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ON THE BLOW-UP SCENARIO FOR SOME MODIFIED
SERRE-GREEN-NAGHDI EQUATIONS

BILLEL GUELMAME

ABSTRACT. The present paper deals with a modified Serre-Green—Naghdi (mSGN) sys-
tem that has been introduced by Clamond et al. [1] to improve the dispersion relation.
We present a precise blow-up scenario of the mSGN equations and we prove the existence
of a class of solutions that develop singularities in finite time. All the presented results
hold also for the Serre-Green—Naghdi system with weak surface tension.

AMS Classification: 35Q35; 35B65; 35B44; 76B15.

Key words: Serre-Green—Naghdi; dispersion; water waves; energy conservation; blow-
up; shallow water.
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1. INTRODUCTION

We consider in this paper the conservative modified Serre-Green—Naghdi system that
was introduced by Clamond et al. [1]

hy + [hu], = 0, (1a)
[hul, + [hu® + F9B* + 2], = 0, (Ib)
AL (1 30) W (s — wsg + ) = 3890 (hhew + §02). (10

where h denotes the depth of the fluid, u is the depth-averaged horizontal velocity, g is
the gravitational acceleration and f is a free parameter. The classical Serre-Green—Naghdi
system is recovered taking 5 = 0. The aim of this paper is to study the local (in time)
well-posedness of (1), to obtain a precise blow-up criterion and to build smooth solutions

that develop singularities in finite time.
1
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Several modified Serre-Green—Naghdi equations have been derived and studied in the
literature to optimise the linear dispersion [I, 2, 3, 7, 8, 18]. Some of those equations
fail to conserve the energy and do not admit a variational principle, some other equations
do not satisfy the Galilean invariance. In order to improve the dispersion of the classical
Serre-Green—Naghdi (¢SGN) system conserving its desirable properties, Clamond et al. []
have modified the Lagrangian instead of modifying directly the cSGN equations to obtain
the Lagrangian density

Z

i tha + (1 +3p) Pl — Sgh* — 1BgR°R2 + ¢ {h + [hul.}, (2)

where ¢ is a Lagrange multiplier. The Euler-Lagrange equations of (2) lead to (1).
Smooth solutions of the modified Serre-Green-Naghdi (mSGN) equations (1) satisfy the

energy equation

&+ 2, =0, (3)

with
&% that + L (1+38) Bl + Lo (h—B)° + 1Bgh*R2, ®)
2 w6 + Z+ Lgh® — Lgh*] + $Bgh° hou,, (5)

where h is the mean value of the depth h of the fluid. For 8 > 0 and if A is far from zero
(h = hynin > 0), the H' norms of both u and h — h are controlled by the energy. However,
the energy of the cSGN equations (3 = 0) cannot control the L?* norm of h,. This crucial
property of mSGN (1) for § > 0 is very important to build the small-energy solutions that
develop singularities in finite time (Theorem 3 below). Several criteria have been proposed
in [1] to chose the parameter 5. The best value of 8 to improve the dispersion relation
is § = 2/15 ~ 0.1333. To optimise the decay of a particular solitary wave of (1) studied
in [1], one must take 8 = % (12772 — 1) &~ 0.1439. The value § ~ 0.34560 approximates
the inner angle of the crest of the solitary wave solution to the exact angle of the limiting
solitary wave (120°). In the present paper, we consider only the case 5 > 0, and for the

sake of simplicity we introduce

a €14 35 (6)

The mSGN equations on the form (1) contains some terms with high-order derivatives

and a term with a time derivative in the definition of %Z. In order to obtain a simpler form
of (1), we introduce the linear Sturm-Liouville operator

def
h — Lad,hdo, (7)

Ly =

and we apply L,jl (the invertibility of £, is proved in Lemma 3 below) on the equation
(1b) to obtain

u + uuy +ghy = —L£,70, {3ahPul + Lgh’hy — $Bgh° R} (8)

In Lemma 3 below, we show that we gain one derivative with the operator L;lax, this is
not enough to control the term §ghh,, in the right-hand side of (8). To get rid of this
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term, we use (7) to rewrite (8) in the equivalent form

ht + [hu]x = 0, (9&)
Uy + uUy +°‘T’19hx = —£;'0, {%ah?’ui — iﬁgthi + %hQ}. (9b)

The left-hand side of (9) is a symmetrisable 2 x 2 hyperbolic system and the right-hand
side is a zero-order non-local term. Then, the local well-posedness of (9) in H® with s > 2
can be obtained following the proof of symmetrisable hyperbolic systems. Beside the well-
posedness result, we obtain in this paper a precise blow-up criteria. We also prove, using
Riccati-type equations, the existence of a class of arbitrary small-energy initial data, such
that the corresponding solutions develop singularities in finite time.

Other equations similar to (1) have been studied in the literature. For example, the
Serre-Green—Naghdi equations with ‘weak’ surface tension [7, 9, 15, 19] that can be ob-
tained replacing & in (1) by

= L1p3 (—um — UUgy + ui) - v(hhm — %hi),

where v > 0 is a constant (the surface tension coefficient divided by the density). The
denomination ‘weak’ is due to the small-slope assumption (|h,| < 1). However, even with
this assumption, large-amplitude waves can be approximated by those equations. Another
interesting system is the dispersionless regularised Saint-Venant (rSV) system proposed by
Clamond and Dutykh [5] that can be obtained replacing Z in (1) by

T d:ef 5h3 (_utx — UUgy + U’JQC) - 5gh2 (hhxx + %h§)7

where € > 0. The classical Saint-Venant equations are recovered by taking ¢ = 0. The rSV
equations have been studied in [5, 17, 20] and have been generalised recently to regularise
the barotropic Euler equations [11]. In [17], Liu et al. have proved the local well-posedness
of the rSV equations and they derived smooth solutions that cannot exist globally in time.
The proofs presented in this paper for the mSGN equations can be generalised for the SGN
equations with weak surface tension, for the rSV equations and also for the regularised

barotropic Euler system [11]. The blow-up criterion proved here is more precise compared
to the blow-up criterion in [17]. The key of the proof of the blow-up results in this paper
is Lemma 5 below, a similar lemma have been proved in [17] for a short time (shorter than

the existence time in general). In this paper, we show, with a shorter proof, that the same
result holds true as long as the smooth solution exists.

This paper is organised as follows. The main results are introduced in Section 2. In
Section 3, we prove some useful lemmas. Section 4 is devoted to obtain the precise blow-
up scenario of strong solutions of the mSGN equations. In Section 5, we prove that some
classical solutions cannot exist globally in time.
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2. MAIN RESULTS

The first result of this paper is the local well-posedness of the system (9) in the Sobolev
space

s def ef s P
) {4 B 2 [ (04 16 1FORE < v} (o)
where s > 2 is a real number.
Theorem 1. Let 3 >0, h > 0 and s > 2, then, for any (ho — h,uo) € H*(R) satisfying
inf, e ho(x) > 0 there exists T > 0 and (h—h,u) € C°([0,T], H*(R))NC*([0,T], H'(R))

a unique solution of (9) such that

inf h(t,z) > 0. (11)

(t,z) € [0,T]xR
Moreover, the solution satisfies the conservation of the energy
d
dt
Remark 1. The solution given in Theorem 1 depends continuously on the initial data,
i.e., If (ho — h,uo), (ho — h, tig) € H®, such that ho,ho > h* >0, and t < min{T, T}, then
there exists a constant C(|[(h — h, @) || oo (po,q,m), [|(h — b, w) || oo (o,q,m5)) > 0, such that

”(h — il,u — a)”LC’O([O,t},HS*H < C ”(ho — iLQ,UO - &0)

(he® + dak®u? + Lo (h =) + 18gh*R2) do = 0. (12)
R

(13)

The proof of Theorem 1 is classic and omitted in this paper. See [I1, 13, 15, 17] and
Theorem 3 of [12] for more details.

Remark 2. If (h — h,u) € C°([0,T], H*(R)) and h satisfies (11) for some T > 0, then
Theorem 1 ensures that the solution can be extended over [0, T]. In other words, if Tas 1S
the maximum time existence of the solution, then, we have the blow-up criterion

Tnae < +00 = liminf mf h(t,z) = 0 or limsup ||(h—h,u)|gs = +oo. (14)

t—Tmaz TER

— max
The blow-up criterion (14) can be improved as in [11, 12, 17] to

Tnew < +00 = liminf mf h(t,z) = 0 or limsup ||(hy,us)||re = +oo0. (15)
t—=Tmaz TER t—Tmax
The last blow-up criterion ensures that if A > 0 is far from zero, then, the blow-up will
appear on the L* norm of u, or h,. This result is improved in this paper, and we claim
the two more precise criteria for blow-up mechanism.

Theorem 2. Let 8 > 0, and let T}, be the maximum time existence of the solution given
by Theorem 1, then

liminf inf w,(t,z) = —oo,
t—=Tmaz TER

Thar < +o0 = liminf 1nf h(t,z) = 0 or and (16)

T
(P lmas el limsup ||h,(t, z)|| L~ = +00,
t—Tmaz
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which 1s equivalent to second criterion
liminf inf h(t,z) = 0,
t—Tmaz TER

Toae < +00 = limsup |lug(t,z)||L~ = +oo and or (17)

t_>T7na:L'

limsup ||hg(t,x)||pe = +00.

I max

Since H! < L* and the energy (12) is conserved, then, |h — h| is controlled by the
energy of the initial data (see Proposition 1 below). This ensures that if the initial energy
is small enough then A is uniformly far from zero (min;, h > 0). In this case, the blow-up
criterion (16) becomes

Toae < +o0 = liminf inf u,(t,z) = —o0 and limsup ||hy]lp= = +o0.
t—Tmaz TER t—=Tomaw

This blow-up criterion gives the precise blow-up of u,, but it is not clear if h, can blows-up
on —oo or +00. The following theorem shows that both cases are possible.

Theorem 3. For any T > 0 and K € ]O, %33 [, there exist

e (hog — h,up) € CX(R) satisfying Jg o dx < K such that the corresponding solution
of (9) blows-up at finite time Tpoe < T and

inf  w,(t,z) = —o0, sup  hy(t,x) = +o0, inf  h.(t,z) > —o0.
[0, Tmaz xR [0, Tmas [XR [0, Tmaz xR
e (ho — h,tig) € C=(R) satisfying I & dx < K such that the corresponding solution
of (9) blows-up at finite time Trew < T and

inf  a.(t,x) = —oo, inf  hg(t,z) = —oo, sup  hg(t,z) < +oo.
[0,Tmaz[xR [0,Tmaz[xR [O,Tmm[xR

Remark 3. All the results presented above can also be proved for the SGN equations with
weak surface tension, for the rSV equations [5] and also for the regularised barotropic Euler

system [11].

3. PRELIMINARIES

In this section, we recall some classical estimates and we prove some lemmas that are
needed to prove Theorem 2 and Theorem 3.

Lemma 1. ([6]) Let F € C™(R) with F(0) = 0 and 0 < s < m, then there exists a
continuous function F, such that for all f € H* N W1 we have

IEN e < E (I fllwree) [l (18)
Let A be defined such that _/G =1+ 52)% f , then we have the following estimate.
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Lemma 2. ([1/]) Let [A, B] X AB — BA be the commutator of the operators A and B. If
r = 0, then 3C > 0 such that

1fgllar < C (fllzee Ngllar + ([ fllar lgllz<) (19)
<

A" 1 gl < C (lfellze lglla— + [ llgllze) - (20)

Now, we recall the invertibility of the operator £, defined in (7) and that we gain two
derivatives with Lgl.

Lemma 3. Let « > 0 and 0 < h € WbH*® with h™' € L*, then the operator L) is
an isomorphism from H? to L* and 3C, = Cy (a,s,[|h7 |, |2 — hllwre) > 0, Cy =
Co (o, [[W Y| oo s IR ]| L) > O such that

(1) If s > 0, then

€7 00| s < Cr (I + ([ = Bl 1£57 00 0) (21a)
1€ 6l s < O (l0llge + (17— Rl [1€57 8]y - (21b)
(2) If s > 0, then
€57 02 0| s < Ov Wl (L4 {[2 = ]|0) (22a)
€51 0] s < Cull9llge (1+ || = A[,.)- (22D)
(3) If 6 € Cimn {f € C(R), f(+00), f(—00) € R}, then £, ¢ is well defined and
167" Bl eee < Ca 16l - (23)

(4) If ¢ € Cim N L', then
1801 0ty < Co (Il + I0llL)- (24)

The Z defined in (1c) contains some terms with two order derivatives, using (9), we can
write Z without those high order derivatives involving the operator Lgl. Then, using the
previous lemma we show that the norm ||Z||.~ is controlled by ||(h, u, A1) || pex.

Lemma 4. Let (h— h,u) be a smooth solution of (9), then for any T < T, there ezists
C= C(ﬁ, h? ||(h7 u, h_l)“L"O([O,T]xR)) > 0, such that

|| oo o715y < € (25)
Proof. From the definition of £, we obtain that
(1 4+ 2ah®0,£,'0,) ¥ = h*0, L} (h/ h? 11/) (26)
for any smooth function ¥, such that U(£oo) = 0. Using (1c), (9b) and (26) we obtain
KX = —%ah?’&r [ut + uu, + %ghm} + %ah?’ui — %ﬁgh%i
= (1 + tar®0,L,"0,) {% ahdul — LBgR°R2 + g hZQ_jQ} -9 hQQ_jQ (27)

= WPo. L, (h/ (%(wi — 1ggh7' 2 + gh3—h22ah2>) _gEsi (gg)

—00
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Using the conservation of the energy (12) we obtain

H/ (2ow2 — 1Bgh™ 12 + gh—3—h22‘ah2)‘

< 2oz - foghtn2 4 gntrsE

Ll

o>

< Cy(l(h b)) &

Then, the inequality (25) follows directly from (23). O

Since we are considering the Serre-Green—Naghdi equations on the form (9) instead
of (8), it is more convenient to use the following Riemann invariants' R, S and their
corresponding speeds of characteristics A, u

def a—

R = u+ 2,/%tgh, A= u+ /=g, (29)
Sd:'Sfu—Zw/aT_lgh, ud:efu— /=t gh, (30)

rather that the Riemann invariants of the classical Saint-Venant system. Then, the system
(9) can be rewritten as

R, + AR, = —L;'0, {2ahdul — YBgh*hZ + %hg}, (31a)
S; + puS, = —L;lam {%alf’ui — }Eﬁglﬂhi + %lf} (31b)
Defining
def a—1 7l
P = Rx = Uy + Tgh 2hx7
1
Q d:ef Sac = Uz — \/QT_lgh_Eh:ca
we have )
P h2
=9y, o Vel ) (32
2 2y/(a=1)g

Let the characteristics X, Y, starting from a defined as the solutions of the ordinary
differential equations

d

T Xult) = Mt X)), Xa(0) = a (33)
SYut) = e YD), Ya0) = a (34)

Differentiation (31) with respect to x, and using (27) we obtain the Ricatti-type equations

& e
TR PB4+ AR = 3P+ 3Q° + PQ - 3a7'h 2, (35a)

d# e
FQE Q+pQ = RQ + {P+ PQ - 30T, (35D)

IThose quantities are constants along the characteristics if the right-hand side of (9) is zero.
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where %, ‘é—:
respectively.

A key point to prove Theorem 2 and Theorem 3 is to control the term P? in the Ricatti
equation (35b) and the term Q? in (35a). For that purpose, we prove in the following
lemma that the integral of P? along the X characteristics and the integral of Q% along the
Y characteristics are bounded.

denote the derivatives along the characteristics with the speeds A and p

Lemma 5. Let > 0, h >0 and (ho — h,uo) € H? initial data satisfying inf, g ho(x) > 0
and let (h — h,u) be the corresponding solution of (9) given by Theorem 1, let also t €
0, Thnaz|, then, there exist

A (ﬂ,ﬁ, s ) e oy / & dx) >0, B (m ot ) e o) / & d:c) -0,

such that for any xo € R, and for x1 €] — 0o, xs[ the solution of X, (t) = Ya,(t) (see
Figure 1) we have

/OtQ(s,Xxl(s))st + /OtP(s,YxQ(s))2ds < At + B. (36)

Remark 4. A similar result have been proved for the so-called variational wave equation
with A = 0 and B depends only on the enerqy of the initial data [10]. For the mSGN,
additional terms appear, and a uniform (on time) bound cannot be obtained for large data.

T Xay (S) To Y, (3) T2

F1cURE 1. Characteristics.
Proof. Defining
# E\Jetgh (3het 4 Lg (b= 1)) — u(# + Lot~ Lgh?),

B [ gh (Sha? 4 Lo (b - B)) 4w (# + Sgh? — Lgl?),
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and using (25), one can prove that the quantity ||| L~ + || %/~ is bounded. One can
easily check that

NE — g = VOB 2 g pE 9= YOI P g (37)

_1
A== 2/t gh = 24/ 2 gIhT 2 > 0,

then z1 < zo. Integrating (3) on the set {(s,z), s € [0,t], X,,(s) <z < Y,,(s)}, using the
divergence theorem, the energy equation (12) and (37) one obtains (36). O

Since

4. BLOW-UP CRITERIA

The aim of this section is to prove Theorem 2, for that purpose, we consider s > 2 and
(h — h,u) the solution of (9) given by Theorem 1 with the initial data (ho — h,ug) and we
start by the following lemmas.

Lemma 6. For T,,,. < +00, we consider the following properties

sup ug(t,r) < +oo, (38)

(tvx) € [07Tmacc[XR
inf h(t > 0 38b
(tvx)e[é%maz[XR (7x) ! ( )
IR W) oo (10, T x 1) < F00- (38¢)

Then, (38a) <= (38b) and (38b) — (38c¢).

Proof. The proof of (38b) = (38c) follows directly from the conservation of the energy
(12) and the embedding H' < L*.
Let the characteristic Z, starting from a defined as the solutions of the ordinary differ-
ential equation
d
dt
Denoting the derivatives along the characteristics with speed u by ‘31—7; and using the con-
servation of the mass (9a) one obtains

Z,(t) = ult,Z.(t)),  Zu(0) = a. (39)

d def . —
— — - > supy , Uz (t,2) Tmm‘
th h: + why, Uy h, e h > (xmef h()) e (40)

The proof of (38a) = (38b) follows directly from the last inequality.
It only remains to prove the converse ((38b) = (38a)). Using the Young inequality

+PQ < 3P? + 202, +PQ < 2@ + 2P (41)

integrating (35a), (35b) along the characteristics, and using (25), (36) one obtains the
existence of A > 0, B > 0 which depend on 3, %, ||(h,u,h™")||=(o.r)xr) and [& dz, such
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that
P(t,X,, (1) < Py(xy) + At + B V(t,z;) €[0,T] x R, (42a)
Qt, Y, (1) < Qolzs) + At + B VY(t,xy) €[0,T] x R. (42b)
The last inequalities imply that
sup P(t,z) < +oo, and sup Q(t,xr) < +oo, (43)
(t,2) € [0, Tinaz [ xR (t,2) € [0, Tinaz[XR
then, (38a) follows directly from (32). O

Lemma 7. For T,,,. < +00, we consider the following properties

inf +(t, > —00, 44
() e 2 T) > 70 (4d)
12l oo (0, x ) < F0C- (44b)

Then, (38b) = ((44a) <= (44b)).

Proof. We suppose that (38b) and (44a) are satisfied. Using Lemma 6 one obtains that
|tz|| L is bounded. Then (44b) follows directly from (43) and

_ Wahk o Jab:
e = (a—l)g(x 9) (a—1)g

To prove the converse We suppose that (38b) and (44b) are satisfied, then, using the Young
inequality +ab > —3a® — $b%, (35a) and

(P — uy). (45)

2= Q% + 4\ ghiu b, = Q + 24/t gh iR, (P + Q) (46)
one obtains

dA
TR —Ip? - 1Q* - 30" Z

= —Q* - T\ lgh i, P — Ty/elghTih,Q — 307 hTP R
> — Ty e lghT i, P - 3QP - Balgpip2 — 307 h TR

Using (44b), (25), (36) and Gronwall lemma, we obtain that inf, , P > —oo. Using again
(44b) we obtain (44a). O

Now, we can prove Theorem 2. Note that Lemma 6 implies the equivalence between
(16) and (17). Then, it only remains to prove (16). Step 1 is devoted to prove the blow-up
criterion (15). The proof of (16) is given in Step 2.

Proof of Theorem 2.
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Step 1: In order to prove (15), we suppose that ||(h, ws)|| poe (0,1 xr) < 7005 (38b)
and we prove that if T},,, < 400, then || (h — h,u HLOO (0. T LT (R) < 400 which contra-
dicts with the definition of T},,,. For that purpose, we define

def = of (&=L 0 def U h
WO - ha)T AGW) & (3 h)7 B(W) (a_lg u)

7 def 0
FW) = (—L;lax {Zan*ul — 1Bgh*h% + %fﬁ})’
the system (9) becomes
W, + BW)W, = F(W). (47)
Let (-,-) be the scalar product in L? and E(W) o (A*W, AN*W). Since AB is a
symmetric matrix, straightforward calculations with (47) show that
EW), = =2 ([A°, B]W,, ANW) — 2 (BAN°W,, ANW)
2 (NF, ANW) + (AW, A, N°W)
= —2([A% B]W,, ANW) + (AW, (AB), A°W)
(AS F,ANW) + (AW, A, A°W) (48)
Defining B & B(h,0), and using (20), (18) one obtains
|([A%, BIW,,, ANW) | < 1s (|1 Bz = Bllr [Wollze-r + [|1B = Bllms[|[Wal 1)
< C~’1 ||W| %{57

where C} is a positive constant that depends on ||[W||y1. and ||[h~Y]|z~. Using the con-
servation of the mass (9a) one obtains that

(AW, (AB), AW)| + |(AMW, A, AW)| < Co [|[W]|%.. (49)
From the energy conservation (12), it is clear that
2ahPu? — LBgh*h: + gt e (50)
Then, using (21), (24), (19) and (18) we obtain
1 Z ] < Cul (51)

Since [|(h, h™Y)||z~ is bounded, then, ||[W|lzs < CsE(W). Combining all the estimates
above, one obtains

E(W), < CEW), (52)

s. Then, Gronwall lemma implies that

where C' does not depend on |||
(7= Py HL%(OTMI[HS < G EW) o000y < +00-
This ends the proof of (15).
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Step 2: It remains to prove (16). We suppose that T,,,, < +o0o and (38b) is satisfied.
The blow-up criterion (15) (previous step) insures that

limsup ||ug| L~ = +00  or limsup ||k, = +o0.
t—>Tmaz t—=Tmax

Lemma 6 implies that u, is bounded from above, then

liminf inf w,(t,z) = —o0 or limsup ||hz|z~ = +o0.
t—Tmazr TER t—Tonaw

Finally, Lemma 7, insures that if one of the quantities above blows-up, then the other one
should also blow-up at the same time. Then

liminf inf w,(t,z) = —o0 and limsup [|hg]lp= = +o0. O
t—=Tmaz TER t—=Tmax

5. BLOW-UP RESULTS

The goal of this section is to prove Theorem 3, for that purpose, we consider smooth
solutions with small energy. In the following proposition we prove that if the energy is
small enough, then, the quantity ||(h,u, h™1)||z~ is uniformly bounded.

Proposition 1. For >0, h > 0, let E be a positive number such that

VB 713
0<E<§7h,

Defining

o def 7 [3V2E def 7 /3V2E
h’mzn_h' g\/BE’ hmax_h+ g\/B}_l7

d d _ _
Umaz IEf —Umin :ef \/maX{hmin,?)a_l h3 } FE.

min

Then, for any (h — h,u) € HY, if [ &dx < E, we have

0 < hfmin < h ghmax <2h7 Umin < U < Umaz (53)

Remark 5. The conservation of the energy (12) and Proposition 1 insure that if the initial
data satisfy [ & dx < E, then, as long the the solution exist, the quantity ||(h,u, h™1)|
is bounded by a constant that depends only on g,~v,h and E. Thence, all the constants
given in (23), (24), (25), (36) and (42) are universal and do not depend on the initial data
and the solution.
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Proof of Proposition 1. The Young inequality %aQ + %bz > +ab implies that

E > /éady 2/(%g(h—h) v ﬂgh2h2> dz
R

which implies that A, < h < hpee. Doing the same estimates with « one obtains
E > / Edy > / (shu® + tah®ul) dy
R R

x +oo
> min{hmm, ahfmn} (/ uu, dy — / uuxdy>

—00

> min {hmm, 3 ozh?mn} |u|?,

the last inequality ends the proof of w,;, < v < Unmag- O

Proof of Theorem 3. Since the proofs of the two parts of Theorem 3 are the same, we
only prove the first part.

Let T > 0, and let A, B be the constants given in (42). From (25) we obtain that
la~'h=3%| < C? for some C > 0. If the initial data satisfy [&dz < F, then, the
constants A, B and C' are universal and depend only on g, 3,h and E (Remark 5). We
choose T and D such that

0<T <T, 3CT < D 4max{212,§2,(52}, (54)

m
4 Y
and we choose the initial data (hg — h,ug) € C2°(R) such that there exist z; € R satisfying

/é%dx < E Q=0 P)<—2VD (T + 1), Pm) < -2, (35)
R T

Let t < min{T, T)ez}, then (35b) with the Young inequality PQ > —2P? — 2% imply
that

an _
T0 > 5@ - 307 h 7 > -3 <Q2 + 02>. (56)

The last inequality with (42b) imply that for all x; € R, we have

¢ < -C tan(gét) < QtY,(t) < AT + B, (57)
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which implies that ) cannot blow-up before ¢ = min {T, Tmax} and ||Q||p~ < \/D/A(T +
1). Using (35a) and the Young inequality PQ < £ P? + 2Q* one obtains

j_zp(tﬂXxl(t)) < _%P(t’Xm(t))Q + 18_962@’)(3”1(%))2 - 362
< —i1P(t X, (1) + D (T + 1)2
< —%P(t,Xm(lf))Q.

The last inequality follows from P(t, X, (t))? > 4D(T + 1)?, which is true initially and
holds because the map t — P(t, X,,(t)) is decreasing and negative. Then T,,,, < T < T
and from (42a) we obtain that

inf P(t,x) = —o0, sup P(t,z) < +oo, sup |Q(t,z)| < +oo. O
[0,Tmaz[xR [0,Tmaz[xR [0,Tmaz[xR
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