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Non-linear interpolation learning for example-based
inverse problem regularization

J. Bobin, R. Carloni Gertosio, C. Bobin and C. Thiam .

Abstract—A large number of signal recovery problems are not
well-posed -if not ill-posed- that require extra regularization to be
tackled. In this context, the ability to inject physical knowledge is
of utmost importance to design effective regularization schemes.
However, most physically relevant models are generally non-
linear: signals generally lie on an unknown low-dimensional
manifolds structure, which needs to be learnt. This is however
quite challenging when available training samples are scarce.
To that end, we investigate a novel approach that builds upon
learning a non-linear interpolatory scheme from examples. We
show how the proposed approach resonates with transport-
based methods, but with a learnt metric. This eventually allows
to build efficient non-linear regularizations for linear inverse
problems. Extensive numerical experiments have been carried
out to evaluate the performances of the proposed approach. We
further illustrate its application to a blind regression problem in
the field of ~-ray spectroscopy.

I. INTRODUCTION
A. Context

Inverse problems are commonplace in a very wide span of
applications, from neuroscience to astrophysics or geophysics
[1]-[4]. A major challenge, and a hot topic in the field of
signal and image processing, is to find out how to design reg-
ularization scheme that allow to accurately inject physical prior
knowledge about the signal to be retrieved. This is essential
to provide robust and effective signal recovery algorithm, as
well as physically meaningful and interpretable solutions. To
that end, we hereafter investigate a new framework to build
physics-driven regularizations for multilinear inverse problems
(i.e. linear with respect to blocks of variables). More formally,
we address the following type of linear inverse problems:

y =7F(Q)+n, (D

where y is a measurement vector of size ¢ and n stands for
some noise. The term F(€) is a general linear or multilinear
function with parameter {2, which can actually represent a
wide variety of observation models in signal and image
processing, such as (but not limited to):

o Linear model : Q = x and F(2) = Ax, where A is
a linear operator, as in standard linear inverse problems
(e.g. denoising, deconvolution, inpainting, etc. to only
name a few - [2]).
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o Multilinear model : Q@ = {A,x} and F(Q) = Ax, as
in blind deconvolution or calibration problems [5], [6].
Assuming the noise n has entries that are identically and
independently drawn from a Gaussian distribution, it is cus-
tomary to estimate the parameters ) with a regularized least-
squares estimator of the following form:

minR(Q) + ly = F ()3, 2)

where R(2) stands for a regularization term that enforces
some desired properties on ). In a very large number
of applications (e.g. deconvolution or blind calibration
problems to only cite two), the above inverse problem is
ill-conditioned, if not ill-posed at all, admitting an infinite
number of solutions. The role played by R is therefore central
to precisely favor some solution {2 with meaningful structures.
From a general viewpoint, high-dimensional data can be
assumed to belong to a low-dimensional, nonlinear manifold
as stated by the manifold hypothesis [[7]. Consequently, in
physical applications, physically relevant signals 2 generally
belong to some unknown low-dimensional manifold. Tt is
therefore of paramount importance to carefully account for
this property to design high accuracy estimators. When the
underlying manifold is unknown, this property somehow
needs to be learnt.

B. The art of learning regularizations

During the last few years, various machine learning
approaches have been proposed to tackle inverse problems
[3]]. As such, end-to-end machine learning solutions have been
introduced that allow to directly estimate the sought-after
parameters () from observations y (e.g. deep generative
models [8]). However, one of the main disadvantage of such
methods is that they generally ignore the underlying analytic
description of the forward model (e.g. convolutive model,
linear mixture model, precise statistical noise modelling,
etc.), which largely limits their accuracy. Precisely accounting
for the exact forward model and the noise statistics is
central in scientific applications. As a consequence, we
rather advocate the use of hybrid approaches, which combine
standard variational approaches for inverse problems [9]
and prior model or more generally regularization learning.
In this spirit, various paths have been explored to put
together traditional variational inference with regularization
learning. For instance, it has been proposed to substitute
standard numerical solvers, such as proximal algorithms,
with recurrent neural networks that mimic them [10[]—[13].
On top of allowing for faster solvers, such architectures
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virtually allow to learn the regularization. So far, it is unclear
whether this type of approach is well-suited for general
multilinear problems. From a different viewpoint, solving
inverse problems can be performed by first providing a fast,
but generally rough, inversion of the forward model, which is
further cleaned from the inversion artifacts by making use of
learnt denoisers. This category of methods includes learning
approaches as different as traditional convolutional networks
[14]-[18] as well as generative models with adversarial
learning [19]]. Deep representation learning [20] can also
enter this class of technique when additional constraints,
such as sparsity, are imposed. However, the efficiency of the
learnt denoisers is strongly dependent on the forward model
to be inverted. Moreover, the success of the state-of-the-art,
learning-based solutions to inverse problems largely relies on
the availability of large training sets. Unfortunately, whether
based on physical simulations or measurements, available
samples for training are generally of limited number: this
further leaves unresolved the learning of physics-informed
signal models when training samples are scarce.

C. Designing regularizations from examples, as a transporta-
tion problem

In this article, our goal is to build regularizations or con-

straints to provide efficient and yet interpretable solutions to
inverse problems. For that purpose, capturing the properties
of the manifold on which meaningful signals lie is central.
In contrast to attempting to learn the manifold structure
straight from the data, an interesting approach proposed in [21]
consists in estimating how to travel on the unknown manifold.
The gist of this method is to learn a transport operator
from pairs of samples. This has recently been combined with
a variational autoencoder architecture to build a generative
model allowing to learn a latent space with a topology with
increased interpretability. Inspired by this seminal work, we
rather build upon the availablity of examples, whether derived
from simulations or measurements in a large number of
physical applications, which can be exploited to learn an
efficient generative model from scarce training samples. In
this context, the first ingredient of the proposed method is
to build some regularization by exploring the manifold M
from these examples, which we coin anchor points, rather than
trying to capture the overall manifold structure. This will be
conveniently carried out by building a new sample on M as
an interpolation or barycenter of the anchor points, according
to a given metric. Learning the manifold structure then boils
down to learning a metric that is adapted so as to compute
barycenters that actually belong to M.
More formally, we assume that we have access to d anchor
points {¢g}a=1,.. 4. For now, each one is a vector of size ¢
and we naturally assume that they belong to the manifold M.
Let b be some barycenter of these anchor points according to
a metric ¢ as defined by:

d
b()) = argmin, Y A\a¢(2, ), 3)

a=1

where {\, }, are the barycentric weights. The ability for such
approach to actually provide physically meaningful solutions
then relies on the capacity of this metric ¢ to preserve
the desired physical properties. For that purpose, different
metrics can be considered. In the rest of the paper, we will
assume without loss of generality that the signals of interest
are positive and sum to one. They can then be treated as
a probability distribution. In such a case, different standard
metrics can be considered:

o Euclidean distance Equipped with the Euclidean dis-
tance leads to defining some barycenter as follows:

d

b()\) = argmin, 5. Z)\a Iz — <pa||§ , 4

a=1

where the weight parameters are enforced to belong to the
d-dimensional simplex Sy, thus guaranteeing them to sum
to one. Without the simplex constraint, such barycenter
would simply be the standard weighed combination of
the examples {p,}.

o Kullback-Leibler divergence Since the data are assumed
to belong to the m-dimensional simplex, it is natural to
consider choosing the metric ¢ as a f-divergence, which
measures a discrepancy between two probability masses.
In case of the Kullback-Leibler divergence, barycenters
are defined as:

d
b(A) = argmin,c s, ) - Ao (9o ©log (2@ ¢a)) . (5)
a=1
where the operators ® (resp. ©) stands for the element-
wise multiplication (resp. division).

o Optimal transport and the Wasserstein distance The
Wasserstein or Earth Mover’s distance [22]], [23] is an
alternative choice, which has attracted a lot of interest
during the last decade in the scope of image processing
[24]. In the present context, manifold exploration can be
performed by computing Wasserstein barycenters [235],
[26]]. This has been used with success for signal mor-
phing, texture mixing, image registration [27] as well as
non-linear dictionary learning [28]] machine learning [27]],
[28].

It is importance to notice that none of the standard metric
we considered above is fully adapted to build barycenters that
belong, or at least are closed, general manifolds. In contrast,
we propose to further learn how to build interpolants or
barycenters, which are adapted to better capture the structure
of the observed data.

Contributions

In the present paper, we investigate a learning-based ap-
proach that allows designing physically relevant regularization
schemes from few training samples. In the spirit of optimal
transportation, we introduce an autoencoder-inspired model
that allows learning to transport points onto the underlying
manifold from known anchor points. New points are then
build though a non-linear interpolation scheme. In contrast
to standard representation learning methods, it allows to build



efficient constraints that can be be conveniently plugged into
traditional variational inference methods. In Section we
introduce the proposed learning model, which we coin Inter-
polatory AutoEncoder (IAE). In the same section, we describe
how the learnt IAE model can be used to regularize inverse
problems. In Section the IAE algorithm is evaluated with
numerical simulations involving various learning scenarios.
Section[V] we apply the proposed method to realistic unmixing
problems in ~-ray spectroscopy.

We will mainly focus on a particularly illustrative examples
featured by X-ray spectroscopic measurements, where the
underlying spectra are the instrumental response of line
emission (i.e. dirac function) as displayed in Fig. 2] In this
simple case, the observed spectrum for a single line emission
is a Gaussian-shaped signal with width that decreases linearly
with the position of its center. The (here known) underlying
manifold a one-dimensional manifold that is embedded in a ¢-
dimensional space. While the structure of this signal manifold
is quite easy to handle, most physically relevant models are
generally much more complicated, as we will see in Section [V}

II. LEARNING TO TRAVEL ON AN UNKNOWN MANIFOLD

A. Principle

The gist of our approach is to learn how to transport data
points onto some unknown manifold M. To that end, this
is done by computing interpolants or barycenters of known
anchor points, according to some metric to be learnt. This
will therefore lead to building some interpolatory procedure,
which we hereafter detail.

Ideally, a natural approach would amount to design some
model for the metric to be learnt, leading to some parametric
formulation ¢y with 6 the parameters to be learnt. This would
eventually lead to the following expression of the barycenters:

d
b(A) = argmin, Y~ \atby (2, ¥a), 6)

a=1

where ¢y now stands for a parametric description of the metric,
described with parameters 6 to be learnt. Let’s now define
some training set 7 = {s; };=1.... 1, each one being of size m.
The learning procedure would then boil down to minimizing
over the training set 7 the mean square error between the
training samples and their barycenters. This also implies that
the barycenter weights A should also be optimized with respect
to each training sample. This would lead to the following cost
function:

min 3 min [b({A}) - si[3, ™

s €T

where b(\;) = argmin, Zizl N pg(z,p,). However, this
problem relies on an intricate formulation of the barycenters
and the learning process with respect to the metric, which is
very likely to be cumbersome to learn.

We rather propose to reformulate the interpolatory scheme by
introducing some non-linear transformation or encoder @y,

which maps the sample domain to some code domain, where
the barycenters can be expressed in a much simpler form:

d
b, (V) = argmin, Y Al|®o(2) — Do(va)l3,  (®)
a=1

where bg, stands for the resulting barycenter in the code
domain, as defined by the transformation ®4. It can then be
mapped back to the sample domain through the application of
the decoder Wy.
For fixed values of 6, the resulting weights for a single element
s; € T can be formulated quite simply in the code domain as:

A= argmin/\esdﬂb% ) — sz||§ 9)
In this case, Eq. [§] simply leads to:

be,(A) = X2, APs(%a)

_ o (10)

where ¢ stands for the m x d matrix, whose a-th row stores
©q. This further allows for a very simple expression of the
weights related to s; € T

Ai = argmin/\esd A — 31”%
-1
~ Pgs, ((@T%’) <PT3i> ;

where Pg, stands for the projection onto the simplex Sg. Due
to the simplex constraint, the first problem is that such a
problem does not admit a closed form solution. For the sake
of simplicity, it is further approximated by a projected least-
squares proxy, which is much less costly to implement in a
learning procedure.

Rewritting the interpolatory scheme now allows for a simple
three-step description:

(1)

o Applying the forward non-linear transform ®¢ that maps
the sample domain to the code or representation domain.

o A linear interpolator in the code domain, denoted by Y,
which computes barycentric approximations as follows:
I(s) = ¢Ps, g(w%)_l wTs)-

o Application of some backward Wy that maps back ele-
ments of the code domain to the sample domain.

Such a description is quite reminiscent of an autoencoder [29],
where the mapping ®¢ would play the role of the encoder,
and Yo being the decoder. The main difference lies in the
presence of a linear interpolator x that computes barycenters
from input samples in the code domain. In the next paragraph,
we further detail the encoder and decoder mappings.

B. Network architecture and learning stage

Following the analogy with the autoencoders, the forward
encoder ®o and backward decoder Wg will be described
by standard multi-layer forward neural networks. Both will
be composed of L layers. In the present article, we restrict
ourselves to a single type of architecture with a fixed number
of neurons per layer, which will be equal to the dimension
of the samples ¢. We leave to future work investigations on
more general architectures. Consequently, the parameters to be
learnt 6 will be composed of the weight matrices and biases of
both the encoder and decoder networks. The first discrepancy



with respect to a standard autoencoder architecture is that each
layer is equipped with a skipped connection, which allows to
provide a more robust learning stage for deeper networks. In
the spirit of residual networks [30]], [31]], each layer of the
encoder can be described as:

(3 (10) 1)

- (Wa)h(l) n z(l)) + b,

h(l+1) _ (12)

(13)

where W () is a standard weight matrix, z(*) the bias vector,
and f; an activation function. The skip connection acts by
partially re-injecting h(*) up to a layer-dependent scalar factor
pi < 1. Generally speaking, these residual injection factors
will be chosen small for low-level layers and larger for deeper
layer, which will limit the vanishing gradient phenomenon
commonly found when training deep networks [30].

A second discrepancy with respect to standard autoencoders
is that the exact same encoder is applied simultaneously to
both the training samples {x;};=1.... r and the anchor points
{pata=1,. 4, as featured in Fig.

Both encoded quantities ®y(s) and ®y(y) are then processed
by the interpolator I.

Algorithm 1: Sequential description of the JAE

Set AV = s and AL = ¢

1-Apply the encoder to the training set and the anchor
points

foricl---,L do

pl+1) — fi (W(l)h(l) + z(l)) =+ plh(l)

P = ;i (WORY +20) 4 i)

end
2-Apply the interpolator x in the code domain
be, = I (h(ﬁ+1)7 thrl)
3-Apply the decoder: 0; = Uy (bs, (v;))
foricL,---,1do

‘ RID — g, (wm B 4 g(l)) + oh®
end

As illustrated in |1} the decoder is designed similarly to the
encoder, with distinct parameters (no weight sharing).

Similarly to the encoder, the goal of the learning stage
is to minimize the average reconstruction error defined by
the Euclidean distance between the training samples and the
estimated barycenters. On top of that, we propose adding an
additional error term to measure the discrepancy between the
data in the code domain. This extra term aims at enforcing
the proximity of the encoded training samples with their
barycenters in the code domain. We will see in Section |[[V|that
the resulting regularization allows for a more robust training
stage.

The resulting cost function writes as follows:

=y lsi—

s; €T

+ Z [|Po(si

si€T

(WgoIodg)(s))5
—(To®) ()3, (14

where the interpolator I computes the barycenter of the trans-
formed anchor points {®y(¢,)}q. The parameter p controls
the trade-off between the two terms. Implementation details
as well as the choice and impact of the network parameters
will be investigated and discussed in Section

SJ: -fl _>rl_>...£ fg —>r3
Q%J: fi —- I — J: —>rg—>l

b—nNh< &

-<—r3<— 8z

Fig. 1: Sketch of the IAE network.

III. BUILDING MODEL-BASED CONSTRAINTS FROM
EXAMPLES

A. Principle

In this paragraph, we discuss how one can make use of the
proposed interpolatory scheme to build a dedicated function
to regularize inverse problems of the form Eq. [2| In convex
analysis, if the regularization term R is convex and admits
some regularity properties [32]], the solution of the problem in
Eq. [2] is unique and can be solved with a proximal gradient
descent algorithm, which takes the following form at iteration
k:

xF D) = proxy, (xF +7AT (y — Ax)), (15)

where 7 stands for the gradient step size. The opera-
tor proxg(.) is the so-called proximal operator of R:
proxp (x) = argmin,R(u) + 1|jx — u)3.

If one wants to enforce the solution x to belong to some
manifold M, then it would make sense to choose R as being
the characteristic function of M. In this case, prox, would
be defined as the orthogonal projection onto M, in case the
manifold maps to R™ via a surjective mapping.

Next, we substitute the property x € M with x € By({¢4}),
which denotes what we call, with a little abuse of language,
the “’barycentric span” of the anchor points {¢, }:

B¢({<pa}) = {X; 3{/\a} € Sd7X = Uy (Z /\a(b9(<pa)> }

a
(16)
In plain english, this set is composed of all barycenters that can
be built from the anchor point {¢,}, which provides a good
approximation of the manifold M, at least at the vicinity of
the anchor points, provided the learning stage has performed
efficiently.



B. Projection onto the barycentric span

As detailed above, the equivalent proximal operator of the
regularization term we introduce is the orthogonal projection
onto the barycentric span of the anchor points. In practice,
it amounts to seeking some weights A so that the decoded
interpolation minimizes the Euclidean distance with some data
point u:

2

{S‘a (W)}e = Argmin, cg,

u— U, (Z Aa%(wa>>

a

(i7)
Once the optimal solution {A,(u)}, is computed, the final
projection is defined as the decoded interpolation:

proxg (u) = ¥y <Z Ao (1)@ (‘Pa))

This amounts to tackling a non-linear least-squares optimiza-
tion problem.

(18)

IV. NUMERICAL EXPERIMENTS
A. Illustration

In this section, we investigate how the proposed learnt
interpolatory scheme performs in various scenarios. More
precisely, we focus on testing how the training sample size, the
depth of the underlying network, the sampling or the choice
of the anchor points impact the learning procedure. For that
purpose, we first make use of a simple but quite illustrative
toy example.

The data are composed of Gaussian-shaped 1D signals with
widths that depend on the position of their mean. Two different
types of width/mean dependencies are considered, which lead
to an increased complexity of the underlying manifold: i)
linear dependency and ii) a periodic dependency. These second
case is displayed in Figure 2] Examples of the such Gaussian-
shaped signals are featured at the top of the same figure. The
dimension of each sample is fixed to 50. While being a simple
toy example, such signals, in the linear dependency case, are
good approximations of the kind of emission line spectra that
can be observed in Astrophysics [33]. In this context, the linear
dependency originates from the instrumental response of the
observation apparatus.

The set-up of the IAE algorithm is detailed in Table 1. The
codes are implemented using JAX [34]. The learning stage
is performed using the Adam optimizer [35]]. The projection
onto the barycentric span described in makes use of the
AdaGrad algorithm [36].

In the next, the quality of the recovered signals will be
quantified using the Mean Squared Error (MSE). It is defined
as the average of the sample-based MSE across the test set:

MSE= Y |a; — &3, (19)
i€Ttest

where ; stands for the projection onto the barycentric span of
sample x;: &; = proxy (x;). When noise is added, the MSE is
computed with respect to the noiseless sample. Unless stated
specifically, the anchor points are fixed so that they correspond
to the extreme low and high positions of the Gaussian shapes.

Parameter Set-up

variable between 10 and 1000
variable between le — 2 and 1e3
variable between 2 and 5
Vi€ [1,L],p = p(2L —1) with p=0.1

Number of samples T
Regularization parameter p
Number of layers £
Residual parameter p

Number of epochs 15000
Learning rate 10-3
Solver Adam [35]
Batch size 100

TABLE I: TAE code setup parameters.
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Fig. 2: Examples of Gaussian-shaped samples for a periodic
relationship between width and position.

1) Impact of the regularization parameter p: In this

paragraph, we evaluate the role played by the regularization
parameter . Let us first recall that p allows to control the
trade-off between the sample-based and code-based terms
that compose the total cost function of Eq. [T4 Hence, a
large value of p will favor a more reliable reconstruction
of the retrieved barycenters in the sample domain but at
the cost of relaxing the constraint in the code domain. In
contrast, a small value will allow to better constrain the
code, but with a potential deterioration of the reconstructed
signals. Furthermore, the goal of the code-based constraint is
somehow to ease the training process. Indeed, without this
constraint, the cost function only depends on the input sample
and its recovered estimate, which are separated by 2L layers.
When the number of layers increases, such models might be
more difficult to learn.
To illustrate this point, Figure [3| shows the scatter plot of the
reconstructed and input samples, both in the sample domain
(left column) and code domain (right column). These results
have been obtained with £ = 2 layers with a training set size
of 500 samples in the case of a periodic dependency. To ease
visualization, these scatter plots are obtained by projecting the
samples onto the subspace generated by the two first principle
components (i.e. projection onto the subspace generated by
the two eigenvectors related to the two largest eigenvalues
of the covariance matrix of the test set) of the test set in
both domains. In these figures, the color bar provides the
recovered MSE in dB, which allows quantifying the quality
of the interpolant with respect to the signal across the overall
test set.



[ w H 0.1 [ 10 [ 1000 ]
Mean value in dB 68.14 | 66.96 | 68.32
Std of the mean value in dB 3.40 3.95 4.04

TABLE II: Mean and standard deviation across 50 model
training trials of the mean MSE for various values of the
regularization parameter .

In Figure [3] the plots in the first row display results obtained
with a regularization parameter of ; = 1. Since the number
of anchor points is fixed to 2, constraining the barycentric
weights to sum to one then enforces the barycenters to belong
to the line defined by the anchor points in the code domain.
This is exactly what can be observed in the top-right panel
of Fig. 3l In contrast, opting for a larger 1 = 103, no more
allows for this property to hold true anymore, giving much
more weight to the sample-based term in the cost function.
From the domain-based panels (first column if Fig. [3), it is
interesting to point out that a larger value for p does not
seem to provide better reconstruction results in the sample
domain.

More quantitatively, we propose computing the MSE of the
recovered (interpolated) data for ¢ = 0.1, 10 and 1000. To
account for training variabilities, each result is obtained from
50 different trained models with independent random initial-
izations. The test set size of 1000 samples. Table 2 reports the
mean and standard deviation across the 50 independent model
training trials of the mean MSE (taken across the test set).
This allows to quantify the average MSE across the test set
along with some stochastic variability that originates from the
training procedure. As we emphasized previously, the code-
based term in the total cost function allows to provide a more
robust training by imposing an additional constrain in the code
domain. Furthermore, this is at no cost for the reconstruction
quality. Therefore, in practice, p will be chosen as small as
0.1 or 1.

2) Going deeper, with few training samples: We now shed
light on how the IAE algorithm performs when the number of
layers to the network increases. To that purpose, the algorithm
is run with a number of layers £ that varies between 2 and 5,
for various training sample sizes from 10 to 1000.

The quality of the recovered interpolated signals are
evaluated with the mean MSE over 5 values p € [1072,103],
to take the average performance on a large range of
regularization parameters. Figure [5] displays the evolution of
the MSE in dB when the number of layers and the training
sample size vary.

Let us first have a look at the linear dependency case.
In this case, the underlying manifold has slower variations
and therefore is expected to require less layers. Hence, it
can be highlighted that for most training sample sizes, the
quality of the reconstruction increases as the number of layers
increase. A plateau is reached when for £ = 3. Except for
the case T = 50, further increasing £ does not improve the
results if not leading to a slight deterioration. In this case,
it is likely that the complexity of the learning procedure for
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5 ] Recovered
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] 70
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Fig. 3: Illustrating the role played by the regularization pa-
rameter p: these plots display the scatter plot (after projection
onto the two first principal components to ease visualization)
of the test set samples in the code domain for p = 1 (top) and
i = 103 (bottom).
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Fig. 4: Tllustration of the recovery of a single signal for various
number of layers. The inset figure shows displays the anchor
points, the input and reconstructed signals for £ = 2 and 4.
The main plot shows the reconstruction error (absolute value
of the difference between the input and recovered signal).
The number of training samples was fixed to 100, and the
regularization parameter to p = 0.1.



deeper networks generate errors that dominate over potential
benefits of better interpolatory schemes with larger depths.
As expected, the quality of the reconstruction increases
with the training sample size. If the case T" = 10 leads to
poor results, it is striking that with as small as 25 training
samples, the performances quickly rocket close to 70 dB.
This highlights the ability of the proposed scheme to provide
a reliable and efficient process to interpolatory procedure in
a sample-weaned off learning setting.

In the case of the more complex manifold generated with
a periodic dependency (panel of the right in Fig. [3), similar
conclusions can be drawn. In contrast, going deeper up to
L = 5 now constantly increase the reconstruction quality as
long as the number of samples is large enough to learn the
additional parameters that deeper networks involve. In this
case, a number of samples as small as 50 already provides
good construction results for £ = 3 or more.

We also performed comparisons with a variational
autoencoder (VAE - [37]]), which can also be used for
manifold learning. In this case, we used a combination the
denoising VAE (for increased robustness with respect to noise
- [38])) and the 3-VAE [39] which allows to better balance
between reconstruction accuracy and stochastic modeling in
the latent space. For fair comparisons, the network parameters
(i.e. number of layers, number of hidden units per layer and
dimensionality of the latent space and number of training
samples) are the same as the JAE . More quantitatively,
Table 3 reports on the evolution of the MSE when the number
of layers increases and the training sample size varies from
10 to 500. It first highlights that the 5-VAE provides good
results when the number of training samples is large enough;
as it could be expected, it fails at learning a good data
representation when the number of samples is very low (i.e.
10). In contrast, the JAE provides significantly more accurate
signal approximations, with a limited degradation when the
number of training samples decreases.

These two simple scenarios already allow to highlight that
the IAE algorithm can provide good interpolatory schemes
with a quite small training sample size. It is clear that the
number of layers to be used as well as the number samples
to train the underlying network closely depend on the com-
plexity of the manifold, whose properties somehow need to be
captured, which is problem specific.

10 50 100 500

9 VAE | 28.6 | 28.9 | 33.8 | 52.8
IAE | 53.7 | 64.4 | 68.1 | 71.5

3 VAE | 27.4 | 26.9 | 31.9 | 50.8
IAE | 54.2 | 69.9 | 70.6 | 74.5

4 VAE | 27.7 | 29.0 | 35.0 | 51.2
IAE | 52.2 | 70.6 | 71.8 | 75.5

TABLE III: Comparison between the IAE and 3-VAE - evo-
lution of the MSE in dB when the number of layers varies in
the case of periodic dependencies.
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Fig. 5: Increasing the number of layers: evolution of the MSE
(in dB) when the number of layers and the training sample size
vary, for the linear dependency case (top) and the periodic
dependency case (bottom).

3) Robustness to noise: In this article, the goal of the
proposed interpolatory scheme is to eventually build regu-
larizations for inverse problems. We highlighted in section
that this is performed by designing the projection onto
the barycentric span of the anchor points. However, tack-
ling a linear inverse problem with such a constraint re-
quires plugging the resulting proximal operator in an itera-
tive minimization processing, such as a gradient descent in
the popular Forward-Backward Splitting algorithm [40]. In
this minimization scheme, the current estimate to which the
proximal operator is applied does not lie on the barycentric
span nor on the manifold M. At best, it can be described
as the sought-after signal with an extra contamination or
additive noise. Therefore, the ability to use the proposed
regularization scheme to solve inverse problems highly relies
on the robustness of the barycentric span projection to noise.
In this section, we investigate the robustness of the projec-
tion onto the learnt barycentric span. For that purpose, the
projection proxp, is applied to noisy versions of the training
samples. In this experiment, white and centered Gaussian noise
with standard deviance o is added. This has been performed
with a toy example involving the periodic dependency case.
The left (resp. right) panel of Figure [6] shows the evolution
of the MSE in dB as a function of the signal-to-noise ratio
(SNR) in dB, when the number of layers is fixed to £L = 2



(resp. L = 5) . As expected, the recovery MSE improves
as the SNR increases. Furthermore, using a larger number
of training samples leads to learning models with increased
robustness with respect to the input noise. It is interesting to
note that when a very small training sample size is used (10
samples), the recovery MSE quickly reaches a plateau for SNR
values larger than 30dB, which reveals that the approximation
or interpolation error then dominates over the noise-related
error. This is not observed when the training sample size is
larger than 25.

It is also important to point out that increasing the number of
layers leads to the same conclusion. Increasing the complexity
of the model allows improving the quality of the reconstruction
without hampering its robustness to noise.
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Fig. 6: Periodic dependency case: evolution of the recovered
MSE as a function of the SNR for various training sample
sizes. The number layers is set to £ = 2 (top) and L = 5
(bottom).

4) Comparisons to other methods: The next step consists
in comparing how the learning interpolatory scheme performs
with respect to fixed metrics. For that purpose, we make use
of the same test set and compute the projection of the test
samples onto the barycentric span according to the Euclidean
norm, Kullback-leibler divergence and Wasserstein distance.
Comparisons have also been carried out with the S-VAE.
Several values for the parameter 5 [39] have been tested in
the range [107%,10]; we found that 3 = 10~3 provided the
most accurate reconstructions.

Figure[7] displays an example of reconstruction results using

these different metrics as well as the learnt interpolatory
methods when £ = 5 layers are used and the number of
training samples is fixed to 500. The noise level is fixed to
10dB. The anchor points are the same for all the methods and
displayed in dashed lines. As expected the Euclidean metric
does not lead to a realistic reconstruction since it basically
spits out a linear combination of the anchor points. Both
the Kullback-Leibler divergence and the Wasserstein distance
provide results with more relevant morphologies. Recalling
that the data are generated from the Gaussian-shaped samples
with periodic dependency, the complexity of the variations
as a function of the position prevents such metrics to yield
good estimation results. Switching to the linear dependency
would definitely lead to more reasonable results. 5-VAE yields
significantly better solutions than the interpolation methods
based on fixed metrics; however, it does not seem to be as
accurate as the IAE , with clearly less robustness with respect
to noise. These results particular highlight that the JAE is well
suited to capture the structured of the underlying manifold,
which is out of reach for fixed metrics.
More quantitatively, Figure [§] shows the evolution of the MSE
as a function of the SNR for the fixed metrics and the JAE
algorithm. This plot highlights that, for this specific manifold,
fixed metrics are not well adapted, whose reconstruction errors
are dominated by the approximation error not the noise-related
error.

5) Choosing the anchor points: The role played by the
anchor points, and more precisely their particular choice, will
highly depend on the complexity of the manifold M. Let us
recall that ideally the JAE tends to linearize the code domain.
In such ideal case, the choice of the anchor points would
be minor as long as their number is strictly larger than the
intrinsic dimension of M, as long as defining a barycenter on
M boils down to some triangulation problem. In practice, and
more specifically for complex manifolds, it is likely that the
quality of the learnt model will depend on the choice of the
parameters.

To evaluate the impact of the anchor points on the perfor-
mances of the interpolatory procedure, we hereafter consider
different strategies to choose the anchor points for two dis-
tinct datasets: i) the Gaussian-shaped signals with a periodic
dependency and ii) simulations of astrophysical spectral in X-
rays [33]] displayed in Figure [9] which we know live on a
2-dimensional manifolds.

The strategies we propose to investigate are:

« hand-chosen” anchor points: highly contrasted anchor
points are chosen manually within the training set. In
the case of the Gaussian-shaped signals, the two most
extreme anchor points are chosen. In the case of the as-
trophysical signals, three anchor points have been chosen
so as to maximize the contrast between them.

o random anchor points: the anchor points are chosen
randomly within the training set. In this case, the forth-
coming results will be averaged over 10 Monte-Carlo
simulations obtained with 10 random draws of the anchor
points.
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o separable NMF: the problem of choosing the anchor
points amounts to picking certain elements of the training
set. A simple approach to select significantly different
anchor points can be done by tackling this problem as
a separable non-negative matrix factorization problem.

For that purpose, we use the Successive Nonnegative
Projection Algorithm (SNPA - [41]) to automatically
select anchor points.

The quality of the model is then performed by learning a
IAE model for each strategy. In all cases, the JAE parameters
are the same. The regularization parameter is fixed to 1
and the number of training samples is 100. The number of
layers varies between 2 and 4. The results are reported in
Table [?7] In the case of the Gaussian-shaped signals, which
are associated with a rather smooth manifold, the results are
not significantly sensitive to the choice of anchor points. Both
a careful manual choice and the NMF-based approach lead
to similar results with a slight advantage for the separable
NMEF. Random choices yield slightly degraded results, with
about a 3 ot 4dB loss. For the more complex manifold spanned
by the astrophysical components, the results are significantly
more contrasted. the NMF-based approach always lead to the
best results. With the exception of the case £ = 2, randomly
choosing the anchor points always yield worse results with a
difference reaching 12.7dB for £ = 4 with respect to NMF.
Interestingly for these simple manifolds, the NMF-based ap-
proach tend to provide an automatic method to select rea-
sonably good anchor points. It is very likely that much more
complex manifolds will require more sophisticated means to
pick more adapted anchor points and select the right number
of anchor points. These investigations go beyond of the scope
of the present article.

[ hand-chosen | NMF [ random |

L=2 66.1 65.9 62.0

Gaussian-shaped | £ =3 70.0 70.2 66.7
L=4 70.5 71.5 68.7

L=2 60.1 64.7 60.7

Astrophysical L=3 66.4 74.0 61.4
L=41 72.3 76.7 64.0

TABLE IV: TBD.
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Fig. 9: Astrophysical signals representing the thermal emission
spectra in X-ray as seen by the Chandra telescope.



V. APPLICATION TO SEMI-BLIND LINEAR REGRESSION

A. Principle

In this paragraph, we apply the proposed interpolatory learn-

ing scheme and its resulting barycentric span projection to a
realistic linear inverse problem in nuclear physics: unmixing of
~-ray spectra. In various radioactivity-related applications, -
spectrometry is a classical technique to analyze and to quantify
v-emitting radionuclides. Depending on ~-ray energies inter-
acting in the detector used (e.g. semiconductor, scintillation),
the main features of experimental ~-spectra consist in an
overlap of Compton continua and full-absorption peaks of
individual radionuclides. In the case of low-statistics measure-
ments like for environmental applications, the current trend of
automatic identification of radionuclides is to implement full-
energy spectrum analysis to get the whole information of a ~-
spectra [42]], [43] for subsequent decision-making. In general,
the overall shape of ~-spectra is sensitive to experimental
conditions due to Compton scattering in the surrounding ma-
terials of a y-emitting radioactive source. This effect generally
yields significant variations of the peak-to-Compton ratios. In
the present study, this problem was addressed with a 3”x3”
Nal(Tl) scintillation detector by means of radiation-matter
simulations using the Monte Carlo code Geant4 [44].
The modeling of a 3”x3” Nal(Tl) detector with the Geant4
code was performed by considering the geometry of the
scintillation crystal and the housing which has a total thickness
of 2 mm with 1.5 mm for the reflector (alumina) and 0.5 mm
of aluminum. The ~-ray emission was simulated from a point
source in a sphere made of steel and placed at 20 cm from the
front of the detector. The response of the scintillation detector
was simulated by increasing the thickness of the sphere from
2 mm to 30 mm according to successive steps of 2 mm. In
the present work, the y-ray emission was considered for two
radionuclides having different energies taken from nuclear data
: °7Co and '33Ba. Each simulated spectrum corresponds to 108
radioactive decays leading to y-ray emission according to a 47
solid angle. The ~y-spectra shown in the Fig[I0] features the
evolution of the overall shape when increasing the radius of
the sphere. The energy resolution of the scintillation detector
was also taken into account.

In this context, the measurement y (of size ¢) is composed of
a noisy linear non-negative mixture of the spectral signatures
of the sought-after radionuclides:

y = Ax +n,

where each column of A (of size ¢ X p) now contains the
individual spectral signatures, and x (of size p) stands for some
weight that quantify the contribution of each radionuclide in
the measurement. In this article, we chose for simplicity to
stick to an additive white Gaussian noise of mean value 0 and
standard deviation o.

In in-situ measurements (e.g. radioactivity monitoring at the
borders), one of the key challenges that the estimation of x
raises is that the signatures A may significantly vary, de-
pending on the measurement condition, which results in some
screening effect on the observed signature as described above.

Therefore, both A and x need to be estimated simultaneously.
The problem in Equation [2| needs to be rewritten as follows:

. 1 2
mglR(x) + 3 lly — Ax]|5. (20)

Since only a single measurement y is available, this is an
ill-posed inverse problem, which requires imposing strong
constraints on the shapes of the spectral signatures to be
retrieved.

As an illustration, Figure [I0] display the evolution of the
spectral signatures of the cobalt 5"Co and baryum !33Ba for
different screening effects due to steal shielding. Ideally, since
the variations of these spectra only depend on the thickness of
the steal shielding, these spectra should belong to an unknown
one-dimensional manifold.

In this application of the IAFE algorithm, the goal is to first learn
a model for each of the two considered radionuclides, namely
cobalt and baryum, and then constrain the corresponding
spectra to belong to the barycentric span of theses models.
Since, only non-negativity is imposed to x, the cost function
we propose to minimize is the following one:

p
. i 1 2
min Xy >0} (x) + Z;Xm%% (A") + B ly — Ax[l;, (2D

where x{. >0y(x) stands from the characteristic function of
the positive orthant (i.e. set of vectors with non-negative
entries) and xg,, (A?) stands for the characteristic function of
the barycentric span for model ¢; applied to the ¢-th column
of A.

This is a non-convex problem but assuming that it is a multi-
convex problem (i.e. convex once x or A is fixed), it can be
minimized using the Block coordinate descent (BCD) algo-
rithm [45]. In the present context, BCD performs iteratively
by minimizing the overall cost function with respect to x and
A. The proposed semi-blind spectral unmixing algorithm is
the following:

Algorithm 2: Semi-blind spectral unmixing

Initialization;
while While stopping criterion is not valid do
1-Update x:

x(k+1) = Argmin, x{. >03(x) + % Hy — A(k)tz

2-Update A: AF+1) = ,
Argming Y P, XBy, (AY) + % Hy — Ax(k+1) ||2;
Check convergence;

end

Both steps 1 and 2 are implemented using a Forward
Backward Splitting algorithm [40]. According to [45], the
BCD algorithm is guaranteed to converge to a local critical
point provided that each update problem is convex. This
is however not theoretically proved for step 2 since even
the uniqueness nor the convexity of the projection onto the
barycentric span of a given model is not proved theoretically.
So far, in the numerical test we carried out on ~y-ray spectra,
the BCD algorithm tends to stabilize towards a fixed point. For



each sub-problem, the maximal number of iterations is fixed
to 10, the gradient path length is fixed based on the Lipshitz
gradient as detailed in [46]. The maximal number of iterations
of the outer loop is fixed to 1000. Both in the inner loops and
in the outer loop, the convergence criterion is defined as the
relative variation of the variable to be minimized and the loop
breaks when it is lower than 1076,

B. Numerical experiments

In this application, the measurement y is composed of the
linear mixture of 2 radionuclides: baryum and cobalt, whose
spectral signatures are displayed in Figure The mixture
weights are set as x = [0.25,1] respectively for the cobalt
and baryum. White Gaussian noise with standard deviation
oy, is added. An example of such measurement with a SNR
of 10dB is displayed in Figure [T2]

The IAE algorithm is applied to 15 training samples for
both radionuclides, with a number of layers £L = 4 and a
regularization parameter p = 1.

The semi-blind spectral unmixing algorithm is run with a
maximum number of iterations of 1000 for both the main
BCD loop and updates 1 and 2. Convergence is said to be
reached for update 1 (resp. update 2) when the relative
variation of x (resp. A) between two iterations is lower than
10~°. For the BCD loop, convergence is declared when the
relative variation of A between two iterations is lower than
1075, The initial point for x is a vector with zero entries.
The initial matrix of spectral signatures A is taken at random
in the training set.

Figure [12] shows the initial and estimated spectral signatures
for baryum for a SNR of 10dB. It has to be highlighted
that although the initial point is quite far from the true
solution, the BCD-based solution based on the learnt model
allows to retrieve a very decent solution. The same figure
also features the solution provided by the exact same BCD
algorithm but using the barycentric span constraint involving
the Kullback-Leibler divergence. In this experiment, the
latter allows to retrieve a reasonable spectral signatures for
both radionuclides, with no visible leakage between them.
However, it is clearly outperformed by the more adaptive
learning-based constraint.

More quantitatively, the left panel of Figure [T3] shows the
evolution of the maximum percentage error of the mixing
weights x as a function of the signal-to-noise ratio. This is
defined as: max; 100* |1 —%;/x}|, where x (resp. x*) are the
estimated (resp. true) mixing weights. The purple line, which
is dubbed oracle, is defined as the error obtained by making
use of the true matrix of spectral signatures; it is the error
one would obtain if the spectral signatures were perfectly
known. This defines a best error lower bound. In contrast,
the red line corresponds to the non-blind unmixing, which
corresponds to no update of A in the spectral unmixing code.
The resulting error is therefore largely impacted by the error
on the spectral signatures. This figure also displays the results
we obtained using the KL-based as well as the IAE -based
spectral unmixing algorithms with two different numbers of
layers £ = 3 and 4. Firstly, while Figure [12] showed that

the KL-based method allowed visually reasonable estimated
A, the retrieved mixing weights are very sensitive to even
a slight mis-estimation of A, as shown by the poor error
observed.

The [AE -based unmixing method lead to significantly
improved mixing weights error in the top panel of Figure [T3]
This is all the more accurate as the number of layers is larger.
The bottom panel of Fig. shows the evolution of the
MSE in dB of the recovered baryum spectrum for both the
KL-based and IAE -based spectral unmixing algorithms. This
highlights that the KL-based algorithm quickly results in
errors that are dominated by the model approximation error
rather than the noise-related error (typically for SNR > 25dB).
In contrast, the IAE -based method leads to significantly
better estimated spectral signatures, with a MSE already
larger than 40dB for SNR > 10dB when £ = 4 layers are
used.
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Fig. 10: Spectral variabilities of baryum (green) and cobalt
(red). The units in the abscissa axis are in keV.
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Fig. 11: Example of a «y-ray spectrum measurement: the input
57Co spectrum in red, the input '33Ba in green and the noisy
mixture in red. The units in the abscissa axis are in keV.

VI. CONCLUSION

In this article, we introduce a novel approach to build
learning-based regularization methods to tackle inverse prob-
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Fig. 12: The input, first guess (initialization of the unmixing
algorithm) and reconstructed baryum spectra for SNR = 10dB.
The units in the abscissa axis are in keV.
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lems. In contrast to standard learning methods, it builds
upon a procedure that learns to interpolate onto an unknown
manifold from known anchor points. For that purpose, we
introduce a interpolatory learning scheme that is reminiscent
of the autoencoder architecture, with the exception that an

extra linear interpolator is introduced in the code domain.

We

show that the proposed model can be fruitfully used

to regularize inverse problem by imposing the sought-after
solution to belong to the barycentric span of the anchor
points, yielding physically meaningful solutions. The proposed
approach, which we coined IAE , performs quite efficiently,
even when the training samples are scarce. This makes it a very
good candidate for a large number of applications few training
samples are available. Extensive numerical experiments have
been carried out to test the JAE algorithm, in a very large range
of experimental scenario. We further demonstrate how the
proposed approach can be beneficial to regularize a semi-blind
linear regression problem in the field of ~-ray spectroscopy.
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