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FUNCTIONS RELATED TO JACOBI THETA FUNCTIONS AND
APPLICATIONS II

ABD RAOUF CHOUIKHA

ABsTrACT. This paper is devoted to a representation of the Jacobi theta func-
tions 6;(v,7) as a product g;(v,7)g;(—v,7), j = 1,2,3,4 where the complex
functions of two variables are defined by infinite products for Imv < %Imr.
These functions g;(v,7) which are related between them have interesting
properties. In particular, they permit to express the g-analogues trigonomet-
ric functions sing(v), cosq(v) as infinite products. Moreover, all these functions
satisfied duplication formula and multiplication by an integer n (not necessary
odd).

1. INTRODUCTION

1.1. Jacobi theta functions and the g;(v,7) functions.
To carry out our investigations, we need to introduce the Jacobi theta functions
The Jacobi theta functions for j = 1,2, 3,4 are defined as ([7],[8],[13])

01(v,7) =2 (~1)"q"+ ) sin((2n + 1)7v)

n>0
(v, 7) =2 Z ¢ cos((2n + 1)7v)
n>0
O3(v,7) =142 Z q”2 cos(2nmv)
n>1
Oy(v,7) =142 Z(—l)”q”z cos(2nmv)
n>1

These four theta functions can be extended to complex values for v and ¢ = ™"
such that | ¢ |[< 1 or S7: Im(7) > 0.

These series converge for all complex values of v whenever 7 has positive imag-
inary part. Moreover, these series converge absolutely and uniformly on compact
subsets. Theta functions are entire and periodic functions of v, [1], [2], [8].

Using the triple product identity, we can derive the infinite product representa-
tions of the Jacobi theta functions [8, (19),p.357] :

01(v,7) = 2¢0q"/* sin v H [1 —2¢*" cos 2mv + q4"} ,
n>1

92(’077’) = 2q0q1/4 COS TV H [1 + 2q2n cos 27 + q4n] ,
n>1
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transformation,
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03(v,7) = qo H [1 + 2¢*" " cos 2mv + q4”72] ,
n>1

04(v,7) = qo H [1 —2¢*" 1 cos 27w + q4"_2] ,
n>1

where ¢g = anl[l —q"].
Corollary 3-3 below will give another infinite product representations of the Ja-
cobi theta functions.

We will consider for that the following functions

b

sin Wrr 4+ 70 cos Drr + 70
iy < [0 Dby ol P )

o0 sin[(k + $)mr] o0 cos|(k + 3)m7]

B sin[kmT + o] B cos[kmT + v
(v, 7) = kl;[l sin[kmr] ga2(v,7) = k1;[1 cos|kmT]

where v € C' and 7 belongs to the half plane (37 : Im(r) > 0).
These functions are connected to theta functions (Propositions 3-1, 3-2):

94(”) T) = 94(()’ T) 94(1]7 T) 94(_Ua T>7
93(”7 T) = 93(0a T) 93(U7 T) 93(_1}7 T)7
91 (Ua T) = (7‘(’ Sil’l(?TU) 9& (Oa T) g1 (Uv T) gl(_va T)7
02(Ua T) = COS(TFU) 92(05 T) 92<v77—) g?(_U?T)'
Furthermore, we had considered in [4] another representation of the Jacobi theta

functions by mean of f;(v,7),i = 1,2,3,4. which appear to have remarkable prop-
erties. These functions are naturally connected to g¢;(v,7),i =1,2,3,4. :

filv,T) H sin@ falv,m) %

gi(v,7) 1 sin B7mEml " gy (0, 7) - o sinW’
folv,r) _ ppsin BTl g gy iy (EnC o)
ga(0:7) jor sin DT gs (v, 7) - k>0 sin w

1.2. The aim of the paper.

The purpose of this paper is to bring out some intrinsic properties of these func-
tions g;(v, 7). We will see in the sequel these functions which are related between
them seem play a particular role.

On the other hand, we derive the Fourier series expansions for g;(v,7) , as
well as for log(g;(v,7)). Some other significant properties and equalities will be
derived.

We also provide a m-order transformation formulas for these functions and find
again those for the Jacobi theta functions.

The last part is devoted to applications in g-trigonometry introduced by Gosper
[8]. We will firstly express sin,(v), cosq(v) as infinite products :

sin(mv 4 &%) sin(ET — 7o
sing(v) = (sin7v) H ( z )kﬂ (2T ),
o1 (cos “)



cos(mv + ) cos(mv — EX)

(cos £7)2 7

cosy(v) = (cosmv)
E>1
for | Imwv |< Q7.
All these representations permits to provide some properties and identities, notably
for duplication and n-transformations.

1.3. Connection with functions introduced by Eisenstein.

These g;(v, ) functions allowing a representation of theta do not seem to have
been explicitly mentioned in the literature. However, a few allusive remarks lead
one to believe that this approach has been considered.

Indeed, Eisenstein ([6, p.258] or [12, p.94-116]) mentioned the double product func-
tion defined as

the prime symbol means that the term corresponding to m = k = 0 is to be
excluded.
This author established a connection between his product function ¢(v) and the

theta function
2

o

01(v, T)

where 0 (v,7) = & (v, 7).

Eisenstein observed that the infinite product representation of sinus function

/
sin(mv) = v lim H (1 + E)
M— o0 m
—M<m<M

ﬁ 1Y _ sin(knT — 70)
m+kr)  sin(krr)

m=—0o0

would imply

Therefore one gets the expression

k_
_@Hw

sin(kwr)

The function g;(v,7) we will consider is such that

¢(v) = sin(mv) g1(v, 7)g1(—v, 7).

On the other hand, following Eisenstein [5, p.275-280] who consider the theta
product

g(ei‘nv) — (eiﬂ-v _ e—iﬂ-v) H(l _ q2k62iﬂ-v)(1 _ q2ke—2i7rv)’

k>1

so that we may write

=T~ ) - )




We then obtain (Proposition 2-7 below)

HH( e )= lion [ f (u, v)].

k>1 m

Analogous expressions may be found for the other g;(v,7), 7 = 2,3,4 since they
are related.

2. FUNCTIONS DEFINED BY AN INFINITE PRODUCT

Consider the complex functions of two variables g;,j = 1,2, 3,4 defined by the
infinite products

sin[(k + 1)1 + 0] cos[(k + $)mT + mu]
I 11

(’U, T) = . 1 ) (Ua T) = 1 )
94 is0 sin[(k + 5)77] g3 W cos|(k + 1)rr]
_ sin[km + 0] B cos[kmT + o]
gl(UaT)*HW, gQ(UvT)*HW

k>1 k>1
where v € C' and 7 belongs to the half plane (37 : Im(7) > 0).

These functions are naturally related. Replacing v by v + 1,v + % and 7 by
T+ 1,7+ % we then obtain

Proposition 2-1 The above function g;(v,T) verifies the following properties
for ST >0, Imv < %%T

For j=1,2,3,4 g;(0,7)=1, g;j(v,7+2)=g;v,7),
94(vaT+1) :,93(1)77—); 93(v3T+1) =g4(v,7'),

. 1 1
gi(U7T+1) = gi(UaT) fOT v = 1a2a gl(UaT+§) = 92(’077-)’ gQ(UaT+§) = gl(va)'

Proposition 2-2 The followmg identities hold for Imv < %%T

’
U-‘F*T Hcot k:—i— )w7] g3(v,7),  galv+ 5,

2 T) = gl(v77—) g4(%77-)a
k>0

91(U+ 177—) = Hcot(kﬂ'T) gz(U,T), 93(”+ 177) ZQZ(U’T) gg(gﬂ—)?

2 2
k>0
g1 (U7 T)
sin(rv 4+ 77)

ga(v, T)

v yT) = o ar v
ga(v+7.7) sin(mv + 5F)

av+7,71)=

Proof Indeed, concerning the last identity we may write

sin[(k + 1)nT + 7o 1 sinlknT + v
11 [(k+1) ] _ )H [ ]

sin[k77]  sin(mv + 7T sin[k77]

k>1 k>1
Thus
g (v+7,7) sin(mv +77) = g1 (v, 7).
4



Proposition 2-3  For any integer n the functions g; (v, T) may also be expressed

1
ga(v,7) = H sin[(k:—l—§)777+7rv] ga(v 4+ n7,7)
0<k<n—1

g1(v,7) = H sin[knr + 7] ¢g1(v + nT, 7).
1<k<n-—1

We may provide also a duplication formula and n-order transformation

Proposition 2-4 The following identities hold

™ ™
94(2v727) = 94(’[},7) 93(U7T) = g4(v7T) 94(1 - va) 93(1 - ’U,T),

s ™
91(20,27) = 1 (0,7) 92(0,7) = 91(0,7) 1 (§ = 0.7) ga( — v.7).

For any integer n we get,

B g1(v,7) _ 92(v, 7)
g1(v+nr,7)= ", sinfmnr + 70]’ 92(v+n7,7) = T, cosimnr + 0]’
ga(v, T) g3(v, 7)
94(’0 + nr, T) = Hn Sin[(m)T + 71"()] ) gS(U + nr, T) =
m=1 2

[T cos[(ZE)T + mv]’

Proof By Proposition 2-2 we have g4(v+7,7) = _0aT) - then

sin(rv+5F) 7

a(v +27.7) = .94(11 + 7';)772 S 94(1.1, T)37r :
sin(mo + =57)  sin[% + 7o sin[(5) 7 + 7]
G1(v+27,7) = .91(v+7,7) _ 91(7.)77) )
sin(rv + 377)  sin[r7T + 7] sin[(37) T + 7]
Moreover,
g1(v+27,7) gr(v+7)
3r,7) = -~
g1(v+37,7) sin(mv + 4n7)  sin[277 + 7o) sin[(47)T + 70]’
thus
g1 (1}, T)
g(v+3r,7)=

an:l sin[mzr + 7o)’

a0 +37.7) = — ga(v,7) .

[I,— sin[%")7 + 7]

The last assertion of the Proposition may be proved by induction.




2.1. n-order transformations. These functions have many other interesting
properties. For example, we can express in a simple way n-order transformation
(for an integer). In the sense that we can highlight a relationship between g;(nv,nr)
and g;(v+ 2, 7).

Theorem 2-5 Let n be any integer then the following identities hold

(sin k)™ mm
2n 1
g1(nv,nt) = | I I | g1(v+ - T,

sinnknr
k>1 0<m<n-—1

(sin(k + 3)mr)" mm
y=2n"1 | | 27 7 || - 7).
ga(nv,n7) ga(v + - ,T)

k>0 smn k+ ) 0<m<n—1
When n is an even integer then
(cos k)™ mm
gi(nv,n7) = 2 2" H sinnknt H g2(v + T’T)’
0<m<n—1
(cos(k + 3)mr)" mm
— gn— 1 . —_ .
ga(nv, n7) H smnkﬂ'r H 9s(v + n 7)
k>0 0<m<n—1

When n is odd then the following hold :

(sin kwr)™ mm
g1 (nv,nr) =21 H H g1 (v + 7,7)7

sin nknwT
k>1 0<m<n—1
(cos kmT)™ mm
721’7, 1 men
ga(nv, n7) = H cosnkmr H g2(v+ n '7)
0<m<n—1
cos(k + " mm
g3(nv,nt) = 72” ! H k—) H ga(v+ —,7),

k>0 COSn + ) 0<m<n—1 n

ga(mo, ) = 27 1HW I oot ™).
k>0 SlIl’rl + ) 0<m<n—1 n

Proof of Theorem 2-5 Starting from the classical trigonometric product
formulas valid for n integer

2 -1
sin(nz) = 2" ! sin(z) Sin(z—i—%) sin(z—l—%).... sin(z—i—(nT)W) =t H sin(z—i—%).

When n is even then it yields

2 —1
sin(nz) = (~1)"/227 L cos(2) cos(z + L) cos(z + 22).... cos(z + D7)
n n n
-1
=(-1)% 27! H cos z—|——),
m=0
When n is odd we then obtain
2 —1
cos(nz) = (,1)n71/22n*1 cos(z) cos(z + E) cos(z + i) cos(z + U)
n n n

6



n—1

= (-1
m=0

Therefore we may deduce for any integer k

sin[nkmT 4+ nwv] gn-1 ]

sin(nkmr) - sin(nkmr) H (sm [krT + 7o + 7]> ,

m=0

ol + Yrrm] _w e iy
= sin[(k + = mm
sin(n(k + §)77) sin(n(k + 1)77) m=0 inls + 2)7”- Tt — e

n—1

cos[nkrt + nmv] 2n—1 (cos[k‘ U mw])
= T+ T+ —
cos(nkm) cos(nknr) n '/’

m=0
n—1

cos[n(k + §)77 + nmv] an—1 1 mm
cos(n(k2—|— $)7T) ~ cos(n(k + $)7T) H (COS[(k * i)WT v n]) '

Then it follows for any integer n

m=0

injnk on—1 0
g1(nv,nt) = H M = - H (Sin[lmrT + 7T + m])

i sin[nknT] P sin(nkrr) -2 n
1

H 27 sin(knr)|™ i (Sln[km— + v + "”r])

sin(nkmr) sin(k7T)

k>1 m=0
which means

nLsin(krr)|" mm
g1(nv,nt) = H M H g1(v+ 777)7

sin(nkmr)
k>1 0<m<n—1

and

2" sin((k + §)77)]"
(nv,nt) = - i
94 o sin(n(k + 5)77) H

On the other hand, when n is even we have

mm
gs(v+ —, 7).
0<m<n-—1 n

sin[nkrT 4+ nwv] on-1 ]

= H (COS[k’]TT + v+ m])
sin[nkmr] sin(nkrr) 13 n /)’

which means

g1(nv,nt) =
E>1

27~ L[cos(kmT)]™ H

(vt =5)
sin(nkw) 92 n

<m<n-—1

By the same way we deduce for n even

n= 1 [cos mm
(nv,nT) H H 2 sin(n k+1)7)m_))] H 94(11—1-7,7').

k>0 m=0 1<m<n

Turn now to the case n odd, we easily prove by the same method

n=1cos(krr)]™ mm
gQ(nvvnT): HM H gQ(UJf—TvT)a

P cos(nkwr) 0<man1
2" teos((k + §)m)]™ mm
ga(nv,n7) = cos(n(k + 3)77) H ga(v + n’ 7)-

k>0 0<m<n—1

7



Taking the logarithmic derivative of functions g;(v,7) it yields

Corollary 2-6 Let n be any integer then the following hold

/

gl(nv nr —WZCOt krT + mv) = H gl( +m7)

9 k>1 o<m<n—191
/

1
gi(nv,nr) :WZCOt((k+§)7TT+7T1}) — H 94( +@ ).
94 k>1 o<men—194
For any odd integer n :
/ /

oy = [ Zw +—7T ), j=1,2,3,4.
9i o<men—1 97

For any even integer n :
!/ !

mm
Lwnr) = [ Ze+="0),
g1 ogmgn—lg2
/ /
Bnonry= [T Zw+=").
ga 0<m<n— 198

Notice that

/
9 (nv,nt) —WZtan (knT + 7o), 93 (nv,nT) —WZtan k—i— )T + ).
92 E>1 93 E>1

Moreover, these functions may also be expressed as double infinite products

Proposition 2-7 The functions g;(v,7) may be expressed

=TI (1 M)v HH( )

k>1 m
3
% k[[ll;[( erkT) gg( m—i—kr—i— >

Proof of Proposition 2-7 Indeed, following Eisenstein [6, p.213] starting
from product formula for sin 7wz

/
x
sinTx = 7TQL‘H (1—|— —),
p m

(the prime means the integer m # 0) it follows for any integer n

/

k
sin[krT 4+ nwo] = (k1 + 70) H (1 + 7 + U) ,

m
m

8



as well as
!

sinfkrr] = (knr) 1;[ (1 + ]Z) :
Then,

sin[kmT + nwv] (kT—i—v)lL[(l—l—W) kT—i—U ﬂ<m+k7+u)

sinfkrr] (k) 14 k2 m+ kT

m

_H( m+k:7')

We then deduce g1(v,7) = [[;5;[],, (1 + ﬁ) The others expressions for
g2,93,94 are derived from Proposition 2-2.

m

Remarks 2-8 To go further and explore other properties of functions g; we can
take inspiration from the method developed by Eisenstein [6, p.275] which consists
in expressing g; as the limit of a function of 2 variables f(u,v). This method has
been used successfully to reveal the connection between his product function ¢(v)
and the Jacobi function ;. More explicitly, following 1-3 consider again

=TI i)

k>1 m
We observe that

H 1 v _ sinfknT + nmrv — mu)
- m+kr+x/)  sinlkrr +mv]

thus it could be written

f(u,v) =

H sin[knT 4+ nrv — Tu]

P sin[knrT + o]

Following Eisenstein [5,p.275-280] who consider the theta product

f(eim}) — (ei‘/rv _ e—im}) H(l _ q2k62iﬂ"u)(1 qle—sz))’
E>1

D=TI (1) - S5

k>1 m

so that we may write

Notice that since by Proposition 2-7

D=+ ),

k>1 m

we then obtain the identity
) = g1(v —u)

)

and
g1(v,7) = lim [~ f (u, v)].



3. CONNECTION OF g; WITH THE JACOBI THETA FUNCTIONS

Consider the Ramanujan theta function

qb(a, b) _ Z ak(k;m bk(k;l)

keZ
@(a,b) = (—a, ab)oo(—b, ab) s (ab, ab) s
with | ab |< 1. We denote here (a, 8)oc = [[;5,(1— af?). When a = —qe?™ b=
—qe~ 2™ this function is related for example to the fourth theta function
04(,07 Q) — ¢(_qe2i7rv7 _q672i7rv).

From the knowledge of the zeros of 64(v,q) or by the triple product identity, it is
possible to obtain infinite products representing this function. We refer to [4,5] in
order to find more ample information as well as other aspects and developments as
infinite products concerning these theta functions.

3.1. Connection with 04(v, 7). A natural relation with 64(v, 7) is given by

Proposition 3-1 Let 04(v, T) the fourth Jacobi theta function. Then we have
04 (U7 T)
94(0, T)

where g4 and its logarithmic derivative satisfy the infinite product

= 94(U7 T) 94(_U7 T)

oa(v,7) = H sin[(k + 5)77 + 7]

a0 sin[(k + )77]

1 994
ga Ov

i%(v ) = 1 994
94 ov ’

_gjav

(v,7)+ (—v,7) = Z cot[(k+%)WTJrﬁv]Jrcot[(kJr%)m——ﬁv].

k>0

0, is defined in the band | Imv |< 3ST.

Proof of Proposition 3-1
Let g = €™ then we may write

oy sinf(k+ 3w+ m0]
ga(v.7) =] sin[(k2+ DL 1l

e(k}-‘r%)‘n’T-‘riﬂ'v _ e—(k}-‘r%)ﬂ'T—iﬂ'U

eiﬂ(kJr%)‘r _ e*iﬂ'(kJr%)T

k>0 k>0
H qkeiﬂ'v _ q—ke—im; qleiTr'u _ e—im)
- k _ 4—k - H 2k _ 1
k>0 q q k>0 q

Therefore
(q2 k+1ei7rv _ e—iﬂ"u) (qZ k+le—i7rv _ eiT(’U)

94(U7 T) 94(_Ua T) =

2
k50 (q2 k+1 _ 1)
B q4k+27q2k:+le2iﬂ'v7€72i7rvq2k+171
- 2
50 (q2 k+1 + 1)

10



On the other hand, by [8, (16) p.369] the infinite products representing the theta
functions

Os(v,7) = 1_[(q21C -1 H[l —2¢%* 71 cos 2mv 4 ¢*F 2,

E>1 E>1
04(0,7) = [[(®* = 1) J] 1 —2¢° " + ¢ % = (*F = 1)
k>1 k>1

We thus derive expression of theta as infinite product

Os(v,7) H 1 —2¢%%1cos 2mv 4 ¢*F—2

- @17
B H sin[(k 4+ £)77 + mu] sin[(k + 1 )77 — 0]
N (sin[(k + %)m—])2

k>1

= 94(’07 T) 94(_U7 T)'
k>0

3.2. Connection with the other theta functions. Consider again the func-
tions g;(v,7), i =1,2,3.

B cos[(k + )77 + mv]
93(v,7) = H cos|(k + &)m7]

9

k>0
B sin[krT 4 w0 B cos[kmT + U]
g1(v,7) = H sin[krr] 92(0,7) = H coslkmr]

E>1
Recall that they are related

k>1

1 1
93(1}7 T) = 94(7}’ T+1)7 g4(’U,T) = g3(’U,T+1), 92(’077——"_7) = gl(’UvT)a gl(v77—+7) = gQ(UaT)'

2 2
By the same manner as we prove Proposition 3-1 and using expansions of theta
functions [8, (16) p.369]

O1(v,7) =2 H [1-— q"]ql/4 sin o H [1 — 2¢%" cos 2mv + q4"} ,

n>1 n>1
Os2(v,7) =2 H (1 —¢"]¢"* cos v H [1+ 2¢°" cos 2mv + ¢*"]
n>1 n>1
Os(v,7) = H 1—q" H 1+ 2¢°" ! cos 2mv + q4"_2] ,
n>1 n>1

one derives the following

Proposition 3-2 The other theta functions may be expressed
O3(v,7) = 03(0,7) g3(v,7) g3(—v,7),
01 (v, 7) = (wsin(mv) 01(0,7) g1(v,7) g1(—v,7),
O2(v,7) = cos(mv) 02(0,7) g2(v,T) g2(—v, 7).
Moreover,
_ 199
g; Ov

1 .
(v77)+%a@gj(v77), j=123.

Here 63 is defined in the band | Imv |< %ST, while 01 and 0 is defined in
the band | Imv |< 3.

11



We then deduce expressions for Jacobi theta functions as infinite products

Corollary 3-3 Let q=¢"", |q|<1. The functions 6;, j =1,2,3,4 may
also be expressed as infinite products

04(v,T) _ B sin v 2 _ sin[(k + 1)1 + 7o sin[(k + 3)77T — 7]
64(0,7) kl;[o [1 <sin(kz + %)777') ] kl;[() (sin[(k + 3)77])?
(1)

O3(v,7) sin v 2 B cos[(k + 2)mT + mv] cos[(k + 1)mT — 7]
03(0,7) H [1 a (cos(k:+ ;)7‘(7‘) 1 - H (cos[(k + 3)m7])2

k>0 k>0

. < sin v ﬂ 1 sinfkrr + 7] sin[krr — 7711](2)

sin kmr (sin[knT])?

01 (v, 7) - 11
(rsinmv) 67(0,7) ko1 k>1

3)

O2(v,7) _ [ sinmy 2 _ coslkmT + wv] cos[kmT — U]
(cosmv) 02(0,7) kl;ll ll (cos k7r7') ] kl;[l (cos[kmT])?
(4)

03 and 0, is defined in the band | Imv |< %%T, while 61 and 0y are defined
in the band | Imv |< ST.

Remark 3-4 This type of expansion was already known to the literature. We

refer for that for example to the book of H.A. Schwarz [13 p.36] in which he exposed
a complete theory of the elliptic sigma functions as well as various trigonometric
expansions but in a different context than we use for theta functions.
As we know that these sigma and theta functions are related, by an elementary
calculation we may find again expansions of Corollary 3-3. Note however that our
approach is different. It seems also Eisenstein [6, p.252-256] to have been aware
of this type of expressions. To be more precise, he used a method of summation
(according to his notation) for s > 1

’
oo

1 ~ 1

— -—_— * 0 == .

(,2) Z (x +m+ kT)s’ (s7,0) Z (x+m+k7)s
m,k=—o00 m,k=—00

These sums are called later by A. Weil as Eisenstein series. FEisenstein observed
that by periodicity and after term-by-term differentiation

d
(s,z4+1) = (s,2), d—x(&m):—s(s—i—l,m).
Since Y °_ (yTlnz) =mcotnmy we then deduce
N 1 d w2
——— = —7—cot kr)) = :
m;m GamahnE - a e k) = e

Thus, (2,z+7)=(2,2) and

oo

1 m
(2,2) = m,g::m (x+m+ k)2 zk: [sin(m(z + k7))J?



is a double periodic function. Note in addition that Eisenstein also pointed out
all the important properties of his function (2,z) — (2*,0), called later p(x) of
Weierstrass.

We may derive from the preceding

Corollary 3-5  For any integer n we have
n
(—1)ne—imn(2v+r) — H sinfjmnT 4+ o] sin[—mnT — WU,
m=1
n

e~ (2v+T) H cosmnT + wv| cos|[—mmT — WV,

m=1
n
e—inn(2v+‘r) —_ H COS[%T —+ 7'(1}] COS[—%T — FU},
m=1
n
(—1)ne—imn(@v+n) — 1_[1 Sin[g’r + 7] SiIl[—gT — 7).
m=

Proof Recall by Proposition 2-4

91(v,7) g2(v, 7)

g +nmT) = " sinfmmr 4+ wo]’ g2(v 47, 7) = " cos[mmT + wv]’
m=1 m=1
94(U7T) 93(7]’ T)
v+ nT, = n . mr ) v+ nT, = n mm :
9a( 77) [1— sin[(ZE)7 + o] 95 ™) [1,,—1 cos[(%F)T + mo]
Since
94(” +7, T) _ (71)€7i7r(2v+7) 03 (’U +7, T) _ efiﬂ'(2v+7')
04(v,T) ’ 05(v,T) ’
91 (U + T, T) — (_l)e—iﬂ(20+7) 92 (U + T, T) — e—iﬂ'(21)+7')
01(1)77') ’ 02(1)77') ’
By induction we obtain for any integer
04(“ + nrT, T) _ (71)n67i77n(2v+7') 03(1} + nrT, T) _ efiﬂn(2v+r)
O4(v,T) ’ 03(v, T) ’
01 ('U + nrT, T) _ (71)n67i77n(2v+7'), 02 ('U + nrT, T) _ efiﬂ'n(2v+7').

01(v,7) 02 (v, T)
Moreover, since

O;j(v+nr,7) gij(v+nr,1)gi(—v—nT,T)

0;(v,7) gj(v,7)gj(—v,T) ’
We then deduce
01 (U + 7, T) _ (_l)nefiﬂ'n(2v+7') _ 1
01(v, 1) [10 _, sin[ma7 + 7o) sin[—mnT — w0’
92 (’U + T, T) — e—iTrn(Qv-i—T) — 1
(v, T) [1_, cos[mmr + o] cos[—mnT — 7v]’
03 (U +nT, T) — e—iwn(21)+7-) — 1
O5(v,T) [T cos[ET + mv] cos[— 25T — mv]’

13



Os(v+mnT,7T)
O3(v,T)

1

[ sin[%E7 + o] sin[— 257 — 7o)

_ (_1)n67i7rn(2v+‘r) _

Recall that the transformation theory of elliptic functions or theta functions
deals with the relations between these functions belonging to different pairs of
primitive periods. Observe [9, p.252] that any transformation of order n > 1 may
be represented as a product of transformations of first order and of transformations
of higher order with matrix

10
v=(on)

Moreover, any transformation 7' = n7 can be separated into a product when n
has prime factors. Therefore, we only study the case of transformation when n is a
prime and limit our study for this type of matrix. We refer to an n-order modular
equation as a relation between 6(7) and 6(nr).

Consequently from Proposition 2-5 and Corollary 3-3 we may derive formulas of
multiplication by an integer n for theta functions which are well known for the odd
case since Jacobi (see [7, p.374]) who asserted

(1 _ q25n m
0j(nv,nT) = H (1— ¢g25)n H 0;(v+ Z’T)’
s>1 q 0<m<(n—1)

We will find again this result, but the proof we give here is different and will have
various consequences and applications, in particular in g-trigonometry. This will
be discussed in part 5.

Theorem 3-6  Let n be any integer then :
(i) - For j = 1,4 the following identities hold

O1(nv,n7) o o sinnmv [sin(knr)]" ] b
70, (0,n1) 2 (sinmo)™ [707(0,7)]" H [sin(nkﬂ'r) } H buv+ n’ )

k>1 0<m<n-—1

bulnon) _gpos 1 {[sm((k + ;wnr 0 m

04(0,n7) [04(0,7)]" sin(n(k + 1)77) bav+ n’ 7)-

k>0 0<m<n—1

(ii) - When n is an even integer then

01(nv,nT) I sin nmv [[Sin(kﬂ'ﬂ]nr m
— 9Q=n n - 0 (U + R T)7
767(0, n7) (cos mv)™ [02(0, 7)] kl;ll sin(nkm) ogr}_g[n—l i "
2

04(nv, nT) B 1 [[sin((k+;)7r7')]"} m

=27 - O3(v + —, 7).

04(0,n1) [05(0,7)] kl;[() sin(n(k + 3)77) ogyr:!;[n—l AR
(15i) - When n is odd then the following hold
01 (nv, nT) o2 sin v [sin(kr7)]"]? m
AR g2n 0 —
761 (0,nT) (sinmo)™ 707 (0,7)]" H sin(nkmr) H v+ n 7)

k>1 0<m<n-—1

Oa(nv,n7) ey 1y [lsin(G+ P om
0 [94(0»7)}nHLin(”(kzﬁ-%)ﬂr)} I1 oo m)

n
k>0
14
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and

02 (nv,nT) _ o2 coS NI [cos(krT)]"]>

02(0,nT) 2 (cos o)™ [02(0,7)]" i { cos(nkmr) } ognl_g[nq f2(
O3(nv,n7) 50y 1 [cos((k + 3)mT)]" 2 b
03(0,n7) 2 [05(0,7)]" kl;[() [ cos(n(k + 1)m7) ] 09};[” 193( + n’

Proof of Theorem 3-6 By Theorem 2—5,

(sin kmr)" mm
_ 2n 1
g1(nv,nt) | I I | g1(v+ - ,T),

sinnkrr
0<m<n-—1

(sin(k 4 L)7r)" mm
) =27 1”— || =,
ga(nv,nt) ga(v + - ,T)

k>0 Slnn k+ ) 0<m<n—1
When n is an even integer then
P (cos kmr)™ mm
g1(nv,nt) = 22" H H g2(v+ —,7),
sin nkmr n
0<m<n—1
cos(k + mm
ganw,nr) =22 ] (cti+ o) T e+ ™ .
sin nkwr n
k>0 0<m<n—1

When 7 is odd then the following hold :
(sinknwr)" mm
_ 2n 1
g1(nv,nt) | I I | g1(v+ o i),

E>1 sinnkmr 0<m<n—1
(coskmr)™ mr
g2(nv,nT) = ey — 0<}_<[n,1g2(v+ 777)7
(k+
g3(nv,nT) = 2 on—1 H M H g4(v+m77)7
k50 cosn(k + ) o<1 n
(k +
ga(nv,nr) = 2"~ lnu H g+ ),
k>0 sinn(k + )7 0<m<n—1 n
Consequently,
01(nv,nt)  sin(nmv) H M
7010,n7) OO0, AL TSy
n even :
01(nv,n7)  sin(nmv) H w
7(0/1 (OJlT) [02(057—)]n 0<m<n-—1 COS(U + 7nn) ’
04(nv,nT) 1 m
- n Os3(v+ —, 7).
620,n7) ~ [05(0,7) Oggn_l (v + 2, 7)
n odd :
0;(nv,nt) 1 H 9-(1;4_@ .
B J ) 9

0;(0,n7)  [6;(0,7)]"

15

0<m<n-—1



for j = 3,4, and
O2(nv,nT)  cos(nmv) H O2(v+ 22, 7)

702(0,n7)  [02(0,7)]" cos(v+ 1)

0<m<n-—1

The results follow since when n even one has

2 -1
sin(nz) = (—1)"22" ! cos(z) cos(z + ﬁ) cos(z + —ﬂ-) cos(z + u)
n n n
n—1
n mi
=(-1)2 2n! —).
(0% 27 [ e+ 7
For n odd one has
n—1/2gn-1 & 2 (n—1m
cos(nz) = (1) 2" cos(z) cos(z + —) cos(z + —)....cos(z + ———)
n n n
n—1
n—1 mim
=(-1)= 2! —).
(1) ngo cos(z + p )

Remark 3-7 Recall that for the odd case of n the formula of [7, p.249]. For
j=1,234

n™ (1) m m
6;(nv,nt) () =0;(v,7) H 1 6;(v+ E,T)Gj(v - ;77).
1<m< 2=
In [6, p.272] there is another analogous formula always for n odd
T, 0"(T) 1=n2 mr mT
9j(v7ﬁ) 77(%) q 24 :9j(1)7’7') H 9]-(1;—}—7,7)0]-(1)—777).
1<m< gt
For any integer n Enneper proved [6, p.248§]
(1) mo
ej(nv7n7):Hm H ej(U‘i‘E,T), ]:172,3,4.
s>1 0<m<n—1

Another alternative expression originally due to Jacobi :

2n, q2n
;(nv,nt) = :

(q )oo m .
(@) H ‘9j(v+g,7), j=1,2,34.
74 /0 g<m<n—1

3.3. Connection with f;(v, 7).
Recall the functions introduced in [4] allowing us to represent the Jacobi theta
functions :

o k>0
in —1)"sin
nen=T1 - (G )]. aen=T1 - (S5
k>1 k21

where v € C and 7 belongs to the half plane (37 : Im(7) > 0). These functions
are connected to g;(v, )
16



Proposition 3-8 The following identities hold

1 T —TvU
L) _ 11 sin B2y, 7) | ppsin g
o 3 TT47mv] - Wrrtmo]?
91(v,7) k>1 Smw 94(v,7) k>0 Sin%
fQ(’U, T) - sin w f3(1}, 7-) - H sin w
ga2(v,7) j>1 sin M7 g3(v,T) S0 si w
L) _ gi0T) g5
gj(U,T) fj(_va T)
Proof of Proposition 3-8 Indeed, one has
fa(v,7) _ ITi>0 {1 - (sin[(sllci?)m])} _ [0 [sin[(k + 3)77] — (sin7v)]
94(v,7) [Tpo Sl g)mrime] [Tis0sinf(k + 5)77]

sin[(k+3)mr+mo]

[(k+%)7r7'77rv]
2

sin
— 2
P50 sin [(k+§);r7'+7rv]
We prove in exactly the same way for other quotients g’ EZ:% j=1,2,3.
FANCE)
By Corollary 3-5 we may also other identities as
filv+n7,7) _ ﬁ Sinw
fi(v,7) g Sin [’”727_7”’] sin[knrT + 7o)

Remark 3-9 In [4] we have highlighted the impact of the quotient %

allowing to establish modular relations. These quotients may also be written
filv,r)  _ _gi(v,7)
fitv+1,7) = gj(v+1,7)"

4. INFINITE PRODUCTS FOR sin, AND cos,

In this part we are interested in the relations between ¢-trigonometry and infinite
product, as a consequence of the previous study on the developments of the Jacobi
theta functions.

Gosper [9] introduced g-analogues to sin and cos

v _ g2n—2v\(1 _ o2n+2v-2 2—2v. ,2 2v. 2 )
sing(v) = g7 JT L 7 ) _ @70 05 oy

k>1 (1 —g*nm1)? (2:9%)3% ’
oS (’U) _ q(val)2 H (1 — q2n—2v—1)(1 _ q2n+2v—1) _ (ql—Qv; q2)oo(q1+2'u; q2)OOqU2
q i (1 _ q2n71)2 (q, qg)go
where (a;q) = [[;50(1 —ag)* and gave relations between them and theta function
. 01 (v, ) Oo(v, ")
sing(v) = ———=+,  cosy(v) = ———~,
Q( ) 91(%,7'/) q( ) 92(0,7_,)

where 7/ = =L, It is proved that limg_, sing(v) = sin(v), limg_1 cosy(v) = cos(v).
17



4.1. Allusive remark on g-trigonometry in Enneper’s works. Notice that
these g-analogues to trigonometric functions was already known to the ancients
mathematicians. Indeed, Enneper after developing a fine analysis introduced [7,
p.114] the quotients

4
92($7Q) _ 92($aq )F(l',q4), = il Z F1($7q4)

2(0,q) 02(0, ¢*)

where
Py — Pl d) Oalo ) + ()
T 6500, 4%) (0200, 4%)% + (85(0, )
Bl g?) (B, q)? + (Ba(e, 41))?
Frle0) = G06,47) (82(0.4%)2 + (800, 1))

Moreover, in each of these equations, put ¢*, ¢'%, ¢?*... instead of ¢, multiply the
results obtained in this way with each other. That gives

91(55', Q) _ 91(%, q16)
92(07 Q) 02(07 q16)

QQ(xaq) _ 92(1.7(]16)
02(0,q)  62(0,¢'%)
If one goes over to the limit, it follows

Oo(w.a) . Oa(rd)

1M 00
62(0.q) 20 0,(0, 1)

Fi(z,¢")Fy(z,¢"%) = ...,

F(z,¢")F(z,¢'%) = .....

F(z,¢")F(z,q"%)F(z,¢**)....,

01(z,q) . Gl(x,ql) 4 16 24
=1 ot~ F(x,q")F(x, F(x,
52(0.q) — Mg 0 D) (z,q")F(2,q°)F(x,q%)
for [ unlimited integer. Since ¢ < 1 , therefore lim_, . ¢ = 0 and thus
. 92(37’ ql)
l 0o = .
imy_, 7200, 41) cos(x)
Changing = by = + 7 then
. 01 (LE, ql) .
l = .
1M 500 52(0.4) sin(z)

These remarks of Enneper undoubtedly deserve to be developed and exploited, since
cosy and sing appear in fact as limit product of a combination of theta functions.

Replace for example 7 by 7/ = —1/7 then ¢ = e~ . We thus obtain by using
modern notations where ¢ = ™7’
Ox(x,7")  Oo(x,41")
02((); 7—/) B 02(0747—/)

O1(x,7")  O1(x,47")
F 14 144 _ ) r 2
(x;q )7 02(0,7_,) 02(0’47_,) ]_(x,q )

So,
cosy(r) = cos /4 F(x, 7Y, sing(x) = sing1/a I (, Y.
Or equivalently,

cosga(x) = cosq(z)F(z,q'), sing (x) = sing(z) Fi(z,¢').
18



Theorem 4-1

2
. : KT\ i (kT
sin(7v + =) sin( = — v
sing(v) = (sin 7o) H (tan krr')? |1 — (S_m Z:) = (sinmov) H ( = ),W (27 )7
o1 sin 2 o] (cos )
sin v ’ cos(mv 4 £ cos(mv — ET)
cosq(v) = (cos ) H 1- - = (cos ) H STy -,
] cos “& o] (cos “T)

sing(v) and cos,(v) are defined in the band | Imv |< ST.

Proof of Theorem 4-1 Notice that since 61(v + 3,7) = 62(v,7) and by
Corollary 3-5 one gets

01 (v + %,7’) B (v, T)
(meosmv) 07(0,7)  (wcosmv) 0,(0,7)

_ 02(0,7) cos[knT 4 mv] cos[kmT — wv] coslkmT + wv] cos[kmT — U]
-~ w040, 7) 1};[1 (cos[kmT])? B H (sin[knT])? '

We thus deduce

k>1

02(0,7") = 7 64(0,7") H (cot krr')? .
k>1
So, we find again by another way the infinite product as a g-series

701 (0,7") 2
— L = tan kmr
92(0, 7'/) ljcl;]; ( )

msin (0) =

> s0(—1)"(2n 4+ 1)g ) 1—g?\°
=7 = H 1+ q2k :

n+1y2 -
anoq( 2) k>1

On the other hand,
1 1 - 2
91(U+2a7)702(7)77_): Or(v+35,7) coswvnll(smwv) ],

02(0,7)  62(0,7) 7 6;(0,7) [Tn; (cot krr)’ - cos knT
and
sinmo >
02(v, 7) = (cosv) 02(0,7) H ll - (cos k‘m’) 1
k>1
: 2
B , 2 [ sinmo
= (cosmv)m 61(0,7) H (cot kmT) H [1 (COS k:7r7'> ] .
k>1 k>1
Thus,
0o (v, 7") sinmo \? (sinmv)2 — (cos knr’)?
—_— S 1 —_ =
62(0,77) (cos 70) kl;[l cos kmr’ (cos mv) l};[l (sin kmwr’)?2 ’
01 (v, ")

: 2

L ne |, [ sinmv

D) (sin7v) k|>|1 (tan knwr") [1 (sin km") ]
19



= (sin7v) H (tan krr')’

k>1

(sin km7’)?

[ (cos mv)? — (cos km”)ﬂ
Finally, we have

2
sing(v) = (sin7v) H (tan k7r7-’)2 1— (&n;r:)

E>1 S1n -

cos mv)? cos kx
= (sin7v) H (tan krr')’ [( )= (cos ) ] ,

k
i1 (sin 2)2

T

Sin Tv ’ sinv)? — (cos x
cosy(v) :(coswv)H 1— (b kﬂ) Z(Coswv)H l( ) Img) ) ]

ko1 cos ko1 (sin

Remark sing(v), cosq( v) are related to the functions g;(v,7) defined above in
Part 2 where 7/ =

g1(v,7') g1(=v,7') — (cos T - o
712, 7) g (=1/2,77) cosq(v) = ( ) g2(v,7') ga(—v, 7).

sing(v) = (sin7v)

Taking the logarithmic derivative of functions g;(v,7), j7 = 1,2 (see above Corollary
2-6)

)

N sin[kmr’ + 7] N coslkmT’ + )
gi(v,7) = 1}:[1 sin[krr’] 92(v,7) = I];[l cos[km’|

we derive the following

Corollary 4-2 Let ¢ =€, and 7 = %1 Then the logarithmic derivative
of sing(v), cosq(v) are
cosy, 1 dcos, / /
v) = (v) = —(tanmv) + Ztan[kWT + 7] + tan[knr’ — o]
OS¢ cosq Ov =

sin krr! sin kw7’
= —(tanmv) + E — + VR )
cosknt/ —sinmv  cosknwT! + sinwv

sin,, 1 Osin,

sing v sing Ov ()

= (cot mv) — Z cot[knt’ + mv] + cot[kmT’ — 7],
k>1

sin kw7’ sin kmwr’
= (cot mv) + E p + . ,
=7 cos knt’ —cosmv  coskmwT! + cos v

sing and cos), are defined in the band | Imv |< .

Theorem 4-3 Let ¢ = ¢, and 7 = =L. Then the following identities hold

T

2
(1) sing(2v) =8 H ( CCOOSS :r))) ) singz (v) cosgz (v),
k>1
20



(it) tang(2v) = Zi‘;g?}% = tan(2v) kl:[ltan(%w + kjﬂ) tan(kg — 27v).
km km
(#3) tang(v) = tan(v) H tan(mv + ;) tan(; — V).

k>1

km T’
(i) tang(20) H 4(008(5))4 03 (v, %) cosq H )
tangz (v) o1 | (cos(FF))? 62(2v,T) cosq(20) L% (
Proof of Theorem 4-3 Notice that after developing and reducing the fol-
lowing expressions
1 (cos v)? - (sinmv)? 1 (sin 27v)?
(sin k%)z (sin k§)2 7 (sin 2k§)2 ’
one easily find

1 (cos 7r11)22 . (sir17rv)22 n (Cotk—ﬂ)Q 1 (sin 27711)22 o,
(sin kg) (sin kg) T (sin 21@%)
as well as
1 (sin 7v)* 1 (sin 7v)* ly (sin 27v)?
(cosk§)2 (sink%)2 (sin2k:§)2
Observe now from these trigonometric identities we can deduce
S ) + km S km )
sing (2v) = (sin72v) H in(2mv )k;n( 7rv)7
i1 (cos )2
) ) sin(mv + 52) sin(42 — 7o)
singz (v) = (sin 7o) — ,
? kl;[l (cosg )?
_ km
cosg2(v) = (cosmv) H cos(my + 5 )2:5(7”] z)
o1 (cos 57 )2
Therefore
S + sin(&r — cos + cos — b
singz (v) cosg2(v) = (sinmv)(cos o) H in(mv )kirn( 27 — ™) cos(m )kﬂ (mv — 57)
E>1 (cos 57)? (cos 57)2
1 sin(2mv + A7) sin(A7 — 2
B VP ) e L)
2 ] 4(cos o)

sing (2v) =

L sing2 (v) cosgz (v) = % singz (v) cosge (v),
a 01(1. %)
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where

2
2:%)? II cos(kz
=t SR, fe ooy (2

(¢:4%)% @ i

To prove (iv) it suffices to develop and reduce
tan (m(2v + £)) tan (7(—2v + £))
tan (7(v + 2=)) tan (7(—v + ﬁ))
:sin(ﬂ'(%—&—f))sin( m(—2v+ %)) cos (r(v + £)) cos (m(—v + £))
cos (m(2v + £)) cos (m(—2v + £)) sin (r(v + 2£)) sin (7(—v + £Z))

 (eos (70 +49)))" (cos (w(—v + 52)))°
cos (m(2v + £)) cos (r(—2v + £))

Therefore

COS

(cos (m(v+ %)))2 (cos (m(—v + %)))2 (cosg2(v))? cos( cos kr)e
,};[14 cos (m(2v + £)) cos (m(—2v + £)) =4 cos,(20)  (cos(m 1;[ )

On the other hand this could be re-written

O] (cos (r(v + £)))? (cos (r(—v + £)))” ((cos (52))* =1+ (cos (71'1}))2)2
k31 + ) cos (n(—2v + %)) i>1 (cos (k“)) — 4 (cos (1)) + 4 (cos (7v))*

2
(COS(I%T)V_(Sin(WU))Q cos(&2))* | cos(2mv) 0%(v. 5
=4H( — e
k>1 o E>1

Theorem 4-4  Let q=¢™", and 7' = =. Then the following hold

IT,2 tan,(2v)
t 2 _ q q =1—
(tangs (v)) I, + 11,2 tan, (2v) H

cos4(2v) _ H Cot(’%’r) I, (cos(ZZ) + cos (41}))2
(cosg2(v))? o1 cot(47) | Tz cos (E2) + (cos (20))*

Proof of Theorem 4-4 Starting from the Gosper’s identities
sing(2v) I,

singz(v)  Ie

cosg2(v), €0sq(2v) = cosg2(v) — sing(v),
we get

tang(20)  sing(2v) cosgz(v) I, (cosez(v))? I, 1

tangz(v)  cosy(20)sing(v) Iz cosg(2v) Iz 1 — (tang(v))?’
22



On the other side one has

tang(2v) 1 [cot(’f)] ? ((COS (’;{))2 — (sin (v))2)2
tang2 (v) k>1 cot(4Z) (cos (’%’T))Q — (sin(2v))
cos4(2v) 1 (tans (o))? = II, [Cot(’?)]Q (cos (’%))2 — (sin (20))? .
(COqu (1)))2 ( q ( >) 4Hq2 kl;‘[l COt(%) ((COS (%))2 _ (Sin (1)))2)2

By Enneper’s terminology ([7] p.114)

_ O5(z,q) (02(z,9))* + (05(z, q))? ooy = Palz.0) (01(z,9))* + (0a(z,q))?
P9 = 5.0.0) 020, 0 1 G50, 92" 9=

then
Fi(z,q) _ 0a(x,q) (02(z,9)* + (05(z,9))?
F(z,q)  Os(z,q) (61(2,9)) + (6a(,q))*

We deduce from Corollary 4-3

Fl(va q)

F(v,q)

We thus obtain the following theta identity

tang (z) = tan(v) = tan(v) H tan(mv + k—w) tan(—w — ).

Corollary 4-5 Let q=¢""", and 7’ = _71 The following equalities hold

Oa(v, ) (B2(v, 7)) + (05(v, 7)) k km _ tang(v)

Os(v, ") (61(v,7))% 4+ (B4(v,7"))? B kl;[ltan(ﬂ'v + E) tan(E —m) = tan(v)

(O2(v, 7)) + (03(v,7"))? H tan(mv + %) tan(5E — 7o)
(01(v, 7)) + (Oa(v, 7)) -

Corollary 4-6 Let g =€, and 7' = _71 The following infinite products
hold

cosfr(v + )] eoslr(v+ &) _pr o (B (kb
kl;[l cos[w(v+§)]cos[7r(—v+§)] kl;lo v+ ) m(=v+ )
sinfr(v + £))sfr(—v+ &) 80 Tp o B (kD)
kl;[l sin[r(v+ &)]sinfr(—v+ £)] 93(0,7/),};[0 (ot =) sinfr(—ok =
tan[r(v + 2)] tan[r(—v + £ )]
tan(r )kl;[l tan[r(v + &)] tan[r( v—&—é)]
0 it S8 o 22
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Proof Indeed, (following Gosper notation) it suffices to notice that

cose(u) _ pp o8 (rlo + ) con (v + )

cesq(v) = )
a(v) cose(v) ) cos (m(v+ %)) cos (r(—v + %))
ssm(v) = singz (v) _ H sin (m(v + 2=)) sin (7(—v + 2T )
a sing(v) 24 sin (w(v 4 £)) sin (7(—v + £))
These functions can also be re-written
03(v, 7") 04(v, ")
CCSq('U) = W’ San(v) = W

Therefore, we deduce the identities by Corollary 3-3 since

O3(v,7') H cos[(k + 2)m7’ + wv] cos[(k + 3)mT’ — m}].

03(0,7') P50 (cos[(k + %)T(T’DZ

Oa(v, 7’ 04(0, 7’ sin[(k + 1)mr’ + mo] sin[(k + $)rr’ — 7o)
( ) _ ( ) H (Sin[(/ﬂ-i— %)77/})2

4.2. n-order transformations and ¢-trigonometry.
Notice that Gosper [9, p.92] stated the following identity for any integer n

1
"21;1 (qaq )oo kS k
q @ sing nmv = H singn (v + n>
749 k=0

In [3] the authors point out that this formula is in fact equivalent to the Jacobi
identity :
(1 _ q2sn m
0;(nv,nt) = Hm H 0j(v+ﬁ’7—)'
s>1 0<m<(n—1)
Another consequence of the infinite product expansions deduced from Theorem

3-6 is the n-order multiplication formulas for sin,(v),cos,(v) where in addition we
distinguish the two cases n odd, n even

Theorem 4-7  Let n be any integer then :
(i) - The following identity holds

/ / 2n—2 3 : n 2
sing (nv) = w01 (0,n7’) 2 sin nmv H {[sm(km')] ] H sings (v + %)

02(0,n7’) (sin o)™ sin(nkmr) 01

(i1) - When n is an even integer then

sing (nv) = 2472707 (0, n7’) H {[sin(lmw)]”] H cosyn (v + %)

02(0,n7") Pt sin(nkmr) 01
22n=270) (0, n7’) [cos(kmr)]"]? , m
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tanq(nv):H[[tan(km—)]nr II coten(v+ )
k>1

tan(nkw) 0<mZno1

(i4i) - When n is odd then the following hold

cos (nv) = 701 (0,nt") 22"~2 cos nmv H [[cos(k;m-)])"] H cosyn (v + %)

02(0,n7") (cos mv)n cos(nkmt 0<man_1

tang (nv) = tan nmv H [[tan(lwm-)}n} H oo (0 4 %)
k>1

(tan 7Tv)™ tan(nkmT) 0<mZn-1

For n = 2 one find again

470}(0,27') vy [[sin(krn)?1* ‘
02(0,27") H sin(2k7r) COSg2 U OS2 (Vv + 2)

sin, (2v) =

05(0,7)03(0,7') ‘.
= Sll2 U COSy2 U = — S22 U COSy2 V.
05(0,27)05(0,277) ¢ T T T2 e T

Proof of Theorem 4-7 Theorem 3-6 yields for any n

Ou(nv,n7) s sin nv 11 [[Sin(kWT)}nr 1 6+ o,

70, (0,n7T) (sin o)™ [767(0,7)]" sin(nkmr) 0<m<n-—1 K

or equivalently

01 (nv,nt) = 70, (0, nT)22" 2 sin B H {[s.in(lmw)]”] H 91(U+E,T),

(sinmo)™ [707(0, T sin(nkmr) 0<m<n—1 "
then
. w01 (0, n7’) 22n=2 gin nmv [sin(krr')]" ] mo
= 0 n
sing (nv) 62(0,n7") (sin o) [76,(0, )" H sin(nkmr’) H 1(v+ T )

0<m<n-—1

_ @01(0,n7’) 2*"?sinnmv [sin(krr)]"]?
= 92 (O, ’[’LT’) (Sln ﬂ-v)n H Sln(nkﬂ'T) O<Wgn_1 Sln (U + )

For n even we have

O1(nv,nT)  _on_s sin nmv [sin(k7r7)]" ] o™
. : o 1| | I oot 3im,

70, (0,nT) (cos v)™ [02(0, o L sin(nkar) 2 n
then

. 2202701 (0, n7") sin(km7’) 2

sing (nv) = 32(0.n7") H {Sm 7 ] H cosy (v + )

k>1 0<m<n—1
For n odd we have
Oo(nv,n7) o s cos nv [cos(kmT)]™ ] m
2V ) 92n 0 —
02(0,n7) (cos o)™ [02(0,7)]" kl;[l cos(nkmr) O<n1_<[n71 2(v+ n '7)
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implying

n8i(0,nr') 22 cosnry [[cos,(km/)]”r [ costw+2)
q n’’

cosq(nv) = 02(0,n7") (cos o)™ cos(nknt’)

E>1 0<m<n-—1

By Corollary 2-6 and Theorem 4-2 we deduce the logarithmic derivative of
sing(nv), cosq(nv). See also [3, Theorem 1]
Corollary 4-8 Let n be any odd integer then

cos! [ mmr
n—-=<(nv) = Z (v + —),
o8, 4= cosy n
sin’ cos! nlgn/n mm
n—=(n) = — 711(5*"”): —(v+—)
sin, cos, 4= sing

Indeed, this corollary is a consequence of Theorem 4-2 and trigonometric iden-
tities
n—1 n—1

mm mm
ntannv = t — = —).
Z an(v + - ), n cot nv Z cot(v + - )
m=0 m=0
Notice that ) ,
cos sin
limq_,lé(v) = tan(v), limq_ﬂﬁ(v) = cot(v).
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