.0905 for sufficiently large

N, thus establishing Theorem 1.9. O

Note however that (as alluded to in Section 5.2), the unit-disk graph G obtained from this construction does not contra-
dict Conjecture 1.7. Indeed, numerical computations” suggest that some smooth versions of Reuleaux triangles are slightly
denser than disks of radius % with respect to f (and g), and in fact these computations seem to indicate that the ratio
between the average degree and the clique number in the corresponding unit-disk graph G is close to 3.93 (see Fig. 7 for a

picture of a maximum clique with respect to this distribution, with density significantly larger than  /4).
6. Conclusion

Given a sequence of pairs P = (p;, Ti)i1<ign, Where each p; is a point in the plane and each r; is a positive real, the
disk graph on P is the graph with vertex set {pi, p2,..., pn}, in which two vertices p; and p; are adjacent if and only
if |Ipi — pjll <ri+rj. Disk graphs model wireless communication networks using omni-directional antennas of possibly
different powers (where the power of the i-th antenna is proportional to the real number r;), and disk graphs where all
the reals r; are equal are precisely unit-disk graphs. A natural question is whether results similar to the results we obtain
here can be proved for disk graphs. A major difference is that disk graphs do not have their maximum degree bounded by a
function of their clique number w (the class of disk graphs contains the class of all trees for instance). However disk graphs
have average degree bounded by a constant times w, and this can be used to obtain O (logn) round algorithms coloring
these graphs with few colors [2]. In the same spirit as Question 1.6 we can ask the following.

2 As the code is not easily readable, due to several (probably necessary) optimization tricks, we chose not to make it publicly available, however we
are happy to send it to any interested reader upon request. The computation boils down to solving a max-flow instance in a fairly dense graph on ~ 10%
vertices.
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Fig. 7. The points of a maximum clique with respect to f : (x, y) — 1+ sin(2Bx). The function f is plotted in red, but not on the same scale as the points
of the clique (in blue).

Question 6.1. What is the minimum real ¢ > 0 such that a coloring of any n-vertex disk graph G with c¢-w(G) colors can be
obtained in O (logn) rounds in the LOCAL model?

As a final comment, we recall that in the proceedings version of the paper [6] we claimed that for any € > 0, any unit-
disk graph G could be colored with (3 + €)w(G) colors in O(1/€) rounds in the location-aware LOCAL model, but that we
later found an error in our original argument, and could only replace (3 + €)w(G) by 4w(G) (in Theorem 1.2). A problem
left open by this work is to prove (or disprove) that (3 4+ €)w(G) colors are sufficient. A related (purely existential) question
is the following. A flat annulus, or cylinder, of height h and circumference ¢ is the metric space obtained from a Euclidean
rectangle of height h and length ¢ by identifying its left and right boundaries. While a rectangle is the Cartesian product of
two segments, a flat annulus can be thought of as the product of a cycle with a segment.

Question 6.2. Let € > 0. Let G be a unit-disk graph G whose vertices are embedded in a flat annulus of height +/3/2 and
sufficiently large circumference (as a function of €). Is it true that if w(G) is sufficiently large, x (G) < (1 + €)w(G)?
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