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a b s t r a c t 

This study derives the equation of parasitic motion of 3-DoFs parallel manipulator from the 

velocity-level analytic-constraint equation and compares it with a well-known position- 

level geometric method. The velocity-level constraint is formulated based on the extended 

Jacobian, derived from the instantaneous motion space (IMS) and the instantaneous re- 

striction space (IRS) for free motion and constraint. In contrast, the position-level con- 

straint, adopted in previous studies, is geometrically obtained by analyzing the moving 

platform and limb motions. The velocity-level analytic-constraint matrix is used to further 

analyze the task-space motion. In this paper, the procedure of detecting and identifying 

the parasitic terms from the independent terms is introduced utilizing the property that 

comes from the virtue of analytic constraint and inverse rate kinematics algorithm. Then, 

an equation for the constraint-compatible task motion and a coupling relation between 

the parasitic and independent motions are derived during further analysis. The paper de- 

rived the parasitic motion from position constraint, and an algebraic equivalency with the 

velocity constraint is shown by taking the time derivative of a point-plane position level 

constraint for comparison. Finally, numerical simulations are provided to validate the pro- 

posed approach and demonstrate the effect of the constraints on the given input velocity 

within the entire rotational workspace. 

© 2021 Elsevier Ltd. All rights reserved. 

 

 

 

 

1. Introduction 

Parallel manipulators (PMs) with less than six degrees of Freedom (DoFs) cannot have all motions in IR 

6 because of the

constraints imposed by the limbs that connect the fixed and moving platforms. This type of limited DoFs PM has typi-

cally been described using several independent motions equivalent to its DoF. For example, the 3-PRS (prismatic-revolute- 

spherical) PM has a 3-DoFs motion with three independent motions: translation along the z-axis, and rotation about the x -

and y -axes, respectively [1,2] . At this moment, the remaining motions, i.e., translation along the x - and y -axes and rotation

about the z-axis, are assumed to have not occurred. However, in reality unexpected motions, known as parasitic motion 

[1,3,4] , occur because of the constraint’s nature; these are dependent on the independent 3-DoFs motion. 

This unexpected parasitic motion results in inaccurate and undesirable motion of the moving platform; thus, it must 

be analyzed and eliminated, if possible. Depending on where we deploy the manipulator, the non-zero parasitic motion 

requires real-time compensation using an extra Cartesian bed [5,6] , which leads to complicated control. In addition, it causes 
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difficulty in calibration because the natural controller cannot correct the motion, and thus may it even lead to the damage of

the entire system [6] . For instance, the x - and y -axes translational parasitic motion is not required for the 3-PRS manipulator

designed for a telescope’s tip and tilt motion [7] . 

To describe the parasitic motion of a 3-PRS PM, a point-plane geometric method has been introduced [1,8–10] . If a point

on a rigid body preserves incidence with a known plane, the point is said to be constrained by the plane. Hence, the

rigid body motion is guided by the plane, and its constraint equation can be generated from the plane and correspond-

ing normal vector. However, a geometric method cannot be generalized because the geometric constraints obtained differ 

from mechanism to mechanism except for manipulator having the same constraint. Although the parasitic motion is widely 

studied [1,6,8,11,12] , it is derived from geometric position constraints, and thus, it is critical to accurately identify geomet- 

ric constraints. Unfortunately, a systematic method for this purpose does not exist. This problem extends the difficulty to 

the analysis of parasitic motion. In consideration, this paper obtained the parasitic motion entirely from the pure velocity 

relation and drawn a systematic procedure to distinguish the parasitic terms from the independent task variables. 

To describe the PM’s velocity, a widely used method for obtaining the system constraints is the reciprocal screw tech- 

nique. To obtain the reciprocal screw at the velocity level, geometrical [13–18] , numerical [19] and analytical [20,21] meth-

ods are commonly used. However, to consistently embed, and further analyze the constraints, it is better to use an analytic

method. In this study, an analytic velocity-level constraint equation is formulated based on the concept of instantaneous mo- 

tion space (IMS) and instantaneous restriction space (IRS) of the manipulator [20,22] . With the resulting analytic constraint 

equation, the parasitic motion analysis is performed directly at the velocity level without considering constraint geometries. 

To the best of the authors’ knowledge, no work examines the parasitic motion directly from the velocity model without 

considering the geometric position-level constraints. 

The IMS and IRS concepts can be briefly described as follows: For PMs, the moving platforms cannot move in the space

that cannot be reached by any of the limbs connecting the platform. Thus, PMs with less than six-DoFs also have limbs less

than six-DoFs to restrict the moving platform motion [15,23,24] . The output DoFs of these limbs is described by the linear

combination of f independent screws associated with each kinematic pair of that particular limb (leg). If f < 6 , the limb

movements can be represented with f motion screws that form a subspace called the IMS. The remaining subspace with 

6 − f independent screws can be considered as a subspace that cannot be reached by the limbs, and thus represents the

subspace for constraints known as the IRS. The IMS of a PM is an intersection of all the IMS of its limbs, i.e., the moving

platform can be reached wherein all the limbs can have motions together. On the other hand, the IRS of a PM is a union of

all the IRSs of its limbs, i.e., the moving platform cannot be reached whereby any one limb cannot have motions. A complete

kinematic description of a PM, particularly with less than 6-DoFs, can be obtained by considering these two sub-spaces 

simultaneously. The rest of the paper is organized as follows: Section 2 introduces the basic kinematic description of an

example manipulator. Section 3 derives a geometric position constraint, and Section 4 formulates the analytic velocity-level 

constraint based on IMS and IRS of the manipulator. Section 5 discusses the constraint matrix property and compares the 

position- and velocity-level constraints. Using the null-space projection of constraint matrix, Section 5.1 showed automatic 

implicit handling of the parasitic motion. Hence, the constraint-compatible velocity is obtained without explicit derivation 

of parasitic motion equation. Then, the procedure to detect and identify the parasitic terms is presented in Section 5.2 .

However, considering the importance of analytic coupling relation between parasitic and independent terms of the task- 

space variables, an explicit parasitic motion equation is obtained solely from velocity constraint in Section 5.3 . In Section 6 ,

numerical validation is presented, and the paper is concluded in Section 7 . 

2. Structural description of 3-PRS manipulator 

This section introduces the kinematic architecture and position relation of the 3-PRS parallel manipulator shown in Fig. 1 ,

which is used an example manipulator to analyze constraints and parasitic motion. The mechanism has three identical 

limbs connecting the two symmetrical plane platforms inscribed in a circle. Frames { O f } and { O m 

} are the fixed and moving

coordinates attached to the center of the corresponding plates, respectively. The radially installed prismatic actuator at the 

base generates a limb motion along with the revolute and spherical passive joints. The passive spherical joints located at 

A i and the revolute joint at B i connect the moving platform to the fixed platform via a fixed-length link. Vector p is the

position of the moving platform in the fixed frame { O f } , whereas l i is a vector along the leg from B i to A i . Joint A i on the

moving platform is represented by vector a i directed from O m 

to A i in the fixed frame, and a i = R a 

′ 
i 
, where R is the rotation

matrix of the moving platform and a 

′ 
i 

is the constant vector from O m 

to A i in the moving frame { O m 

} . Note that vectors with

a prime symbol ( ·′ ) throughout this paper are constant vectors in their local frame. Angle ξi indicates the actuation direction

from the x -axis in the horizontal plane. The radius of fixed and moving platforms are denoted by b i and r p , respectively. 

The varying length vector b i at the fixed platforms directed from O f to B i represents the active prismatic joint. The 

manipulator is originally presented in [1] to get the optimal parasitic motion at the position level. 

2.1. Inverse kinematics 

The inverse kinematics (IK) can be obtained using the position closure from Eqs. (1) and (2) . For brevity, the position of

the spherical joint, r , for i = 1 , 2 , 3 , can be represented with two identical vectors, i.e., a vector along the limbs from the
i 
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Fig. 1. 3-PRS parallel manipulator kinematic architecture. 

 

 

 

fixed plate, Eq. (1) and a vector described with the pose of the moving platform, Eq. (2) , 

r i = R z (ξi ) b 

′ 
i + R z (ξi ) R y (θ2 i ) l 

′ 
i (1) 

= p + R a 

′ 
i (2) 

where b ′ i = 

[
b i 0 0 

]T 
, l ′ i = 

[
0 0 l 

]T 
. Vector a 

′ 
i 

is the position of spherical joints based on the moving platform that 

can be mathematically described as: 

a 

′ 
i = R z (ξi ) r p (3) 

where r p = 

[
r p 0 0 

]T 
. Position of the moving platform based on the fixed frame is represented by vector p = [

x y z 
]T 

. The rotation matrix of the moving platform is represented as follows: 

R = R z (φ) R x (ψ) R y (θ ) . (4) 

Note that the order of rotation is different from usual Euler or roll-pitch-yaw [1] . 

Angle ξi = (i − 1) 2 π3 represents the actuation direction of each leg from the positive x -axis. The position vector r i is

known because the pose, p and R , in Eq. (2) are given IK. 

Thus, the position closure equation becomes 

R z (ξi ) 
−1 r i − b i = R y (θ2 i ) l 

′ 
i . (5) 

Let R z (ξi ) 
−1 r i = g and eliminating θ2 i from Eq. (5) gives the length of prismatic joint b i as follows: 

b i = g x ±
√ 

l 2 − g 2 z (6) 

where the passive revolute joint angle is given by 

c θ2 i 
= (g x − b i ) /l (7) 

s θ2 i 
= g z /l. (8) 

In this paper, note that c and s followed by angular variables represents cosine and sine , respectively. 

3. Position level constraint 

The manipulator considered in this study has limited DoF because of structural constraints, and thus to analyze the 

manipulator with constraint-compatible relations, the governing equation of constraints must be obtained. Structural con- 

straints of parallel manipulators with less than 6-DoFs at the position-level is analyzed mainly based on the geometric ap- 

proach [1,6,10] . Especially, Carretero, et al. used a fundamental geometric relations based on the graphical method to define 

the limb constraint, as shown in Fig. 2 . 

The process involves identifying the plane that comprises the spherical joint centers A i , and passes through the revolute

joint B along the direction vector of the prismatic joint and perpendicular to the direction vector of the revolute joint [1] .
i 

3 
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Fig. 2. Kinematic architecture of 3-PRS mechanism. 

 

 

 

 

 

 

 

This means that the distal end of the limb ( A i ) is restricted in the plane, and the following algebraic relation can be drawn:

r T i s 2 i ‖ = ( p + R a 

′ 
i ) 

T s 2 i ‖ = 0 . (9) 

The direction vector of rotation joint is s 2 i ‖ = 

[
−s ξi 

c ξi 
0 
]T 

and a 

′ 
i 
= 

[
r p c ξi 

r p s ξi 
0 
]T 

where i = 1 , 2 , and 3 for the

respective legs. 

By substituting elements of the direction vector s 2 i ‖ into the left-hand side of Eq. (9) , the following relations can be

obtained : 

r 1 y = 0 

r 2 y = r 2 x tan ξ2 

r 3 y = r 3 x tan ξ3 
. 

(10) 

By equating position of the spherical joint and pose of the moving platform, r = p + R a 

′ 
i 

as in Eq. (9) with relations of

Eq. (10) , the constraints are as follows: 

y + R 21 r p = 0 (11) 

y + R 21 r p c ξ2 
+ R 22 r p s ξ2 

= tan ξ2 

(
x + R 11 r p c ξ2 

+ R 12 r p s ξ2 

)
(12) 

y + R 21 r p c ξ3 
+ R 22 r p s ξ3 

= tan ξ3 

(
x + R 11 r p c ξ3 

+ R 12 r p s ξ3 

)
. (13) 

Then, the constrained variable y can be easily obtained from Eq. (11) . By summing Eqs. (12) and (13) , and substituting y

into the resulting equation with rotational elements from Eq. (4) , the rotational dependent variable can be obtained: 

tan φ = 

s ψ 

s θ

c ψ 

− c θ
. (14) 

The remaining dependent variable x can be derived by subtracting Eq. (13) from Eq. (12) : 

x = 

1 

2 

r p 

(
− c φc ψ 

+ c φc θ + s φs ψ 

s θ

)
(15) 

y = −r p c ψ 

s φ. (16) 

Since the manipulator in Fig. 1 has only 3-DoFs, the position-level constraint in Eq. (9) is used to describe the inter-

relation of dependent and independent task variables as in Eqs. (14) , (15) and (16) . Thus, θ, ψ and z can be freely chosen

whereas x, y and φ are dependent on these free variables. 

Although the method presented in this section can incorporate constraint information into the motion equation and 

enables us to describe the position-level coupling relation of task variables, it has the following limitations. 
4 
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• The point-plane constraint modeling based on the geometric approach is heavily dependent on the structure of a manip- 

ulator. It cannot be consistently applied to other manipulators because the geometric approach generally uses different 

relations from manipulator to manipulator, considering the exception case for manipulators having identical limb con- 

straint. 
• It also does not provide any procedural reasoning to distinguish the parasitic (dependent) variables from the 

main(independent) variables. Designers must use an independent technique or prior knowledge on the manipulator 

structure. 

To overcome these limitations, an analytic formulation of constraints is preferable to analyze the parasitic motion. 

4. Velocity level constraint 

In Section 2 , a 1T2R manipulator with less than 6-DoFs was introduced. For this type of manipulators, the region that

cannot be reached by the moving platform because of structural constraints must be taken into account in the design 

procedure for the accurate understanding of kinematics characteristics in consistent manner. Although several methods have 

been suggested to embed structural constraints at the velocity level, [16,17,19] , an analytic approach outlined by Kim and

Chung [20] is adopted to overcome the drawbacks discussed in Section 2.1 . In the study, IMS and IRS are introduced to

describe the moving platform’s motion and constraint. 

4.1. Instantaneous motion and restriction space 

A general manipulator has instantaneous motion ˙ x ∈ IR 

6 , but when subjected to certain constraints, some regions 

can/cannot be reached by the manipulator, and consequently, said regions need to be taken into account simultaneously. 

These two regions described with two complementary sub-spaces,IMS and IRS, are defined as : 

Instantaneous Motion Space(IMS) : is the tangent space of SE(3) spanned by the linearly independent motion vectors at 

the moving-plate (IMS ⊂ IR 

6 ). From the leg point of view, this space is spanned by the intersection of twists in all legs, and

it can be physically interpreted as follows: the motion of the moving platform occurs in the region where all legs commonly

work. 

Instantaneous restriction Space(IRS) : is an orthogonal complementary subspace of the instantaneous motion space in 

IR 

6 which belongs to the unreachable region due to the structural constraints and formed by the union of all restriction 

screws induced from each leg. 

PMs’ constraints are a union of those legs restriction, and thus the entire motion is described by the legs IMS and IRS

in general. In a serial manipulator, IMS ( C( J j ) ) is obtained from the forward rate kinematics whereas IRS ( C( J c ) ) is obtained

by taking the orthogonal complement ( N ( J T j )) . Hence, the IMS fully describes the serial manipulator’s motion, and the

corresponding IRS is {6 - IMS} which represents the space that the manipulator cannot reach. Thus, the generic extended 

forward-rate kinematics (FRK) of an isolated limb can be written with the (6 × 6) extended Jacobian J e as follows: 

˙ x = J e ̇  q e = 

[
J j ; J c 

][ ˙ q 

0 

]
(17) 

where ˙ x and ˙ q e denote the velocity of the end-effector and extended joint velocity, respectively. The dimension of J j is a 

(6 × f ) Jacobian matrix and that of J c is a (6 × (6 − f )) constraint matrix, where f is the total DoF. Note that the extended

joint velocity, ˙ q e = [ ̇ q 
T ; 0 T ] T is composed of usual joint velocity ˙ q and zero for constraints, J c . 

The inverse rate kinematics of Eq. (17) can be obtained by inverting J e in Eq. (17) : 

˙ q e = J −1 
e ˙ x = G 

T 
e ˙ x = 

[
G 

T 
j 

G 

T 
c 

]
˙ x (18) 

where G 

T 
e is the inverse of J e , and the two have the following mutually inverse relation as: 

J e G 

T 
e = G 

T 
e J e (19) 

J j G 

T 
j + J c G 

T 
c = I 6 (20) 

G 

T 
j J j = I f 

G 

T 
c J c = I (6 − f ) (21) 

G 

T 
c J j = 0 (6 − f ) × f 

G 

T 
j J c = 0 f ×(6 − f ) . (22) 
5 
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The result has shown that the first term, J e G 

T 
e , of Eq. (19) gives Eq. (20) whereas the second term, G 

T 
e J e , gives Eqs. (21) and

(22) with its sub-matrices. 

If we can find J c that satisfies Eqs. (21) and (22) , constraints can be included in the rate kinematics as in Eqs. (17) and

(18) . Matrix J c is a 6 × (6 − f ) dimension that spans the orthogonal complementary subspace of J j . The range space of J c 

represents the null-space of J T j and from the physical phenomenon perspective it represents the space that the manipulator 

cannot reach. If the columns of J j are considered as a screw system, then the columns of J c can be obtained from the

reciprocal screw system of J j . A reciprocity relation is a well-known approach, and there are geometric, numeric, and analytic 

techniques to obtain the reciprocal screw’s basis element. Geometric and numeric approaches suffer from two contradicting 

limitations. On the one hand, the geometric method is well-related to the physical meaning, but it cannot be consistently 

applied to complicated systems. On the other hand, the numerical method cannot be easily interpreted, but it can solve 

any screw system. This study uses an analytic approach introduced by Kim and Chung [20] , since it can give a consistent

derivation process with physical and geometrical meanings. 

For PMs, the IMS is the intersection of all limb’s IMS and the IRS is the union of the IRS for all limbs. 

IMS = ∩ 

n l 
i =1 

IMS i = ∩ 

n l 
i =1 

C( J ji ) (23) 

IRS = (∩ 

n l 
i =1 

IMS i ) 
c = ∪ 

n l 
i =1 

C( J ci ) (24) 

where [ ·] c is a complementary subspace. 

The basics of the screw presentation are given in Appendix A . Based on the screw operator called reciprocity, the IRS of

a manipulator can be analytically obtained as follows from the given screw system: [
M i ‖ M i ⊥ 

]
∧ $ ci = 

[
M i ‖ M i ⊥ 

][s ci ⊥ 
s ci ‖ 

]
= 0 (25) 

where M i ‖ and M i ⊥ denotes the direction and the moment vectors of the screw system, respectively. 

4.2. Analytic velocity-level constraint equation 

As stated earlier, even though numerical and geometric methods are alternatives to embedding structural constraints at 

the velocity level, an analytic approach is used in this study to enable further analysis. A general process was used to obtain

the constraint-embedded extended Jacobian in [20] , and here a specific case shown in Fig. 1 will be considered. Each limb

(from the center of the fixed plate to the spherical joint A i ) forms a five system ( 4$ 0 − 1$ ∞ 

) by modeling joints as five single

DoF kinematic pairs, and then the usual Jacobian matrix that generates limbs’ IMS is given as follows: 

J i = 

[
0 s 2 i ‖ s 3 i ‖ s 4 i ‖ s 5 i ‖ 
s 1 i ‖ s 2 i ‖ × l i 0 0 0 

]
. (26) 

A screw reciprocal to the screw system J i in Eq. (26) has the following relations, as in Eq. (25) : 

[
M ‖ M ⊥ 

]
$ ci = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

s T 
5 i ‖ 0 

T 

s T 
4 i ‖ 0 

T 

s T 
3 i ‖ 0 

T 

s T 
2 i ‖ ( s 2 i ‖ × l i ) 

T 

0 

T s T 
1 i ‖ 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

[
s ci ⊥ 
s ci ‖ 

]
= 0 . (27) 

Then, as given in [20] , the direction vector of the reciprocal screw can be obtained from Eq. (27) : 

s ci ‖ = −[ s 5 i ‖ · ( s 3 i ‖ × s 2 i ‖ )] 

(
r 54 × s 4 i ‖ 

)
× s 1 i ‖ + [ s 5 i ‖ · (s 4 i ‖ × s 2 i ‖ )] 

(
r 53 × s 3 i ‖ 

)
× s 1 i ‖ 

− [ s 5 i ‖ · ( s 4 i ‖ × s 3 i ‖ )] 

(
r 52 × s 2 i ‖ 

)
× s 1 i ‖ (28) 

where r 5 i = r i − r 5 is the relative moment arm between the fifth and i th joints. Because of the same spherical joint with

zero moment arm, r 54 = r 53 = 0 , and r 52 = l i . Equation (28) can be further simplified by the above moment arm relations

and the vector triple product 

s ci ‖ = −[ s 5 i ‖ · ( s 4 i ‖ × s 3 i ‖ )] 
(
l i × s 2 i ‖ 

)
× s 1 i ‖ (29) 

≈
(
l i × s 2 i ‖ 

)
× s 1 i ‖ ∵ unit direction vector (30) 

= ( s 1 i ‖ · l i ) s 2 i ‖ − ( s 1 i ‖ · s 2 i ‖ ) l i (31) 
6 
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≈ s 2 i ‖ ∵ s 1 i ‖ ⊥ s 2 i ‖ and unit direction vector . (32) 

With the direction vector in Eq. (32) , the moment vector of the reciprocal screw can be obtained from Eq. (27) , and yields

the result of s ci ⊥ = 0 . Then,the final twist of non-freedom is a form of $ ∞ 

screw: 

$ ci = 

[
0 s 2 i ‖ 

]T 
. (33) 

By embedding the restriction twist into the limb Jacobian, we can obtain extended Jacobian : 

J ei = 

[
0 s 2 i ‖ s 3 i ‖ s 4 i ‖ s 5 i ‖ 0 

s 1 i ‖ s 2 i ‖ × l i 0 0 0 s 2 i ‖ 

]
. (34) 

Since the manipulator has three identical limbs, analyzing a single chain is sufficient to determine the entire manipulator 

constraint. For the limb, point A i is regarded as the reference point of motion, but for the manipulator, the reference point

of motion must be moved to the center of the moving platform by the following transformation matrix: 

M = 

[
I 0 

−[ a i ×] I 

]
(35) 

where a i is a radial vector from the center of the moving platform to point A i based on the fixed frame. 

Hence, by pre-multiplying Eq. (35) with J ei of Eq. (34) , the extended Jacobian of limb i can be obtained with the refer-

ence point on the moving platform. The inverse relation of the extend Jacobian of limb i can also be obtained similarly in

Eqs. (28) –(33) for the active joint and constraints, which have been described in detail in [20,22] . 

The final form of the inverse-rate kinematics (IRK) of the entire manipulator can be described as follows: [
˙ q a 

0 

]
= 

[
G 

T 
a 

G 

T 
c 

]
˙ x (36) 

where ˙ q a and ˙ x denote the active joint velocity and moving platform velocity, respectively, and G 

T 
a and G 

T 
c denote the wrench 

system or inverse relation of the active joint and constraint, respectively. 

In most cases, we only consider the active joint motion in the velocity relation without considering the constraints. How- 

ever, with the extended Jacobian relation, we consider motion and constraints simultaneously to describe the kinematics, by 

which we can analyze the effect of the constraints on manipulator’s motion. 

For the 3-PRS manipulator, the constraint matrix in G 

T 
c has the following form: 

G 

T 
c = 

⎡ 

⎣ 

s T 21 ‖ ( s 21 ‖ × a 1 ) 
T 

s T 22 ‖ ( s 22 ‖ × a 2 ) 
T 

s T 23 ‖ ( s 23 ‖ × a 3 ) 
T 

⎤ 

⎦ . (37) 

To operate the manipulator, the constraints in Eq. (37) must be satisfied to produce zero velocity for the given input motion.

5. Properties of constraint matrix 

For PMs with less than 6-DoFs, constraints induced from each leg govern the manipulator’s entire motion. In previous 

sections, we derived constraint relations based on geometric and analytic approaches at the position and velocity levels, 

respectively. In this section, we take the time derivative of position level point-plane constraint to show the algebraic equiv- 

alency between the two approaches. 

Hence, it can be clear that using position constraint to obtain velocity parasitic motion is not mandatory for velocity 

based control scheme, and with the analytic constraint equation described by Eq. (37) , further properties are analyzed even-

tually. 

Comparison of position and velocity level constraint 

This section presents an algebraic equivalency between the point-plane geometric position-level and the analytic velocity- 

level constraint. To demonstrate this, we take the time-derivative of the position level constraint given in Eq. (9) . The pro-

cedure begins by expanding Eq. (9) to the following form: 

p 

T s 2 i ‖ + R a 

′ 
i 
T s 2 i ‖ = 0 . (38) 

The differentiation of Eq. (38) with respect to time gives the following: 

˙ p 

T 
s 2 i ‖ + 

˙ R a 

′ 
i 
T s 2 i ‖ = 0 (39) 

˙ p 

T 
s 2 i ‖ + ( ω × ( R a 

′ 
i )) 

T s 2 i ‖ = 0 (40) 
7 
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s T 2 i ‖ ˙ p + ( s 2 i ‖ × a i ) 
T ω = 0 (41) 

[
s T 

2 i ‖ ( s 2 i ‖ × a i ) 
T 
][ ˙ p 

ω 

]
= 0 . (42) 

By applying i = 1 , 2 , and 3 in Eq. (42) for three limbs, the constraint can be written as a matrix to represent the entire

manipulator constraint and this matrix is equal to Eq. (37) . As expected, the geometric structural constraint obtained in

Eq. (42) by taking the time derivative of Eq. (9) and the analytic constraints Eq. (37) in Section 4.2 gives exactly the same

algebraic expression. However, the analytic equation derived in Section 4 is more systematic, and the same process can be

applied to other manipulators to obtain the constraint embedded-extended Jacobian and constraints. As a result, analysis 

and further study of the parasitic motion can be systematic and insightful. 

5.1. Constraint-compatible task velocity 

For the general case, we can assign an arbitrary desired motion for the manipulator to follow, but for a manipulator with

less than 6-DoFs, we cannot assign an arbitrary desired motion because we cannot guarantee that the given desired motion 

will satisfy the structural constraints. If a given desired motion does not satisfy the constraints, then the manipulator will 

fail, which is the worst case scenario. For PMs, constraints are changed at every instant and they are simultaneously related

to all legs. These complicated relations find the constraint-compatible desired motion more challenging. 

As shown in Eq. (36) , if a motion ˙ x is constraint-compatible, the motion is mapped to the null-space with 0 = G 

T 
c ˙ x .

Consequently, the constraint-compatible motion ˙ x is in the null space of G 

T 
c and can be expressed as follows: 

˙ x = 

(
I − G c G 

† 
c 

)
˙ x a (43) 

where ˙ x a ∈ IR 

6 denotes an arbitrary motion without considering constraints and (·) † is the MoorePenrose inverse. As ˙ x a 
varies, all feasible solution that is compatible with the structural constraint policy of the manipulator are generated is the 

physical interpretation of Eq. (43) . 

By using a constraint-compatible motion ˙ x , the inverse rate kinematics in Eq. (36) can be solved safely. However, the

constraint-compatible motion ˙ x is not equal to the given desired motion ˙ x a , and thus, the manipulator cannot be controlled 

as we desired every time because of the constraints, which causes the parasitic motion. In this projection method the main

independent motion and the parasitic motion are obtained simultaneously, however, sometimes we need to distinguish 

them. 

5.2. A procedure to distinguish the parasitic terms from the independent terms 

To the best of the authors’ knowledge, no known method is introduced to systematically detect and distinguish the 

task variable parasitic term from the independent ones either at the position or velocity level. Considering this, we have 

presented a systematic procedure to detect the parasitic motion, identify their type and the corresponding direction in this 

subsection. It is important to note that the complete inverse rate kinematics (IRK) of the manipulator is required to apply

the proposed procedure for identifying the parasitic motion. 

The core idea of the presented procedure is originated from the definition of parasitic motion. As defined by several

researchers and in this paper, parasitic motion accompanies the main (independent) motion and occurs following the in- 

dependent user input tasks. Hence, they cannot generate joint motion on their own. By utilizing the interesting feature of 

Eq. (43) , each term of ˙ x a can be filtered and consecutively applied to Eq. (36) to get the joint rate. Then, some terms of ˙ x a 
do not generate a motion to change the manipulator pose while others move it to the new desired configuration. The terms

that do not modify the manipulator to the desired posture are the parasitic (dependent) task variables and the otherwise 

independent parameter representing the DoF of the manipulator. 

Below is the step by step basis procedure that can be used to distinguish the parasitic (dependent) terms. 

• First, the IMS and IRS of the manipulator are derived analytically based on the theory of screw. 
• Then, give the desired task velocity trajectory ( ̇ x a ) to Eq. (43) independently for each axis, and obtain the corresponding

constraint-compatible motion. 
• Next, the constraint-compatible velocity obtained from Eq. (43) of step two is applied to IRK to get the joint velocity. 
• Check the result of IRK for each input task motion and simultaneously check ˙ x of Eq. (43) to identify what changes have

been made to its elements. 
• If the selected input motion is the dependent (parasitic) term, there will be no joint motion. Because the parasitic motion

is dependent, and it occurs only when independent variables are provided as an input. Otherwise, the selected input term 

is regarded as the independent one. 
• Repeat the procedure for all six terms of the task-space variables and consider the terms that do not generate joint

motion by themselves as the parasitic terms and the otherwise independent component. 
8 
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• At this stage, we detected if the parasitic motion exists in the manipulator, and the type (direction) of the parasitic

motion are also known simultaneously. 

In summary, using Eq. (43) and IRK, we obtained the method to identify the dependent terms from the independent

terms. 

The result with the presented procedure clearly showed the parasitic (dependent) terms could not generate leg velocity 

alone. On the other hand, independent terms can generate a leg motion and the parasitic motion as well. So, our approach

can distinguish these two terms without ambiguity following the above procedures. 

5.3. Velocity level coupling relation 

Although the approach presented in Section 5.1 can generate an appropriate parasitic motion that is required to satisfy 

the structural constraint, it is quite important to explicitly and analytically obtain the parasitic motion equation. One should 

know the reason that induces a parasitic motion if he/she needs to optimize it or design a novel manipulator without para-

sitic motion. To achieve this, an analytic coupling relation between the parasitic and independent term plays key role. In this

section, by using the matrix form of the constraint equation represented by Eq. (37) , the velocity level coupling is obtained,

after which we can identify the parameters that contribute to parasitic motion. The coupling relation represents a parasitic 

motion as a function of independent motion. Usually, this problem is addressed at the position level [1,8,9] even when

dealing with the velocity [4] and dynamics [25] . This section will derive the coupling relation directly from the analytic

constraint matrix at the velocity level. 

Variables v z , ω x , and ω y were identified as independent variables in the previous sections, particularly in Section 5.2 ,

whereas v x , v y , and ω z were the parasitic and thus can be expressed as a function of the independent variables. Accordingly,

the problem can be formulated as shown below: [ 

v x 
v y 
ω z 

] 

= f 

( [ 

ω x 

ω y 

v z 

] ) 

(44) 

From the rate kinematics relation we have : 

G 

T 
c ˙ x = 0 (45) 

Equation (45) can rewrite as below for the i th since all legs are identical. 

s T 2 i ‖ v + [ s 2 i ‖ ×] a i ω = 0 (46) 

where [ s 2 i ‖ ×] is the skew symmetric matrix. The elements of Eq. (46) can be reorganized by collecting the parasitic terms

in one side and independent terms the other side as follows. 

−v x sξi + v y cξi + ω x a iz cξi + ω y a iz sξi + ω z (−a ix cξi − a iy sξi ) = 0 . (47) 

Note that parasitic terms can be identified using the procedure suggested in Section 5.2 if the mechanism is not previously

studied. Rearranging Eq. (47) and adding all the leg relations to obtain the form of Eq. (44) give the following relation: [ 

v x 
v y 
ω z 

] 

= C −1 
1 C 2 

[
ω x 

ω y 

]
(48) 

where 

C 1 = 

[ −s ξ1 
c ξ1 

−(a 1 x c ξ1 
+ a 1 y s ξ1 

) 
−s ξ2 

c ξ2 
−(a 2 x c ξ2 

+ a 2 y s ξ2 
) 

−s ξ3 
c ξ3 

−(a 3 x c ξ3 
+ a 3 y s ξ3 

) 

] 

, C 2 = 

[ −a 1 z c ξ1 
−a 1 z s ξ1 

−a 2 z c ξ2 
−a 2 z s ξ2 

−a 3 z c ξ3 
−a 3 z s ξ3 

] 

. (49) 

The results obtained in this section can be utilized for many kinematics studies, including those dedicated to velocity-level 

optimization, which is in our future work plan, and obtaining the constraint-compatible motion. This is because v x , v y , and

ω z are solved in a way that satisfies the structural constraint. From Eq. (48) , we can see that the linear velocity in the

direction of the z-axis does not contribute to the generation of parasitic motion, but the orientation variables ω x and ω y 

generate parasitic motion. Additionally, Eq. (48) and Eq. (49) reveals the angle for leg positions ξi , and the radius of moving

platform r p are structural parameters that affects the parasitic motion. Accordingly, one can use this revealing information 

to eliminate parasitic motion or derive a new mechanism out of the existing ones. 

6. Numerical validation 

In this section, numerical simulation is presented to validate the proposed approach. The geometric parameters used for 

simulation shown in Table 1 are adopted from Carretero et al. [1] . 

To demonstrate the effect of structural constraint on the input motion, Fig. 3 is presented with a desired velocity: 

˙ x a = 

[
0 0 0 0 . 2 s 2 πt −0 . 2 c2 πt 0 

]T 
. 
9 
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Table 1 

Geometric parameters. 

Variable Value unit 

Plate radius ( r p ) 1000 mm 

Leg length ( l) 1000 mm 

z position 707.1068 mm 

ψ and θ ±0.2 rad 

Fig. 3. The effect of structural constraint on the input velocity. 

 

 

 

 

 

 

 

 

 

˙ x a comprises a rotational motion about the x- and y -axes. Although ˙ x a is the task we want to execute, the manipulator

requires further information to properly operate i.e. parasitic motion information. By providing ˙ x a to Eq. (43) , ours and 

manipulators requirement are consolidated. From the simulation, it is evident that the filtering matrix Eq. (43) modifies 

the input velocity ˙ x a in the optimal sense, to make it compatible with its structural constraint. As we discussed earlier, 

our desired input and the task that the manipulator can execute must agree, and is done by Eq. (43) in this example of

demonstrating the effect of structural constraint on the input velocity. 

The simulation is provided for the entire workspace to give a clear image of what happens in the manipulator’s complete

configuration regardless of z-axis translation. For the parasitic motion, Fig. 3 a and b shows the linear velocity in the x(y)

direction, which is entirely different from a given input motion to the filter equation. Although zero motion is provided, 

the manipulator has forcefully generated some velocity profiles to comply with the internal structural constraint; i.e., the 

linear parasitic motion. Similarly, Fig. 3 f shows the induced amplitude of the parasitic motion angular velocity about the 

z-axis. The filtering matrix modifies our input zero velocity, and a small rotational motion occurs to meet the structural 

requirement. Hence, the manipulator securely operates with these small auto-generated motions, which is undesirable. 

Regarding the main motions, the z-axis translation is not affected by Eq. (43) as can be seen in Fig. 3 c and Eq. (48) .

Moreover, the independent angular velocities ( ω x and ω y ) are not profoundly changed as of the parasitic terms by the

projection matrix since inputs in these coordinates are the DoFs of the manipulator. Hence, the user desired motions is 

preserved while the undesired parasitic motions are automatically generated to satisfy the manipulator requirement. 

According to Fig. 3 d and e, Eq. (43) slightly adjusts the magnitude of ω x and ω y and is an optimal projection. This

indicates, however, if our input in the main coordinates are too large and violate the constraint, the filtering matrix, Eq. (43) ,

also modifies the magnitude of input motion in the main direction to ensure the manipulator operates in a safe range. 

From the simulation, we can clearly see the abstract phenomenon of parallel manipulators with parasitic motion is well 

demonstrated with Eq. (43) and is required in to comply the desired motion with the structural constraint policy. 

Note that the modified motion might be considerably inconvenient from the user’s perspective depending on the appli- 

cation. Hence, the result obtained in Section 5.3 can be used for further analysis which is our future work. According to the
10 
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Fig. 4. Constraint condition test using Eq. (43) . 

Fig. 5. 3-RPS manipulator schematics. 

Fig. 6. The effect of 3-RPS structural constraint on the input velocity. 

 

result presented in this paper, any arbitrary desired velocity provided to Eq. (43) gives a constraint-compatible motion that 

satisfies the constraint in Eq. (36) , as shown in Fig. 4 . Therefore, the solution lies always in the range space of G j and is the

basis element of instantaneous motion space (IMS). 
11 
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To demonstrate the approach with different exam ple, a numerical simulation of the 3-RPS manipulator shown in Fig. 5

is included. The manipulator constraint equation is derived by the method shown in Section 4 as: 

G 

T 
c = 

⎡ 

⎣ 

s T 
11 ‖ ( s 11 ‖ × a 1 ) 

T 

s T 
12 ‖ ( s 12 ‖ × a 2 ) 

T 

s T 
13 ‖ ( s 13 ‖ × a 3 ) 

T 

⎤ 

⎦ (50) 

The numerical simulation is performed using the same user-desired motion utilized for the 3-PRS manipulator. The sim- 

ulation shown in Fig. 6 demonstrates the parasitic motion induced to satisfy the constraints in response to the independent

user-desired input motion. These parasitic motions are v x , v y , and ω z shown in Fig. 6 a, b, and f, respectively. With the task-

velocity obtained in Fig. 6 , the inverse rate kinematics can be accurately solved. 

7. Conclusions 

This study presented an approach to obtain the parasitic motion governing equation from the velocity level structural 

constraint condition. The study presented the position level method of describing parasitic motion for comparison with the 

proposed approach. Although the result indicates that the analytical and geometric constraints can equivalently incorporate 

the constraint information and get the parasitic motion equation, the analytic constraint is better for consistency and further 

analysis of the constraint. Moreover, by utilizing the analytic constraint matrix property, a constraint-compatible desired task 

velocity can be obtained and safely applied to the manipulator without considering structural breakage due to the incorrect 

input assignment. The paper also introduced a systematic procedure to distinguish the task-space’s main motion, and an ex- 

plicit velocity level coupling relation is obtained directly from the analytic constraint relation. Besides, the constraint matrix 

effect on the input velocity is demonstrated in relation to the configuration change. To visualize the constraint matrix effect 

on the input motion, a velocity without parasitic motion is assigned to Eq. (43) and evaluated over the entire rotational

workspace. The results confirm that the structure modifies the input motions and ensures that the velocity is compatible 

with the manipulator’s internal structural constraint without altering the desired main motion. 

Although the approach is evaluated utilizing the particular 3-PRS and 3-RPS manipulators, other manipulators parasitic 

motion can be detected using the proposed procedure and, analyzed by manipulating the elements of the velocity-level 

constraint matrix. 
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Appendix A. The screw representation of finite motion 

Based on Plücker’s work in geometry, a line L ( A − B ) in space depicted in Fig. A.7 can be described with six coordinates

where three coordinates represent the direction ( s ‖ ∈ IR 

3 ) and the remaining three ( ( s ‖ × p ) ∈ IR 

3 ) represents the moment
Fig. A.7. Screw representation. 
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as in Eq. (A.1) . This line modeling concept acts as a basis for the description of rigid body motion and it extends to the

kinematics via the screw theory. 

Considering the physical screw(nut-bolt) that simultaneously undergoes rotation and translation movement, the kine- 

matics can be represented by Plücker’s line equation. Moreover, Mozz-Chasles’ theorem states that any rigid body motion, 

can be represented by a spatial six-dimensional vector called screw ( $ ∈ IR 

6 ). Therefore, the screw displacement consists of a

rotation about the screw axis and a translation along the same axis, which can be represented by physical nut-bolt motion

and is analogous to Plücker’s line representation. Thus, the rigid body kinematics can also be represented by L ( A − B ) as

follows: 

$ = 

[
s T ‖ ( s ‖ × p ) T 

]T 
. (A.1) 

A screw can be represented in the ray order if the direction vector is the first term 

[
s T ‖ s T ⊥ 

]T 
or in the axis order

if the moment vector is the first term 

[
s T ⊥ s T ‖ 

]T 
. Moreover, a screw can be an infinite pitch ( $ ∞ 

) if the direction vector

is negligibly zero because of infinite pitch; it can be zero pitch ( $ 0 ) if the pitch is zero. These two screws are related to

the two most common physical kinematic pairs, revolute and prismatic pairs; both of which are used in the design and

manufacturing of robots. The zero pitch screw represents a revolute joint, whereas the infinite pitch screw represents a 

prismatic pair. A general, zero, and infinite screws can be mathematically represented as follows in the Plücker’s ray order, 

respectively. 

$ = 

[
s ‖ 

s ‖ × p + h s ‖ 

]
(A.2) 

$ 0 = 

[
s ‖ 

s ‖ × p 

]
(A.3) 

$ ∞ 

= 

[
0 

s ‖ 

]
. (A.4) 

In this paper, Assumption 1 holds given that the actual common practice to generate motion between connected rigid 

bodies is based on the revolute and prismatic pairs. 

Assumption 1 : All kinematic chains in a manipulator are made from revolute, prismatic, or a combination of the two.

Hence, the kinematic pairs in this paper can be represented by $ 0 or $ ∞ 

screws, and the screw algebraic relations are

derived based on this assumption. 

For screws, $ 1 and $ 2 are given as follows: 

$ 1 = 

[
s 1 ‖ 

s 1 ‖ × p 1 

]
, $ 2 = 

[
s 2 ‖ 

s 2 ‖ × p 2 

]
the most crucial algebraic operation known as reciprocal screw, can be described as: 

$ 1 ∧ $ 2 = s T 1 ‖ ( s 2 ‖ × p 2 ) + ( s 1 ‖ × p 1 ) 
T s 2 ‖ = 0 (A.5) 

where ∧ = 

[
0 I 

I 0 

]
is the elliptic polar operator, which is used to interchange the order of direction and moment vectors

of $ 1 and $ 2 switching from ray to axis and vice-versa [26] . Similarly, I represents a 3 × 3 unit matrix. 

Supplementary materials 

Supplementary material associated with this article can be found, in the online version, at doi: 10.1016/j.mechmachtheory. 

2021.104409 . 
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