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SKEW CELLULARITY OF THE HECKE ALGEBRAS OF TYPE G(/,p,n)
JUN HU, ANDREW MATHAS, AND SALIM ROSTAM

ABSTRACT. This paper introduces (graded) skew cellular algebras, which generalise Graham
and Lehrer’s cellular algebras. We show that all of the main results from the theory of cellular
algebras extend to skew cellular algebras and we develop a “cellular algebra Clifford theory”
for the skew cellular algebras that arise as fixed point subalgebras of cellular algebras.

As an application of this general theory, the main result of this paper proves that the
Hecke algebras of type G(¢,p,n) are graded skew cellular algebras. In the special case when
p = 2 this implies that the Hecke algebras of type G(¢,2,n) are graded cellular algebras.
The proof of all of these results rely, in a crucial way, on the diagrammatic Cherednik
algebras of Webster and Bowman. Our main theorem extends Geck’s result that the one
parameter Iwahori-Hecke algebras are cellular algebras in two ways. First, our result applies
to all cyclotomic Hecke algebras in the infinite series in the Shephard-Todd classification of
complex reflection groups. Secondly, we lift cellularity to the graded setting.

As applications of our main theorem, we show that the graded decomposition matrices
of the Hecke algebras of type G(¢,p,n) are unitriangular, we construct and classify their
graded simple modules and we prove the existence of “adjustment matrices” in positive
characteristic.

1. INTRODUCTION

The Hecke algebras of complex reflection groups were introduced by Ariki and Koike
[1,2] and Broué and Malle [6], as generalisations of the Iwahori-Hecke algebras of Coxeter
groups. Cyclotomic Hecke algebras have been studied extensively both because of their rich
representation theory and because of their connections to reductive groups [5]. Interest in
these algebras intensified with the introduction of the quiver Hecke algebras, or KLR algebras,
which categorify the integrable highest weight representations of Kac-Moody algebras [22,30].
In particular, Brundan—Kleshchev [7] and Rouquier [30] proved that the Ariki-Koike algebras,
which are the Hecke algebras associated to the complex reflection groups G(¢,1,n) in the
classification of Shephard and Todd [2,6], are isomorphic to the quiver Hecke algebras %2
of type A.

The theory of cellular algebras, which was introduced by Graham and Lehrer [15], gives a
framework for constructing all the irreducible modules of an algebra. In particular, Graham
and Lehrer proved that the Ariki-Koike algebras are cellular. Later, Hu and Mathas [18],
the first two named authors of this paper, extended this result to show that these algebras
are graded cellular algebras.

Rostam [28], the third named author of this paper, introduced the quiver Hecke algebras
%ﬁn of type G(¢, p,n) as fixed point subalgebras of Z2. Extending Brundan and Kleshchev’s
graded isomorphism theorem, Rostam proved that %ﬁn is isomorphic to a cyclotomic Hecke

2020 Mathematics Subject Classification. 20C08, 16G30, 05E10.
Key words and phrases. Cyclotomic quiver Hecke algebras, cyclotomic Hecke algebras, cellular algebras,
complex reflection groups, diagrammatic Cherednik algebras.
1


http://arxiv.org/abs/2106.11459v1

algebra of type G(¢,p,n). Under some strong assumptions on the parameters, Rostam
used [18] to prove that %An is a cellular algebra. For example, he showed that %An is a
graded cellular algebra if p and n are coprime. In general, he proved that a natural basis
of %’An, arising from a particular cellular basis of the Ariki-Koike algebra cannot be an
“adapted” cellular basis; see [29, §5.2].

We can now state the main result of this paper, which shows that the Hecke algebras of

type G(¢, p,n) are graded skew cellular algebras, with the important case p = 2.

Main Theorem. Let %’;}n be the KLR algebra of type G({,p,n). Then %ﬁn is a graded

skew cellular algebra. Moreover, if p = 2 then %An is a graded cellular algebra.

This result recovers and generalises known results from the (ungraded) representation
theory of the Hecke algebra of G(¢,p,n) to the graded setting. In particular, this proves
that the graded decomposition matrices are unitriangular, extending [14], and using [3, §9]
and [21] we obtain a new construction and classification of the graded simple modules,
extending [14, 16].

As important special cases, our Main Theorem shows that the Iwahori-Hecke algebras of
types A,_1, B, =C,, D, and Iy(n) are graded skew cellular algebras. These are the complex
reflection groups of types G(1,1,n),G(2,1,n),G(2,2,n) and G(n,n,2), respectively, in the
Shephard-Todd classification. This result extends Geck’s theorem [11], which shows that
the Iwahori-Hecke algebras of finite Coxeter groups are cellular algebras. In particular, our
main theorem gives a new graded cellular algebra structure on the Iwahori-Hecke algebras
of type D,,, which are the Hecke algebras of type G(2,2,n). More generally, we show that
the Hecke algebras of type G(2d,2,n) are graded cellular algebra, for d,n > 1. When p > 2
(withn > 2if £ = p) or p = 2 < £, this result is completely new, even in the ungraded setting.
Geck’s proof relies on Kazhdan—Lusztig theory, which does not exist for complex reflection
groups. The proof of our main theorem relies in a crucial way on the diagram calculus
introduced by Webster [31] and Bowman [3]. In related work, LePage and Webster [23, §4]
generalise Webster’s diagrammatic algebras to give diagrammatic Cherednik algebras of type
G(¢,p,n) but they do not consider questions relating to cellularity.

To prove our main theorem, Definition 2.2 introduces (graded) skew cellular algebras,
which can be viewed as an analogue of Clifford theory for cellular algebras. More precisely,
skew cellular algebras generalise the cellular algebra framework to certain fixed-point sub-
algebras of cellular algebras. We show that the main structural results of cellular algebras
hold for skew cellular algebras. In particular, we show that:

e cach (graded) skew cellular algebra has a family of (graded) skew cell modules

e the (graded) simple modules of a (graded) skew cellular algebra arise in a unique way
as quotients of the (graded) skew cell modules

e the (graded) decomposition matrices of skew cellular algebras are unitriangular.

In contrast to cellular algebras, the simple modules of a skew cellular algebra are not neces-
sarily self-dual; see Proposition 2.19 for a precise statement.

The outline of this paper is as follows. Chapter 2 introduces and then develops the rep-
resentation theory of skew cellular algebras, together with the closely related notion of a
shift automorphism of a cellular algebra. Section 2.4 develops Clifford theory in this set-
ting. Chapter 3 recalls and extends the definitions and known results about the cyclotomic

KLR algebras of type G(¢,p,n) and about the Webster-Bowman diagram calculus for the
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diagrammatic Cherednik algebras. Chapter 4 is the technical heart of the paper where we
use the diagrammatic Cherednik algebras to define an explicit diagrammatic basis of %A
(Definition 4.34), which has the properties that we need to prove that %ﬁn is a skew cellular
algebra. Chapter 5 uses the diagram basis of Z2 constructed in Chapter 4 to show that
R has a shift automorphism. Using the results from Chapter 2, this implies that g@;}n
is a skew cellular algebra, establishing our Main Theorem. Finally, as two applications of
our main results, Section 5.3 gives an “adjustment matrix” result for the Hecke algebras of
type G(¢,p,n) and Section 5.4 gives the classification of the graded simple %ﬁn—modules.
An index of notation can be found at the end of the paper.

Acknowledgements. Jun Hu was supported by the National Natural Science Foundation
of China. Andrew Mathas was supported, in part, by the Australian Research Council. The
authors are thankful to Chris Bowman for many discussions and to Loic Poulain d’Andecy
for suggesting the term “skew cellular”.

2. SKEW CELLULAR ALGEBRAS

This chapter defines and then develops the representation theory of graded skew cellular
algebras. The first section sets our notation for graded algebras. The second section, which is
the heart of the chapter, defines skew cellular algebras and shows how to extend the general
theory of graded cellular algebras [15,18] to the skew setting. In the third section we study
graded cellular algebras with shift automorphism that, like Clifford theory, provides a general
tool for showing that fixed-point subalgebras of cellular algebras are skew cellular algebras.
In the fourth section we study Clifford theory for the skew cellular algebras arising from a
graded cellular algebra A with a shift automorphism o, especially when o4 is diagonalisable
(in the sense of Definition 2.39).

2.1. Graded algebras. Throughout this paper we fix a commutative integral domain R
with one. In this paper a graded R-module is a Z-graded R-module M = @ o7 My. If
m € My then m is homogeneous of degree d, for d € Z. If M is a graded R-module and
s € Z let M(s) be the graded R-module that is equal to M as an (ungraded) R-module
but where the grading is shifted so that the homogeneous component of M(s) of degree d
is M(s)y = My_s, for d € Z.

A graded algebra will always mean a Z-graded algebra, which is a graded R-module such
that A.Ag C Aoy, for ¢,d € Z. A (graded) A-module is a graded R-module M = @5 My
together with an A-action A x M — M such that A.My C M4, for ¢,d € Z.

The category of graded A-modules has objects the graded A-modules and morphisms the
homogeneous A-module maps of degree 0. The graded dimension of a graded module
M = @P4ez My is the Laurent polynomial

dim, M = > (dim My) t* € Z[t,t7'].
dez

If the algebra A comes equipped with an anti-involution then the dual of a graded A-
module M is the graded A-module

M* = Homyu (M, R) = @ Hom 4 (M, R),
deZ
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where R is in degree 0 and A acts on M* via its anti-involution. A graded A-module M is
self-dual if M = M* as graded A-modules.

Finally, if M is a graded R-module let M be the ungraded R-module obtained by forgetting
the grading. In particular, if M is a graded A-module then M is an ungraded A-module.

2.2. Skew cellular algebras. Like cellular algebras, skew cellular algebras are defined in
terms of a skew cell datum. To describe these we first need some basic notation.

Recall that a poset, or partially ordered set, is an ordered pair (P,>), where P is a
set and B> is a reflexive, antisymmetric and transitive relation on P. If z,y € P and x > vy
then we write y < x. In addition, if x # y then write x > y and y < z.

Definition 2.1. A poset automorphism of (P,>) is a permutation o of P such that
A wif and only if o(X) > o(p), for all \,u € P.
If 0 =1 is an involution we say that v is a poset involution of (P,>).

Note that if o a poset automorphism of (P,>) then A > p <= o(A\) > o(n). Following
[15,18], we can now define graded skew cellular algebras.

Definition 2.2 (Z-graded skew cellular algebras). Let R be an integral domain and A a
Z-graded R-algebra that is free and of finite rank as R-module.

A graded skew cell datum for A is an ordered quintuple (P, ., T,C,deg) where (P,>)
is a poset, v is a poset involution of P, for each \ € P there is a finite set T'(\) together with
a bijection

in:TA)—T((N);8 — u(s) = ta(s), for all s € T'(N),
such that Ly(N) Oly = idT(A), and

C: [[TN) xT(N)—A;(s,t) = cor, and deg: [[ T(\) = Z
AEP AEP
are two functions such that C is injective and

(C1) Each element cg is homogeneous of degree degcy = degs + degt, for X € P and
s, teT(N).

(Co) The set {cs|s,t € T(N), A € P} is an R-basis of A.

(Cs) If a € A and s,t € T(N), for X € P, then there exist scalars rys(a), which do not
depend on t, such that

acs = Y res(@)cy  (mod A™Y),
veT(X)
where A®* is the R-submodule of A spanned by {cq |a,b € T'(n) for A<t € P}.
(C4) There is a unique R-algebra anti-isomorphism x: A — A such that (cs)* = Cy(u(s)
forall s,t € T(\) and X € P.
A Z-graded skew cellular algebra is a graded algebra that has a graded skew cell datum.
The basis {cst |\ € P and s,t € T(\)} is a Z-graded skew cellular basis of A.

Applying the anti-isomorphism * to relation (C3) and using (Cj) together with the as-
sumption that ¢ is a poset involution, shows that if a € A and s,t € T'(\), for A € P,
then

(Cg) CL(S)L(t)CL*: Z rut(a)cb(s)b(u) (mod ADL()‘)).
ueT ()
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Therefore, after relabelling, if a € A and s,t € T'(\), for A € P, then

(2.3) Cst@l = Z rb(u),b(t)(a*)csu (mod ADA),

ueT ()
where the scalars 7).« (a*) are the same scalars appearing in (Cs). In particular, 7).« (a*)
does not dependent on s.

Remark 2.4. If = idp is the identity map, and ¢y = id7() for all A € P, then Definition 2.2
recovers the definition of graded cellular algebras from [18]. If, in addition, we forget the
grading on A then Definition 2.2 reduces to Graham and Lehrer’s original definition of cel-
lular algebras [15]. Thus, graded cellular algebras are given by a graded cellular datum
(P, T,C,deg) and cellular algebras are given by a cell datum (P, T, C). A skew cellular al-
gebra is a graded skew cellular algebra that is concentrated in degree 0. In particular, skew
cellular algebras are a generalisation of Graham and Lehrer’s definition of cellular algebras.

The reader might find it helpful to refer to the following example when reading this section.
More complicated examples of skew cellular algebras are given in Example 2.33 below.

Example 2.5. We give a “toy example”. Let R be any ring and let  and y be indeterminates
over R. Fix an integer m > 1 and set A = R[x]/(2™) & R[y]/(y™). Let (P,>) be the poset
P =17y x{0,1,...,m—1} with (i, k) > (¢, k") only if i = ¢’ and k > k' (as integers). Define
the poset involution ¢: P —P by u(i, k) = (i +1,k). For A = (i, k) € P set T'(\) = {k} and
deg(k) = k. In particular, ¢y(k) = k. Then, for A = (i, k) € P we have s,t € T(\) only if
s =t =k, so define

oo aF ifi=0,
S A T
Then (P,,T,C,deg) is a Z-graded skew cell datum for A. O

For the rest of this section fix a graded skew cellular algebra A with skew cell datum
(P,1,T,C,deg). We now study the graded representation theory of A, generalising the
results of [15,18].

Definition 2.6. Let A € P. The (left) graded skew cell module C) is the left graded
A-module with basis {cs|s € T(\)} and with A-action determined by
acs = Y rela)e, forae A ands e T(N),
teT(N)
where ri(a) € R is the scalar defined in (Cs).

Remark 2.7. The name “skew cell module” also appears in [4] but where the term “skew”
refers to skew Young diagrams. A priori, these are different objects.

Let A € P. Then C) = @ycz(Ch)a is a graded A-module, where (C)), is the free R-module
with basis {c;|s € T'(\) with degs = d}.
If u,s,t,0 € T(X) then, by (C;) and (2.3),
CusCp = Z Tat(cus)ccm = Z TL(b)L(S)(C:U)Cub (HIOd AD)\)~
aeT(N) beT(N)
It follows that

(2.8) Tat(Cys) 7 0 only if a = u,
5



and 7)) (¢f,) 7 0 only if b = v and, consequently, that

Tut(Cus) = To(o)us) (Coo)-

By (Cs) and (2.3), the scalar ry(cy) depends only on s and t and not on the choice of u
and v.
The next definition is motivated by [15, Definition 2.3] and the calculations above.

Definition 2.9. Let A € P. Let ¢ = ¢, :Cy x C\— R be the R-bilinear map determined
by

P(cs, ) = Tue(Cus) = Topoys) (Ch) € R, for all s,t € T(\).

Then, by the calculations above,
(2.10) CusCto = Or(Coy C)Cuo (mod AP).

To better understand ¢, we abuse notation and extend the map ¢y : T'(\) — T'(¢(\)) to
an R-linear isomorphism

ta: O\ —=C0): Cs = Cys), for s € T'(N).

In general, the R-linear map ¢y : Cy — C)(») is not an A-module homomorphism. If A € P is
fixed and x € C) then we simplify our notation and write ¢(z) = t\(x) € Cy). In particular,
t(cs) = tx(cs), for s € T'(N).

The following lemma, which gives the main properties of ¢y, is modelled on [25, Proposi-
tion 2.9]. However, note that for skew cellular algebras the bilinear form ¢, not necessarily
symmetric.

Lemma 2.11. Let A € P and x,y € C).
a) We have ¢x(2,y) = 0y (1 (1), ().
b) If a € A then 6x(x,ay) = dyx) (1a(y), a*1a (7)) = da (1 (a*1a(2)), y).
c) If s,u € T(\) then cysx = dr(Cs, )y
d) The form ¢, is homogeneous of degree 0.

Proof. Since ¢, is bilinear, and ¢, is linear, it suffices to consider the cases when x = ¢; and
y =c for s, t € T'(N).
By the discussion above Definition 2.9, for any u, v € T'(A\) we have

Da(Cs; c) = TuCus) = T u(s) (Coo) = To(o)us) (Cut) () = D) (Cut)s Cus))
6



proving (a). Now consider part (b). Working modulo A™*, for any u,b € T'()\)

Pr(Cs,ac)cuw = Y Tui(a)da(cs, cv)cuo by Definition 2.6,
YET(N)
= Z (@) cusCuy by (2.10),
YeT(\)
= Cus(actn) by (Cg),
= (Cus@) iy
= > rueue) (@) us o by (C3),
SET(N)
= Y Tueue (@)da(es e by (2.10),
s'€T(N)
= Z Tu(s')(s) (@)D (Cu)s Cufery) Cuo by part (a),
s'€T(N)
= ¢¢(A)(Q(t), a*cb(s))cun (mod AD)\) by Definition 2.6.

Therefore, ¢x(cs, ace) = ¢, (Cu), a*cus)). Hence, ox(x, ay) = ¢,n)(¢(y), a*t(x)), proving the
first identity in (b). Applying part (a), we deduce that

o, ay) = dun (1Y), a*a(2)) = da (Lo (@7 (@), y)

completing the proof of (b).
Finally, part (c) follows immediately from (2.10) and part (d) follows by comparing the
degrees on the left and right hand sides of (2.10). O

Remark 2.12. If s € T'(\) and a € A then ¢,y (cu)\(x)) = ax if and only if 1y : C\ — C,y) is
an A-module homomorphism. Hence, by Lemma 2.11(b), the bilinear form ¢, is associative if
and only if ¢y is an A-module homomorphism. In particular, ¢, is symmetric and associative
when ¢y = id¢,, as is the case for (non-skew) cellular algebras.

For any A € P, and for any ring R, the radical of C) is:

(2.13) rad(Cy) = {y € C\| ¢r(z,y) =0 for all z € C)\}.

The next proposition is the skew cellular algebra analogue of [18, Lemma 2.7].
Proposition 2.14. Let A € P. Then the radical rad(C)) is a graded A-submodule of C.
Proof. If y € rad(C)) and a € A then, by Lemma 2.11(b),

o(x,ay) = gb(LL(,\)(a*L,\(at)), y) =0, for any z € C).

Therefore, ay € rad(Cl), showing that rad(C) is an A-submodule of C. By Lemma 2.11(d),
the form ¢, is homogeneous of degree 0, so rad(C)) is a graded submodule of C,. U

Remark 2.15. Note that because ¢, is not symmetric this is the right radical of ¢, and, a
priori, this is different from the left radical of ¢,. It is not clear if the left radical of ¢, is an
A-submodule of C) because there is no obvious left-handed analogue of Lemma 2.11(b).

Definition 2.16. For A\ € P set Dy = C,\/rad(C)). Let Py = {\ € P| D, # 0}.
7



By Proposition 2.14, D, is a graded A-module. The next result extends the arguments
of [18, §2.2], to characterise the graded simple A-modules. Recall that the Jacobson radical
of an A-module M is the intersection of its maximal A-submodules.

Theorem 2.17. Suppose that R is a field.

a) If X € Py, W is an A-submodule of Cy and 0 € Hom4(C,Cy /W), then there exists
a unit r € R* such that 0(x) = ro+ W for all x € C,.

b) If X € Py then Dy is an absolutely irreducible graded A-module. Moreover, rad C is
the Jacobson radical of C\ and, consequently, D) is the unique simple head of C).

c) If \,p € Py and Dy ~ D, (k), for some k € Z, then A = ju and k = 0.

d) The set {Dx(k) |\ € Py and k € Z} is a complete set of pairwise non-isomorphic
graded simple A-modules.

Proof. Part (a) follows the same argument from the proof of [15, Proposition (2.6)]. Similarly,
the proof of [15, Proposition (3.2)(ii)] and [18, §2.2] show that if A\ € Py then D, is an
absolutely irreducible graded A-module. Now using (a) we deduce that D) is the unique
simple head of C) and, hence, that rad(C)) is the unique maximal submodule of C, so
rad C) is the Jacobson radical of C\. The remaining parts of the theorem follows using the
arguments from [18, §2.2]. O

Corollary 2.18. Suppose that R is a field. Then {Dy |\ € Po} is a complete set of pairwise
non-isomorphic ungraded simple A-modules.

The next result describes the duals of the simple modules of skew cellular algebras.

Proposition 2.19. Suppose that R is a field. Then DY ~ D,y as graded A-modules. In
particular, X € Py if and only if L(\) € Pp.

Proof. Let A € Py. Then, by definition, there exist z,y € C) such that ¢,(x,y) # 0.
By Lemma 2.11(a), we have ¢, (eA(y), ta(x)) = oa(x,y) # 0 and thus o(A) € Pp.
Now for each y € C)) there is a well-defined R-linear map from 6, : Cy — R given by

ey(l’) = ¢)\(LL(>\)(y)7 ZL’), for z € C).

By definition, 6,(z) = 0 if x € rad C, so we can consider 6, as a map from D, to R. Again
by Lemma 2.11(a), éx(eo0) (), ) = ) (ea(x),y), so 8, = 0 if y € rad C,(»). Hence, there
is a well defined map O, : D,y — D5 given by O,(y +rad C,(n)) = 0, for y € C,»). The
map ©, is homogeneous of degree 0 since ¢, is homogeneous of degree 0 by Lemma 2.11(d).
Moreover, by Lemma 2.11(b), if a € A then

Oay() = ¢A(Q(A)(ay)>9«“) = oa(tn(y), a"r) = 0,(a"r) = ab, ().

So ©) is a morphism of A-modules. Moreover, since ¢,(y) is a bijection, it follows from the
equality ¢x (e, (y), ) = ¢, (ea(x),y) that ©: D,y — D3 is injective.

We now assume that R is a field. Since ©) is injective we deduce that dimg D, <
dimg D). By the same argument, the map ©,) : Dy — Df(/\) is also injective, which
gives the reverse inequality. We deduce that ©), is an isomorphism and this concludes the

proof. O
8



By Proposition 2.19, if R is a field and A € Py then the graded A-module D, is self-dual if
and only if A = ¢()). In the special case when A is a cellular algebra, this recovers the well-
known result that the simple modules of cellular algebras are self-dual since the involution ¢
is the identity map in this case by Remark 2.4.

Finally, as in [18, §2.3], define the graded decomposition matrix of A to be the matrix

(220)  Da(t) = (du(t)), where dy,(t) = Y [Cx : Dy(k)]t*, for X € P and p € Py
keZ

We order the rows and columns of D4(t) by any total order > that extends I>; that is,

if A\ > pthen A > pu, for A\, u € P. The arguments for cellular algebras now generalise to

prove the following.

Proposition 2.21. Let A € P and pn € Py. Then:
a) d)xu(t) € ZZO[tat_l]f
) dau(1) = [Cy: D,
¢) d,,(t) =1 and dy,(t) # 0 only if A > p.
In particular, the graded decomposition matriz Da(t) is upper unitriangular.

2.3. Shift automorphisms of graded cellular algebras. This section defines shift auto-
morphisms of graded cellular algebras, which provides a general framework for constructing
skew cellular algebras from cellular algebras. This framework is used to prove all of the main
results in this paper.

As in the last section, let R be an integral domain with one. Recall from Remark 2.4 that
a graded cellular algebra A is determined by a graded cell datum (P, T, C, deg).

Definition 2.22. Let A be a Z-graded cellular R-algebra with graded cell datum (P, T, C, deg).
A shift automorphism of A is a triple of automorphisms o = (o4, 0p,0r) where o4 is an
R-algebra automorphism of A, op is a poset automorphism of P and or is an automorphism
of the set T =11, T(\) such that:

a) If s € T(X\) then op(s) € T(op(N)) and deg(or(s)) = deg(s).

b) ]fﬁ, te T()\) then O’A(Cst) = Cor(s)or(t)-

¢) If s,t € T(N\), for X € P, then o%(t) = t if and only if ok.(s) = s, for k € 7Z.

Throughout this section we fix a graded cellular algebra A with a shift automorphism o.
The algebra of 04-fixed points in A is

A° ={a€ Aloala) =a}.

The aim of this section is to show that A7 is a skew cellular algebra.

In practice, a shift automorphism o = (04, 0p, o7) is completely determined by the map or.
Part (c) of Definition 2.22, which is used in (2.27), is a non-trivial assumption that ensures
that whenever ok restricts to give an automorphism of T'(\) then all of the ok-orbits in T'(\)
have the same size. As the meaning will always be clear from context, we often abuse
notation and simply write o instead of o4, op or or.

A trivial example of a shift automorphism is given by taking the identity maps (id 4, idp, idr).
Here is a less trivial example.

Example 2.23. For n € Z>, the full matrix algebra A = Mat,(R) is a cellular algebra,
with P = {n} and T'(n) = {1,...,n}, where the cellular basis elements is given by the

set of elementary matrices E;j, where 1 < 4,j < n. Following [26, Example 2.1.3|, fix
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integers dy,...,d, € Z such that d; + d,+1_; = 0 and define a Z-grading on A by setting
degB;j = d; + dyq1—; for 1 < 7,5 < n. Then A is a graded cellular algebra with graded
cellular basis {F};}, where Fj; = Ej,41-; and deg(i) = d;, for 1 < 4,5 < n. The condition
dj + dy41-; = 0 ensures that the degrees add in the relation F; Fi, 11— = Fi.

To define a shift automorphism of A, suppose that w € &,, is any permutation that is a
product of p disjoint %—Cycles such that w(n +1—14) =n+1—w(i), for 1 <i < n. For
example, w could be the permutation given by w(i) = n+ 1 —14, for 1 < i < n, when n
is even and p = 5. Then A has a unique shift automorphism o = (o4, 0p,07) such that
or(i) = w(i), for 1 < i < n. Explicitly, or = w, op = idp and 04(F;) = Fyiw(), for
1 < 4,5 < n. The assumption that w is the product of p disjoint %-cycles ensures that all
of the op-orbits have size p, in accordance with Definition 2.22(c). The second condition on
w is forced by the requirement that o4 respect the relations F; F,11—j, = Fip. If n is odd

—n("2+1) = > w(i), it follows that w(2*) = 2, which forces

then by looking at the sum >

w=lg,. So, w # 1 only if n is even.
If we drop the requirement that A be a graded algebra then we do not need to assume
that w(i) =n+1—1, for 1 <i<n. &

The following properties of shift automorphisms are immediate from Definition 2.22.

Lemma 2.24. Suppose that (c4,0p,07) s a shift automorphism of the graded cellular al-
gebra A. Then o4 is homogeneous automorphism of A of degree zero such that o (A™) =
APPN - Moreover, o 4(a*) = (o4(a))*, for all a € A.

For the rest of this section fix a graded cellular algebra A with graded cell datum (P, T, C, deg)
and a skew cellular algebra automorphism o = (04, 0p, o). Let

p=loal and pp = |op|

be the orders of the automorphisms o4 and op, respectively. Note that p is also the order
of or, since by Definition 2.22b) if k € Z then

ok =idy <= ohi(cet) = cat forall s,te T(\) and A € P
<~ Caéﬁ(s),aéﬁ(t) = Cgt for all s, te T()\) and A € P
— ok(s) =5 foralls € T(\) and A € P

— ok =1idp.

In particular, both pp and p are finite since P and T are finite sets. Finally, by Definition 2.22a)
we have that pp divides p. For the rest of this section we assume that R contains a primitive
pth root of unity € and p - 1y is invertible in R.

The cyclic group Zp = (op) = Z/ppZ acts on P, let P, be a set of representatives for
this action. For example, if < is any total order refining < then one could take

P, ={A€P|oh(\) < Afor 0 <k <pp}
For each A\ € P let
oy = min{k > 1]okh(\) = \} and Px = p/Oa.

Then o, is the size of the Zp-orbit of A, so o, divides pp and p) € N.
10



Lemma 2.25. The elements in the same Zp-orbit are not comparable under <. That is, if
ANEPand k € {1,...,05 — 1}, the elements X\ and o*\ are not comparable under <.

Proof. Let A € P and let [A\] = {o5(\)|0 < k < o)} be the Zp-orbit of A\. By way of
contradiction, suppose that there exist k,l € Z such that O'p>\ < O'p>\ Since op is a poset
automorphism, for any m € Z

opA = 0P (ohA) < opF (opA) = oA
We have shown that for any p € [A], there exists v € [A] such that < v. But this is absurd

because this implies that the finite poset ([A], <) has no maximal element. O

Define the binary relations <1, and <, on P, by

A <, <= there exists k € Z, af;)\ <,

and
A, b <= A=por <, pu,

for any A\, 4 € P,. Since op is a poset automorphism,

A <, it <= there exists [ such that A < aé;,u,

<= there exist k, [ such that oh\ < obpu
<= for all [, there exists k such that o\ < ohp
<= for all k, there exists [ such that a;‘é)\ < aé;,u.

Proposition 2.26. The binary relation <, is a partial order on P,.

Proof. By definition, A <, A for all A € P,. To show that <, is transitive suppose that
A<, pn <, v, for A pu,v € P,. If either A = por p = v then A <, v, so we can assume
that A # u # v. Then there exist k,l such that ok < u < obr thus ohA <1 oby (since
< is transitive) thus A <, v. Finally, if A <, p <, A then if A # p there exist k1
such that A <1 ohu < oL\, Using again the transitivity of < we obtain A <1 o5\ which
contradicts Lemma 2.25. O

Let oy = 07*. Then the cyclic group Zy, = (o)) = Z/prZ acts on T'(\). Let T,(\) be any
set of representatives for the Zy-orbits of T'(\). By Definition 2.22(c), all of the Zy-orbits in
T (M) have the same size, so |T,(\)| divides |T'(A)|. Let op(X) = |T'(N)|/|T,(A)| be the size of
any Zy-orbit in T'(X). Note that or(\) divides |Z)| = py, in particular or(\) divides p since
py divides p. If A and p are in the same Zp-orbit then it is easy to see that oy = o, and
or(A) = or(u).

Let P,p = {(\, k)| X € P, and k € Z/op(N)Z}, considered as a poset with ordering <,
given by

A F) Lo (1) == (A k) = (,1) or A <o p,
(

) =
for all (A, k), (i,1) € P,p. We write (A, k) <, (i, 1) if (A, k) # (1) and (A, k) <5 (1, 1), that
is, if A <, p. For (A, k) € P,,, define T,(\, k) = T,(\). Finally, set

T
k i
(2.27) ) = Z._ ENTA(Copr)s  for s, te TL(\ k),

11



where £, = eP/or™ and 74 = Y0, ¢4. To complete the definition of a skew cell datum

for A%, let 1, be the poset involution of P, given by t,(A k) = (A, —k) and let (to)op) :
T,(A\ k) — T,(\, —k) be given by the identity map of T,(\), for (A, k) € P,p. Finally, if
st e T,(\ k) set Cy(s,t) = cF) and deg, (s) = deg(s).

We can now show that a (graded) cellular algebra with a shift automorphism gives rise to
a (graded) skew cellular algebra in the sense of Definition 2.2. This result can be viewed as
a cellular algebra analogue of Clifford theory.

Theorem 2.28. Suppose that A is a graded cellular algebra with graded cell datum (P, T, C, deg)
and shift automorphism o = (04, 0p,0r) over the integral domain R containing a primitive
pth root of unity €, where p is the order of o4. Assume that p-1g € R*. Then A% is a
graded skew cellular algebra with skew cellular datum (Pyp, o, Ty, Cy, deg,,).

Proof. By construction, the fixed point subalgebra A” is an R-subalgebra of A, so it remains
to check that the quintuple (Pyp, ty, I, C,, deg,,) satisfies the assumptions of Definition 2.2.
First note that ¢, is a poset automorphism of P, , since (A, k) >, (u,!) if and only if
A D>, i, which is if and only if (A, —k) >, (u, —1). We now check (C;), (Cs), (C3) and (Cy)
from Definition 2.2. The first of these properties is easy but the others require more work.

First, if s, t € T, (A, k) then 7 4 is homogeneous of degree 0 by Lemma 2.24 and deg(or(s)) =
deg(s), for all s € T'(\) by Definition 2.22(a). Therefore, deg(cgf)) = deg(cs) = deg(s) +
deg(t), for all s,t € T,(\, k). Hence, (C;) holds.

Next consider (Cy). If a € A then 7a(a) € A" so by (2.27) we have e A7 for all
s,t € T,(\ k) and (A, k) € P,,. To show that {cst } is a basis of A7 first observe that because
p-1gr € R, forany b € A%, b=p(pb) = p~ ' 0 ok (b) = p~'7a(b) € spang{Fala)|a €
A} Tt follows that the ﬁxed point subalgebra A° is spanned by {7 a(cs)}. By definition,

(2.29) Alcst) Z o (cst) Z Cok (s)ok. (1)

In particular, Ga(cs) = Ta(ce¢) Whenever s = o%(s) and t' = o%(t), for some k > 0. It
follows that the algebra A? is spanned by the set

C = {7alca) \5 € T,(\), t€ T(\) and A € P, |
= {Zalei ) »(1),0 < j < or()) and X € P, },

where the second equality follows because o) = o3*: T(\) — T(\) is a bijection. We
claim that C is linearly independent and hence of basis of A?. By (2.29), when we expand
T4(Cst) In the c-basis of A the supports of the different elements of C are disjoint, so C
is linearly independent because {cs} is a basis of A. Finally, observe that, by (2.27), the

transition matrix between the basis in C and {cgf)} is given by Vandermonde matrices in

{710 < k,j < op(\)}, which are invertible over R since op(\) - 1z = HOT (1 —¢) and
or(A) divides p in Z. More precisely, for any A € P, and s,t € T, ()\)

(2.30) spanR{cgf) ‘ ke{l,... ,oT(A)}} = spanR{aA( C o ) J €L, .. .,oT()\)}}.

Hence, {cgf)} is a basis of A%, so (Cy) holds.
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We now verify (Cs). Fix (A, k) € P, and s,t € T,(\, k). Let a € A?. Using (Cs) for the
c-basis of A and the fact that 4 is A%-linear

(k) oT ()\)—1 i
acy’ = Y exTalac, )
j:O
OT()\)
- Z > eNlrys(a)Ta(c Co gi(t)) +7a(b),
J=0  veT(N)
for some b € A,
By direct calculation,
(k) e
acy) —aad)= Y Y Vryla €y 07 )
J=0 veT(X)
OT()\)— OT()\)—l

kj —
= Z Z 8)\]760&(0),5(a)O-A(ColA(U),Ui(t))

J=0 ueTU(A) 1=0
or(M)— or(A)-1

= Z Z Z 51;\]‘7"0&(0)75(G)EA(CU’U(AJ'—I){)

=0 veTo(A) =0

OT()‘ op(A)—1 kG4
= Z Z 5)\] Tag(n),s(a)ﬁA(cn,gi(t))
J=0 veTo()) =0
or(A)—1 or(\)—1
= Z Z 5§lrol (n),s(a> Z 5AJUA(CU a'J(t)>
0eT?(\) =0 J=0
k
= Z T;s(a)ct(lt)7
veT7(N)
where
OT()\)—l
(231) Tgs(a> = Z glilrog(u),s(a)v

does not depend on t. To complete the proof of (Cj) it suffices to prove that 74(b) €
(A7)>eNR) where (A%)>e(MF) is the R-submodule of A% spanned by

{c) o(1, 1) for (1,1) € Pyp with (1,1) B4 (A, )},

Since b € A™, it suffices to prove that Ta(cw) € (A7)>*M*) | whenever u,0 € T(y) and
> X Let g € P, be the representative of y under the action of Zp on P. Then pu = o*puq
for some k € Z and since p > A we deduce that pg >, A (recalling that A € P,). Finally,
if | € Z is such that ug = olu € T, (o) then Ta(cy) = TalCuyw, ), Where vy = o'b. Now if
by = o} b1 with vy € T, (p0), by (2.30) the element Ta(cy) = Ta(Cugn,) is in

je{l,.. or(u)}}.

Thus, F4(cw) € (A7) since jiy >, A. This proves that A7 satisfies (Cs).
13
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Finally, we prove (C4). By Lemma 2.24, the anti-isomorphism % of A restricts to an
anti-isomorphism of A?. Moreover, if s,t € T, (A, k) and (A, k) € P,, then

oT ()\ oT ()\

() = Z SECNE Z T A(Co1 )
oT()\) oT()\)
— Z Mg a(c o Z £y ]O'A (5))
g
This completes the proof that A7 is a graded skew cellular algebra. U

It is an interesting question whether every skew cellular algebra arises in this way, that is,
as the fixed point subalgebra of a cellular algebra.

Corollary 2.32. In the setting of Theorem 2.28, if or(A) < 2 for all X\ € P then A°
is a graded cellular algebra with cellular datum (Pyp, T, Cy,deg,). In particular, if 2 is
invertible in R and A is a graded cellular algebra with graded cell datum (P,T,C,deg) and
shift automorphism o = (0a,0p,0r1) such that o4 has order 2 then A° is a graded cellular
algebra with cell datum (P,p, Ty, Cy, deg,).

Proof. By Theorem 2.28, the algebra A? is graded skew cellular with skew cellular datum
(Pops to, Iy, Cy,deg,). By construction, the involution ¢, of P,, is given by ¢, (N, k) =
(A, —k). Since op(A) < 2 we have k = —k in Z/op(M\)Z, so v, = idp, . Moreover, still by
construction, the map (o) k) : 76(A, k) — T,(A, —k) is the identity map of T,(X\). Hence,
(to)(r k) is the identity map of T, (A, k). Recalling Remark 2.4, this proves the first statement.
We deduce the second statement by noting that if 2 € R* then —1z # 1z in R, so —1lg is a
primitive square root of unity in R. U

Example 2.33. Maintain the notation from Example 2.23. In particular, A = Mat,(R)
has graded cellular basis {F}; |1 <4,j < n} and o is the shift automorphism of A given by
0(F;j) = Fu@w(j), where w € &, is a permutation such that w is the product of p disjoint
>-cycles and w(n+1—14) =n+1-w(), for 1 <7 < n. Hence, p = p and we need to assume
that R contains a primitive pth root of unity and that p- 1z € R*. The reader can check
that the skew cellular subalgebra of o-fixed points is

A = {M = (my;) € A } Mij = May(iyw() for 1 <4, < n}

Possible choices for w include the permutations (1,2)(3,4), (1,3)(2,4) or (1,4)(2,3) when
n =4 and (1,2,3)(6,5,4) when n = 6. In these examples we have p = 2 thus A7 is in fact
cellular by Corollary 2.32. An example where A? is skew cellular but where Corollary 2.32
does not apply is with w = (1, 3)(2,5)(4,6), where p = 3. Of course, if w is trivial (which
happens when p = n) then A7 = A is a cellular algebra. For example, w must be trivial if n
is odd by Example 2.23.

We note that Xi and Zhang [33, Theorem 4.5] have shown that the algebra A is cellular;

their proof is based on Jordan reduction. &
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2.4. Clifford theory. In this section we explicitly describe how Clifford theory works for
skew cellular algebras that are obtained using a shift automorphism, as in Theorem 2.28.
The results in this section should be compared with [19, §3.7].

If M is any A-module, let “ M be the A-module M where the action of A is twisted by o.
In other words, for any m € M and a € A we have

a,-o'Mm:O-(a) 'Mm

Let M | be the restriction of M to an A%-module. If N is an A%-module, we write N 7T for
the induced A-module.
Recall that A is a graded cellular algebra with a shift automorphism o.

Lemma 2.34. Using the notation of (C5), T'op.0s (a(a)) = rys(a), for alla € A, A € P and
v,5 € T(X\). Consequently, ¢r(Co,Cs) = Por(Coto), Co(s))-

Proof. By (C3) we have

ACet = Z Tos(@)Cor  (mod A™?).
veT(N)

Applying o using Definition 2.22(b) and Lemma 2.24,

0(@)Cosot = Y. Tus(@)Covot  (mod A™7Y),
veT(X)

Hence, the first equality follows because {c,,} is an R-basis of A. In turn, this implies the
second equality by Definition 2.9. O

Proposition 2.35. Let A\ € P. The R-linear map v, :Cy — C,n defined by cs — cyq, for
s € T(N), induces isomorphisms of graded A-modules Cy ~°Cyy and Dy ~ 7 D,,.

Proof. By definition, ~, is an isomorphism of R-modules. To show that it is an A-module
isomorphism, suppose that a € A. Then, using Lemma 2.34,

macs) = Y2 res(@)ma(c) = Y. Tovos(0(0)) o = 0(a)cos,
veT(N) veT(N)

which proves the first isomorphism. The fact that this is an isomorphism of graded mod-
ules comes from Definition 2.22a). To prove that D, ~ D, it suffices to show that

Y (rad(C,\)) = rad(C,,), which follows because ¢, (cs, ¢t) = Por(Cos, Cot) by Lemma 2.34. [

We now assume that ¢ € R is a primitive p-th root of unity and that p- 1z € R*, so
that Theorem 2.28 applies. For any (X, k) € Py, let C’)(\k) be the associated skew cell module
of A, with R-basis {c{")|s € T,(\, k)} and R-bilinear form gbg\k), which is not symmetric in
general.

Lemma 2.36. Let (\ k) € P,, and s,t € T,(\, k). Then

OT()\)—l

¢(A)( gk)’ (k )) = p» Z 5]§l¢/\(cag(s)>0t)-

=0
15



Proof. Note that the maps a — r4(a) and b — 7. (b) for a € A and b € A” are R-linear.
Unravelling the definitions, if u € T,(\) then

oT ()\)

Cb)\ ( Cs s tk)) = T:Lt(cx(xlsf)) Z ) Tut(O-A( ugj(s)))'

7=0
Therefore, by (2.31),

¢g\k)( ) Z 5}\751;17" ()t (O‘A(Cu’oi(g)>)

7,0=0
OT()\)—l p—l

= jlzzo mZ:O E])g\(j—i_l)rag\ (u),t (Com (u),omoi (5)) :

Now by (2.8) we have rag(u)t(camu gl (5)) £ 0 only if ol(u) = o™(u). In particular, this
) ) b\

implies that o™ (u) € T(\), so oy | m. Writing m = oym’ we obtain o} (u) = o (u). Now

write m’ = aop(\) +m”, with 0 < m” < op()\). Then of"(u) = o (u) and so m” = I,

since the Zjy-orbit of u has exactly size op(\). Recalling that or(A) divides py, we have

rgg(u)’t(cgmu’wgi(s ) # 0, for 0 < m < p only if m = oy(aor(A) +1) with 0 < a < oy n

which case 0™ (v) = o (b) for all v € T'(\). We thus obtain

OT()\)—l
)Y _ Px k(j41) _
o5 ( ) Ce )——OT(A) ;0 X Ta&(uxt(cag(u),ogﬂ(s))

oy

OT()\
k(j+1)
ex U oalc iy, C

o7 ( ]zz:o A( a3 () t)

or(A)—1or(N)-1

Z Z l¢>\ (C L(s) Ct)

7=0
OT(A) 1
= Px Z 5§l¢A (ng(sp Ct)>
1=0
as desired. U
Proposition 2.37. Let A € P,. The R-linear map
OT(A)—l i OT()\)
P ) —cn N Z e’ ey ey
k=0 7=0

induces isomorphisms of graded A%-modules
OT(A)—l OT()\

@ C’/(\k) ~ Oy, and @ D ~ Dyl .
k=0

Proof. First note that ~4 is homogeneous since deg’(s) = degs = dego’(s) for all 5 €
T5(N\ k) = T,(\) and all j € Z by Definition 2.22a). By the Vandermonde determinant
argument that we used in the proof of Theorem 2.28, the map ~4 sends a basis to a basis,

so is an R-module isomorphism.
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We prove that @, C’/(\k) = ()] as A%-modules. Recall that if s € T'(\) and a € A then

OT()\)—l
acs = res(@)co = > > Tol (0),6(@)Cot (v
veT () veT,(\) =0

in C. Similarly, if s € T,(\, k) and a € A? then

OT(A)—I .
acék) = Z Tés(a)cz(;k)v where 71:15(60 = Z 81;\]7”01(0)75(&),
j=0

€Ty (N k)

in C/(\k). For any k € Z/or(N\)Z, s € T,(\, k) and a € A” we have

or ()\ oT ()\

ary () = Z extac, Z 6“” > Z ok (o). () (4 (0)-

veT,(\) =0

Now by Lemma 2.34 we have "ol (o) Ui(s)(a) = T,i-iy),(a) since a € A?. Thus, we obtain,
) A ’
recalling that e, is an or(A)-th root of unity,

A)—1 A)—1
)= 3 S
hla”) = 1 - 0 X T )6\ ol (v)
veTy(N\) 1=0 Jj=
OT()\)—l OT()\)—l
_ ki
= X 2 a" X alrgw.a)w
veTy(A) =0 Jj=0

= Z Z €_kl ! C l(u)

veTy(A\) =0

- Z os(@ )%( (k))

vET ()
=% (ac?).

This proves that ~4 is A%-linear, thus establishing that @, C’/(\k) = ()] as A%-modules.
To prove the second isomorphism, it suffices to prove that

oT ()\) -1

(2.38) P (rad C/(\k)) =rad C,.

k=0

Let = 3 ecr, o\ 93505 ) € rad C')\ with z, € R.
By Lemma 2.36, if t € T,(\) then

oT ()\

0= ¢g\k) (CEk)a ZL’) = Z £L'5¢ (Ct ) Cq ) Z Z 5)\ ISQS)\ (C I (t) Cs)
s€T, (N) seTa(A)
17



Thus, if t € T,(\) and 0 <[ < or(A) then, using Lemma 2.34,
¢A(Cogta”¥3($)) = Y Ty (C Lt NG (k)))

s€T5(N)
or(\)—
= > Z € xg@(cl cj())
s€T5 ()

or(A)—1

=M Y Y A ue (Ca’;j(t)’%)

s€Ty(\) j=0
or ()\) 1

= ijkl Z Z 8)\ l’5¢>\ (C J(i Cg)

s€Ty(\) j=0

proving that 74(z) € radC). To prove that radC), C @W’A(rad C’/(\k)), first note that if
s € T,(\) and j € Z/op(N)Z then

5 (o) = 30

oT ()\

Z Ekj (k

Let 2 = Yeer, () Z;’ﬁg’\)_l s,1Col (s) € rad C'y. We have

oT ()\

/_1 Z Z xs,J%\_l(Cai(s) or (

s€Ty(N\) =0

> Z SO

s€To(N)  J,k=0

So, to complete the proof it is enough to show that if 0 < k < op(\) then

> Z SIS EradC’A,

s€T,(A\) J=0

Using Lemma 2.36 and Lemma 2.34, if t € T,,(\) then

or(\)
Z (Z: 5A Is,y% ( Ct 75 G ) = Px Z Z Ex wo xs,j¢A(Cl )
s€Tx(N)  j=0 s€Tx(N\)  7,0=0
or (A
- 56%()\) lejo €>\ wr xsj(b)\(c O ))
or(\)—
- pAse%:(A) j,lz::o gil%’j N CGi(ﬁ))
or(A)—1
= Pa ; SN (Cog(t)a l’)
=0, B
where the last equality comes from the fact that z € rad C). O
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Definition 2.39. The automorphism o, is diagonalisable if there exists an invertible
element z € A* that is homogeneous of degree 0 such that o4(z) = ez.

Fix z € A* as in Definition 2.39. Then 2'A? = ker(o4 — ¢'), for ¢ > 0. The terminology
of Definition 2.39 is justified because if R is a field then we can decompose A into a direct
sum of o 4-eigenspaces

p—1
(2.40) A=A
=0

since 04 has order p. In particular, if o4 is diagonalisable then A is free, and hence projective,
as an A’-module.

Recall from Proposition 2.35 that v, :C)\ — C,, is an R-linear isomorphism such that
(az) = o(a)ya(x), for all @ € A and x € Cy. For j > 0 define the R-isomorphism
g i Or—>Chix by
(2.41) Yrj = Voi=1x O+ O Ya,
and set o¢ ) == Yao,, an R-automorphism of C. Then o¢\(¢s) = ¢5,6, for all s € T(A). In
particular o¢ ) has order or(\). The R-linear isomorphism 7, ; satisfies
(2.42) Y (az) = oy (a)ya (), for all a € A and x € C,.

In particular o¢ ) satisfies
(2.43) ooax) = o (@)oo a(x), forall a € A and x € C).
Proposition 2.44. Suppose that o4 is diagonalisable. Then op(X) = py for all X € P.

Proof. Under the isomorphism ~4 of Proposition 2.37, the cell module C’/(\k) is sent in the
eigenspace ker(ac,,\ — 5’}\) Since €, € R*, these eigenspaces are in direct sum and we
conclude that
or(A)—1
(2.45) = P ker(aq,\ — 5’}\)
k=0

Now let x € Cy be an eigenvector for o¢ and the eigenvalue 5. By (2.43), we have

oor(zz) = 0% (2)oca(T) = P zehn = e ehza.

Since z € AX, we have zz # 0 and thus 2z is an eigenvector for o, with eigenvalue e e}

By (2.45), this implies that € € (g,), thus €°* is an op(\)-th root of unity. But ¢°* has
order 2 = py thus py | or(A) thus py = or(A) since or(A) | pa. O

In particular, Proposition 2.44 implies that €y, = €°*. Now let 7 be the homogeneous
automorphism of A given by 7(a) = zaz™', for a € A. Note that A is stable under 7. The
next result is a complement to Proposition 2.37.

Proposition 2.46. Let (\, k) € P,p. The map
k k k -
e NG RS )
induces graded A?-module isomorphisms

e e Y R CPUR ) Co)
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Proof. During the proof of Proposition 2.44 we obtained ~4 (C’/(\k)) = ker (a(;)\ - 5’§) and

(2.47) 275 (C’ik)) = (C(Hl )

Thus, the map vf\k) is well defined. Moreover, it is clearly bijective since z € A*. Equa-

tion (2.47) implies that there is an A”-module isomorphism C)(\k) o~ TC/(\kH) because if x € C/(\k)
and a € A7 then

7 (ax) = 147 (294 (ax)) = v;‘l(m;m) =7 (T(@)4(2))
=7(a) " (2h() =7
(k)

Moreover the map 7, is homogeneous of degree 0 since z has degree zero (and +} is homo-
geneous).
Finally, by Theorem 2. 17(b) rad C’)\ is the Jacobson radical of C’/(\l) for all [ so, since yf\k) is

an A’-module isomorphism, 7/\ (rad C’)\ ) = rad C/(\kﬂ). Hence, fyg\k) induces an isomorphism

Dg\k) ~ D/\kJrl of A%-modules. O

Since A? is a skew cellular algebra, Theorem 2.17 gives a classification of the graded simple
A?-modules. Combining the results above we obtain the following classification of the simple
A-modules in terms of the simple A-modules.

Theorem 2.48. Let R be a field containing a primitive pth root of unity . Suppose that A
has graded cell datum (P, T, C,deg) and a shift automorphism o = (o4, 0p,0r1) such that o
is diagonalisable and has order p. Then

{DP)(s) | D* £ 0 for (A, k) € Pyp, and s € Z}
is a complete set of pairwise non-isomorphic graded simple A% -modules.
Proof. First note that because R contains a primitive pth root of unity the characteristic of R
cannot be equal to p, so p- 1 is invertible in R. Therefore, A? is a skew cellular algebra with

skew cellular datum (P, p, s, Iy, Cy, deg,) by Theorem 2.28. Therefore, by Theorem 2.17,
a complete of pairwise non-isomorphic graded simple A?-modules is given by the non-zero

modules in the set {ng)<s> | (\, k) € P,p,s € Z}. By Proposition 2.37, Proposition 2.44
and Proposition 2.46, if A € P, then

DA#O<:>DE\R)7£0forsomeO§k<p,\<:>DE\k)#Ofora110§k<p>\.

Hence, the result follows. l
By (2.40), if M is an A%-module then the induced A-module M 1 is given by
p—1
M1~ "M,
i=0

where the action of @ € A on 2'M is given by
o
ar = Z Za;x, forx e M

where az' = Y; 27a; with a; € A°.
Recall the R-linear maps 7, j : Cx — Cyiy from (2.41).
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Proposition 2.49. Assume that R is a field and that o 4 is diagonalisable. For (X, k) € Py,
let

O>\l

fAYK : _> @ CUJ)\

be the A°-linear map whose j-th component is given by yxj o4 for 0 < j < oy. The unique
corresponding A-linear map 4 C’/\ T — D7 LCix induces isomorphisms of graded A-

modules
O\ -1

O>\—1
CPV ~ @D Cosn  and D]~ @ Dy
j=0 j=0

Proof. Since Cf\k)T o~ @fzoziC’/(\k) as an A-module, if z; € C’/(\k), where 0 <7 < p, by Frobenius
reciprocity we have

p—1
" ) 7,'\//
’)/)\(E Zl’z) EZ’}/)\ZL'Z
=0

The map 74 is A-linear by construction. Recalhng from Proposition 2.44 that or(\) = pa,
thus

PIT5(A)] = oapAlT5(A)] = oA T(A)].
It follows that the starting and ending R-vector spaces have the same dimension. To prove
that 74 is bijective it suffices to prove that it is injective.
Let (x;)o<i<p be as above and assume that v (Zf Olzle) = 0. Since 45 (z) = 352, oy (%\( ))
for all x € C/(\k), we deduce that for all 0 < 5 < o) we have
p—1

2 Zg () = 0.

Now using Definition 2.39 and (2.42), we deduce that
p—1

>y (Zi“/x(%)) =0.
i=0
Since 7, ; is an R-isomorphism, we deduce that for all 0 < j < o) we have
Za 424, () = 0.

Writingizap,\+bfor0§a<o,\and0§b<p,\,

O)\—l pA—l )
SN g (@PAFBI papatbal (g0 1y) = 0, for all 0 < j < o,.
a=0 b=0
By (2.47), z“P”b%\(C/(\k )= (C’(k+b ). Thus, using Proposition 2.37,
O)\—l
D e TP (Tgpy4b) = 0, for 0 < j <oy and 0 < b < p,.
a=0

Since eP* is a primitive o)-th root of unity, for a fixed 0 < b < p, we obtain an invertible
linear system, so zP*} (z4py46) = 0 in Cy, for 0 < j,a < 0y and 0 < b < p,. Since z € A~

we deduce that 7} (z;) = 0, for 0 < i < p. Hence, z; = 0 in C’/(\k) since ~} is injective. We
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conclude that 74} is injective, proving the first isomorphism of A-modules. Note that this
isomorphism is homogeneous of degree 0 since deg(z) = 0 and 4% is homogeneous.
To prove the second isomorphism, by Proposition 2.35 and Proposition 2.37 we have

p—l O)\—l
0% (@ 2 rad C’/(\k)) C P rad C,iy.

i=0 5=0
Moreover we also obtain that

dimgrad C,;\ = dimgrad Cy = p, dimprad C’)(\k),
for all 0 < 5 < 0y. Thus, the above inclusion is an equality and the proof is complete. O

Remark 2.50. With a little more care it is possible to prove Proposition 2.49 over an integral
domain that contains . Asin [19, §3.7], the existence of the isomorphism of Proposition 2.49
can be deduced from more general results such as [13, Proposition 2.2] (and [16, Appendix]).
The point of Proposition 2.49 is to give an explicit isomorphism.

3. HECKE ALGEBRAS AND DIAGRAMMATIC CHEREDNIK ALGEBRAS

Having set up the machinery of skew cellular algebras we are now ready to tackle the main
results of this paper, which show that the Hecke algebras of type G (¢, p,n) are graded skew
cellular algebras. To do this we use the cyclotomic KLR algebras of type A, together with
the diagrammatic Cherednik algebras, to construct a shift automorphism of these algebras.

3.1. Hecke algebras. This section recalls the definitions and results from the literature
that we need about the Hecke algebras of type G(¢,p,n). Throughout this paper we fix
positive integers n, p and d, with p > 2. Recall that R is a commutative integral ring with 1.
Let K = Frac(R) be the field of fractions of R. We assume that K contains a primitive
pth root of unity €. Set ¢ = pd and fix cyclotomic parameters @);,...,Q4; € K. Set

Q=(Q,...,Qu) and
QY = (eQ1,2°Q1, ..., e%Q1,€Qa, ..., ePQa, ..., eQq, .. ., 7Qq).
Finally, fix an invertible Hecke parameter ¢ € K.
Definition 3.1 (Ariki and Koike [2], Broué and Malle [6]). The Hecke algebra of type

G(l,1,n) with Hecke parameter q and cyclotomic parameters Q¢ is the unital associative
K-algebra 7, (q, Q"¢) with generators Ty, Tt, ..., T,_1 and relations:

d
H(Tg - Qi) =0, ToTVIoT, = T1T0T1T0>
k=1
(T, — ¢)(T, +1) =0, T LTy = T Ty Ty
LTy =151 if |i—j] > 1,
where 1l <r<n,1<k<n-—1andl <175 <n.

Remark 3.2. The algebra J%,(q, Q"¢) is in fact a special case of a Hecke algebra of type
G(¢,1,n), which can have ¢ arbitrary cyclotomic parameters @1, ...,Q, € K.

Inspecting the relations, %, (g, Q¥¢) has a unique automorphism o of order p such that
(3.3) o(Ty) =€Ty and o(T;) =T, for 1 <i<n.

We can now define the main (ungraded) algebras of interest in this paper.
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Definition 3.4 (Ariki [1], Broué¢ and Malle [6]). The Hecke algebra of type G({,p,n) with
parameters ¢ € K* and QV¢ € K* is the fized-point subalgebra

H,,(0,Q7) = (#(0,Q7))" = {h € #(q,Q")| o (h) = h}.

Equivalently, 72 , (¢, Q") is the subalgebra of 7, (¢, Q") that is generated by 77, Ty VT
and Ty,...,T,-1. Notice that JZ (q,Q"") is an Iwahori-Hecke algebra of type D when
(=p=2.

From the relations it is clear that if ¢ € K is any non-zero scalar then J7,(q,cQ"¢) =
H;,(q,Q"¢) and hence that 72, (q,cQ"¢) = I, ,(q,Q"), where cQ"® = (ceQy, . .., cPQq).
Moreover, by [17], we can assume that the cyclotomic parameters @, - - - , Q4 are in a single
(g,q)-orbit. That is, Q;/Q; € e%q” for any 1 <1,;j < d.

Let e=min{e > 0|14+ ¢+ -+ ¢ ' = 0} and set e = oo if no such integer exists. Using
Clifford theory, as discussed on [16, Page 3383|, we can further assume that Q; = ¢*,

(3.5) QYe = (eq™, %, ..., ePq™  eq™, ... ePq”, ... eq™, ... EPq’?).

and that we are in one of the following two cases:
Case 1. ¢?Ne? # {1}: Equivalently, e < oo and ged(e,p) > 1. Let m = ged(e, p) and
write p = mp/. We may assume that e = me’ and that e = ¢¢ is a primitive mth root of
unity in K. Note that p’ = min{l < a <p|e? € ¢%}.
Case 2. ¢?Ne? = {1}: Equivalently, either ¢ < oo and ged(e,p) = 1, or e = co. For
consistency of notation with Case 1, we assume that 0 = p; < py < --- < py and set
P =p, € =eand m = 1. In fact, as noted in [20, Corollary 2.10], if e = oo then we can
replace ¢ with an € root of unity for some sufficiently large é without changing the (graded)
isomorphism type of 7, (¢, Q"¢). Henceforth, we assume that e is finite.

Permuting the integers py, ..., pg does not affect 7, (q, Q¥¢) up to isomorphism and, sim-
ilarly, we can replace p, with p, + e since ¢?«*¢ = ¢”*. In order to be able to construct the
basis that we need to prove our main results we adopt the following convention.

Definition 3.6. A d-charge is a d-tuple of integers p = (py,...,pa) € Z¢ such that
Pat1 — Pa = (2n+3)e,  forl <a<d.
We assume that we have a fixed p for the rest of this paper. For convenience, we assume

that p; = 0. In particular, this implies that 0 = p; < ps < -+ < pg.

3.2. Quiver Hecke algebras. The quiver Hecke algebras, or KLLR algebras, are a remark-
able family of Z-graded algebras that were introduced by Khovanov and Lauda [22] and
Rouquier [30]. Following [28], and to a lesser extent [7], this section defines the quiver Hecke
algebras of type G(¢,1,n) that we need to study 77, , (¢, Q"®).

Definition 3.7. Set Z = {e7¢"|0 < j < p and 0 < i < e}. An Z-composition of n is a
finitely supported tuple o = (;)iez of non-negative integers that sum to n. Let € be the set
of Z-compositions of n. If & = (a;)ser € €' let

7% ={i=(ir,...,in) €T"|os = #{1 <k < nlix = i} for alli € T}.

A residue sequence is an element of T".
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Let G,, be the symmetric group of degree n. As a Coxeter group, &,, is generated by
S1y- -+, 8n_1, Where s, = (r,r+1). If w € &,, then a reduced expression for w is any word
W = Sy, ...S,, with £ minimal.

The symmetric group &, acts on Z" by place permutations and the sets Z%, for a € €,
are the &,-orbits of Z". In particular, the sets Z are finite. Set

J ={1,2,---,p'} and [ =7Z/eL.

As noted in [28], there is a natural bijection I x J' — Z given by sending (4, j) to €/¢’, for
(i,7) € I x J'. Henceforth, we identify I x J’ and Z using this bijection.

Definition 3.8 (Rouquier [30, §3.2.5]). Let I' be the quiver with vertex set T and edges
i — qi, fori € I. Let T, be the full subquiver of T with vertex set {q'|i € I}.

Notice that there is an isomorphism of quivers I', & '), where ') has vertex set {7¢’ |i €
I}, for 1 < j < p'. Moreover, there are no edges between the vertices of ng ) and the vertices
of T if j # k € J'. Hence, ' = T 4. U T®) is the disjoint union of p’ copies of the
quiver T, which is the affine quiver of type AW,

Following Rouquier [30, §3.2.4], for i,j € T define homogeneous polynomials @; j(u,v) €
Rlu,v], where u and v are indeterminates, by

(u—2v)(v—u), ifisj,
(v —u), if i — j,
Qij(u,v) =< (u—"0), if i < 4,
1, if i j,
0, if i = .

where all edges are in the quiver I'. The degree of @); ;(u,v) is its homogeneous degree.
For v = (i,7) € I x J' =TI, define A, to be the multiplicity of /¢’ in Q"¢. Set A = (A,) ez

Definition 3.9 (Khovanov and Lauda [22], Rouquier [30]). Let a be an Z-composition of n.
The quiver Hecke algebra of type G(¢,1,n) and weight A is the unital associative
R-algebra Z» with generators

{e@) 1€t U{yr,. . ynf U{tn, o b}

and relations

e(i)e(j) = dye(d), Siepae(i) =1, yie(i) = 0,
yre(i) = e(i)yr, Yre(i) = e(s, 1)y, YrlYs = YsYr,
Uptbs = psihy, if [r —s| > 1,
Urys = Ysthy, if s#r,r+1,

wryr+1€(i> = (yﬂpr + 6irir+1)e(i)7 yr+1¢re(i) = (%yr + 5irir+1)e(i)7
%26(1) = Qir7ir+1(y’f‘7 yr—l—l)e(i)

. Qir,ir Yry Yr+1) — Qir,ir Yr+2, Yr+1 .
(¢T+1wrwr+l - ¢r¢r+1¢r)€(1) = 5i7-ir+2 H( +y) Yrrs +1( hs - )6(1)
r— Yr+

for all admissible r,s and i,j € I®. Set #* = @ R

aett
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Remark 3.10. In the literature, Z2 is often called a cyclotomic Hecke algebra of type A
and weight A. Our naming convention reflects the close connections between the algebras

(0, Q%) and Z;}.

An important consequence of these relations is that Z2 is a Z-graded algebra with

deg Qi, iy (u,v), if 4y # dppq

—2, if 4y = iy

dege(i) =0, degy, =2 and degie(i)= {

Following the reformulation in [28], we can now state the main result of [7] that we need in
order to apply this result to the algebra 72, , (¢, Q"%).

Theorem 3.11 (Brundan and Kleshchev’s isomorphism theorem [7,28]). Assume that R =
K is a field. Then there is an isomorphism of K-algebras f: ,(q, Q"%) — ZA.

Motivated in part by Definition 3.4, the third named author [28] generalised this result to
show that JZ, (g, Q"?) is isomorphic to the fixed-point subalgebra of Z? under a certain
homogeneous automorphism of order p. Recall the automorphism o of 7,(¢, Q"¢) from (3.3).
By definition, ¢ has order p, so (o) = (€), which is a cyclic group of order p.

If a € €' let o - a be the Z-composition of n given by

(3.12) (0-a); = a.—y, for all i € 7.

Observe that left multiplication by e gives a map Z% — Z7%i +— ei = (giy,...,&0,).
Moreover, by (3.5), A,, = A, for all « € 7.

Theorem 3.13 (Rostam [28], [27, §1.4]). Let a € ¢, There is a unique homogeneous
R-algebra isomorphism o : B> — %2, such that

(0% o

o (e@) = e(ci), oy =u and ol (vs) =,
foralll1<r<n,1<s<mnandieZ"

Set o = @, o2, so that ¢ is an automorphism of Z2 = @, Z*. To ease the notation,
we normally write ¢ = 0. We are abusing notation here because the automorphism o of Z
is not equal to the automorphism o of .7, (q, Q") that was defined in (3.3). This abuse is
justified by Theorem 3.14 below.

If o is an Z-composition let [a] = {o* - a|1 < k < p} be the orbit of o under the action
of (0) ~ Z/pZ. Let I = {[a]|a € €} be the set of g-orbits of €* and if [a] € Z" set
9?[/;] = Dpela) %’é\ By definition,

Ty = D %2 = D %o
aEbt [aleZn

and the isomorphism o of Theorem 3.13 restricts to an automorphism o of e%’[ﬁ}. Hence, we
can consider o as both an automorphism of 9?[/0‘4 and as an automorphism of ZA.

Theorem 3.14 (Rostam [28, Theorem 4.14, Corollary 4.16]). Assume that R = K is a
field. We can choose the isomorphism f: #,(q, Q'¢) — Z2 of Theorem 3.11 so that the

following diagram commutes
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Hn(q, Q") S Ky

g lO'
H0,(q, Q%) —f) s

Consequently, f induces an isomorphism 7, (q, Q)= P (9?[/;])0.
[o]eZy

Definition 3.15 (Rostam [28], [27, §1.4]). The quiver Hecke algebra of type G({,p,n)
of weight A is the R-algebra

w8 = @ ()

[a]eZy
For [a] € I} let ), = (%{O‘l])o.

The algebra %’;}n inherits a Z-grading from %22 since o is a homogeneous automorphism

of 2. The aim of this paper is to better understand the algebra Z2 . Our main tool is the
diagrammatic Cherednik algebra introduced by Webster [31] and Bowman [3].

3.3. Loadings, multicharges and /-partitions. This section introduces the combina-
torics that underpins Webster’s diagrammatic Cherednik algebras.

After Definition 3.4 we fixed integers (d, e, €/, p,p’,m,n, p1, . .., pa) subject to Definition 3.6
that determine ¢ and QY¢. Using this data we now fix a choice of multicharge k = (k1, ..., K¢)
that we use in Section 3.4 to single out a diagrammatic Cherednik algebra that is particularly
well adapted to studying 7, (¢, Q"*).

Definition 3.16. The multicharge of 7, ,(q, Q") is the sequence k = (k1,. .., K¢) with

be’
R = pa—l—l _'_ _,7
p

where l=ap+b+1 with0 <a<dand 0 <b<p.
Remark 3.17. If d = 1, the multicharge k is an example of a “FLOTW charge” (see [3]).

For the rest of this paper we fix the multicharge x of Definition 3.16 and we identify ¢
and ¢°/?". Recalling Definition 3.6, Definition 3.16 implies that QY% = (£",...,&").

Note that bl%l, < %e,l =me' =e, for 0 < b < p. Therefore, 0 = K1 < Ky < -+ < Ky since
Patr1 — Pa = € by Definition 3.6.

Examples 3.18.
e Consider G(p,p,n) and suppose that ged(e,p) =1. Then f =p=p and m=d =1

so that ¢/ = ¢ and k = (0, ¢, 2. @=be)
p°p p

e Suppose that p’ = 3 and m = 2 with e = 2¢/ < oco. Then

_ ! 5¢ 5¢ 5¢/
K,—(O,%,...,Te,p%...,m+Te,...,pd,...,pd+Te). o
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The set of /-nodes is the set of all ordered triples

(3.19) NE={(r,c,) eN*|0<r,c<mnand 1<I</(}

A partition of n is a sequence p = (u1, ..., uy) of non-negative integers satisfying p; >
<o > pp and |p| = py + -+ pp = n. Let (0) be the empty partition (where h = 0) and
use exponentiation for repeated parts. An ¢-partition of n is an (-tuple g = (u™M|...|u®)

of partitions such that |p™M] 4 --- 4+ |u®| = n. Let ¢ be the set of (-partitions of n. An
(-partition p € Z2¢ is identified with its diagram, which is the set of nodes

p={(rcl)em|1<r<pul}

We draw (-partitions as an array of boxes in plane using Bowman’s variation of the Russian
convention, as in the following example.

Example 3.20. Let p = (3,1]22|1%). The diagram of p is:

&
Fix an integer N with
(3.21) N > 2nep' (£ +1).
Using the multicharge K = (k1, ..., r,) define a loading function x, : #,* — Q by
(3.22) Xp(r,c,l) =c—r+ %(m — Z—D — e

Remark 3.23. Bowman [3, §1.3] defines his loading function as x,(r,¢,l) =k, — L + ¢ —r —
+(r 4+ ¢). The term éjr—i is there to separate the nodes (r,¢,l) and (r,¢,I"), when [ # ['.

We divide by ¢ + 1, rather than ¢ as Bowman does, precisely because if m = 1 = d then
p=p =180 K = pas1 + b% The [ — 1 in the numerator is a convenient renormalisation so
that x,(0,0,1) = x; = 0.

Lemma 3.24. The function {1,...,{} = Rl — r — éjr—i is strictly increasing. Moreover,
ifl=ap+b+1, with0<a<dand0<b<p, then
ap -1 (a+1)p
atl — 7 S — > < pa - T, 4 -
Pa+1 €+1_f€l 1 Pa+1 T € 1

Proof. Let ;I € {1,...,¢} and write l=ap+b+1and ' =dp+ ¥+ 1 with 0 < a,d <d

and 0 < b, b < p. Without loss of generality, assume that [ < I'. If a < a' then by the

inequality of Definition 3.16, together with the observation that p%l, = me’ = e, we obtain
I'—1 e U=l

— a1 — Pa V- —
i1 Pan Pat1 + ( )p’ 1

Now if a = o’ and b < b’ we have

ml,—f@l—l/_lz(b'—b)f—/—L):(b’-b)(f—L> -0,

Ky — K] — Z(2n—i—3)e—e—1>0.
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since p < ¢, proving the first claim. If [l = ap+ b+ 1, we have ap+ 1 <1 < (a + 1)p and we
deduce that

ap -1 e (a+1p—-1
atl — 77— S K ——— S pPop1FE——— ——————
Perl =y =T =TT (+1
Thus, we deduce the result since ZJ%I < <. 0
p

The key properties of the x,-coordinate function are given by the following lemma

Lemma 3.25. Let v = (r,c,1),y = (r',c,I') € L. Let a,a’ € {0,...,d — 1} such that
l—ap,l'—dped{l,...,p}.

a) If v # 7" then x,(7) & {xo(7v), %0 (7') £ 1}.

b) If a > a' then x,(7) > x,(7") + 1.

¢) Ifa=d and c—r > —1" then x,(7) > x,(7').

Proof. First consider part (a). Write l =ap+b+ 1,0 = ap+ b + 1, where 0 < bV < p.
Suppose that x,(7) = x,(7) £ 1. Then we have

1 P ! = r+c—r'—¢
(pa+1—pa/+1)+(c—7“—c +T)+(b_b)__

— — = +1.
e p  (l+1e N

Applying Definition 3.6, (3.19) and (3.21), we can deduce from the above equality that a = @’
and c—r = ¢ —r'£1. Since |T’+C;\’,",_C/| < ep’(%—l—l)’ it follows that b = b’ and hence c+r = /+71/,
which is impossible because ¢ — r = ¢ — ' & 1. This proves that x,(y) # x,(7') £1. In
the case where *1 is replaced by 0, then a similar argument shows that a = o/, b = ¥V,
c—r=dc—r"andc+r = +7r". Thus ¢ = ¢ and r = »/, which contradicts the fact that
v # 7. This proves that x,(7) # x,(7’). This completes the proof of (a).

For part (b), as above write I’ = a'p+ b + 1, where 0 < ¥ < p. Recall that p,11 — parp1 >
(2n 4 3)e by Definition 3.6 since a > a’. Therefore,

%o(7) = %o(7) = (c =7 = ¢ + 1) + 2 (Pas1 — parsr) + L — Lo 4 rador=c

Z—2n+(2n+3)+1;pe—i—ﬁ—%", since |b —b'| < p,

>34 ¢ pe L since N > 2ne(l + 1),

>2-1_1 since £ =m = £ and ¢ = pd.
e p

Hence, x,(77) > X,(7") + 1 since p > 2 and e > 2.
Finally, part (c) is immediate from the definition of x, because 0 < K} — poq1 < p%:

me' = e. O

In particular, Lemma 3.25(a) shows that x, defines a total order on the set of nodes.
Let A € 2 be an (-partition. Abusing notation slightly, the loading of X is the set

(3.26) Xp(A) = {xp(r, ¢, 1) | (r,c,1) € A}

Example 3.27. Let A = (2,1, 1]2%) and suppose that p = 1 so that k& = p. The following

diagram shows the loadings x,() for two different choices of p.
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P1 P2 X P1 P2 i

In both diagrams, the line from a node (r, ¢, 1) to the z-axis gives the loading x,(r, ¢,l). The
different components of A are drawn with different heights to make it easier to distinguished
between them. The next section explains the significance of this diagram and the red strings.

&

Extending this notation slightly, define a generalised partition to be a finite subset
v CR xR x{1,...,¢} such that x,(2) has the same cardinality as o and

(3.28) Xp((0,0,1)) € x,(7),%x,((0,0,1)) =1 ¢ x,() and x + 1 ¢ x,(V) for x € x,(V).

By Lemma 3.25, if A € £ then X is a generalised partition. Conversely, if U ¢ 22¢ is
a generalised partition then v need not satisfy the conclusions of Lemma 3.25. When we
consider generalised partitions below we will only be interested in the set x, (7).

In order to define a partial order on £2¢, define the residue of (r,¢,1) € A to be

(3.29) res(r,c,l) = ¢"t " e

Recall that ¢ = ¢°/7', so res(r, ¢, 1) = ePqP++17°" where [ = ap+ b+ 1 for 0 < a < d and
0<b<np.

If X C ¢ write A = {7,...,9>} so that the nodes 77, ..., are sorted by decreasing
loading function, that is, x,(7,) < -+ < x,(77). The residue sequence of A is

(3.30) res(A) = (res(fyf‘), res(v3), ..., res(%);)) e1"
If a € 6! is an Z-composition of n set
P ={xe P |res(A) € I).

We have the decomposition &2 = ||, 2% (disjoint union).
The following definition plays a key role in this paper. In particular, it defines the partial
order that appears in our main result, which gives a skew cellular basis for 77, (¢, Q"¢).

Definition 3.31 (Webster’s ordering [3, Definition 1.3]). Let A\, u € 22 be two (-partitions.
Then A, p if there exists a bijection 0 : A— pu such that

res(6(y)) =tes(y)  and %, (0(1)) = %,(7). for all y € A
If A, and X # p write X>, .

Example 3.32. By Definition 3.6, 0 = p; < --- < pg. Therefore, A>,(1"|0]...|0) whenever
res(A) = res(17(0]...]0) and (0|...|0|n) >, u whenever res(u) = res(0|...[0[n). &
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3.4. Diagrammatic Cherednik algebras. Webster realises the quiver Hecke algebras of
type G(¢,1,n) as idempotent subalgebras of his diagrammatic Cherednik algebras [31]. Fol-
lowing Bowman [3], we now recall these results, extending them to the slightly more general
quiver I" as we go. We start by defining Webster diagrams.

A string in R? is a diffeomorphism of the form [0,1] — R?;¢ +— (s(¢),¢). By definition,
a string is a smooth curve in R? with no loops. We sometimes identify a string with the
corresponding map ¢ — s(t). We regard a string as a directed path from bottom (¢t = 0) to
top (t =1).

Every string that we consider will be labelled by a residue ¢ € Z. An i-string is a string
of residue 1.

A crossing of two strings is a point where they intersect. A dot on a string is a distin-
guished point in the image of the string that is not on any crossing or on the start or end
points of the string. We will frequently refer to the following configuration of strings when

they occur in sufficiently small local neighbourhoods of diagrams:

i 23

a dot double crossing straight strings triple crossings

Pulling apart the strings in a double crossing gives straight strings whereas pulling the
string through the crossing in one of the triple crossings gives the other triple crossing. We
apply this terminology below to red, solid and ghosts strings, which we now define.

Recall that Definition 3.16 fixes the multicharge k € Q.

Definition 3.33 (Webster [31, Definition 4.1], Bowman [3, Definition 4.1]).
Let \,u C ANF. A Webster diagram with multicharge k and type (X, i) and top residue
sequence i € I™ consists of the following:
a) Red strings ri, ..., re such that r; has residue ¢ and r(t) = x,(0,0,1), fort € [0,1].
b) Solid strings s, ...,s,, ordered so that s;(1) > sy(1) > --- >s,(1), such that

Xp(A) ={sk(1) |1 <k <n} and x,(p) ={sx(0)|1 <k <n}

and s s an ig-string, for 1 < k <n.
¢) Each solid i-string has a ghost i-string that is obtained by translating the correspond-

ing solid string one unit to the right.
The solid strings in a Webster diagram are decorated with finitely many dots on the solid
strings, with each dot having a ghost dot one unit to the right on the corresponding ghost
string. Ezactly two strings in a Webster diagram intersect at each crossing and no (red, solid
or ghost) string can be tangential to any other string

Given a Webster diagram D, set top(D) = (A, 1) and bot(D) = (p,j), wherej = (j1,...,jn) €

I™ is the residue sequence of the solid strings when read in order from right to left along the
bottom of D. Then i and j are the top residue sequence and bottom residue sequence
of D, respectively. If i = j then res(D) =1i=j is the residue sequence of D.

To help distinguish between the different types of strings in Webster diagram we draw red
strings as thick red strings and ghost strings as dashed gray strings.
Two Webster diagrams of type (A, ) are equivalent if they have the same residues, same

number of dots on each string, when ordered from right to left at the top of the diagram, and
30



they differ by an isotopy, which is a continuous deformation in which all of the intermediate
diagrams are Webster diagrams. In particular, the red strings are fixed by isotopy.

Let #,(, ) be the set of (isotopy classes) of Webster diagrams of type (X, p). If o is an
Z-composition then set

(3.34) V)= U #m). and Zm)= U ZpAw).

A,ueﬁ”é AJLE‘@'%

OF corse, #y(n) = Unes #5(0) = Un ueng 7o\ ).

Let D, E € #,(n) be Webster diagrams such that bot(D) = top(E). Define D o E to be
the Webster diagram obtained by identifying the southern points of D with the northern
points of E and then rescaling.

There is a distinguished Webster diagram 14 € #,(X, A), for each (-partition A € 2!
and each residue sequence i € 7", in which all of the strings are vertical. By definition,

L o1l = 15. If a Webster diagram D of type (A, i) has top residue sequence i and bottom
residue sequence i’ then D = 15 D1}

Example 3.35. Let { = 4, e = 3 and p = 2 so that ¢/ = 3, p’ = 2 and let p; = 8 so that
k= (0,1.5,8,9.5). Let X = (2%|1|0]2) and fix i € Z". Then 1} is the Webster diagram

1 = N o

where the solid strings have residues ¢;,...,7; when read from right to left. The x,-

coordinates of the solid strings are given by the loadings x,(v), for v € A. By (3.22),
the x,—coordinate of the Ith red string is é(m — Z—i), for 1 <1 < /¢ =4. In particular, the
leftmost red string has z-coordinate x,(0,0,1) = % = 0. &

Lemma 3.36. Let U be a generalised partition and i € I". Let D be a Webster diagram
of type (v, D) that does not contain any crossings. Then D is isotopic to 1%, where i is the
(top) residue sequence of D.

Proof. In order to construct an isotopy from D to 1%, write x,(v) = {21 < --- < x,} and let
Si,...,S, be the solid strings in D. For u € [0, 1], let D™ be the Webster diagram of type

(v, v) and residue i, which has solid strings s§“), ...,s given by

s :[0,1] —R x [0,1]; ¢ — ((1 —u)si(t) + u:vk,t), for 1 <k <n.

By construction, D = D© and lig = DWW so to complete the proof it suffices to prove that
the strings in D™ never intersect, for v € [0, 1]. By assumption, the solid strings in D do not
intersect, so s,(t) < s;(¢) for 1 < k < I < €. Therefore, if u € [0,1] then s\ (t) < s\ (t) for
1 <k <1<, so the solid strings in D™ do not intersect. Essentially the same argument
show that there are no intersections between any of the solid, ghost and red strings in D™,
completing the proof. O

We can now define Webster’s diagrammatic Cherednik algebras.
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Definition 3.37 (Webster [31, Definition 4.2], Bowman [3, Definition 4.6]). The diagram-
matic Cherednik algebra AP is the R-algebra

P — P
An - @ Aa’
a€tt

where, for each Z-composition a, the R-algebra AP is the unital associative algebra generated
by the Webster diagrams in W,(a) such that

DE — Do E, if bot(l?) = top(E),
0, otherwise,

and the following bilocal relations hold:
A) (Dots and crossings) Solid and ghost dots can pass through any crossing except:

B) (Double crossings) A double crossing between any two strings can be pulled apart
except in the following cases:

(W2) E{ZO, (W3) <|i - | * (Wa) :|> :* |

v l ) 71 () (A

1
1
— [
1
‘ 1
l

J

? ?

‘ and (Wg) ':\ :*
J gt

(Ws5) X

.

. —
I
S, = =@ - =

S =

where ) =i1q €L
C) (Triple crossings) A string can be pulled through a crossing except in the cases:

. . 1

(W) < N > * (Ws) £ N X
T I A TR B S A B I Y R A B A
wo P{- -
1 1 1 T 1 1 T 11

where j =i1q € T

D) (Unsteady diagrams) A Webster diagram is unsteady if it contains a solid string
that at any point is n units or more to the right of the rightmost red string. Any
unsteady diagram is zero.

Solid and ghost strings always occur in pairs, so any solid or ghost strings that are not
drawn in the relations above are still part of the relations even though they do not appear.
All of the relations in Definition 3.37 are bilocal in the sense that the relations need to be
applied locally in the regions around the solid strings and their ghost strings. In particular,
strings may appear between the solid strings and their ghosts in the double and triple crossing

relations.
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The relations drawn in (A), (B) and (C) of Definition 3.37, are the exceptional relations.
The remaining relations are the non-exceptional relations of A?. When they are applied,
none of the non-exceptional relations introduce additional diagrams. Explicitly, the non-
exceptional relations in (A) allow a dot to be pulled through a crossing, those in (B) allow
a double crossing to be pulled apart, and those in (C) allow a string to be pulled through a
triple crossing.

As with Z2 | the algebra AP is Z-graded with the grading defined on the Webster diagrams
by summing over the contributions from each dot and crossing in the diagram according to
the following rules:

deg + —2 deg >< — 25, deg \\ — 5

i g i
deg / =041 deg\i\ = 0;, deg /I/:5j,i-
i i J ]

All other crossings, and the ghost dots, have degree 0. The algebra A? is Z-graded because
all of the relations in Definition 3.37 are homogeneous with respect to this degree function.

Remark 3.38. To make some proofs easier to read, we sometime require the diagrams to have
their solid strings starting or ending in a set Xp( U), where U is a generalised partition (cf.
(3.28)). In particular, if D € #,(X, ) is a Webster diagram with no dots or intersecting
strings on the line y = H, Where H € (0,1), then we can factor D as D = DT o D~ where
the diagrams DT and D~ are the restrictions of D to R x [H, 1] and R x [0, H], respectively.
We then have Dt € #,(A,v) and D~ € #,(D, ) where U is a generalised partition.

Following [3] we now describe a basis of A?. Recall that we identify an (-partition A € 92!
with its diagram. Let w = (1"|0|...|0) € 95 compare with Example 3.32. The €—part1t10n
w is the unique ¢-partition such that x,(v) < 0, for all v € w.

Definition 3.39. Let A € 2. A X-tableau is a bijection t: X — {1,....n}. Iftisa
A-tableau then t has shape X and we write Shape(t) = X. A tableau t is standard if its
entries increase along the rows and columns. In other words,

a) If (r,e,l), (r—1,¢,1) € X then t(r,c,l) > t(r — 1,¢,1) + 1;

b) If (r,c 1), (r,c — 1,1) € A then t(r,c,l) > t(r,c — 1,1) + 1.
Let Std(A) be the set of standard X-tableauz.

As in Example 3.20, think of standard tableaux as labelled Russian diagrams.
Example 3.40. Let p = (3,1]22|1%). Then one tableau in Std(u) is

@y,
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Let t € Std(A) and 1 < k < n. The residue of k in t is resi(t) = res(t"*(k)) and
res(t) = (resl(t), ress(t), ... ,resn(t)) e1"

is the residue sequence of t.

Let A € 2. A node a ¢ X is an addable node of X if AU {a} is (the diagram of) an
(-partition. Similarly, & € A is a removable node of X if A\ {a} is an ¢-partition. Let A(X)
and R(A) be the sets of addable and removable nodes of A.

Let t € Std(A). If 1 <1 < n let t; be the restriction of t to {1,...,k} and let A\, =
Shape(t;;). Since t is standard, t;;, is a standard Ag-tableau. Define

Au(t) = {7 € A [ res(y) = resu(k) and xp(6(K)) B x5(1)}
Rult) = {7 € RO xes(7) = resy(k) and x,(t (1) &p (1)}
Following [3, Definition 1.12], and [9, (3.5)], the degree of t is the integer

n

(3.41) degt = > (#AK() — #Ri(1)).
k=1
In order to attach a Webster diagram to a standard tableau s let cross(D) be the number
of crossings in any diagram D € #,(n). The number cross(D) is preserved by isotopy but
when we apply the relations in A? diagrams with a different number of crossings can appear.

Definition 3.42 ( [31, §4.3], [3, Definition 6.1]). Let t € Std(X), for A € ZL. Let Cy € AP
be any Webster diagram in #p(X, w) such that:
a) For each v € X, there is a solid string of residue res(y) from (x(7),0) to (x,(7),1),
where x((7) = x,(4(y),1,1) and (t(v),1,1) € w.
b) The diagram Cy has no dots on any strands.
c¢) If C{ is another diagram satisfying (a) and then cross(Cy) < cross(CY).

A generalised double crossing in a Webster diagram D is a pair of strings in D that
cross twice. In particular, if a diagram C} satisfies part (a) of Definition 3.42 and has no
generalised double crossing then Cy satisfies (c).

In general, the diagram C} is not uniquely determined by Definition 3.42. In Section 4.5
we give an explicit construction of such diagrams but, for now, we let C¢ be any Webster
diagram satisfying Definition 3.42. Unless stated otherwise, the results that follow do not
depend on the choice of diagram for C.

By construction the bottom residue sequence of C is res(t). Moreover, by [3, Theorem 7.1],
deg Cy = deg t.

Let s:#,(A, u) — #,(p, A) be the map that reflects a Webster diagram in the line
Yy = % Using Definition 3.37 it is easy to see that * extends to an involution *: AP — AP,
for any Z-composition «. Hence, we can consider % as a homogeneous automorphism of A”
of order 2.

Definition 3.43. Let s,t € Std(X). Define Cy = CFCy € AP,

By the remarks above, Cy is homogeneous of degree degs + degt. The next result shows

that a certain idempotent truncation of A?, that will turn out to be isomorphic to Z2, is a

graded cellular algebra in the sense of Graham and Lehrer [15,18]. Recall the idempotents
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1§ from before Example 3.35, where A € £¢ and i € Z". Let a be an Z-composition of n.
Define the idempotents

(344) Ew@ = Z 1;, Ew = Z Ew,om

ieZ« S
and define the algebras

(3.45) AP (w) = E, oAPE, o, AP(w) = ELAPE, = P Af(w).

n
aett

We can now state one of the main results of [3,31].

Theorem 3.46 ( [31, Theorem 4.12], [3, Theorem 7.1]). Let o be an Z-composition of n.
Then the algebra AP (w) is a graded cellular algebra with graded cellular basis

{Cu

s,teStd(X) for A e 2L},

with respect to the poset (2%, ,) and homogeneous cellular algebra anti-isomorphism *.

In fact, Bowman and Webster give a cellular basis for the algebra A?. We state only this
special case of their result because this is all that we need and because it saves us from
having to introduce additional notation.

Remark 3.47. In type A, Bowman [3] and Webster [31,32] only consider algebras that are
attached to the cyclic quiver I'. whereas we are considering the more general quiver I' from
Definition 3.8. As the relations in A? are local and depend only on the quiver and the choice
of residues it is easy to see that the arguments of these papers apply without change for the
quiver I'. The Webster diagrams, and hence the algebras Af also depend on the choice of
loading function. In his papers Webster considers arbitrary loadings whereas Bowman fixes
a loading that is different from ours; see Remark 3.23. If x and y are two loading functions
then it is easy to see that the corresponding Webster algebras AX and AY are isomorphic if

x(7) < x(v) ifand only if y(y) <y(y/)  forall v,y € A,

where an isomorphism is given by conjugating by the “straight line” diagrams that have
strings connecting x(7y) to y(v), for all v € 4#/*. Comparing the definition of our loading
function x, from (3.22) with Bowman’s (see Remark 3.23), it is straightforward to see that
our loading function is equivalent to one of Bowman’s in the sense that they give isomorphic
Webster algebras.
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Theorem 3.48 ( [31], [3, Theorem 6.16]). Let o be an Z-composition of n. There is a unique
isomorphism of Z-graded R-algebras g: #> — AP(w) such that

1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
. L IR 1 b eeees 1 L
e(i) — | 0o Ol
] ] ] ] ]
1 1 1 1 1
in  dn1 i i1k K
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1
N [ N ® ¢ .................. R ELE
yre(i) = | T 111k
] ] ] ] ]
1 1 1 1 1
in  dn1 i i1k K
1 ’ 1 1
1 . ’ 1 1
1 [ 1 1
. L I \AI .................. 1 L
1 1 1
wre(l) = 1 ,' \\ 1 1
1 . 1 1
1 ’ \ 1 1
in in—l ir+1 i'r il’{l Ky

forieZ“.

The idea behind the proof of Theorem 3.48 is to use the relations to pull all of the solid
strings in a diagram D € #,(w,w) to the left of all of the red strings and then check that the
relations are preserved by the map g: #Z2 — AP(w) given in the statement of Theorem 3.48.
For us the important point is that instead of working in Z2 we can apply the isomorphism g
and work in A?(w). We use similar ideas in Section 5.2 to prove our main results.

4. REGULAR DIAGRAMS AND SHIFTED TABLEAUX COMBINATORICS

This chapter is the technical heart of this paper. The aim is to prepare all the tools we
will need to prove in the next section that the graded Hecke algebras of type G(¢,1,n) have
shift automorphisms, which will imply that the Hecke algebras of type G(¢,p,n) are skew
cellular by Theorem 2.28. The main idea is to work inside AP using the special choice of
loading made in Definition 3.16. The advantage of the diagrammatic Cherednik algebra is
that the dominance order >, for the cellular basis of 923 = E, oAPE, , in Theorem 3.48 is
compatible with the shifted tableaux combinatorics introduced in this chapter.

4.1. Regular diagrams. This section defines a class of diagrams that are easy to work with
and which play a key role in the arguments of Section 4.5.

Definition 4.1. Let D be a Webster diagram. A singular crossing in D is a crossing
between a solid i-string and either:

e another solid i-string

e q red i-string, or

e a ghost iq~'-string.
A crossing that is not singular is reqular. The diagram D is a regqular diagram if D has
no dots and all crossings in D are reqular. A singular diagram is any diagram that is not

reqular.
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In particular, any crossing that does not involve a solid string is regular. Note that regular
crossings are preserved by the relations in Definition 3.37 and by isotopy. An element of A”
is regular if it is the image of a regular Webster diagram. By assumption, regular diagrams
do not contain any of the exceptional crossings in Definition 3.37, so the span of the regular
diagrams in AP is a subalgebra of A?.

The next result is the analogue for regular diagrams of the algorithm for reducing words
in the symmetric group.

Proposition 4.2. Let v, 0’ be two generalised partitions and let C € Wp(v, V") be a regular
diagram. Then C' is equal to a reqular diagram with no generalised double crossings.

Proof. Number the strings from left to right at the top of the diagram as s1, So, ..., Sopis-

Each string cuts the diagram into two pieces, say Left(s;) and Right(s;). We claim that
the diagram C' is equal in A? to a diagram that has not any generalised double crossings in
Left(sy) for each 1 < k < 2n + ¢, and if s, is a non-ghost string then the only non-ghost
crossings in Left(sy) are between non-ghost strings s, and s, with min{a, b} < k. Of course,
a non-ghost string is either a red string or a solid string.

We prove the claim by arguing by induction on £k =1,2,...,2n+ £. If Kk =1 then we can
use the non-exceptional triple crossing relation (C) from Definition 3.37 to pull the string
s1 to the left through any crossings in Left(s;). By induction we assume that the claim
is true for the strings si,...,sx_1. If s; is a ghost string there is nothing to prove so we
may assume that s is a non-ghost string. To show that the claim holds for s;, use the
non-exceptional triple crossing relation (C) from Definition 3.37 to pull the string s, to the
left through any crossing in Left(s;) that involve two larger string. Pulling s, through a
crossing does not destroy any generalised double crossings in the diagram. Moreover, for any
generalised double crossing D in Left(sy) that involve s, any string which goes through the
region surrounded by D can be moved away from the region by using the non-exceptional
triple crossing relation (C) from Definition 3.37 as C' is regular. As a result, we can apply
the non-exceptional relation (B) from Definition 3.37 to pull apart any generalised double
crossings in Left(sy) that involve s;. Note that the two strings do not have the same residue
since all crossings are regular. Observe that the crossings involving string s; for j < k are
unchanged in this process. After a finite number of steps we will show that all of the crossings
between non-ghost crossings in Left(sy) will involve a string s;, with j < k, and s;, does not
meet any other string twice. This completes the proof of the inductive step and hence proves
the lemma. U

Corollary 4.3. Let U, be two generalised partitions and let C,D € W,(U,V') be two
reqular diagrams such that the string starting from x,(7) in C and D has the same residue
and the same end points, for all v € v. Then C = D in AR(D,D").

Proof. By Proposition 4.2, in AP the diagram C*D is equal to a diagram E that does not
contain any generalised double crossings. By assumption, each string in F starts and ends
at the same point, so E does not contain any crossings. Hence, F is an idempotent diagram
by Lemma 3.36. By the same argument, C'C* is also equal to an idempotent diagram. Thus,
in A?
D=(CC")D=C(C*D) =,
which completes the proof. O
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Thus, once we fix the starting and ending positions of the n solid strings and their residues,
the set of regular diagrams can be identified with a subgroup of &,,.

4.2. Shifted tableaux combinatorics. Recall from Definition 3.15 that 9?1’},” is defined as
an algebra of o-fixed points:
zp, = (7))
Motivated by Theorem 3.48, we want to consider the o-fixed point subalgebra of the diagram-
matic Cherednik algebra but it is not clear how to extend o to an automorphism of AP(w).
This section introduces a combinatorial shift operator on the set of nodes that will allow us
to extend o to an automorphism of AP (w).
Define a shift operation o 4 on the set of nodes A4,¢ from (3.19) by

(r,e,l+1), if {20 (mod p),
4.4 )=
(44) o (rel) {(r,c,l+1—p), ifI=0 (mod p).
We usually abuse notation and write 0 = o 4, as the meaning will be clear from context.
Equivalently, if we write [ = ap + b+ 1, where 0 < a < d and 0 < b < p, then
(rye,ap+b+2), ifb#p—1,

1 p—
olr.c,ap+b+1) {(r,c,ap+1), ifb=p—1.

Let Std(2)) = Uaese Std(N).

Definition 4.5. Define a map o5 : P2 — PL by 05(A) = {o4(7) |7 € A}, for A € 2L,
Similarly, let osiq : Std(PL) — Std(L2L) be given by osia(t) = to o, for t € Std(2Y).

The definitions readily imply that o»(X) € 2L if X € P!, so 0.5 is well-defined. Namely,
the partition 04 () is obtained from X by a certain permutation of its components. Similarly,
if t € Std(A) then ogq(t) € Std(ox(A)). As with the automorphism o = o2 of Z2, we
usually omit the subscript and write 0 = 0 and 0 = gsiq. In this way, we think of ¢ as:

e the automorphism o2 of #4

e the map o4 of order p on the set ¢ of (-partitions

e the map o 4 on the set #° of nodes

e the map osiq on the set Std(22Y) of standard tableaux.

This should not cause any ambiguity because the meaning will always be clear from the
context. It is not yet clear how the map o2 is related to the other three combinatorially
defined maps but we will ultimately see that the triple of maps (62,05, 0g4) is a shift-
automorphism in the sense of Definition 2.22 (see Theorem 5.4).

Example 4.6. Suppose that p = p’ = 2 and n = 4. Two standard tableaux t € Std(2]1?)
and s € Std(1%]2) are:

“(@1D) = (@)

Then s = ot and t = os. <&
Lemma 4.7. Suppose that v € N,t. Then res(o (7)) = eres(y).

Proof. Let v = (r,¢,l) and write [ = ap+ b+ 1, where 0 < a < d and 0 < b < p. By the
remarks after (3.29), res(y) = ebgP*+17¢=" which implies the result. O
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Lemma 4.8. Suppose that x,(7) > x,(v) + k, where v,7' € X with X € P, and k €
{=1,0,1}. Write vy = (r,c,l) and v = (r', '), wherel =ap+b+1 andl =adp+¥b +1,
with 0 < a,a’ < d and 0 < b,V < p. Then x,(c(7)) > x, (0(7')) + k unless the following
four conditions hold:

a=d, 0<V <b=p—1, c—r=c—r+k and " res(y) =" res(v).

In particular, if res(y) = ¢ res(v') then x, (o(7)) > x, (0(7)) + k.

Proof. By Lemma 3.25(b), x,(0(7)) > x,(c(7')) + 1 if a > @/, so we may assume that
a = a/. Recalling the definition of the loading x, from (3.22), if b < p—1 or b = ' then
Xp(0(7)) = Xp(7) = xp(0(7')) —%,(7) so we can, and do, assume that ¥ <b=p— 1.

Notice that :—Z;, = 7;;;' = % and that 22 < ﬁ since N > 2ne(¢ + 1) by (3.21). Using
these facts for the third and fourth inequalities,

VAT / / p—1=b (€ 1 r'+c—c—r
k<xp(r,c,l) =xo(r', ) =c—r—c+r'+ ==(5 — 77) + =55
1 1

Sc—r—c'—l—r'—l—(p—l)(E—€(€+1))+2W"

’ / 1 D 1 1
sc-r—ctrtl-s—wn @ T amy

gc—r—c’—irr’—l—l—%.

Hence, c —r > —r' + k.
A similar calculation, replacing b = p — 1 with 0 and ¢’ with ¥ + 1, shows that

% (0(7)) =% (0(7)) = L (ghy — £) e — o o’ = Tt s oy ! U

Consequently, if ¢ —r > ¢ — 1" + k then x, (6(7)) > x, (c(7')) + k.
Therefore, x, (0(7)) < X, (0(7')) +k only if c—r = ¢ —r'+ k. In this case, by the remarks
following (3.29),

’ ’ ’ o _ ’
I'GS(”)//) — 5b qva+1+c o €b qva+1+c r—k =q kgb +1 res(y),

completing the proof of the first part of the lemma.
Finally, if res(y) = ¢* res(y’) then for any 0 < &' < p — 1 we have ¢"res(y') # "+ res(v)
since € has order p, thus x,(c (7)) > x,(c (7). O

Remark 4.9. It follows from the proof of Lemma 4.8 that if the four conditions of the propo-
sition are satisfied then x, (d(7)) — x, (0(7')) < Hence, it can still happen that

Xp (0(7)) > %p (0(7")):

Lemma 4.8 implies that o respects the >, partial order. More precisely, we have:

p
e(l+1)"

Corollary 4.10. Let X\, u € P and suppose that A >op. Then oA>,op.

Proof. By Definition 3.31, A>, u if and only if there exists a bijection 6 : A\ — p such that
res(6(y)) = res(v) and Xp(0(7)) = %p(7), for all v € A.

Let @' = ocofloo~!. Then ¢’ is a bijection from oA to o and if v € o\ then res(6'(7)) = res(y),
by Lemma 4.7, and x,(6'(7)) > X,(7), by Lemma 4.8. Hence, cA>,op. O

Abusing notation we extend o to a map on the set of standard tableaux.
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Definition 4.11. Let t € Std(\), for A € PL. Let ot:oX — {1,...,n} be the standard

oX-tableau given by ot =to o~ L.

Note that the oA-tableau ot is a standard oA-tableau since ¢ just permutes the compo-
nents of t. We now extend the dominance order >, on @f; to the set of standard tableaux
by defining

s>yt if Shape(s;;) >, Shape(t;;) for alll <k <n.
As before, write s>, tif s>, t and s # t.

Lemma 4.12. Let s € Std(p) and t € Std(X), for A\, u € P°. Then degot = degt and if
s>, t then 051>, ot.

Proof. 1t is immediate from Lemma 4.8 that os>, ot if s >, t. Recall the definition of degt
from (3.41) and observe that ¢ induces bijections Ay(t) — Ag(ot) and Ry(t) — Ry(ot)
by Lemma 4.7 and Lemma 4.8, for 1 < k < n. Hence, degot = degt. O

The results in this section suggest that it is not unreasonable to expect that o(Cys) = Cos ot
Before we can prove this we first need to extend ¢ to an automorphism of Af;}(w) and then
construct explicit diagrams C; for which this is true. We do this in the next sections.

4.3. Applying o2 in the diagrammatic Cherednik algebra. This section identifies
the image of the automorphism o2 of Z2, of Theorem 3.13 under the isomorphism of
Theorem 3.48. A key ingredient is the diagram automorphism D — D% introduced in [3],
and its generalisations below, that play a crucial role in the proof of our main results
in Chapter 5.

Let a € €* be an Z-composition of n. By Theorem 3.48, there is a Z-graded R-algebra
isomorphism 9?3 = E, oAPE, ., so we now identify these two algebras. Let [a] be the orbit
of o under the action of the finite group (o), as described in (3.12). Define

(4.13) Ay = P %5, Eupo)= P Eup and AL = P AL
Belal pelal Belal

The isomorphism ¢ in Theorem 3.13 induces an automorphism of 9?[2]. Hence, we can
regard o as a homogeneous R-algebra automorphism of A‘[';} (w) = va[a}Af;] Ew o) The next
result gives a more precise description of ¢ considered as an automorphism of Af;] (w), or
equivalently, of AP (w).

Let 6 be the automorphism of the set of Webster diagrams that sends a diagram D to
the diagram that has the same strings but where the residues of the solid and ghost strings
are multiplied by . Note that & is not well-defined as an automorphism of A?(w), or even
as a map AP(w) — AP(w), since it is not compatible with the exceptional defining relations.
The next lemma is immediate from the definitions.

Lemma 4.14. If D is any Webster diagram then (6(D))" = & (D*).

Let © be a generalised partition and a € {0,...,d —1}. Then U is a-bounded if x,(7) <
Xp(0,0,ap + 1) for all v € ©. That is, all the nodes in ¥ are to the left of the (ap + 1)th
red string rq,11. In other words, the nodes are to the right of at most ap red strings. For
example, the ¢-partition w is 0O-bounded.

Let a € {0,...,d — 1} and let U, 0’ be two a-bounded generalised partitions. Let D €

W,(V, V') be a Webster diagram. Then D is an a-bounded diagram if all of its solid string
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are to the left of ro,,1. Further, D is an w-diagram if ¥ = 7/ = w and D is 0-bounded.
In particular, not all Webster diagrams of type (w,w) are w-diagrams. By Theorem 3.48,
AP(w) is spanned by w-diagrams.

Now let a € {0,...,d — 1} and let U, 0’ be two a-bounded generalised partitions. Let
D € W,(v,v'). Let s be a solid i-string in D and let [ € {ap + 1,...,¢}. Suppose that
¢" = i and that s crosses the [th red string r;. Since both U, 7’ are a-bounded and ap < [,
the string s must cross r; an even number of times. An [-peak on s is the rightmost point
on any connected component of s that is to the right of r;. Let D*%° be the a-bounded
diagram obtained from D by using isotopy to move all solid (and ghost) strings that are
to the right of ryp41 to the left of rq,4q1 while still staying to the right of r,, if a > 0, and
placing a dot on each former [-peak and a ghost dot on the corresponding ghost strings, for
alll € {ap+1,...,¢}. Some peaks may acquire more than one dot but using isotopy we can
ensure that all of the added dots are distinct. When a = 0 we simply write D%V¢ := D%¢,
Moreover, by construction,

(4.15) (Dotheveyaeye — pacye, whenever 0 <a <d — 2.
The following result is implicit in the proof of [3, Proposition 6.16]. (In the notation of [3],
D¥e=1D.)
Lemma 4.16. Let a € {0,...,d — 1}, let 0,V be two a-bounded generalised partitions and
let D € W,(v,V'). In AR(D, V') we have D = D*%°. In particular, if D is of type (w,w)
then D = D%° in AP (w).
Proof. This can be proved using the same argument as that used in the proof of [3, Propo-
sition 6.16]. O
Let a € {0,...,d —1}. A diagram D is a-greedy if each solid string s either:
e does not cross rgp41;
or
® CIOSSeS Fapt1, - -, Fat1)p, and does not cross rgiyp41-
Note that an a-bounded diagram is a-greedy.

Lemma 4.17. Let a € {0,...,d — 1}, let v, U’ be two a-bounded generalised partitions and
let D € W,(v,V'). If D is a-greedy then in AP (D, V") we have 5(D“’Cyc) =a(D)»ve,

Proof. Recall that the red strings rop11, . .., r(a41)p have residues g+, gqor+t, ... ,ePLgrartt,
Let s be a solid ¢-string in D such that s crosses r,,+1 (the other strings will remain unchanged
in D*%¢). By assumption, the diagram D is a-greedy, so s crosses ropi1, - .., r(at1)p and it

does not cross rgq1yp1. If ¢ eZqgfar+1 then in D@9 the string s of D does not gain a dot,
so neither will its image in (D). On the other hand, if i = ¢+ with 0 < b < p, if the
string s gains NV € N dots when it is pulled past ryp444+1 during of the operation D +— D*9¢
then the image of s in (D) also gains N nodes during the operation (D) — ¢(D)*»%°¢. O

The result of Lemma 4.17 can be thought as a commutation rule for the operations D —
D*%¢ and D+ &(D).

Proposition 4.18. Let D € #,(w,w) be such that any solid string that crosses a red string
in X%° crosses all the red strings of X%°, for any 0 < a < d. Then in Af(w) we have

5(D) = G(D)".
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Proof. The result is clear if there are no solid-red crossings in D since in this case D = D%°¢
as Webster diagrams. Let now @ € {0,...,d— 1} be maximal such that a solid string crosses
a red string of X20. We will prove by reverse induction on a € {0,...,a} that

6_(DCL,CYC) — &(D)a,cyc.
The initialisation a = @ follows directly from Lemma 4.17 since the assumption of D implies
that D is @-greedy. Now let a € {0,...,a — 1} and assume that &(D*™h%¢) = g(D)*+beye,
The diagram D*"59¢ is (a + 1)-bounded by construction. By assumption of D, the diagram
Datheve g g-greedy thus by Lemma 4.17 we have

(419) 5.((Da+1,cyc)a,cyc) — 5.(Da+1,cyc)a,cyc.
By (4.15) and the induction hypothesis we deduce that
5_(Da+l,cyc)a,cyc — (5.(D)a+1,cyc))a,cyc — 5’(D)a’cyc,

thus the hereditary property follows from (4.19). The result now follows from the case
a = 0. O

Proposition 4.20. Let D € #,(w,w). Then o(D) = 6(DY) in AP (w).

Proof. By Theorem 3.13 and Theorem 3.48, the maps 6 and o coincide on the images of the
KLR generators in #,(w,w). Consequently, if D and E are w-diagrams then

5(DE) = o(DE) = o(D)o(E) = 5(D)5(E),

in A?. Therefore, in view of Lemma 4.16, writing D¢ € Af as a product of w-diagrams,
the result follows because ¢ is an algebra automorphism of A?(w). O

4.4. Regions. Recall that the definition of the set of nodes .4, implies that if (r,c, 1) € A,*
then r—c € {—n+1,...,n—1}. The next definition allows us to write the set of nodes, and
their x,—coordinates, as a disjoint set of regions. These regions are the key to defining an
explicit diagrammatic basis of AP(w) that is compatible with o, which we will use to prove
that %’;‘7 is a graded skew cellular algebra.

n

Definition 4.21. For integers 0 < a < d and —n < § < n define
N =Ly e Ny =(rcl),c—r=26l=ap+b+1 with0<b<p},
A = /NN, for Ae P,

1 ap 2n 1 (a+1)p
Xa’(S::(S _<a ——>__5 1 - a - C R
p [_I—e Patt = 77 N0t +e Pa+1 1 C
The node (0,0, ap + b + 1), which corresponds to a red string, belongs to .4 *°. For the
following lemma, for any (a,d), (a’,d") € Z?, write (a,d) <iex (a',8) if (a,d) is smaller than
(a’,9") in the lexicographic order. That is, (a,d) <jex (@’,9") if a < @', or a = a' and § < ¢'.

Lemma 4.22. Suppose that 0 < a <d, —n <46 <n and vy = (r,c,1) € N°.
a) Fiz 0 <d <d and —n < & < n such that (a,8) <iex (@, 0"). Then X% N XZ”‘V = 0.
More precisely, if v € X“p’5 and z' € XZ”‘S/ then x < 2'.
b) We have v € A if and only if x,() € X&°.
c) If x € Xff and 0 <n thenz+1¢€ Xg"”l.

d) If x,(7) € Xff then x,(o (7)) € Xf;‘s.
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e) If v/ = (', ) € NE v,y € N and | # 1 then res(7y) # res(v).
N If~y = ('l ef/VZ vy E N and v € N and | # 1 then res(vy) # qres(y’).

Proof. Let us prove (a). If ¢ = 6 4+ 1 then min X% — max X% = —22 + - > 0, since
N > 2ne(¢ + 1) by (3.21). Hence, the result follows when a = a'. To prove the result when

a < da', it suffices to consider the case when ' = a+ 1 and 6 =n = —§’. We have
' _ 1 (a+1)p 2n 1 (a+1)p
a+1l,—n a,n __
min X7 — max X ——n+g<pa+2— T )—W—[n—l—l+g<pa+1— T
1 2n
=-2n—14 =(patr2 — Pat1) — —-
n + €(p +2 p +1) N

Hence,

2
minXZH’_" —max X;" >0 <= pai2 = Pat1 > <2n +1+ Wn) e

The latter inequality holds since pai2 — pay1 > (2n + 3)e, by Definition 3.6, and 2 <
= (é-i-l < 1 by (3.21). This completes the proof of (a)

We now prove (b). If v = (r,c,l) € A™° then x,(y) = § + 2 (nl - ﬂ) — ¢ thus
Lemma 3.24 we obtain

ap) 2n

5+1(
e Pat1 f+1 N —

(a+1)p>
(+1 )7

1
%p(7) §5+1+E (pa-i-l -

That is, x,(7) € X%° so (b) now follows in view of (a).

Parts (c¢) and (d) are clear from the definitions. For part (e), writing [ = ap + b+ 1, with
0 < b < p, we have res(7) = ¢P++1 12 by the remark after (3.29). Thus, writing I = ap+b'+1,
with 0 < b’ < p, we have b # b’ by assumption and so res(y’) = gPe+17¥ £ res(y) since e
has order p. The proof of (f) is similar. O

The next lemma will allow us to consider generalised partitions constructed from min XZ"S.

Lemma 4.23. Let0<a <d and —n <4 <n.
a) Let v = (r,c,ap+1) € Rx R x {1,..., ¢}, where c—r =§ and c+r = 2n. Then
Xp(7) = min X%°.
b) If l =ap+b+1 with 0 < b < p, then minXg’O < %,(0,0,1) and minX;’;‘1 +1<
x,(0,0,1).
¢) We always have min X%° ¢ {x,(0,0,1),%,(0,0,1) — 1}.

Proof. Part (a) is clear. Part (b) follows from Lemma 3.24 and, using Lemma 4.22, we
deduce part (c). O

The final result in this section proves a lemma that describes the x,-coordinates of nodes
in A%? in terms of the x,—coordinates of the adjacent red strings.

Lemma 4.24. Let 0 < a <d and v = (r,c,1) € X*°. Then

Xp(0,0,1 —1) < Zg(v) < x,(0,0,1).



Proof. The second inequality follows from Lemma 4.23. If [ = ap + 1, then the first equality
is clear by Definition 3.6. If [ # 1 (mod p) then, since N > 2nep/(¢ + 1) by (3.21),

1 -1 r+c 1 [—2
Xp”)—xf’(‘ml—”:g(“l—e+1>‘ N —;(“l—l‘u—J

1 1 r+c
T p e(l+1) N
- 1 1 B 1
p e(l+1) ep(l+1)
The last quantity is non-negative since p < ¢, proving the result. O

4.5. Regular and singular diagrams for tableaux. We are now ready to start con-
structing the diagrammatic basis of AP(w) that we will use to prove our main results. In
this section we take the first step of fixing a choice of diagrams { B}, for t a standard tableau,
in accordance with Definition 3.42. We construct the basis elements By by gluing smaller
diagrams together. The next lemma studies the residues and possible positions of strings at
the top of a By diagram.

Lemma 4.25. Let t € Std(A) with X € 2 and let v € X*°, for 0 < a < d and —n < § < n.

(SS): Ify' € A*° and res(y) = res(vy') and t(y) > t(7') then x,(7) < x,(7).

(SG): Ify € A»°~1 and res(y) = qres(y') and t(vy) > t(v') then x,(7) < x,(7') + 1.

(GS): Ify € X and gres(y) = res(y') and t(vy) > t(v') then x,(7) + 1 < x,(7).

(SR): If § = 0 and 7/ € A corresponds to a red string with res(y) = res(y’) then
Xp(7) < %p(7')-

(GR): If 6 = —1 and v € A%V corresponds to a red string with qres(y) = res(y’) then
Xp(7) + 1 < x,(7).

Proof. Write v = (r,¢,l) and v = (', ,1'). For (SS), which stands for “solid-solid”, since
v, € A% we have c—r = ¢ —r' = §, s0 ¢"' = ¢"V since res(y) = res(v'). If b, € {0,...,p—
1} are such that [ —b—1=1 —b — 1 = ap we deduce that e* = £ and thus b = ¥ since ¢
has order p and thus [ = I’. Thus, since t is standard, the box corresponding to ~ is higher
than the box corresponding to 7. Therefore, r+c > 1’ +¢/, 50 x,(7) = X,(7') = “H5=¢ < 0
as desired.

For (SG), which corresponds to solid-ghost positions, 7,7’ are necessarily in the same
component of X. Hence, since t(y) > t(7') we have r+c > 1’ +¢" and thus x,(7') +1—x,(7) =
HC_TTJ_C, > (0. The (GS) case, or ghost-solid case, is similar.

Finally, the solid-red (SR) case is deduced from the solid-solid (SS), and (GR) is deduced
from (GS), using the convention that t(y') := 0. O

Recall the definition of a generalised partition, from (3.28) and the definition of a regular
diagram from Section 4.1 . In order to make the inductive arguments below clearer, we write
wy, = (1"|0] .. .|0), instead of w, and let X%°(n) be the interval X%’ defined in Definition 4.21,
forany 0 <a<dand —n <4 <n.

Definition 4.26. Let X € 2 and fix a standard tableau t € Std(X\). Set v, = t*(k), for
1 <k <mn, and let ay, 0}, be the integers such that v, € Xf,k"sk(k). Define Dy, == min ng"sk(k)
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and let Uy be a generalised partition such that
Xp(Uy) = {Di |1 < k < n}.

The inequalities min X%°(n) < min X%°(n—1), for any a and §, together with Lemma 4.22
and Lemma 4.23, ensure that U satisfies the requirements of (3.28) and hence is a generalised
partition.

For the rest of this section we fix a partition A € 92 and a standard tableau t € Std(\)
together with the associated notation from Definition 4.26.

A string s in a diagram is non-decreasing if the function the function ¢ — s(¢) is non-
decreasing, for t € [0,1]. A Webster diagram D € #,(\, 1) is non-decreasing if every
solid string is non-decreasing, for ¢t € [0,1]. In particular, non-decreasing diagrams do not
contain any generalised double crossings.

Proposition 4.27. There exists a regular non-decreasing diagram B{®™® € W,(X\, D) such
that B{®® contains a solid string sy, of residue res((k) that starts at sp(0) = Dyy and ends at
sk(1) = xp(Vk), for 1 <k <n.

Proof. We argue by induction on n = |A| to show that such a diagram B{*® exists for any
A€ P and t € Std(A). The base case n = 0 is immediate because in this case t is the
empty tableau and we can define B{*® to be the diagram with no solid (and ghost) strings.

Now suppose that n > 0 and let s be the (standard) tableau obtained from t by remov-
ing the (removable) box v, = t7'(n). Let p = Shape(s) € £‘_,. By induction, there
exists a regular non-decreasing diagram B}*® € #,(u, Us) that satisfies the conditions of the
proposition.

Define B{*® to be the diagram obtained by adding the solid string s,, of residue res((n) to
the diagram B¢, together with its ghost, where the string s,, is given by

Uin, ifo<t<1-—e,
nt = N )
su(t) Lxp(m) (1=t + )+ Diu(1 = 1)), Hf1—e<t <1,

where € is sufficiently small. That is, the solid string s, is vertical for 0 < ¢t < 1 — € after
which it is an almost horizontal line connecting the points (D, 1 —€) and (x,(7,),1).

By induction, B{*® is non-decreasing and it has the required endpoints, so it remains to
show that B is regular. By construction, the string s, does not cross any other strings
when 0 <t < 1— ¢ because min X%°(n) < min X%°(n —1). By definition, 5, = (r,¢,1) € X%,
where for convenience we write a = a,, and § = ¢,,. By Lemma 4.22, when 1 —e <t < 1 the
solid string (resp., the ghost string corresponding to) s, crosses:

e any solid string s, € B for 7' € u®® with x,(7") < X,(7n);
e any ghost (resp. solid) string corresponding to s, € B for v/ € pu® ! (resp.
7€ pt) with x,(7) + 1 < xp(7n) (resp. x,(7) < x,(7) + 1);
e any red string starting at (x,(0,0,ap + 0 +1),1) with 0 < ¥ < bif 6 = 0 (resp.
0=—1), where b€ {0,...,p— 1} is such that [ = ap + b+ 1.
Since 7 = 7, is the box with the highest label in ¢, if 4/ € p then have t(v,) = n > t(7).
Therefore, by Lemma 4.25, all of the crossings above are regular. Hence, B;{® is regular and
the proof is complete. O

Definition 4.26 and Proposition 4.27 immediately imply the following result.
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Lemma 4.28. Fach string of B{*® is contained in a single region.

Proposition 4.29. There exists a non-decreasing diagram BP™¢ & Wy(Uy, w) with solid

strings si, . ..S,, and corresponding ghost strings gi, ..., &g, such that:
a) The string sy, has residue res(k), starts at x,(k,1,1) and ends at Dy, for 1 < k < n.
b) In particular, the string s crosses a red string in X%° for a € {0,...,d — 1} if and

only if it crosses all the red strings in X‘,’;O.

c¢) If si crossess; then (ay,6) # (a;,9;). If s, crosses g; then (ag,0x) # (aj,0; +1). If
gr crosses s; then (ay, o0, + 1) # (a;,6;).

d) If s crosses the red string in X&° then v, ¢ A°. Similarly, if g crosses the red
string in X%° then v, ¢ X»~".

Proof. Again we argue by induction on the number of solid strings n > 0. When n = 0
the result is vacuously true so suppose n > 0. Let s be the (standard) p-tableau obtained
from t by removing the (removable) box 7, = t71(n), where p € ¢ | is the (-partition
obtained from A € £¢ by removing 7, € A% . By induction, there exists a diagram
Big ¢ W, (Us, wp—1) that satisfies the conditions of Proposition 4.29. As in the proof of
Proposition 4.27, define B{"™® € #,(D, w,) to be the diagram obtained from B by adding
the solid string s, of residue res¢(n), and its ghost, going vertically from (x,(n,1,1),0) until
almost the top of the diagram after which s, goes almost horizontally to the point (¥, 1).
More explicitly,

I//\{W, 1f0§t<1—€/,
sp(t) = ~ .
H=11 (%p(n, L, 11—t +€) + (1= t)Dyn), if1—€<t<I,

for some sufficiently small €.

Note that x,(n,1,1) € X%'""(n) and x,(n, 1,1) < x,(c,1,1) for any 1 < ¢ < n. By defini-
tion, &, > 1 —n. Hence, by Lemma 4.22(a), x,(n,1,1) < ;,, = min XZ""S" (n). In particular,
the string s, is non-decreasing so, by induction, the diagram Bf’mg is non-decreasing and
B™ satisfies (a). Recalling that x,(n,1,1) < x,(0,0,1) for any I € {1,...,¢}, we deduce
that if 9,, # 0 then s, satisfies (b), and if §,, = 0 then s, also satisfies (b) by Lemma 4.23(b).
By the same argument, s,, crosses no solid or ghost strings starting in Xg’“‘s” and similarly for
the ghost string g,, in Xg”’5"+1, so (c) holds. Finally, condition (d) follows from Lemma 4.23
since B is non-decreasing. O

Composing the diagrams B[ and B{™® from Proposition 4.27 and Proposition 4.29 we

can now define a diagram By satisfying the conditions of Definition 3.42.
Definition 4.30. Let B, := B{®*B"™ € #,(\,w).

Proposition 4.31. The diagram By € (X, w) is non-decreasing and it satisfies the as-
sumptions of Definition 3.42.

Proof. By construction, for 1 < k < n the diagram B; has a solid string s; of residue
resy(k) from (x,(7), 1) t0 (D), 3) and from (D), 3) to (x0(£(7), 1,1),0) = (x(7), 0), so By
satisfies Definition 3.42(a). The diagram B has no dots so it satisfies Definition 3.42(b).
To prove that By satisfies Definition 3.42(c), it suffices to show that By does not have a

generalised double crossing. By Proposition 4.27 and Proposition 4.29 the diagrams B{®
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and B{"® are non-decreasing, so By is also a non-decreasing diagram. Hence, By does not
contain any generalised double crossings. O

4.6. Orbit diagrams. Recall from Section 4.2 that ¢ is an automorphism of order p that
acts on 2% and Std(\), for A € 2. This section uses the diagrams from Definition 4.30 to
construct diagrams indexed by orbits of tableaux under o.

Lemma 4.32. Let I C R be an interval that is neither empty nor a singleton. We can find
a map fr: N — I such that if y € /% and ' € N, for0<a <d and —n < 6,8 < n,
then

fr(v) < fI(”Y/) — Xp(V) —d+d < Xp(’)/)'

Proof. This is obvious because we can define fi(v) = X,(y) — J, where v = (r, ¢, 1) with
¢ —r =0 and then suitably renormalise f] so that it has the required properties. O

Corollary 4.33. Let I C [0, 1] be an interval that is neither empty nor a singleton. We can
find two maps fr,g; : N — I so that for any (a,d) and any v,y € ' with v € N*° we
have

fi(n) < fitY) = 91(0) > 91(7) = %0(7) <x0(7), ifyene,
fI(’Y) < fl(vl) <~ 91(7) > gl(fy’) — Xp(fy) +1< Xp(’yl), ify € JVa,é—l’

Proof. The existence of f; follows directly from Lemma 4.32. The existence of g; follows
from the existence of the map 1 — f;_;. O

For each A € 2 let oy € {1,...,p} be the order of A under the action of (o) on ¢
and let &L be a fixed set of representatives in &) under the action of 0. The integer
ox divides p, so px = £ € {1,...,p} is an integer. The cyclic group Z/prZ = (o°*)

ox
generated by o°* acts on the set Std(A) of standard A-tableaux. Let Std,(A) be a fixed set
of Z/paZ-orbit representatives with respect to this action.

Let A € 2¢ and fix k € {1,...,p — 1}. Define a decomposition of XA = )\[Lk} I_I/\[}];} by
A= {7 € Alxp(0"7) < xp(7)}
={y=(rcl)eX|l=ap+b+1,0<a<pand p—Fk <b<p},
(

AW = {7 € Ax,(6%7) > x,(7)}
={y=(rcl)eX|l=ap+b+1,0<a<pand 0 <b<p-—k}.

Fix a real number H € (0,1). Several applications of Corollary 4.33 show that there exist

families of real numbers (z]),cx, (ylfﬂ)V el and (zlfﬂ)V el such that:

e For any 7,7 € )\[Lk] with v/ € A% we have

H
il (k]
5 <zt < H,
if v € A then xp(7) < x(7) <= ¥ < 21,
if y € A then x,(7) + 1 < x,(7) = al < 2]
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e For any 7,7 € )\%] with v/ € A% we have

0<alf < g,
Xp(0,0,l +k—1) — % < yLk} <xp(0,0,l+k —1), where v = (r,¢,1),
H <M<,
if v € 4% then Xp(7) < xp(7) = ZEL{k} > :B,[Yk,] and ylfk} < ygﬂ and zlfk} > zgﬂ,

K] (K]
N> T

[K]

! .

[k

] (] (K]
<y, and z7 >z

if v € 4% then x,(7) +1 < x,(7) = = 7

and y

Given two points (z1,y1) and (x1,ys), with o > 27 and y; < ys, let (x1,y1) ~ (x2,y2) be
the straight line string that:

goes from (x1,y1) to (z2,2), if y1 # o,
goes from (x1,y1) to (2, y2 +€), if y1 =y,

where € is sufficiently small.

Definition 4.34. Let X € #), and 1 < k < p. Let By e Wo(o" X, A) be the Webster
diagram with the following solid strings:

e Forany~ € )\[Lk}, there is a solid string of residue res(vy) given by
(p(7),0) ~ (xp(7), 2T) = (xp(0*y), ) ~ (x0(0™9), 1).
e Forany~ € )\%}, there is a solid string of residue res(vy) given by

(xp(7),0) ~ (xo(7), 25T ~ (g7, 2) ~ (911, 2) o (xo(0"y), 247) ~ (x(0™7), 1),

An illustration of the diagram B Kﬁ Vs given below:
a,—1 a,0
X5 X5
. i
(y12), +12)) gl ) (xp(07), 211)
(xplo7s) + Lal) | N
Xp\O73 =+ Iﬁ,_- :
; N || [ — R— | (Xp<7l> 1L11>
\ “I E
i 2
rﬁ' i (,(/ij ;)
Xp(73)%p(72) Xp(71)

In particular, note the following result, which follows from Lemma 4.22.
Lemma 4.35. Fach string of BK’C} s contained in a single region.

The next result describes all of the crossings the diagrams BK€ for e PL.
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Proposition 4.36. Let A € Qﬁn and 1 < k <pand fir 0 <a <pand —n <06 < n.

If v € X let s, be the solid string in BKC] that starts at x,(7v) and let g, be its ghost. Let

ry,...,rs be the red strings in BKC}.

a) The diagram BKC} € #, (¥, X) does not contain any generalised double crossings.

b) Ify € A%ﬂﬂ/\“"s then's, crossess, and gy, for ally' € )\[Lk}ﬂ/\“"s and~" € )\[L]ﬂﬂ/\“"s_l,
and g, crosses sy, for all ¥ € )\[Lk] N AT Moreover, all of these crossings are
reqular and every crossing between the solid and ghost strings in BK€ Vs of this form.

c) If v = (r,¢l) € )\%] N A% then the solid strings s, crosses the red string r; if and
only if | < j <1+ k. Moreover, the crossing of s, with r; is singular and all of the
other solid-red crossings involving s, are reqular. The remaining solid strings from
)\%} do not cross any red strings.

d) If v = (r,¢,1) € A%} N A%~ then the ghost string g, crosses the red string r; if and
only if | < j <l+k.

e) Ify = (r,¢,l) € )\[Lk]ﬁ)\“’o then's, crosses the red string r; if and only if l—p+k < j < L.
Moreover, all these crossings are reqular. The remaining solid strings from )\[Lk} do
not cross any red strings.

N Ify=(r,el) € )\[LM N A“~1 then the ghost string g, crosses the red string r; if and
only if l —p+ k < j <. The remaining ghost strings from )\[Lk} do not cross any red
strings.

Proof. All the results follow directly from Definition 4.34 and Lemma 4.22 because:

o if v € A&’;] and 7/ € )\[Lk} then v and " belong to different components of A, so if ~
and 7' belong to the same A®° then res(y) # res(y’) by Lemma 4.22;

o ify=(rrcl) € )\[Lk]ﬂ)\“’o then l = ap+ b+ 1 with p — k < b < p and res(y) = ¢ #
g =res(r_;) foralli e {1,....,p—k}sinceap+1<l—i=ap+(b—i)+1<
ap+ (b—1)+ 1.

O

Corollary 4.37. There exists a generalised partition U5 and diagrams By € #,(c* X, D)

and BY"™8 € (05, A) such that BY) = B8 B8 - the only crossings in B are
between solid and ghost strings from )\%] and red strings. In particular, the diagram BKC res

is reqular.

Proof. Following Definition 4.34, define the diagram B8 to be the subdiagram of BY that

is below the line y = H and, similarly, define BY*™ to be the subdiagram that is above this
line. By Corollary 4.37, these two diagrams satisfy the requirements of the corollary. O

Let A € ¢

o,n?

let t € Std,(A) and fix £ € {1,...,p — 1}. Recall that we constructed
a regular diagram B{*® in Proposition 4.27. The diagram BKQ ]’rengeg is non-zero but, in
general, it can contain generalised double crossings. However, BK€ b8 and B{*® are both
regular diagrams so, by Proposition 4.2, there is a regular diagram B K“ ]t’mg € #,(vf, v that
does not have any generalised double crossings such that

(4.38) BY® = BYEBE  in AR(DF, ).
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Lemma 4.39. Let t € Std,(X), where X € 2],

1-string in Bgﬂ’reg crosses a red j-string. Then j = %, where 0 < ¢ < k. In particular, there

and let 1 < k < p. Suppose that a solid

[k
are no solid-red crossings in B} ]mg when k = 1.

],reg

Proof. By Proposition 4.36(d), the only solid-red crossings in BK€ are between a solid

string s,, for v = (r,¢,1) € )\[Lk} N A% and the red strings rj x_p, ..., r_1, which all belong

to X20. By Proposition 4.27 and Lemma 4.24, in B{*® the solid string s, crosses only the

red strings rop.1,...,rn_1. Since vy € )\[ we have [ + k —p > ap+ 1. Therefore, since By k] res

has no generalised double crossings, the only crossings that remain are for the red strlngs
Fap+1s - - - N+k—p—1. 1 & = 1 this set is always empty since [ — p < ap, thus we now assume
k > 2. We also assume [4+k—p > ap+1, since the latter set of red strings is empty if [+k—p =
ap+1. We now write [ = ap+b+1 with 0 < b < p. Since l+k—p > ap+1 we have b+k—p > 0.

Set av = ¢"e»+1, then the red strings have residues o, ca, ..., e P~ la. As i = res(y) = eba
these residues can be written as e7%, =%, ... e¥P=Y, or as PP, &P+t . eF1i since €
has order p. As 0 < b < p the result follows. O

Remark 4.40. The statement of Lemma 4.39 also holds for ghost-red crossings.

Lemma 4.41. The diagram BW SlmgB“C "8 has no generalised double crossings.

Proof. By construction, neither of the diagrams B and Bgﬁ JT°8 has a generalised double

crossing, so it suffices to prove that any crossing that appears in BKC ISing- qoes not appear

in B}, [k] /™8 By construction, the Webster diagram BY = BI=me Bl 145 116 generalised

double crossings, thus it suffices to prove that any crossing in B 58 4668 not appear in B{®,

k] g — pllrespres - Ag BI°® i regular, we only need to consider the regular crossings

],sin

since B

in Bf ) Smg. By Proposition 4.36(c), the only regular crossings in BK€ & are crossings of the

solid strings s, for v = (r,¢,1) € )\%] N A% with the red strings riyq,...,H1r—1. On the
other hand, by Proposition 4.27 and Lemma 4.24 the corresponding solid strings in B{® only
cross the red strings rp for I’ < [. This completes the proof. U

5. A SKEW CELLULAR BASIS FOR Z},

We are finally ready to define the basis of A?(w) that we need to prove our main results.
Recall from Section 4.3 that & is the automorphism on the set of Webster diagrams that
multiplies the residues of all solid and ghost strings by € and recall the definitions of the
diagrams By, B{*® and B{"® from Section 4.5. For the readers’ convenience, we summarise
the relationships between the different diagrams we defined in the last chapter:

B{*® € (A, 1y) (Proposition 4.27)
B € W, (D, w) (Proposition 4.29)
B, = B{*®*B"™ € #,(\,w) (Definition 4.30)
By = plsmeglilres oy (kX X) (Definition 4.34 and Corollary 4.37)
BYE = B e Bis ¢ AP(DF, D) (4.38)
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5.1. A particular cellular basis of #Z2. To show that 9?1’)\,” is a skew cellular algebra we
first show that Z2 has a shift-automorphism. To do this we first use the diagrams defined
in Chapter 4 to define a particular basis of {Cy} of ZA* = AP(w) that is compatible with
Definition 3.42 and then show that (Cs) = Coe)o() for all pairs (s, t) of standard tableaux
of the same shape.

Definition 5.1. Suppose that A € 2, t € Std,(X) and 0 < k < p. Set
ﬂﬁzﬁwm%ﬂﬂé%WW@’W%a
T\ B if k=0,
so that C55 € Wp(o" X, ). Define
Cory = 58 0 5% (BI™) € #, (0" A, w).

Notice that the diagrams {C,x|0 < k < p} are in a single Z/pZ-orbit under 6. By
deﬁnitiOn Ct = Cakt|k—0 = Bt'

Lemma 5.2. Let A € 2., t € Std,(A) and 0 < k < p. Then the diagram C53

o,n’

kg 1S reqular.

Proof. If k = 0 then C{*® = B{*® and the result follows from Proposition 4.31, so we can
assume that k& > 0. By definition, since ¢ is compatible with the concatenation of Webster
diagrams we have C5% = 6" (B lF ]’Smg) " (B [} reg) It suffices to prove that both * (BKC }’Smg)

and & (BK€ }t reg) are regular. By Proposition 4.36(c), the only crossings in B Kﬂ bsing 4 re solid-

red (and ghost-red) where the solid string s, for v € )\%}, has residue ¢ and the red string
has residue €% for 0 < ¢ < k. So, the only crossings in ¥ (BK€ }’Sing) are solid-red (and ghost-
red) where the solid string has residue €*i and the red string has residue £%. In particular,
o (BK€ }’Sing) is a regular diagram since 0 < ¢ < k < p.

reg

By definition, the diagram Bgﬁ ]t is regular, so to prove that & (B (K] mg) is regular it

],reg

suffices to consider the solid-red crossings in Bgﬁ . By Lemma 4.39, if a solid e¥i-string

crosses a red j-string in & (B [} mg) then j = %4, where 0 < ¢ < k. All of these crossing
are regular, so the lemma is proved. O

Proposition 5.3. Let XA € 32(,”, t € Std,(A) and 0 < k < p. Then the diagram Cgx,
satisfies the assumptions of Deﬁmtwn 3.42.

Proof. When k = 0 the result is just Proposition 4.31, so we can assume that 0 < k < p. By
construction the diagram C,x has no dots and a solid string of residue &* res(y) = res(co*~)
from (x((7),0) to (x,(c"y),1), for all v € A. Hence, C,x satisfies parts (a) and (b) of
Definition 3.42 and it remains to verify (c). That is, we need to show that C,x; does not
contain a generalised double crossing. By Lemma 4.41 and Proposition 4.29, respectively,
neither of the diagrams C3% and & (Bsmg) contains a generalised double crossing. Therefore,

it suffices to prove that the dlagrams CrEand & (Bsmg) do not have any crossings in common.
Recall that C'% = 4(3““%meﬂ in #,(o* A, D), where B = BYEBE ¢

AP(DF 1), By Lemma 4.28 and Proposition 4.36, any crossing in C}# is between two strings

(solid, ghost or red) that begin in a same region Xf,‘s On the contrary, by Proposition 4.29
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any two strings in BP™® that end in a same region Xff do not cross, hence do not cross in
" (Bfmg) either. This completes the proof. O

Now we can apply Proposition 5.3 to Definition 3.42, Definition 3.43 and Theorem 3.46
to get a particular Z-graded cellular basis {Cy} of Z2. This particular Z-graded cellular
basis will play a key role in the proof of our main result in the next section.

5.2. Main results: proof of skew cellularity. We are now ready to prove our main
theorem from the introduction, which says that 9?1’,\,” is a graded skew cellular algebra. As a
consequence, we deduce that the (ungraded) Iwahori-Hecke algebras of type D are cellular
algebras, under weaker assumption than in the literature.

We can now state the main technical result of this paper, which implies all our main
results. Recall from Definition 2.22 that a shift automorphism of a graded cellular algebra A
is a triple of maps 0 = (04, 0p, 0sq) that satisfies three requirements, the most important of
which is that oa(cst) = Coga(s)osea(t), fOr all 5,6 € T(X) and A € P. Recall that definitions of
the map o2 from Theorem 3.13 and the maps 0% and ogq from Definition 4.5. The graded
cellular structure that we consider on Z2 is the one described in Section 3.4, with the graded
cellular basis obtained from Proposition 5.3.

Theorem 5.4. The triple of maps 0 = (02, 05,0%4q) is a shift automorphism of 2.

Proof. First, note that by Corollary 4.10 we know that o4 is a poset automorphism of
(2!, 1>,). By Definition 2.22, we need to show that:

a) If s € Std(A) then ogiq(s) € Std(o2(A)) and deg(osia(s)) = deg(s).

b) If 5,t € Std(A) then o,a(cot) = Cogy(s)osia(®)-

c) If 5,t € Std(X), for A € 2%, then of,(t) = t if and only if 0% ,(s) = s, for k € Z.
The first requirement in part (a) is immediate from Definition 4.5 and the second requirement,
that the fact that ogyq is homogeneous follows from Lemma 4.12. Part (c) follows because
all tableaux have order p under the action of ogiq. It remains to check part (b). That is, we
need to show that

0 (Coreoi) = Cortrgorn,  forany A€ 25, st € Std,(A) and k,1 € Z/pZ,

Equivalently, we need to show that o (C;,%CJH) — %1, Coierp. By Definition 5.1 and
Lemma 4.14,
Cone =0 (BS™®) " (C1E) Oy = CI2 6 (B,
C;kﬂs =t (B:ing)* (Ccrrigﬂs)* ) Coirry = C;‘lgilt gt (Btsmg) .

reg

By Lemma 4.28 and Lemma 4.35, any string in (CI*8)"C{*® € #,,(Us, ;) stays inside a single
region. Moreover, by Lemma 4.23, any solid or ghost string of (CI¢)"C{*® € #,(vs, 1)
in the region X%° starts (and ends) at the left of all the red strings in X%°, for 0 <

a < d. By Definition 5.1 and (4.38), this is also true in the two diagrams (C;ii)*Cmg

olt
and ( ;‘?ﬁls)* CX%.,- As both of these diagrams are regular by Lemma 5.2, we can apply
Proposition 4.2 to find two regular Webster diagrams D¢ , and D&, ., that do not
contain any generalised double crossings such that in AP (D,x,, U,1)

* *
reg o reg reg reg o reg reg
D_; Iy = (Cgks) Cglt and ng+157o.l+1{ = (C k+15) olt1t

ofs,0 o
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and all of the solid and ghost strings in any region XZ’O are to the left of all of the red strings

in X“p’o. Since D' , is a regular diagram that has no crossings involving red strings, the
ofs,0't

. ~ reg . . ~ reg reg .
diagram & (D} wlt) is also regular. Hence, the diagrams (D} s,olt> and D%, sttt satisfy
the assumptions of Corollary 4.3, and so 6(D22g5701t) = (rﬁils’alﬂt in AP (D kg, Uyy). We have

proved so far that

. * .
Copbo oty = 6 (B;mg) D & (Bf““g),

oks,olt

~k+1 i * . re ~l+1 sin
CUk+15,0l+1t =" (Bsmg) g (Dcrk'g&crli) o (Bt g) ’

Consequently,
(55) 5' (CO'kS,O'kt) == Cok+15701+1t‘
Recall that in D%® . all of the solid and ghost strings that start or, equivalently, end in XZ’O

are to the left of all of the red strings in X%°. Similarly, since (Bi™8)" B{" € #/,(w,w), all
the solid strings begin and end to the left of all red strings. Moreover by Proposition 4.29(b),
in this diagram any solid string that crosses a red string in XZ’O must cross all of the red
strings in XZ’O, for 0 < a < d. Thus, we can apply Proposition 4.18, which gives

- . cye
o (CO'?;'S,O'H) =0 (Caks,alt) .
Combining (5.5) with Lemma 4.16 and Proposition 4.20, we find that
o (Coks,okt) - ;%ils,o“rlt - CUk+15,ol+1t7
as desired. O

Remark 5.6. A very particular case of Theorem 5.4 can be found in [3, Example 7.5]. Namely,
for ¢ = e = 2 and the 2-charge obtained from (0, 1), the basis elements are of the form

Cs5 = 6(1) Cos,05 = 6(—i)
Cet = y2e(1) Cotot = y26(_1)

Cott = ¢1€(i) Ctot = wle(_i)
Cyu = y%e(i) Cou,ou = yge(_i)

where s (resp. u) is the only element in Std(1%|0) (resp. Std(2]0)), i € {(1,—1),(—1,1)}
and the tableau t is a particular element of Std(1|1). Recall that o fixes yi, yo,¢; and that
o(e(d) = e(=)).

We can now prove our Main Theorem from the introduction.
Corollary 5.7. Assume that R contains a primitive p-th root of unity and p-1g is invertible

in R. The algebra %’ﬁn is a graded skew cellular algebra. In particular, if 2 -1z € R* then
R 0.y, is graded cellular.

Proof. This is an immediate consequence of Theorem 5.4, Corollary 2.32 and Theorem 2.28
applied for the graded cellular algebra Z2. Note that o has order p indeed. O

Combining the last result with Proposition 2.21 yields:
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Corollary 5.8. The graded decomposition matriz of g@;}n is unitriangular.

We now explicitly describe the graded skew cellular datum of 22 , following the construc-

p,n?
tion given in Theorem 2.28. Recall that @ﬁn is any set of representatives for the action of

(02) on P}. We endow [ with the partial order >, so that a>,b for a,b € 2. if and
only if there exists A € a and p € b such that A>, pu. Define

(5.9) Py =P X LA,

where oy is the size of the orbit of A under the action of (o). The order &>, extends to an
order of &7, with the rule (X, k) >,(p,1) <= A>,p. Let ¢ be the involution on 227
given by (A, k) — (X, —k). For (A1) € 2}, let Std,(A, k) == Std,(A). For (A, k) € &%,
and s, t € Std, (A, k), define

pa—1
k ox—
Dét) = Z gkjoAO-A(Cs’o.joAt>’
=0
where
p—1 p
TA ::ZUk and py=—.
k=0 Ox
In particular, note that op(A) = py, since p = pp = p, so #{A) = % = oy and ey = .

Finally, define the map

D: Stdy (A, k) x Stdy (A, k) — %2 (s,£) — DF,

p7n’

and let Lg‘k) be the identity map on Std, (A, k). Then

(5.10) (22} 1 Stds, D, deg),

is a graded skew cell datum for e%’;}n. In particular, Z2 has cell modules C;k), and simple
modules the non-zero quotients Dg‘k) = C’g\k) / rad Cg‘k), for (X, k) € 2¢

U7p7n :

Note that the graded skew cell datum for %ﬁn restricts to give a graded skew cell data
for the blocks %ﬁa and that the graded decomposition matrix of %’;}a is unitriangular, for
ae€ll.

Recall from Definition 3.7 that Z = {e7¢" |0 < j < p and 0 < i < e}. Define

2= iy le(i) € #L.
iezr
Lemma 5.11. The element z € Z% is homogeneous of degree 0, invertible and o(z) = ez.
Proof. First, recall from Section 3.1 that e is finite thus Z is finite and z is well defined. We
have degz = 0 since dege(i) = 0 for all i € Z". Using the fact that {e(i) : i € ZI"} is

a complete set of orthogonal idempotents we find that z is invertible in Z» with inverse
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X i, imezn 11€(i1, - - -, ). Finally, we have

o(z) = Yoo i te(si, . .. Elp)

(31,...,in ) EL™
-1
= Z (5_1i1) €(i1, 77%)
(Zl ----- Zn)EI”
= ez,
which completes the proof. O

Corollary 5.12. The automorphism o is diagonalisable in the sense of Definition 2.39.

Hence, all the results in Section 2.4 now apply to %’;‘m. Note that multiplication by z

induces an analogue of Lemma 5.11 for the blocks Z of %2, so the results in Section 2.4
also apply to the blocks 22, of Z2 ., for [o] € I} .

p7n7

By Theorem 3.14, all the results concerning the skew cellularity of %ﬁn, over a ring R con-

taining ¢, can be deduced from .72, (¢, Q"?) over the field K, which contains ¢ by assumption.
For example, the following holds:

Corollary 5.13. The algebra 72, ,(q, Q%) is a graded skew cellular algebra. Moreover, if
p =2 then 96 ,(q, Q") is a graded cellular algebra.

Geck [11] has proved that the Iwahori-Hecke algebra of a finite Coxeter group is always an
(ungraded) cellular algebra. By Corollary 5.13, the Iwahori-Hecke algebras of the Coxeter
groups of types A,_1, B, = C,, D, and I3(n) are graded skew cellular algebras. (These
Coxeter groups are the complex reflection groups of types G(1,1,n),G(2,1,n),G(2,2,n)
and G(n,n,?2), respectively.)

The Iwahori-Hecke algebras of types A,,_1 and B, are graded cellular algebras by [18].
For the algebras of types D,, and I5(n), Geck’s proof of the cellularity of the Iwahori-Hecke
algebras . (D,,) assumes that ¢'/2 € K. The following corollary generalises Geck’s result
to the graded case and removes the assumption that ¢'/? € K.

Corollary 5.14. Suppose char K # 2. The Iwahori-Hecke algebra 7,(D,,) of type D, is a
Z-graded cellular algebra.

Proof. The Coxeter group of type D,, is the complex reflection group of type G(2,2,n) in
the Shephard-Todd classification. The result thus directly follows from Corollary 5.13 for
d=1. O

It is an interesting open question whether the algebras %ﬁn are graded cellular algebras
when p > 2 (and n > 2 if p = /).

5.3. Adjustment matrices. As a final application we use the bases in this paper to describe
“adjustment matrices” for the Hecke algebras of type G(¢, p,n), which relate decomposition
matrices in different characteristics. For the Iwahori-Hecke algebras of finite Coxeter groups
Geck and Rouquier used Lusztig’s asymptotic Hecke algebra to show that adjustment matri-
ces exist whenever the Iwahori-Hecke algebra is defined over a field of “good characteristic”,
which depends on the root system of the underlying Coxeter group; see [12, Table 1.4 and
Theorem 3.6.3]. When p = 1 we recover the results of [8, §5.6] but, even in the ungraded

case, these results appear to be new when p > 2.
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Throughout this section fix A as in Section 3.2. If R is an integral domain let %;};LR be the
quiver Hecke algebra over R with weight A. Similarly, if M is an %ﬁ;ﬁ—module then we write
M = M?* to emphasize that M is an R-module. By Corollary 5.7, if R contains a primitive
pth root of unity and p € R* then %ﬁf is a skew cellular algebra with cell modules C’g\k)’R,
for (X, k) € 2 By Theorem 2.17, if R is a field, the graded simple %ﬁ;fz—modules are

g,p,n’
shifts of the non-zero quotients D™ = C¥ 7 /rad CPF for (A k) € P

Fix a field F' of characteristic ¢ > 0 that contains a primitive pth root of unity er. In
particular, this implies that ¢ does not divide p. The subfield F,. = Z/cZ(cF) of F is a
splitting field for the p-th cyclotomic polynomial ®, over Z/cZ. By [24, Theorem 2.47], the
field F, . is the finite field with ¢” elements, where r > 0 is minimal such that ¢" =1 (mod p).

Let 7 : Z[e] — F, . be the unique ring homomorphism determined by 7(¢) = e¢p. Then
p = ker 7 is a prime ideal of Z[e] and the localisation O = Zle|, of Z[e] at the prime ideal p
is a discrete valuation ring with maximal ideal pO. Let Q = Frac(O) = Q(e) be the field of

fractions of O.
Lemma 5.15. The residue field O/pO of O is isomorphic to F, .

Proof. Since F, . has characteristic ¢, we have ¢ € p. We claim that 2 = z (mod pZ|e]) for
all x € Zle|. Indeed, since ¢ is prime we have (a 4 b)® = a®+ b (mod c¢) for all a,b € Z[¢]
thus (a + b)¢ = a®+ b° (mod p). Now the claim follows combining Fermat’s little theorem
and the equality ¢ = ¢ in Z[g].

Since the elements of O are of the form xy~! € Q with z € Z[e] and y € Z[e] \ pZ]e], we
deduce that ¢ = z (mod pO) for all 2 € O. This shows that O/pO has at most ¢" elements.
To prove that O/pO has exactly ¢" elements, again by [24, Theorem 2.47] it suffices to prove
that ¢ is also a primive p-th root of unity in O/pO. By contradiction, assume that there
exists 0 < k < p such that ¥ = 1 in O/pO, that is, that 1 — ¥ € pO. As in the proof
of Theorem 2.28, we have p = [[°2; (1 — &%) thus p € pO. Since ¢ € p, and because ¢ and p
are coprime in Z, we deduce that 1 € pO using a Bezout relation, which is a contradiction
since pO is a maximal proper ideal of O. O

Consequently, if M© is an L@I’,\’f—module then, by base change, Mfrc = F, @0 M© is

an ZNIre-module and M* = F ®p,, Mre = F @0 M is an Z2F-module.

Remark 5.16. By Theorem 2.17 every field is a splitting field for the algebra ﬁﬁn, so there
would be no loss of generality in assuming that F' = F, ..

By Definition 2.6, C§° 2 Q @ C¥C and CPF = F ©o CF°, for (A k) € 2L .
Now recall from (2.13) that

rad Cg‘k)’o = {y € Cg‘k)’o ‘ (b(f)(:c,y) =0forall z € Cﬁ’“)’o}
and that Dg\k)’o = §’“)’0/ rad Cﬁk)’o by Definition 2.16.

Lemma 5.17. Let (X k) € 25 . Then Dg\k)’o is an O-free graded Z2%°-module. Moreover,

Dg‘k)’g >~ 0 Qo Dg‘k)’o as graded L@I’,\,;Lg—modules-

Proof. Let {Dt(k) |t € Std, (A, k)} be the standard basis of the cell module C’g\k)’o. Since

rad C;k)’o is a pure O-submodule of C’g\k)’o, D&k)’o is free as an O-module. The final claim
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that Dg‘k)’Q = 0 ®o Dg‘k)’o is immediate because rad Cik)’g = Q ®p rad Cﬁk)’o since Q is a
field of fractions of O. O

Let 2. .0={(\k)e 2L, .| D€ +£ 0}. For convenience, set
EPE = F o D;W, for (A, k) € 2"

o,p,n’

In general, if (A,k) € 2., then the £/ -modules DA 7 and E&k)’F, and rad C’g\k)F

o,p,n
and F ®p rad C’g\k)’ , are not isomorphic. In particular, the %ﬁf -module Eg\k)’F is not
necessarily irreducible.

Suppose that R is a field and let M* be an 2% -module. Recall from (2.20) that if (p,1) €

P, »mo and then the graded decomposition mult1phc1ty of D Bin M% is
(M7 DR, =S [P DDR(s) ¢ e N[t t7'].

SEL
For (A k) € 2¢ ,, and (w,1), (v,m) € P, define graded decomposition numbers
A3 k(D) = [c® 9,
d(A’f )(1,0) ( ) = [C’ . F]t7
O‘(u,l)(u,m) (t) = [EI(P F D( 1FY,.

Let Do(t) = (d8 sygun®): Dr(t) = (A () and Ap(t) = (af;, yo.m(#) be the
corresponding matrices, where (X, k) € 2. and (u,l),(v,m) € 2., . Then Do(t) and
Dp(t) are the graded decomposition matrices of Z2; 0 and ZXF, respectively. The matrix
Ap(t) is the graded adjustment matrix for these two algebras.

Let Rep 9?;,\,”9 and Rep 9?{,‘,”‘7 be the Grothendieck groups of finitely generated graded
ZN.2- and Z2,F-modules, respectively. Both Grothendieck groups are free Z[t, t~']-modules
where t acts by grading shift. If M is a module for one of these algebras let [M] be the image

of M in the corresponding Grothendieck group.

Lemma 5.18. There is a unique abelian group homomorphism d% : Rep %’;\7;9 — Rep %ﬁf
such that d2[C9) = (€] and d2[DP2) = [EMT], for (A k) € 2

o,p,n°

Proof. Since O is a discrete valuation ring, for any L@I’,\’f—module M€ there exists an %ﬁf—
module M©, a full O-lattice, such that M< = Q ®» M®. Define M¥ = F @ M®. The
choice of O-lattice is not unique but [M¥] is independent of the choice of O-lattice; compare
with [10, Proposition 16.16]. Hence, we define dg[M <] = [M*]. By Definition 2.6, if (v, m) €

P . then d2[C{°) = [CVF]. Moreover, we have d2[DY9] = [E{PF] because B2 =~
D(k )€ 1y Lemma 5.17. Finally, this establishes the uniqueness of d since {Dg‘k e | (A k) €
UpnO} is a basis of Rep Z2,°. O

Let ~ :Z[t,t7'] — Z[t,t7"] be the unique Z-linear map such that t* = t=% for k € Z.
Observe that dim; M* = dim; M if M is a graded module. Hence, we can extend  toa
map of the Grothendieck Rep Z2,° and Rep Zp;F by setting [M] = [M*].

Proposition 5.19. Let (A, k) € 2., and (p,1) € 2L, o Then

o,p,n
a) afy () =1,
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b) 0‘5\1@ ul()#o only if (A, k) Bp(p, 1),

) aly _iyu-n®) = By )
Moreover, DD'F 0 if and only if (1) € PL

o,p,n,0°

Proof. By construction, F' ®¢ rad C’g\k)’o is an ZpF-submodule of rad C’g\k)’F, so parts (a)
and (b) are immediate from Proposition 2.21. For part (c), in Rep %ﬁf we have

k),F y
BV = 3l OO,
(&, l)ejfr 1,0

Taking duals and using Proposition 2.19 this becomes

k), F N (—
EXV = X afuua D).
(l"‘ l)egﬁpno
On the other hand, [ET] = d2[DP9] = a2[DP9] = a2[D{H9) = [B(MF), where

the second last equality comes from the same argument used in the proof of [10, 16.16] and
Proposition 2.19, and the last equality from Lemma 5.18. This proves (c).

Fmally, we prove that D 7& 0 if and only if (A, k) 6 e@gpno First, observe that

if D 7& 0 then rad C' 7é " implying that radC 7é e, Hence, D(k ) #0
and (A, k:) E P o Conversely, if (X, k) € P!, then D 2 7é 0 so that E F 2o,
Hence, EA F £ 0 by part (a). O

We can now prove the main result of this section.

Theorem 5.20. Suppose that F is a field of characteristic ¢ that F' contains a primitive pth

root of unity ep. Let (X, k) € 2} and (p,l) € ZL .. Then
d(Ak Y () = > d%,k)(u,m)(t)a{;,m)(u,l)(t)‘
(v, m)eg’fr i

That 7:8, DF(T,) = DQ(t)AF(t)
Proof. Using Lemma 5.18, and Proposition 2.21 twice,

> dhwun PP = [C07] = a3
(n,l) et

o,p,n,0

= d? Y AR @) [El(/m)’go

(V,m)EJﬁ 20

= Y AR (B
(v,m)e 2t

o,p,n,0

— Z d(Q)\7k)(V7m) (t) Z Oégf,m)(li,l) (t) [D;(p’F]

(V,m)eﬂﬁpno (s, l)e]f,pno

T ( 2 d&’“(“vm)(t)a@m)(u,z)(t))[Dﬂ)’F]-

(“ l)ega ,psm,0 (V m)E]g ,p,m,0

Since {[Dﬁ)F] | (,1) € P, 0} is a basis of Rep Z,%F, the result follows by comparing the

pn
coefficient of [D-F'] on both sides of this equation. O
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Let F be a field of characteristic zero that contains a primitive pth root of unity ¢ and let
A7 (q,Q¥¢) be a Hecke algebra of type G(¢,p,n) over F. Similarly, let 52" (¢, Q¥¢) be the

corresponding Hecke algebra over the field F', which contains a primitive pfcbh root of unity
ep. By Theorem 3.14, 57 (q, Q") = ZNF, so Dp = Dp(1) is the decomposition matrix of
A5 (q,QY%), where Dp(1) is the graded decomposition matrix of Z2F evaluated at t = 1.
By Theorem 2.17(b), every field is a splitting field for 22, and 27 = F @ ZN2, so
Dg(t) is the graded decomposition matrix of Z;". On the other hand, 7, (¢, Q%) = ZX7
by Theorem 3.14, so D = Dg(1) is the decomposition matrix of ji’;,f;(q, QY¢). Finally, set

Ap = Ap(1). Hence, by Theorem 5.20 we obtain the following.

Corollary 5.21. Suppose that F is a field of characteristic 0 containing a primitive pth root
of unity € and that F' is a field of characteristic ¢ > 0 that contains a primitive pth root of
unity ep. Then the decomposition matriz Dp of %’;{;(q, QY¢) factorises as Dp = DrAp.

Remark 5.22. This section does not really use the machinery of skew cellular algebras. Rather
the results in this section follow from the fact that the skew cellular basis of Corollary 5.7
is defined over the ring Z[e], which makes it easy to apply standard modular reduction
arguments.

5.4. Graded simple modules. Let F' be a field. The algebra L@I’,};LF is a skew cellular

algebra by Corollary 5.7, so {Dg‘k)’F<s> |\ k) € PL,.0and s € Z} is a complete set of
pairwise non-isomorphic graded simple modules by Theorem 2.17 (and Proposition 5.19).

The aim of this section is to explicitly describe the set 2f .

By definition, 2., = {(A\ k) € ZL, .| DT £ 0}, where 2L = P, X L[orL

U?p?”
and ¢ is a fixed set of representatives in &2 under the action of 5.

For XA € £2¢ let CY be the corresponding cell module and DY = Cf /rad C{ be a graded
simple Z2F-module (or zero). By Corollary 5.12, o2 is diagonalisable, so we can apply
Theorem 2.48 to deduce the following:

Lemma 5.23. Suppose that F is a field. Then 2, . ,={(\k)e 2., .| DX #0}.

O—7p7n

The simple Z2F-modules have been independently classified by Bowman [3] and Ker-
schul [21]. To state their result we first need some new notation.

Let <, be the total order on the set of nodes A,f where A <, B if x,(A4) < x,(B).
Extending notation from Section 3.4, for ¢ € 7 let

AiA) ={A € AA) |res(A) =i} and R;(A) ={A € R(N)|res(A) =i}
be the sets of addable and removable i-nodes of A € 2. If A € A;(A) UR;(N) define
da(A) = #{B € Ai(A\)| A <« B} = #{B € Ri(\) | A <, B}.
Given a second node C with A <, C' set
dS(\) = #{B € 4i(A)|A <, B <. C} —#{B € Ri(\)| A <« B <, C}.

A good i-node of A is a removable i-node A € R;(A) that is minimal node with respect
to <, such that d4(X\) < 0 and d5(X) < 0 whenever A <, C and C' € R;(N).

Definition 5.24. If n > 0 then the set of p-Uglov (-partitions of n is

A _ 1y _ . : _
Uy, ={X € P, | A= pU{A} where ?9 is a good i-node of A for some i € T},



where UL\ = P§.
For our particular choice of x,-coordinate function, a special case of the results of Bow-

man [3] and Kerschl [21] is the following:

Theorem 5.25 (Bowman [3, Theorem B] and Kerschl [21, Main Theorem]). Suppose that F
is a field. Then {Dx(s) |\ € %, and s € Z} is a complete set of pairwise non-isomorphic
graded simple Z™F -modules.

Hence, by Lemma 5.23 we obtain:

Corollary 5.26. Suppose that F is a field. Then 2] ,,,={(\k) € 2, . |xe€ U}\}.

ag,p,n
That s, {Dg\k)<s) |\ k) € PL,. A€ Wp, and s € L} is a complete set of pairwise non-

isomorphic graded simple L@ﬁf -modules.
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