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First-order behavior of the time constant in Bernoulli
first-passage percolation

Anne-Laure Basdevant! Jean-Baptiste Gouéré" and Marie Théret?

Abstract

We consider the standard model of first-passage percolation on Z¢ (d > 2), with i.i.d. passage
times associated with either the edges or the vertices of the graph. We focus on the particular
case where the distribution of the passage times is the Bernoulli distribution with parameter 1 — .
These passage times induce a random pseudo-metric 7. on R?. By subadditive arguments, it is well
known that for any z € R?\ {0}, the sequence T:(0, |nz])/n converges a.s. towards a constant
te(z) called the time constant. We investigate the behavior of € +— p.(z) near 0, and prove that
pe(2) = ||z|h — C(2)eV/1E) 4 o(e1/41()) | where dy(z) is the number of non null coordinates of z,
and C(z) is a constant whose dependence on z is partially explicit.

1 Introduction and main results

Historic of first-passage percolation. The model of first-passage percolation has been introduced
by Hammersley and Welsh in the seminal paper [9] as a refinement of percolation to model propagation
phenomena : instead of wondering if the propagation occurs, the question this model aims to answer is
when it will occur. We refer to [2, 11] for surveys on the subject.

In the classical model of first-passage percolation on Z¢, a non-negative random variable is associated
with every edge of the graph. It is called the passage time of the edge, and represents the time needed to
cross the edge. In what follows, we consider a particular case of this model in which the passage times
have a Bernoulli distribution. We consider also a variant of the model in which the passage times are
associated with the vertices of the graph instead of the edges - exactly as site percolation is a variant
of bond percolation. This site first-passage percolation model is not classically studied in the literature,
even if it is as natural as its bond version, but it appears to be easier to handle in our context. We now
start giving precise definitions of the objects of interest.

Bernoulli bond first-passage percolation on Z?. Let d > 2 and ¢ € [0,1]. We consider on Z¢ the
usual graph structure: two vertices z,y € Z¢ are neighbors if the Euclidean distance between 2 and y is
one. We denote by E¢ the set of edges between neighbors. Let (T.(u)),cgs be a family of independent
Bernoulli random variables with parameter 1 — e.

A path m = (zg,u1,21,...,Un,T,) is an alternating sequence of vertices (z,...,2,) and edges
(u1,...,up) such that for any i € {1,...,n}, x,—1 and x; are neighbors and u; denotes the edge with
endpoints xz;_; and x;. Notice that such a path 7 is entirely described by its vertices or by its edges,
thus for short we write 7 = (zo,...,z,) or m = (uq,...,u,) according to our center of interest. The
travel time of such a path is

To(m) =) To(w).
=1
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If  and y are two vertices of Z%, then the time between z and vy is

Tg(x,y) = inf TE(W)
Y
where the infimum is taken over all paths from x to y. The variable 7. () is thus seen as the time needed
to cross the edge u. For that reason, if T.(u) = 0, we say that u is open. For any z € R?\ {0}, there
exists a deterministic constant p.(z) > 0 such that

lim T.(0, |nz])

= p-(2) almost surely and in L'
n—0o0 n

where |nz] denotes the coordinate-wise integer part of nz. This is a straightforward consequence of
Kingman ergodic subadditive theorem, see for instance [11]. In the first-passage percolation literature, if
the Euclidean norm of z is 1, p.(z) is known as the time constant in the direction z. We emphasize the
fact that the time constant can be defined in a much more general context, namely with non-negative
passage times distributed according to a general distribution, and most of the following results picked
in the literature are in fact proved in this general framework. However we decided to present them in
the context of Bernoulli first-passage percolation since it is the framework in which our own results are
valid.

First properties of the time constant. Some is known about p. but notably not that much. The
function p. has the following properties : absolute homogeneity and convexity on R?, invariance by the
symmetries that preserve the graph Z¢ itself. The positivity of the time constant is well understood, and
it can be proved (see [11], Theorem 6.1) that

p=0 <= e>p.(d)

where p.(d) is the critical parameter of i.i.d. Bernoulli bond percolation on Z?. When g, is not null, it
defines a norm on R?, and its value can never be explicitly calculated except in the trivial case when
e = 0: po(2) = ||z||]1, the £-norm of z. The convergence of the rescaled passage times towards p is
uniform in all directions, which is equivalent with the celebrated shape theorem (see [6, 11, 13]). We
define

B.(t) = {x € R : T.(0,[z]) <t}

as the set of points in R? that can be reached from the origin within time ¢ > 0, and By, as the unit ball
associated with the norm p. for ¢ < p.(d). Roughly speaking, the shape theorem states that B.(t)/t
converges towards the asymptotic deterministic shape B, when ¢ goes to infinity. The dependence of
pe(z) with the direction z is not well understood yet, and the strict convexity of B, is an important
open question (see for instance [2] Section 2.8).

Properties of € — p.(z). What interests us in this paper is rather the behavior of u.(z) as a function
of €, for a fixed z € R It is known that ¢ ~ p.(z) is continuous, see [5, 7, 11]. Chayes, Chayes and
Durrett [4] investigate the behavior of € — p.((1,0,...,0)) when & goes to p.(d) in dimension d = 2,
more precisely they prove that the speed of decay of u.((1,0)) towards 0 is polynomial with the same
power as the one of the correlation length in the corresponding percolation model. We investigate in the
present paper the properties of € — p.(z) near 0.

Some bounds on p.(z) exist, at least for specific z. Let us start with upper bounds. By a comparison
with the passage time of one deterministic path of shortest length, it is trivial to obtain that p.(z) <
[lz]|1(1 —¢) for any . Another upper bound is available for d = 2 and z = (1,1). By restricting ourselves
in the definition of T.(0, (n,n)) to oriented paths (i.e., paths going only to the North and to the East)
from 0 to (n,n), since those paths are made of 2n edges, we obtain that T.(0, (n,n)) < 2n — L, ),
where L, ) is the maximal number of edges of null passage time that such an oriented path can cross.
Forget about the vertical edges of null passage time: L, ) > LG)n), the maximal number of horizontal
edges of null passage time that an oriented path from 0 to (n,n) can cross. This is exactly the celebrated
discrete Ulam’s problem, originally solved by Seppiélainen [14, 15] and revisited by Basdevant, Enriquez,
Gerin and Gouéré [3]: using a discrete variant of Hammersley’s lines, they prove that L/(n,n) /n converges

a.s. when n goes to infinity towards 24/e(1 — €). This implies that p.((1,1)) < 2 — 24/ + o(y/€). Their



result is more general and can be used to give an upper bound on . ((a, b)) for a,b # 0, but not directly
on pe((1,0)).

On the other hand, for a generic dimension d > 2, some lower bounds on p.((1,0,...,0)) can be found
in [5, 10, 11, 16]. Notably, Sidoravicius, Surgailis and Vares prove in [16] that for d = 2, p.((1,0)) >
1—+/2(1 = (1 —¢)%) =1—+/8e+0(y/2). Notice that the upper and lower bounds describe above do not
have the same first-order behavior in €.

Main result. Clearly, uo(z) = ||z||1, the f!-norm of z. In this article we investigate the first-order
behavior of p.(2) as e tends to 0. This depends on the number of non-zero coordinates of z — which we
denote by di(z) — and on the geometric mean of the absolute values of the non-zero coordinates — which
we denote by (z). In other words, writing z = (z1,. .., z4),

di(z) =#{ie{l,...,d}: 2 #0}

and

= I e (1)

1€{1,...,d}:z;#0

To simplify some notations, we also introduce the number of zero coordinates dy(2):
d2(2) :d_dl(z) = #{Z IS {1,...,d} 7 :O}_

Theorem 1. There exists a family of positive constants (C(di,d2))d,>1,d,>0 Such that the following
holds. For all d > 2, for all z € R%\ {0},

pe(2) = |21 — C(di(2), do(2))y(2)e/ 1) 4 o(eV/ a3y 4s e — 0.

Bernoulli site first-passage percolation on Z¢. A similar result holds for site percolation, and it
appears that the proof is more intuitive in this context. We give now the corresponding definitions in the
context of site first-passage percolation, and for clarity we replace any notation in bold letters we used in
the context of bond percolation (7, T, p) by notations with regular letters (7,7, u) for site percolation.
More precisely, let d > 2 and ¢ € [0,1] and let (7.(z)),eze be a family of independent Bernoulli
random variables with parameter 1 — e. For a path 7 from z to y with vertices (zg,...,,), define now

the travel time of 7 as .
e

Te(m) = ZTE(IZ‘).
i=0
Note that we do not consider 7.(x,). Define the time between x and y by
T.(xz,y) = inf 7.(m)
TT—Y
where the infimum is taken over all paths from = to y. As previously, the variable 7.(x) is seen as the
time needed to visit the vertex x, thus if 7.(z) = 0, we say that x is open.

As in the context of bond first-passage percolation, by subadditive arguments, we know that for all
z € RY there exists a deterministic constant y.(z) > 0 such that

lim T.(0, |nz])

= p(2) almost surely and in L.
n— 00 n

Since the proofs are straightforward adaptations of the ones provided by the literature in the context of
bond first-passage percolation, we do not rewrite them in the context of site first-passage percolation.
However, for completeness of the paper, we give in Appendix A.1 a short proof of the convergence of
(E(T:(0,|nz]))/n), since it is enough to define p.(z) properly as the limit of these rescaled expectations.

We now state the corresponding result on the first-order behavior of the time constant in site first-
passage percolation.

Theorem 2. There exists a family of positive constants (C(d1,d2))d,>1,d,>0 Such that the following
holds. For all d > 2, for all z € R\ {0},

pe(2) = ||zl = O(di(2), da(2))y(2)e/ M3 4 o)) as e — 0.



Moreover, we have the following comparison between the constants appearing in the two previous
theorems.

Proposition 3. Let (C(d1,d2)d,>1,d,50 (Tesp. (C(d1,d2))d,>1,d,>0) be the constants appearing in The-
orem 1 (resp. Theorem 2), we have

4/ C(dy, ds) < C(dy, da) < (dy + do) /1 C(dy, do).
In particular when dy = 0 we get the equality
C(dy,0) = d\/"C(dy,0).
If moreover d = dy = 2, the value of both constants is explicit:
C(2,0) =2 and C(2,0) =232

In fact the constants C(d;,ds) and C(dy, d2) have an explicit interpretation in terms of an auxiliary
semi-continuous (partially) oriented model, see (7) and (34). The case d2 = 0 corresponds to the diagonal
case, in which this second model is in fact totally continuous and oriented. For d = 2 and (dy, d2) = (2,0),
this model is solvable: it is a continuous Poissonization version of the discrete Ulam’s problem described
above, introduced by Hammersley [8], solved first by Logan and Shepp and by Vershik and Kerov in 1977,
and revisited later in a probabilistic way by Aldous and Diaconis [1] using the so-called Hammersley’s
line process. The equality C(2,0) = 2 comes from there.

Strategy of the proof and organization of the paper. The common strategy of the proof of
Theorems 1 and 2 is the following. First prove that the first-order behavior of the time constant for
small ¢ is the same for the studied model and a (partially) oriented version of it. Then we prove the
convergence of the time constant of this oriented model, properly rescaled by a power of €, towards the
time constant associated with a related semi-continuous oriented model, and check that this limit is well
behaved.

The relation between the semi-continuous oriented model, the oriented model and the original one is
significantly more intuitive in the context of site first-passage percolation. For this reason, we focus first
on the proof of Theorem 2 in Section 2, following the strategy described above. The adaptation of the
proof to get Theorem 1 is given in Section 3. The proof of some standard results is postponed to the
Appendix.

2 Proof of Theorem 2: the site case

2.1 Setting and notations

In the whole of Section 2, we fix d; > 1, do > 0 and we set d = dy + d2. We consider Bernoulli site
first-passage percolation on Z¢. Our aim is to prove the existence of a positive constant C(dy, ds) such
that, for any z € R? such that d;(z) = d; and da(z) = da, the following limit holds:

zll1 — pe(z
tim L) 64, ),
By symmetry, it is sufficient to prove this result for any z € (0, +00)% x {0}%2.

We denote by Proj,, : 74 x 792 — 7% the projection on the first space and by Projd2 D 7 x
7% — 742 the projection on the second space. We will sometimes refer to the d; first coordinates
as the horizontal coordinates and to the do last coordinates as the wertical coordinates. With this
terminology Proj,, is the projection on the horizontal coordinates and Projd2 is the projection on the
vertical coordinates.

In what follows, we have to deal with sequences of points in R% and to adopt a notation for the
coordinates of these points: we put the label of the points within the sequence into brackets, and
designate one of its coordinates by a subscript. For instance, if (w(1),...,w(k)) is a sequence of k points
in R, w(i); is the j-th coordinate of w(i).
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Figure 1: Example in the discrete oriented model of site percolation in dimensions (dq,ds) = (1,1). Open
sites are drawn in red. Here, the score SP(0, z) can be achieved with the path drawn in blue. Note that
two open sites w(i), w(i+ 1) taken by the blue path are counted as two rewards for this path only if their
abscissa are strictly increasing. Note also that the set of paths considered to compute the score can only
do steps to the North, South or East. Here, we have SP(0,2) = 6 — 2 = 4.

2.2 A related discrete oriented model
2.2.1 The model

We first define a relation < on Z%. Let x,y € Z¢. Write x = (21,...,24) and y = (y1,...,yq4). We define
x <y as follows:
x < y holds when, for alli € {1,...,d1}, =; < y;.

In other words, we require a strict inequality for indices ¢ < d; and we make no requirement for indices
i > di + 1. We define a relation < similarly with a large inequality.

Let x < y be two vertices of Z% x {0}92. Let D.(x,y) (D stands for discrete) be the set of monotone
sequences of open sites between x and y, that is

D.(x,y) = {(w(1),...,wk)) : k> 0,w(1),...,w(k) open sites of Z¢ with z < w(1) < --- < w(k) < y}.

Note that we commit an abuse of language by using the word "monotone" as < is not an order. Let
(w(1),...,w(k)) € D(x,y). Write w(0) = z, w(k + 1) = y and set

k+1
V(w(),...,wk)) =Y [Proj®(w(i)) — Proj*(w(i — 1))|; and R(w(1),...,w(k)) = k.
=1

Note that Proj2(w(0)) = Proj?2(w(k + 1)) = 0 so V does only depend on (w(1),...,w(k)). Moreover

k+1

D lw(@) = w(i = Dl = lly =zl + V(w(1),...,w(k)). (2)

i=1

The quantity V(w(1),...,w(k)) denotes the total vertical displacement to travel from x to w(1), then

to w(2), and so on until w(k) and finally to y. The quantity R(w(1),...,w(k)) is the number of rewards

collected along this sequence, since each open vertex can be seen as a gain of one unit for the travel time.
For all ¢ > 0 and all <y in Z% x {0}92, we define a score SP(z,y) by

SP(ey)= s (R(s) - V(s)). 3)
s€ED:(z,y)

When the starting point x is the origin of Z?, we will simply write S (y) to denote SP(0,y). Note that
the score is non-negative as ) € D.(x,y) (this is the case where k = 0) and R(0) — V() = 0 (see an
example of a score calculated in Figure 1). Let state here the following elementary result which quickly
explains the link between this score and the travel time. The point is that the bound given below is
sharp when & > 0 is small (see Lemma 6). Therefore the study of 7. can be reduced to the study of SP.

Lemma 4. For all z € Z% x {0}92,T.(0,2) < ||z[|1 — SP(2).

This lemma is clear if you have in mind that in fact ||z||; — ST (2) can be seen as the travel time from
0 to z if you only allow oriented paths in the d; horizontal direction and moreover, the passage time of
an open site is counted as 0 if and only if the previous open site through which the path passed was
strictly smaller for the order <. However, we provide here also a more formal proof.



Proof. Let s = (w(1),...,w(k)) € D.(0,z). Write w(0) = 0 and w(k + 1) = z. Consider a path 7 of
minimal length (number of steps) that starts from w(0), goes to w(1), then to w(2) and so on until
w(k + 1). Tts length is

k1

D lw(@) —w(i = Dl = [[2]ls + V(s) by (2).
i=1
As each site w(l),...,w(k) is open, its travel time can be bounded from above by its length minus k:
7e(m) < [zl + V(s) = R(s) = ||z]lL = (R(s) = V(s))-

This yields the result. O

D

We define a mean directional score o;

() in the following lemma.

Lemma 5. For all z € (0,4+00)% x {0}92, the following limit is well defined :

oP(2) = lim ~E[SP(|nz))]. @

n—oo N

Proof. This follows from standard sub-additive arguments. Let z <y < z in Z% x {0}92. The concate-
nation (s, s’) of a sequence s € D.(z,y) and of a sequence s’ € D.(y, z) belongs to D.(z,z). Moreover
R(s,s') = R(s) + R(s') and V(s,s) < V(s) 4+ V(s'). Therefore

S2(x,2) 2 ST (x,y) + 5P (y., 2).

Let now z be in (0, +00)% x {0}92. For any integers p,q > 0, using first the above triangle inequality
and then the non-negativity of the scores,

SP((p+9)z]) = SP(Ipz)) + S (Ipz), lpz] + laz)) + ST (lpz] + laz), [(p + @)z])
> SP(lpz]) + SP(lpz], pz] + az)).

Integrating and using stationarity, we get

E[SP(L(p+q)2))] = E[S(|pz))] + E[SP (Lg2])]-

The result then follows from Fekete’s subadditive Lemma. O

It is worth noticing that ||z||; — 02 (z) corresponds to the time constant associated with the discrete

oriented model we have just defined. The convergence appearing in Lemma 5 could be strengthened to
a convergence with probability one and in L', however we do not need it.

2.2.2 Link between the oriented model and the original model

We have in hand two models: the site first-passage percolation, and its (partially) oriented version. We
defined the two corresponding time constants, namely p.(2) and ||z||; — 0P (z). Our goal is now to prove
that these two time constants have the same behavior at order /%, More precisely, the main result of

this section is the following result.

Proposition 6. For all z € (0, +00)% x {0}%,

o Be(2) = (2l = oP ()

=0.
e—=0 51/d1

Lemmas 4 and 5 already tell us that u.(z) < ||z]|1 — ¢P(z). This comes from a basic comparison
between general first-passage percolation and (partially) oriented first-passage percolation: restricting
ourselves to oriented paths increases the minimal passage time over paths. The delicate part is to prove
that it cannot increases it significantly. In the remaining of Section 2.2.2 we give a proof relying on
Lemma 7 — whose standard proof is given in Appendix A.2 — and on Lemma 8 — whose technical proof
is postponed to Section 2.5.



We first need to introduce a few objects and two intermediate results. Recall the definition of < in
Section 2.2. Let x,y € Z% x{0}92. We denote by y~ the point y—14, where 14, is the point of Z x {0}
whose d; first coordinates equal one. Assume z < y~. We say that a path 7 = (a(0),...,a(n)) in Z% is
a nice path from x to y~ if

a(0) = z,a(n) =y~ and for all i € {0,...,n},a(i) < y.
We denote by T(z,y) the infimum of the travel times 7.(7) over every nice path 7 from z to y~.

Lemma 7. For all z € (0,+00)% x Z% for all ¢ > 0,
: 1 nice
pelz) = lim TE[T0, [nz))].

This kind of results belongs to the folklore of first-passage percolation. We provide the short proof
in Section A.2. For all z € (0, 4+00)% x {0}92, ¢ > 0, 7 > 0 and n we consider the event

M(z,2,m,m) = {T29(0, [nz]) < [[[nz] "l ~ SP(Inz]) — mnst/b).
Lemma 8. For all z € (0, +00)® x {0}, 1 > 0 and for all e > 0 small enough (depending on z and 1),

lim P[M(z,e,n,n)] =0.

n—oo

The basic intuition is quite simple. We are interested in geodesics from 0 to a point x in (N*)% x
{0}?2. The travel time of a path is its length minus the number of open sites it visits. Using steps in
—eq,...,—eq, makes the path longer. When ¢ decreases to 0, making such steps to reach an open site
becomes too costly. In the limit when ¢ tends to 0, we can thus restrict our attention to paths which
use no such steps and we can actually restrict to paths that only collects open sites b(1),...,b(p) such
that (b(1),...,b(p)) belongs to D (z). In other words, in the regime we are interested in, we can replace
T.(0,z) by ||z]ls — SP(0,x). The proof of this result is actually rather technical. We give it in Section
2.5.

Proof of Proposition 6 using Lemmas 7 and 8. Fix z € (0,+00)% x {0}2 and n > 0. By Lemma 8 we
can fix g9 = g9(z,m) > 0 such that, for all € € (0,¢9),

lim P[M(z,e,n,n)] = 0.

n—oo

By Lemma 4, for all n > 1,
T.(0, [nz]) — nfl2[s + S2([nz]) <0

and therefore by the definition of the time constant j.(z) (see Lemma 20 in Appendix) and Lemma 5,
ez — 12l + 0P (2) < 0.

Moreover, for all n > 1, .
(0, [nz]) > 0 and SP(|nz]) >0

and then

T2(0, [n2]) — | [nz) " | + SP(Inz]) = ="M Lz cmme = 1n2) 7 Lz mm)-
Therefore, using Lemmas 5, 7 and 8, we get
1/d1.

pe(2) = |zl + 02 (2) = —ne

This ends the proof of the proposition. O
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Figure 2: Correspondence between the semi-continuous model and the discrete model in dimensions
(d1,d2) = (1,1). On the left, red points are distributed on each horizontal line as a Poisson point process
with unit intensity. On the right, the corresponding discrete site percolation on Z? with parameter
exp(—e¢) (red sites have time 0 ; a site is red with probability € = 1 —exp(—¢)). Note that the horizontal
scale is not the same on the left and on the right.

2.3 A related semi-continuous oriented model
2.3.1 The model

We define an oriented semi-continuous model on R% x Z% as follows. Let da denote the Lebesgue
measure on R% and dv denote the counting measure on Z%. Let ¢ be a Poisson point process on
R% x Z% with intensity v = dz ® dv. In other words,

§= U {(.%‘,U),:C € Xv}

vEZI2

where (Xy)yezd» 18 a family of independent Poisson point processes on R4 with intensity dz. We call
particles the points of &.
Let € > 0. For a = (ay,...,aq,) € Z% and b € Z%, we define the e—cube C.(a,b) by

dy
Ce(a,b) = [ laie"/*, (a; + 1)e"/*) x {b}. (5)
i=1
We say that a e-cube is open if it contains at least one particle of £&. Otherwise we say that the cube
is closed. As v[C:(a,b)] = €, each cube is open with probability £ = 1 — exp(—e¢). Set

Té(aa b) = ]lCE(a,b) is closed*

The family (7z(a,b))aq,p is a family of independent Bernoulli random variables with parameter 1 —&. We
use this family to define the discrete oriented model with parameter &. Under this coupling, (a,b) € Z¢
is open (in the discrete model) if and only if C.(a,b) is open (in the semi-continuous model). We refer
to Figure 2.

We extend the definition of < and < from Z% x Z% to R x Z% in a natural way. For any a > 0,
we introduce a new relation <, on R% x Z% by

& <o y holds when, for all i € {1,...,d1}, z; + o'/ <y, (6)

Note that < is equal to <. For any z € (0, +00)® x {0}92 we denote by C,(z) (C stands for continuous)
the set of all monotone sequences of particles of ¢ between 0 and z which are a-separated, which we
define as the set

Co(z) ={(w(1),...,w(k)): k> 0,w(l),...,w(k) € & such that 0 < w(l) <4 -+ <o w(k) <o 2}

We extend in a natural way the definition of R and V from sequences of Z% x Z% to sequences of
R% x 792, We then define a score S¢(z) by

SS(z) = sup (R(s)—V(s)).
s€CH(2)

As in the discrete setting, we define a mean directional score € as follows.



Lemma 9. For all z € (0,+00)% x {0}92 and any o > 0,

iy b 1oaree _ 1oree
oo(z) = )\HgmAEJR)\]E[S (A\2)] = /\2113* )\ E[S5(Az)] € (0, 0c].

Proof. As in the proof of Lemma 5 one checks that for any A\, \' > 0,
E[SS((A + X)z)] > E[SS(Az)] + E[SE(X2)].

As E[S$(Xz)] is moreover non-negative for any A, one deduces from a continuous version of Fekete’s
subadditive lemma the required result.t O

2.3.2 Link between the oriented discrete model and the oriented semi-continuous model

We have already proved (see Proposition 6) that the time constant p.(z) behaves like ||z|; — o2 (2) +
o(e/ ™) for small . We now want to prove that 0P (z) is indeed of order €'/ . This is done by proving
that 0P(2)/e!/% actually converges to the mean continuous directional score o§(z). The aim of this
section is thus to prove the following result.

Lemma 10. For all z € (0, 4+00)% x {0},

aP(2) c
ala gl/dy =05(2).

To achieve this goal, we need two ingredients The first one is a study of the dependence in a of S¢
(see Lemma 11), that allows us to approximate o§ by o€ for a small enough. The second one (see Lemma
12) is a comparison between the discrete score ST and two of its continuous counterparts, namely S§
and S¢ for some & depending on £.

We first prove the two following lemmas.

Lemma 11. Let z € (0,+00)% x {0}%.

1. For all a > 0, the maps o~ E[S$(2)] and a — 0S(2) are non-increasing.
: c _ c
2. i%E[Sa(z)] =E[S§(2)].
Cr) — C
3. ili%a (2) = a5 (2).
Notice that the quantity Sg (2) is designed to be monotone in «, which makes straightforward the

convergence when « goes to 0.

Proof. The monotony of a — E[SS(2)] is a consequence of the monotony (in the sense of inclusion) of
a + Co(2). The monotony of a + o< (2) follows. Then,

lim E[Sg(z)] —E [lim s¢ (z)} , by the monotone convergence theorem
a—0 ) La—0

= |sup S¢ (z)} , by monotonicity
La>0

b

,as | Ca(2) = Col2).

a>0

=E |[sup sup (R(s)—V(s))
_a>0 s€Cq(2)

=E| sup (R(s)—V(s))
_sECo(z)

IDefine f : (0,+c0) = R by f(A\) = ]E[Sg()\z)]. We know that f is super-additive and non-negative. Fix Ao > 0. For
any A > 0 write A = g(A)Xo + r(A) with ¢(A) € N and r(\) € [0,\o). As f is super-additive and non-negative we get
70> a0 f (o) and thus

aN)

1
liminf ~ f(A) > liminf £2)
Jminf SFA) 2 fiminf =27 (o) = 37

f (Mo)-
Therefore

1 1
liminf — f(X) > —f(Xo)-
fimint 3700 2 sup 3 00)

As the inequality limsupy_, 4 o, %f()\) < supy,>0 Tlof(Ao) is straightforward, this ends the proof.



This gives the second item of the lemma. Then,

lim € (2) = sup 0<(z), by monotonicity
a—0 a>0

1
= sup sup fE[Sg()\z)], by Lemma 9
a>0)A>0 A

1
= sup — sup E[Sg()\z)] ,
A>0 A a>0

= sup XE[SS (Az)], by the second item and monotonicity
A>0

= 05(2), by Lemma 9.
This ends the proof. O
Lemma 12. For all z € (0, +00)% x {0}%,

E[Sg(el/dlz)] <E[SP(|z]))] < E[Sg(el/dlz)}
where & := 1 — exp(—e).

Proof. Let z € (0,+00)% x {0}92. Let s = (w(1),...,w(k)) € C-(¢'/%2). Each w(i) belongs to a unique
cube C.(w'(7)). By construction, w’(¢) is an open site in the discrete model with parameter 1 —&. Hence,
this defines a sequence of £-open sites s’ = (w’(1),...,w’'(k)). Besides, by definition, the e-separation of
the sequence s implies that the discrete sequence s’ is monotone for the relation < and so s’ € Dz(0, | z]).
Moreover, we clearly have

R(s) = R(s') and V(s) = V(s').

Thus
SE(ehz) < SP(|2))

and then
E[SE(e"/"12)] <E[SP(|2]))].

Now let s = (w(l),...,w(k)) € Ds(0,|z]). Each cube C.(w(i)) is open. Therefore we can take in

each C.(w(i)) a particle w’(é). The strict monotony of the horizontal coordinates of the sequence

(w(1),...,w(k)) implies that the sequence s’ = (w'(1),...,w’(k)) belongs to Co(s'/%2). As above,
R(s) = R(s') and V(s) = V(s') and we get

E[S?(sz)] < E[Sg(el/dlz)].
This ends the proof. O

Proof of Lemma 10. From Lemma 12 we get

lim IFL‘[SC(nezl/d1 )] < lim lIEE[S?(anJﬂ < lim lIEE[Sg(nal/dlz)].

n—oo N n—oo n n—oo N
From the definitions of o7 (-) and o(-) we deduce
eV hgC(2) < 0P(2) < VoS (2).

By the third item of Lemma 11 we then get

. oP(2) c
lim 7 = 00(2).
The result follows as € = 1 — exp(—¢) ~ € when € — 0. O

10



2.3.3 Study of 5§

We proved in Lemma 10 that 0P (z)/e'/% converges to the mean continuous directional score o§(z). Tt
remains to check that this limit is finite, and to clarify its dependence in z.

Recall that v(z) is the geometric mean of the non-zero coefficients of z (see (1)). Recall also that 14,
denotes the vector of (0,+00)% x {0} whose non-zero coefficients equal 1.

Lemma 13. For all z € (0, +00)% x {0}%,
a6 (2) = v(2)a5 (La,) < oo.

The proof is divided in two steps. We first prove that o§(z) = v(2)o§ (14,). This follows easily from
a scaling argument for Poisson point processes. Then we prove that O'g (L4,) < oco. This is done through

a control of the tail of the distribution of S§(A1g4,).
Proof. Let z € (0, +00)% x {0}92 and write v for y(z). Let ¢ : R? — R? be the linear map defined by
50(1'17 s 71'd) = (7:61/215 s a’yxdl/zduzdl-‘rla s ,Id).

Then ¢(z) = v14,. Making explicit in the notations the dependence on the configuration & of particles,
we have

sup  (R(s) = V(s)) = sup (R(¢™(5)) = V(¢ (s)))
s€Co(2)(8) s€Co(v1ay ) (¢(£))
= sup (R(s) = V(s)).
s€Co(vlay ) (¢(£))

But ¢ preserves the Lebesgue measure and therefore ¢(£) has the same distribution as . Integrating
the previous equality yields

E[S§(2)] = E[S§ (v(2)1a,)]-
Applying this for all Az we get
1 1 o1
Jim SE[SF(A2)] = lim SE[S§(M(2)1a,)] = (2) Jim TE[SF(Aa,)]

and thus
06 (2) = ()06 (La,)-
It remains to prove that o (14,) is finite. Let A > 0 and A > 0. We have

P[S§ (Mq,) > AA] < E[ > > Lirs)-v(s)>r4}
n>AA s=(w(1),...,w(n))€Co (M4, )

=, ]E[ Yo et i1 0<w(); < <uwn); <A Lin—V (1), w224} |-
n>\A w(l),...,w(n)€E

Using the multivariate Mecke formula (see Theorem 4.4 in [12]) for the point process £, we get
PSS (ALg,) > AA]

< Z/ da(1)...da(n) D" Livjeqi..di}.0%a(); < <a(m); <A L{n-V((@(1),b(1)), . (a(n) () 224} -
n>aa” (R b(1),...,b(n)eZd2

With a change of variable we get, for all n > 1,
n—AA y-dan
> Lin—v((a(1).b(1)),....(a(n)b(n))=AA} < > Losom ja@ihzaay S€7 KT
b(1),...,b(n)E€Z2 A(1),...,A(n)€Z42 B

where

K = Zexp(f|u|) < 0.

UEZL

11



On the other hand,
A" eA\ ndi
/(Rdl)n da(1)...da(n)livjeqr,....d},0<a(1); <-<a(n); <A} = <ﬁ> < (I) -
Thus,

PSS (ALg,) = MA] < Y e AAKdzn(eA)ndl

n
n>AA
7>\A Z ( 1+d1)\d1Kd2)
n>AA
—AA Z 1+d1Kd2)
Ada
n>AA
7/\[42 el+di cdo
Al )
n>1

Fix Ag > 0 such that
eltdigds ]

Ay
Then, for all A > Ay,
PSS (M4,) > MA] < e M.

C “+oo 1
]E{SO()\]MI)}SAO—F/ e MAA < A+ ~
A " A

Therefore,

and then
S§(Mg,) }
A

o6 (1a,) = lim E| < 4y < .

2.4 Proof of Theorem 2
The proof of Theorem 2 is now straightforward (but recall that we postponed the proof of Lemma 8).

Write
21 = pe(2) _ Izl = 02(2) = pe(2) | 02(2)

c1/d; - o1/d; + cl/di

The first term tends to 0 when ¢ tends to 0 by Proposition 6. The second term tends to ¢§(z) by Lemma
10. By Lemma 13 we thus get
2]l = pe(2)

: _ c
lim =7 =7(2)o5 (La,)-
Thus the theorem holds with
C(d1,d2) = o (La,) (7)
which is finite by Lemma 13. Let us recall that 00( ,) is the directional score in direction 14, in the
semi-continuous model of dimension d; + dy. So, 0§ (14,) also depends on dy although it is not recalled

in our notation.

12



2.5 Proof of Lemma 8

In this section we complete the proof of Theorem 2 by giving a proof of Lemma 8. The idea is to associate
with each nice path from 0 to [nz|~ an oriented path in the horizontal directions which have almost the
same travel time. To this end, we will need first to introduce some notations.

We refer to Figures 3, 4 and 5 for an illustration of all the notations we introduce now. Let
(b(1),...,b(p)) be a sequence of sites of Z? such that

b(i) < [nz| for alli € {1,...,p}. (8)

Set also b(0) = 0 and b(p + 1) = |nz|. We extract a finite monotone sub-sequence (b(ix))o<k<q Of
(b(0),...,b(p + 1)) recursively as follows:

e Set io =0
o Ifip <p+1, set Tht1 = inf{i > ’Lk,b(Zk) < b(Z)}

Note that, if i, < p + 1, Equation (8) implies that inf{i > i, b(ix) < b(i)} < p+1 and so ip41 is well
defined. We thus get an integer ¢ > 1 and a sequence b(ig) < --- < b(iq) of length ¢ + 1 such that
b(ig) = b(0) =0, b(iy) = b(p+ 1) = [nz|. For each k € {0,...,q — 1} we write

b =igs1 — i — 1 >0 and (c(k,0),...,c(k, lg)) = (b(ix), -, b(ig+1 — 1)).

In other words, c¢(k,0) is a new notation for b(ix) and (c(k,1),...,c(k,£x)) is the sequence of b(i) that
are strictly between (in the order given by the index) b(iy) and b(ir+1). Note that £ can be equal to 0.
We also write ¢(g,0) = b(iy) = [nz]. By construction,

Vke{0,....q—1}.¥i € {1,... 0}, c(k,0) £ c(k,i) (9)

and
0=1¢(0,0) < ¢(1,0) < --- < ¢(q,0) = [nz]. (10)

For each i € {1,...,p} write
f(i) = Proj® (b(i) — b(i — 1)).
For all k € {0,...,q— 1} and i € {1,..., 6}, set
g(k,8) = Proj, (c(k,#) — c(k,i — 1)) and h(k) = Projy, (c(k +1,0) — c(k,0)) = Projy, (b(ixs1) — b(ix)).

Note also that we have the following relation between p, ¢ and the sequence (¢)o<k<g—1:

qg—1
p=q-— 1+ka.
k=0

An illustration of these notations is given in Figures 3 and 4 in dimension d; = ds = 1.
Moreover, by construction of the monotone sub-sequence, for each k € {0,...,q — 1}, if £, # 0,

b(ik) A biks1 — 1) = c(k, l).
Hence, we can define some direction j; € {1,...,d;} such that
gk = Inf{j, blig41 —1); < b(ix);}- (11)

In words, j is an horizontal direction for which b(iy41 —1) is on the left of b(ix). We set j, = 1if £ = 0.
An example is drawn in Figure 5 in dimension d; = 2 and dy = 0.
We just summarize here the different notations for a sequence of sites (b(1),...,b(p)) :

o The sequence (f(i))1<i<p of vectors of Z% are the vertical increments between two consecutive
terms of the sequence.

o The integer ¢ > 1 is the number of terms of the monotone sub-sequence and for k € {0,...,q—1},

13
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Figure 3: Tlustration in dimensions (dy,ds) = (1,1) of the notations (b(¢), f(%), g, £k, h(k)) introduced
in Section 2.5. The sites (b(i))1<i<10 are given. For 1 < i < 10, the vector f(i) of Z% is defined as
the wertical increment between the two consecutive sites b(i — 1) and b(#). The sites b(¢) drawn in red
correspond to the monotone sub-sequence (b(iy))r>1. The integer ¢ — 1 is equal to the number of red
sites, so here ¢ = 7. For 0 < k < g, the vector h(k) of Z% is defined as the horizontal increment
between the two consecutive red sites b(iy) and b(ir41) and the integer ¢; denotes the number of blue
sites between these two red sites. For example, here ¢1 = 3, f5 = 1 and ¢, = 0 for k ¢ {1,5}.

Figure 4: Tllustration in dimensions (dy,ds) = (1,1) of the notations g(k,4) introduced in Section 2.5.
The picture represents a detour of the path to the left between two consecutive sites of the monotone sub-
sequence b(i1) < b(iz). The sequence (g(1,1),...,9(1,¢)) taking values in Z% is equal to the horizontal
increments between two consecutive sites. Recall that we do not take into account the increment between
the last blue site and b(iz).

Figure 5: Tllustration of the notation (j;) introduced in Section 2.5 in dimensions (dy,ds) = (2,0).
The blue, green and red sites represent the sequence (b(7))1<i<g of given sites. The sites drawn in red
correspond to the monotone sub-sequence (b(ix))x. By construction, if there exists sites between two
consecutive red sites b(iy), b(ix+1), the last one (drawn here in green) is either on the left or below (or
both) of b(ix). Then, we set jr = 1 if this green site is on the left of b(ix) and jr = 2 if not (and so, in
this latter case, the green site is necessarily below b(i)). By convention, we also set ji = 1 if there is
no site between b(iy) and b(igy1), i.e., if £ = 0. For example, here, we have jo = j; = jo = j4s = 1 and
Js =2
14



— the vector h(k) of N% is the horizontal increment between two consecutive terms of the
monotone sub-sequence.

— the integer ¢, > 0 is the number of terms between two consecutive terms of the monotone
sub-sequence and the sequence (g(k,7))1<i<e, of vectors of Z% are the horizontal increments
between these terms.

— the integer j, € {1,...,d1} is an horizontal direction such that b(ix41 — 1);, < b(ix);,

We now gather in the following lemma properties that some sequence (b(¢)) must satisfy if the event
M(z,e,m,n) occurs.

Lemma 14. Let z € (0, +00)% x {0}92,e > 0 andn > 0. Letn > 1 be large enough to ensure 0 < [nz|~
On M(z,e,m,n) there exist p > 0 and a sequence of open sites b(1),...,b(p) such that (with the notations
defined above):

1.0 < nllzlly = 40 1 (k) 1
2.0<p =30 If@)]1-
3. 0< — ZZ 19(k,4)j, for each k € {0,...,q—1}.

‘ .
400 < Ui+ 300 <y i ME) G — 22550 21 <j<ay g, 9(Ko 1) for each k €{0,...,¢—1}.

—1 Ly . -1 _1
5.0 < =3 7k—0 20k l9(k, 1) — 2oko Do1<i<dy it Zz (g(kyi);) _ + 8 e — nnet/d,

Proof. Let m be a nice path from 0 to |nz]~ such that 7.(7) = T(0, |nz|). Such a path exists because
0 < [nz]~ (so that there exists nice paths) and 7. takes value in N (so that the infimum is a minimum).
As 7 is optimal we have (consider a path with minimal length):

TE(W) < || anj_”l - ]10 is open- (12)

We can assume that 7 is self-avoiding. Say that a vertex visited by m — without considering the last
vertex — is special if it is open or if it is the site 0. Let (b(0),...,b(p)) be the sequence — ordered by order
of visit — of special vertices successively visited by m. Set b(p + 1) = |nz]. By definition of nice paths,

b(i) < |nz| for all i € {0,...,p} (13)

and Equation (8) is satisfied. Let us now prove that, on M(z,&,n,n), the five items of Lemma 14 are
satisfied for this sequence (b(0),...,b(p + 1)).

Start with Item 1. For each k € {0,...,q — 1}, as b(ix) < b(ix+1), all the coordinates of h(k) =
Projg, (b(ix+1) — b(ix)) are positive. As moreover ZZ;% h(k) = Projg, (b(iq) — b(io)) = Projg, (|nz]), we

get
g—1 d;

leh =YD hk ]72an < nllz|
k=0 j=1

as the coordinates of z are non-negative. This establishes Item 1.
Let us check Item 2. First note the following (crude) lower bound on 7.(7):

7e(m) = ||[nz] "I + Y 1@ = P = Lo s open (14)

i=1

Indeed the minimal length of a path from 0 to |[nz|~ is ||[nz] ~||1. Moreover, as 0 and |nz| both belong
to Z% x {0}, each step in the last do coordinates is a detour. Therefore the length of 7 is at least
llnz) =1l + X0 1 F (@)1 As @ visits p+ Lo is open Open sites, (14) follows. From (12) and (14) one gets
Item 2.

Item 3 is just a rewriting of the definition of j; given in (11). Indeed recall that g(k,i) = Proj,, (c(k,i)—
c(k,i—1)) so

Zg (kyi)s, = c(k, k), — c(k,0), = blirg1 — 1), — b(ix)j, <O0.
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Using the definition of h(k) and g(k, i), let us note that Item 4 is equivalent to the following inequality:
Yoo ekl <t Y clk+1,0) (15)
1<j<d1,j#jk 1<j<d1,j#jk

If ¢, = 0, (15) is a consequence of (10). Henceforth, we assume ¢;, > 1. If k = ¢—1, (15) is straightforward
by definition of nice paths. If & < g — 2, (15) is due to the optimality of 7. Consider indeed the subpath
7 of m from ¢(k,0) to ¢(k 4+ 1,0). As 7 is optimal, 7 must be optimal. This implies that the rewards
that 7 collects must be bigger than the additional length induced by the detour it makes to collect
them. In other words, considering a path of shortest length between c¢(k,0) and c(k +1,0) (which is part
of a nice path as ¢(k,0) < ¢(k +1,0) < ¢(g,0)) we get

78(71—]6) < ”C(k + 170) - C(k’o)”l - ]lc(k,O) open* (16)

Using a lower bound on the length of 7. and recalling 73 visits £ + Lc(k,0) open OPEN sites (without
counting the last one), we get

Te(mi) 2 lle(k +1,0) = e(k,0) [+ Y (elk,ta); — ek +1,0)5) , =l = Le(k.0) open
1<) <dr,j#ix

> ||C(l€+1,0) _C(kaO)Hl + Z (C(k),fk)j —C<k+1,0)j) _Ek_ﬂc(k,O) open> (17)
1<j<d1,j#Jjk

where (z)4 denotes the positive part of z, 7.e max(z,0). From (16) and (17) we get (15).
We now prove Item 5. On M(z,e,n,n), we have the following additional property:

7e(m) < ||[nz] "l — ST ([nz]) — e’/ (18)

The length of 7 is |||[nz]||1 plus the length of the detours. Let k € {0,...,¢ — 1} and consider the
contribution to detour of the path my, that is the subpath of m between c¢(k,0) and ¢(k + 1,0). By (10),
c(k,0) < |nz] an thus ¢(k,0) = |nz|~. By (11) the contribution to the detour of the ji-th coordinate

steps of 7 is at least
Ly
D lglk,i)z,]-
i=1

By (10) ¢(k,0) < c¢(k+1,0). Therefore the contribution to the detour of the other horizontal coordinate

steps of 7 is at least
Ly
> D (olki

1<j<dy,j#gk =1

where (x)_ denotes the negative part of z, i.e. max(—=x,0). The contribution to the detour of the vertical
steps is at least

ZHPI"OJ c(k+1,0) — e(k,0))]];.

Thus the length of 7 is thus at least

q—1 fy
|1+ZZ\91”M|+Z > Z (k, i), +Z||Pr03 c(k+1,0)—c(k,0)|1. (19)
k=0 i=1 k=01<j<diy,j#jk =1

The number of open sites visited by 7 is p+ 10 is open (We do not consider the last site, whatever its state
is). Moreover, p=¢q— 1+ ZZ;% li. Therefore

q—1 £y
7e(m) = |[[nz]” ||1+ZZ|g/HJk|+Z > Z
k=0 i=1 k=01<j<d1,j#jk i=1
q—1
—I—Z”PI"OJ c(k+1,0) = c(k,0) 1 =g+ 1= Lo s open — 3 Lk (20)
k=0
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Let us first consider the case where 0 is closed. By (10), (¢(1,0),...,¢(¢ — 1,0)) belongs to D.(0, [nz])
and therefore

SP(|nz]) > R(c(1,0),...,¢(g —1,0)) = V(e(1,0),...,¢lg — 1,0))
g—1
>q—1—Y |[Proj®(c(k +1,0) — c(k,0))|s-

When 0 is open, we use (¢(0,0),...,¢(q¢ —1,0)) € D:(0, |nz]) and get

q—1
SP(|nz]) = q =) |Proj(c(k +1,0) — e(k, 0))]1.
k=0
In all cases,
q—1
SP([nz]) 2 g+ Do s open — 1 = D [[Proj™ (c(k +1,0) — c(k, 0))]1. (21)
k=0
Item 5 follows from (18), (20) and (21). O

Lemma 14 prepares the application of union bounds and deterministic Chernov inequalities in the
proof of Lemma 8. As usual, the strategy is to keep enough information to avoid combinatorial explosion
while throwing enough information to get manageable expressions. Note for example that Item 2 already
provides a good control on the length of the vertical increments. For that reason, we do not have to take
all their contributions into account in Items 4 and 5, especially when giving a lower bound on the length
of 7w in (17) and (19) - which is good news since it would have add some pretty messy terms. As another
example, note that Items 3-5 give a good control on one coordinate of the g(k, i) but a cruder one on the
other coordinates. This gives some relative freedom on d; — 1 coordinates of the g(k, ). Because of this,
for example, there is an exploding factor of order ¢ ~(41—1)/d1 jp (29). This is however harmless because
it is multiplied by e.

Proof of Lemma 8. For all s > 0 we introduce

14e7°
1—e5

K(s) = exp(—slal) =

a€Z

€ [1,00).

We will use in particular the following properties of K:
2
s+ K(s) is decreasing, K(s) — 1 as s — 00, K(s) ~ — as s — 0. (22)
s

Let z,e,nm and n be as in Lemma 14. Write M(n) = M(z,e,m,n) for short. We give an upper
bound on P[M(n)] using Lemma 14, union bound and deterministic Chernov inequality (that is bound
of an indicator by an exponential). On the event M(n), Lemma 14 gives us the existence of a p > 0
and of a sequence (b(1),...,b(p)), thus of the corresponding q, (€x)k, (jr )&, (f(2))i, (g(k, %))k and (h(k))x
satisfying Items 1 to 5. By a union bound, we thus get a sum over q, (¢x)x, (& )&, (f(7))i, (g(k, %))k, and
(h(k))r (as in Lemma 14) of

1 5 o 1 Litem 2 Liem 4 Litom 5 (23)
where Tyt 1 = 1 if and only if the condition described in Item 1 holds and so on. The term 5q71+24j =
eP is simply the probability that a fixed sequence of sites (b(1),...,b(p)) are open. Note that we bound

Titem 3 by 1 (we kept Item 3 for clarity in the statement of Lemma 14 but it is useless here). We now
fix a, B, > 0 such that

1 (e 1
B=2y, eK(1)%=2hp 1y (0D = 5g- and an =Bzl = 1. (24)

The constants «, 3,7 depends only on z and 7 (recall dy = di(z) and do = da(z)). There exists
€0 = €o(z,m) > 0 such that, for all € < &,
vel/d < o (25)
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holds. We make this assumption in the remaining of the proof. We use

q—1
Litem 1 < My := explBe"/“nl|2[|1] [ exp[—p<"/* (k)| ],
k=0
q—H—ka
Tioms <Moo= ] expll— [1f@)]1],
i=1
g—1 Ly
]lItern 4 < M4 = H €xXp |:Py€1/d1 (gk + Z h(k)j - Z Z g(kﬂ Z)J):|7
k=0 1<j<dr.j#in =1 1<j<ds,j#jn
g—1 Ly
Titem 5 < M5 := exp|[— omnsl/dl Hexp{fazwk )| — Z Z (k,1); Jrozﬁk]
k=0 i=1 1<j<dy,j#jr =1

Fix ¢ > 1,4p,...,0q—1 > 0 and jo,...,jq—1 € {1,...,d1}. We first focus on the sum W(q,¥¢.,j.) of
(23) over all the other variables:

Wi(g,L.,5.) = > (23). (26)

the f(i),9(k,i) and h(k)

For all k£ € {0,...,q — 1}, denote by h/(k) € N the jj-th coordinate of h(k) and by h”(k) € N4—1 the
other coordinates. In other words,

h'(k) = h(k)j, € Nand 1" (k) = (h(k);)1<j<ar,j € N
Define similarly the ¢'(k,i) € Z and the ¢”(k,i) € Z®~1. We can see the sum W (q,£.,j.) as a sum over
the new variables:
Wi(g,0.,j.) = > (23). (27)
the f(i),g'(k,i),g" (k,i),h’ (k) and h'(k)

We can also see (23) as a product of a constant, a factor depending on the f(i), a factor depending on
the ¢'(k,i) and so on. We will consider separately the sum of each kind of factor over the variables on
which it depends.

Let start with the factor depending on the f(¢) (for simplicity we consider the whole Ms). For short

we write p=q — 1+, fx. The sum is over f(1),..., f(p) € Z%. We get
b P
S TTewl— ol = (3 explt - ull))
the f(i)€zd2 i=1 ueZ42
= (eK(1)®)"

< (eK(l)d2)q+Ek' L '
We now deal with the factor depending on the ¢’(k, 4):
Z Hexp[—azm kz}: ()Zkék.
the g’ (k,i)€Z k=0
We go on with the next factors. We get

Z Hexp {7751/‘11 Zg"(k,i)j faZ(g”(k,i)j)_]

the g’ (k,i)eZd41—1 k=0

_ (Zexp[—’ysl/dlu B Ocu,]>(d1_1)zk Oy

u€e”Z
< (K(yeWd) 4+ K (o — et/d)) D 2

18



where we used (25) in the last step. Concerning the h'(k) we have

S I exploe (b)) = F(Be e

the h/(k)€Z k=0

Using 8 = 2v (see (24)) we obtain

g—1
S Lo |- sVa @l + o2 S ),

the A" (k)€Zd1—1 k=0 J
q—1
D D | O B S O SO
the h//(k)€zd1—1 k=0 J

S e[ imn]

the b’/ (k)€Zd1—1 k=0
— K(')/El/dl)q(dl_l).

Coming back to (27), using the above upper bounds and rearranging the factors (in particular we
distribute the power of ¢ in the different factors), we get:

1
Wig,t.,j.) == exp [Be/ " nllzl|s — amns/ | (28)
(eI (1)K (Bt ) K (et ) (@0 )
1/d d 1/d 1y yydi—1) 2k bk
(Eexp[’ys 't aleK(1)? K (a) (K(ye/™) + K(a —~e'/4)) ) .
Using (22) we get, as € — 0,
K(yet/4) 4 K(a — yet/4) ~ 297t d
and thus, for some constant C = C(«, 8,7, dy, d2),
eexplyet/? + aleK (1) K (o) (K (ve'/*) + K(a — vel/dl))dl_1 ~ Cel/d (29)

as ¢ tends to 0. In particular there exists 1 = €1(z,n) (recall that «, 3, only depends on z and 7 and
that dy = dy1(2), da = d2(z)) such that for all € < £1, the above quantity is at most 1/2. Using (22) we
also get, as € — 0,

eeK (1)2 K (Bet/ M) K (yel/H) (=) — e (1)%22% g1y~ (dimD),

By (24), this limit is equal to 1/(8d;). Therefore there exists e3 = e3(z,7) such that for all € < &g, the
above quantity is at most 1/(4dy). Set e3 = min(eg,e1,€2), which depends only on z and 7. For all
€ < €3 we thus have

1 1\ /1) 2
)< o 1/ds _ 1/d1} L Y ,
Wi(g,£.,j.) < - exp {55 n||z|ly — anne 1, 5

Therefore (note that the above expression does not depends on the ji)

g Ly
; 1 1/d: _ 1/dy 1 ! 1 "
E Wi(g,l.,j.) < - eXP [65 n||z|l1 — anne } 1 5

the jg
and then

> D Wigt.j) < %exp [ﬂal/dlnl\ZHl —annel/dl} (;)q

the £ the jj
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and therefore
1
]P) < . " < _ 1/d1 _ 1/d1 .
M]3 37 30 Wia i) < —exp B/ Mmllz] - anne
q>1 the ¢ the ji

By (24) we thus have, for all € < e3,
1
PM(n)] < - exp {— al/dln}.

This proves the lemma. O

3 Proof of Theorem 1: the bond case

The proof in the case of bond percolation uses the same strategy as before. First, we study an oriented
model which is equivalent in the limit to a semi-continuous model. Then, we prove that, at first order, the
oriented and non-oriented model are equal. In this section, we just highlight the differences compared to
the case of the site percolation. As in the introduction, we use bold letters for objects in the framework
of Bernoulli bond first-passage percolation.

3.1 A related discrete oriented model

Recall the relation introduced in Section 2.2 between the sites of Z? : for x,y € Z%, we write
x=<yifforallie{l,...,di}, z; <.

We extend this relation for edges of Z? in the following way. Denote by (ey, ..., eq) the canonical basis
of Z. Then for u = (z,z + ¢;) and v := (y,y + ¢;) two edges of Z¢, we write

u=<wvif x<y.

We will also use this relation to compare a site x to an edge v := (y,y + e;) with the convention z < v
(resp. =z v, v<z)ifx <y (resp. z Xy, y < ). We now define the set of monotone sequences of
open edges between sites x < y in Z% x {0}92 by

Ds(xay) =
{(w(1),...,w(k)) : k> 0,w(1),...,w(k) are open edges of Z? such that 2 < w(1) < --- < w(k) < y}.

Notice that the notation w(i) refers to an edge, whereas the notation w(i) we used previously referred
to a point in Z%. Let a(i), (i) be the two extremities of the edge w(i) and define A(7) as

« The edge {Proj®(a(i)), Proj®(B(i))} if Proj®(a(i)) # Proj?(8(i)), i.e., if w(i) is a vertical edge.
« The point Proj®(a(i)) otherwise, i.e., if w(i) is an horizontal edge.

We denote V(w(1),...,w(k)) the £;-length of the shortest path in Z2 from 0 to 0 that goes successively
through the (unoriented) edges and sites A(1), ..., A(k) in this order. Note that, since (w(1),...,w(k)) €
D.(z,y), |y — |1 + V(w(l),...,w(k)) is in fact equal to the ¢;-length of the shortest path from z to y
going through the edges w(1),...,w(k) and V(w(1),...,w(k)) is the total vertical displacement of this
path.

Let R(w(1),...,w(k)) := k be the number of rewards collected along this path. As before, we define
the score SP(,y) between z < y in Z% x {0} by

SP(z,y)= sup (R(s)—V(s)).
s€D(z,y)

An example is given in Figure 6. Note that the analogs of Lemma 4 and Lemma 5 clearly also hold in
this setting and we can define a mean directional score a2 (-) for all z € (0, 4+00)% x {0}92 by

0P (2) i= lim ~E[SP(0, [nz])].

n—o0o MN
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w(3) w4

0 w(l) z

Figure 6: Example in the discrete oriented model of bond percolation in dimensions (dq,ds) = (1,1).
Open edges are drawn in red. Here, the score SP(0, 2) is achieved using the path drawn in blue. Note
that two open edges w(i), w(i + 1) taken by the blue path are counted as two rewards for this path only
if w(i) < w(i+ 1). So here, we have SP(0,2) =5 — 2 = 3.

3.2 A related semi-continuous oriented model

Let (&1,...,&4) be d independent Poisson point processes on R% x Z92 with intensity v = dz ® dv, where
dz denotes the Lebesgue measure on R% and dv the counting measure on Z%. We call particles of type
j the points of &;. Let € > 0. For x = (a,b) € Z4*% we define the e—cube C.(z) = C.(a,b) as in (5).
Let £:= 1 — exp(—¢) and for an edge u := (z,z + ¢;) € E%, set

T:(u) = L{c, (2)ng; =0}-

Hence, the edge (z,z + ¢;) is open if and only if there is a particle of type j in the e-cube C.(z). The
family (7s(u)),cge is again a family of independent Bernoulli random variables with parameter 1 — £.
We use this family to define a bond percolation on Z¢ with parameter &.

Let us now explain how we construct the semi-continuous oriented model on R% x Z? and define
the score between two sites. Let = := U?_,&; be the union of the d Poisson point processes. Recall
the definition (6) of the relation <, introduced in Section 2.3 and consider as before, for any z €
(0, +00)% x {0}, the set C,(z) of all monotone sequences of particles of = between 0 and z which are

a-separated, which we define as the set
Co(z) ={(w(1),...,w(k)) : k> 0,w(l),...,w(k) € E such that 0 X w(l) <4 -+ <o w(k) <4 2}

Let us now emphasize here a difference compared to the case of site percolation for the definition of
the score. Particles of &; will have a distinct role whether j < d; or j > d;. Indeed

e For j < dj, a particle w = (x,v) € R4 x Z% of type j creates a reward at position (z,v).
o For j > dy, a particle w = (z,v) € R% x Z% of type j creates an open vertical edge from (x,v) to
(x,v) +e;.
For a sequence (w(1),...,w(k)) € Cn(z) of points of Z, let define A(i) for 1 <i < k as

o The edge {Proj® (w(i)), Proj*(w(i) + e;)} if w(i) is a particle of type j > di, i.e., if w(i) is
associated to a vertical edge.

« The point Proj*2(w(i)) otherwise, i.e., if w(i) is associated to a reward.

As before, we denote V(w(1),...,w(k)) the ¢;-length of the shortest path in Z92 from 0 to 0 that goes
successively through the (unoriented) edges and sites A(1),..., A(k) in this order. Note that we commit
here a slight abuse of notation since V(w(1),...,w(k)) does not depend only on (w(1),...,w(k)) but also
on the types of particles associated to each term of the sequence (w(1),...,w(k)). Let us remark that
going through an edge is more constraining than going through a site, and so the path in Z9 associated
here to a sequence (w(1),...,w(k)) of points of = has an ¢;-length greater than or equal to the one
defined for the same sequence of points in Section 2.3, i.e.,

V(w(1),...,w(k) > V(w),..., wk). (30)

Finally, let R(w(1),...,w(k)) := k as before.
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w(1) w(2)

=

w(3)  w( w(6)

Figure 7: Example of a path in the semi-continuous model in dimensions (di,ds) = (1,1). Particles of
type 1 are drawn in green whereas particles of type 2 are drawn in red with their associated edge. In
blue, a path with minimal length going through s = (w(1),...,w(6)). Here R(s) — V(s) =6 —8 = —2.

Then, for all z € (0, +00)® x {0}2 and any a > 0, we define the score S (z) by
So(2) = sup (R(s)—V(s))
seCq(z

C

(see an example in Figure 7) and the mean directional score o,

as in Lemma 9 by

1 1
T c . c
o (z) = )\ILH;O XE[SQ()\Z)] = sup ~E[S{ (\2)].
All the arguments explained in Section 2.3.2 still hold in this setting and so we also get
Lemma 15. For all z € (0, +00)% x {0}%,

D
.0z (2)
elg% gl/da

=05(2).

Moreover, using scaling argument, we also get that for all z € (0, +00)% x {0}%,
a6 (2) = (2)6 (1a,). (31)
Besides, by a coupling argument, we get the following bound on a§ (14, ):

Lemma 16. For alld; > 1 and dy > 0,
/"ol (14,) < af(14,) < (dr +da) /" 0§ (1a,).

Remark 17. Recall that o§(14,) (resp. o$(14,)) is the directional score in direction 14, in the semi-
continuous model of dimension di + do associated with site (resp. bond) first-passage percolation. So,
oS (1y4,) and 6§ (14,) also depend on dy although it is not recalled in our notation.

Proof. Recall that, in the case of the site percolation, the semi-continuous model (and so the directional
score o§(14,)) is constructed from a Poisson point process on R% x Z% with intensity v = dz ® dv.
By a scaling argument, if we instead consider a Poisson point process on R%* x Z% with intensity Av
to construct the semi-continuous model, we easily see that the directional score in direction 14, will
be equal then to \/%1¢§(1,,). Besides, recall that the semi-continuous model for bond percolation is

constructed from a collection of d = dy 4+ d2 Poisson point processes (&1, ...,&q)-
Then, on one hand, we use that, in the definition of the score of bond percolation, for j < d, the
points of §; corresponds to an open site on R% x 7%, Hence, noticing that Z4, := Uj<a, & is just a

Poisson point process on R% x Z? with intensity d,v and that adding vertical open edges can only
increase the score, we deduce that
of(14,) > d/" of (1a,).

And on the other hand, a path going through an edge (z,z + e;) necessarily goes through the site
and so the scores in the semi-continuous model of bond percolation are necessarily smaller than or equal
to the scores in the semi-continuous model of site percolation constructed from the Poisson point process
= := Uj<q¢&; which have intensity (di + d2)v (c.f. Eq. (30)). Thus, we get

o (La,) < (di +do)"/ o (La,).
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3.3 Link between the oriented model and the original model

As in the case of site percolation, it remains to prove that, for ¢ small enough, the discrete oriented
model and the non-oriented model have the same behavior, more precisely that we have the analogue of
Proposition 6:

Lemma 18. For all z € (0,+00)% x {0}%,

- pe(2) = (2] —02(2))
gl—rgtl) gl/da

=0.

The proof of Lemma 18 is quite technical since we will again define for all z € (0, 4+o00)% x {0}92,
€ >0, n >0 and n the event

M(z,e,1,n) = {T2(0, [nz]) < ||[nz] [l — SP(|nz]) — mme'/*}
and prove that for all € > 0 small enough (depending on z and 7),

lim PM(z,e,n,n)] =0. (32)
n—oo
To prove this, we adapt the proof of Lemma 8 to our new setting. We first say that a site 2 € Z¢ is
open if one of the d edges (z,z + e;) is open for (ey,...,eq) the canonical basis of Z?. Note that, with
this convention, each site is open independently of the others and with probability

Ei=1-(1-¢)~de.

Moreover, we say that a site z € Z¢ is doubly open if at least two edges (z,z + e;) with j € {1,...,d}
are open. Hence, a site is doubly open with probability
d d—1 did—1) 5 _

1-(1—-¢)—d(l—¢) e~ 5 —¢ <&,
for ¢ small enough. Consider an optimal path 7 between 0 and |nz] which is self avoiding. Let
b(1),...,b(p) be the open sites it goes through and, as in Section 2.5, denote by (b(ix))o<r<q the associ-
ated monotone sub-sequence and ¢ = ix41 — i — 1 the number of open sites between two consecutive
terms of this monotone sub-sequence. Denote also by m the number of doubly open sites in the sub-
sequence (b(ix))1<k<g—1- Let 7 be the restriction of 7 from b(ix) to b(ix+1). Let us remark that if an
edge is open, by definition, one of its extremity is open. Moreover, any given site is an extremity of at
most two edges of a given self-avoiding path. Thus, without counting the first and last step, the number
of open edges 7 goes through is at most 2¢; (and 2(¢; + 1) if we also count the first and last step).
Besides, ¢ + 1 + m is an upper bound on the number of open edges of the path touching one of the sites
(b(ik))1<k<q—1- Hence, the total number of open edges 7 goes trough is at most

q—1
g+m+1+2> 6 <2p+1).
k=0

From these remarks and using the same arguments as in the proof of Lemma 14, we can then easily
establish the following result.

Lemma 19. Let z € (0, +00)% x {0}%,& > 0 andn > 0. Let n > 1 be large enough to ensure 0 < [nz|~.
On M(z,e,m,n) there exists p,m > 0 and a sequence of open sites b(1),...,b(p) such that m sites of the
monotone sub-sequence (b(iy))1<k<q—1 are doubly open and :

1.0 < nllzlly — X128 Ih(E) |1
2. 0<2(p+1) = 0 1f (@)
3. 0< —Zfilg(k;,i)jk for each k € {0,...,q —1}.

¢ .
4o 0 <200 + 1) + 321 cjcay e ME) G — 22050 2o 1<j<ay g 9(Ko 1) for each k € {0,...,q¢ — 1}
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1t . -1 ¢ . —1
5.0 < =300 2t Mgy )| = 32020 2o i<y oty it (9(k,3);)_+m+1+23 07 b, —nnet/%.

The differences with Lemma 14 are that, in Item 2, a p becomes a 2(p 4+ 1), in Item 4, ¢; becomes
2(0x + 1) and in Ttem 5, 2971 £}, becomes m + 1+ 23071 4.

Now, the probability that a fixed sequence of sites b(1),. .., b(p) are open and m sites of the monotone
sub-sequence (b(ix))1<k<q—1 are doubly open is bounded, for ¢ small enough, by

q-— 1 EﬂH‘m.
m

So, now, we need to bound a sum over q,m, (€x)k, (Jx)k, (f(9)):, (g(k, %))k and (h(k))y of

—1\ e
(qm )6 ta H_Z:Zk]lltem l]lItem 2]11tem 4]11tem 5- (33)

Using the same techniques as in Section 2.5, we get the following bound for the sum W (g, m,¢.,j.)
of (33) over (f(i))s, (9(k,i))x, and (h(k)):

-1
Wi(g,m,L.,j.) < (q )?nem”
m

1
Lexp [2-+ a+ B/n2]y - amnz!/]

(5@2 exp[2’yél/d1]K(l)de(ﬁél/dl)K(’yél/dl )(dl_l))q

(Fexp2ye"/® + 20)e2K (1) K (a) (K(18"/") + K (a — ygl/dl))dlfl)& "

Thus, summing over m, we get
-1

W(g,m,L.,5.) <=exp [2 +a+ ﬂél/dlnHZHl . Omnél/dl}
0

Q
—_

3
]
™

/~

(14 e%)ze? exp[2yl/ I (1) K (51 I (/) (=) )"

(Bexpi2ye/ + 2)e K(1) K(@) (K2 + K(a — et/ )2

which is roughly the same bound as the one obtain in (28). Hence, the end of the proof is quite identical
as in Section 2.5. Choosing «, 8 and 7 (depending on z and n) such that

1
=2y, EK)"2NFT T = o and an = Bz = 1

we obtain that, for all € > 0 small enough (depending on z and 7),

62+a

P[M(z,e,7,n)] < —— exp [_gl/dln]

3.4 Proof of Theorem 1 and Proposition 3
Theorem 1 is a direct consequence of Lemmas 15 and 18, with
C(d1,dz) = o (La,) (34)

by (31). Moreover, a§(1,4,) is finite by Lemma 16 and the fact that o§(14,) < oo (see Lemma 13).

The first part of Proposition 3, i.e., the relation between the constants C(dy,ds) and C(dy,ds) is
a straightforward consequence of Lemma 16 considering the definition of the constants C(d;,ds) and
C(dy,ds) given by (7) and (34). The last fact to check is the equality

C(2,0) = 2.
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By (7) we know that C(2,0) = o§((1,1)), the mean directional score in the semi-continuous oriented
model associated to site Bernoulli first-passage percolation for (dy,ds) = (2,0) as defined by Lemma 9
in Section 2.3. Since dy = 0, this model is in fact totally continuous and oriented, and it is solvable:
it is a continuous Poissonization version of the discrete Ulam’s problem described in the introduction,
introduced by Hammersley [8]. Hammersley conjectured o§((1,1)) = 2, and this conjecture was proved
first by Logan and Shepp and by Vershik and Kerov in 1977, and then in a more probabilistic way by
Aldous and Diaconis [1] in 1995, using the so-called Hammersley’s line process.

A Proof of some standard results

A.1 Existence of the time constant in Bernoulli site first-passage percolation

The time constant in Bernoulli site first-passage percolation can be defined for any z € R%\ {0} as

pe(z) = lim 7715(0’ [n2))

n—00 n

a.s. and in L.

The proof of this result is an exact copy of its more classical version in Bernoulli bond first-passage
percolation, see for instance [11]. When z € Z9, this is a straightforward consequence of Kingman ergodic
subadditive theorem. The convergence can be extended to any z € Q¢ by homogeneity. Obtaining the
convergence for any z € R? requires a little more work, that is standard but would require a few pages.
For completeness of the paper, we make the choice to give an explicit proof of a much simpler result,
namely the convergence of the expectations of the rescaled passage times to the time constant. The
result has the double advantage to be easy to prove, and to give a rigorous definition of pu.(z) that is
sufficient for our study.

Lemma 20. For any z € R%\ {0}, the following limit is well defined:

pe(z) :== lim lI[E[Ts((), [nz])].

n—oo n
Proof. Fix some z € R? and let u,, := E[T.(0, [nz])]. By triangle inequality, we have
Te(0, [(n +m)z]) <Te(0, [nz]) + Te(|nz], [nz] + [mz]) + Te(Inz] + [mz], [(n +m)z]).
Thus, taking the expectation and using the invariance by translation, we get
Untm < Up + Uy + E[T:(0, [(n+m)z] — |nz] — |mz])].

One can easily check that
Il(n+m)z] = [nz] — [mz][c <1

and so, since the passage time at each site is bounded by 1, we get that
T.(0, [(n +m)z| — |nz] — [mz]) <d.

Thus, (u, + d),>0 is a subadditive sequence and Fekete’s Lemma implies that

te(z) == lim l]E[TE(O, [nz])] = lim U — fim Un +d

n—o0o N, n—o0 M n—00 n

exists. O

A.2 Proof of Lemma 7

Let 2z € (0,4+00)% x {0}% and n € N*. From any nice path from 0 to |nz]~ we get a path from 0 to
|nz] by adding d; steps. The travel time of the path increases by at most d;. From this observation and
by definition of u.(z) (see Lemma 20) one gets
1 1 )
pe(z) = lim —E[T.(0,|nz])] < liminf ﬁE[T;’CE(O, [nz])].

n—oo N n— 00
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To prove Lemma 7, it remains to prove that p.(z) > limsup, E[T2(0, [nz])]/n. Let € > 0. Let
n € (0,1). By definition of u.(z) (see Lemma 20), we can fix p > 1 such that

%M(o, p2))] < el2) + 1

and
(1 —=n)pz = |pz] (35)
and q
;1 <. (36)

For M > 1 and x <y in Z% x {0}92 we say that 7 = (w(0),...,w(n)) is a M-path from z to y if 7 is a
path from z to y and, for all i € {0,...,n},

w(i) <y + Mg,

We denote by TM (z,y) the infimum of travel times 7. (7) over all M-paths 7 from z to y. By dominated
convergence, we get
A E[T2(0, [pz))] = E[Z:(0, [pz])]-
—+00

Therefore we can fix M such that
1

BE[TEM(Q [pz])] < pe(2) + 2n.
Let now n be a large integer. Let ¢ be the largest integer such that
qlpz| + M4, =X |nz]™. (37)
Define r € (N*)% x {0}92 by
nz|™ =q|lpz] +r

Gluing a M-path from 0 to |pz|, a M-path from |pz] to 2|pz], and so on until a M-path from (¢—1)|pz]
to ¢|pz| and then any shortest path (in number of edges) from ¢|pz] to |nz]~, we get a nice path from
0 to [nz]~. Optimizing on the M-paths, taking expectation, using stationarity and bounding the travel
time of the last part of the path by its length, we get

E[T2(0, [nz])] < qE[T(0, [p2])] + |71

Thus
%E[T;ice(o, anJ)] < %E[Ty(oa |_sz )] + @
< %(Ms(z) +2n) + @ (38)

The desired inequality p.(2) > lim sup,, E[T™(0, |nz])]/n will follow from (38) as expected, but proving
this implication requires a few lines. From (37) we get

. lnz|;—1—-M
g= min ———0
i€{l,...,d1} [pz ]
Using (35) we deduce, for n large enough,
nz; n

< min = . 40
Tie{ldiy (L=n)pz p(1—mn) (40)

From (39) we also get, for n large enough,

. ny—2—M n 24+ M
¢g> min ——— =-— max
’ie{l,...,dl} Pz P ie{l,.“,dl} Pz
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and then

r = nz) —qlp2]

n M
<nz— —|pz] + max +
p ie{l,.,di} Pz

[pz]

2+ M
<nz-— Epz + ﬁ]ld1 + max |pz]
D ie{l,..di} Pz

24+ M

and thus p Y,
mn
[rli < — 4+ max
p o oie{l.di} Dz

ILpz]1]3- (41)

From (38), (40), (41) and (36) we get

1 . 2
limsup —E[T2°(0, | nz])] < Kelz) + 2n + 7.
n—oo N 1-— n
As this holds for any n > 0 we get
1 .
lim sup —E[T7"°(0, [nz])] < pe(2).
n—oo T
This proves the lemma. O
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