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1 Introduction
1.1 Motivations

In this paper, we consider a portfolio optimization problem for Lévy financial markets with
non-random time-dependent coefficients. Such problems are very popular in the stochas-
tic financial markets theory. Beginning with the classic work of Merton, where the opti-
mal investment problem for Black-Scholes models was first studied, interest in these prob-
lems is constantly growing to the present day (see, for example, [11,4,5,17] and the refer-
ences therein). It should be emphasized that the financial markets defined by the continu-
ous stochastic processes similar to the geometric Brownian motion are very limited for the
practical applications and they do not allow us to describe situations of abrupt, impulsive
changes in price processes observed during of the crises and instability in financial mar-
kets. It seems that for the first time an optimization portfolio problem for financial markets
with jumps was studied in the paper [8], in which the authors using the stochastic Pontrya-
gin maximum principle constructed optimal investment/consumption strategies. Later, these
problems were studied for more complex market models and in different settings: in [14,
9,24] the authors considered maximization utility problems in general semi-martingale set-
tings, in [25,4,2, 19] such problems were considered for stochastic volatility markets, in [6,
10] for the markets defined by the affine processes, in [12,13,3,7] the authors considered
the portfolio optimization problems with constraints. In [5,17] the authors considered pure
consumption problem on Lévy markets with infinite time horizon under proportional trans-
action costs where they used geometric approach and viscosity solutions in similar spirit as
it was done in [1].

The main goal of our work is to study the classical investment and consumption problem
on the finite time interval [0, T'] for the financial market model with jumps under transaction
costs. Moreover, we are interested to find the optimal solutions in the explicit form and
illustrate their behavior by the Monte - Carlo method.

1.2 Main investments

Based on stochastic dynamic programming and Leland - Lepinette approach, we develop
a portfolio optimization method for Levy-type financial markets with transaction costs. To
this end, first, we deduce and study the Hamilton—Jacobi—Bellman (HJB) equation. The
challenge here is that we could not use directly the classical HIB analysis method from
[11], which was due to the additional integral term corresponding to jumps in the market
model. Therefore, we need to develop a special analytical tool to analyse this equation and
to construct optimal strategies. Similar to [12,13,4,2] we study this problem through the
verification theorem method. So, in this paper, probably for the first time, we show a spe-
cial verification theorem in a non-Gaussian financial markets framework. Then, using this
theorem we construct optimal strategies, and, finally, for the power utility functions we pro-
vide the solutions for such optimization problems in an explicit form. Moreover, to take
into account transaction costs in the optimization problems we use the Leland method (see,
for example, [15]) in the difference from the geometric approach developed in [5,17] for
Lévy markets. More precisely, using the explicit form for the obtained optimal strategies we
construct their discretized versions and, then study the asymptotic behavior as the number
of revisions tends to infinity. We provide the conditions on transaction costs for which the
discretized strategy is asymptotically optimal, i.e. when the objective function tends to its
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optimal value. It turns out, that in the case of large transaction costs, to obtain the optimal-
ity property one needs to use the Lepinette approach developed for the asymptotic hedging
problem in [16], i.e. one needs to do portfolio revisions not uniformly as in the Leland
approach, but in time moments of special power form. Finally, we illustrate the obtained
theoretical results by the numeric simulations.

1.3 Organisation of paper

In Section 2 we describe the problem and all necessary definitions. In Section 3 we study
optimal control problem for stochastic systems with jumps through the verification theorem
method. In Section 4 we state the main results. In Section 5 we the optimal strategies. In
Section 6 we give the results of Monte-Carlo simulations. All main results are shown in
Section 7. All auxiliary tool is given in Appendix A.

2 Problem

In this paper, we consider optimal investment and consumption problems for financial mar-
kets of Lévy type with time-dependent coefficients. More precisely, we consider the financial
market on the time interval [0, 7] which consists of a risk-free asset (bond) (B;)g<;< and
m risky assets (stocks) (S;(t))o<i<7, 1 < i < m, defined as o

dB, =7y Bydt, Bo=1,
- @.1)
dS;(t) = p;(t) S;(t) dt + S;(t—) dL;(t)
where the interest rate r, and the drifts (42;(t))1 < j<n, are nonrandom [0, 7] — R integrated

functions, i.e.
T m
/ (m +> |ui<t)|> dt < oo. 2.2)
0

i=1
We assume, that the random market sources (zi(t))ogth are represented as
m

Li(t) = Z/(Uz’j(u) AW, (u) + ;5 (w) dL;(u)) , (2.3)
0

—

Jj=

in which the volatilities o, = (0, (t))1<i i<m and g, = (gij(t))1<i i< A€ T X M non

random matrices such that forany 1 < ¢, <m,0<t<T
T
/ of;(u)du<oo and 0<g;(t) <1. (2.4)
0

Moreover, we assume, that (W (t))o<¢<7»--»(W, (t))o<t<7 are independent standard Brow-
nian motions and (L1 (t))o<¢<7 > - - - » (L (t))o<¢<7 are independent pure jumps Lévy pro-
cesses, i.e.

L;(t) :/ /]R Yy (Vj(w; dy,du) fﬁj(dy,du)) , (2.5)
0

*
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where v;(w; dy, du) is random jump measure with compensator v;(dy , du) = I1;(dy) du
and I (-) is the corresponding Lévy measure on R, = R\ {0} . It should be noted that in
case of independent Lévy processes, AL, (t) AL;(t) = 0, forany i # j. First, to provide the
positivity for the risky price process (2.1) we assume, that IT; (] — oo, —1]) = 0. Moreover,

we assume also that
I; (|14 y)[1_cyc 19y ) <oo and II;(y%) < oo, (2.6)

where 1 4 is an indicator function of the set A. These conditions are technical and used in
the market model to guarantee existence of optimal trading strategy. In the sequel we set

’ 12 I
Hy = (/Jfl(t) yeee Hum(t)) > Wt = (Wl(t) PR Wm(t)) and Lt = (Ll(t) PR 7Lm(t)) >
where the prime ' denotes the transposition. Everywhere bellow we use natural filtration
F = (Fo<i<r»i-e. Fy = o{W,, L, : 0 <u < t}. Similar to [12] in this paper we use
the fractional strategies defined as

0,(t) = 7%(’;)(‘?(’5) and ¢, = )% @7

where «;(t) is the amount of investment into 4-th risky asset purchased by an investor at the
time moment ¢ and X, is the corresponding wealth process with 3; bond units defined as

Z ) + By By, (2.8)

using (2.7) and (2.8) can be proved the following equality 1 — Y . ! 0;(t) = B By Xs.
Moreover, the process (; in (2.7) is the consumption intensity, i.e. it is non negative inte-
grable process for which the integral |, Ot (s ds is the total amount of capital consumed by the
investor on time interval [0, ¢] . Now using the self-financing-consumption principle for the
wealth process (2.8) (see, for example, [11]) and the definition (2.1), we obtain that

dX, = X, (r, + 0, fi, — ¢;)dt + X,_0,_dL,,
2.9)
XO =T > 0,

where ji, = (1 — r1ep). €y = (1,...,1)" € R™ and 6, = (0,(t),...,0,,(t)) and
L, = (Ly(t),...,L,,(t)) . It should be noted that to provide the positivity of portfolio
value X, the jump sizes of the process L, = fot 9;7 Su— dL,, have to be more than —1, i.e.
AL, > —1. To this end we assume that the financial strategy 0, = (61 (t),...,0,,(t)) isa
cadlag process with values in the set [0, 1]™ such that, for any fixed 0 < ¢ < T, almost sure

Z;'n=1 0;(t) < 1.1In the sequel we denote by

0={0=(6,,....0,,) €[0,1]™" Z . (2.10)

Using this set we introduce admissible strategies.

Definition 2.1. A stochastic process v = (0;,c;)o<i<T is called admissible if the first
component (0;) << is a predictable process with values in the set (2.10) and the process
(¢1)o<i<T is adapted, non negative integrated on [0,T], for which the equation (2.9) has
unique strong solution such that X,_ > 0 and X, > 0 a.s. for 0 <t < T.
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We denote by V the set of admissible strategies. It should be noted that for any v € V the
wealth process (2.9) can be represented as

X, = gelo (et ) ds—fy e, ds &(V)
and the Doléan exponential

g(V)=e" 2 I 1 +Aav,)e 2%, @.11)
0<s<t

!’ ~ t ’ ’
where V;, = fg 0,dLsand (V), = [0, 0,0,0,ds.
0

Now to formulate an optimal consumption and investment problem we introduce for
some 0 < 7 < 1, the objective function as

T
J(z,v) := B, /gg dt+ (Xp)1 |, (2.12)
0

where E,, is the conditional expectation given X, = « and (z) is the positive part of z,
ie. (), = max(z,0) and ¢, = ¢; X, is the intensity of consumption.

The goal is to maximize the objective function on the set V, i.e. to find a strategy v* € V,
such that

J(z,v™) = sup J(z,v) =: J*(z). (2.13)
vey

According to the dynamic programming principle to study this problem we have to study
the value functions defined on the interval [t, T] as

J*(t,z) := sup J(t,z,v), (2.14)
vey

where forv € V
T

J(t,x,0) =By /(cu X,)" du+ X7,
i

Here E, ; is the conditional expectation with respect to X; = =z . Note that in our case
J(t,z,v) can be equal to oo for some strategy v .

Remark 2.2. It should be noted that the definition (2.12) for the objective function can be
applied to any financial strategies not only for admissible ones, i.e. not only to strategies
with positive wealth processes. Indeed, in practice, the capital can be negative for a short
period of time, such as for markets with transaction costs. In such cases, it is also necessary
to calculate the objective function and compare the strategies between them.

Remark 2.3. Note that the optimal consumption and investment problem without terminal
functional for the model (2.1) is studied in [8] through the maximum Pontryagin princi-
ple. The similar problems were considered in [23,24] on the basis of the dual problems
approach.
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3 Verification theorem

In this section we will generalize the controlled process (2.9) and the definition of admissible
strategies. For such framework, we show some verification theorem. Let’s define diffusion
jumps controlled process X, with values in an open convex set X C R and control process
v; with values in closed set K C R™. Let X = (X;)g<i<7> Xi, Xy— € X be cadlag process
of form o

dX, = a(t, X;,v) dt +b (£, X,_,v;_)dL, ,

3.1
Xo=z€X,

where the process Zt € R™ is defined in (2.3) with the Lévy measures I1; satisfying the
second condition in (2.6), i.e. I7;(y*) < occ. The functions a : [0,7] x X x K — R and
b: X x K — R™ are non random, continuous and such that, for any non random v € K, the
equation (3.1) with v; = v has an unique strong solution for which X, € X and X;_ € X
on the time interval [0, T'] and

T
/ <|a(t,Xt,v)|+|b(t,Xt,v)|2) dt <o as.
0

Definition 3.1. A stochastic process v = (v;)g<i<7 IS called admissible if it is (Fy)o<i<T
-adapted, has cadlag trajectories, takes values in the set K, and such that the equation (3.1)
on time interval [0, T] has an unique strong solution for which X, , X,_ € X on the time
interval [0,T) and

T
/ (|a(t,Xt,Ut)| + ‘b(t,Xt,'Ut)lz) dt < oo a.s.. (3.2)
0

We denote by V the set of all admissible strategies. Note that the conditions on functions
a and b imply V # (), at least the strategy v; = v € V. Now we fix utility functions
Uy 1 [0,T] x X x K — Ry and Uy : X — R, and, then, for any 0 < ¢t < T', we set the
objective functions as

T
J(t2,0) =By, /Ul(u, X, v,) du + Us(Xg)
t

Our goal is to find an admissible strategy v* € V, such that, forany 0 <t < T,

J*(t,z) :=sup J(t,z,v) = J(t,z,0"). (3.3)
veV

To apply the dynamic programming method, we will need to introduce the Hamilton func-
tion. To do this, for any [0, 7] x X — R function g(¢, z) , twice continuously differentiable
in z and continuously differentiated in ¢, such that

sup lg(t,2)| < 0, (3.4)

rzeX 1+ |$‘
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we define
Hy(t,z,9,v) = a(t,x,v) g, (t,x) + % G (t, ) LT a; b(t, z,v) b (t,z,v) oy

+ Uy (t,z,v) +g(t, z,v), (3.5)

where g(t, z,v) = Z [Tyt b (t 2, v) i y) Ti(dy)s sip = (s15(8) -+ 5ma(t)) and
1R,

Tg(tv z,v) = (g(t,x +v) — g(t, ) — g, (t, ) v) 1{m+v€X}
for v € R,. Notations g, , g,, , g5, mean corresponding derivatives of function g(¢, z) .

Remark 3.2. It should be emphasized that one needs to introduce the indicator 1, e x3
in the term Y(t,x,v) since there are no assumptions on measures II;(-) or function g to
keep the sum x + v in the set X, for v from R,. As it is shown in appendix A.I the function
g is bounded and its Lebesgue integral will be used as jumps compensator for the process
g(tv Xt)

Now, forany € X and 0 < ¢t < T', we set the Hamilton function as

H(t,z,g) := sup Hy(t,x,g,v). (3.6)
vek

Now we introduce the following Hamilton—Jacobi-Bellman equation as

zi(t,z) + H(t,z,2) =0, tel0,T],

3.7
2(T,z) = Uy(z), reX.
Next, we need the following conditions.
H,) There exists solution z € C*2([0,T] x X, R) of the equation (3.7) such that,
inf inf z(¢{,z) > —co0 and sup sup 12(t, 2)] < o0. (3.8)

0<i<T zEX o<t<T zex 1+

H,) There exists [0,T] x X — K measurable function v, such that for the solution
z = 2(t,z) of the equation (3.7) the Hamilton function H (t,z,z) = Hy(t, x, z,vo(t, x)).

Hj3) Forany x € X, there exists an unique almost surely solution X* = (X[ )o<¢<T
with values in the set X and X} € X of the equation o

AX; = a*(t, X7)dt + (b*(t—, X)) dL,, X} =uz, (3.9)
where a* (t, ) = a(t,z,vy(t,z)) and b* (¢, z) = b(z,vy(t, z)). Moreover, the process
vo = (vo(t, X}'))o<t<r is admissible, i.e. belongs to V.

H,) Forany0 <t<Tandz € X,

E;, sup |z(u, X,)| < oc. (3.10)
t<u<T

Using the approach proposed in [12], we show the following verification theorem.
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Theorem 3.3. Suppose conditions H,) — H,) are hold. Then, for any 0 < t < T and
re X,
z2(t,z) = J*(t,x) = J(t,z,v"),

where the optimal strategy v* = (v})i<s<1, V5 = Vo(s,X]) is determined in terms of
H,) - H,) and the function J* (t, ) is defined in (3.3).

Remark 3.4. Here (3.8) and H,) are technical conditions. In particular, the first condition
in (3.8) will be used to apply Fatou’s lemma for the limit transition in conditional expec-
tations, the last condition provides the finiteness almost sure for the jumps compensator of
2(t, X;) and H) will be used to apply dominated convergence theorem to prove optimality
of the process v*.

Remark 3.5. Note, that we don’t assume the uniqueness of a solution for the equation (3.7).
But if conditions of Theorem 3.3 hold then z(t, x) will be the unique solution of the equation
(3.7), since the supremum J(t,z,v*) is always unique.

Now we apply Theorem 3.3 to the problem (2.13). In this case the controlled process
driven by (2.9) with state space X =]0, oo[, admissible strategy v = (0;, ¢;)o<s<7 With
values in L = © x R, where the set © defined by (2.10). So, to study the op_tin_lal con-
sumption and investment problem (2.14) we will apply Theorem 3.3 for the utility func-
tions Uy (z,v) = (xc)” and Uy(z) = 27, where z € X, v = (0,¢) € K, the vector
0 = (01,...,6,,) and 0 < v < 1. First note that, the process (2.9) can be obtained as a
special case of the model (3.1)

a(t,x,v):a:(rt—l—é/ﬂtfc) and b(t,z,v)=x0. 3.11)
In this case one can check directly, that the HIB equation (3.7) has the following form

~

2ze(t,x) +rpx 2z, (t,x) + max I'(¢, z,2,0) + (1 — ) ( i ) - =0,
b (3.12)

2 (t, )
2(T,z) =7,
where I'(t,z, 2,0) = z 2, (t, z) 0’ fig + 12 20 (t, ) Q,O't a; 0/2+47%z(t,x,0) and z(t, x, 0) is

defined by g in (3.5) for ¢ = z. Moreover, according to Condition Hy) to find an optimal
control function v = (6, ¢) one needs to choose 6y = 0 (t, z, z) and ¢q = ¢y (¢, x, 2) as

1 ( z,(t,z) 1/(v=1)
0y = I(t 0 d = - [ =22 . 3.13
o arglgleaéc (t,z,2,0) and ¢ . < 5 ) (3.13)

Using here the Fourier separation variables method we can conclude, that the solution of the
HIJB equation has the following form

2(t,x) = A(t) 27 . (3.14)
It should be noted, that if we substitute z with the form (3.14) in (3.12), we obtain that the

function I'(¢,z, z,0) = A(t)x" F(t,0), where

/v — 1 !’ !’ m !’
F(t,0) =8 fi, + %tre 00,0+ /p (9 §i’ty) ,(dy) , (3.15)

i:1R*
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where p(z) = (14 )" =1 — vz and ¢;; = (514(t) ..., 5pni(t))" is i-th column of the
matrix ;. Therefore, from (3.13) we obtain that in this case for the HIB solution (3.14)
T -1
0y = 0y(t) = arg max F(t,0) and cg=cy(t) = /Wt,udu + ¥, , (3.16)
o

t

where ¥, ,, = el 7245 and L = (F(s,07) +~rs) /(1 —~). From (2.9) we obtain, that the
corresponding wealth process (X Jo<t<7 is defined as

XF = gl et O Ry ds=Ji el ds g (1x (3.17)

and &, (V™) is the Doléan exponential (2.11) for the process V;* = fg (9:)/ dL, with its

t ’ ’
quadratic characteristic (V*), = [(6%) 040,07 ds.
0

Remark 3.6. Ifthere exists many solutions in for the maximization problem of the function
F(t,-) we chose any point.

4 Main results

Fist we study the strategy (3.16).
Theorem 4.1. The strategy v* = (05, ¢} )o<i<7 defined in (3.16), i.e. 0f = 0, and c{ =
co(t), is a solution for the problem (2.13). Moreover, for any 0 < t < T, optimal value
function (2.14) is given
T 1=
J (t,2) = J(t,x,v") =27 /y'/t,udu + . 4.1
t
The proof is given in section 7.
Remark 4.2. Note that for the homogenous market model (2.1), i.e. for the constant coeffi-
cients ry , [y , 0y ,S; the optimal strategy (3.16) is obtained in [23].

Now we consider the optimization problem (2.1) for the markets with transaction costs
on the basis of the Leland’s approach proposed in [15] for hedging problems. In this case
we use the optimal strategy

/

. _ (o NN N ORY O () X5
o = (af(t),...,0m (1)) —< S@) S, @) ) )

(-5, 03(0) X
B,

B = and ¢ =c X/, 4.2)

where the fractional strategy 0} = (07 (t),..., 0y, (t))/ is given in (3.13) and the correspond-
ing wealth process X, is calculated as

t t t
X7 :m+/(a;_)' dsu+/5;d3u—/gj;du. 4.3)
0 0 0
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According to the Leland approach we can do only n portfolio revisions of the strategy (4.2)
on the interval [0, T at the moments 0 < ¢, < ... < ¢, =T, i.e. we set

n n
agn) = Z ark71 Lyt tal s ’Bt(n) = Z ’87‘171 Lt ti]
k=1
and (n) = Z Ctk 1 1]tk 1otk] - @.4)

Moreover, for each revision the investors must pay the transaction costs proportionally to
the volume of trade at the moment ¢,, defined as

stt o™ () — al™ (4 1\—nZst o (b 1) — o (t—a)]

Jj=1 Jj=1

where by the convention o (t) = 0 for ¢t < 0. Therefore, the total transaction costs on the
interval [0, T is presented as

—KZZS (t)od (1) — i (1)1 45)

Jj=1k=1

where x > 0 is a proportional transaction coefficient which is assumed to be a function of
the revisions numbers n, i.e. k = x,,. Note that, in this case a;”_) = a&"). Therefore, to take
into account transaction costs we defined the wealth as

T T T
XM =5+ / (™) ds, + / g™ dB, — / ¢"™du-D,. (4.6)
0 0 0
To study properties of the strategy (™) = (agn), Bt(n), Ct(n))ogth we set

T(z, ™) = B, /T (gfﬁ))v du + (X}’”y . 4.7)
+
0

Now we study asymptotic properties of the strategy (™) as n — co. To do this we need to
assume the following conditions.
A ) In the model (2.1) the functions ry, p, and o, are bounded on the interval [0, T).
Ay) The functions ry , 4 , 04,5 in the model (2.1) are such that the optimal strategy
(3.13) satisfies the following inequality

Y107 - *.I

sup sup 4.8)
n>10<t,<...<t, 7T1+Z 1V
Note that A,) holds true if the optimal strategy (3.13) is 1/2-Holder function, i.e.
0y — 0%
sup 10; =65 < . 4.9)

0<s,t<T /[t — 5]
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Theorem 4.3. Assume that Conditions A) — Ay) hold true and the transaction coefficient

—1/2

is a function of n, i.e. kK = K, such that k,, = o (n ), as n — oo. Then the strategy

(4.4) - (4.6) with the revision moments (tj = jT/n)lSan is asymptotically optimal, i.e.
lim J(z,»™) = J*(2), (4.10)
n—oo

where the optimal functional J*(z) is defined in (2.13).

Now we study the optimization problem (2.1) for the markets with large transaction costs,
i.e. in the case when the normalized transaction coefficient 1/n«,, does not go to zero as
n — oco. We assume only that x = k,, = 0o(1), i.e. k,, = 0 as n — oo. In this case we need
to change the strategy (4.4) making use of Lepinette approach proposed in [16] and used
then for the markets with jumps in [21]. According to this approach we do the portfolio
revisions at the points

t;=t"(u;)T, u-:% and t*(u) = ud, @.11)

where the power g > 1 is a function of n, i.e. ¢ = q,, such that

lim q, =+oo and lim (‘L" + ki /ﬁ) =0. (4.12)
n—oo n— o0 n an

Note that, if x,, — 0 as n — oo, then we can take, for example, q,, = v/n + K, n.

Theorem 4.4. Assume that the conditions A) — Ay) hold true and the transaction coeffi-
cient is a function of n, i.e. k = k,, such that x,, = o(1) as n — oo. Then the strategy (4.4)
- (4.6) with the revision time moments defined in (4.11) - (4.12) is asymptotically optimal,
i.e. satisfies the property (4.10).

Moreover, we need to find sufficient conditions providing Condition A,).

Proposition 4.5. Assume that, in the model (2.1) m = 1, the functions ry, s, oy and s, are
continuously differentiable and ¢; > 0 for all 0 < t < T. Then Conditions A;) — Ay) hold
true.

Remark 4.6. It should be noted that Condition Ay) hold for any m > 1 for the homoge-
neous market (2.1), i.e. for the constant parameters 1y , liy , ¢ , G-

5 Properties of the optimal strategies (3.16) - (3.17)

In this section we study the Doéan exponentials £; (V') defined in (2.11).

Proposition 5.1. For any non random measurable [0, T] — O function 0 = (0;)o<i<7 the
Doléan exponential (2.11) is square integrated martingale.

Proof. First note, that the process V; = fot 9; dis is square integrated martingale. There-
fore, taking into account that d&; (V) = &;,_ (V') dV, to show this lemma it suffices to check
that sup,,, . E£7(V) < oo. To this end we represent the Doléan exponential in the mul-
tiplicative form, i.e.

St(V) _ e-f()t 0 o, dWS—% . Ot 0 o0 0.ds 5t(d) 7 (5.1)
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e ar In(14¢ AL,)—S AL,) . . . .
where Et(d) = ejo % S+Z°559( (e, AL.)=<, b) is the jump Doléan exponential

-~ / ~ —~ /
and the non random functions ¢, = ¢, 0, = (S1.5,---,5m.s) € [0,1]™. Note here, that
. . . d) _ m (d) .
this exponential can be represented as production &£/ = szl €t of the independent
exponentials

D _ i AL ()4 Eoc,<, (14T, ALy (9)) =5 AL,(5))
@) = o . . ,

Therefore, to prove this lemma it suffices to show that

max sup E(S(VL?)2 < 00. (5.2)
1<j<mo<i<T I

To this end, note that we can write that
t
d ~ -
&Y =27, + / 15 (&(S,s ¥) = Ss y) ds, (53)
0

t ~ o _
where the process Z; ; = fo f]R* g (S5 ¥) dv;, v (w; dy,ds) = (vj — ;) (w; dy,ds) and
g(x) = In(1 4 z). Note here, that forany 0 < ¢ <1

115 (lg(sy) — syl) < I (Lye 123 (1 + [8(¥)])
+ 200 (1< /2y9°) + 1L (L2 (0 + 8()) -
Using here the conditions (2.6) we get that

max sup I (|g(sy) —sy|) < . 5.4)
1<j<m p<¢<1 J( (sv) )

Therefore, for (5.2) it suffices to show, that

max sup Ee?%it < . (5.5
1<jsmo<i<T

It is clear that a.s.
t
7 (6) () _ ~ —(8)
Zj4 —(%LHBZj,t and Zj,t —//g(gjysy) dl/j ,
0 R

where P§6) (w; dy,ds) = 14)y>6)7;(w; dy, ds). Note, that we can represent the function
Sj,s as a limit in the Lebesgue measure on the interval [0, ¢] of the piece functions

n
l
S ="My, 4y, 0<cV <1 and 4y = ~t. (5.6)
=1
It should be emphasized, that in view of the boundedness of the functions <; , and EJ(Z) we

can conclude through the dominated convergence theorem that

t
lim / [Gjs — S ds = 0. (5.7)
0

n—roo
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Now, setting
t

4= [ [ s(0)am.

0 |y|>6
we can obtain that
t
E’Za('ft) -z §2/ / A (y,5) [ (dy) ds (5.8)
0 |y|>6

and A;”) (y,8) = ’g (Sis y) —-g (E;? y) ‘ Note here, that for 0 < £ < 1 — ¢ and for any
y > —1 4 ¢ we get that
1 -
A (y, ) < G — SRR

Moreover, note, that for y > —1 we have Aén) (y,8) < 2|In(1 + y)|. Therefore, we can
estimate from above the integral in the right side of the inequality (5.8) as

t
21 / In(1 +9)| 1T(dy) + U.(e) / G — S ds,
{—1<y<—1+¢} 0

where

1
Ule) = 2 / ly| 11 (dy) + / y 11(dy)
{—1+e<y<—d} {y>6}
Now, taking into account the limit (5.7), we obtain that forany 0 <e <1 -4
. 5 s,
llmsupE‘Z;t) —Z;tn)‘ <4t / lg(y)| II(dy) .

n—roo
{—1<y<—1+e}

Letting here ¢ — 0, we obtain through the condition (2.6)
: (6m) _ (0)
P_nhféozjvf =24

This implies by the Fatou lemma

e e 27(%m)
E %%t < liminfliminf Ee”i.t .

=0 n—oo

5.9

Note here, that

tl
n
(8,m)
E?7 = [ Ee® and 5 = / /g (c;f? y) Lijy)>53d7; .
=1 0

t oy R,

We calculate directly, that

s,
Ee2M = e(tz_tl—ﬂW;J )
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where

) 2g (™
w;l’n) = / (e g(cml y) —-1-2¢g (C;Z) y)> 11;(dy) .
ly|>6

Using the conditions (2.6) we can estimate this term as

=<2 [ (e o)

—l<y<—1/2
+2¢ / g’ (y) I1;(dy) + / (1+%) 11,(dy) =" < oo.
ly|<1/2 y>1/2

Therefore, using this estimate in (5.9), we get that

27(8:m) *
Ee 7t §etw < 00.

This implies the upper bound (5.5). Hence Proposition 5.1. O

Proposition 5.2. For any non random measurable [0,T] — O function 6 = (0;)o<i<7> the
Doléan exponential (2.11) is strictly positive, i.e. info<, <7 E,(V) > 0 a.s.

Proof. First note, that the functions o ;; are square integrated and, therefore, through Doob’s

Ji
inequality (A.3) we get
t 2 T T
EO%ZLXT /9;0u dw, | < 4/0;0u0;0u du < 4/traua; du < o0,
T \o 0 0

i.e. maxg<i<r | fé 0;au dW,| < oo a.s. This means, that in view of the representations
(5.1) and (5.3) and the upper bound (5.4) to prove this proposition it suffices to show that

max sup |Z;. <oo as. (5.10)
1<j<mo<t<T

Indeed, we can represent this process as
ALY (2)
Zit =25 T 50

where
t t
zM — 1 (N' )dﬁ and 2z = 1 (7 )dv-
gt {y<—1/2}8\5j,s ¥) AV; it {y>-1/2}8 55, ¥) dVj -
0 R 0 R

Note here, that in view of the condition (2.6) we get, that forany 0 <¢ < T

Z01< Y Liar, (s)<—1/2}|18(AL;(s))|
0<s<T

+1I; (|g(y)|1{—1<y<—1/2}) < 00 a.s..
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Moreover, we estimate the term Zﬁ) from above through the inequality (A.2) with p = 2
and using again the conditions (2.6), i.e.

T
E sup (27)° < C’z//l{yzﬂ/z}g2 (Sj,s ) dsIT;(dy)
0<t<T J S

<y TI; (|g(y)|1{y2_1/2}) < 00.
Hence Proposition 5.2. O

Proposition 5.3. Forany0 <t <Tandx >0

E;, sup (X})*<oo. (5.11)
t<s<T
Moreover,
inf X: >0 as. (5.12)
0<t<T

Proof. Indeed, note that, from (3.17) it is easy to deduce that X; < C' & (V™) for some
C > 0. Therefore, Doob’s martingale inequality (A.3) and Proposition 5.1 imply

E;, sup (X))’ <CE sup & (V') <4CEEL(V") <o
t<s<T t<s<T

and we get the bound (5.11). Moreover, using again the representation (3.17) we obtain
through Proposition 5.2 the lower bound (5.12). O

Now we need to study properties of the discrete investment strategy (4.4).

Proposition 5.4. If the conditions (2.2), (2.4) and (2.6) hold true, then

max sup sup E
1Sj<map>10<t,<...<t,=T

< o0

T
/ o{" (1) ds; (¢)

0

and

sup sup E
n>10<t; <...<t, =T

< 00.

T
/ 5 dB,
0

Proof. First note, that the stock price can be represented as

S;(t) = Sy exp (/Ot () du> &(Ly) (5.13)

where & (L;) is defined in (2.11) with V; = L; and (V), = " | [ 0% ;(s) ds. Note

now, that for any fixed 0 < u < T the process §u7t(fj) = st(Zj)/gu(Ej) is the Doléan
exponential for v < ¢ < T which is independent from F,, and, therefore, Proposition 5.1
yields

max sup EEZ t(Zj) = max sup E (éz t(ij)m) < 00.
1<j<m g<u<t<T T 1<G<m o<u<t<T ’
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Taking into account that the functions p; are bounded we can get the same property for the
process §j(t, u) = S;(t)/S;(u), ie.

U = max sup (t u) = max sup (:S’?(t, u)|]—"u) < oo
1<j<m ogu<t§T 1<j<m o<u<t<T

Moreover, note that from the definition (4.2) we obtain that forany 1 <1 <m

T n by
B [ @rsi0o0d<e Y )* [ B(Sear, )0
0 = th_q
T
<U'E sup 2/0]21 t) dt
0§t<T J

and through the upper bound (5.11) we get, that

T
(n) 2 a2 2
max sup sup E/a» t))=S5(t)o;(t)dt < oo.
1<GISm p>10<t,<...<t, =T (o ()85 (Bl

In the same way we can show, that

T

max sup sup E / a(n) (t)|p ()| dt < oo

1<SjSm p>10<t,<...<t, =
0

Therefore, using the definition of the stock price in (2.1) we obtain that

T T
E /ag.”)(t)dsj(t) SE/a§n)(t)sj(t)|uj(t)|dt
0 0
T o\ 1/2
+|E / o\ ()85 (t—) dL(t)
0
Taking into account here, that
T 2. T
E / 08, L) | =3 B / (o™ (1))252()02 (1) di
0 =1 5

m T
+meE/<m )2S2(1)52 (1) dt
=1 0
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we obtain through the conditions (2.4) the first inequality of this lemma. As to the last
inequality, note that

th

T n

(n)
Joiman| <3 "%, /
0 k=1

k—

th .

< U7 sup th / |7"u|du—U1 sup X7 /|rt\dt

0<t<T

k= Yy,
where
e’ —1 T
U] = sup ‘ and z* = / |re|dt.
o)<z T 0
Using again the upper bound (5.11) we get the last inequality of this proposition. O

6 Numerical example

For Monte Carlo simulations we consider the market (2.1) for m = 1 on the interval [0, T']
for T'= 3 in which B, = ¢"* with » = 0,055, ¢ = 0,05

2
Sy = Spexp (( - 7) t+oW, +Lt> H(1+ALS)6_ALS.
s<t

Here 1o = 0.06, Sq = 50, Wt is standard Brownian motion, L; is a Compound Poisson

process defined by L, = Z et Y}, where NV, is Poisson process with the constant intensity

A = 17 and the sizes of jumps (Y;)j>1 are i.i.d. random variables with the density function
y? _ 22 -

p(y) = BT f_oi/z e 272dz 14y _1/2y and n = 0,01. Note, that in this case the
Lévy measure IT1(dy) = Apy (y) dy.

In this example we consider the utility functions U; (z,v) = (z¢)” and Uy(z) = z7

with v = 0.3, where the control variables £ = (v,c) € [0,1] x R, . We calculate the

t
strategies (4.2) — (4.4) with the cumulative consumption defined as Ct(n) = f Ci(L") du.

The graphs in Figure 1 show the market behavior: b) is the log retur?ls of the risky
asset, ¢) — e) are trading strategies with and without transaction costs, f) is investor’s wealth
and him consumption. Here the portfolios are revised n = 100 times with the transaction
costs coefficient x = 0,1 In(100)/+/100 ~ 0,046. Moreover, the graphs in Figure 2 a)
illustrate the convergence (4.10) for the strategy (4.4) and (4.11). To this end, we calculate
the objective function .J (z, (™) through Monte Carlo simulations as

K
J(w, ™) ~ K /g<” Ddu+ (k" ”)+ , K =50,
=1

where (C&n’l))ogugT and Xj(q"’l) are the consumption and wealth processes calculated at
the I-th simulations, and transaction costs coefficient x,, = 0,5 In(n)/+/n and the initial
endowment z = 100.
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0 — S 0.02

60 0.00

50 —0.02 — Aln(Sy)

t t
a) Price

0.0006

0.0003

0.0002

t ‘ t
e) Number of risky asset f) Capital and cumulative consumption

Fig. 1 Results of simulation of the strategies (4.2) — (4.4)
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Fig. 2 Monte Carlo simulations

As we can see from the simulation results in Figure 1, the behavior of the optimal strat-
egy means that when the risky asset increases one needs to increase the consumption inten-
sity and decrease the investments in the both assets risky and risky free. It should be noted
that such an investor’s policy allows better control over the behavior of the financial port-
folio, so as not to make its terminal value negative. Usually, after the rise in prices, there is
always a decline, and this optimal strategy permits avoiding abrupt changes in the portfolio
dynamics. As we can see all the changes in portfolio dynamics generally occur because of
consumption, not because of the stochastic behavior of the risky assets. The numerical simu-
lations confirm the natural behavior of the optimal strategies, i.e. the more consumption, the

less capital and, moreover, as it is seen in Figure 1, f), this strategy provides an equilibrium-
point between consumption and wealth. Finally, as we see In Figure 2, the convergence

(4.10) is confirmed in these simulations.

7 Proofs

7.1 Proof of Theorem 3.3
Proof. Letv € V. Then by the definition of an admissible control process, the equation

dX, = alu, Xy, v,)du+b (X, ,vu_)dL,, X,=z€X, welt,T] (1.1

has an unique P-a.s. strong solution. In view of the condition H;) the HIB equation (3.7)
has a solution z from C"2 ([0, T] x R). Therefore, the Ito formula implies

u u

2w, X,) = =(t,2) + / 2o, X,) ds + / 20 (s, X, ) dX,
t t

1
+ D) /ch(svxs)ws ds+ Z (AZ(S?XS) - Zz(svxs—) AXS) )
+ t<s<u
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where @, = traf9 b(S,XS,H)b/(S,XS,H) og and Az(s, X,) = z(s, X,) — 2(s, X,_) and
AX, = X, — X _. Therefore, using (7.1) we can represent this equation as

u

2(u, X,,) = 2(t,x) +/ <zt(s,Xs) + 2,(5, X,) a(s, X5,v) + = zm(s X,)w )ds

+M, + Y (Ax(s, X,) — 2,(s, X,0) AX,) (72)
t<s<u

u ~
where M, = [ 2,(s, X, ) (s, X s—)d L.

6—7

The key idtea of the proof is the following, we need to compensate the jump term, add
to and subtract from Ito’s formula the integral |, t“ U, (s, X,,vs)ds and take a conditional
expectation given X; = x. But we cannot apply the last operation directly since there are
no conditions on finiteness of expectations (in particular, for stochastic integrals). There-
fore we introduce a sequence of stopping times (7,,),,~¢ » Which helps to control the jumps
compensator and provides square integrability of stopped stochastic integral,

= inf uZt:/(Eszi(s,Xs)—l—\E(S,Xs,vsﬂ)dsZn AT, (7.3)
i

where b, = bl(S,XS,U ) (crsa/ + gsg;) b(s, Xs,vs) and Z is given as in (3.5) for g = z.
Note, that E; , M, = 0 and by the properties of the random measures (see, for example,
Theorem 1 on the page 153 in [18]) we get

Et,w Z | (AZ(S7X5) - Z.’IJ(S’XS—) AX&) | = Et,w / |Z(S’X57Us)‘ds <n.
t<s<r,
Therefore, setting

Tn

M, =M, + Z (Az(s, X) (S,Xs,)AXS)—/E(S,Xs,vs)ds,
t<s<T, t

we get E; , M}, = 0. Furthermore, using the definition (3.5), we can see from (7.2) that

TTL

TTL
/Ul(:;7)(5,115)d5+zn:z(t,x)+/(,zt(s,Xs)+Ho(s,sz,US))derM:;7
t t

where z,, = z(7,, X, ). Note here, that Condition H, ) and the definition (3.6) yield

0= zt(sts) + H(Svavz(Sva)) 2 Zt(sts) + HO(S’stz(sts)vvs)v

T'n/
ie. [Uy(s, X, v5)ds+ 2, < z(t,z) + My, Therefore, for any n > 1
t

Tn

E;, /U1 (s, X5,v5)ds+ 2z, | <z(t,z). (7.4)
t
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Note here, that according to Definition 3.1 for any v € V the wealth process X; and its
left limit X,_ belong to X. Therefore, info<;<7 X; € & and sup,_, . X; € & and, in

view of Lemma A.1 and the condition (3.2) the integral fOT |Z(s, X4, v,)|ds < oo a.s. This
implies immediately that a.s. 7,, — T,

T

T
/Ul(s,XS,US)ds — /Ul(s,XS,US)ds and =z, — 2(T, X7) = Uy(X7)
t

t

as n — oo. Moreover, note also, that U; > 0 and by condition H;) the function z is
uniformly bounded from below. Therefore, the use of the Fatou lemma for the limit transition
in the expectation in (7.4) yields, that for any v € V

T
Et,m /U1(57 Xs7vs) ds + UQ(XT) = J(t,x,v) < Z(tﬂﬂ) ) (75)
t

ie. sup J(t,z,v) =: J*(t,x) < z(t, ). Moreover, it should be noted, that in view of
veVY
Conditions H,)-Hj), there exists the measurable function vy : [0,7] x X — K, such

that H(s,z,z) = Hq(s,z,2,vo(s,z)) and the control process v = (vo(s, X))o<s<T
is admissible, i.e. v* € V and the wealth process is defined by the equation (3.9). Now,
similarly to (7.4) we can obtain that

*
T
n

E; . /Ul(s,XS,v:)ds—Fz:L = z(t,x),
t

where 7,7 is the stopping time defined in (7.3) for the strategy v* and 2}, = z(7;, X ).

Now, Condition H,) implies that the random variable (z;,),,>; are uniformly integrable,
and therefore, taking into account that a.s. 2z — z(T, X1) = Uy(X7T) as n — oo we can
obtain through the monotone convergence theorem that

*
T
n

2(t,z) = nh_{rgo E;, /Ul(s,Xs,U:) ds+ 2,
t
T

:Et,az /Ul(S,XS,U:)dS‘f‘UQ(XT) :J(t,x,v*).
t

Therefore, from (7.5) we can conclude that J(¢,z,v*) = J*(¢, z). O

7.2 Proof of Theorem 4.1

Proof. First note that if use the form (3.14) in (3.12) we obtain that the coefficient A satisfies
the following ordinary differential equation

AW +yr A + AR F*(t) + (1 =) A7 7 (t) =0, A(T)=1,
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where the function F*(t) = maxycg F(t,0) and F(¢,0) is given in (3.15). One can find
directly, that
T 1=y

A(t) = /Wt’udu + YT , (7.6)
t

where ¥, ,, is given in (3.16). Therefore, the Condition H; holds true. Let’s check Condi-
tions Hy) — H,). As to Condition H,) note that the optimal control function vy = (6,
¢p) is given in (3.13). To check Hj3) note that the inequality (5.12) implies that X;° > O a.s.
forall 0 < ¢ < T i.e. the strategy v* = (0}, ¢} )g<¢<7 belongs to V. Finally, the form (3.14)
and the upper bound (5.11) provide Condition H;)_and, therefore, Theorem 3.3 implies this
theorem. O

7.3 Proof of Theorem 4.3

Proof. First note, that the process (¢;")o<;<7 defined in (4.2) is cadlag on the interval [0, T
and through the definition (4.4) one can deduce that for any § > 0

T T

T
lim (g}]”)& du = / ()° du = / (¢t x2)’ du as. (7.7)

n—00
0 0 0

Therefore, using the property (5.11) and the dominated convergence theorem we get

T T
Y
lim E. / (q{ﬁ’) du = E, / (¢ x2)7 du. (7.8)
n— oo
0 0
Now we have to show that
P lim x{" =X7. (7.9)
n— 00

In view of the definition in (4.4) and taking into account that the processes (a; )o<¢<7 and
(B{)o<t<r have cadlag trajectories on the interval [0, T we get that in probability

T T
lim [ (™ ds, = / a’dS, and lim 5<”) dB, / 85 dB, (7.10)

n—00 n— 00
0

Then, in view of the convergence (7.7) for 6 = 1, to show (7.9) it is sufficient to prove that

P- lim D, =0, (7.11)
n—oo
where the total amount of transactions costs D,, is defined in (4.5). To do this, using the
definitions (4.2) and (4.4) and taking into account that 0 < 0;‘ (t) < 1, we obtain that for
k>2

*

* th
(05 (th-1) = 05(th2)) 57—

o (1) = af" ()| < S

X; X/

te—1 te_2

— 7.12
* Si(tp—1)  Sj(tr—2) 712
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Now, for N > x + max; < j<,,, 5;(0) := Ny we introduce the set

Gy={ sup X <N ﬂ{S*ZN’l}ﬂ{S*SN}7 (7.13)
0<t<T
where
S,= min inf S;(t) and S*= max sup S;(t).
1<j<m 0<t<T 1<j<mo<t<T
Using the representation (5.13) and taking into account, that the functions y; are bounded
on the interval [0, T'], Propositions 5.1 and 5.2 imply that 0 < S, < S* < oo a.s. Note also,

that the property (5.11) implies sup X; < oo a.s. Therefore, limy_, ., P(G%) = 0.
0<t<T

Moreover, note also, that on this set through the Holder condition (4.9) with some constant

C > 0 we can rewrite the inequality (7.12) as

0% (th—1) — 05 (ty—o)|
() () ‘ o 05 (k1) = 05 (s
. tr) — o t < X
‘Oéj (k) Otj ( k*l) = g1 Sj(tk—l)

‘Xt*k—l - X5, X7 |8 (tk—a) = S (ty—_1)|

Sj(tk—1) * S;(tr—1) Sj(tp—2)

< N? (|9;(tk—1) =05 (tr—)| + ‘X* - Xy,

tr—1 tk—2

+[8j(th—) = Sj(tx1)]) -

Therefore, on the set Gy, using the condition (4.8), we get, that for some C' > 0

n
D, <CN*mr,(14+T,)+ N*x, Z ‘Xt*k,l - X/,
k=2

+ N R, Y D18 (tk1) = S;(ta)] (7.14)

j=1k=2

where 7,, = ZZ:1 A /.t k — ti_1. Now note here, that using the boundedness of the functions
r, and p; we can obtain that on the set Gy for some C' > O and forany 0 < u <t < T

2

t
(S;(6) = S;(w))* < CON (t —u)? +2 (/ Sj(u—)dzj(v)>

and
2

t ’ ~
(- x)* sen@-wte2 ([ X@)aL,)

where S; = min(S;, N) and X; = min(X;, N). Moreover, the Cauchy - Schwarz - Bun-
yakovsky inequality yields

(/ut §j(v)dfj(v))2 < Qmi (/: Sj(v)ajl(v)dWl(v)>
o Xm: (/; Si (”—)%‘z(v)sz(v)) 2

2
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and

(/ X sz,)2< mz (/ X303 (0)o () AW, (v >)2

+2m i (/ut XZ_Q;(U)le(U)dLl(U)>2

Using here the boundedness of the functions o;; and ¢;; and the inequality (A.2) for p = 2,

we obtain that )

E (/: Sj(v-)dzj(v)) < ON2(t — )

and
2

E (/t X;j_(e;j)'div) < ON%(t—u).

s 1<|f’“ 5,(0-)AT; )] + | [ X365 (o )cﬂ<v>dLl<v>|)
Njn = 7;7, ’

Therefore, setting

we obtain that for some constant C' > 0 the maximum 7,, = max; < j<,, 1, can be esti-
mated as

supEnn < ZEan <CN.
E>1 e

Therefore, from (7.14) it follows that on the set Gy for some Cy > 0
D, gCNHn(1+77:;)(1+7;1). (7.15)
From here we obtain that for any € > 0,

P (D, >¢) <P (Cnrp(l+m,)(1+T,) > €) + P(GY)

< CN’%(S‘*‘E) +P(GS). (7.16)

Taking into account that ¢; = j7'/n and, that ,, = o(n~'/?), we obtain, that

T =VTk,vn—0 as n— oo,
i.e. we get that forany N > 1

limsupP (D,, > ¢) < P(GY).

n—oo
Since P(G%;) — 0 as N — oo, we get the limit property (7.11). Now, we show the uni-
form integrability of the sequence ((X ;") )1) . To do this in view of the Vallee-Poussin
n>0

criteria it suffices to check that

sup By (X{™M), < oo, (7.17)
n>1
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Since the term fOT (7(]‘) du + D,, > 0, we obtain that
n
E, (Xé“n))-‘r <z+E Z ﬁzkk—1(Btk - Btkfl)
k=1

Z (1) (S; () — S (t— 1))‘ :

j=1
Proposition 5.4 implies upper bound (7.17). Therefore,

lim B, (X;")] =B, (X7)] =B, (X7)"
n—oo

and we obtain Theorem 4.3. O
7.4 Proof of Theorem 4.4
First of all, note that the time moments (4.11) are such that 0 < t; < ... < t,, = T and in

view of the condition (4.12)

“k —1 qT
tk*tk—lqu/ 29 dr < =~ -0 as n—oo.
n
u

k—1

Therefore, the convergences (7.7), (7.8) and (7.10) hold true and, moreover, Proposition 5.4
implies upper bound (7.17). Therefore, to end this proof it suffices to show the convergence

(7.9) for which one has to establish the limit property (7.11). To do this, note

case

q—1
Up

U
-1 -1
tp —tp_1 = qT/ 29 de < qTuf (up —up—q) = qT
u

k—1

Therefore, the term 7,, in (7.14) can be estimated as

q 1)/2

7’€nz\/tk_tk 1<\/qT,‘€nZ +\/T/ﬁ?n

Moreover, the first term

(q 1)/2
ﬁmnz = qTrng/ qu_l)/de
k=1" Yk
n—1
< vqTnk, Z/ 2A=D/2qy
k=1" Yk

that in this

<\/qTnk, / (@=1/24y <2f“”ff.

Therefore, in view of the last condition in (4.12) k,,7,, — 0 as n — oco. Using this in the

bound (7.16) we obtain (7.11). Hence Theorem 4.4.
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A Appendix

A.1 Properties of the mapping 7.

Lemma A.1. Let X C R be an open convex set and g is some fixed arbitrary function

from C*2([0, T] x X,R), for which SUpg ;< Sup |g(t, )|/ (1 + |z|) < oo. Then for any
- T xeX

x, < x* from X there exists a constant C > 0 such that for all w € R

max sup  sup / |7, (t, z, wy)| II;(dy) < C(1 + @?). (A1)
1<i<m OStSTz*SwSm*R

Proof. First note that, for o = 0 the function Tg(t, z,0) = 0 and, therefore, (A.1) holds.
Let w # 0. In this case first note, that there exists some ¢ > 0 such that the interval
|z, — 2¢,2™ + 2¢[C X. Therefore, z + v € X for any |v| < € and = € [z,,x"]. We set
€, = ¢/|w|. Itis clear, that x + wy € X for |y| < €; and

r+wy z

2
T(t = tu)du | dz| < =L t,u)|.
reempl=| [ | [odtwd) s <=t max o)
x x

Therefore, since I7;(y?) < oo we get for some C' > 0
€
[ e mima < cotn?).
e

Moreover, using the condition of this Lemma we can deduce that for some C' > 0

(t, 2, @) 11,(dy) < C / (1+ [wyl) () + ot )| 1T,({Js] > e1})

{|y|251} {|y|251}

+ 19, (t,2)| =] / Iyl T7,(dy)

{lyl=e, }

< O(1+ ) (1 + g(t, )| + g0, 2))) / (1++ y]) I7,(dy)
{yl>e }

Therefore, taking into account that

max max t,u)| + t,u)| + t,u)|) < oo,
max o max - (lg(t )]+ (lga (0l + gz (0

we obtain the upper bound (A.1). Hence Lemma A.1. O
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A.2 Technical tools

First, we recall the well-known Novikov inequality for purely discontinuous martingales. To
end this we denote by P the predictable field and by B(R,,) the Borel field in R,.

Lemma A.2. ([22]) Let J be P ® B(R,) a measurable function for which |J|* x 7, < oo
a.s. Then for any p > 2 there exists some positive constant C’p > 0 such that for any t > 0

Esup|J « (v — 7). <C, (E (12 +7)P + BJP « at) , (A2)
u<t
where v is a random jump measure with its compensator v.

Lemma A.3 (Martingales inequalities). (See subsections 3.2in [18]) If the process (X;);>0
is a non negative sub martingale with EX} < oo for some p > 1, then

* EXf P p P P
P(X; >\ < i and E(Oiugtxu) < p— EX?. (A3)
_u_

A.3 Proof of Proposition 4.5

Since the functions r;, u; , 0; and ¢; in the model (2.1) are continuously differentiable, they
are bounded. Hence A ;). For m = 1, the function (3.15) has the following form

F(t,0) = f(t,0) + Z(s0), F(t,0) = a, ()0 + ay(t)6?, (A.4)

where a (£) = ¥(; — ). 8 (t) = 7 (v = 1)07/2 < 0 and

I<x>:/<<1+xy>”—1—m> 11(dy).
-1

Note, that generally this function is defined only for 0 < x < 1. First we assume that
—1/2

-1

Then, taking into account here, that I7 (y2) < oo, we can show through the dominated
convergence theorem, that the function Z is two times continuously differentiable and for
0<z<1

T y N O
I@)*’Y/(m_y) I(dy) and I(J:)—/Wﬂ(dy),

where 7 and Z denote the derivatives of the first and second order respectively. Now, we
extend the function Z on R, as follows

7(0)z%/2 for z<0;
Z,(z) = { Z(x) for 0<2<1; (A.6)
Z() +Z(1)(z—1) +Z(1)(z —1)%/2 for z>1.
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It is clear, that this function is two times continuously differentiable and Z, () < 0 for any
z € R. Note now, that

F(t,0) = Fy(t,0 d F,(t,0) = f(t,0) + T, (s,0). A7
Jnax, (t,0) Jnax, 1(t,0) an 1(t,0) = f(t,0) + I, (,0) (A7)

We can calculate directly

U(t0)= 2000 o (1) 4 20,00 + 7,05,

and, moreover, since ¢; > 0, then

aU(t,0) 8%F,(t,0 -
8(0 ) - 819(2 ) = 2a,(t) + 711 (0) < 0.
Additionally, it is easy to check that U(t,0) — 400 as § — —oo and U(t,0) — —oo
as 0 — +oo, therefore, for all 0 < ¢ < T there exist unique root ,(t) of the equation
U(t,00(t)) = 0 and by the implicit function theorem we calculate its derivative

A (t) + 23, ()0 (t) + S, (‘90@%) + 0 (t)s¢Se L1 (00 (£)st) '
2lay ()] + <7 |Z1 (0o (t)sy)|

0o (t) = (A.8)

This derivative is continuous on the interval [0, T, i.e. bounded. The solution of the problem
(A.7) can be represented as 0] = V(6,(¢)) and V(z) = min(0, max(z, 1)) is Lipschitz
function, i.e.

[V (z) = V(

sup Ol <1.

z,yER |z — yl

Therefore, this implies the condition A, ). Consider now the case, when the condition (A.5)
does not hold, i.e.

—1/2
1
/Wﬂ(dy)—-i—oo.
-1
Letnow 0 < § < 1/2. Then we set
Fs(t,0) = f(t,0) + Z5(¢0) and Zs(x) = / (I+zy)” —1—yzy) I(dy).
—1+6

Similarly, we get, that Zs is two times continuously differentiable and for 0 < z <1

ti@) = [ (s o) M) e G = [ 30D ).
—146 —146

Let now 63 (t) be the argmax of Fj(t,0), i.e. maxg<g<y F5(t,0) = Fs(t,05(t)). Taking
into account here, that the function Fj goes to F'as § — 0 uniformly over [0, 7] x [0, 1], we
get that 05 (t) — 6; for any ¢ € [0, T]. Moreover, we introduce the function Z; 5 and F} 4
by replacing in (A.6) and (A.7) the function Z with Zs. Therefore, similarly to the precedent
case, the function 63 (t) = V (6, 5(t)), where the function 6, 5(t) is the root of the partial
derivative of I 5, i.e.

Us(t,005(t) =0 and Us(t,0) = a,(t) + as(t) 0 + o7, 5(0) - (A9)
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Note here, that for any 0 < 2 < 1 and for some positive constant C

-1/2
B < [ s 1) +C < u5(0) +.C
—146
where
—1/2
15(z) = / (14 2y) 2T 1 (dy) > (=1 +6,-1/2) = [I(~1,-1/2) > 0
—1+46

as § — 0. Note also, that [Z5(z)| > v(1 —v)ts(z) /4. Therefore, we get, that for any x, > 1

i |i1,6(95)|
imsup sup ——-—

_ (A.10)
50 |z|<x, [Z1,6(2)]

Note now, that from (A.9) for 6, 5(t)s; > 1 we get, that

Us(t,00,5(t) = a1 (t) +aa(t) 0 5(t) + & Z5(1) + Z5(1)(s700,5(t) — ;) = 0,
i.e. . .
a1 (t) + Z5(1) = Zs(1)st
laz(t)] + <225 (1)]
Therefore, taking into account that ming<;<7 gf > 0 and |Z5(1)| — 4ocoas § — 0, we
get from (A.10), that lim sup;_, j maxo<,<7 [0g 5(t)] 1(g, ;(t)e,>1} < 00. Moreover, again
from (A.9) for 6 5(t)s; < 0 we get, that

00,5(t) =

Us(t,00,5(t) = a; () + ag(t) 0y 5(t) + Z5(0)s; 0 5(t) =0,
i.e - a (1)
%05 = [ O+ O]

Taking into account, that |Z5(0)| — ~v(1 — ~)II(y?) > 0 as § — 0, we get, that

limsup max |0, 5(¢)|1 < 00,
§*>op0§t§T| 0’6( )| {eo,d(t)§t<0}

Finally, we get, that lim sup,_, ; maxo<;<7 |6 s(t)| < oco. Using this bound together with
(A.10) in (A.8) we obtain the same property for its derivative, i.e.

limsup max |, 5(t)] < oc.
msup mae (0o 5(0)

This implies, that 65 (¢) satisfies the Lipschitz condition uniformly over 4, i.e.

165(t) — 05 ()l

M* = limsup sup < oo
50 0<s,t<T [t — s
Therefore, for any 0 < s,t < T we deduce that
07 =031 _ 1050 05(5)] _ g
[t — s| 5§—0 [t — s| -

This implies the condition A). Hence Proposition 4.5.
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