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Abstract. We prove that the quantum graph algebra and the quantum moduli algebra
associated to a punctured sphere and complex semisimple Lie algebra g are Noetherian
rings and finitely generated rings over C(gq). Moreover, we show that these two properties
still hold on (C[q, qil} for the integral version of the quantum graph algebra. We also study
the specializations L ,, of the quantum graph algebra at a root of unity € of odd order,
and show that £f ,, and its invariant algebra under the quantum group U (g) have classical
fraction algebras which are central simple algebras of PI degrees that we compute.
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1 Introduction

This paper is the second part of our work, initiated in [18], on the quantum graph algebra L, ,(g)
and the quantum moduli algebra M, ,(g), which are associated to a surface ¥, 41 of genus g
with n 4+ 1 punctures and a complex semisimple Lie algebra g. As in [18], we focus in this paper
on punctured spheres (¢ = 0, n > 1). From now on we fix g, and when no confusion may arise
we omit it from the notations of the various algebras.

The algebras L, , and M, , are defined over the field C(¢q). They were introduced in the
mid 90’s by Alekseev—Grosse—Schomerus [2, 3] and Buffenoir-Roche [29, 30] by a method called
combinatorial quantization. By this method, the pair formed by L, , and M, , appear naturally
as a g-deformation of the Fock—Rosly [55] lattice model of the algebra of functions on the
“classical” moduli space M;ln of flat g-connections on the surface ¥, ,41.

In [18], we showed that both £, and My, have integral forms ['64,71 and Mén defined over
the ring A = (C[q, qil] (in fact we could have taken Q[q, qil] or Z[q, qil] as ground ring, see
Section 1.1). One can thus consider the specializations of these algebras at ¢ = ¢ € C*, which we
denote by Lf ,, and MOA’; respectively. The algebra £én is endowed with an action of the Lusztig
integral form U™ = Uifs(g) of the quantum group U, = U,(g), and M{ﬁn is the subalgebra of
invariant elements under this action. Therefore,

)

M, = (L8 Mog = £01 = Mg, R Tla).
A

The definition of L’én is based on the original combinatorial quantization method, together
with twists of module-algebras and Lusztig’s theory of canonical bases of quantum groups
[83]. This allows us to address the structure and representation theory of Eén and MOAm
by means of quantum groups, following ideas of classical invariant theory. In particular, we
obtained that Lo, and L, have no nontrivial zero divisors (and therefore do as well the sub-

algebras Mo j,, Eén, /\/lglﬂ;, and ( Bm)Ue , where U!*® is the specialization of U™ at ¢ = ¢).
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Also, by extending the quantum coadjoint action of De Concini—-Kac—Procesi [39, 40, 42], we
described in the sly case an action by derivations of the center Z( (E)n) of L5, on L, and
we defined a subalgebra Z( Bm)g c Z( B,n)’ which is a finite extension of the ring of regular
functions on the character variety of the sphere with (n + 1) punctures (see [18, Corollary 7.20
and Theorem 8.8]). Moreover, from these results we derived an action by derivation of Z (/Lg’n)
on Mé’; (sla).

Representations of a quotient (the semisimplification) of Mﬁ’ﬁ were already constructed and
classified in [4]; they involve only the irreducible representations of the finite-dimensional “small”
quantum group u.(g). Moreover, [4] deduced from these representations of M;’ﬁ a family of
representations of the mapping class groups of surfaces, that is equivalent to the one associated
to the Witten—Reshetikhin-Turaev TQFT [95, 106]. Recently, representations of another, larger
quotient of Mé;ﬁ, and the corresponding representations of the mapping class groups of surfaces,
were constructed in [52, 53]. These representations are equivalent to those previously obtained
by Lyubashenko-Majid [85], and are associated to the TQFT defined in [44, 45]. In the sly
case, they involve the irreducible and also the principal indecomposable representations of the
small quantum group uc(sle). The related link and 3-manifold invariants coincide with those
of [21, 90].

In general, the representation theory of M‘;ﬁ is by now far from being understood. Be-
cause Mﬁ’ﬁ deforms the classical moduli space Mg{n, it is natural to expect that its represen-
tation theory provides (2 + 1)-dimensional TQFTs for 3-manifolds endowed with general flat
g-connections, extending the known TQFTs based on quantum groups (where purely topolog-
ical ones correspond to the trivial connection). A family of such invariants, called quantum
hyperbolic invariants, has already been defined for g = sls by means of certain 6j-symbols, Deus
ex machina; they are closely connected to classical Chern—Simons theory, provide generalized
volume conjectures, and contain quantum Teichmiiller theory (see [9, 10, 11, 12, 13, 14, 15]). It
is part of our present program, initiated in [8], to shed light on these invariants and to generalize
them to arbitrary g by developing the representation theory of M‘;jﬁ.

The quantum moduli algebras have also been recognized as central objects from the view-
points of factorization homology [22], multiplicative quiver varieties [58] and (stated) skein the-
ory [16, 33, 36, 54]. In another direction, one may expect that the equivalence proved in [89] be-
tween combinatorial quantisation for the Drinfeld double D(H) of a finite-dimensional semisim-
ple Hopf algebra H, and Kitaev’s lattice model in topological quantum computation, can be
extended to the setup of quantum moduli algebras.

In the present paper, we study Lo ., its integral form £én, and the specialization L ,, of Eén
at ¢ = € a primitive root of unity of odd order. We study also the subalgebras of invariant
elements My, = Eg";l and ( an)Ue. Here, U, is the specialization of Uy at ¢ = €, where Uy is
the De Concini-Kac integral form of U, (see Section 1.1). Our results hold for every complex
semisimple Lie algebra g. The main ones are proofs that Lo, L'én and M, are Noetherian
and finitely generated rings (see Theorem 1.1), and that the classical fraction algebras of L5,
and ( Bm)Ue are central simple algebras of PI degrees "™V and N1 respectively (see
Theorem 1.3). Here, m and N are the rank and the number of positive roots of g.

In the sequel [16] to this paper, in collaboration with M. Faitg, we extend Theorem 1.1 to the
algebras L, ,, and M, ,, associated to arbitrary finite type surfaces (arbitrary genus and number
of punctures). Also, we show that M, ,, is isomorphic to the g-skein algebra of 3, 11, and Ly,
to the stated skein algebra of the compact surface 3 ,+1 with one boundary component and one
marked point on the boundary component. This was proved for g = sly in [54]. In this specific
case g = slo, the fact that the stated skein algebra of any finite type surface is Noetherian and
finitely generated was proved in [80]. Still in the sly case, for related results, e.g., on non-zero
divisors and computation of PI degrees, see [23, 24, 57, 64, 73, 74, 75, 78]. For recent results
on g = sl,, see [79, 105].
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By using the analysis developed in the present paper for EO n» one can define the integral
form E?n as well, and show that it is a Noetherian and ﬁmtely generated ring. We do not
have a proof yet of these properties for the algebra /\/lo s Wthh seems to be much more dif-
ficult to handle. We note that there is a strict inclusion Mo ( 67n)U€. This is discussed
after Theorem 1.2. In [17], we study further properties of (Eﬂ ) °, and we consider also the

subalgebra M‘;ﬁ

1.1 Statement of results

Let us recall a few notations and facts from [18]. Let U, be the simply-connected quantum
group of g, defined over the field C(¢). From U, one can define a Uz-module algebra Lo,
called (quantum, daisy) graph algebra, where U, acts by means of a right coadjoint actlon The
set of invariant elements of Lg, for this action is an algebra; we denote it My, = EO n and
call it quantum moduli algebra. As a C(g)-module Loy, is just OF", where Oy = Oy(G) is the
standard quantum function algebra of the connected and simply—connected Lie group G with
Lie algebra g. The product of Ly, is obtained by twisting both the product of each factor O,
and the product between them. It is equivariant with respect to a (right) coadjoint action of Uy,
which defines the structure of Uz-module of Lg .

The module algebra Ly, has an integral form Eén, which is defined over A = C [q, qil], and
endowed with an (coadjoint) action of the Lusztig [82] integral form U® of U,. It is obtained
by replacing O, in the construction of Lg, with the restricted dual O 4 of the integral form U,
or equivalently with the restricted dual of the integral form I' of U, defined by De Concini-
Lyubashenko [41]. Since U™ contains the De Concini-Kac [39] integral form Uy, and Uy has
the same set of invariant elements in Eo,n, we systematically denote the latter

M= (£8)™ (= (L)),

We call Mén the integral quantum moduli algebra.

A cornerstone of the theory of My, is a map ®,, originally due to Alekseev [1], building
on works of Drinfeld [48] and Reshetikhin and Semenov-Tian-Shansky [94]. In [18], we showed
that ®,, eventually provides isomorphisms of module algebras and algebras respectively,

O,: Lon— (U, p: Mo, — (UEM

where U, ®m is endowed with a right adjoint action of Uy, and (U ®”) is the subalgebra of locally
finite elements with respect to this action. When n = 1 the algebra Ulf has been studied in
great detail by Joseph—Letzter [61, 62, 63]; we will use simplified proofs of their results, obtained
n [104].

All the material we need about the results discussed above is described in [18], and recalled
in Sections 2.1 and 2.2.

Our first result, proved in Section 3, is the following.

Theorem 1.1. Ly, Mo, and the integral form EO - are Noetherian rings, and finitely gener-
ated rings.

It follows immediately from the theorem that the specializations L ,,, € € C*, are Noetherian
and ﬁnitely generated rings as well. In [18] we proved that all these algebras (and therefore ./\/loAm

and MO ) have no nontrivial zero divisors.

Because the construction of the integral form E », 1s based on the Kashiwara-Lusztig theory
of canonical bases, we could have defined EO ,, Over the ground ring Z[q, 1] and Theorem 1.1
for E » holds true as well in this generality. Slnce we are mainly interested in the represen-
tation theory of the specializations £, and Mo », which will be addressed in [17], the choice
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of A=C [q, q_l] is natural. Note however that the proof of Proposition 2.18 uses that C [q, q_l]
is a PID.

We describe the background material on canonical bases in Section 2.2.2; we have tried to
make the exposition pedestrian and self-contained, so as to be more accessible to non experts.

After we finished this work, we discovered that [47] already proved that Lo ;(gl(n)) and
Lo, (gl(2)) are Noetherian and finitely generated rings. Our approach here is completely differ-
ent. For Ly ,,, we adapt the proof given by Voigt—Yuncken [104] of a result of Joseph [61], which
asserts that U;f is a Noetherian ring (see Theorem 3.1). For My, we deduce the result from
the one for Ly ., by following a line of proof of the Hilbert-Nagata theorem in classical invariant
theory (see Theorem 3.4).

At present, we do not have a proof that Mén is a Noetherian and finitely generated ring
for arbitrary g and n > 1, though it is natural to expect it is the case. Indeed, when g = sls,
Mén(ﬁ[g) is isomorphic to the skein algebra of a sphere with n 4+ 1 punctures (see [18, Theo-
rem 8.6]), which is finitely generated and Noetherian by results of [32] and [93]. In our general
situation, key arguments in the proof of Theorem 1.1 for My, depend on the existence of
a Reynolds operator on the U;-module L, and one can easily show there is no Reynolds op-
erator on Eén. This follows from the corresponding fact for the integral quantum coordinate
ring O4 (see Remark 2.19).

From Section 4, we consider the specializations Lf ,, of [,én at ¢ = ¢, a primitive root of unity
of odd order ! (and coprime to 3 if g has Gy components). In [41], De Concini-Lyubashenko
introduced a central subalgebra Zy(O.) of O, isomorphic to the coordinate ring O(G), and
proved that the Z5(O.)-module O, is projective of rank (1™8. As observed by Brown-Gordon—
Stafford [28], Bass’ cancellation theorem in K-theory and the fact that Ko(O(G)) = Z, proved
by Marlin [87], imply that this module is free. Alternatively, this follows also from the fact
that O, is a cleft extension of O(G) by the dual of the Frobenius-Lusztig kernel u.(g), as proved
by Andruskiewitsch—Garcia (see [6, Remark 2.18 (b)], and also [25, Section 3.2]; this argument
was explained to us by K.A. Brown).

The Section 4 proves the analogous property for £§ ,,. Namely:

Theorem 1.2. Zo(0:)®" is a central subalgebra of L ,,, and L, is a free Zo(Oc)*™-module of
rank 1™ 4M8 isomorphic to the Zo(O)®"-module O™,

In the sequel we systematically denote Zo( Bn) = Zp(0)®". We prove the first and third
claims of Theorem 1.2 in Proposition 4.1. The arguments use results of De Concini-Kac [39], De
Concini—Procesi [40, 42], and De Concini-Lyubashenko [41], that we recall in Sections 2.3-2.5.
Let us stress that the algebra structures of £, and O®" are completely different.

Since Zy(0O,) = O(G), we may deduce the second claim of Theorem 1.2 from the first and
third claims together with the results of [41, 87], or [6], recalled above. Nevertheless, we give
a self-contained proof that L£{, is finite projective of rank 19m8 oyer Z (Eal), by adapting
the original arguments of De Concini-Lyubashenko [41, Theorem 7.2]. In particular, we study
the coregular action of the braid group of g on Lf,; by the way, in the appendix, we provide
different proofs of some technical facts shown in [41]. Of course, it remains an exciting problem
to describe the centralizing extension O(G)*™ C Lf ,, (and similarly O(G)*™ C ( an)UE below),
aiming at generalizing the results of [6] and finding a direct, more structural proof of freeness
in Theorem 1.2. Also, we note that bases of Lfj,, over Zy (ﬁﬁ,n) are complicated. The only case
we know is for O(sl2), described in [38], and it is far from being obvious (see (4.4)).

In Section 5, we turn to fraction rings. As mentioned above L, has no nontrivial zero
divisors. Therefore, its centelgj Z( Bn) is an integral domain. Denote by Q(Z( 5n)) its frac-
tion field. Denote by ( Bn) ° the subring of £, formed by the invariant elements of £,
with reS[[)]ect to the right coadjoint action of U.. The center Z(Lf,) of Lf, is contained
in (Eg,n) “ (this follows from [18, Proposition 6.19]). Note also that we trivially have an inclusion



Unrestricted Quantum Moduli Algebras, 11 5

Mé’; C ( g,n)Ue, and these two algebras are distinct in general. For instance, when n = 1,

we have ( 871)U5 = Z(L§ ), which is a finite extension of Zo(O,) = O(G) (see Lemma 5.1).

On another hand, Mé’f is the specialization at ¢ = € of Z ([:6471), a polynomial algebra in rk(g)

variables, which may be identified via ®; with the center Z(Uj4) of the integral form Uy.
Consider the rings

Q(LH,) =Q(2(£5,) @ Lin QL)) =0(2(£5,) K (5.7
)

Z(LH,n Z(£5,0)

In general, given a ring A with center Z(A) an integral domain we reserve the notation Q((fl)
to the central localization of A, i.e., Q(A4) := Q(Z(A)) ®z(4,A- Though the center Z( En) )
of ( gm)UE is larger than Z( fm), the notation Q(( (E)n) “) is valid, for Z((L£§,) ) is an

€

integral domain finite over Z( Bm)’ and hence the central localization of ( Bn) coincides
with Q(( gm)Ue) as defined above. Throughout the paper, unless we mention it explicitly, we
follow the conventions of McConnell-Robson [88] as regards the terminology of ring theory; in
particular, for the notions of central simple algebras and PI degrees, see in [88, Sections 5.3
and 13.3.6-13.6.7].

Denote by m the rank of g, and by N the number of its positive roots. In Section 5, we prove

the following.
Theorem 1.3.

(1) Q( Sn) is a division algebra and a central simple algebra of PI degree ™.

(2) Q(( g’n)U‘), n>2, is a division algebra and a central simple algebra of PI degree [N("—1—m

The second claim of (1) means that Q( gn) is a complex subalgebra of a full matrix algebra
Matq(F), where d = I™Y and F is a finite extension of Q(Z( Bn)) such that

Fo Q)  Q(L5,) = Maty(F).
QZ(L )

That Q( 87n) is a division algebra and a central simple algebra follows from Theorem 1.2 and
the fact that £f,, has no nontrivial zero divisors (proved in [18]). The computation of d = nN
uses a lower bound coming from the representation theory of U, and a lower bound for the
degree of Q(Z(ﬁgyn)) as a field extension of Q(Z (Efm)), obtained by using specializations
to ¢ = € of certain central elements in Ly, (for ¢ generic). In this computation a main role is
played by results of De Concini-Kac [39].

We deduce (2) from (1), the double centralizer theorem for central simple algebras, a few
results of [18, 41], and Theorem 1.2 again.

1.2 Basic notations

Given a ring R, we denote by Z(R) its center. When R is commutative and has no nontrivial
zero divisors, Q(R) denotes its fraction field.

Given a Hopf algebra H with product m and coproduct A, we denote by HP (resp. Hyp) the
Hopf algebra with the same algebra (resp. coalgebra) structure as H but the opposite coproduct
AP := g o A (resp. opposite product m o o), where o(z ® y) = y ® z, and the antipode S~
We use Sweedler’s coproduct notation, A(z) = Z(m) T(1) @ T(9), * € H, and we set AW .= id,
AP = A and A™ = (A ®id)A™=D for n > 3 (this is not the convention used in [18]).

The results of this paper hold true for any finite-dimensional complex semisimple Lie alge-
bra g, but unless we state it differently, we will assume g is simple. We will denote its rank
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by m, and its Cartan matrix by (a;;). We fix a Cartan subalgebra h C g and a basis of simple
roots o; € by, and denote by by the Borel subalgebras associated to it. We denote by N the
number of positive roots of g, and by p half the sum of the positive roots.

We denote by di,...,dy,, the unique coprime positive integers such that the matrix (d;a;;)
is symmetric, and ( , ) the unique inner product on by such that d;a;; = (o, ;). For any
root «a, the coroot is o = 2a/(a, a); in particular o = d;lai. The root lattice @) is the Z-lattice
in b defined by @ = >", Za;. The weight lattice P is the Z-lattice formed by all A € b
such that (A, ;) € Z for every i = 1,...,m. So P = >, Zw;, where w; is the fundamental
weight dual to the simple coroot «j, which satisfies (w;, ;) = d0;;. Note that (A, o) € Z for
every A € P, a € Q. We denote by D the cardinality of the quotient lattice P/Q. Then D is the
smallest positive integer such that D(\, u) € Z for every A, u € P, that is, such that DP C Q.

We denote by

m
P+ = Z Zzowi
=1

the cone of dominant integral weights, and we put

m
Q+ = Z Zzoai.
i=1
Though @ C P, it is not true that @+ C P4, but we have DP, C (4. This last property is
not trivial, and follows from the classical fact that the inverse of the Cartan matrix (a;;) has
coefficients in D™'N.

We will use the standard partial order relation < on P, defined by: A\, u € P satisfy A < pu
if u — X € Q4. In Section 3, we will also use the partial order relation < on P defined by: A < u
if u—XeD1Qy.

We denote by B(g) the braid group of g; we recall its standard defining relations in Ap-
pendix B.

We denote by G the connected and simply-connected algebraic group with Lie algebra g, and
by T the maximal torus of G with Lie algebra b; N (1) is the normalizer of T, W = N(T¢) /T
is the Weyl group, B+ are the Borel subgroups of G with Lie algebra by, and Uyx C BL are
their unipotent subgroups.

We denote by O(G) the coordinate ring of G. It is a commutative Hopf algebra, which can
be identified with the restricted dual of the universal enveloping algebra U(g) (see [76, 84]).
Similarly we denote by O(Bx) the coordinate ring of By.

Let ¢ be an indeterminate, let ¢*/? be such that (ql/D)D =gq, set A= (C[q, q_l], ¢ = q%,
qB = ¢PB/2 for B € Q, and given integers p, k with 0 < k < p, we put

[ply = q:__qq__lp, [0],! =1, plg! = [1q12]q - - - Plg, Bz] - [p_[ﬂ(j:[k]q!’
(p)q = q;__llv (O)q! =1, (p)q! = (1)q(2)q T (p)!b <Z) = (p_(kp))j[!(k)ql'

We denote by Ag C C(q) the ring of functions regular at ¢ = 0; this ring is used only in
Section 2.2.2.

We denote by € a primitive I-th root of unity such that €% # 1 is also a primitive I-th root
of unity for all ¢ € {1,...,m}. This means that [ is odd, and coprime to 3 if g is G2. We put
€ = i,

In this paper, we use the definition of the unrestricted integral form Ua(g) given in [41, 42];
in [18] we used the one of [39, 40]. The two are (trivially) isomorphic, and have the same
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specialization at ¢ = e. Also, we denote here by L; the generators of U,(g) we denoted by ¢;
in [18].

In order to facilitate the comparison with the results of [41], we note that their generators
denoted K;, E; and F;, that we will denote by f(i, EZ' and E, can be written as Kj, Ki_lEi
and F;K; in our notations. They satisfy the same algebra relations.

2 Background results

2.1 OnU, O, Lon, Mon, and &,

Except when stated differently, we refer to [18, Sections 24 and 6], and the references therein
for details about the material of this section. We stress that the simply-connected quantum
group, that we denote U, below, was denoted Uq in [18]. Also, the adjoint quantum group Uqad
was denoted Uj.

The simply-connected quantum group U, = U,(g) is the Hopf algebra over C(¢) with genera-
tors E;, F;, Ly, Li_l, 1 < i <'m, and defining relations

— — _ 8; i _ —3; 5
LiL;=L;L;, LL;'=L'Li=1, LEL'=q"E;, LFL"'=gq "“F,

K;—K!
E;F; — FjE; = §; j—————,
qi — g,
lfaij 1
> (=1 [ _T“”] E“TTE;Ef =0 if i,
r=0 q;
1—a;; 1
r=0 qi

where for A = Y mym; € P owe set Ky = [[[%) L{", and K; = Ko, = [[j2, L}”". The
coproduct A, antipode .S, and counit ¢ of U, are given by

AL)=Li®L, AE)=EK+19E, AF)=F2l1+K 'eF,

S(E) = -EK;', S(F)=-KF, S(L)=1L;",
€(EZ) = E(FZ) = 0, E(Li) =1.

We fix a reduced expression s;, - --s;, of the longest element wg of the Weyl group of g. It
induces a total ordering of the positive roots,

/Bl = Oy, BQZSil(aiz)v DI /BN:Sil"'SiN_l(aiN)-
The root vectors of U, with respect to such an ordering are defined by
Eg, =T Ty, (Ei), Fg, =15 - T, (Fiy), (2.1)

where T; is the Lusztig algebra automorphism of U, associated to the simple root «; [82, 83]
(see also [35, Chapter 8]). The braid group B(g) acts on U, by means of the Lusztig auto-
morphisms. In the appendix, we recall the relation between T; and the generator w; of the
quantum Weyl group, which we will mostly use. Let us just recall here that the monomials
Fgll . Fg}f\jK,\ng . Egll (ri,t; € N, A € P) form a basis of U, the PBW basis.

U, is a pivotal Hopf algebra, with pivotal element ¢ := K3, = H;nzl L]z. So ¢ is group-like,
and S?(x) = Lz~ for every x € Uj,.
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The adjoint quantum group U;d = Ugd(g) is the Hopf subalgebra of U, generated by the
elements E;, F; (i=1,...,m) and K, with a € Q; so £ € U;‘d. When g = sly, we simply write
the above generators K = FE1, F=F, L=1;, K = K;.

We denote by Uy(ny), Uy(n-) and U,(h) the subalgebras of U, generated respectively by
the Ej;, the F;, and the K (A € P), and by U,(b;) and U,(b_) the subalgebras generated by
the F; and the K, and by the F; and the K, respectively. We do similarly with U, ad, where
now U;d(h) is generated by the K with A € Q.

The Hopf algebra U;d is not braided in a strict sense, but it has braided categorical comple-
tions. Let us recall briefly what this means and implies. For details, we refer to [18, Sections 2
and 3] (see also [104, Section 3.10], where U, below is formulated in terms of multiplier Hopf
algebras).

A Uq"‘d—module V' is said of type 1 if it has finite dimension and the generators K; are diago-
nalizable on V' with eigenvalues in in. We denote by C the category of U;d—modules of type 1,
by Vect the category of finite-dimensional C(gq)-vector spaces, and by F¢: C — Vect the forgetful
functor. The category C is semisimple. The simple objects are highest weight U;d—modules; we
denote by V,, the simple module with highest weight ;1 € P,. In the case g = sly, we identify P
with N, and denote by V,, the simple module of dimension n + 1. Note that V), is canoni-
cally endowed with a structure of U,-module of type 1, the generators L; being dlagonahzable
with eigenvalues in g ZID - The categorzcal completion Uad of Uy ad jis the set of natural trans-
formations Fg — Fe. An element of [Uad is a collection (Gv)veOb( ¢y, where ay € Endg(y) (V)
satisfies F¢(f) o ay = aw o Fe(f) for any objects V, W of C and any arrow f € Hongd(V, Ww).
It is not hard to see that Ugd inherits from C a natural structure of (completed) Hopf algebra
such that the map

v Ut — U, z +— (mv(2))veob(c) (2.2)

is a morphism of Hopf algebras, where 7y : U;d — End(V) is the representation associated to
a module V in C. It is a theorem that this map is injective. From now on, let us extend the
coefficient ring of the modules and morphisms in C to (C(ql/D). Put U, = Ugd ®C(q) (C(ql/D).
The map ¢ above extends to an embedding of U, in U,. The category C, with coefficients extended
to (C(ql/ D ), is braided and ribbon; we postpone a discussion of that fact to Section 2.3, where
it will be developed. As a consequence, we can regard U, as a quasitriangular and ribbon Hopf
algebra in a generalized sense (see [18]). The R-matrix of Uy is the family of morphisms

R = (Rv,w)v,weob(c);

where Ry € End(V ® W) is the endomorphism defined by the action of Drinfeld’s universal
R-matrix on V®@W. The ribbon element of Uy is defined similarly by Drinfeld’s universal ribbon
element. One defines the categorical tensor product U®2 similarly as Ug; in particular it contains
all the infinite series of elements of U®2 having only a finite number of non-zero terms when
evaluated on a given module V@ W of C There is an expansion of R as an infinite series in U®2
Adapting Sweedler’s coproduct notation A(z) = Z( ) T(1) @ (2), we find convenient to Wr1te
this series as

R=> Ry ®R). (2.3)
(R)

We put Rt := R, R~ := (0 0 R)™! where ¢ is the flip map 2 ® y — y ® . We will not use any
explicit formula of R, but the following factorization formula

R=OR, (2.4)
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where

0 = ¢2i=1 (B )i Hi®H; o U?Q,
with B € M,,(Q) the matrix with entries B;; := dj_laij, and

R=> Ru)® Ry € Uy(ny )@Uy(n-)
(R)
(see [18, Section 3.2], and for details, e.g., [35, Theorem 8.3.9], or [104, Theorem 3.108]). If z, y
are weight vectors of weights p, v respectively, then O(z ® y) = ¢z @ y. Moreover, R has
weight 0 for the adjoint action of U,(h); that is, complementary components ]%(1) and ]%(2) have
opposite weights.

Recall that we denote by G the connected and simply-connected algebraic group with Lie
algebra g. The quantum function Hopf algebra Oy = O4(G) is defined as the restricted dual
of U;d with respect to the category C, that is, the set of C(g)-linear maps f: Ugd — C(gq) such
that Ker(f) contains a cofinite two sided ideal I (i.e., such that I & M = U, for some finite-
dimensional vector space M), and [[.__,.(K; —¢F) € I for some r € N and every i (see, e.g., [26,
Chapter 1.7]).

The space O, is a Hopf algebra, with structure maps defined dually to those of U;d. We
denote by * its product. The algebras Oy (1), Oy(U+), Oq(B+) are defined similarly, by replac-
ing Ugd with Uqad(h), U;d(ni), U;d(bi), respectively. As a vector space, O is generated by the
functionals z — w(wy (z)v), = € U;‘d, for every object V € Ob(C) and vectors v € V, w € V*.
Such functionals are called matriz coefficients. Because the morphism ¢: Ué“d — Uy is injective
(see (2.2)), the Hopf duality pairing (-,-): Oy X Uqad — C(q) is non degenerate. By extending
the coefficient ring from C(q) to (C(ql/ D ), we can uniquely extend it to a bilinear pairing

() (Og ®C(q1/D)) x Ug = C(ql/D)
C(q)

such that the following diagram is commutative:

0,0 U — C(q)

id®Ll l
(’7'>
(04 Ry C(¢"P)) ® Uy —C(¢"/P).
This pairing is defined by (y ¢y, (ax)) =

non degenerate.
The maps

w(aywv) for every (ax) € U, and yoy € O, It is

o5 Oy — Us®,  ar— (a@id)(RF) = Y (a, R))R, (2.5)
(R*)

are well-defined morphisms of Hopf algebras. Here we stress that it is the simply-connected
quantum group U;°® that is the range of ®+. This will be explained with more details in
Section 2.3.

Let us make two simple observations, for future reference. Firstly, because O, is spanned
by the matrix coefficients of the objects of C, and C is semisimple with simple objects the
U;d—modules V., p € Py, there is a decomposition of Uz-bimodule

0, = P Clw), (2.

pePy
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where C'(u) = V,; ® V), the space of matrix coefficients of V,,, is endowed with the left action
on the factor V), and the right action on Vi, and Oy has the left and right coregular actions <
and >, defined by

x> o= Za(1)<a(g), x), adr:= Z(a(l),:v)a(z)
(o) (a)

for all z € U; and o« € Q4. Here we recall that each U;d—module V), can be regarded as
a Ug-module, so the above expressions make sense. The decomposition (2.6) is the Peter—Weyl
decomposition of O,. It will be refined in Section 2.2.2.

Moreover, the algebra O, is generated by the matrix coefficients of the simple U;d—modules Vo,
with highest weights the fundamental weights wy, kK = 1,...,m; see, e.g., [26, Proposition 1.7.8]
for a proof. This relies on the standard fact that, for any p,v € Py we have a direct sum
decomposition of modules (where m(\) € N)

V,u ®V, = Vy-‘,—y S @ V)\@m(k)' (27)
A<p+v

In particular, this decomposition implies that, up to scalar multiples, there is a unique non-zero
morphism V1, — V, ® V,,, which is injective and splits. Dually, this means that, applying
the product in O, followed by the projection onto the subspace C(u + v) we get a canonical
projection map

Clu)@Cv) — Clu+v). (2.8)

The loop algebra Lo1 = Lo,1(g) is defined by twisting the product * of O, keeping the same
underlying linear space. The new product is equivariant with respect to the right coadjoint
action coad” of Uy, defined by

coad”(z)(a) = Y S(z2)) > o A 2y
()

for all x € U; and o € O,. By equivariant we mean that Lo is a Ug-module algebra. Let
us spell out its product and equivariance property. Using the fact that U, can be regarded as
a subspace of Uy, the actions <1 and > extend naturally to actions of U, and the product of Lg 1
is expressed in terms of x by the formula (see [18, Proposition 4.1]):

04,3 = Z (R(Q/)S(R(Q)) > a) * (R(l/) > ﬂ < R(l)), (2.9)
(R),(R)

where Z(R) R(1) ® R(2) and E(R) R(11) ® Ry are expansions of two copies of R € U?Q. Note
that the sum in (2.9) has only a finite number of non-zero terms. By using that

RA = APR,

this product can equivalently be expressed as

aB= > (B<ARyRu)) * (S(R@) > a < Ray). (2.10)
(R),(R)

This product gives Lo (like Oy) a structure of Us-module algebra for the actions >, <, but also
for coad” (which is not the case of O,). Spelling this out for coad”, this means

coad”(x)(aB) = Z coad” (z(1))(a)coad” (z(2))(B)-
(z)
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The relations between Oy, Lo1 and U, are encoded by the map

d: O, — Uy, a+— (a®id)(RR'), (2.11)
where R' = o0 o R, and as usual 0: 2 ® y — y ® x. Note that

P =mo (T ® (S o® 7))o A. (2.12)

We call ®; the RSD map, for Drinfeld, Reshetikhin and Semenov-Tian-Shansky introduced it
first (see [48, 86, 94]). It is a fundamental result of the theory (see [20, 34, 61]) that ®; affords
an isomorphism of U;-modules ®;: O, — U;f. For full details on that result we refer to [104,
Section 3.12]. Here, Ucllf is the set of locally finite elements of U,, endowed with the right adjoint
action ad” of U,. It is defined by

Ul = {z € Uy | tkey) (ad” (Uy)(x)) < oo}
and

ad"(y) () = Y S(yay)zy()
()

for every x,y € Uy. The action ad” gives in fact U, I a structure of right Ug-module algebra.
It is also a right coideal, that is A(U;f) C U;f ® Uq. Moreover, ®; affords an isomorphism of
Ug-module algebras ®1: Lo1 — U,}f. It is a fact that ®; affords an isomorphism between the
centers Z(Ly1) of Loy and Z(U,) of U, [18, Proposition 6.24]. Since ®; is an isomorphism of
U,-modules and Z(U,) = Uy, it follows that Z(Lo1) = L2

Let us recall a few fundamental results about Uéf that we will meet again later. Denote
by T' C U, the multiplicative Abelian group formed by the elements Ky, A € P, and by 7> C T
the subgroup formed by the elements K, A € 2P. Consider the subset T C T3 formed by the
elements K_y, A € 2P,. Clearly, To = T, 'T>_ and Card(T/Ty) = 2™.

Theorem 2.1.

(1) Uéf = @Aam ad”(Ug)(K-»).

2) U, = T, *UMT/Ts], so U, is a free Ty tUX-module of rank 2.
q 2 q q 2 q

(3) The ring U;f is (left and right) Noetherian.

These results were proved by Joseph—Letzter in [63, Theorem 4.10], [62, Theorem 6.4], and
[61, Theorem 7.4.8], respectively (see also [61, Sections 7.1.6, 7.1.13 and 7.1.25]). For (1) and (3),
we refer also to [104, Theorems 3.113 and 3.137], which provides simpler proofs. For instance,
in the sly case, we have

U,(sly) = Uy (s)[K] @ U,(slo)"[K].L.

The actual values of ®; are complicated in general, however, there is a simple important one,
that we describe now. Let V_y be the type 1 simple U;d—module of lowest weight —\ € — P4
(i.e., the highest weight U;d—module V_wo(n) of highest weight —wp(A), where wy is the longest
element of the Weyl group; note that —wg permutes the simple roots). Let v € V_y be a lowest
weight vector, and v* € V*, be such that v*(v) = 1 and v* vanishes on a U;d(h)-invariant
complement of v. Define ¢_ € O, by (Y_x,x) = v*(2v), x € U;. From the definition (2.11), it
is quite easy to see that

Py (1-n) = K an. (2.13)

In particular, ®1(¢_,) = ¢=1, where as usual /£ is the pivotal element of U,,.
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Remark 2.2. Since L1 = O, as a vector space, we still denote by C(p), u € P, the linear
subspace generated by the matrix coefficients of V,,, the U;d—module of type 1 and highest
weight p. It can be proved (see [61, Section 7.1.22], or [104, p. 156], where different conventions
are used) that ®; yields an isomorphism of Uj,-modules

Oy C(—wo(p)) — ad™ (Uy) (K_ap)- (2.14)

Therefore, the summands in (1) are finite-dimensional Uj,-modules, and the action ad” is com-
pletely reducible on U;f. In fact, Uéf is the socle of ad” on Uj,.

Remark 2.3. Because ¢ = [[7"; LJZ and ®1(¢_,) = 7!, a natural question is the factoriza-
tion of ¥_, in Lo (see Corollary 2.23). This question is considered in [60], where Lo 1(g)
for g = gl(r + 1) is analysed and quantum minors are extensively studied. Let us review here
some of their results in relation with 1_,.

First note that for g = sl(r 4+ 1) the irreducible representation V_, of lowest weight —p is
isomorphic to the representation of highest weight V,, because —wq(p) = p. By the Weyl formula,
the dimension of this representation is

H (2p,0) _ oN_

In [71], a presentation of U, (gl(r+ 1)) is given, which differs from our presentation of U, (sl(r+ 1))
only by its subalgebra Ugy(h), generated by r + 1 elements Ky, ..., K, 1. The inclusion

Uy(sl(r+1)) C Uy(gl(r+ 1))

is such that K; = K?Ki__fl, i =1,...,r. The quantum minors, properly defined in [60], of the
matrix of matrix elements of the natural representation of U,(gl(r + 1)) are denoted dety(A>y)
for k=1,...,7+1. We have dety(A>1) = 1 in the case of sl(r + 1). Then [60] proves that

dety(A>k) = (Ki -+ - Ky41)?, and there exists an element K € U, (gl(r + 1)) such that
K_2p = detq(Azl)_Tdetq<A22> s detq<A27«+1).

This has to be interpreted as K_o, = ®1(dety(A>2) - - - dety(A>r4+1)) in the case of sl(r +1). As
a result, this gives the equality

Y—p = detg(Axz) - - - detg(Axrq1).

The (quantum) graph algebra Lo, = Lo ,(g) is the braided tensor product of n copies of Lg 1
(considered as a Uj-module algebra). As a linear space and U,-bimodule with actions < and >, it
coincides with E??, and thus with O?”. It is also a right U,-module algebra, with the following
action of U, (extending coad” on Lo ):

coad; (v) (a(l) ® - ® a(”)) = Z coadr(y(l))(a(l)) ® -+ ® coad” (Y(n)) (a(”)) (2.15)
()

for all y € U, and aV .. .0a e Lo . The product of Ly, can be expressed as follows. For
every 1 < a < n, define i5: Lo1 — Loy by i(z) = 190D @ 2 @ 12(=a). {_ is an embedding
of U;-module algebras. We will use the notations

£l =Im(ia), (@)@ :=i(). (2.16)

n
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Take (o), (o/)(®) € £((f,)1 and (B)®, (8")®) ¢ ngzl with a < b. Then the product of Ly, is given
by the following formula (see [18, Section 6]):

(@@ e @B () e E)) = Y (a(S(RYRY) o <R RE))
(RY),....,(RY)
® ((S(RlyRYy) > B < Ry R 8)"Y, (2.17)

where R! = 2o (RY) ) ® R(Q), i€ {1,2,3,4}, are expansions of four copies of R € [U®2 and on
the right-hand 51de the product is componentwise that of Ly 1. Later we will use the fact that
the product of Ly, is obtained from the standard (componentwise) product of L'%%? by a process
that may be inverted. Indeed, (2.17) can be rewritten as

(@@ B)") (@)@ (E)) =D () (@)D Fa) @ ((6)" - Fuy)) (8)", (2.18)

(F)

where F' = 37 p F1) ® Flg) :== (A ® A)(R'), and the symbol “” stands for the right action
of [U®2 on Lo that may be read from (2.17). The tensor F is known as a twist. Then, by
replacmg F with its inverse F = (A ® A) (R’ 1), one can express the product of Eg%’f in terms
of the product of Lo, by

() (@)@ @ BV(EN =3 (@) & (A Fn)) () - Fpy) & (8)7). (2.19)

(F)

We call quantum moduli algebra and denote by Mg, = E([){ 7 the subalgebra of Ly, formed by
the Ug-invariant elements.

The map ®; can be extended to Lo, as follows. Consider the following action of U, on the
tensor product algebra Ué?”, which extends ad” on Uy:

forall y € Uy, x € U(;@". This action gives Uq®n a structure of right U,-module algebra. In [1],
Alekseev introduced a morphism of Ujz-module algebras ®,: Lo, — U(?” which extends ®.
In [18, Proposition 6.7], we showed that ®,, affords isomorphisms

O,: Lon— (U, Bp: Mo, — (UM, (2.20)

where (Ug@”)lf is the set of ad] -locally finite elements of Ug)". We call ®,, the Alekseev map; we
do not recall here the definition of ®,,, for we will not use it. It is a key argument of the proof
of (2.20) that the set of locally finite elements of U™ for (ad”)*" o A" coincides with (U;f)®n;
this follows from the main result of [72]. Using that the map

U = Bpo0 (BT (UNH" 5 (UEM" (2.21)
intertwines the actions (ad”)®" o A=Y and ad},, we deduced that Im(®,) = (U ®")

Remark 2.4. We have (U H)@n;& (U ®”) and in fact there is not even an inclusion. Indeed,
let Q = (q - q- ) FE + gK + q_lK ! be the Casimir element of U,(sly). We trivially
have A(2) € (U®2) but

AQ) =(¢—q"

g ")
and therefore A(Q) ¢ (U] lf) , since K ¢ U, It (see, e.g., Theorem 2.1(2)). This reflects the fact
that Ulf is only a right c01deal of U, (and not a subcoalgebra).

‘K'E@FK+FQE)+QoK+K '0Q - (¢g+¢ VK 'oK
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As in Remark 2.2, denote by C(u), u € P, the linear subspace of L1 generated by the
matrix coefficients of V,,. For every tuple [u] = (p1,...,pun) € P} put

C([u]) = Clun) © -+~ & Clpn). (2.22)

Then Lo = Dye Pr C([u]). Each space C([u]) is a finite-dimensional Uz,-module under the
action coad;,, whence it is completely reducible. Therefore, Lo, = Mg, ® I as U;-modules,

where [ is the sum of nontrivial isotypical components of L ,,. The C(g)-linear projection map
R: EO,n — MO,n; Ker('R) =1 (2.23)

is called the Reynolds operator. For all a« € Mo, f € Lo, it satisfies R(af) = aR(S).
This property will be crucial in the sequel, so let us recall a (classical) proof of it. We can
write § = R() + v with v € I, and then we have to show ay € I. We can reduce to the case
where v is contained in a simple summand V of I. Multiplication by the invariant element «
yields a surjective map V' — oV, which is a morphism of Ug-modules. Since V' is simple, it is
either the 0 map, or an isomorphism. In either cases it follows oV C I (in fact the first case
cannot happen, for Lo, has no nontrivial zero divisors, as explained after (2.25)).

We can formulate the Reynolds operator in the following way. Recall that O, has a unique
left (or right, or 2-sided) Haar integral, that is a linear map h: Oy, — C(q) such that

h(l)=1 and (id ® h)A(a) = h(a)1, Va € O,.

(See, e.g., [35, Proposition 13.3.6].) It vanishes on all matrix coefficients except the one of the
trivial representation, to which it gives the value 1. Denote by Az: Lo, — Lon ® O4 the right
coaction dual to the action coad;, of U, on Ly,. Then, in analogy with the formula of the
averaging operator C°(G) — C®(G)%, f — [f] = fo(g_l -g)du(g), for a locally compact
group G with Haar measure du(g), it is straightforward that

R = (id® h)A.. (2.24)
Note that the complete reducibility of Ly, discussed after (2.22) follows also from Theo-
rem 2.1 (1), since by (2.21) we have an isomorphism of Uj,-modules

D, N e n
Lon = (Ug(e)®") 2 UL (g)®",

)

where 1f means respectively locally finite for the action ad], of U,(g) on U,(g)®", and locally
finite for the action ad” of U,(g) on U,(g). An explicit basis of My, is described in [18, Propo-
sition 6.22].

Finally, let us point out here two important consequences of (2.20). First, ®,, yields isomor-
phisms between centers, Z(Lo,) = Z(U,)®™ and Z(/Jgf;) = Z((U(?”)Uq), where one can show
that [18, Lemma 6.29]

n U ~J n n
2(UEm) = AD(2(U,) @ 2", (229
C(g)
Second, Lo, (and therefore My ;) has no nontrivial zero divisors because of the isomorphisms
D Lon — (ng’”)lf C ngm and Uq®” ~ U, (969"), and the fact that U, (g@") has no nontrivial
zero divisors (proved, e.g., in [39]).

2.2 Integral forms and specializations

Let A=C [q, qil]. We call integral form of a (Hopf) C(q)-algebra H a (Hopf) A-subalgebra 4 H
such that the canonical map 4H @, C(q) — H is an isomorphism. Note that the standard
notion of integral form of C(q)-algebra uses Z[q, qil] instead of C[q, qil]; our choice is made
for simplicity (C [q, q_l] is a principal ideal domain, whereas Z[q, q_l] is not).
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2.2.1 Definitions

The unrestricted integral form of Uy is the A-subalgebra U = U4(g) introduced by De Concini-
Kac—Procesi in [42, Section 12| (and in a differently normalized form in [39, 40]). It is the
smallest A-subalgebra of U, which contains the elements (i = 1,...,m)

Ei=(q—q " )E, F=(u—-q¢")F L, L (2.26)

7

and is stable under the action of B(g) given by the Lusztig automorphisms (see (2.1)). Recall
the root vectors Eg, , Fg, defined in (_2.1). Iiet us put gg := q\BB)/2 The algebra Uy is a free
A-module with basis the monomials Egi . Egg K )\FgN Fgll, where A € P and we set

_ 1 — -1

Eg. = (a8, — 5, ) Es:  Fa = (a5, — a5, ) Fa,-
We denote U = Uy NUY. The unrestricted integral form of Uad is defined similarly, as the
smallest A- Subalgebra Uj® C Ux which contains the elements E;, F and K H o fori=1,...,m,
and is stable under the Lusztlg action of B(g).

For 8 a positive root, we define the divided powers

(k) _
Eﬂ = k € N.

[Flgs!” O [Klgs!
The Lusztig restricted integral form of U2 [82 83] (see also [35, Chapter 9.3]) is the A-sub-
algebra U® generated by the elements (z =1,...,m, k € N¥)

w0 _ B 0 _ FF

EM= i FM - i
b Rl [Klg;!

The algebra U’f® is a free A-module with Poincaré-Birkhoff-Witt (PBW) basis

K, K1

7

m

(p1) (pn) Tt (nN) . g(n1)
Eﬁl “'EBNN HKlU [K“tz]tiﬂNN Fﬁl ’
=1

where o; € {0,1}, n;, p;, t; € N, and we set [K;;0]q, :=1 and

t - 1 s 1
Kiqg ' — K
[K';t]izll L .
v s=1 % =4 "

The integral forms Ux(h), Ua(b+) and U*(h), U*(b+) associated to the subalgebras b, by C g
are the subalgebras of Uy and U™, respectively, defined in the obvious way. For instance,
the “Cartan” subalgebra U*(h) = U,(h) N ULS is generated as a A-module by the elements
[ K [Kis tilg,.

Denote by C4 the category of Ul*-modules of type 1, i.e., free A-modules of finite rank which
have a basis where the elements K; act diagonally with eigenvalues of the form qf, k€ Z (in
general, finiteness of the rank imposes eigenvalues of the form iqf, k € Z). The category C4 is
a rigid and tensor category. It is not semisimple, and this makes the study of C4 a complicated
task; for this, see [18], and Section 2.2.2 below. Every type 1 finite-dimensional simple U,-
module V,,, i € Py, has a Uj*-invariant full A-sublattice, that we denote by 4V,,. These U} res
modules form the simple objects of C4. Moreover, C4 @ C [ql/ D g-1/D ] is a ribbon category (see
Section 2.3).

The integral quantum function Hopf algebra O4 = O(G) is the (type 1) restricted dual
of U, that is, the A-span of the matrix coefficients = + v*(my (z)v;), € U, for every mod-
ule V in C4, where (v;) is an A-basis of V and (v*) the dual A-basis of the dual module V* (com-
pare with the definition of ;). We can also regard O4 as the set of A-linear maps f: U® — A
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such that Ker(f) contains a cofinite two sided ideal I, and [[,__.(K; — ¢) € I for some r € N
and every i. Because of the inclusions of U}*(h), U*(n4), Uy®(by) in UY®, there are Hopf
epimorphisms from O4 to the A-duals of these subalgebras, that we denote by O4(T¢), Oa(Ux)
and O 4(By), respectively.

The algebra O4 has been introduced by Lusztig in [82, 83]. It is an integral form of O, so
0y = 04 @, Clq).

O is also the restricted dual of the integral form I' = I'(g) of U} ad introduced by De Concini—
Lyubashenko in [41, Sections 2 and 3]; I is the A-subalgebra of Ug ad generated by the elements

(i=1...,m)

Bk W EF LKt -1
E(k) — i F<( ) — i K. 1), = v K1
A o T U e

where k € N, t € N (setting (K;;0),, = 1 by convention). Note that the definition of I' is
less symmetric than that of U*. However, I' contains the elements K;, and the commutation
relations between the generators E( ) , F; k) imply that the symmetrized elements [K;;t],, belong
to I'. In fact, let us denote I'(h) = Uy(h) NI and I'(by) = Uy(by) NT. It is proved in [41,
Theorem 3.1] that I'(h) contains U%®(h) and that the elements [[;*, K, ol )(Kl,t )gis ti € N,
where o(t) is the integer part of ¢/2, is an A-basis of I'(h). A PBW basis of I is formed by the

monomials

1) o on) TT 50 ) gy y () ()
By ESV T K7 (Kit)g Fy - Fy
=1

The inclusion UX® C T is strict, for the elements (K;;t)q,, t # 0, do not belong to UY™.
However, the restriction functor Cr — C4 is obviously an equivalence, where Cr is the category of
I'-modules of type 1, i.e., free A-modules of finite rank which have a basis where the elements K;
act diagonally with eigenvalues of the form qf, k € Z. Therefore, we can identify the two
categories, and O4 with the (type 1) restricted dual of I'. We will thus consider the U}*-
modules AV, p € Py, equally as Imodules. We will sometimes use I' instead of Uj;* in
order to make direct the connection with results of De Concini-Lyubashenko about the integral
pairings 7+ - considered in Section 2.3.

The integral form EO 1 of Lo is defined as the U ®-module O4 endowed with the product
of Lo1. The mtegml form EOn of Lo is the bralded tensor product of n copies of EO 1 in
particular, C = O%” as U®-modules. That the products of Lo and Lo, are well defined
over A was shown in [18, Proposition 6.9].

The integral quantum moduli algebra is

M = (£80) "4 = (£00)™

Finally, given ¢ = ¢ € C* we define the specmlzzatzons Ue, I'e, O, Lf,, and ./\/lo n as the C-
algebras obtained by tensoring Ug, I'; O 4, E ,, and M ,, respectively with Ce, the A-module C
where ¢ acts by multiplication by e. Each one can also be defined as the quotient by the ideal
generated by ¢ — e. We find convenient to use the notations

Uit = U™ @c,  U=) = Ui @ Ce (2.27)
A A

Let us stress here that when € is a root of unity, taking the locally finite part and taking the
specialization at ¢ are non commuting operations. Indeed, as shown by Theorem 2.27 below,
U, is finite over Z,(U) and therefore all its elements are locally finite for ad”; on another
hand UY = U ® , C does not contain the elements L;.
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Similarly, taking invariants and taking the specialization at € are non commuting operatlons
when e 1s a root of umty indeed, it is easily checked that in this case (U ®")EUA and (U ®”)
or M &4 R4C and (L5 n)U are distinct spaces. When € is a root of unity, we will not
con81der the algebras /\/l0 ), in this paper.

Arguments similar to those mentioned at the end of Section 2.1 imply that the algebras
[,0 "o Mo ,, and EO s Mo € € C*, have no nontrivial zero divisors (see [18, Propositions 6.11
and 6. 30])

2.2.2 Canonical bases and modified quantum groups

Because the category C4 is not semisimple, it is not clear from the above definition of O4 whether
or not it is a finitely generated algebra, if ./\/lén is a direct summand of the A-module L’én, or
if the projection map (2.8) may be refined to a morphism between underlying A-modules.

Such properties, using the appropriate formalism developed by Kashiwara—Lusztig, indeed
hold true, and will play a key role later. We state them precisely in Proposition 2.10, Theo-
rem 2.15 and Proposition 2.12. These results are consequences of the existence of an A-basis
of Oy with favourable properties, which implies in particular that O, is a free A-module.
In order to introduce this A-basis it is necessary to consider a variant of Ugd introduced by
Lusztig [83], called modified quantum group, and use the Kashiwara—Lusztig theory of canonical
bases [65, 66, 67, 83]. We are going to recall the background material step by step.

The Lusztig modified quantum group is the C(q)-algebra U obtained by replacing U, 3d(h) with
the direct sum of infinitely many one-dimensional algebras, generated by orthogonal idempo-
tents 1) indexed by the elements \ of the weight lattice P [83, Chapter 23]. Namely, as a vector
space U = D NEP v Uy, where

yUyr = Ul}m/( > (Ko — g N0+ U (K, — q(a,A”>)>.

aEeQ ac@

Denote by my yr: U;‘d — » U, the canonical projection. The product of U is given by
T (8)Ta ay (8) = oy ay (st) if A] = X, and zero otherwise. Set 1y := mx(1). The alge-
bra U has not unit, but the family (1))xep can be regarded as a substitute of it. Denote by A
the collection of maps

Axeap oy xag Urgag = x Uy @ 5 Uy
such that
A)\/l7)\/27/\/1/7)\/2/7T)\/1+/\/2’)\/1/+/\/2/ = (7'('/\/17)\/1/ ® 7T/\/27)\/2/)AUgd, (228)

where AUad is the coproduct of Uad We can regard A as a (categorically completed) coproduct
A: U — U®2 There is a natural structure of UJ ad_himodule on U, defined by

t/ﬂ')\/’)\// (S)t” = 7TA’+V’7/\”—V” (tlst//) (229)

for all s € U} 2d and all elements t',t" € U;d of respective weights v/, v”. This structure affords
a trlangular decomposition of U: given bases {bi} of U, ad(ni) the set of elements b™1,b~
(or b= 1,b%, or bTb~1,), where A € P, is a basis of U.

Given any U] ad_module X of type 1, and any weight subspace X* C X of weight A € P, one
can define the actlon of an element uly € U, u € Uy ad on X as the projection onto X* followed
by the action of w. This way, one can identify the category C with the one of finite-dimensional
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unital U-modules, where unital means that all elements 1, act as 0 but a finite number of them,
and ) . p 1y acts as the identity. It is proved in [83, Section 29.5.1], that

N PR f is C(g)-linear and vanishes on some

O = {f U = Cla) ’ two-sided ideal of finite codimension of U [

There is an analogous realization of Og4, of the form (see [83, Sections 23.2 and 29.5.2],
and [84])

_ o f is A-linear and vanishes on some

Oa = {f Us— 4 ’ two-sided ideal of finite corank of Uy [’

where Uy is the A-subalgebra of U generated by the elements Ei(k)l » and Fi(k)l A, for all i €
{1,...,m}, k€ Nand A € P. It is a U}*-subbimodule of U, and the coproduct restricts to a map
A: Uy — Uy%2 The above identification of the category C with the one of finite-dimensional
unital U-modules yields an identification of the category C4 of U’®-modules of type 1 with the
category of U s-modules of finite rank.

The key advantage of this realization of @4 is that Uy can be equipped with a canonical
A-basis B. The construction of B is described in [83, Chapter 25]. It relies on the Kashiwara
Lusztig canonical basis of U (n_). This last basis, denoted by B, is defined in [83, Chapter 14],
and [65] (a review can be found in [35, Chapter 14]). It enjoys the following nice properties.
Denote by ~: C(q) — C(q) the field involution such that § = ¢~!, and by ~: U;d — U;d the
homomorphism of C-algebras such that

EZ:EZ F‘Z:F‘Za R)\:K,)” ﬁ:f_i'
for all f € C(q), = € U;d (E; and F; above, which will not appear elsewhere, should not be

confused with the normalized elements in (2.26)). The map ~ yields a C-algebra homomor-
phism ~: U — U. Then, we have

(1) the elements of B~ are weight vectors under the adjoint action of U;d(h);
(2) for every b € B, b= b;

(3) for every b, 0’ € B™, b0 =3 /c5- Né’f,’/b" where Né’f/’/ € Zg,q;

(4) for every b,b' € B™, A(b) = >y yrep- Chyt @b where Chy. € Z[q,q7;
(5)

5) for every p € PT, denoting by v, the highest weight vector of the Uf*-module 4V, the
elements bv,, which are non-zero, where b € B™, form an A-basis of 4V/,.

When g is simply laced, the coefficients Né’,l,’l and C,l)’,b,, belong to N [q, qil] [83, Theorem 14.3.13].
In the case of g = sly, the elements of B~ are just the divided powers F*)_ k € N. Formulas in
terms of PBW basis elements are known also for g = sl3 and sly, and an algorithm exists in the
general case (see [43] and the references therein).

Correspondingly to B, the set BT = w(B™) is a basis of Uf*(ny), where w: U;d — U;d is
the (C(g)-linear) Cartan automorphism, defined by

w(E;) = F; w(F;) =E; w(K;) = K;*

for i = 1,...,m. The triangular decomposition of U implies that the elements b1T1,8'",
where bt € BT, ¥~ € B~ and A € P, form a basis of U. They form in fact an A-basis
of Uy, and its elements are fixed by the involution ~: U — U.

Lusztig has constructed another A-basis of U A, denoted B, and called the canonical basis
of Uy. Tt satisfies numerous properties that we now review. Its elements are denoted by bV,
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where b,)) € B~ and A € P, and are related to the elements bT'~1,, where b* := w(b)
and '~ :=1, by a specific trigonal change of basis with coefficients in A. Although we always
have b1y, "1, € B, to our knowledge explicit formulas of the elements of B as linear combi-
nations of elements b+1 AV~ or b/71,bT are known only for g = sly or sl3 (see [83, Section 25.3]
and [37]). In the former case, identifying P with Z and @ with 2Z the canonical basis B is
formed by the elements

E®1_ FO and FO1,E®  kineN,  n>k+l,

where E®1_,FO = FO1, E®) for n =k + 1.

We are going to review Lusztig’s construction of B, its canonical partition B = Uie P, B[)\],
the dual basis B*, and Kashiwara’s approach to B* [66 67]. The latter is stated in Theorem 2.6
below. At first we need to recall the notions of based module and balanced triple; for details on
these notions we refer to [83, Chapter 27] and [66] (see also [68], [104, Sections 3.15 and 3.16],
or [35, Chapter 14] for overviews).

Denote by Ay C C(g) the ring of rational functions regular at ¢ = 0. By applying the
involution ~, put Ay = Ag. Since Ay is the localization of Clq] at ¢ = 0, we may regard A, as
the localization of C[qil] at ¢ = 0o

Let us recall briefly the definition of crystal basis (see [65]). Denote by U, 3(1( )i the subalgebra
of Uad( ) generated by F;, F; and Ki*'; thus Uad( )i is isomorphic to Uy, (sl2). Let M be a Uad
module of type 1. Denote M¢ the subspace of M of weight ( € P. For every ¢ = 1,...,m, we
can regard M as a U;d( )i-module, so M = P, V, for some simple U;‘d( );-modules VAj. These

being generated by primitive weight vectors, the PBW basis of U;d(g)i yields

M= B F"(Ke(E)nMe).

CeP 0<n<(ai,0)

The Kashiwara operators é;, fz are the endomorphisms of M defined by, for every v € Ker(E;) N
M¢S and 0 < n < (&;,(),

F(F0) = F o, & (FM0) = F" Do,
A crystal basis of M at ¢ = 0 consists of a pair (£, ), where
e L is a free Ap-sublattice of M such that the canonical map L&) 4 C(q) — M is an
isomorphism;
e 3 is a basis of the C-vector space L/qL;
o L= ®CEP‘CC and B = HCEP (Bﬂﬁc/qﬁg), where £¢ = £ N M¢;
e for every ¢ = 1,...,m the Kashiwara operators é;, f; preserve £, and the induced maps
on L/qL send B into BU{0}, and satisfy &’ = f;(b) if and only if b = &;(b’) for every b,V € B.
Crystal bases at ¢ = oo are defined similarly, by replacing Ay with A and ¢ with ¢ .
A based module consists of a pair (M, B) where M is a Uqad—module of type 1 endowed with
a C(g)-basis B such that the following conditions hold:
(i) For every weight ¢ € P, the set BN M¢ is a basis of the weight subspace M¢ C M.
(ii) The A-module 4M generated by B is stable under U®.

We will denote by L; the Ap-submodule of M generated by B, and by L the Aso-
submodule of M generated by B

(iii) The C-linear involution ~: M — M defined by fb = fb for all f € C(q) and b € B is
compatible with the action of U;‘d in the sense that xm = xm for all z € Uqad, m e M.
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(iv) The Aoo-submodule £y; of M together with the image of B in £y;/q 'Ly forms a crystal
basis of M at ¢ = co.

If (M, B) is a based module, we will denote by B the image of B in Ly;/q'Lys. From the
notion of balanced triple that we recall now, denoting by B the image of B in Lys/qLys, we see
that (Lar, B) is a crystal basis at ¢ = 0.

Indeed, consider more generally a C(q)-vector space V, finite-dimensional or not, a sub-A-
module 4V, a sub-Ag-module 4,V and a sub-A.-module 4.V satisfying the conditions (all
isomorphisms being the canonical maps)

VeCQaV, VEC@@aV. V=C(@Q)aV
A Ao Aoso

Consider the C-vector space E := 4V N 4,V N 4 V. Then (4V, 4,V, 4. V) is a balanced triple
[65, 66] if the canonical maps

ARQE =4V,  AAQRE— 4V, AcQE— a4V (2.30)
C C C

are isomorphisms. Equivalently, (4V, 4,V, 4. V) is balanced if and only if the canonical map
E — 4,V/qa,V is an isomorphism, if and only if the canonical map £ — 4_V/ g taV is an
isomorphism [66, Lemma 2.1.1].

Given a based module (M, B), the elements of B are weight vectors and b = b for every b € B.
Also, if an element m € 4M satisfies m = m and m € B + ¢ 'Ly, then m € B (see [83,
Section 27.1.5] for details on this fact). It follows that the canonical quotient map

AMﬂﬁMﬂZM%E_M/qflﬁ_M (2.31)

is an isomorphism of C-vector spaces. This provides another way of viewing based modules:
by (2.31), (aM, Ly, Lar) is a balanced triple, and by (2.30) the A-lattice 4M is completely
determined by the crystal base ([,_ M, B). We will say that (E_ M, B) (or the corresponding crystal
base (L, B) at ¢ = 0) is melted into the based module (M, B).

We will indifferently apply the notion of based module to finite-dimensional unital U-modules,
since they are equivalent to U;d—modules of type 1.

Every module V,, u € PT, supports a structure of based module (see [83, Section 14.4.10]
and [65]); the corresponding basis, called canonical basis and that we will denote by B, is formed
by the elements bv, € 4V}, which are non-zero, where b € B~ and v, is the canonical highest
weight vector of V,,, corresponding to the coset of 1 € U;‘d(n,) in the Verma module construction
of V},. Note that the involution ~: V,, — V), defined by (iii) above is indeed an automorphism,
for the space V), with action of U;d defined by x - v := Zv, for all z € U;d, v € V), has highest
weight p, and is thus isomorphic to V), via the map ~. The crystal base (L’}fw, B}fw) at ¢ =0 is
formed by the Agp-sublattice [,1?‘” of V}, generated by B,, (which is eventually the same as the Ay-
sublattice generated by the vectors of the form f; o---o f;, (v,), where i1,... i, € {1,...,m}),
and B}fw is the set of non-zero images of these vectors in Ei‘f‘” / qﬁifw.

There is the following uniqueness result [65, Theorem 3].

Theorem 2.5. Let M be a Ugd—madule of type 1, and (L,B) a crystal base at ¢ = 0 of M.
Then there exists a C(q)-isomorphism M — ; Vx; by which (L,B) is Ag-isomorphic to
low plow
B, (L3 BY").
The based modules form a category. Given based modules (M, B) and (M’, B’), a morphism
of Uq‘j‘d—modules f: M — M’ is a morphism of based modules if

(a) f(b) € B'U{0} for any b € B;
(b) BN Ker(f) is a basis of Ker(f).
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The direct sum of based modules (M, B) and (M’, B’) is a based module (M & M’', BU B');
and a submodule M’ of a based module (M, B) spanned over C(q) by a subset B’ of B forms
a based module (M’, B"). The quotient module M /M’ together with the image of B\ B’ is then
a based module.

The tensor product of based modules (M, B), (M’, B’) is also defined. Namely, consider
the C-linear map ¥: M ® M’ — M ® M’ defined by

U(mom') =R (mom),

where R = O 1R, see (2.4) (note that, as we use the coproduct opposite to [83] our quasi-R-
matrix is R_l). It can be checked that W is an involution compatible with the action of U in the
sense of (iii) above in the definition of based module. Moreover, denote by Ly the Clg™']-
submodule of M ® M’ spanned by the basis elements b ® o', where b € B, b/ € B’. It is shown
in [83, Section 27.3], that for every pair (b,t’) € B x B’ there is a unique element b b' € Las ap
such that

(a) TBOY) = bOV,
(b) bOY —b@1b € q_1£M7M/.

Moreover, By = {bO ¥ ,b € B,V € B'} is a basis of M®@M’, a Clg~*]-basis of Las v, a Clg, ¢ !]-
basis of the C[q, qfl]—module AL of M @ M’ generated by the elements b®@ b, where b € B,
b € B, and (M ® M', By) is a based module.

This construction of By is associative. Since (Vwﬁu) is for every p € Py a based module,
it follows that any tensor product M of a finite number of the simple modules V), is naturally
a based module. The corresponding basis is called the canonical basis of M. These canonical
basis have been computed explicitly in [56] in the case g = sls.

Consider now the U;d-module “V,, with underlying space V,,, 4 € P, and action defined
by z.,v = w(z)v, for every z € U;d and v € V,, (as usual w: U;d — U;d is the Cartan auto-
morphism). Note that there are isomorphisms “V,, = V_,, () & V,; (endowed with the standard
left action of U;d). Let us denote by “v, the vector v, regarded in “V), (i.e., its canonical
lowest weight vector), and by “B,, := {b.,“v,, b € BT} \ {0} its canonical basis; note that
“B,, = {w(b)vu, b € w(B7)}\ {0} = {bu,, b € B7}\ {0} = B,,. Then “Viy ® V,r has the
canonical basis B,/ ,» := {0/ Ob", b’ € “B,,, b € B,,v}. Since b’ ¢ b" is canonically determined
by the elements ¢',b” € B~ such that b’ = w(V').,“v,, b = Vv, following Lusztig we denote
it by (b, <> b”),u’,u”-

Denote by vy,(,) the canonical lowest weight vector of V,, and by “vy(,) the vector vy,
regarded in “V),. It is a crucial observation that “vy, (/) ® vy 18 a cyclic vector of “V,y @V
(see, e.g., [83, Proposition 23.3.6]; note that “vy, (/) ® vy, () Plays the role of £y @ 1, =
“vy ® vy in [83], because we use opposite coproducts on Ugd but the factors “V,, and V,,» are
ordered in the same way).

We can now state the definition of the canonical basis B of U: each element u of B belongs
to U al¢ for some (unique) ¢ € P, and it is then uniquely determined by the property that, for
every p/, p” € PT such that wo(p” — p') = ¢, we have

u(“’vwo(uz) X vwo(u”)) = (b/ <> b”)ﬂ'dﬁ” (2.32)

for some (b' O.b") v € B, [83, Section 25.2]. We write u = b’ Q¢ b”, and as in [84] we denote
by B, the finite subset of B which is in bijection with B, ,,» under the map u u(“’vwow) ®
Uwo(u”))‘ So

B ey U BM/’IU//' (233)
W' €PL
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Note in particular that B is formed by weight vectors for the left and right action of U;d(b)
(defined as usual by (2.29)).

In a sense, one can view U as the projective limit of an inverse system formed by the
(Ué’Ld ® U;d)-modules “Viy @ Vi, where p/, " € P*; then B is the basis resulting from the
corresponding inverse system of basis {Bs ;i } s -

Lusztig has produced a partition of B as follows. First, consider the situation of a based
module (M, B). For every A € Py denote by M[A] the sum of the simple submodules of M
isomorphic to V) (i.e., its isotypical component). Set

M[> N = 5 M[V]. (2.34)

AN2>A

Then, for every base element b € B there is a unique A € Py such that b € M[> A] and A is
maximal with this property [83, Section 27.2]. Denote by B[] the set of all b € B that give rise
to A € Py in this way. Clearly, the sets B[\], A € Py, form a partition of B.

Now, given b € B, let ¢ € P be the unique weight such that b € Ualg, and let p//, " € PT be
such that wo(u” — p') = ¢, and (&, ¢') is large enough for all i = 1,...,m so that u(“vy, ) ®
Vg (uy) 18 mon-zero. This element belongs to the canonical basis By of “Vy @ Vyr, and
therefore to one of the subsets B, ,»[A], for a unique A € P;. It is a result that A does
not depend on the choice of u/, " (see [83, Section 29.1.1]). Hence there is a well-defined
map B — Py, b+— \. Denoting by B[)\] the fiber of this map, we thus obtain a partition

B= [] B\ (2.35)

AePL

The sets B[] are called 2-sided cells. They are finite sets and have the following remarkable
properties. For every A € P, denote by U[> A] and U[> )] the subspaces of U spanned
by [Tysy B[] and ][y, B[] respectively. Then U[> )] (respectively U[> A]) consists of
the elements v € U such that if u acts on V,, by a non-zero linear map, then p > X\ (respec-
tively > ) [83, Lemmas 29.1.3 and 29.1.4]. Both U[> )] and U[> )] are two-sided ideals of U.
Moreover, the algebra homomorphism my: U[> A] = End(Vy) given by the U-module structure
on V) descends to an algebra and Uq"‘d—bimodule isomorphism (keeping the same notation) [83,
Proposition 29.2.2]

7x: U[> AJ/U[> A] = End(V}). (2.36)

For instance, when g = sly the 2-sided cell B[n] associated to the simple U24(sly)-module of
type 1 and dimension n + 1 is the set of cardinality (n -+ 1)? given by [83, Section 29.4.3]

Bln] = {EW1_,FO n>k+1} U{FU1L,EW n>k+1}, (2.37)

with the identification E(k)l,nF(l) = F(Z)lnE(k) when n = k 4+ [. As we are mainly interested
in O 4, we are going to describe the dual partition of B*, see Theorem 2.6. The duality with (2.35)
is discussed after that theorem.

First, we follow the approach of Kashiwara [66, 67]. For every A € Py, denote by V the dual
space of V) endowed with its natural structure of right U;d—module, defined by (fx)(v) = f(xv)
for every f € VY, z ¢ U;d, v € V). Clearly, V) is a simple module of highest weight .
Let ¢: U;d — U;d be the anti-automorphism of C(g)-algebra given by ¢(E;) = F;, p(F;) = E;
o(K)) = K. By using ¢, any right U;d-module can be considered as a left U;d-module. In
particular, by the Verma module construction of V) it follows

V)v\" ~ U;d/< Z (KN _ q()\,ﬂ))U;d + ZEi1+(di7)\)U;d>v
=1

pnePy
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and ¢ affords an isomorphism of the right module V" with the left module V). We will denote
by fx the unique highest weight vector of V" satisfying (fx,vy) = 1.

The space Vy ® V) can be identified with End(V))*, and thus acquires by duality a natural
structure of U;d—bimodule (or equivalently left U, ;d ® (U;‘d)op -module); the left and right actions
are given by

z(fRv)y = fy®zv (2.38)

for every x,y € Uf;d, f e Vy, v eV, Thespace Vy ® V) also acquires by duality a natural
“upper” crystal structure over U;‘d ® (Ugd)Op, as we explain now. Denote by (, )x: V) x V) —
C(q) the unique symmetric bilinear form such that

(uv,oaa =1 and  (p(z)u,v)x = (u, V) (2.39)

for every u,v € V) and x € U(?d. Recall the crystal base (Eifw, B}fw) at ¢ = 0 introduced before
Theorem 2.5. In Kashiwara’s terminology [65, 66], the pair (CK’W,BKJW) is the lower crystal
base of V) at ¢ = 0. Applying the involution ~: V) — V), one obtains the lower crystal base
([,l/{’w, BE\OW) at ¢ = 0o. Because the canonical bases are determined by the crystal bases (see
the discussion about (2.31)), we call (V),B,) the lower based module of V), and B, the lower
canonical basis of Vy.

Put

AV)\up = {’U eV, (U,AV)\>)\ C A}, ﬁ;\lp = {U eV, <U,£l)?w>,\ C .A()},
LY = {v eV, (v, 0% C Ax}. (2.40)

Then (AVUP, L\, T;m) is a balanced triple [66, Lemma 4.2.1]. Denote by B)” the basis of L\"/gL”
dual to BI°™ by the induced pairing (, )x: £37 /gL’ x LYV /qLP" — C. The pair (£)7, BYP) is
the upper crystal base of V) at ¢ = 0. The weight spaces of the Aj-modules £*™ and L£§P are
related by

N (ep)

(L) =q 2 2 (Elfw)“, uwe P (2.41)

Correspondingly, denoting (By")" = By’ N (£\")" and (BY)" = BYY N (£PY)", we have
(see [65] and [66, equation (4.2.9)])

D) ()

(B = 8 By

The A-module AV)}l P is characterized by the following two properties [66, equations (4.2.10)—
(4.2.12)]:

(AVAHP)A = C[q,q" ]vn, (a?) ={veV,| Uies(“+)/\_uv € Clq,q ua},

where U (n*)” = {u € U(nt) | Vv € P, K,uK, ! = q(”ﬁ)u}. Denote by B}” the inverse
image of B\" by the isomorphism AV, N LY N LYY — L3P /¢L\". By (2.30), the set B}" is
a basis of AV)\Up; we call it the upper canonical basis of V). In the appendix, we describe in
details the sly case.

Similarly, the right module Vi with its canonical basis By = {f\b, b € B™} \ {0} has the
lower crystal base (Eglow, Bf\low), and it supports a balanced triple ( AVYUP LAY, ,CS"\“P) defined
again by duality. We denote by (L3"P, BY"P) and B\"P the corresponding crystal base and upper
canonical basis of V', respectively.

It follows that (AV{" @ 4 aVyT, L @ 4, L3, L5 @ 4 £)7) is a balanced triple; equiv-
alently Vi ® V) with the bimodule structure (2.38) and the basis BY"P? @ B)\" is a based
(U2 & (U24)°P)-module.
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Denote again by (-,-): Oy X U — C(q) the pairing of U(?d—bimodules induced by the canonical
pairing (, ): Oy X U;d — C(q), and let ®y: Vi @ V), = Oy, A € Py, be the “matrix coefficient”
map, i.e.,

(PA(f @), 2) = (f, z0)x (2.42)

for every f € VY, x € Uad, v € V). The map ¢ := EB/\em ®, is an isomorphism of U;d—
bimodules, so let us use it to identify Oy with @,cp, V' ® Vi (which is the content of the
Peter—Weyl decomposition (2.6)). Define

L0, = P (U“P@c‘m) B(O,) = [] By & BY

AEPL AEPL
L0, = P <Uup®£up> B(O,) == [] B{™ @ BY.
NEPL NEPL

Theorem 2.6.

(i) The triple (Oa,L(Oy), L(Oy)) is balanced. Therefore, denoting by G the inverse of the
canonical map O 4 ﬂﬁ((’) )n Z((’) ) = L(Oy)/qL(Oy), we have

= P AGW).

beB(Oy)

(i4) The basis G(B(Oq)) = {G(b), b € B(Oq)} coincides with the dual canonical basis Bj“,
€., the elements a* € O4, for every a € B, defined by a*(a') = 04,4 for every o’ € B.
Therefore,

Oy = @Ab*.

beB

The statement (i) is [66, Theorem 1], and (ii) is [67, Theorem 10.1 and Proposition 10.2.2]
and [83, Section 29.5]. The basis G(B(0,)) = B* is called the global basis, or canonical basis,

of O4. The proof of Theorem 2.6 (ii) in [67] (see also [68]) exhibits an isomorphism of crystals
over U;d ® (U;d)"p,

¥: B(O,) — B(U), (2.43)

where (E (U),B(U)) is the crystal base of U associated to the canonical basis B. The isomor-
phism 1 satisfies (G (b), G(0')) = dyp)p for every b € B(O,), V' € B(U) The unit 1 of O4
is (1p)*; the constant structures of Q4 are studied in [83, 84].

The canonical basis of O4 when g = sl2. Denote by a, b, ¢, d the matrix coefficients in
the canonical basis (vy,v_ := Fvy) of Vi, the simple U;d (sl2)-module of type 1 and dimension
two, read from the top left to the bottom right. In that case of V; the upper canonical basis B]"P
and B" coincide with the lower ones (this is not true in general, see Example 2.17). The
basis B*(slg) is formed by the monomials ¢®a?b” where p,r,s € N, and ¢*dPb” where p,r,s € N
and p > 0; this is stated in [66, Proposition 9.1.1] (in [41, Proposition 1.3], similar monomials
are shown to form an A-basis of O4(SLz), but without reference to the canonical basis; see the
comments before (4.3) below). More precisely, recall the 2-sided cells (2.37). We verified by
a tedious though straightforward computation that we have the duality pairing

(dPb", ED1_, FUY = 6,404 61003055, (s abb", FD1, EDY =0,
(cfa?b", EW1_,FUY =0,  (c*aPb", FO1LED) = 5,104 610,05 5.
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Therefore,

B[n]* ={c’a’b", p,r,s e N, p+r+s=n}
U{c’d’b", p,r,s €N, p>0,p+r+s=n}.

A description of B* in the case of g = sl, can be found in [49]. Moreover, denote by V;, the
simple U, ad(slg) module of type 1 and dimension n+ 1, by (v) the canonical basis of V;,, by ( )
the dual basis, and by m,: U(sly) — End(V;,) the representation morphism. By using the above
pairing, it is readily checked that for every 0 <I,m < n, we have

Ul(ﬂ'n(') V)

m—+) n—m-+1v—) i Y *
> b jn—a(mri) [ i } [ . (EO1_FO))
0<ijk a q

i+j<k<n

Jj—i=l—-m

m—i+j| |[n—m+1 ; Y *
+ > Spna(mi) { . 3] [ . } (FD1,,ED)*, (2.44)
0<i,j,k q q
i+j<k<n
Jj—i=l—-m
In particular, we see in this case of g = sly that in general the matrix coefficients of simple U*-
modules of type 1 are not elements of the dual canonical basis B*. Moreover, these matrix
coefficients do not form a basis of O4. For instance, it follows from (2.44) that the matrix of
matrix coefficients of V5 has the following form:

a?  [2],ab b?
ca [2J4bc+1 db|. (2.45)
A [2l4ed &2

The matrix coefficient v ® vy being equal to [2],bc + 1, this shows bc cannot be expressed as
a linear combination over A of matrix coefficients of simple modules.

The refined Peter—Weyl theorem. Let us discuss the U}*-bimodule structure of Oy,
and its relation with the partition (2.35). For every A € Py, put

= P A (2.46)
beB[)A]

and

O N) = @ aCN),  Oal< ) =P aCN).

N<A N<A

In particular, in the sly case the A-module ye; (nw1) has basis B[n]* given above, of cardinal-
ity (n+1)2.

Recall that U[> \] and U[> ] are two-sided ideals of U, and the algebra (whence Uad-
bimodule) isomorphism 7y : U[> A\]/U[> A\] — End(V}) (see (2.36)). In [83, Section 29.3], Lusz—
tig groups this isomorphism and its properties under the general term of refined Peter—Weyl
theorem. We are going to reinterpret it in terms of Q4. First observe that

Lemma 2.7. The A-modules O4(< ) and O4(< A) are UY®-bimodules, and the surjective map
dy: Oa(<N) — Hom(Ua[> N/Ua[> N, 4), ar—{(a,-) (2.47)

descends to an isomorphism of UXS-bimodules dy on O4(< X)/Oa(< N).
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Proof. For every a € Oa(< \), ,y € U, and b € Bu] with u £ A, we have xby € Ua[> p).
Since UA[Z u = @772# AB[n] and n > p implies n £ A, it follows that (zby, o) = 0, ie.,
(x> a <y)(b) = 0. This shows 2> a <y € Oa(< A). The same proof applies as well to
Oa(< ), whence the first claim. Since U[> A] and U[> \] are two-sided ideals of U, B is
a basis of Uy, and the A-modules UA[> Al and Uy[> A] are spanned by HA,>)\B[)\] and
| FS B[], both are two-sided ideals of U4, and U4[> A]/U 4[> )| inherits the quotient U'es-
bimodule structure. Clearly, the map d is well defined, it is a morphism of U*-bimodules, and
its kernel contains O 4(< \). Bijectivity of dy comes by comparing the cardinality of canonical
bases: O4(< \)/Oa(< A) has the basis formed by the cosets of the elements of the basis (B[\])*
of AC(N), and Ug[> \]/U4[> )] the basis formed by the cosets of the elements of B[)], all
cosets being non-zero and pairwise distinct. |

Since U A preserves thg canonical basis By of 4V, 7y descends to an isomorphism of U™-
bimodules 7y : Uy[> A]/Us[> A] = End(4V)). We thus get exact sequences of U*-bimodules

0——=Ua[> A —= Ua[> A| == End(4V3) — 0
and

#71)*od
00— Ou(< A) — Ou(< N) 2P (Bnd(413)" — 0. (2.48)

They split as sequences of A-modules but not as sequences of bimodules. In fact,
(End(4V)))* := Hom(End(4V)), A)

= Hom(4Va (X) aVa, 4) = 43P (R (4V2)"™, (2.49)
A A

with the “ "P 7 structure defined in (2.40), and corresponding basis B\* ® (“B,)"?. Moreover,
the exact sequence (2.48) shows that this A-module of matrix coefficients, regarded as an A-
submodule of O by means of the coefficient map ® := €D,cp, Pa (see (2.42)), is contained
in Oa(< A). This for all X' < X yields @,,<, (End(4Vy))* € Oa(< A). Now, using the

isomorphism 7y, we get

rank4(O4(< ) Z Card(B Z rank(4Vy)?
N <\ N <A

and therefore

dimg(y) (Oa(< ) ®<c =) dim(Vy)? = ) dim((C(N)), (2.50)

N<A N<A

where as usual C'(\') denotes the space of matrix coefficients of V), (see (2.22)). It follows

04 NQCT) = P OW),  0al< VR CTla) = P ). (2.51)
A

N<A A N<A

However, in general AC( ) @ 4 C(q) is not equal to C(N), AC’(A) is not an A-sublattice of C'()),
and AC(X) is not a U}*-bimodule (it is because of this discrepancy that we have introduced
the dot notation * ° ) For instance, we can see the first two facts in the case of g = sls, by
inverting the system of identities (2.44) for all 0 <[, m < n (or more simply by considering the
identity v ® vg = [2],bc + 1 from (2.45)). For the third fact, we have 1oF € B[2] (see (2.37)),
(6] ((12E)* < E)(lo) = (A((lgE)*), E X 10> = <(12E)*, Elo) = <(12E)*, 12E> =1 since Elo = 12E.
Therefore, (12E)* < E ¢ 4C(2).
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From the formulas (2.44) and Appendix A, we can observe the isomorphism (2.49) in the
case of g = sly. More simply, by projecting the matrix (2.45) onto (End(4V2))* the entries are
unchanged except the (1, 1) entry, which becomes [2],bc. All factors [2], in the middle column dis-
appear if one uses matrix coefficients in the upper canonical basis of V5, which is vy" := vo, Ulp =
2], v1, v3” := vy in the notations of (2.44), since we have v!(m2(-) vm) = [6pm,1 + 1g(v)7, vit)
for I,m € {0,1,2}, where ( , ) is the pairing (2.39). Thus, in this particular example of
(End(4V2))* we see explicitly the identification of the basis (75) ' ody(B[2]*) and B5® @ (“B,)"P

Summing up this discussion, the Lusztig refined Peter—Weyl theorem of [83, Section 29.3],
implies the following.

Theorem 2.8. As an A-module we have a direct sum decomposition

Oa= P aC(N), (2.52)

AP,

as UY®-bimodules we have a (directed by inclusion, and non direct) sum

04=3 0a(< ), (2.53)
XEP,

and the composition factors of O are the bimodules
(End(4Va))" = (V2 ® aV2)° (2.54)
for every A € Py, each of multiplicity 1.

Remark 2.9. The above filtration and its composition factors appear in disguised manner as
good filtration in [5] and [91] (see also [103]).

Because B is formed by weight vectors for the left and right action of U, ad([]) (see (2.33)),
the same is true of B* and (2.52) can thus be refined into a weight space decomposition

Os= P P (W), (2.55)

wveEP AePy

Now recall the property (2.33). Consider in particular the finite subsets Bo,m and Bwi,O
associated to the fundamental weights w;, i = 1,...,m. The map u — u(wvo ® Vig(cy))s U € U,
allows one to identify Bg 5, with the canonical basis B, of “Vy ® V5, = Vg, and therefore
with a uniquely determined finite subset B, of the canonical basis B~ of U, ad( _); similarly,
one can identify Bwl o with a uniquely determined finite subset “Bg, of the canonical basis Bt
of U ad(n+) The elements of BOW and Bw 0 are respectively of the form b7 1, and b1 o,
where b~ € B, and b € “B,,,, and we have (see [84, Proposition 3.3 and Section 3.4]):

Proposition 2.10. The algebra Oy is finitely generated. A system of generators is provided by
the elements a* € B*, where a € " (Bo.w; UBuw,0)-

Note that the above system of generators of O has 23 ;" | dim(V,) elements. In fact, recall
that ¢: U;d — Ugd is the anti-automorphism given by ¢(E;) = F;, ¢(F;) = E;, ¢(K)) = K.
Denote by v_g, and f_p, the canonical lowest-weight vectors of the highest weight mod-
ules V_ () and Vfwo (i)’ respectively, and put the superscript “ "P ” for the upper canonical
basis vectors.
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Lemma 2.11. For every b~ € By, and b™ € “B,, we have

(b71z,)" = @y (s (7)™ @ vy), (2.56)
(671-2.)" = @) (f-mip (b)) ™ ® v-,)- (2.57)

In other words, (b~ 1,)* and (b*l_wi)* are the matriz coefficients lying on the first and
last columns of the matrixz representations in the upper canonical bases of the spaces Vi,
1=1,...,m

Proof. This can be checked by using the isomorphism (2.43). The key observation is that

(@A(Sr®vr), 1) = (fa, Luva)a = Sy

for every A € Py, p € P, and therefore ®5(f\ ® vy) = 1}. Then the computation proceeds
by using the equivariance of ® under the action of U"‘Ol ® (U3 adyop - the fact that (-,-) dual-
izes the bimodules structures on O, and U, and the descrlptlon of the associated Kashiwara
operators on B(O,) and B (U) Here is an alternative argument. By the very definition of
the sets B[A] we have b~ 14, € Blw;], bt1_o, € B[-wo(w;)]. We wish to check if their du-
als (b7 1,)*, (bT1_4,)* coincide with the elements of O4 on the right sides of (2.56) and (2.57).
As already noticed after (2.48), by the isomorphism O4(< A)/O4(< A) = End(4V))* every ma-
trix coefficient of 4V belongs to O4(< A). Now, the A-modules O4(< wz) and O4(< —wo(w@;))
are generated by Blw;]* and B[—wo(w;)]*, respectively. Because ((7%)~! o dy)(B[A]*) coincides
with BY” ® (“B,)"P, the conclusion follows. [ ]

Note that the same argument implies that, for every A € Py, any matrix coefficient of V)
in the upper canonical basis and vanishing on the elements of B[)\] for N < X\ must belong
to B[A]*. For instance, in the sly case, O 4(< 2) has canonical basis B[0]* ][ B[2]*, so the matrix
coefficients of Vs vanishing on 1y belong to B[2]*. This can be observed in (2.45), using the
comments in the paragraph before (2.52).

Though the A-module 4V, @ 4 4V, has no decomposition like (2.7), we can refine the map
C(p)®C(v) = C(p+v) in (2.8) to an A-linear map defined on 4C(p) @ 4 AC(v). Indeed, there
is a unique injective morphism of U}*-modules T, ,: oV, — 4V, Q4 4V, which is given by
T (Vutr) = vy ® vy, [83, Proposition 25.1.2 (a)—(b)]. It defines a morphism of based modules

(V},L+l/’ Bu+y) — (V,u ® VV? E‘u O Ey))

where B, 0B, := {bQ¥,b € B,V € B,} [83, Proposition 27.1.7]. Hence, T, , is a split A-linear
map, i.e., there exists a A- hnear map S,,: AV, Q4 aVy = aVuqy such that &, 0%, , =id.
Note that &,, is not a Uj®-morphism. Similarly, the unique morphism of Uj§*-modules
“Tuvt GV = 4V @4 4Ve is a split injection. Define p,y i Ug — 4V @4 4V, by

P g (1) = u<wvwo(ﬂ’) ® Uwo(#”)) ’

A

and gy Ua® = 4V @4 aVier @ 44V @4 aVir by
Py ' (u) =Uu <wvwo(u’) ® UU/O(M") ® w’[)wo(yl) ® Uwg(u”)) .
A A A

Deﬁne T!Ll’“H,lI/’VI/ . ZVH/+Z/ ®A AV#//+y// — ‘ZV/J/ ®A AVH/I ®A ZVV/ ®A AVZ/” by

TM’vM”W’vVN = (1 ® Ril ® 1) (WIM/’V/ ® IMII’V//).
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It is an injective morphism of U*-modules. In [84, Section 1.13], Lusztig proved that 7,/ ,» ,/ ,»
is a split A-linear map ([84] uses R instead of R, since our coproducts on U, ;d are opposite),
and that it satisfies

T;L’,,Lt”,l/,l/”p,u’—i—,u,”,l/’-‘ru” = pp/,p”,u’,u”Aa (258)

where A is the coproduct of U 4, see (2.28).

Now take p == p/ = p’, v:=v =v" € Py, and put 7,, := 7, 4.,. It follows from the
classical decomposition (2.7) over C(q), and (2.8) and (2.51), that the product of O4 yields
a map m: O4(< 1) @4 Oa(< ) = OA(< i+ ).

Denote the projection map pyyy,: Oa(< p+v) = AC(pu + v), define A7°'W, := Putv ©m, and
put

(7%)"tod
mhi OA(<A) —= O04(< N)/Oa(< A) —2—"> (End(4V1))* ,

where the first map is the quotient map. Consider the diagram

AC() ® AC () — s 4O+ v)
L&, Thtv
t
(End(4V,,))* @ (End(4V))* —= (End(aVyur0))",
where Tﬁ . is the transpose of Lusztig’s map 7, .

Proposition 2.12. The map AT, AC’(,u) X4 Aé’(l/) — AC’(,u + v) is split as an A-linear map
and the above diagram is commutative.

Proof. The commutativity of the diagram comes from equation (2.58). The epimorphism 7’
is injective on 4C(\), and maps the canonical basis elements to the elements of the upper
canonical basis B\” ® (“B,)"?. By Lusztig’s results recalled above, the epimorphism 7, , splits
as an A-linear map. Therefore, the same is true of ATN . |

We stress that ATW, plays for O the same role as the map (2.8) for O,.

Finally, we consider for any n > 1 the invariant elements of O%” endowed with the ac-
tion coad], of UYS, see (2.15) (recall that Lo, = OF" as Ugd—module).

First note that, by definition, O4(G"™) is the restricted dual of the Hopf algebra U} (g®”),
associated to its category of type 1 modules. By ordering the summands of g®" we get an
isomorphism U5 (g") = U%*(g)®", and any type 1 simple U5®(g)®"-module is isomorphic
to Viy := @i, V), endowed with the componentwise action, for some [A] := (A1,...,A,) € P}
(this is a classical fact; see, e.g., [51, Theorem 3.10.2]). Therefore, we have an isomorphism
O4(G™) = OF™. With the same notation [A] ;== (A1,...,\,) € PP, let us put

V=@ = @

S B[]

—Roa=r) = P AN
=1

We thus obtain a decomposition into based (UY® @ (U%®)°P)®"-modules

- Y o4

RV
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Now coad’, = (coad”)®" o A(™~1) gives structures of UiS-modules to OF" and O4(< [A]). In
order to make it a based module, we give it the “(}” product of the canonical bases of the
factors O (< \y), i.e

B = ot [T B0,
N <N
We thus obtain a decomposition into based U*-modules

OF" = > (Oa(< ), BIINT), (2.59)

[\ePy

with composition factors @ ; (End(4V),))". By the properties of “0” products of bases of
based modules, the underlying A-module is

o5 = @ AC(N). (2.60)

(NePy

Finally, we state the last property of based modules we need. Let (M, B) be a based module.
Recall the notations introduced around (2.34). It is proved in [83, Proposition 27.1.8] that for
every A € P, the submodule M[> )] is a sub-based module of M, and that it has the basis

BnM[> = | BIN]. (2.61)
>\

Consider M[# 0] := @, .o M[A], the largest proper submodule of M that contains no non-zero
invariant element. Recall that the space of coinvariants of M is

Mysa = M/M[# 0] = M/C(q){um — e(u)ym, m € M, u € Uy"}

that is, the largest quotient of M with trivial action, where ¢: U;‘d — C(q) is the counit. It
follows from (2.61) that M[# 0] is a sub-based module of M, with the basis (J, .o B[], and we
have (this is, [83, Proposition 27.2.6]):

Proposition 2.13. The quotient map ©: M — MUgd is a morphism of based modules, where
Myaa is endowed with the basis Byraa := m(B[0]).

Keeping the same notations, let 4M C M be the A-module generated by B, and let
AM* C M* be the A-module generated by B*. They are U'**-modules. Denote by (4M*)Va"
the submodule of Ul*-invariant elements of 4M™, regarded as a right module in the natural
way.

Lemma 2.14. We have a direct sum decomposition of A-modules

AM* = (uM*)VA @ AN, (2.62)

where AN C oM™ is the A-submodule generated by |, .o B[A]"

Proof. By Proposition 2.13, the transpose map ' (MUad) — M*is a monomordphism map-
ping the dual basis B Uad to the subset B[0]* of B*. The image of 7t is (M*)Vs". If we set
AMyres = (A M), then T ((aMyres)*) = (4M*)VA" is generated by B[0]*, which concludes the
proof. |
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Note that, since B|0] is in general not invariant under the action of U%*®, 4N need not be
stable under this action.

We are now ready to draw consequences of this discussion and the previous results. As usual
denote by (Of") U4 the subspace of invariant elements of O%" for the action coad,. In the case
n =1, it is just the center Z(Oy4).

Theorem 2.15. ((’)f")U;‘es is a direct summand of the A-module Oﬁm for anyn > 1.

Proof. By equation (2.59), it is enough to show that for every [A] € P} the invariant elements
of Oa(< [A]) form a direct summand, and these summands are compatible with non-empty
intersections O 4(< [A]) NO4(< [N]). Using that O4(G™) = OF" and viewing P? as the weight
lattice of G, it is enough to prove these claims for n = 1. Given A € P, put

P)\:{A/GP+7>‘,§<\)‘}a

and denote by U4[P)] the A-submodule of Uy generated by ][],/ P, B[)]. Also, let us put
U[P)\] = Ua[P\] ® 4 C(g). The complement P, \ Py is finite, and if N e Py, and X" > N, then
N € Py. By the results of [83, Section 29.2], U[Py] is a two-sided ideal, and the quotient algebra
U/U[P,] is finite-dimensional with unit the coset of 3 wv<x Ly, and it is semisimple, isomorphic
to Dy <) End(Vi) (whereas U4 /U4[Py] has indecomposable modules, see Example 2.17). It
inherits from U a canonical basis, formed by the non-zero cosets of elements of B, and with this
basis U/U[Py] is a based module for the right adjoint action ad”. Similarly as for (2.47), w
have a morphism of U*-modules

Ci)\: OA(§ )x) — HOIIl(UA/UA[P)\LA)v o — <a7' >7

which is an isomorphism by (2.50) and the computation dim(U/U[R\]) =3,y dim(Vy)?
in [83, Section 29.2]. Applying Proposition 2.13 and (2.62) to the based module M = U/U[P,],
we obtain that the invariant elements of O4(< A) form a direct summand. Finally, for any
A\, N e€Py we have O4(<A)NO4(KN) Hom(UA/(UA[P)\] + UA[P,\/]) A). Applying Propo-
sition 2.13 and (2.62) to the based module M := U/(U[Py] + U[Py]), we obtain that the
invariant elements (4 M*)V4" of O4(< A)NO4(<L XN) form a direct A-summand. Since the latter
is a based UfS-submodule of O4(< \) and O4(< '), this summand is also a direct A-summand

of OA(< A\)VA™ and O4(< N)V4", This shows the A-modules O4(< A)VA" for all A € P, match
to form the A-summand (O4)V4" of 04, and thus concludes the proof. [

Remark 2.16. Let (M, B), (M’, B") be based modules, with tensor product (M & M’, By),
and By[0] C By the subset in bijection with the canonical basis of the space of coinvari-
ants (M @ M’ )Uad (see Proposition 2.13). This subset is described in [83, Proposition 27.3.8] in
terms of B and B’. Since U /U[Py] is semisimple with known summands, and the construction
of the “{” product of canonical bases is associative, one can recursively compute the subset of
the canonical basis of @}, U/U[Py,] (endowed with the action dual to coad’,) which is in bijec-
tion with the canonical basis of the space of coinvariants. Therefore, a complete (though highly
nontrivial) characterization of the basis of (O®”)UA can be obtained. Examples can be found
in [83, Section 27.3.10]. In the case g = sly, the canonical basis of the dual space End(Vl®")
has been identified in [56] with the canonical basis of the Temperley-Lieb algebra T'L,(q).

Example 2.17. The simplest case is already instructive. Namely, consider V; and V3, the
simple U24(slz)-modules of type 1 and dimension two and three.

On V1, we have the lower canonical basis vectors vy and v_, such that Kvy = quy, Fvy =0,
v— = Fvy. The canonical lower and upper bases of V; are both {vy,v_}. Using the rela-
tion (2.32), we see that the elements of Bo,1 and BLO are 11, F'1; and 1_7, F1_1, respectively;
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the dual linear forms generate O A(SLQ) they are the matrix coefficients a, ¢, d and b respectively.
By (2.37), we have B[1] = Bg; [[ B1.

Next consider V5. On Vi, we have the canonical highest weight vector vy of weight 2,
and lower canonical basis By = {vg,v1,v2}, where v;1 = Fvy and vy = F 2)yg. We have

= {wo,[2];'v1,v2} (see Appendix A). We can identify the ambient space of the right mod-

ule V" with that of Vb; its highest weight vector is then vg, and its canonical lower and upper
bases are By = {vg, v1,v2} and B5"P = {vo, 7 vl,vg}

Consider now the module “V; ® V;. We have

—1\"

A Z (q {n(f ' ) qn(n—l)/QEn ®Fn,

so the matrix of the involution ¥ = R~! o~ in the basis Vy @V, Uy @V_,V— @ V4, V— @ V—

1 0 0O

A1 0 1 00
(R )“Vth 0 010
¢gl'—q¢ 0 0 1

Therefore, the canonical basis B, ; is formed by the vectors vy Q vy = vy ®@vy + ¢ 'v_®v_ and

v Quo =01 QU v_ Qvy = v_Qui, v Qv = v_®u_. Consider the partition B, ; = B, ;[2]U
B, ,[0]. Wehave By ;[2] = {v- QO vy, v Qvyy, vy Qv_}, which is a basis of the three-dimensional
submodule W; of V1®@V1. Since B, ; is an A-basis of 4V1 @ 4 4 V1, it follows that the epimorphism
11 40(1) @4 AC(1) = 4C(2) splits (see Proposition 2.12). The vector v_ ¢ v_ is cyclic, so
B, ,[0] = {v_-Qwv_}. By the definitions, we have vy Qvy = (100 1)1,1, v+ Qv = (100 F)1,1,
v_Quvy = (FOol)11, v—Qv_ = (F Qo F)1,1, so the corresponding elements of ].31’1 C B are
respectively 1o, 1_oF, 1oF, and FloF = E1_oF.

The invariant submodule Wy of “V; @V is generated by v’ = v_®v_ —q¢ v, ®v,. The U™
modules 4V1 @ 4 4V1 and Wy @ Wy are not equal, though they are by extending scalars to C(q).
Indeed, we have

vy @ vy =2l (quy Qvy — ') & Wa @ W,

The module of coinvariants is (“V; ® Vl)Uad = C(q ){7r(v ® v_)}, where as usual 7: “V; @ V) —
“VI ® ‘/]_)Ugd is the quotient map. The transpose map 7' : ((“V; ® ‘/]_)Ugd)* — (“Vi ® V1)* sends
(v— O v_)* to the unique U2d-invariant linear map

evi: “VieW — (C(q)

such that ev;(v- ®v_) = 1.

Note that, since elements of U A[A > 2] act trivially on modules with all isotypical components
of highest weight <2, 4V @ 4 aVi is an indecomposable module over Ua / Ua [A > 2] (that is,
U, /U4[P,] in the notations of Theorem 2.15).

A
2.2.3 Some consequences on LZO n and Mg,

Recall from Section 2.2.1 the definition of the integral forms ﬁOAm and MOAm

Pr0p031t10n 2.18. Eon and ./\/lon are free A-modules, and Mon is a direct summand of the
A-module E O0.n- Moreover, EOn s a finitely generated ring.
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Proof. Since Lén = OF" as U-modules, by (2.60) it has the basis U; MeP? BJ[[\]]*. Therefore,
ﬁon is a free A-module. Slnce A is a principal ideal domain, it follows ‘that MOn is a free
A-submodule [77, Appendix 2.2]. By Theorem 2.15, there is a direct sum decomposition as
A-module

and the proof identifies a basis of ./\/lén as a subset of e Py B[[\]]*.

Next, consider the question of finite generation. By the formula (2.17), it is enough to
verify this for £0 1, but 5641 = (04 as an A-module, and O, is finitely generated by the matrix
coefficients of the fundamental U}*-modules AV, , k € {1,...,m} (see (2.56) and (2.57)). Any
monomials in these generators can be written as a A-linear combination of monomials in the
same generators but with the product of Cél, instead of the product x. This follows from the
integrality properties of the R-matrix, and the formula inverse to (2.9) (see in [18, Section 3.3
and the formulas (4.6)—(4.8)]). [

Remark 2.19.

(a) Asnoted in (2.62), the A-module 4N in the decomposition (2.63) is in general not a U{*-
module. Therefore, the A-linear projection map R 4: Eén — Mén such that Ker(R4) =
AN is not a Reynolds operator, for it does not satisfy the identity R 4(af) = aR 4(B) for
all o € M¢,, B € Lg,

(b) Recall (2.24). In coherence with (a) above, there is no normalized Haar measure on O4
taking values in A. Indeed, by extending scalars over C(q) it should otherwise coincide
with the Haar measure h: O, — C(gq), but in the notations of Example 2.17 (see also the
comments after (2.44)), since h(vj ® vo) = 0 we have h(bc) = —1/(q + ¢~ '), whence h
cannot be defined on Oy4.

(¢) The Haar measure yields a well-defined Ap-linear map h: £(O,;) — Ao (and analo-
gously Ap-linear and Ax-linear maps h: Lo(05") — Ag and h: Lo(OF") — As for
any n > 1, where (Lo (O$"), B[[A]]*) is the crystal basis at ¢ = 0 underlying the based
U;d-module (2.59)). Indeed, by (2.41) the lattice L3 & 4, L)" is generated by the matrix
coefficients in the canonical bases of V" and V). Since the normalisation by powers of g is
vacuous on the trivial module Vi* ® Vj, and h vanishes on V' @ V) for A € P, \ {0}, the
claim follows.

2.3 Perfect pairings

We will need to restrict the morphisms &+, @~ in (2.5) on the integral forms O4(B;.), Oa(B_).
We collect their properties in Theorem 2.20 and the discussion thereafter. In order to state it,
we recall first a few facts about R-matrices and related pairings.

Recall that C4 is the category of U’f*-modules of type 1. In [82, 83], Lusztig proved that
Ca@® 4 Clq*"/P] is braided and ribbon, Wlth braiding given by the collection of endomorphisms

R = (Rv,w)v,weob(Cs)-

Actually, Ry is represented by a matrix with coefficients in ¢4/'PC [qil] on the tensor product
of the lower canonical bases of V and W (see [83, Corollary 24.1.5]).

This can be rephrased as follows in Hopf algebra terms. Denote by Ur the categorical com-
pletion of I, i.e., the Hopf algebra of natural transformations F¢, — F¢,, where F¢,: C4 — A-
Mody is the forgetful functor towards the category A-Mod; of finite rank A-modules. Then
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Ur ® 4 Cl¢*'/P] is quasi-triangular and ribbon with R-matrix

R e U Q) Cl¢P].
A

As in (2.3), we can write

+ + +
R* =% Rj © R,
(R)
There are pairings of Hopf algebras naturally related to the R-matrix R, considered as an

element of U?Q. What follows is standard (see, e.g., [69, 70, 81]), for details we refer to [104,
Proposition 3.73, Lemma 3.75, Theorem 3.92, Propositions 3.106 and 3.107]:

e There is a unique pairing of Hopf algebras p: Uy(b_ )P ® U,(by) — (C(ql/D) such that,
for every a, A € P and [,k € Uy(bh),

p(Ky, Ko) = ¢, p(Fy, Ej) = 6 (qi — qi_l)_l’
p(l, E;) = p(F;, k) = 0. (2.64)

e The Drinfeld pairing 7: Uy(by )P ®@ Uy(b-) — (C(ql/D) is the bilinear map defined by
T(X,Y) = p(S(Y), X); it satisfies

T Ka) = ¢ M, (B F) = —6(a—q7 ),
T(l, F;) = 7(Ej, k) = 0. (2.65)

e p and 7 are perfect pairings; this means that they yield isomorphisms of Hopf algebras
iv: Uy(bs) — Og(Bx)op (With coefficients a priori extended to C(g'/P), but see below)
defined by, for every X € U,(by), Y € Uy(b-),

(i+(X),Y) =7(5(X),Y),  (i-(Y),X)=7(X,Y).
Since Oy(Bx)op is equipped with the inverse of the antipode of O4(B+), which is induced
by the antipode Sp, of Oy, it follows that iy oS = S(;; 014,

e Denote by pi: Of(G) — Oy(B+) the canonical projection map, i.e., the Hopf algebra
homomorphism dual to the inclusion map U,(b+) < U,(g). For every «, 8 € O4(G), we
have

(a®B,R) = 7(ii (p-(8)),i=" (p+(a))). (2.66)

Note that it is the use of weights o, A € P that forces the pairings p, 7 to be defined over (C(ql/D),
instead of C(g). Then, let us consider the restrictions 7'(',(;; of p, and 7, of 7 defined by the
formulas (2.64) and (2.65), where now o € @ and k € U2“(h). They take values in C(g), and
define pairings

T Uyb )P @ Usl(by) + Cla),  mp ¢ Uylby )™ @ U24(b-) - C(g).

By the same arguments as for p and 7 (e.g., in [104, Proposition 3.92]), it follows that 7['3: are
perfect pairings. Note also that 7, = r o 7r;r o (k ® k), where k: U; — Uy is the C-linear
automorphism extending ~: U;d — U;d in Section 2.2.2, so defined by

K(E;) = Fi k(Fi) = E; KK =K_x,  rlg)=q " (2.67)
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In [41], De Concini-Lyubashenko described integral forms of ﬂflt as follows. Denote by m*: 04 —
O4(B3) ® O4(B-) the map dual to the multiplication map I'(by) @ T'(b_) — T, so m* =
(p+ @ p—) o Ap,. Let Us(G*) be the smallest A-subalgebra of Ua(b_)*P ® Ua(by )P which
contains the elements

l@ K 'E;, FKel, LTeLf, i=1,...,m,

and is stable under the diagonal action of B(g). The reason for the notation Ux(G*) will be
explained at the beginning of Section 2.5. Note that U4 (G™) is free over A, a Hopf subalgebra,
and that a basis is given by the elements

Fgll ’ F Kn151+ ny By EX ® K—)\K—plﬂl—"'—pNBNEpl ) ‘ng’ (2.68)

where A € P and ny,...,nn,p1,...,pN8 € N.

Now, let v be a lowest weight vector of the lowest weight I-module oV_), A € Py. As after
Theorem 2.1, denote by v* € 4V*, the dual vector, and by )_) € O4 the matrix coefficient
defined by (¢_»,x) = v*(wv) for every z € I'. Consider the maps jF: Oy(Bx) — Ug(bs)™P
defined by

(g, X) = W;(j;(a-i-)’X)? (a_,Y) = W;(j;(a_),Y),

where ax € Og(Bs), X € U2(b), and Y € U34(b_).

The following theorem summarizes results proved in [41, Sections 3 and 4]. Denote by OA[w:;}
the localization of O 4 by the element 1)_,; this localization is well defined, for the set {y" p}neN
is a left and right multiplicative Ore subset of O4 (see Corollary 2.23 below for an analogous
statement for £é1). For the sake of clarity, let us spell out the correspondence of notations
between statements: w1, m ", Uy (b5 )P, Us(b5)P, Oa(Bx), Ua(G*) and ® are denoted in [41]
respectively by 7, @, Uy(bx)op, Ry[B+]", Rg[B+], A” and p (the definition of j7 is implicit
in [41, Section 4.2]).

Theorem 2.20.

(1) 71';'E restricts to a perfect Hopf pairing between the unrestricted and restricted integral forms,
wj- Ua(bs)P @ [(bs) — A.

(2) j yields an isomorphism of Hopf algebras jA Oa(B+) = Ua(b)°P, satisfying (a4, x+) =
™ (]A(Oéi) ZL‘i) for every ar € Oa(By), x4+ € T'(by).

(3) The map ® := (j{ ®j ) om*: Oa = Ua(G*) C Ua(b-)P @ UA(b+)°°p is an embedding
of Hopf algebras, and it extends to an isomorphism ®: O 4 [w ] — Ua(GY).

For our purposes, it is necessary to reformulate this result. Consider the morphisms of Hopf
algebras ®*: O4(Bx) — Ua(b2)P, a — (a ® id)(R¥).

Lemma 2.21. We have ®* = ji.

Proof. By definitions, for every X € U,(b; )P, Y € Uad(b_), we have (iy(S71(X)),Y
7, (X,Y), and similarly for every X € Uad(b+) Y eU, (b )P, we have (i_(S~1(Y)),X) =

W;(Y,X) By keeping these notations for X and Y, we deduce j, (i+(S7'(X))) = X and
Ja(i-(S7H(Y))) =Y, Le. jq Soig —!. Because SO oty =iyt 09, it follows that

ji o So, =S "ot (2.69)
Also, for every a_ € Oq(B_), we have

(a_, ®T(i_(V))) =(i—(Y)®a_,R) = T(i]_l(a,),Y)

=7y (Jq (So,(a-)),Y) = (o, S(Y)),
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where the first equality is by definition of ®* (see (2.5)), the second is (2.66), the third follows
from (2.69), and the last from the definition of j, . Similarly, for every ay € Oy4(By), we have

(o, @7 (i4(X))) = (i+(X) @ ay, R7) = (at © S 01 (X), R) = (a4 @ i1(S(X)), R)
=7(S(X),iZ (ay)) = 7} (S(iZ'(ay)), S(X))
=7y (Jq (), S(X)) = (a4, S(X)).

These computations imply ®+ = § oz;l = jqi, and the result follows by taking integral forms. B

2.4 Integral form and specialization of ®,,

Recall the isomorphism of Ujz-module algebras ®1: Lo — Uéf, and that U = U4 N Uéf. We
have:

Corollary 2.22. The map ®1 affords an embedding of U *-module algebras ®1: 564,1 — Ug.

Proof. The only thing to be proved is that ®;(04) C UY, since EOAJ = 04 as A-module. But
Lemma 2.21 and (2.12) imply ®1 = mo (id®S~!)o®, and ® maps O 4 into Ua(b_)PRU 4 (b )P
by Theorem 2.20. The conclusion follows. |

Let us denote
d=1_, € L.

(The linear forms v _) have been introduced before Theorem 2.20.) When g = sly the el-
ement d is one of the “standard” generators of Lo 1(sly) (see (4.5) below). In this case we
have shown in [18, Lemma 5.7] that Eél has a well-defined localization L’él [d~!], and that
by EOAJ [d_l} - U jd =T 2__1Ug is an isomorphism of algebras. A generalization of these facts
to any g is provided by the following statement. As usual ¢ = Ky, the pivotal element.

Corollary 2.23.

(1) The set {d"}nen is a left and right multiplicative Ore set in .Cél. We can therefore define
the localization L'él [dil] .

(2) @1 extends to an embedding of U'*-module algebras @1 : £é1 [d='] — UY[e], and UK[(] =
T, Ul

Proof. (1) Because £64,1 has no nontrivial zero divisors, d is a regular element. We have to show
that for all z € EoA’l there exists elements v, /' Eﬁél and d',d" € {d"},en such that zd' =dy
and d"r = y'd. In fact, d = d’ = d in the present situation. Indeed by (2.13), we have
®1(2)01(d) = D1(2)K 3y = K0 (Kz) (@1 (x)), and ad” (K,)(®1(2)) = 1 (coad” (Ka,)(x)).
Therefore, the left Ore condition is satisfied with y = coad” (K2,)(x). Similarly, one finds y'.
(2) The first claim follows immediately from Corollary 2.22 and ®;(d) = ¢~!, which is a reg-
ular element of Uy. For the second claim, since Ko, =[], Lj_2, localizing in d we obtain

2= [T o) = o ([T vomd ) € mulel i)
k#j k#j
Therefore, Tz__1 C & (/Jél [d_l]), which implies the assertion (2). |

We expect that the inclusion ®1(04) C U}{f is an equality, but have no proof yet. However,
recall Joseph-Letzter’s Theorem 2.1 (1) and (2).
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Proposition 2.24. We have
Ua =T, UST/T] = @1 (L4 [d7)) [T/ 2],
and therefore ®;: L’él [d ] — 15 1UA s an isomorphism. Moreover,

01(04) = P ad" (U™ (K_)).

Proof. The inclusions T' C Uy, Ug C Uy and <I>1(Eél [dil]) C TQ__IUEc imply
Oy (L3 [d7H]) [T/ 1) € T 'UK[T/To) C Ua.

For the inverse inclusion, it is enough to show that any PBW basis vector of Ug lies in
<I>1(£é1 [d='])[T/T3). This will follow at once if this is true of all root vectors Eg,, Fa,. Let
us show this explicitly for the simple root vectors F; and F;. For every positive root «, define
elements <, "} € O4 by the formulas

(2, ) =v"(xEav), (Y5, x) = v*(Faav),
where x € T". It is shown in [41, Lemma 4.5] that

Q(p_y) = K\ ® K, D(yli) = —6;j;iL; ' ® LiK; ' E;,
(Y2 ) = bijq; ' FEGLT @ L.

(Note that the generators denoted by E; and F; in [41] are respectively K 'E; and F;K; in our
notations, which explains the factors ¢;, ql in the formulas below; also x in (2.67) maps E;, F;
to —F;, —F;, whence the sign for the expression of @(w w]).) Since ®1 = mo (id ® Sfl) o®,
we have

B1(2) = Koaon,  D1(¥05) = 6iyL; PEsy @1(0I) = diye 'R (2.70)
Therefore,
E;, Fy, L' € Ty 01 (L3 [T/ To] = @1 (L8 [d71]) [T/ Ta).

These elements do not generate Uy,; it is necessary to consider general root vectors. By the stabil-
ity of U4 (G*) under B(g) and the 1somorphlsm Oa [1/1_;] — Ua(G*) of Theorem 2.20 (3), for ev-
ery positive root 5k, we have 1 ® KB Eg, , F5,Kp, @1€ <I>((9A [vZ p]) @(Lél [d~']). There-
fore, ngKBk,S (Egk)ng S (I’l(ﬁ()l[d 1]), and ng,s (Eg ) S (I)l(ﬁ[)l[ 71])[T/T2}. The
sets S~ (Egk)UA(h) generate the subalgebra U4 (b4) of Uy (in fact, let us quote that a formula
of S71(Ejs,) is given in [107]). From the triangular decomposition Us = Ua(n_)U4(h)Ua(ny),
the inclusion U4 C @4 (E %) [d_l])[T /T3] follows, whence the equality too. In particular, Uy is
a free ¢ (56471 [d~'])-module with a basis formed by representatives of the cosets in 7/T». By
the uniqueness of this free decomposition, we find ®; (£64,1 [d_l]) =T 2__1U114f. Therefore, ®; in
Corollary 2.23 (2) is surjective.

For the third claim, recall the isomorphism ®;: C(—wo(p)) — ad"(Uy)(K_2,) (see (2.14)),
and that ¢, is the matrix coefficient dual to the vector “v_,®@v_, € End(V_(,)). This vector
is cyclic by (2.32), so by equivariance ®1: 4C(—wo(p)) — ad"(U}®)(K_g,) is an isomorphism
of Uf*-modules. The second claim follows from this and (2.60) for n = 1. [

Recall from (2.20) the isomorphisms of Uj,-module algebras ®,,: Lo, — (ng’”)lf and of al-
gebras ®,: Mg, — (U?")UQ, and from (2.27) the notations for specializations. Corollary 2.22
can be extended to ®,, as follows:
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Corollary 2.25. The map P, affords embeddings of module algebras ®, ,COn (Ufm)lf and
<I>n.[,7 (U®”),,q-e e C*.

Proof. For the first claim, the only thing to prove is the inclusion ®,, (E(in) C Ul?". It follows
from Corollary 2.22 and the expression of ®,, in terms of ®; and R-matrices (in particular, the
fact that they preserve integrality, see [18, Lemma 6.10]). For the specialization at ¢ = ¢ € C*,
we have to justify that ®,, is injective. One uses the fact, to be developed in Theorem 2.29 below,
that ®: O, — U(G*) is an embedding. The algebra U.(G*) has the basis elements (2.68), and
the map m o (1d ® S~ 1) sends this basis to a free family of Ue. Therefore, ®1: L5, — Uk
is injective. Since ®,, differs from <I>®” by a linear isomorphism (induced by the conjugation
action of R-matrices on the components AC’([)\]) of [’On n (2.60), see [18, equation (6.10)]),
®,,: LG, — UZ™ is an embedding as well. |

Remark 2.26.

(1) It is a natural problem to determine the image of ®,. One may expect that it would

be ( 71U1f)®n because this is true for n = 1, as well as for any n in the sly case, as shown

n [18]. Unfortunately, this is not so. This comes from the fact , €8 for n = 2, that the

matrix elements of R02R01R01R02 do not belong to ( 1yt ) as can be shown by an
explicit computation in the s[(3) case.

(2) In the case of g = sly, we defined in [18] an algebra 10C.C0n generahzlng L4 [d~1] above,
containing £0n as a subalgebra, and such that &, extends to 1OC£0 " and ylelds an iso-
morphism @, : 1oc£0 U ad(5[2)®” The definition of |, /JO ', involves elements & (@) ¢ EA
(i =1,...,n) such that D, (f(l ) = (K‘l)(z) e (K‘ )( Tt may be of interest to study
a similar extension of ®,, for general g.

2.5 Structure theorems for U, and O,

As usual, we denote by € a primitive [-th root of unity, where [ is odd, and coprime to 3 if g has
(Go-components.

Recall the subgroups Tg, Ux and By of G. Let G° = B, B_ (the big cell of G), and define
the subgroup

G* = {(ust,u_t™"), t € T, ux € Ux} C BY x BY,

where B is the group By with opposite multiplication. The group G* can be naturally iden-
tified with the Poisson-Lie dual of G with its standard structure.

Recall also that there is an injective homomorphism ~;* o hy: Z(U;) — Uy(h), defined by
means of the quantum Harish-Chandra homomorphism (See e.g., [35, Section 9.1.C], or [104,
Section 3.13]). The image of v, ! o hq is the set Uy(h)" of invariant elements under W, the
subgroup of W x P5 generated by the conjugates cWo of W by elements o € P5. Here, Py is
the group of homomorphisms P — Z/2Z, and the semidirect product W x P5 acts on Uy(h) by
the standard action of the Weyl group W, and by the action of Pj given by o - K := o(\) K.

Consider the inverse map h;l 04: Uy(h)V — Z(U,). The elements of the domain and target,
when expanded in the PBW basis, have coefficients in C(g). It was shown in [42, Section 21.1]
that if an element of Uq(h)W has no coefficient with a pole at ¢ = ¢, then its image by h;l ° Yq
has no coefficient with a pole at ¢ = e. We therefore have a well-defined injection

U(0)"V — Z(Ue).

We denote its image by Z;(U.). For instance, when U, = Uc(sl2), Z1(U,) is the polynomial
algebra generated by the Casimir element 2 = (e — 6_1)2FE +eK +e KL
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Denote by Zo(U.) C U, the smallest subalgebra containing the elements E!, F!, K!, for i €
{1,...,m}, a € P, and stable under B(g); it is also the subalgebra generated by Eék, Fék, LZ:-H,
forke {l,...,N}andi€ {1,...,m} [42, Section 18]. We will denote by Zy(U(n-)), Zo(Uc(h))
and Zy(Uc(ny)) the subalgebras of Z,(U,) generated by the elements Fék, KL (A€ P), and Eék,
respectively. In [39, Sections 1.8, 3.3 and 3.8] and [42, Theorem 14.1 and Sections 20-21], the
following results are proved:

Theorem 2.27.

(1) Ue has no nontrivial zero divisors, Zy(Ue) is a central Hopf subalgebra of Ue, and U,
is a free Zo(U.)-module of rank 18, Moreover, the classical fraction algebra Q(U,) =
Q(Z(U,)) ®Z(U€) U, is a central simple algebra of PI degree IV, and U, is a mazximal order

of Q(Ue).
(2) Maxspec(Zo(U)) is a group isomorphic to G* above, and the multiplication map yields an
isomorphism Zy(U) ®ZO(UE)021(U€) Z1(U.) — Z(U,).

By this theorem, the dimension of Q(U.) over its center Q(Z(U,)) is [?V, and its dimension
over Q(Z(U,)) is [1M8 = [m+2N Therefore, the field Q(Z(U,)) is an extension of Q(Zy(U,)) of
degree ™.

Note that, because Zy(U,) is an affine and commutative algebra, the maximal spectrum
Maxspec(Zy(U,)), viewed as the set of characters of Zy(U,), acquires by duality a structure of
affine algebraic group. Thus, the first claim of (2) in the theorem means precisely that this
group can be identified with G*. See, for instance, [18, Section 7.2.1] for an explicit description
in the sly case.

In addition, Maxspec(Zy(Uc)) and G* have natural Poisson structures which correspond one
to the other under the isomorphism of (2), and we have the following identifications (see [42, Sec-
tion 21.2]). The dual isomorphism O(G*) — Z(U,) identifies O(T) with Zy(Uc)NUc(h) =ClIP],
where as usual Uc(h) = Ua(h) @ 4 Cc. Therefore, we can identify C[P] with (’)(Tg), the coordi-
nate ring of the {"-fold covering space T — Tz. The quantum Harish-Chandra isomorphism
identifies 2 (U) with C[2P)WV ~ O(Tg/@))w, where we denote by (2) the subgroup of 2-torsion
elements in Ty, Consider the map

0: By x B_ — G°, (by,b) — bybt.

The restriction of o to G* is an unramified covering map of degree 2™. Composing o: G* — G°
with the quotient map under conjugation, G° < G — G//G, we get dually an embedding
of O(G//G) = O(G)Y in O(G*). Collecting these observations, we see that the isomorphism of
Theorem 2.27 (2) affords identifications

Zo(U) N 21(U.) = O(()¢
as a subalgebra of Zy(U.) = O(G*), and
20(Uo) N Z1(Ue) = Cl2UPY = O(T/(20)" = O(Ta/2)"

as a subalgebra of Z(U,) = (’)(Tg/(Q))W.

We will use the following obvious though crucial fact. Note that U j‘ld is naturally a subalgebra
of UY®, and therefore acts on U **-modules. Denote by 2 (Ujd) C Ujd the subalgebra generated
by the elements E};k, Fék, Kiﬂ, forke{l,...,N}and i€ {1,...,m}.

Lemma 2.28. For every U*-module V' of type 1, the action of Zy (Ujd) on the specialization
Ve :=V Q4 Ce is trivial.
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Proof. This comes from E! = [l]qi!EZ-(l), Fl = [l]qi!F}(l) and the fact that K; acts on V' by powers

1

of g;. Specializing to ¢ = € ends the proof. |

A result similar to Theorem 2.27 holds true for O.. Namely, take the specializations at ¢ = ¢
in Theorem 2.20. Denote by Z(U.(G*)) the subalgebra of U.(G*) generated by the elements
(ke{l,...,N},ie{l,...,m})

1® K_3,By,  FhKg ®1,  L¥®LF.

It is a central Hopf subalgebra. Recall that the coordinate ring O(G) can be identified as
a Hopf algebra with U(g)°, where as usual U(g)° denotes the restricted dual of the enveloping
algebra U(g) over C. In [41, Section 6], De Concini-Lyubashenko introduced an epimorphism of
Hopf algebras n: I'c — U(g) (essentially a version of Lusztig’s “Frobenius” epimorphism in [82]),
defined by

P! p/l
—t— if [ divides p, L if [ divides p,
n(E") = < (/D) n(F) =1 /o)
0 otherwise, 0 otherwise,
hi(hi —1)---(h; — (p/1) +1) ... .. .
( ). ' (/) +1) if { divides p,
n(Kl) =1, U((Ki;p)qi) = (p/l) (2'71)
0 otherwise,

where p € N, and ¢;, f; and h;, ¢ € {1,...,m}, denote the standard generators of U(g). The
kernel of 7 is generated by the elements E;, F;, K; — 1, and (K;;p), where [ does not divide p.
Put

Z0(O0c) :=1"(0(G)), (2.72)

where n*: U(g)° — I'? is the monomorphism dual to 7. Let us define special matrix coefficients,
analogous to those introduced in Theorem 2.20. Denote by v, and vy (w,) @ highest weight
vector and a lowest weight vector of the I'-module 4Vg,. Denote also by U;O(wi) and vy, a highest
and lowest weight vector of the dual module I-module AV, = AV_,(z,). Define the matrix
coefficients by, c; € O by

bwi (33‘) = U;i ('rvwo(zm))a Cow; (.7}) = U:uo(wi) ($Uwi)

for all z € I'. We consider them as elements of O.. Denote by Z1(O,) the subalgebra of O,
generated by the elements bgicﬁ;ik forl1<i<mand 0<Ek <.

Theorem 2.29.
(1) Z0(O¢) is a central Hopf subalgebra of O. CTI'2, and Q(Z(O)) is an extension of Q(Z(O))
of degree 1.

(2) Y1y € Z20(Oc), and Z5(Oc) is generated by matriz coefficients of irreducible I'-modules of
highest weight I\, A € P1. Moreover, the multiplication map yields an isomorphism

ZU(O€> ® Zl(oe) — Z(Oe)7
Z0(0)NZ1(0O)

and the map ® in Theorem 2.20 affords an algebra embedding Zo(O.) — Zo(U(G*)) and

algebra isomorphisms Zy(O,) [w:llp] — Zo(Uc(G*)) and O [w:llp] — U (GY).
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(3) O has no nontrivial zero divisors, and it is a free Zo(O,)-module of rank 19, Moreover,
the classical fraction algebra Q(O.) = Q(Z(O.)) ®Z(Oe) O, is a central simple algebra of PI
degree IV, and O, is a mazimal order of Q(O.).

For the proof, see [41]: Proposition 6.4 for the first claim of (1) (where Z¢(O,) and Zy(U(G*))
are denoted Fy and A respectively), the appendix of Enriquez and [50] for the second claim of (1)
and (2), Propositions 6.4 and 6.5 for the other claims of (2), Theorem 7.2 (where O, is shown
to be projective over Zy(O,)) and [28] (which provides the additional K-theoretic arguments to
deduce that O is free), or [6, Remark 2.18 (b)], for the second claim of (3), and Corollary 7.3
and Theorem 7.4 for the third claim. The fact that O, has no nontrivial zero divisors follows
from the embedding O, — U (G*) via ®.

As above for U, it follows directly from (3) that Q(Z(O,)) has degree I over Q(Zy(O,)).
For a more complete description of Z(O,) we refer to [50] and Enriquez’ appendix in [41], as
well as [27].

We do not know a basis of O, over Zy(O,) for general G, but see [38] for the case of SLy. We
will recall the known results in this case of SLy before Lemma 4.5.

Finally, there is a natural action of the braid group B(g) on O, that we will use. Namely,
let n; € N(T¢g) be a representative of the reflection s; € W = N(T¢)/Tq associated to the
simple root ;. In [98, 102], Soibelman—Vaksman introduced functionals ¢;: O, — C(g) which
quantize the elements n;. They correspond dually to generators of the quantum Weyl group of g;
in the appendix, we recall their main properties, in particular, they map O4 to A (see also [35,
Section 8.2], and [41, 69, 70, 81, 102]). Denote by < the natural right action of functionals
on Oy4, namely (using Sweedler’s notation)

a<dh= Z h(a(l))a@)
(@)

for every o € O4 and h € Oy — A. Let us identify Z¢(O,) with O(G) by means of (2.72). We
have [41, Proposition 7.1]:

Proposition 2.30. The maps <it; on O, preserve Zy(O.), and satisfy (f <t;)(a) = f(n;a) and
(fra)<ty=(f <t;)(a<ty) for every f € Zp(O¢), a € G, a € O.

We provide an alternative, non computational, proof of this result in Appendix C.

3 Noetherianity and finiteness

In this section, we prove Theorem 1.1. Recall that by Noetherian we mean right and left
Noetherian. We begin with

Theorem 3.1. The algebras Loy, ['()A,n and £8:n, ¢ € C*, are Noetherian.

By Proposition 2.18, each of the algebras in this theorem is finitely generated.

Theorem 3.1 for L£p; and any g follows immediately from Joseph-Letzter’s Theorem 2.1,
claim (3), by identifying £y with Uéf via ®;. The method of proof uses filtration arguments.
An alternative proof in the case of sl(n), which works also for 564’1, was obtained by Domokos—
Lenagan in [47], by exhibiting special sequences of generators of Eél satisfying polynormal
relations, as we define now.
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Definition 3.2 (see [104, Proposition 3.133]). Let R be a Noetherian Abelian ring, and B
a finitely generated R-algebra with product o. We call polynormal a set of relations between
generators uq, ..., uy of B, of the form

j—1 M
Ui © Uj — QijUj © U = Z Z(af;us ou + ijtut o us) (3.1)
s=1t=1
forall 1 <j <i< M, where af;, f} € R, and the elements ¢;; € R are invertible.

Note that this definition is more restrictive than the more standard one, e.g., in [26, Def-
inition I1.4.1]. If such a set of relations exists in B, then B can be endowed with an algebra
filtration such that the associated graded algebra is a quotient of a skew-polynomial algebra [26,
Proposition 1.8.17]. By classical results, we have (see, e.g., [88, Theorems 1.2.9, 1.6.9 and Ex-
amples 1.6.11], or [104, Lemmas 3.130-3.131)):

Theorem 3.3. If the algebra filtration is well founded, then B is a Noetherian ring.

In [47], Theorem 3.1 is also proved for any n > 1 in the case of g = sly by considering Eén (sla)
as an iterated overring of Lo 1(sla).

The proof of Theorem 3.1 that we develop for any g and n > 1 is also based on polynormal
relations. In our proof, the generating set of Ly, that we will consider is evident, as they are
matrix coefficients in the modules Vg, , k € {1,...,m}; the task is then to exhibit a set of
polynormal relations between them, that hold in a certain graded algebra associated to Lo,.
Indeed, as explained above this will imply that the graded algebra is Noetherian, and that Lo,
is Noetherian as well. In the case of Eén, the proof is formally similar, but it needs the use of
canonical bases discussed in Section 2.2.2.

én; the result for

Proof of Theorem 3.1. First, we develop the proof for Ly ,, and then for £
Eg’,n = ﬁén/(q - el)ﬁén

follows immediately by lifting ideals by the quotient map Eén — £6/7n.

We adapt the proof of Theorem 2.1 (3) given in [104, Theorem 3.137]. Let us begin by recalling
these arguments. In doing this, let us stress that [104] takes on O, and Lo ; the product opposite
to ours, and below in (3.7) and (3.8) we respect their convention.

As usual, let C(p) be the vector space generated by the matrix coefficients of V,,, the sim-
ple U;d—module of highest weight © € P;. Denote by C'(u)x C C(u) the subspace of weight A
for the left coregular action of U,(h); so a € C(u)y if K, > a = ¢"NMa, v € P. Consider the
semigroup

A ={(u,\) € Py x P, \is a weight of V,}.

Recall that the partial order < on P is defined by 1 <y’ if and only if i/ —pp € D~1Q... Define <
on A by: (i, \) < (, N) if and only if ¢/ —p € D7'Q4 and N — X € D71Q4. If (u, A) < (¢/, \)
and (p, A) # (@', X)), we write (p, A) < (¢, X'). Since Ly 1 and O, are isomorphic vector spaces,
we have Lo1 = ,cp, C(1r) = D, 2)en C(1)r. Consider the family of subspaces

FBr= P W, F"= P CW)n, (N eA
(1 M) () (1 A= (1)
We have
ﬁ(],l: U ]:5’)\. (3.2)

() EA
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Indeed, clearly

£O,1 = Z félq)\?
() EA

so (3.2) follows from the following fact: for every (u,\), (1, \) € A, the element (u”,\") :=
(u+ ', A+ X) is such that

!/ ! 12 "
Fer 4 FN c BN

Note that in general, since Q4+ ¢ Py (but P C D7'Q.), it is not true that there exists an
element (p”, \") satisfying such an inclusion if one replaces < with the standard “product”
partial order < on A, defined by (u,\) < (¢/,\) if and only if ¢/ — p € Q4 and N — X € Q4.
Note also that < is finer than <, in the sense that if u <y, then p < 1/. Again, this would not
be true if we had replaced D~'Q, by P, in the definition of <.

The family F> := {]—"é‘ ’)‘}(# Aea s a filtration of the vector space Lo 1, which is clearly well
founded (i.e., every subset of A contains a minimal element, or equivalently any decreasing
infinite sequence of elements in A is eventually constant).

Consider the associated graded vector space Grz, (Lo,1) :== @, ) Fir ) F . By identify-
ing an element x € C(u)) with its coset z € F§ A /,7-"2'< #2 we get an equality of vector spaces
Grz,(Lo1) = @ ren C(1)r. Now, one has the following facts:

(i) Taking the product in Lo 1, we have

aB € FENTe for a e O(ur)y,, B € Clua)y, (3.3)

This follows from (2.7) and the fact that, for every v € P, and every summand of the for-
mula (2.9), denoting by —r € —Q4 the weight of the R-matrix component R,y we have

K, > ((R@)S(R)) > a) x (Ray > B < Ryy)))

(Details of a similar computation are given below (3.12).) It follows from (3.3) that F3 is an
algebra filtration of Lo 1, and then Grz,(Lo,1) is a graded algebra.

(ii) Denote by a o 8 the product in Grg,(Lo1) of a, 5 € Lo1. The space C(p1 + p2) has
multiplicity one in C(p1) ® C(p2) (again by (2.7)), therefore if & € C(p1)a, and 8 € C(u2)x,,
then « o § is the projection of af onto C(p1 + p2)x,+x,- Denote by % the product x of O,
followed by the projection onto the component C(u + v). Then, we have

Cu) o Cv) = Cp) x C(v) = C(u+v). (3-4)

This follows from the formula (2.9), and the fact that it is given by an invertible twist of the
product *.

(iii) For every u € P4, fix a basis of weight vectors ef, .. . eg(u of V},. Denote by 611“ ce ez(“) €
V¥ the dual basis, and by w(e!') the weight of e!'. Consider the matrix coefficients p@i(z) =

e, (TI'V (x) (e?)), x € Uy. By using the formula (2.9) and the explicit form of the R-matrix, one

can check that
. / k‘ l . _
w0 vl = D il uby % v0p
j/’ll
p vy (e P - I kgl ;
_ q(w(e] )sw(ey) w(ek))‘ugbé * ng)f + Z d;",jl’ Hgb;., I ngf,, (3.5)

j/ l/
AR UA
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where Z;, y is the sum over indices with weights satisfying

w(eé-‘) + w(e;’) = w(eéﬁ) +w(e§’/), w(e;‘,) < fw(e;”) and w(e}’,) > w(ei’),

and the coefficient c;»kljl, equal to q(w(eﬂ)’w(ef)ﬂ”(ez))7 is computed from the term © in the R-
matrix factorization (2.4). In general all the Coefﬁments c lfl, and d“fjlf belong to C(q) (see [18,
Proposition 4.1]); in particular q(w(e Jw(el)=w(e)) ¢ o2 since w(el) —w(ef) € Q. The second

equality follows by repeated use of the first and (3.4). Similarly, by using (2.10) one gets

i . I kild B
vl Ouﬁb;' = Z /ij/ ,u@bj u¢l

il k!
H VY _ap(e? P - I kily _
= q(w(ez )w(ep)—w(e ))H¢;’ % V¢é€ + Z ’ij’ M¢] V¢l
i K
i #i, k’;ék:
H« vy __ v s k.l -/ /
= q(w(ez )sw(ey)—w(e; ))M¢; * u¢é€ + Z f/lk]/ M¢;' o V(j)f, ,
Z li/ l/
i i, Ak
where ek,Zlkj,, fllelf, C(q), and Z;,,k, is the sum over indices with weights satisfying

w(el) +w(ey) = w(eh) +w(el), w(ely) < w(el),

w(ep) zwef), ey = gl —ulD),

The third equality comes from the second and (3.5); the sum is over indices with weights
satisfying

w(el') + w(eg) = w(el)) +w(er),
wlelh) <w(el),  wlef)>wlef),  wleh) <w(el),  wlef) > w(e).

By eliminating the leading term ud’;‘ * ,,gzbf, one deduces

k j j k kilj 4 K’ ! kil i k
v ®] qub;' — qijkl ,u¢; oyP; = Z f/lk]/ ,u¢3'/ o Loy — Z Qijk:ld;-/’]l/ ,u(ﬁ;‘/ o Py, (3-6>

k,/7]/ l/ / ll

il#i’klg‘ék J #J,l #l
where g;ji = q(w(e?)""w(ez“)ﬂU(CZ)_UJ(e;’))'
i) W ca always seorder the weight vectors ..., 50 that w(et) > w(ef) mplics

i < j; then (3.6) reads

dp) k 1-1 d(w)
k i i jkl
l/¢l © u¢3 - Qijkl ,u¢3 o V¢l - Z Z Z Z r]suv u¢r V¢Z
r=i s=1u=1v=j5+1
d(p) k—

- Z Z%]kzl’y”kl Hﬁb; © I/QSZS’ (37)

r=i+1 s=1

where v, 613k, € C(g) are such that 44" = 0 unless w(el) < w(el) and w(e?) > w(ey), and
SHUM = 0 unless w(e?) > w(ey), w(ey) < w(e?), w(er) < w(el) and w(ey) > w(ey). Now,
from (3.7) one can extract a defining set of polynormal relations for Grz,(Lo1), as in (3.1).
Indeed, like Ly the algebra Grz,(Lo,1) is generated by the matrix coefficients wkqﬁg of the
fundamental representations Vg, . One can list these matrix coefficients, say M in number, in
an ordered sequence w1, ...,ups such that the following condition holds: if w(e®) < w(e]"),
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or w(ey”) = w(e;”") and w(e;™) < w(e]™), then uq := wrd)é- and up := o, ¢f satisfy b < a. Then
denoting Hgb;-, l,d)f in (3.7) by uj, u;, respectively, and assuming u; < wu;, one finds that all
terms us := ¢y, ,¢; in the sums are < u;. Therefore, for all 1 < j < i < M it takes the form

-1 M
st
Ui O Uj — GijUj O U = E g Qjjus o uy (3.8)
s=1 t=1

for some ¢;; € ¢* and af]t- € C(q). As explained after (3.1), it follows that Grg,(Lo1) is

a Noetherian ring, and since the filtration /> is well founded, it implies that Lo ; is Noetherian
too.

We are going to extend all these facts to Lo, n > 1. First, we need to refine the filtration />
on Ly 1. Consider the action of Uy(h) on C(u)y given by

K,.a = coad(K, ) (), veP, aeC(u)x. (3.9)

Denote by C(u)x, C C()x the subspace of weight ~ for this action; so a € C(p)y 5 if Kp.ao =
¢“Ma. Consider the semigroup

Ap = {(,\,7) € Py x P%, \is a weight of V,, for >, 7 is a weight of V,, for .}
with the partial order (u, \,7) < (', N',~') if and only if ' — i, ' — X\, v —v € D71Q... Define

[Ap] = {([n], [\, ) € P x P" x P"
| (i Ai» 7)€ Ap, (1] = (pa)izy, [N = (No)iy, [Y] = ()iza }-

Let us put the following lexicographic order on [Ap], starting from the tail: ([¢/], [N],[Y]) =
([l [N, 1] 3 (s A 70) = (s A ) OF (s Ay ) = (t5 Ay ) and (g, N1, 7)<
(Bn—1sAM=1,Yn=1), -+ OF (fks Ay, V&) = (W) Afnyg) for all 1 < k < noand (pf, AN, 7)) =
(11, A1, 7). (As usual, we write (['], [N],[Y']) < ([u], [\, []) for ([w'], [N], [v]) = ([l (A, D)
and ([1/], [(N], [V]) # ([u], [A], [9])-)

Now recall that Ly, = E%Zj? = O™ as vector spaces. For every ([u], [A], [7]) € [Ap], consider
the subspace C([u])(x),}y] C Lo,n defined by

C(u) =Cp) @ @C(pn),  CUDpm = C)rm @ @ Cln)xy -

Then Lon = Bypjepr C1) and C((u]) = By ) Cul)py 1. For every ([u], [l [7]) € [Ap]
define

]_-?[)u],[A],h] _ EB CUE D s (3.10)
([ IVEHD 2l ML D)

]—“;[“]’[A]’M _ C([Nl])[x’},['y/]-
(W LINLED= (kLML)

Clearly, Lo, is the union of the subspaces ]:?[,“ FRLOT ver all ([¢e], [Al, [7]) € [Ap], so these form
a vector space filtration of Lo ,,. Let us denote it F3, and define

AL AL
Gz, (Lo p ) = FYPDL/E000I0]

This space is canonically identified with C([u])[y)[4), S0 the graded vector space associated to F3 is

Grr, (Lopn) = 4 Grr, (Lon) ()N, = . C (1), m1- (3.11)
([uLIAL VD ElAP] ([e,IAL VD ElAR]
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We claim that F3 is an algebra filtration with respect to the product of Ly ,, and there-
fore Grz, (Lo,n) is a graded algebra.

For notational simplicity, let us prove it for n = 2, the general case being strictly similar.
Recall the R-matrix factorization (2.4). Take tuples ([u], [Al,[7]) = (g1, 12), (A1, A2), (71,72))
and ([M/]v[)‘/Lh/]) = ((:U’/lvM/Z)v()‘/17/\/2)’(717'75)) in [AP]7 and elements a ® § € C([M])[/\],[’y]
and o ®@ ' € C([t'])v,1y)- Recall from (2.17) that the product of Ly is given by the for-
mula

(@®p)(d' ® )
= > alS(RYRY)) >’ ARG RY) @ (S(Riy Rly) > B < Ry Riy)) B (3.12)
(R1)(RY)

For every v € P and any of the components R%Q), ey R?Q), denoting by —r; € —Q)+ the weight
of R{Q), we have

K, >(S(R(2)R3 ) > 8 < Riy Riy)
—Z,B Ry R () (KuS (R Riy) & Brz)

(WIHB 25 2) (S(Rig) Rly) Ku > B2))
= qrenrs 25(1) 2) (S(RiyRly) > Bez))

== q(y’)\2 "1-73) (S(R(Q)R(Q)) > ﬁ < R(2)R?2))

By similar computations for the action coad(K; '), and for all terms in the right-hand side of
(3.12), and using (3.3) componentwisely, we find that

a(S(RY)RY)) > of < RY) RE)) @ (S(Rby RY)) & B < Ry R\ 8 € FYIFHINLA,

where

N = (A + N 4+r3+r, A+ My — 1 —13),
YV'=Mm+N+ri+rotrs+ray2 -+, —r1—r2—13—T4).

Since 11 + 19 + 13 + 14 = 0 implies 1 = ro = r3 = r4 = 0, by the order we have put on [Ap], we
deduce

+l’>\+)\/’ +/
(0@ B) (o & &) € FPHIIHNLDIH]

Note that the filtration F3, taking the action (3.9) into account, is crucial for this argument to
work. Similar arguments work for any n > 2. This proves that Grz,(Lo,,) is a graded algebra.
We denote its product by o,.

Next, we show that (3.4) implies the analogous property for the product o,. For simplicity of
notations let us again assume that n = 2. Recall that the product o is defined on homogeneous
elements a @ 8 € Grz,(Lon) (), and o @ B € Grr,(Lon) e, bY

a@Bona ®F = (a®f)(a @ F)+ Fy I,
Clearly, (3.4) gives (C'(u1) o C(1))) ® (C(uz2) o C(ph)) = C([n + 1']), and (3.12) gives

C([u]) on C([']) € (C(p1) 0 C(p7)) ® (Cp2) o C(uz))-
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The converse inclusion holds true as well, as one can see by expressing, reciprocally, the (compo-
nentwise) product of E? 1 in terms of the product of Lo, via the formula (2.19). In conclusion,

C([u]) on C([p']) = C([p + ).

We are left to show that (3.7) generalizes to Lo,. First, note that for every 1 < a < n
the embedding i,: L9171 — Lo, in (2.16) is a morphism of the filtered algebras (Lo, F2) and
(Lon, F3), in the sense that

i (}—g,/\) c Z f;@““]’““]’”“],
YyEP

where by definition [u,] = (0,...,0,1,0,...,0) with x4 on the a-th entry, and similarly [A\,] =
(0,...,0,X,0,...,0) and [v,] = (0,...,0,7,0,...,0). Therefore, the relation (3.7) yields in
Grz,(Lo,) similar relations between elements of the form (matrix coefficient)®1, or 1®(matrix
coefficient).

We now consider the case of “mixed” products. We give the details when n = 2, the general
case being similar. Let us write the twist F' in (2.18) as

F=>) Fu)®Fy ZF 1 ® F1)s ® Flay ® Flay,
(F)

that is, we set F(l)l = R( )R?Q), (12 = R%2)R?2), F(2)1 = R(I)R%ly F(Q)Q = R?)R?l)
Put d(p) := dim(V},), p € Py, and

d(p2) d(py)
2 k k 2 k' k! / ’
)(u2¢l22) = E : 2 ®p’ ® pa P ® 12 O, Al )(u’1¢z/11) = § : ui¢p} ®u’1¢§' ®u’1¢f’1-
p,s=1 p’,s'=1

From (3.12), one obtains

d(ug)  d(uh)

(1 ® M2¢ZQ) (u’lﬁf)zll ® 1 Z Z Z (F(Q)l)ulﬁbz/ ( ( )2))))

(F) p,s=1p',s'=1
® (u2 % (82 (F)1) 287, (S (F1)2)))) - (3.13)

It is immediate that

u’1¢>§/ ® 95 € C(1h) 1 Q C(NQ)w(e?),w(e??)*w(egg)'

w v "
w(es,l ),w(es,l )—w(ep,l )

As in (iv) above, for every pu € P, we order the weight vectors (f‘f, ..., € so that w( ) > w( 5)
implies ¢ < j. With such an ordering the factorization R = OR (see (2.4)) implies

M2¢l;2(F(l)l)m(b?g(S(F(lﬂ)) =0 unless k2 > p and s > lg,
and

K, /
M/lgbp}(F(Q)l)ullqﬁls/l(S(F(g)g)) =0 unless &} < p' and s’ < 1.
< k)
Since s > Iy, we have w(ek?) < w( I ?), and if w(es?) < w(el ), then ,, 8% € F, pawlery) . In this
last situation, the summands ,/ ¢ ® 1, #% in the sum above vanish in Grz, (Lo2). In order to find
all the non-zero summands, we have to consider also the weights with respect to the action (3.9).
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Since ks > p implies w(e ’,:2) < w(ep?), we have w(es?) —w(ep?) < w(ef, el ?) —w(e’,g). There-
fore, the summands which are non-zero in Grz, (Lo 2) have both weights w( §?) = w(ef‘ ) and
w( ;’32) —lw( %, )- Doing similarly with the weights of gf) ,, we find that also w( ”1) = w(eﬁl)
and w( Zl) w(eg}). When all these conditions on Welghts are satisfied, the correspondlng
components F(qy1, F(1)2, F(2)1, F(2)2 have zero weight. Therefore, the sum reduces to

K z/
ZW% 1)) (S (Flu2)) O (Fiyn) g &y (S(Fzy2)

(w(el2)—w(el2), w(e‘,jfp—w(ejt'l)).

k l k1 1 -1 -1
= <u2¢kz§ ® M2¢l; ® u&%’i ® M’1¢l’1’ 01301, 2403 > =

Denoting by q;€2l2 " this scalar, it follows

K, K, K,
(1® uzﬁ;) 02 (u’1¢zfll ®1) = q//@lzk;'lz; u’ld’zf ® u2¢l qulgk’ I ( ’1451/11 ®1) oz (1® uzﬁﬁf)'

This is the relation analogous to (3.7) for mixed products in Grz,(Lo2).

Recall that in (3.8) we denoted by ui,...,up the ordered list of matrix coefﬁments wk?b
Let us order in a lexicographic way the elements u; @ uj, i.e., as a sequence u1 ey U 21)
such that the following condmon holds: if wl,(btl < @y <Z>Z,, @y ¢t = qﬁl,/ and », ¢! < wk(b
then u(? := - (j)J ® wk,qﬁj and ul(f) =0l @ wl,¢t, satisfy u(z) < u((l) Then, for this orderlng
the polynormal relations (3.8) hold true for all 1 < u§2) ( )’ < M?. As described after (3.1), it
follows that Grz,(Lo,n) is Noetherian. The filtration F3 bemg well founded, it implies that Lo,
is Noetherian too.

Finally, we consider the A-algebra L’On, and prove it is Noetherian. We proceed in exactly
the same way as for Lo ,, changing the generators and replacing key arguments of the steps
(i)—(iv) by the corresponding results over A. Let us describe these modifications step by step.

First, consider the case n = 1. Recall the A-lattices 4C()) (see (2.46)), and the decomposition
(2.55) of 04 into weight subspaces. In particular, have a decomposition into weight subspaces
for the left coregular action,

AC) = P aCW)

NeP
Define
AT = AC ().
(W', N) 2 (1, A)
Recall that every A-module of matrix coefficients (End(4V},))*, i € P4, is contained in O (< p),

and by inverting over C(q) the corresponding linear triangular system between basis elements,
and using that the order relation < is finer than <, we obtain an inclusion

D aCw)c D o)

W= W=

(see (2.48)~(2.51)). It follows that 4 F5* = F&* N O, and therefore, like Fy the family 4 Fy =
{A}'“’A}(# e is a well-founded filtration of OA Put Af<“’ ]-';“’ N O4, and consider the
graded A-module Cr, 7, (564,1) associated to 4. By (2.52)-(2.54) and the fact that O4 = £§, 0.1
as an A-module, we have the A-module decomposition

Gr,7(L3h) = @ aCw,

(A EA
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where 4C(p)y is the submodule of weight A (for the left coregular action) of
AC(1) = (End(aV,))"

Then, we can proceed as before. By step (i), we deduce that 475 is an algebra filtration of E(ﬁl.
By Proposition 2.12, the A-module 4C(u1 + p2) has multiplicity one in 4C'(p1) ® 4C(p2). In
fact, by step (ii), AC(u1 + p2) has multiplicity one in 4C(u1) @ 4 aC(pn2), so exactly in the same
way as (3.4), we obtain in Gr, 7, (564,1) the equality

AC(p) 0 aC(v) = aC(p +v).

In step (iii), we fixed a basis of each space C (i), consisting of a set of matrix coefficients { Mqﬁé»}
with respect to dual basis of weight vectors of the modules V), and V. In step (iv), the
basis elements of V,, and Vj were ordered by means of the weights, and we used the fact that
the matrix coefficients in the spaces C(wi),...,C(w;,,) form a generating set of the algebra
Grz,(Lo,1). The only property of the matrix coefficients used in the computations was that they
are weight vectors for the left coregular action (and later, in the case n > 1, for the action (3.9)).

We can proceed exactly in the same manner by working with the A-modules of matrix
coefficients 4C'(p). If one wishes to work at the lever of O4, recall that any set of generators
of O4 generates Eél as well (see the proof of Proposition 2.18). Then, one can replace the
basis { Mqﬁé} of each space C'(u) with the canonical basis B[u]* of AC(p), and take the generating
set of O 4 formed by the elements in Blw;]*, i = 1,...,m (see Proposition 2.10 and the comments
thereafter). By the integrality properties satisfied by the R-matrix and the twists, all the
computations in the proof of steps (iii) and (iv) can be done using such basis elements, and
eventually take place over A (see [18, Propositions 4.10 and 6.9]). Therefore, we obtain a relation
like (3.8) with coefficients afj'? € A. Since A is a Noetherian ring, again this proves Gr , r, (Eél),
whence Eél, are Noetherian rings.

This being done, the adaptation of the proof when n > 1 is immediate. The filtration F3 has
to be replaced with 4 F3 := { AFPEM’[’\LM }( where AFPEM’[’\LM is the A-module defined by

(ul,[AL[])?
Af:gﬂ]v[/\]v[’}’] — @ AC([M/D[)\’],['W} 7
(WLIVLIYD 2L AL D
where
AC([D) g, = aC ()31 Q)+ ) AC (1n) 2 70

A A

and AC.’(,u))W is the subspace of AC.’(,u))\ of weight v for the action (3.9). Then the proof
proceeds in exactly the same way, replacing in (3.13) and all subsequent computations the
matrix coefficients by the generators of O4 provided by Proposition 2.10. This concludes the
proof. |

Theorem 3.4. The algebra Mg, = 5(1)],‘; is Noetherian and generated over C(q) by a finite

number of elements.

Our method of proof follows closely that of the Hilbert—Nagata theorem (see [46]). Let us
recall one version of this theorem. Let K be an arbitrary field, 2l a commutative algebra over K
finitely generated by elements a1, ..., a,, and G a group of algebra automorphisms of 2.

Theorem 3.5. If the action of G on 2l is completely reducible on finite-dimensional representa-
tions, then the ring AC of invariants of A with respect to G is Noetherian and a finitely generated
algebra over K.
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We recall here the main steps of the proof that we will adapt in order to prove Theorem 3.4:

(a) From the complete reducibility of the action of G on 2, one can define a linear map
R: A—AC

namely the projection onto the space of invariant elements along the sum of nontrivial
isotypical components of 2. This linear map is the Reynolds operator; we already discussed
it in (2.23) in the case of U, acting on Ly,. By the same arguments we developed there,
it satisfies R(hf) = hR(f) for every f € A, h € AC.

(b) Let I be an ideal of A¢. Then I = R(AI) = AI N AY. Because Al is an ideal of A,
and 2 is Noetherian, there exist elements by, ..., bs, that can be chosen in I C 2, such
that AT = Aby + - - - 4+ Ab,. Since T = R(AI) = R(Aby + - - - + Aby) = A%y + - - - + A,
I is finitely generated over 2A¢. Therefore, A is Noetherian.

(c) Let B be an algebra graded over N (for simplicity of notations): B = @, B,,, with
B,,. B, C Byin. The augmentation ideal of B is B+ := @ B,,. If BT is a Noetherian
ideal of 9B, then ‘B is a finitely generated algebra over By. This is [99, Lemma 2.4.5] (in
that statement 98 is commutative, but this hypothesis is not necessary for the proof).

(d) Assume that ¢ is graded over N (for simplicity of notations): A% = @A with
A = K. Then A+ = @IS AG is an ideal of AE, which is Noetherian by (b) above.
Applying (c), we deduce that 2% is a finitely generated algebra over K.

Proof of Theorem 3.4. Consider the filtration F of Ly, by the subspaces

Fil= @ o). wePy
(1=
where P} is given the lexicographic partial order induced from [A]. It is easily seen that F is
an algebra filtration: the coregular actions >, < fix globally each component C(u) of Ly 1, so
the claim follows from (2.9), (2.17) and the fact that C'(u) x C'(v) C C(u +v) for all p,v € Py.
Denote by Grz(Ly,) the corresponding graded algebra. As a vector space, we have

Grr(Lon) = P C([u)). (3.14)

(w]eP}

Because each space C([p]) is stabilized by the coadjoint action of Uy, (3.14) has a key advantage
on the refined decomposition (3.11). Indeed, since Ly, is a U-module algebra, the action of U,
is well defined on Grz(Ly,,) and gives it a structure of U,-module algebra. As vector spaces, we
have

Grr(Lon)" = €D C(lu

[u]eP?
Now we can adapt the different steps (a)—(d) recalled above:

(a’) The action of U, on Grz(Ly,y,) is completely reducible. This follows from (3.14) and the
fact that the spaces C(p1) are finite-dimensional and thus completely reducible Uz,-modules.
We can therefore define the Reynolds operator as in (a),

R: Grz(Lon) — Gre(Lon)Ye.

(b") Grr(Lo,) is Noetherian, because (3.14) shows it is filtered by F3, and the associated
graded algebra Grg, (Gr;(ﬁo n)) = Grr,(Loyn) is Noetherian by Theorem 3.1. Asin (b),
we deduce that Grz(Lo,)Y is Noetherian. But Grz(Lo )Y = Grg (E ) which implies
that Eo% is Noetherian.
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(¢/) (and (d')) Then we can apply the steps (c)—(d). As a result Grz(Lo )" is finitely gener-
ated, say by k non-zero elements %1, ..., X, which we may assume homogeneous.

(¢/) We can now deduce that [I 1, is generated by elements x; with leading terms the z;’s. In-
deed, let z € EOn, and [p] € P” such that z € FIH\ F=H where F=IH .= = D< C (W]
In Grz (Lo, n)[ ]—]:[“]/.7:4“] we have

_ =11 —ik
= E, Aigyomnip) 1 T

(2177“6)61

K

for some finite set 7 C N*, scalars A(ir,...ir) € C(g), and monomials :Elf e i‘z’“ of degree [u].
By definition of the product in Gr]:(ﬁ(),n)Uq,

T g — gl plk <[]
z) T =x) X+ FH
so zf - ar € FH\ F=IM| whence % -+ 7} = 2% - 2}F and

v Z )‘(2'1,...,z‘k)501i1 cee 932’“ e F=u,

The conclusion follows by decreasing induction on [u], since at last we terminate at

FOl = C(q).

By combining the steps (a’) to (¢'), we get that My, is a Noetherian and finitely generated
ring. |

Remark 3.6.

(1) Because EO 1 is the center of Lo 1, (¢/) proves it is finitely generated. Of course this follows
also from the isomorphism Lo = U, I and the fact that the center of U, If is the center of Uy
(by Theorem 2.1), plus the well- known description of the latter.

(2) In the sly case the filtration F on [,0 7. should be related via the Wilson loop isomorphism
(defined in [18, Section 8.2]) to the filtration of skein algebras of spheres with n + 1
punctures used in [93].

4 Proof of Theorem 1.2

As usual we let € be a primitive [-th root of unity with [ odd and I > d; for all i € {1,...,m}.
We now consider the specialization £, of Lo, at ¢ = €, defined in Section 2.2.1. Recall the
isomorphism of algebras n*: O(G) — Z¢(O) (see (2.71)), and that Lj, = OF™ as a vector
space. Consider the linear subspace of L ,, defined by Zo( Bn) = Zo(O.)®". This space is
naturally a subalgebra of O" (endowed with the componentwise product %). In fact, we also
have the following.

Proposition 4.1.

(1) 2 (E&n) is a central subalgebra of the algebra L§,, ., and the Zo( gyn)—modules L5, and
02" with actions defined by the respective products of these algebras, do coincide.
(2) L5, is a free Zg (E(E),n) -module of rank I 4™9,

(3) (77*_1)®n: Z0(L§,,) = O(G)®™ is an isomorphism of algebras, and Zo(L§,,) is a Noethe-
rian ring.

(4) The 2 (Ean) -module L§ ,, is finite and Noetherian. Therefore, L ,, is a Noetherian ring.
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Note that the proof we give in (4) of the fact that £f ,, is Noetherian is independent from the
proof of Theorem 3.1.

Proof. (1) Let us show that Z (L‘(ﬁ),n) is a central subalgebra of £, . In the case n = 1, the
formula (2.9) implies that a8 = ax 8 for all a € Z(O,) and B € L§ ;. Indeed, by (2.9) we have

af = Z (R(Q/)S(R(g)) > a) * (R(l/) > (< R(l))
(R),(R

)
= Y ow*Bu(Rayas) (S(Re)BeE (Rayae (Re))Be),
(R),(R),(a),(B)

where all components a1y, @), 3y € Z0(O¢), since Zo(O,) is a Hopf subalgebra of O,. But

3" Ruyag)(S(Re)) = ST (So,(a3))) € Zo(Ue),
R

since CI’f(Soe (05(3))) S Zo(Ue) by Theorem 2.29 (2) Similarly, Z(R) R(ll)a(g)(R(Ql)) € Zo(Ue).
In general, these elements belong to Zy(Ue) and not 2 (Uead) because of the “diagonal” factor ©
of the R-matrix in (2.4). By Lemma 2.28, Z,(U%%) acts by the trivial character £ (the counit) on
specializations of I'-modules. The action of Z,(Uy4) is the counit € multiplied with some powers
of €'/P. However, [18, Propositions 4.1 and 4.10] show that such powers of €'/P eventually
disappear in the sum above; this is because the sum can be rewritten in terms of copies of the
quasi R-matrix R in (2.4) and the pivotal element ¢, instead of copies of R. Therefore,

aB =Y au*(EBu)elam)e(Be)e(ae)Ba) = axb. (4.1)
(2),(8)

This shows EO 1 and O, coincide as modules over Zy (EO 1) = Zp(O,). Next, we show that the
subalgebras ZO(O )(@) are central in L§,, for all a = 1,...,n. This fact will conclude the proof
that £, and O™ coincide as Zo( n) modules, because the subalgebras Z(0,)(® generate
the space 2 ('Cg,n) in ( 671)®n, and hence in £§ ,, (this follows from the comment before (2.18)).

In order to show that Zy(0.)(® is central in L§,, for all @ = 1,...,n, it is enough to show
Z0(0.)@ commutes with the elements of £§ n supported by the tensor factors (,CO 1)(b) with
b # a. Since ()@ @ (B)®) = ((a)@ @1)(1 ® (8)®) by the definition, we have to show that
(12(8)®) ()@ ®@1) = ()@ ®(8)? whenever a€ Z5(O,). We have (denoting D (@) (@).(a),(@)

by Z(Oé)“’ Alaqw) = Z(a) a1y ® y2) ete.):
(12 @) (@9 e1) =Y (S(BRY)RY) >a< R%l)R%l))(a)

(RY)
(b)
® (S(R%Q)R‘?Q)) > 6 < Ré)RE‘Q))
= 2 (@) e @)

(RY),(a)4,(8)?
x By (@@ (Bhy) Ry a@ ) (S(RY)) Riz)
x By (o)) (Biy) By amo) (Bly) S (Biy))-
By Theorem 2.29 (2), it follows that
aqy@) (By) By = 7 (aq)2) € Z0(Ue),

and similarly

a@w (S(RY)) Ry a3)2) (RYy) Rlyys ) (Riy) S (Rig) € Zo(Ue).
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Denote by z any such element; Zj (de) acts by the trivial character (the counit €) on special-
izations of I'-modules. By using [18, Proposition 6.2], arguing as above (4.1), we obtain that the
expression of z in terms of the corresponding ay;)(;) involves e(z) = e(a(;)) only (no root /P ).
It follows

By (@) (Biy) Biyasa (S(Ri)) Riy)
= ()@ @) 1) By (1) = elanye))e(ap)a))e(Ba)),
Bes) ()2 (Bly) Riyyamya) (Biy) S (Rig)) = ela@)2)e(aay)e(Bs)-

)

Therefore, (1 ® (ﬂ)(b)) ((a)(“) ®1) = (@)@ @ (B)®). Tt follows that LG, = O™ as modules
over Z ([Zan); for instance when n = 2, given o/, 8/ € Zo( 671) we have (o/ @ 8')(a® ) =
(@) (1®8) (a®1)(1® ) immediately by (2.17), and (1@ 8')(a®1) = a®p' = (a®1)(1® )
as above. Then (o/ ® f')(a ® B) = /a ® /'B. In particular, Z ('C(E),n) is a central subalgebra
of L§ -

(2) Since L§,, and OF" coincide as modules over Zy(Lf,) = Zo(OF"), the claim follows
from Theorem 2.29, that is, from [41, Theorem 7.2], which shows that O, is a finitely gener-
ated projective module of rank (99 over Z4(O,), and from the arguments of [28] (using that
Ko(O(Q)) = Z by [87]), which imply that this module is free. Alternatively, it follows from the
fact that O is a cleft extension of O(G) (see [6, Remark 2.18 (b)], and [25, Section 3.2]).

(3) The linear isomorphism (7]*_1)®n: Zo( g,n) — O(G)®" is an isomorphism of alge-
bras because Z ([Zan) is central in £§ ,. It implies that Z (L’an) is a Noetherian ring, since
O(G)®" = O(G™) and G" is an affine algebraic variety.

(4) The fact that £§,, is a finitely generated Zo( an)—module follows from (2); an alterna-
tive proof of this fact will be provided at the end of the proof of Theorem 4.9. Since L§ , is
finite over Z (Eg’n) and Zo( (EJn) is Noetherian, £, is a Noetherian Zg (ﬁgm)—module (e.g.,
by [7, Proposition 6.5]). It follows that Lf, is a Noetherian ring (e.g., by [88, Chapter 1,
Section 1.3]). |

Recall that we denote Ul = U ® , C, (see (2.27)), and Zy(U.) C U. is the central poly-
nomial subalgebra generated by Eék, Fék, L;tl, for k € {1,...,N} and i € {1,...,m}. Since
Q1: LG — Uelf is an embedding of algebras (see Corollary 2.25), it identifies 2 (5871) with a cen-
tral subalgebra of U, Put Z,(UY) := @1(Z, ([Zal)). Recall Theorem 2.1, Proposition 2.24, and
let 7O, TQ(Q and TQ(Z) be the subsets of T', To_ and T5 formed by the elements Ky; with A € P,
A € —2P; and A € 2P, respectively.

Proposition 4.2. We have U, = T, 'UY[T/Ty) = @ (L5, [d7])[T/T2), and therefore the map
P1: LG4 [d71] — T, YUY is an isomorphism.
Moreover, Z(UY) =US N Z(U.), and

ZU) =Ty 2 (U [TV/1y"), 2y =13 Z(U) [10/1)].

Proof. The first claim follows immediately from Proposition 2.24 by specialization at ¢ = €. For
the second claim, the inclusion U N Z(U,) c 2 (Uelf) is clear, and for the converse inclusion we
only have to show that the elements of Z (Uéf) commute with 7. They commute with T C U,
so the conjugation action by elements of 1" on Z(Uelf) has order at most 2. Let x € Z(Uelf)
with decomposition z = ), ¢;x; with all ¢; € C and z; PBW basis vectors, and let A € P. We
have K zK_) = >, ciq(x;)z;, where q(z;) € €’ satisfies q(z;)? = 1 for all i. Because € has odd
order the only possibility is ¢(x;) = 1, whence KyzK_y = z. The conclusion follows.

The inclusion Zo(Uelf) C Zy(Ue) follows from the definition Z (58,1) = Z0(O,), the for-
mula ®; = mo (id® S™!) o @, and the fact that ® affords an embedding Zo(O.) = Zo(Uc(G*))
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(see Theorem 2.29 (2)). Since T C Z(U,), we obtain
1,0 2 (0 (191, € Zo(Ue).
The proof of the converse inclusion is similar to that in Proposition 2.24. The isomorphism
Z0(0,) [w:llp} — Z0(U(G™)) of Theorem 2.29 (2) implies
FLEL ©1,10 K3 EL € ®(2(0:)[v-)])
for every positive root fj. Since ¢_;, = q)fl(K_glp) = d)l_p (the [-th power of 1, in L), and

®y(Zo(L5) [v2h]) = T 20 (U,
it follows that

Fh 15,571 (B ) Kb, € T30 2 (UY).

generate the subalgebra Zy(U.(b;.)) of Zy(Ue), so from the triangular decomp081t10n ZO 2
Zo(Uc(n2))Z0(Uc(h)) 20(Ue(ny)) this proves the inclusion Zy(Ue) C Tz() Zo(UD [

From the isomorphism

ZU) Q)  ZU) — Z(U)
Z0(Ue)NZ1(Ue)

Hence Fi S~ (E} ) € TV 2o(UN) [TO/T3"]. The sets S (E}, ) Zo(Uc(h)), k = 1,..., N,
T,").

(see Theorem 2.27), and the fact that Z(U,) C Ulf (whence Z1(U.) € Z(UL)), the equality
Z(Ue) = T2(Q_13(U€1f) [T OFa l)] follows at once. [

Remark 4.3. Let us explain how this can be used to give an interpretation of the isomorphism
ZO( 6’1) = O(G). Recall the notations introduced around Theorem 2.27. Since G* = U, TqU_,
we have O(G*) = O(U4)O(T)O(U-), and the map o yields an identification

O(G") = O(U4)O(T5/(2)O(U-). (42)

We can identify O(G®) with the subalgebra (o1+)*(O(G°)) € O(G*). Consider the exterior
power V. = ANg endowed with the action ANAd of G. Put on g a basis consisting of one
element e, per root space g., along with a basis of h. Let v € V be the exterior power of
the ey’s for a negative, and v* a dual vector such that v*(v) = 1 and v* vanishes on a Tg-
invariant complement of v. It is classical that G'\ G° has defining equation &(g) = 0, where &
is the matrix coefficient §(g) = v*(myv (g)v) (see, e.g., [59, p. 174]). Hence O(G°) = O(G)[671].
On G° we have §(ustu_) = x_2,(t), where x_g, is the character of Ty associated to the
root —2p. Now we can make the connection with U.. The isomorphism Zy(U.) = O(G*) of
Theorem 2.27 (2) identifies Zo(Uc(h)) = (C[T(l)] with O(Tg) by mappmg KM to the character
of T associated to A. Therefore, it maps (C[ (l)] to O(T¢/(2)), and T (UEH) to (’)(GO)
by (4.2) and Proposition 4.2. Since O(G?) = O(G)[67}] and 74"~ (Ugf) Zo(UX) [], it
follows that Zj (Uelf) and O(G) coincide after localization by £ and 0 respectively. By using
the Bruhat decomposition of G as in (4.6) in the proof of Theorem 4.9 below, one can deduce
Zy(UF) = O(G), whence Zy( 6.1) = O(G) by injectivity of ;.

Let us make the following observation. Since L, = L’On® 4 Ce, with £§, = O0%" as an
A-module, and a generating system of Of is also a generating system of EOn, it follows
from Proposition 2.10 and the identities (2.56)—(2.57) that £f, is generated by elements of
the form a1 ® --- ® o, where aq, ..., a;, belong to the set Cgen of matrix coefficients lying on
the first and last columns of the matrix representations of U™ in the canonical bases of the
modules 4V, i =1,...,m. Denote by a** k€N, the k-th power of an element o € Q4.
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Lemma 4.4. For all o € Cyen, a e 2y (5671).

Proof. Recall that the Frobenius epimorphism 7: U¥* @, Cc — U(g) in (2.71) has kernel
the ideal I generated by the elements E;, F;, K; — 1, and (K;;p),, where [ does not divide p,
i=1,...,m. It follows that an element of O, belongs to Zy(O,) = n*(O(G)) if and only if it
vanishes on I. But this is immediate to check for the elements of the form o* with a € Ceen,
using that K; is grouplike and the pure summands of A(E;) and A(F;) have one component
equal to 1 or K iﬂ and the other component equal to F; or F;. For instance,

HK; = 1) = the, (K;)! — 1 = @™ _1 =,

wi

Similarly, for every a € Cgen, we find
a(B) =a®(AD(E)) =0  and  o*(F) =a™(K;—1)=0. |

We need below explicit descriptions of the centers of O((SL2) and L (sl2) and their Zo-
subalgebras. Denote by a, b, ¢, d the standard generators of O,(SL2), i.e., the matrix coefficients
in the basis of weight vectors vg, v1 = F.yg of the 2-dimensional irreducible representation V;
of Uy(sl2). As above, denote by z**, k € N, the k-th power of an element x € O4(SLz). The
algebra O 4(SLy) is generated by a, b, ¢, d; the monomials a* % b*7  d*" and a** x ¢** x d*",
i,7,k,r € NJk > 0, form an A-basis of O4(SLy). The algebra Z¢(O.(SL2)) is generated by
a*l, b*, ¥, d*'; the monomials a* x b9 x d* and a* x ¢** x d*" form a basis of Zy(O.(SLs)),
and Z(0,(SLy)) is generated by Zo(O.(SL3)) and the elements b*—%) s« c** k& =0,... 1 (see [41,
Proposition 1.4 and the appendix]). We have the relation

atxdt -t =1 (4.3)
and the Frobenius isomorphism of Parshall-Wang (see [92, Chapter 7]) coincides with the map
Frpw: O(SL2) — Zo(Oc(SL2))

induced by n*; it sends the standard generators a, b, ¢, d of O(SLg) = O;(SLg) respectively
to a*, b*, ¢!, d*'. Finally, we have seen that O.(SLs) is a free Zo(O(SLs))-module of rank I3
(see Theorem 2.29 (3)). In [38], it is shown that a basis of this module is formed by the mono-
mials a™b"¢*" and b"¢*"d”, with the integers m, n, r, s, s’ in the range

1<m<Il-1, 0<n,r<il-1, m<s <l-1, 0<s"<l—r—1. (4.4)

Now consider Eél(slg). Recall that Eél = 04 as Ug-modules. The algebra ﬁél(ﬁ[z) is also
generated by a, b, ¢, d; a set of defining relations is (see [18, Section 5]):

CLd = dCL, db = q2bd7 Cd = q2d67 ab - ba’ = _(1 - q72)bd7
cb — be = (1 - q_Q) (da — dz), ac—ca = (1 — q_Q)dc, ad — q2bc =1. (4.5)

The element w := qa + ¢~ 'd is central. Let T}, k € N, be such that Ty(x)/2 is the k-th
Chebyshev polynomial of the first type in the variable x/2. We have (see [18, Proposition 7.2],
for the generalization to L ,,(sl2)):

Lemma 4.5. Let T be the ideal of(C[w, bl,cl,dl} generated by (Tl(w) — dl)dl —bleh — 1, we have
Z(L§,1(sk)) =Clw, b, d']/T  and  Z4(L,(s)) = C[Ty(w), b, ¢, d']/T.

Here V', ¢!, d' are the I-th powers of b, ¢, d computed using the product of ﬁél(ﬁ[g), not the
product % of Z5(O(SLs)). The above generator of Z can be interpreted as a determinant, and w
as a quantum trace on V;. The following has also been observed in [75].
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Lemma 4.6. Viewed as elements of O4(SLy), Ti(w) — d' = a* and 2! = 2%, x € {b, ¢, d}.

Proof. Let o and w be the simple root and fundamental weight of sls. In the notations
of (2.70), we have b =¢~—2, c =¢®_, d = ¢_; the formulas of ® give

(I)l(b*l) _ (q_ q—l)lj:vl7 q)l(c*l) — (q_ q_l)lElK_l, q)l(d*l) _ K_l.

These coincide respectively with @ (b'), ®1(c!), ®1(d') (see [18, equation (5.3)]). By passing to
the localization O4(SLz)[d '], and using Parshall-Wang’s relation (4.3), one deduces easily

01 (a*) =K'+ (¢— ¢ ) FIE' = () - K,

where Q = (e — e_l)zFE + €K + e LK1 is the Casimir element, and Tj(x)/2 is the I-th Cheby-
shev polynomial of the first type in the variable 2/2. We have ®1(w) = ©, so ®1(a*') = Tj(w)—d".
The conclusion follows from the injectivity of @;. |

This lemma proves that we have a commutative diagram

O(SLo) —"Vo 20(O,(SLa))— O (SLs)

T |

Z0(L5 1 (sl2))— L5 1 (sl2),

where Frpw is Parshall-Wang’s Frobenius isomorphism recalled above, Fr is the Frobenius iso-
morphism introduced in [18, Definition 7.1], and the vertical arrows are the identifications as
vector spaces (the middle one proved by Proposition 4.1).

Remark 4.7. By Lemma 4.5, the monomials Tj(w)’/!d™ and Tj(w)'ckd™, for i, k,r € N
and k >0, form an A-basis of Zo(Lf;(sl2)). It is straightforward (though cumbersome) to
express these basis elements in terms of the basis elements a** « b*7! x @*™ and a** * ¢ % ¢*"
of Z5(Oc(SL2)), and conversely; this can be done by using Lemma 4.6, the formula (2.9) or
the inverse one (expressing * in terms of the product of Ly, see [18, equation (4.6)]), and the
formula of the coproduct A: L§,(sl2)) — L§(sl2)) restricted to Zo(Lf,(sl2)) (given in [18,
Lemma 7.5]).

Since ['64,1 = 04 as an A-module, the functionals ¢; in Proposition 2.30 can be seen as maps
t;: 564,1 — A. Though the algebra structures of O, and Lf; are very different, £, satisfies
a result analogous to Proposition 2.30:

Proposition 4.8. The maps <t; preserve Zy (E(E),l)’ and they satisfy (f <Qt;)(a) = f(n;a)
and (fa) <t = (f <Qti)(a<t;) for every f € Zo(L§,), a € G, o€ Lf;.

Proof. The first two claims follow from Proposition 2.30 and the definition Zo(L§ ;) = Zo(O.).

The last claim follows from the case g = sly, as in the proof of [41, Proposition 7.1]. In
fact, it is enough to show that t(fg) = t(f)t(g) for every f € Z0(Lf;(sl2), g € L§;(sl2); for
completeness we explain this in Appendix C, see (C.3). A word of caution is needed: the proof
of (C.3) uses that A: O — O ® O, is a morphism of algebras. The analogous property for £ ;
is that A yields a morphism of algebras A: Lf, — L{,. Since the algebra structure of Lf , is
not the product one on £ ; ® Lf ;, it is not true in general that

Z (fay @ fi)(90) ® 9¢2)) = Z T @ f2)9¢2)
(f):(9) (f):(9)
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for every f,g € Lj ;. However, it holds whenever f € 2 ([,671), since A(Zy (5671)) C 2y ([,671) ®
2y (5671) and therefore f(3) € 2o (Eal) = Zp(O,) commutes in Lj 5 with any g1y € L, = O..

It is enough to prove the identity t(fg) = t(f)t(g) when f ranges in a set of generators of the
algebra Zo(L§ ;(sl2)). So one can take f among, say, Tj(w) — d' = a* and 2! = 2,z € {b,c,d}
(using Lemma 4.5). By (2.9) and Proposition C.1, we have

t(fg) = Z t (R(Q/)S(R(g)) > f) t (R(ll) >gJ R(l)) .
(R),(R)

Expanding coproducts and using that R~! = (S ® id)(R), we deduce

t(fo)= > t(fwy) (f)» RenS(R@))t (Rary > g < Ray)
(HARA(R)

= Y t(fo)t({fi, Rey) Ran > 9 < (f3):S(R)) Rayy)
() (R(R)

=D tHfat(STHE® (f2) > g < ST (f3))

where w € Ur is the quantum Weyl group element dual to ¢ (see Appendix B), and in the
last equality we used that ®~ maps Z¢(O,) into Zy(Ue) (see Theorem 2.29 (2)), which acts on
specializations of I'-modules by the trivial character (the counit) e: U, — C. By (B.6)—(B.7),
we have t(a*) = t(d") = 0 and t(b*) = 1, t(¢*!) = —1. Now the computation of t(fg)
follows easily. For instance, taking f = b' = b*, by using A(b*l) = o' @ b 4+ ! @ d*
and A(d*l) =ct @t +d' @ d?, we get

H(b'g) = e(S7(®7 (b)) (ST (7 (¢")))tlg) + (57 (®7(a)))e (ST (@7 (@) g)-

Since b* € O (Uy), &~ (b*l) = 0. Also, it is immediate from the definition of ®~ that
O (d*l) = &~ (d)! = L!; alternatively, one can bypass this computation by observing that &~
sets an isomorphism from O¢(Tg) = Oc(B4) N O(B-) to C[L*¥'] = U.(by) N U(b-), mapping
a generator d to L or L~'. We have s(Ll) =1, and therefore

t(t'g) = t(g) = t(v)t(9).
The other cases f = Tj(w) — d', c!,d" are similar. [

Theorem 4.9. L, is a free Zo( Byn)-module of rank 1™ ™8 gnd ( gvn)UE is a Noetherian

ring and o finite, whence Noetherian, 2 (Ean) -module.

Proof. We already proved the first claim in Proposition 4.1, and that £f, is a Noetherian

A (Eg,n)—module. For the second claim, it follows that the Z( an)—subnvlodule ( Bm)UE is

€

necessarily finitely generated. But Zo( Bn) being Noetherian, (Efm) is then a Noetherian
¥A) (Ean)—module and a Noetherian ring.

For the sake of clarity, let us provide a self-contained proof of the first claim, not invoking
directly [28, 41] or [6, 25], but applying the same arguments directly to £ ,,. Since £f,, and £§371‘

coincide as modules over Zy (Ean) = Z( 6’1)®n by Proposition 4.1, the result will follow from
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the case n = 1. Then we argue in four steps. First, using Theorem 2.1 we show that a certain
localization of Lf ; is a free module of rank [4im9 Then, assuming that L§ ;1 is finitely generated
and projective, we explain why it has constant rank [9™9 (this is very classical). Thirdly, we
prove that £ is finitely generated and projective as in [41, Theorem 7.2]. Finally, we obtain
that it is a free module as in [28].
Recall Proposition 4.2: U, is a free &4 (56’1 [d_l})—module of rank 2™ (note that L5 4 [d_l} =
0.1 [d7]), Zo(Ue) is free over

1,07 20 (UF) = ®1(20(£51) [@7])

of rank 2™. Since U, is also free of rank [1™8 over Zy(U.) (see Theorem 2.27 (1)), it is free
over ®1(Zp (L’al) [d7']) of rank 27{4™m9. The decomposition being unique, ®1(Lg;[d7!]) is
free of rank (1™ 9 over &, (Zg (5871) [d_l]), and injectivity of ®; implies that £§ ; [d_l] is free of
rank (18 over Z (,/3671) [d~1].

Assume now that L ; is finitely generated and projective. Let us show that its rank is [dimg,
The localization (Ef),l) p of L5, at any prime ideal P of Z ([,al) is a free module over Zy (EBJ) B
[96, Proposition 2.12.15]; the ranks of such modules are finite in number [96, Proposition 2.12.20].
If these ranks are all equal, then, by definition, it is the rank of Lf ; over Zy (58,1). This happens
it 2y (5871) has no nontrivial (i.e., # 1) idempotent [96, Corollary 2.12.23], which is the case since
it has no nontrivial zero divisors. To compute the rank, suppose P does not contain d' = " o
Such ideals P are in 1-1 correspondence with the prime ideals of Zo( 671) [d_l] by the natural ring
monomorphism Zg (5571) — Zo( 6’1) [d7']. The set S = Z ('58,1) \ P is multiplicatively closed,
and we have also a ring morphism Z, (58,1) [d_l] — 571z, (Eg’l), which is also an injection
(there are no zero divisors in 2 (58,1)7 whence in S). Then

(£61)p=S71L5, = L5, [d7] ® S™120(L51)
2o(L5,)[d"

shows that (5671)13 has over Zj (ES,I)P = S571Zy( 671) the same rank [4™9 as L4 [d_l] over
ZO( 871) [d*l]. This proves our claim.

In order to show that £f; is finitely generated and projective over Z (£8,1)v it is enough
to show it is finite locally free, i.e., there are elements d; € Zg( 6’1) such that the localiza-
tions L 4 [d;l] are finite free Zo( 8,1) [d;l]—modules, and Maxspec(Z (L’&l)) is covered by the
open sets U(d;) made of the ideals not containing d; (see [100, Lemma 77.2]).

We have seen above that Lf ; [d_l] is free of rank [1™9 over 2 (Eal) [d_l]. By Remark 4.3,
2 (58,1) [d~'] = Zo(U) [¢'] is isomorphic to O(G?), and O(G®) = O(G)[6~!]. Now, given
w € W with a reduced expression s;, - --s;,, put t, = t;, ---t;,. Let w be represented by n,, =
ni, - ng, in N(Tg). By Proposition 4.8, we have (f <ity)(x) = f(nwz) for every f € Zo(L§ ),
z € G. Then

Z0(£5,1)[d7"] < tw = O(ny,'G%) = O(G)[(6 < tw) ] (4.6)

If by, ..., by (r:=19m9) is a basis of L5, [d~!] over Zo( 571) [d7'], then L5 1 [d7!] <ty is free
over ZQ( 8,1) [(d < tw)_l] &~ O(n;lGO) with basis by < ty,...,b. < ty,. Consider the Bruhat
decomposition of G: any g € G can be written in the form g = bynby, where b1,b0 € B_,n € W.
Hence g = nn"lbinby € nByB_ = nGY, and therefore

G = U (B_nywB_) = U (nwG°).

weWw weW
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For every w € W, put d., := d' < t,,. Under the isomorphism of Z( 671) with O(G), we thus
get that Maxspec(Zo( )) is covered by the open sets U(diu) =~ 1, GO, and L5 4 [d;l] is finite
free over Z (EO Dzt Therefore 0.1 is finitely generated and projective over 2 (5(6),1)-
Finally, let us explain why £f ; is free over Z (,Cg,l), following the arguments of [28]. Let R
be a commutative Noetherian ring, put X = Maxspec(R), and let P be an R-module. Denote
by Ry, Pr the localizations of R, P at a maximal ideal I € X. Define the f-rank of P as
f-rank(P) = infrex{ f-rankg, (Pr)}, where f-rankg, (Pr) = sup{r € N,R}" C P;} € NU {+o0}
(i.e., the maximal dimension of a free summand of Pr). Bass’ Cancellation theorem asserts that
if P is projective and f-rank(P) > dim(X), and P® Q = M @ @ for some R-modules Q and M
such that @ is finitely generated and projective, then P = M (see [19, Section IV.3.5, p. 167
and p. 170}, taking A = R, or [88, Section 11.7.13]). Let us apply this to R = O(G) and P = L ;.
We proved above that f-rankg, (Pr) =[98 a constant, and we have [9™? > dim g = dlm(G)
By a result of Marlin [87], G being semisimple and simply connected the Grothendieck ring
Ko(O(G)) is isomorphic to Z. Therefore, £5, & Q = O(G)" for some free O(G)-module Q
and r € N. Then Bass’ cancellation implies £ ; is free over Zo(Lo;1) = O(G). u

5 Proof of Theorem 1.3

We begin with the following lemma, interesting by itself.

Lemma 5.1. Z( On) i$ a finite Zo( gm)—module and a Noetherian ring. Therefore, the ring
Z( Om) is integral over Zo( On)

Proof. We know by Proposition 4.1 that Zo( On) is a Noetherian ring, and £, is a finite
Noetherian Zo( Om)—module. Therefore, the submodule Z(Eg}n) is finitely generated. Being
finite over Z (Ef)’n), it is necessarily a Noetherian ring (e.g., by [7, Proposition 7.2]).

Let © € Z(Lf,). The Z(L§,)-submodule Zo(L§,,)[x] of L, is finitely generated by
the same argument. Using the fact that an element z is integral over Z (Lgm) if and only
if 2y (Efm) [x] is a finitely generated Z (Egjn)-module (e.g., by [7, Proposition 5.1]), this proves
the last claim. |

We will use the following notations. Let A be a ring with no nontrivial zero divisors. The
center Z = Z(A) is a commutative integral domain. We denote by Q(Z) its field of fractions,
and put

7)) A.
Z

It is an algebra over its center Q(Z). Since LOrUhaS no nontrivial zero divisors [18, Pro-
position 6.30], we can take A = L, or A = (L 0.n

By the lemma, Z(Ean) is finite over Zj (Eo,n), so the ring Z(Ef),n) ®Zo(ll5 ) Q(Z0( gn)) is
a field. Necessarily it coincides with Q(Z ( an)), and therefore Y

Z0(£5,n)
Recall that we denote by N the number of positive roots of g.

Theorem 5.2. Q( B,n) is a division algebra and a central simple algebra of PI degree IN™.
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Proof. It follows from (5.1) and Theorem 4.9 that Q( Bn) is a vector space of dimension (" 4™ ¢
over Q(Zo (Egjn)), and therefore has finite dimension over its center Q(Z ( gn)) Because
0., has no nontrivial divisors [18, Proposition 6.30] and Q( Bn) is finite-dimensional over

Q(Z ( B’n)), Q( fm) is a division algebra, whence a central simple algebra. By classical
theory (see, e.g., [88, Section 13.3.5], or [96, Corollary 2.3.25]), there is a finite extension F
of Q(Z (E57n)), a splitting field, such that

Q(Z(L§,,))

where d € N, the PI degree of Q(£6,n)7 satisfies

[Q(£5,) : Q(20(L50))]
QZ(L50)) : Q(20(L50))]

We have to show d? = [V, We will obtain this equality by proving firstly that d? > "V and
then d2? < 2"V,

In order to show that d? > 12"V it is enough to exhibit an irreducible representation V of L5,
of dimension k := ["". Indeed, the representation map py : LG, — Endc(V) being surjective,
given basis elements v1, ..., v € End(V), and elements v, ..., a2 € L, such that p(a;) = v;

d* = [Q(L5,) : Q(2(L5,))] = [ (5.2)

for every i € {1, e k‘2}, necessarily aq,...,q.2 form a free family of Q( Bn) For, if there
was a nontrivial relation ), zja; = 0, with z; € Q(Zo ('C(E),n)): by clearing denominators and
then applying the representation map py, we would get a nontrivial relation in Endg (V') be-
tween vy, ..., vg2.

Now, by Theorem 2.27 (1) (see [42, Section 20]), the dimension of a generic irreducible rep-
resentation space of U, is IV. Because U, = T, 'U[T /T3] by Proposition 4.2, an irreducible
representation of U, yields an irreducible representation of Uelf. Moreover, the tensor product
of n irreducible representation spaces of UEH of dimension [V is an irreducible representation
space of (Uelf)®n of dimension 1"V (see, e.g., [51, Theorem 3.10.2]). Applying the linear iso-
morphism v, = ®, o ((Pfl)®n in (2.21) thus provides an irreducible representation of Lf,, of
dimension "V,

It remains to show d?> < [>"V, which by [Q( gn) :Q(Zo( Bn))] = ["(2N+m) g equiva-
lent to [Q(Z(L§,,)) : Q(Z20(£L§,,))] =1"™". For this, it is enough to exhibit an extension of
Q(ZO( Bn)) contained in Q(Z( gn)) and of degree I"". There is a very natural one, which we
denote by Q(Zb( gn)) and is constructed as follows. Consider for every A € Py the matrices

My = (i #% )y, € End(aV) @ L8, M = ((1,02)"),, € End(aVh) ® L4,

where 1 = 1,...,n, and as usual ,y, ¢¢! is a matrix coefficient of 4V, {ex} the canonical basis

of 4V, and (VAgbgi)(Z) = 190-1) & VoL ® 19— Get
aw = Tr(my, (0)My), )\w(i) = Tr(m/A (E)My)),

where T'r is the standard trace on End(V)). Clearly, yw € Eél, ALON= Eén. By [18, Propo-
sitions 4.8 and 6.24], the family of elements [], Aiw("), where Ai,..., A\, € Py, is a basis

of Z(Lo,); moreover the Alekseev map ®,, affords an isomorphism from Z(Lo,,) to Z(U,)®",
and @, (\w®) = (®1(w))®. For n = 1, specializing ¢ to € it follows
Z1(Ue) = Vect{®1(h(w), X € Py}, (5.3)

where Z;(U,) is defined before Theorem 2.27. Then, for every i = 1,...,n define
20,y (£6.0) = 20(£5,) [{aw®, X € P}
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and let Zg (Eg7n) C Z(ﬁg’n) be the algebra generated by Z i) (56

) Zomy(£5,). The
fields Q(ZOV(,-) (Ef)n)) are n linearly disjoint extensions of Q(ZO gn)),

SO

n

[Q(Z0(£6.0)) : Q(Z20(£6.0))] = [ T1Q(Z0.6)(£6.0)) : Q(Z0(£5,0))]-

=1

Now, by Proposition 4.2, we know that ®; affords isomorphisms Q(Zo (Eg’l)) i Q(Zo (Uelf))
and Q(Z(ﬁal)) ~ Q(2(UY)), and moreover

Q(Z0(U.) = Q(Zo(UM) (TV/T"),  Q(Z(U.) = Q(2(UN) (TV/T). (5.4)

Computing via the field embedding @?": Q(Z’o (Ef)n)) — Q(Z(U?")), we deduce

[Q(Z0,) (£50)) - Q(20(L5,0))]
— [0 (Q(2) z>(£8n>)) <I>®"(Q(Zo( 6:)))]
=[Q(z (U“) @G0, A€ Pri=1,....n}] : Q(Z(UF)™")]
— [Q(2, )[{(cpl ) AePii=1,. n}];Q(zo(Ue>®n)]:zm.

The second and third equalities follow from (5.4) and the properties of ®; recalled before it, and
the last equality follows from Theorem 2.29 (2) and (5.3). As a result, we have

[Q(20(£5,0)) : Q(20(£L5,0))] =1,

whence

[Q(2(£5,.)) - Q(Z0(L5,))] = 1™

Since [Q(L§,) : @(Z0(Lf,,))] = I"™*+2N) by (5.2) we obtain d? < 1*"V, which concludes the
proof. |

Remark 5.3. It follows [Q (Z(L n)) (Zo (£5,,))] = 1" by the degree computation above,
whence Q(Z(L§,,)) = Q(Z0(Ls, n)) In [17], we prove that Z(Lf, ) = Zo(L§.,)-

Theorem 5.4. Q((Ean)Us), n > 2, is a division algebra and a central simple algebra of PI
degree [N(n—1—m

Proof. The center of (/Lgyn)U‘ contains Z(/JBW) so the finite-dimensionality of Q(ﬁo ,) over

Q(Z (EB n)) implies the finite-dimensionality of Q((EB n) 6) over its center. Since it has no
s : Uey - .

non-zero divisors, this proves Q((ﬁan) ) is a division algebra.

Now denote by A : O, — O®" n > 2, the n-fold coproduct, i.e., A®) := A, the standard
coproduct of O, and A := (id ® A) o A=) for n > 3. Identifying L§ ,, with O%"™ as a vector
space, we consider A(™ as a map A(™: LG5y — Ly, It is an algebra morphlsm [18, Proposi-
tion 6.18], injective because (6®(" Vg 1d)A( ") = id. Then it extends uniquely to the fraction al-

gebra Q(Lf ;). As noted above, Q(L§ ;) = Q(Zo(L§, 1))®Zo g )£0,1- Since Zo (EO 1) Z0(O)
is a Hopf subalgebra of O, [41, Proposition 6.4], A maps Z (5071) to 2y (55 1) . Then, ex-
tending the scalars of A (@ (L’g,l)) by the field Q(Z (E&n)), consider the algebra

Qz(A™M(£51)) =Q(2(L5,) & AM(L5y)

AM(Z0(L5 1))

=Q(2(£5,) & AM(Q(£h)))

AM(Q(Z0(£51)))
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=Q(2(£5,) &  AY(Q(2(L5)))

AM(Q(20(£§,1)))

& AM(Q(Lh,)).

AM(Q(Z(L5,1)))

By Proposition 5.2, A" (Q (56,1)) isa A (Q (Z (L’g’l)))—central simple algebra. The left factor
is a field, so Qz (A(”) (5671)) is a central simple algebra over it (see, e.g., [96, Theorem 1.7.27],
or [101, Lemma 4.9]). Note that the left factor can also be written as

Q(2(L5,) = Q(2(£5,) & AM(2(L5,y))

Al (Z0(L§ 1))

for it contains Q(Z (Ef)’n)), it is contained in its fraction field, and Q(Z (Ean)) is a field because
Z(ﬁal) is finite over 2y ([:6,1) and has no nontrivial zero divisors. Note that

[Q(2(£6.)) : Q(2(£5,0))] =1

We proved in [18, Proposition 6.19] that the ring (£',,) Y4 is the centralizer of A(™ (£g) in £,
the same arguments show that (Ean)Ue is the centralizer of A(™ (5671) in £ ,,. So the algebra

QU(L5)") =Q(2(L5,) @ (£5.)™

Z(£§,,)

is the centralizer of Qz (A(”) (58,1)) in Q(.Can). Since the latter is simple, we can apply the
double centralizer theorem (see, e.g., [96, Theorem 7.1.9], or [101, Theorem 7.1)): Q((ﬁan)Ue)
is a simple algebra, we have

@ (ﬁg,n) Q2 (ﬁgn))] _ [2nN—(2N+m)
(AM(L5,)) = Q(Z(£5,))] ’

and the centralizer of Q((Ean) UE) is Qz (A(”) (56,1))- In particular, Q((ﬁan)Ue) has center
Q((ﬁan)Ue) NQ=z (A(") (58,1)), which is easily shown to be Q(Z (ﬁf)n)) It then follows

om0 0z (5,))
A QR = 15z 5,77+ 012 25,0)

_ l2nN7(2N+m)'l7m — ZQ(N(nfl)fm)'

@((€4,)") : @(2(c5,))] = 15

Therefore, Q((ﬁg’n)Ue) is a central simple algebra of PI degree [N(»—1)—m [ ]

A Low and up crystal structures in the sl, case

Let £ € N, and denote by Vj the simple U;d(ﬁ[z) module of dimension k + 1. It has a basis
0, . . ., U such that

K.’Uj = qk72j’l)j, .FW’U‘7 = [] —+ 1]qvj+1 if j < k7 F.Uk — 07
Ewvj=1[k—j+1quj_1 if j>0, E.vy=0.

This basis defines the full A-sublattice 4V}, which is left invariant by U, and we have

F(a),’l)j = |:‘7 —5 a:| Vjta, E(a),’Uj = |:k _'zl—’_ a:| Vj—a, a> 0.
q q
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The action of the Kashiwara operator &, f on Vj are given by f(vj) = vjt1, €(v;) = vj_1.

The crystal basis (ElOW,Bl"W) at ¢ = 0 is formed by the Ag-sublattice £°% generated
by vo, ..., vk, and B°% by the images @y, ..., 0} of these vectors in L£1°%/qLlV.

The bilinear form ( ) defined by (2.39) is easily computed

<Uiavj>k: = <F(i).vo,F(j).vo>k = <U0,E(i)F(j).Uo>k = |:I;:| (51'71‘.
q

By definition,

k
AV = {v € Vi, (v, aVi)x C A} = D Av}”,
=0

where

—1
k
U;lp = |:]:| ’Uj.
q

The upper crystal basis (L"P,B"P) at ¢ = 0 is formed by the Ap-sublattice £"P generated
by vy?, ... ,vzp, and B"P by the images v, ... ,Ezp of these vectors in L"P/qL"P.
Using that [n], € ¢'~™(1 + ¢Ap), we obtain

m € M (1 + g Ay).
J q

As a result, we get ;" = g _jQEj, which is exactly the relation (2.41) relating the low and up
crystal bases, with A\ = kwy, p = (k — 25)w;.
B Quantum Weyl group

We recall some of the formulas of [31]. Let e4(2) be the formal power series in z with coefficients
in C(q) defined by

+oo o
eq(2) = HZ:% (n)q2!~

We first consider the case of g = sly. As explained in [18, Section 3|, the Cartan element H € g
defines an element of Uy (sly). Viewed as elements of Uy(slo) we have L = ¢///2. The se-
ries © = ¢""®H/2 defines an element of Uq(5[2)®2, its image under multiplication being qH2/ 2,
The R-matrix can be expressed as R = OR where R = eq-1 ((q — qil)E ® F) is a well defined
element of Uy (sl2)®2. Consider the Lusztig [82] braid group automorphism of U, (sl2), defined by

T(L)=L"'  T(FE)=-FK'  T(F)=-KE. (B.1)

For every z € U,(sly) it satisfies: A(T(z)) = R~Y(T ® T)(A(x))R. Define the quantum Weyl
group element w € U,(slp) by Saito’s formula [97]:

N _ 2 g2 B
W= eq1(F)g /e, 1(—E)g T /e, (F)g 12 (B.2)
For every x € U,(sl), it satisfies

T(z) =wzd™t,  Aw) =R Hwewb), (B.3)
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w? = g2, (B.4)

where 6 € Ug(slp) is the ribbon element, and § € U,(slz) is the central group element whose
value on the type 1 simple module Vj of U;d(ﬁlg) of dimension k + 1 is the scalar endomor-
phism (—1)idy, .

In order to compare our setting to the one of [41], we need an explicit formula of @. Using
the basis v; of Vj, of Appendix A, (B.1), (B.3) and (B.4), we obtain

by = (—1)q Ik Ry, (B.5)

In [41], another quantum Weyl group element w is defined. It is dual to the Vaksman—Soibelman
functional t: O4(SLa) — C(q) of [98, 102], that is, t(a) = (o, w) for all @ € Oy(SLz). By
comparing (B.5) with the formulas defining the action of ¢ in [41, Section 1.7], we find w = WK
and the basis vectors w} of [41], where p € (1/2)N and r € {—p, —p+1,...,p—1,p}, are related

to the vectors v; above as follows: v; = /\jwf, where k=2p, j=p—r, =1, \1 = [k]q*k, and
(]! (1) (k2 ,
N = — : g Ui (k+2) j>2.
7 DlME— (G- 2))!

Explicit formulas of the evaluation of ¢ on basis vectors of O4(SLg) can be computed. We get

p

(@™« 0" x d*P) = Gy pg P H (1-¢7%), (B.6)
=1

t(d*m < &M *d*p) — (_1)n5m7pq*"(p+1) H (1 _ q*m)’ (B.7)

i=1
where a = a, b = gb, ¢ = q e, d = d and as usual a, b, ¢, d are the standard generators
of O4(SLg), i.e., the matrix coefficients in the basis of weight vectors vy, v1 of the 2-dimensional
irreducible representation Vi of U,(slz) such that K.vg = qup and vy = F.vg. Here we have
introduced the generators a,. .. ,J to facilitate the comparison with the formulas in [41]; these
generators come naturally in their setup because they use different generators E; and F; of U,(g),
which in our notations can be written respectively as K 'E, and F,K;.
The formulas (B.6)—(B.7) can be shown by two independent methods. The first uses a defi-
nition of ¢t as a GN S state associated to an infinite-dimensional representation of O4(SLg), as
recalled in [41, Section 1.6]. The second is to write, e.g.,

L@ ™ « - d‘*p) — (@ ® pe" @ g, Almtntp) (w)) (B.8)

and to use explicit expressions of A(m+n+p) (w) when represented on Vl®(m+n+p )

can check that

. In general, one

AP (@) = (A" D gid) (R (AP ®id) (R™Y) @id) --- (A ®id) (R™) ©1d®")
% (ﬁ—l ® id®(n—2))w®n'

By (B.5) or (B.6)—(B.7), we see that w (or w) and ¢ are well defined on the integral forms,
w € Ur, t: Ox(SLy) — A.

We now consider the case where g is of rank m > 2. To each simple root a;, 1 < i < m, is asso-
ciated the subalgebra of U, generated by E;, F;, L;, Li_l. It is a copy of Uy, (sl2), where ¢; = q%.
Let w; be the corresponding quantum Weyl group element in U, = U,(g), defined by Saito’s
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formula (B.2), replacing H, E, F' by H;, E; and F;. Also, denote by v;: O — O, (SL2) the
projection map dual to the inclusion Uy, (sla) ®(C(qi) C(q) — Uy, and put t; = t o v;. Let w; be
the corresponding quantum Weyl group element in Uy, i.e., tj(o) = (o, w;) for all « € O4. On
integral forms they yield well-defined elements w;, w; € Ur and ¢;: O4 — A (see [41, Proposi-
tion 5.1], and [84] for a different construction). They satisfy the defining relations of the braid
group B(g) of g [70]:

if)luﬁjﬁ)l = UA}]U%UA)] if aijajl- = 1,

A,”Uf)j)k = ( Aj’LZJi)k for k= 1,2,3 if Ai5Q4; = 0,2,3,

and similarly by replacing w; with w,, or with ¢; (see [98] for the latter). The Weyl group
W = W(g) = N(Tg)/Ic is generated by the reflections s; associated to the simple roots ;.
Denote by n; € N(T¢) a representative of s;. Let w € W and denote by w = sy, ... s;, areduced
expression. Because of the braid group relations the elements w = w;, - - - w;,, w = Wy, W,
and the functional ¢,, = t;, ---t;, do not depend on the choice of reduced expression. The
Lusztig [82] braid group automorphism 7),: I' — I' associated to w satisfies (see [41])

Ty(z) =wzw™,  zel.

Let wg be the longest element in W. We have

A(do) = R~ (o @ ), (B.9)

where as usual R = OR.

C Regular action on O,

The following result is proved in [41, Section 1.10]. For completeness, let us give a (different)
proof. Recall from (2.72) that we may identify Zy(O,) with O(G).

Proposition C.1. For every f € Z¢(O,), g € O, we have

ti(f) = f(ns), (C.1)
ti(f*g) = ti(f)ti(g). (C.2)

Proof. It is sufficient to prove the results for SLy because v;: O — O, (SL2) is a morphism
of Hopf algebras and v;(Z0(O¢)) C Zp(O,(SL2)). In this case, (C.1) can be proved by us-
ing (B.6)—(B.7), evaluating ¢t on basis elements of Zy(O.(SLz)) as is done in [41, Lemma 1.5 (a)].
Such a basis is formed by monomials like in (B.6)—(B.7), with all exponents divisible by [; then
for instance

(@™ % 5 ) = 6, 06,0 = a™b"dP(n),

where a, ..., d are the generators of O(G) = O1(G) corresponding to a,...,d, and we take

_— 0 1

S \-1 0
as representative of the reflection s generating the Weyl group W (slz). Here is an alternative
proof of (C.1): (C.2) shows that ¢ is a homomorphism on Zy(O((SL2)), so by proving (C.2) at

first one is reduced to check (C.1) on the generators a*’, ..., d*, which is easy by means of (B.8)
and (B.9).
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We provide a proof of (C.2) that we find more conceptual than the one in [41, Lemma 1.5 (b)]
(which uses again (B.6)—(B.7)). As above, let us denote w = £&wK. For any f,g € O, we have

t(fxg)=(f@g)(Aw) = (fg) (R (wew) Z £(( w)g((R™) pw)

= 2 Fay (R ) fy (g (R Zf 9((foy ®id) (R )w).
(E-15)

Assume now f € Z5(O(SLz)). Since Z(O(SL2)) is a Hopf subalgebra of O.(SL2), we have
f(1) € 20(Oc(SLg)). From Theorem 2.29 (2), we deduce
(fay ®id)(R™Y) € Uc(n_) N Zo(U2Y).

Denote by z this element. Note that from its expression we have €(z) = €(f(1)). Now g(zw) =
> () 91)(2)g(2)(w), but gy is a linear combination of matrix elements of I'-modules, on which

2 (de) acts by the trivial character. Therefore,
g(zw) = 26(2)9(1)(1)9(2) (w) = e(2)g(w) = e(f1))g(w),
(9)

and eventually

t(fxg) = Zf(z) )g(w) = t(f)t(g)-

This concludes the proof. |
For the sake of completeness, let us show how this result implies:

Proof of Proposition 2.30 (i.e., [41, Proposition 7.1]). We have f<it; = > ti(f1)) f2),
[ € 2Z0(0e). Since Z(O) is a Hopf subalgebra of O, f2) € Zo(Oc) and therefore the maps
ti: Oc = O preserve Zo(Oc). Moreover, (f <ti)(a) = 325 fa)(ni)f2)(a) = f(nia), a € G,
by (C.1).

It remains to show that (fx«a) <t; = (f <t;)(a<t;) for every f € Z¢(O), o € O.. We have

(frg)<ti=> t((f*9w) (D= > ti (fo)y*90) fo)*9e
(fxg) (£):(9)

= > t(wilfa)vilan)) fo) *9e)
(£):(9)

- Z ¢ (Vi(f(l))) t (Vi(ga))) f2) * 92) (C.3)
(£):(9)
using that v; is a homomorphism in the third equality, and (C.2) in the last one. The result is
just (f < ti)(g < ti). |
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