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Abstract In this paper, we study the problem of linear optimization with probabilistic
constraints. We suppose that the constraint row vectors are elliptically distributed. Further, the
dependence of the rows is modeled by a family of Archimedean copulas, namely, the Gumbel-
Hougaard family of copulas. Under mild assumptions, we prove the eventual convexity of
the feasibility set.
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1 Introduction
1.1 Chance constrained optimization

We consider the following linear optimization with joint chance constraints

T

min ¢ x
subject to P{Vx<D}=p
xeQ. (D
where Q is a closed convex subset of R* ; ¢ € R*, D := (Dy,...,Dg) € RK is a
deterministic vector, V := [vy, ..., vK]T is arandom k X n- matrix where vy is a random vector

inR", Vk=1,2,..,K and p € [0, 1]. We denote Feasi(Q) the feasibility set of (T).
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Chance-constrained optimization has been widely studied in the literature and plays an
important role in engineering, telecommunication, etc. Chance-constrained problem was
first introduced by Charnes et al. [[11]], they studied the individual chance constraint case.
Miller and Wagner [57] dealt with joint chance constraints but only in the independent
case. Prekopa [66] was the first researcher who studied joint chance constraints with random
parameters on the right hand side. Joint chance-constrained problems are generally non-
convex problems. Therefore, several approximations have been proposed in the literature, see
for instance [[15}[46l[53]]. Cheng and Lisser [15] proposed piecewise tangent approximations
and sequential approximations to come up with a lower and upper bounds. Luedtke and
Ahmed [53] reformulated the original problem by using a mixed-integer linear optimization
in finite support case. An efficient way to solve the chance constraints problem is given by the
scenario approach studied in [[7,/8}171/20,/35/52}|631/64]]. Applications of chance-constrained
optimization problems can be found in [9},27}28l(37.[39, 434872, /74].

1.2 Convexity of the feasibility set

The convexity of chance constraints as well as the regularity properties of probability func-
tions are difficult issues both from theoretical and computational perspectives. Prekopa [[67]]
introduced the notion of logarithmic concavity to deal with dependent constraints case.
Borell [7]] generalized this notion to r-concavity. Prekopa et al. [|69]] derive a fundamental
result about the convexity of the considered problem if we assume that the rows are normally
distributed. Sen [[71]] introduced a relaxation method for chance-constrained programs with
a discrete random variable. Marti [54] studied the differentiation of probability functions
by an integral transformation method. The derivatives of the probability function can be
obtained by applying an integral transformation to its integral representation. Some basic
results on the differentiability of a probability function were studied by Kibzun et al [40].
They proposed new formulations of the gradient of probability functions in different forms.
Lobo [49] studied some applications of second-order cone program leading to a new approach
for solving chance constraints. A more developed direction was initialized by Henrion [32]
which gave a full description of the structure (not only the convexity) of a one-row linear
optimization with a chance constraint by introducing a new notion of r-decreasing function.
Henrion [33] studied the convexity in the case where the constraints are independent. To
deal with the dependent case, Henrion and Strugarek [34], Van Ackooij [[77] and Cheng et
al. [[14]] used the theory of copulas to model the dependence of constraints. They supposed
that the distribution of the constraint row vectors are elliptically distributed. Under high
probability threshold p, they prove the convexity of Feasi(Q). Hong et al [35] proposed to
solve joint chance-constrained programs by sequential convex approximations. They prove
that the solutions of the sequence of approximations converge to a Karush-Kuhn-Tacker
(KTT) point of the original problem. Farshbaf-Shaker et al [23]] proved some properties of
chance constraints in infinite dimensions. They supposed that the feasibility set belongs to
a Banach space. Under mild conditions, they proved regularity properties of the probability
function with an application to PDE constrained optimization. Wim van Ackooij [79] studied
the convexity of the feasibility set in a general framework by using the radial representation
of elliptical distributions.

In this paper, we deal with the convexity of Feasi(Q). Firstly, we suppose that the vectors
v; are elliptical distributions. Under mild conditions, we generalize the convexity result in
Cheng et al. [14].
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This paper is organized as follows. In Section 2] we reformulate the probability function
of problem (I). Section [3] studies sufficient conditions for the convexity of Feasi(Q). In
Section[d] we show the dependence structure of the constraints of problem (I} and prove the
convexity of Feasi(Q).

2 Elliptical constraints in linear optimization
2.1 Preliminaries

Firstly, we recall some important definitions and propositions we use in our paper.

Proposition 1 (Theorem 2.1, [21f]) Let X a random variable in R" be a spherical distribu-
tion. Hence, there exists a function  : R — R such that for all t € R, we have

ox(t) = B X) = y(T1) =y (i + .. + 12).
The function ¥ is called a characteristic generator of X.

Definition 1 (Definition 2.2, [21]) A random variable U in R" is an elliptical distribution if
we have the following representation

U=pu+AX,
where X follows a spherical distribution with a characteristic generator ¢, A € R™",

AAT =X and u e R™.

Definition 2 (Chapter 4.6, [[68]]) A function f : R® — (0, +o0) is r-concave for a given
r € (=00, +00) if dom f is convex and

flax+ (1 —a)y) = [af(x) +(1-a)f()]r if r#0.
flax+ (1 -a)y) > f(x)*f()'™ if r=0.

for all x,y € dom f and a € [0, 1]. In the case where r = 0, f is called a log-concave
function. Here, dom f denotes the defined domain of f.

Definition 3 (Definition 2.2, [32])

A function f : R — R is said r-decreasing for some r € R if it is continuous on (0, o0)
and if there exists some t* > 0 such that the function #” f(¢) is strictly decreasing for all
t>t"

Definition 4 (Definition 1, [70]) A copula is the distribution function C : [0, 11X — [0, 1]
of a random vector in dimension K whose marginals are uniformly distributed on [0, 1].

Proposition 2 (Theorem of SKlar, [70]) Given a distribution function F : RK — [0, 1]
with marginals Fi, ..., Fx, there exists a copula C such that

VzeRX, F(z) = C(Fi(z1), ... Fk(zk)).
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Moreover, if F; is continuous, then C is uniquely given by

-1 -1
Clu)=F (Ff Yy o F )(uK)) :
In other words, C is uniquely determined on Fy X ... X Fk.

Proposition 3 (Fréchet-Hoeffding upper bound) For any copula C and u = (u, ...,ug) €
[0, 11X, we have

< = i .
C(u) < Cp(u) (Jin
Definition 5 (Definition 2.2, [56]]) A copula C is strictly Archimedean if there exists a contin-
uous and strictly decreasing function W : (0, 1] — [0, o) such that ¥(1) = 0, lim,—o ¥(¢) =
oo and

Clu) =¥V

K
D W)
i=1

Y is called the generator of C.

Definition 6 (Definition 2.3, [56]]) A real function f : R — R is K-monotonic on an open
interval I C R with K > 2 if it is differentiable up to (K — 2) - order and the derivatives are
satisfied by

k
(—l)k%f(t) >0, 0<k<K-2andViel.

. o gK-2 . . . .
and the function (—1)X~2 :11: = f(¢) is non increasing and convex on I. Moreover, f is

called completely monotonic if f is K—monotonic, YK € N.

Proposition 4 (Theorem 2.2,[56]) Giveny : (0, 1] — [0, +00) a strictly decreasing function
such that y(1) = 0. Hence, it is the generator of a strictly Archimedean copula in dimension
K if and only if y~" is K-monotonic on (0, o).

2.2 Reformulation of the probability function

In problem (TJ), we suppose that v; follows an elliptical distribution such that

vi=u +AY, i

L,2,...K )

where u; € R", A; € R™" such that A,-Al.T = X, is a positive definite matrix, ¥; is a
spherical distribution with a characteristic generator ;. We refer the readers to [21]| for more
details about elliptical distributions.

Assumption 1 0 ¢ Q.
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In this paper, unless otherwise specified, we assume that Assumption [T holds.
Let

gi(x) = ©)

The constraint in (]ID can be rewritten as follows

P{Vx < D} > p.
= P{viTx <D i=1,...,K}>p.
o P{&x) <gix), i=1,...K} = p. )

The characteristic function of &;(x) is given by

E(e™) = y;(t*) Vi eR.

We deduce that &;(x) is a 1-dimension distribution that does not depend on x. Our aim
is to reformulate this function to study the convexity of Feasi(Q). For this purpose, we use
the Sklar Theorem (cf. Proposition@) to rewrite constraint @) as follows

P{gl(x) < gi(x)’ i= l”K} > p-
© C[Fi(g1(x)), ... Fk(gx (x))] = p. 5)

where C, denotes the Copula of the multivariate variable &(x) := (&;(x), ..., £k (x)) and
F; denotes the cumulative distribution function of &;(x), i =1, ..., K.

We suppose a specific form of £(x) which shows explicitly the variation of & with respect
to x.

In particular, we suppose that for all x, Cy is astrictly Archimedean copula with generator
Y. We use an Archimedean copula to model the dependence as we can calculate explicitly
its partial derivatives. The constraint (3) can be written as

K
CelFi(@1(x) - F (g ()] 2 p & g (Z %(E(gi(x»)) > p.
i=1

K
& D Un(Fi(gi(x) < Yu(p). ©)
i=1

We summarize some selected strictly Archimedean copulas in the following table:

Now, we add auxiliary variables {@; > 0, i = 1,..., K} in order to reformulate constraint
@ into separated constraints. In particular, as y, is positive, constraint @ is equivalent to
the following constraint
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Type of copula Parameter 6 Generator Wo(z)
Independent - -log(r)
Gumbel-Hougaard 0>1 [—log()]?
—o1
Frank 0>0 —log(‘:’fg_’ll)
Clayton 0>0 G
Joe 0>1 —log[1—(1-1)7]

Table 1: Different types of strictly Archimedean copulas.

lpx(Fl(gl(x))) < a’i¢x(P): i = 1’ vK
>0, i=1,..,K. @)

Zl{il a; = 1.

This means that if x* € Feasi(Q) then there exists a* = (aj,...,@k) € RX such that
(x*, @) satisfies constraints . On the other hand, if (x*, a*) satisfies constraints and
x* € Q, we deduce that x* € Feasi(Q). Moreover, for x* € Feasi(Q), we can choose
a* = (af, ..., @y ) in order to satisfy constraints , ie.,

e (Flgx)
a; = s
=K e (Fi(g;()

By applying the decreasing monotonicity of the generator ¥, constraints can be
written as follows

Vi=1.2,..,K. ®)

Fi(gi(x) = ¢ (@i(p)), i=1,..,K.
a >0, i=1,..,K. 9)

Zf{:l a; = 1.

Remark 1 Our aim is to show the concavity of F;(g;) with respect to x and the joint convexity
of z/zfc_l)(a/,-wx (p)) with respect to (a, x).

2.3 Concavity of F;(g;)

In this section, we give appropriate sufficient conditions for the concavity of F;(g;).

Lemma 1 (Lemma 2, section 3.3, Cheng et al. [14])
Let r; > 1, for some 1 < i < K. Then g; is (—r;)— concave on any convex subset of the
following subset of Q

. ri+1 -1
Q.= {x €eQ| D —ul'x>- l/li,;lin||yi||\/xTE,~x} (10)

ri —

where Ai min is the smallest eigenvalue of %;.
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1
r;+1 A_i
ri—1"i,min

Remark 2 Ttis easy to see that Q' is a convex set because
and /xTX; x is convex with respect to x.

[|u:] > 0, ,ul-Txis linear

Lemma 2 (Lemma 3, section 3.3, Cheng et al. [14])
If D; > 0and y; =0, forsomel <i < K, then g; is (—1)— concave on any convex
subset of the set Q.

Based on these two Lemmas, we have

Lemma3 Let I c {1,2,....,K} such that u; # 0,Vi € I and y; = 0, Vi ¢ I. Let r =
(r1,...rx) such that r; > 1, Vi € I and r; = 1 otherwise. Let

B 1 ri + 1 -1
p* = max {E’ max {Fi (Vi — ]ﬂi,,i,m”#iﬂ)}} .

Hence, Vp > p*, we have

Conv(Feasi(Q)) C ﬂ Q.

i€l

Moreover, g; > 0 and (—r;)— concave on any convex subset of \;¢; @', i=1,...,K, where
Conv is the convex hull.

Proof Firstly, we prove that Vp > p*, Feasi(Q) C ;¢ Q.
In fact, let xg € Feasi(Q). In Section we show that xo satisfies constraint (3). In
particular, we have

Cx,[F1(81(x0)), - Fx (8k (x0))] = p. (1
By applying Proposition 3] we deduce that
1
1) Fi(gi(x0)) = p, Viel= Fi(gi(x) >p* > F (ijf}ﬁ,-,,iﬂ»nllmll), Viel.

As F; is increasing monotonic, we have

rp+1 -1 .
gi(xp) > ri- — 1/li,r2m‘n||/'li||’ Viel.
Therefore,
T ri + 1 7% T .
D; — u; xo > i_l/li,minH'ui” x, Zixo, Vi€l

2) Fi(gi(x0)>p, Vj¢l=Fi(gi(xo)>p* >3 jé¢l
As F;(0) = %, we have

gi(x0) >0, Vj¢l.

Therefore,
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D; >0, Vjel.
Hence, we deduce that xy € ();¢; Q. In other words, we have

Feasi(Q) C ﬂ Q.

iel

By Remark Nics &' is a convex set. Hence, we have

Conv(Feasi(Q)) C ﬂ Q.
iel
which ends the first part of Lemma 3]

Secondly, we prove that g; > 0 and (—#;)— concave on any convex subset of (;¢; Q.
In fact, this is a direct consequence of Lemmaﬂ] and Lemma@

Lemma 4 (Lemma 3.1, Henrion, R. and Strugarek, C. [32])
Let F : R — [0, 1] be a distribution function with (r + 1)— decreasing density f for

some r > 0. Hence, the function 7 — F (Zf%) is concave on (0, (t*)™"), where t* is defined in
Definition[3} Moreover, F(t) <1, Vt € R.

We use Lemmas [3and ] to prove the following auxiliary result

Lemma5 LetI, u=(pi,...,ux), r=(r,...rk) as defined in Lemma[3| We suppose that
the cumulative distribution function F; has (r; + 1)— decreasing densities with the thresholds
t7(ri +1), Vi=1,..,Kand p > p*, where

% 1 ri + 1 -1 %
p = max{z,f?glxﬂ (m/li,,fqm”lliﬂ)7j:T?§KP}[fj(Vj + 1)]} .
Hence, for all y, z € Feasi(Q) and 0 < a < 1, we have

Fi(gi(ay + (1 = a)z2)) = aFi(gi(y)) + (1 — a)F;(gi(z)).

Proof By Lemma 3] we deduce that g; is (—r;)— concave and g; > 0 on Conv(Feasi(Q)),
foralli = 1,..., K. Hence, for any a € [0, 1] and y, z € Feasi(Q), we have

gilay + (1 - a)z) > [ag;" (y) + (1 —a)g; " @177 (12)

As y € Feasi(Q) and p > p*, we have

Cy[Fi(g1(y) ... Fx(gx ()] > p*. 13)

By Proposition [3|and the definition of p*, we deduce that

Fgiy) > p* 2 B0y + D] i= 1.k (14)
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As F; are increasing monotonic, we deduce that

g >+ 1)>0=20<g()™ <@ FrH+1)", i=1.,K. (15)

Similarly, we obtain the inequality for z.
By taking F; on both sides of (I2), we have

Fi(gi(ay + (1 = a)2)) > Fi(lag;" (y) + (1 —a)g; ™ @1 7). (16)

By (I5) and Lemma[d] we have

Fi(gi(ay + (1 — a)z)) = Fi([ag;" () + (1 —a)g; " (Z)]_%) > aFi(gi(y) + (1 — a)Fi(gi(2))-
O

In the rest of the paper, we suppose that the statements in Lemma 5| hold.

3 Convexity of lﬁ,(c_l)(a’ilpx (r))

The aim of this section is to study appropriate sufficient conditions for the joint convexity
of U(x, ;) = )(C_])(oz[z//x(p)) with respect to (x, @;), i=l,...,K. For this purpose, we study
the positive semidefiniteness of the Hessian matrix of wi_l)(aiwx(p)) on the convex set
Q X [k1, ko], for given ky, ko where

0<k <k <1 a7)

Assumption 2 We suppose that  : (x,t) > ¥, (t) is a jointly continuously differentiable
function with respect to (x,t) up to second-order as well as V. Moreover, w)((_l) is 4-
monotonic function with respect tot, ¥x € Q.

The following lemma is a reformulation of the positive semidefiniteness of the Hessian
matrix of U.

Lemma 6 Suppose that Assumption2|holds and p < 1. Hence, the positive semidefiniteness
of the Hessian matrix of U on the convex set Q X [ky, ky] is equivalent to the positive
semidefiniteness of the following symmetric matrix

& & & 2\
ﬁ@ - (dxda'i) (dxda/i)

for all (x, ;) on Q X [ki, ka].

[U(x, )] (18)
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Proof For U(x, ;) = ¢\ (@« (p)), we have

2
L Ua) = PP @t ().
1

As zp)(c_l) is 4-monotonic, we deduce that (z//)(c_l) )" is decreasing. Note that y(p) > 0 as
p < 1. If there exists a > 0 such that (w,(c_l))”(a) = 0, by the decreasing monotonicity of
(w)(c_l))”, we deduce that (z//)(c_l))”(t) = 0 on (a, o) as well as w;_n(t) = ¢t + ¢ on (a, o)
where cy, co are given scalars. However, w,(c_l)(t) € (0,1], Vr € [0, 0] which means that
(//)((_l)(t) = ¢ on (a, ), which contradicts the strict monotonicity of w,(c_l). Hence, we have
W) (@(p)) > 0 as well as L5 U(x, @) > 0 on Q X [k1. k2.

The quadratic form of the Hessian matrix of U at (x, a;) is

2

(sT, r) {%U(x, ai)} (s, 7).

d2
—U(x, a;
da? ( )

L

:r2

2 2 T
+[sT d U(x,oz,~)+(d—U(x,a,-)) s

d2
VAN el .
dxda; dxda; res (dx2 Ul a,)) 5

¥(s,r) € RY x R, where 6?—;U(x, a;)¢ is the Hessian matrix of U at (x, ;).

If we consider this quadratic form as a second-order polynomial function of r with strictly
positive second-order coeflicient, then the positive semidefiniteness of U is equivalent to the
positivity of its quadratic form for all » € R which is equivalent to the following inequality

& :
T . p—
(S dxda’i U(-x’ al))

d? r [ d N
EU(X,CZ,’) .8 (EU(x,ai))sSO, Vs € RV,

L

e & Tog & N
= (dxda/i U(x, ai)) (dxdoz,- U(x, a/,-)) - EU()C, ai)EU(x, ;)| s <0, Vs e RY.
& & T & _ _

S (dxda,- Ul(x, a,-)) (dxa’a,- U(x, ai)) - _dal.z U(x, ozi)—dx2 U(x, ;)| — is a negative

semi definite matrix.

Next, we introduce a particular family of generators which meets Assumption 2]

3.1 A particular form of the family of the generators i/,

We consider the following assumptions
Assumption3 p < 1.

Assumption 4 Let a function ¢ : (Q < R") x (0,1] — [0,00) such that (x,t) +—

1
(—logt)«®, where k : Q — (0, 1] is a strictly positive function.
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If Assumption [4| holds, we have z//)(c_l)(t) = ¢ We can check that Wy is a strictly
decreasing function and (1) = 0 for all x € Q and y satisfies the conditions in Assumption
Then, by Proposition [d] we deduce that for all k > 2, ¢, is the generator of a strictly
Archimedean k-dimension copula, Vx € Q.

Remark 3 Infact,Vx € Q, Y is the generator of a copula in the family of Gumbel-Hougaard
copulas. The condition where 0 < «(x) < 1 is deduced by the defined domain of Gumbel-
Hougaard copulas. We can see later that if we use a function « to model the dependence
structure of ¢ with respect to x, the positive semidefiniteness of the matrix in Lemma [6] is
equivalent to the following inequality

k(x)" = w(x(x))(Kk(x)). (19)

where w is a strictly positive scalar, x(x)”’ is the Hessian matrix of « at x and k(x)’ is the
gradient vector of « at x.

From now and on, we suppose that Assumptions [3|and ff] hold. If we apply Lemma6] it
is sufficient to study the positive semidefiniteness of the matrix

&P & & 2\
ﬁ@ - (dxdozi ) (dxdozi )

on the convex set Q X [ky, k2 ].

HU)(x, a;) =

[U(x’ ai)]' (20)

o

3.2 An equivalent condition of the positive semidefiniteness of H(U)

The main step of this section is to reformulate the positive semidefiniteness of H(U) by an
inequality under the form (I9).

If we apply the form of ¢ in Assumption (4) in U(x, a;) = )(C_])(oz[ Ux(p)), we can rewrite
U(x, a;) as follows

1\ k(x)
—jai(-1 >W}
Ukx,a;)=e {a er .
K(x)
=p 2D
Now, by (21), we calculate explicitly dd—;, dd—:% and #jm of U.
By a direct calculation, we deduce the first formulation as follows
«(x) _
A U(x, ;) = log(p)p™ k(x)af ™",
(x) K(x) (22)

L U(x, a5) = (x) log(p)art ™ pi™ [k(x) = 1+ k(x) log(p)af ™).

Remark 4 The first and second derivatives in (22)) are deduced by the rule of differentiation
for composite functions in the 1-dimension case.
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Next, we calculate dix of U. With the chain rule of differentiation for composite functions
in the multi-dimension case, we have

d K(Xx
U(x.ai) = log(p)p™ " log(a)a) (x)" (23)
X
‘We differentiate the two sides of l| with «; in order to obtain %;di

2

1 gk ,
T Ul ag) = log(p)ay™ ™ p " [1 + x(x) log(a) + log(p) log(ag)arf () lx(x)"
L

(24)

To calculate dd—; of U, we differentiate both sides of with x

42 (x
Z_Ux ai) = p" (log p)(log )k (x) + (log a; + log a; log p.a*“)k(x) (k(x))].

dx?
(25)

Remark 5 «(x)’ is a column vector and k(x)"’ is a symmetric matrix. We can write

K(x)
Ly(x, ;) = logp.log .t (x).0(x).13(x) where 1(x) = p%, 1r(x) = o™ and
t3(x) = k(x)’. We use the product rule of differentiation and apply again the chain rule of
differentiation for composite functions in the multi-dimension case in order to obtain [23)).

2 2
‘We combine 1i and ll in order to obtain % %

d*

— K(x)
77 = k) log(p)a* ™ loglanp™ T x
i

[K(X) -1+ «(x)log pa':.((x)] X [K(x)” + k(x) (k(x)")T (log @; + log ;. log p.af(x))] . (26)

T
d? > :
Moreover, Tordx (m) is deduced from ti

a2 &2\ () )
—  [=—] =1 2, 2k(x) 2. 2.0
da;dx (daidx) og(p)a; P
2
(1 + k(x)log a; + log plog a,-.a:.((x)/((x)) k(x) (k(x))T. 27

Note that 10g(p)2.ai2'((x)_2.p2"’f " is the common factor of and l) Then, we can
reduce this term from both sides of (27) and (26) as follows

dTQ’le B d(lidx -

2 2 2 2 \T
M= log(p)_z.a._z'((x)+2.p_2'“i( | d_d (4
! da'idx

k(x)

= [K(X) — 1+ «(x)logp.a; ] ) [K(x)” + k(x) (k(x)")T (log @ + log ;. logp.afm)]

X k(x)log a; — (1 + k(x)log a; + log plog a,-.a:.((x)/((x))z k(x) (k(x)")T. (28)
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T
Hence, in order to study the positive semidefiniteness of [dde? j—; - d;{% (d(ff%) on
QO X [k1, k2], we study the positive semidefiniteness of M when (x, @) € Q X [k, k3].
We rewrite M as follows
M = Ak(x)" — Bx(x)'(x(x)"). (29)

where

A = k(x)loga;. [k(x) =1+ k(x) logp.ak(x)] )

i

B = k(x)log(a;)*(1 + logp.oz:.((x)) [1 — k(x) - K(x)logp.af(x)] +
2

(1 + k(x).log a; + log p.log ai.af(x).K(x)) )

3.3 A sufficient condition of the convexity of wf:l)(a/il//x (»)

In 29), A and B depend on x. The key idea of this section is to study a lower bound of
A and an upper bound of B. Particularly, we will study the positive semidefiniteness of the
following term

M* = Ajk(x)"” = Bik(x) (k(x))T. (30)

where A > A;, B < Bj and Ay, B; do not depend on x.
Next, we consider the following assumption.

Assumption 5

p>el.

.0<g<k(x)<1, VxeQ.

O<h<a;<h,<l1.

. There exists 6; and §,, such that 0 < ¢; < ||x]| < §, < o0, Vx € Q, where ||.|| is the
Euclidean norm in R”.

B W=

In other words, x(x) and «; are bounded by strictly positive scalars c;, ¢, iy and h,, and
Q is a bounded domain in R". The main idea is to find a function « such that if Assumptions
andhold, wi_l)(a/iwx(p)) is a convex function with respect to (x, @) on Q X [y, hy,].
Now, we evaluate A and B in (29) as follows

1. We use the statements 1,2 and 3 in Assumption |5| to deduce that 0 < 1 — <™

i >

A

\

1+log p.af(x) < 1+logp.h; < 1. Then we combine with ¢; < k(x) < 1 and (- log a;)
(—log h,,) to deduce a lower bound of A

A = k(x)(—log ;). |1 — k(x).(1 + logp.af(x))] > ¢;(—log hy,)(—log p.hy). 31
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2. Since 0 < 1 +log p.a/f(x) < 1, we apply the Cauchy-Schwarz inequality to deduce that

(1+ logp.af(x)) [1 —k(x).(1 + logp.ozf(x))] < 4./<1(x) < 4—161 (32)
The following inequalities are deduced by Assumption|3]
¢ < k(x) < 1. (33)
—logh, < —loga; < —logh. (34)
l+logp <1+ logp.af(x) < 1+logp.h. (35)

We apply (32)-(33) in order to get

1 +log hy(1 +logp.hy) < 1+ k(x).log a; + log p.log ai.a/f(x).K(x)
< 1-c¢i(=logh,)(1 +log p).

Therefore, we have
(1 + k(x).log a; + log p. log a/,-.af(x).K(x))2
< max (|1 +log hy(1 +log p.hy)l, |1 — (= log hy,)(1 +log p)|)* .

We combine with «(x) < 1 and —log a; < —log A; in order to deduce an upper bound of
B

B < max (|1 + log h;(1 + log p.hy)|, |1 = ¢;(~log hy )(1 + log p)|)*

1
+ (log hl)?a. (36)

Hence, we deduce that a sufficient condition for the positive semidefiniteness of M on
Q X [hy, hy,] is the positive semidefiniteness of the following term on Q

Arx(x)" = Bix(x) (k(x)"),
where B; = max (|1 + log 7y(1 + log p.hy)|, |1 = ci(—log by )(1 + log p)|)* + (log hl)z.t
and A| = ¢;(—log hy,)(—log p.hy).
Note that A} > 0 as —logp.h; > 0 by Assumption Let C = %, we deduce that the
positive semidefiniteness of M on Q X [hy, h,] is equivalent to the positive semidefiniteness
of the following term on Q

k(x)" = C.k(x) .(xk(x))T. (37)
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3.4 Boundedness of a on Feasi(Q)

The main idea of this Section is to show that for all x € Feasi(Q), we can choose « by
and Ay, h, defined by D;, %;, i, p,cy suchthat iy < a; < hy, i=1,...,K.
In fact, by , if x € Feasi(Q), we can choose @; such that

Y[ Fi(gi(x))]

= X . Vi=1,2,...,K.
=K (g ()]

i

Dipix
VxTzix

We use the Cauchy-Schwarz inequality to deduce that

where ¥, (1) = (- log Z)ﬁ and g;(x) =

| = i x| < HwllNIxll, Vi= 1. K. (38)

From linear algebra, we have

VxTZix = A min||x]]. (39)

Based on inequality (6), Assumption[3] Lemma]and the strictly decreasing monotonicity
of ¢, we have

K
0 < > il Fi(gi(x)] < va(p). (40)
=1

J

We apply - and ||x|| > &; to deduce the following inequality

D lll
\//li,min(sl \/ﬂi,min

As F; is increasing monotonic, we have

gi(x) <

Fi(gi(x)) < F;

D, lll |
\/li,min(sl \//li,min

We use the decreasing monotonicity of ¢, to deduce

WX(Fi(gi(x))) 2 lpx F;

D, llll )|
\//li,min(sl \//li,min

Based on the formulation of «; in (]EI), we have

wx (E ( \/l[,minél " \//ll:’m"l ))
A0 '

;i >
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Note that 0 < —log p < 1 (by Condition 1 in Assumption [5|and Assumption [2). Hence,
we have

Ux(p) < (=logp). 41)

The following inequality is deduced by Condition 2 in Assumption[5|and the form of v
in Assumption[4]

D. .
P o B L 7]
\//li,min(sl \/Ai,min
SO e - 1710 N e 2 171 |
\//li,minfsl \/li,min \/li,minél \/ﬂi,min
(42)
Let /i = min { } 43)
1<i<Kk (—logp
Hence, we deduce that @; > hy, Vi =1,2,...,K by @I} and @#2).
On the other hand, we have
n
a;=1- Z a; < 1-—(m—1)h.
j=lj#i
Let hy =1—(n—1)h;. (44)

We conclude that 0 < iy < a; < h, <1, Vi=12,..,K.

4 Convexity results for elliptically distributed chance constraints

In this section, we give an example of « that satisfies the matrix inequality (Bl]) on Q under
Assumption[3]and we show the dependence structure of the constraints. Our aim is to choose
d € R and a function «* that satisfies (37)) on Q such that

O0<¢g-d<k(x)<1-d, VxeQ. (45)

and let k = «* + d.
We have the following formulation

K (0K ()" = K (2) (K (x))"
K*(X)z

d? .
5 log(K"(x)) = (46)

Assumption 6 «*(x) < % Vx € Q.



Convexity of elliptically distributed dependent chance constraints 17

If Assumption |§| holds, the positive semidefiniteness of j—xzz log(x*(x)) is a sufficient
condition for the positive semidefiniteness of the following term

SR () = K ) (6 @))
K*(x)z
As k' = («*), k" = (k*)” and «*(x)> > 0, the positive semidefiniteness of is
equivalent to the positive semidefiniteness of the following term

(47)

SR = k() () @®)

Hence, if 0 < ¢; —d < «*(x) £ min (%, 1- d), Vx € Q, we deduce that the positive

2
semidefiniteness of ﬁ log(k*(x)) is a sufficient condition for the matrix inequality l)

On the other hand, the positive semidefiniteness of j—; log(«*(x)) on Q is equivalent to
the convexity of log(«*) on Q. Hence, log(«*) is a convex function on Q.

Let «* = ¢, we need to find a convex function ¢ : Q € R — R such that g satisfies the
following condition

1
0<cl—d$e"(x)§min(6,1—d).

& log(c; — d) < g(x) < log [min (él - d)] , YxeQ. (49)

Under Assumption[d] we can choose a function ¢ such that

1
g(x) = lexll2 +z, (50)

where L > 0, z € R are real numbers such that

1 1 1
log(c; — d) < z612+z£ Zéﬁ+z£log [min(E,l—d)], (51)

We deduce the following lemma

Lemma 7 Let 6;, 6y, ¢1, hy, by such that AssumptionsB|d|andPlhold. Let L > 0,d € R, z € R
are real numbers such that

1 1 1
log(c; — d) < 2612 +2z< 263 +z <log [min (E’ 1- d)] .

where C is defined in . Let k : Q — (0, 1] such that

K(x) = (eiuxll”z + d) . (52)

Hence, U(x, @;) = 1/1;71) (ai¥x(p)) is a convex function with respect to (x,a;) on the
convex set Q X [hy, hy,].
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By using the same notations as , the dependence structure of vectors &;(x) is modeled
by an Archimedean copula Cy, where

K
Ci(t) = i‘l) (Z sz(ti)), t=(t,...t), 0<; <1, i=1,..,K.
i=1

Ya(ti) = (~log ;)

For a fixed xo € Q, the Archimedean copula Cy, is a Gumbel-Hougaard copula with
parameter 6 = @ and the dependence with respect to x is modeled by function «.

Remark 6 By using ||x||? as the form of g(x) in (50) to model the dependence structure of
vectors &;(x), we deduce that the dependence structure of &;(x) is unchanged on the contour
lines of function ||x||2. We can replace ||x||? by any convex function to model more general
cases.

Our main result is given by the following theorem.

Theorem 1 Consider problem (I). Let hy, h,, defined by {@3) and ([@4). Suppose that the
statements in Lemmal7|hold and Feasi(Q) # 0. Hence, Feasi(Q) is a convex set.

Proof In Section |3.4] we show that if Feasi(Q) # 0, we have 0 < h; < h, < 1. Let
x1, X2 € Feasi(Q) and B € [0, 1]. We show that y := Bx; + (1 — Bx2) € Feasi(Q).

In fact, let ! := (a}, s a}<) and o? := (a%, - a/%() given by . We deduce that (x!, o')
and (x2, a?) satisfy constraint (EI) In Section we show that iy < a},a? < hy,, Vi =
1,2,...,K. By Lemma , we deduce that U(x, a;) = lp,(fl)(a/il//x (p)) is a convex function with
respect to (x, @;) on the set Q X [y, hy].

Hence, we deduce the two following inequalities for y:

Fi(gi(y)) > BFi(gi(x1)) + (1 — B)Fi(gi(x2)).
Uy, Ba' + (1 = B)a?) < BU(x1,a") + (1 = BU(xa, @?). (53)

By , we deduce that (y, Ba' + (1 — 8)a?) also satisfies @) as well as y € Feasi(Q).

O

Now, we discuss about Assumption[I} Firstly, we can state that ¢; cannot go to 0 in (Z9).

If a; — 0, we have A = O(loga;) and B = O(log «;)?. Hence, % — o0, We deduce that
k(x)" =0, Vx € Q. Therefore, « is a scalar function and we return to the trivial case where
the copula C, does not depend on x which is the independent case. Hence, @; must be lower

bounded by a strictly positive scalar &;. Based on (B), we deduce that g (F;(g;(x))) is lower
Di—,ul.Tx

bounded by a strictly positive scalar as well as g;(x) is upper bounded. Therefore, N is
X iX
T
upper bounded. If x — 0, we might have w — oo if D; > 0. Hence, we do not have

x'Zix
the convexity in this case. We deduce that there exists a strictly positive scalar §; such that
[|x|| = 61, Vx € Q.
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5 Conclusion

In this paper, we studied the problem of linear optimization with joint probabilistic constraints
in the case of elliptical distributions. Further, we modeled the dependence of random variables
by a Gumbel-Hougaard copula. We studied the convexity of the feasibility set and come up
with new convexity results. Further research will be dedicated to other families of copulas.
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