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Abstract. We give new formulas for finding the complex (phased) scattering amplitude at
fixed frequency and angles from absolute values of the scattering wave function at several points
X1, .., L. In dimension d > 2, for m > 2, we significantly improve previous results in the
following two respects. First, geometrical constraints on the points needed in previous results are
significantly simplified. Essentially, the measurement points x; are assumed to be on a ray from
the origin with fixed distance 7 = |z;41 — x|, and high order convergence (linearly related to m)
is achieved as the points move to infinity with fixed 7. Second, our new asymptotic reconstruction
formulas are significantly simpler than previous ones. In particular, we continue studies going
back to [Novikov, Bull. Sci. Math. 139(8), 923-936, 2015].

Keywords: Schrodinger equation, Helmholtz equation, Monochromatic scattering data, Phase
retrieval, Phaseless inverse scattering
AMS subject classification: 35J10, 35P25, 35R30, 81U40

1 Introduction
We consider monochromatic scattering modelled using the equation
—AYp 4 v(x)p=Eyp, z €RY d>1, E >0, (1)

where

ve L®(D), v=0on R\ D,

D is an open bounded domain in R

(2)

We assume that v is complex-valued. The regularity assumption that v € L*°(D) is just for
simplicity and can be relaxed; see Remark 2.1. The main point is that for equation (1), under
such an assumption, we can consider the scattering solutions ¥* specified via Sommerfeld type
radiation condition like (3).

Equation (1) arises in quantum mechanics as the Schrodinger equation at fixed energy and in
acoustics and electrodynamics as the Helmholtz equation at fixed frequency. Under assumption
(2), the coefficient v describes a scatterer contained in D. The number E is related to the time-
harmonic frequency and corresponds to the energy in the framework of the Schrodinger equation.
In addition, v may depend on E, at least, in acoustics and electrodynamics. See, for example, [5],
171, 191, [13]-

For equation (1) we consider the solutions v (x, k), k € R?, k? = E, specified by the following
asymptotic as || — oo :

ilk||z| .

i+ () ?

for some a priori unknown f;. The solutions ¢+ = ¢ (x, k) are the scattering solutions, or
scattering wave functions, for equation (1). These solutions describe scattering of the incident
plan waves described by e** on the scatterer described by v. In particular, the second term on

U (k) =€ + (, |k|

|x|(d—1)/2f1



the right-hand side of (3) describes the leading scattered spherical waves. The coefficient f; arising
in (3) is a function defined on

Mp={kleR": }*=1"= B} =8I x s, (4)

where I = [k %, S{! is the sphere of radius r centered at the origin in R,

The function f; is the scattering amplitude, or far field pattern, for equation (1).

In order to study ¢+ and f; one can use, in particular, the Lippmann-Schwinger integral
equation (16) for ¢»™ and formulas (20)—(22) for fi; see Subsection 2.1.

We recall that in quantum mechanics the complex values of the functions ¢+ and f; have no
direct physical sense, whereas the phaseless values of |[¢)7|? and |f;|? have probabilistic interpre-
tation (according to the Born’s rule) and can be directly measured. See [6] and, for example,
[12], for details. In turn, in acoustics or electrodynamics the complex values of ¥™ and f; can
be directly measured, at least, in principle. However, in electro-magnetic wave propagation at
very high frequencies (as for X-rays and lasers) only phaseless values of |[¢)"|? and |fi|* can be
measured in practice by modern technical devices; see, e.g., [17] and references therein.

For equation (1) under assumptions (2), we consider, in particular, the following problems:

Problem 1.1. Reconstruct potential v from its scattering amplitude f;.

Problem 1.2. Reconstruct potential v from its phaseless scattering data |
given outside of D.

Problem 1.3. Find f; from [¢)"|* appropriately given outside of D.

A recent survey on these problems is given in [30]. Actually, in the present work we continue
studies of [11], [26]-[31], [33] on Problem 1.3. These studies on Problem 1.3 and results on Problem
1.1 admit straightforward applications to Problem 1.2. For other possible approaches to Problem
1.2, see, for example, [40], [41], [22], [10], [16], [23], [24], [19], [35].

In particular, in the present work we give, for fixed (k,l) € Mg, | # k, for d > 2,

> appropriately

formulas for finding fi(k,[) up to O(s™") as s — +o0,

from | (x, k)|? given at m points x = x1(s), ..., T, (5),
where m depends linearly on n,

zi(8) = (s+7)l, j=1,....,m, [ =1/]l], ©)
S > 0, T1 :07 i1 < Tjy, jl <j2.

These formulas are explicit and are presented in detail below in Introduction and in Section 3,

where our precise assumptions on m = m(n) and on 7y, ..., 7,,, are specified.

One can see that in formulas (5), (6) the measurement points x; = z;(s) are on the ray starting
at the origin in direction f, where s is the distance between the origin and the set of these points,
and the distances 7,41 — 7; = |zj41 — x| are fixed. In addition, the reconstruction formulas
mentioned in (5) are asymptotic, where n can be considered as their convergence rate in terms of
O(s™") as s — +o00, that is when the points z; = z;(s) move to infinity.

Note that, to our knowledge, for the first time formulas (5), (6) were realized in [26], [28] for
n=1m=2d>3andforn=1/2,m=2,d=2,andin [29] forn =1, m =2, d=2. In
addition, for m = 3, d = 1, an exact (not asymptotic !) analog of formulas (5), (6) was given
in [27]. In the present work, for the first time we realize formulas (5), (6) for n > 1, d > 2. In
this respect we proceed from studies recently developed in [29] and [31]; more comments are given

below in Introduction and in Section 2.
Let

a(x, k) = |z ([t (2, k)P - 1), (7)

where z, k € R?\ {0}.



Assume in (5), (6) that d =3, m =2n, n € N={1,2,3,...}, and that
) — 1 =1,...
Tj:{o )75 =1,

o+ (j—1—n)r,j=n+1,..2n,
2T s .
T=1(k,l) = — O<07é0(m0dg), k= k(k,l) = |k| — K. (9)

Then our formulas (5), (6) are as follows:

e—i(sﬂr)nal(s) _ 67“”&2(8) + O(S—n)
—2isin (oK)

arls) = ar(k 1, 5) = 3 e A ) alay (). F)

=1 (G—Dl(n—jg)en-t 7

on ,

(=1)7(s + )" ta(z;(s), k)

az(s) = aalky 1, 5) = Z (j—1-— n;!(Qn —j])!T"_l ’
Jj=n+1

where (k,l) € Mg, | # k,d = 3, a(z, k) is defined by (7), z;(s) are defined in (6), (8), (9),
T, Tj, 0, k are the numbers of (8), (9).

Formulas (10)—(12) are new for n > 2; for n = 1 these formulas were given in [26], [28].

Somewhat more general version of formulas (10)—(12) is given as Theorem 3.1; see Subsection
3.1.

One can see that formulas (10)-(12) and formulas of Theorem 3.1 are completely explicit !
However, a possible practical inconvenience of these formulas is that the differences between the
measurement points x;(s), j = 1,...,n, or z;(s), j =n+1,..,2n, in (10)-(12) (and between the
related points in Theorem 3.1) are multiple to 7 = 7(k,l) = 27 /K, where k = k(k, 1) is defined in
(9). The inconvenience is that this 7 depend on k,l. Besides, these formulas are valid for d = 3
but are not valid for d = 2 (because of slightly different structure of the asymptotic expansions
(3), (19) for ¥ for d = 3 and for d = 2). Therefore, in the present work we also give the following
further results without the aforementioned multiplicity condition for the differences between x;(s),
for d > 2.

We give an explicit version of formulas (5), (6) for the case of the linearised Problem 1.3 (near
v=0) for d > 2, m=2n,n €N, where

fi(k, 1) = , 8 — +00, (10)

n

(11)

(12)

=0U—-U71,j=1,..2n,7>0, T%O(modg), (13)

k = k(k,l) in defined in (9); see Theorem 3.2 of Subsection 3.2.
We give explicit versions of formulas (5), (6) for the general non-linearised case for d = 3, m =
3n — 1, and for d = 2, m = 3n, where

Tj:(j_1)7_7j:17"'7m77_>077_7é0(m0d£)7 (14)

k = k(k,l) in defined in (9); see Proposition 3.1 of Subsection 3.3 and Proposition 3.2 of Subsection
3.4. For the general non-linearized case, finding such formulas for m = 2n is an open question for
n > 1, for d = 3 or d = 2, under assumption (14). We recall that for n = 1, d = 3, this question
was solved in [26], [28]; whereas for n = 1, d = 2, this question was solved in Section 9 of [29].

Note that 7 in (13), (14) is fixed and independent of k, [ (except the property that 7 #
0 (modm/k)) in contrast with 7 in (9).

The results of the present work are obtained proceeding from methods developed in [26], [29],
[31]. In particular, for fixed (k,l) € Mg, | # k, for d = 3 or d = 2, the work [29] gives a version
of formulas (5), where

zi(s) =r;(s)l, j=1,...2n, I =1/]l],
roi1(8) = Nis, roi(8) = Nis+ 7,0 =1,...,n, (15)
AL = 1, /\,‘1 < )\1‘2 for 1; < lo, T > 0.



Formulas (5), (15) realized in [29] are recurrent in n. For n = 1, d = 3, these formulas were
given in [26].

Advantages of formulas (5), (6) (realized in the present work) in comparison with formulas (5),
(15) (realized in [29]) can be summarized as follows:

(a) The geometry of x;(s) in (5), (6) is essentially simpler in the sense that the distances
between all these points are fixed and are independent of s — +o0.

(b) Formulas (5), (6) (realized as formulas (10)-(12), (53)-(55), (64)-(66), (72)—(75), (83)—
(85)) are drastically more explicit for large n.

Note that the results of the present work essentially use the technique of the recent work [31],
where [31] gives explicit asymptotic multipoint formulas for finding f from ¢.

Note also that explicit estimates on the reminder O(s™") in our formulas (5), (6) can be given
proceeding from methods developed in [31], |33].

Numerical aspects of formulas of [26], [28], [29], [33] and of the present article with their
applications to Problem 1.2 will be addressed in further works.

In addition to Problem 1.3 and Problem 1.2, there are also other possible formulations of
phase retrieval and phaseless inverse scattering problems for equation (1) and for other equations
of wave propagations. In connection with such other formulations and related results, see, for
example, [8], [13], [15], [17], [18], [20], [28], |30], [34], |36], [37], [38], [42] and references therein.
Note that formulas of [26], [28], [29] and the present work can be also used for Problems 1.3 and
1.2 when coefficient v in equation (1) is replaced, e.g., by an impenetrable obstacle (see, e.g., |9]
for definition of impenetrable obstacles).

The further structure of the present article is as follows. In Section 2 we recall, in particular,
some results on direct scattering for equation (1) under assumptions (2) and some formulas of [29]
and [31]. The results of the present work on Problem 1.2, consisting in realizations of formulas
(5), (6), are given in Section 3. These results are proved in Sections 4, 5, and 6. In Section 7,
for completeness of presentation, we give a sketch of proof of formulas (23)—(25) for the higher
scattering amplitudes f;, 7 > 2.

2 Preliminaries

2.1 Asymptotics of the scattering solutions

We recall that the scattering solutions 1™ satisfy the following Lippmann-Schwinger integral
equation:

PH k) = e 1 / G (z — y, Koy (4, K)dy,
v (16)

zﬁxdg
+ — —d € ot
G*(z, k) = —(2m) /Rdgg_kg—_m—GoﬂﬂaW%
where z, k € R, k? = E; see, for example, [5], [9], [30].
Note also that
O ok etlkllz] g1
(2, k) = W? =1
; Gilkllal (17)
x, k)= —-H} k), d=2, Gt (x,k) = ———, d=
G (SL’, ) 4 O(’xH |)7 ) G (.73, ) 47T|l’|7 37
where H} is the Hankel function of the first type.
Actually, in the present work, in addition to (2), we assume that, for fixed £ > 0,
equation (16) is uniquely solvable for ¢ (-, k) € L>(D). (18)



In addition, if v satisfies (2) and is real-valued, then (18) is fulfilled automatically.

Remark 2.1. The regularity assumption that v € L>(D) can be essentially relaxed in (2)
(although this assumption is used often in the literature). In the results of Section 3 on Problem
1.3 in place of (2), (18), it is sufficient to assume that v supported in D is such that:

equation (1) for fixed £ > 0 has an unique solution ¥ (-, k) specified via Sommerfeld type
radiation condition like (3) for each k € R¢, k* = E, in Subsections 3.1, 3.3, 3.4;

and in addition ¢ (z, k) — €% is small on D if v is small, where 0D is regular, in Subsection
3.2.

Proceeding, for example, from (16) one can show that the scattering solutions ¢* have the
following Atkinson-type expansion:

L el (Y f(k K) 1
¢+<I,/€):€k +W—_1)/2<Z—|+O(W) s |I|—>+OO,N€N, (19)

2

where the coefficients f; arising in (19) are functions defined on Mpg; see [3], [39], [25], [29],
[31].

Formula (19) for N = 1 reduces to (3). We say that the functions f; for j > 2 are the higher
scattering amplitudes for equation (1).

It is well-known that

fl(k7l> :C(da‘m)f(kvl)? (20)
o(d, |k|) = —mi(=2m) 42| k|42 for /=21 = Vore /4, (21)
1) = @) [ ()i (k) (22

where (k,1) € Mg; see, for example, [30].
It is also well-known that f; = 0 for j > 2, d = 1, under assumptions (2), (18).
Besides, in the present work we also use the following formulas, for d > 2:

fi(k, 1) = (2m)~%e(d, |/f!)/DSOj(y, Do)y (y, k)dy, j = 1, (23)
pr(y, 1) = e, (24)
90]'(3/; l) _ (d_3/4_d /4+(J _;gféjl(gz)is)pj—l(i%l)+A590j—1(y7 l)7] > 27 (25)

~ where Ag is the Beltrami-Laplace operator on the unit sphere S9! acting with respect to
[ = 1/|l|. Formulas (23)-(24) follow from (20)-(22) and the following Barrar-Kay-Wilcox type
recursion formulas:

(d—3/4—d/4+ (G — 1) = 2)fi-1(y. ) + Asfi1(y,])

‘ y , ] > 2, 26
200l = 1) (26)

fj<y7 l) =

see [39] in connection with (26) for d = 3.

For completeness of the presentation, a sketch of proof of formulas (23)-(25), for j > 2, is
given in Section 7. Note that the precise form of the recurrent relations (25) is not essential for
the main results of the present work.

2.2 Asymptotic formulas for a(zx, k)
Consider the function a = a(z, k) defined by (7). Let k = r(k, |k||§—‘) be defined as in (9). Let

T

fj :fj(k’|k|_)v (27)

]



where f; are the functions arising in (19), j € N, z,k € R?\ {0}. Then a(z, k) can be presented
as follows (see [29] for d = 3 or d = 2):

CL(Z‘, k) = @N(mv k) + 5Na($7 k)a (28)
ayn(x, k) = ajlv(x k) + a?v(x k), (29)
z|gj‘/§f 7Z‘$|I{f
L, k) Z o P (30)
N—[(d— 1)/2] h, j
2 _
an = Z |2]i- 1+(d—1)/2° Z j—a+l (31)
j=1 a=1
Sna(z, k) = O(|z|™), as |z| — +o0, (32)

where v € R\ {0}, k € R4, k? = E > 0, d > 2, [] stands for the integer part.
Note that formulas (7), (19) imply formulas (28)—(32) as follows:

a(z, k) = aj(z,k) + O(|z| ™) + z |(d1 73 <Z| ‘ﬁj — T O(z N) <Z

+ O(|x| N)) =

e
Jj2=1
1 k‘ O N 1 al f]lf]2 O —N j:jlij2_1
= ay(z, k) + O(|=| )+|x’(d—_1)/2 ZWJF (Jz|) =
J1,j2=1
_ It _
e+ O™ 4 s (320 BT o) -
Jj=1731=1
N—[(d-1)/2] B
=an(r.k)+ ) m+o(|$|_N)7 (33)
j=1

where we used the change of variables (j1,j2) — (j1,7), j = j1 + j2 — 1.

Consider also the case of the Born approximation for small potentials. Suppose that potential
v is small, for example, in the sense of the norm || || (p), for fixed D. Then in formulas (28)-(32)
the quadratic term a3, is negligible in comparison with the linear term a};. Such a situation arises
in many applications (see, for example, 6], [13], [16], |23], [24], [40], [41]). Thus, in the Born
approximation for small potentials formula (29) reduces to the formula

an(z, k) ~ ay(z, k). (34)
The aforementioned smallness assumption on v can be specified as
|lv]| oo (py = O(e), where e — 0. (35)
Then using (16), (20)—(25), (35) one can show that
| fillcmy) = Ofe), for each j € N. (36)
In turn, formulas (29), (31) imply that
an(w,k) —ay(@, k) = [z[7"V2O(), (37)

where NV € N.
Formula (37) specifies (34) under assumption (35).



2.3 Some results of [31]

We recall that the work [31] gives, in particular, explicit asymptotic multipoint formulas for finding
f1 from ¢+ for d > 2. This work proceeds from formula (19) and considers, in particular, the
functions z = z(s), s € [r,+00), r > 0, of the form

z(s) = Z /i +0(s7™), as s — +oo, (38)

j—1

where f;, 7 = 1,...,n, are the complex numbers.

Functions of the form (38) arise in the second term on the right-hand side of (19), where
s = |z|. Functions of the form (38) also arise in the framework of direct and inverse scattering at
high energies for equation (1) with smooth v; see [25] and [32].

For functions z satisfying (38) the work [31] considers, in particular, the problem of finding fi
from z(s) given at n points s; € [r, +00), j = 1, ...,n, of the form

s;i=sj(s)=s+1;,7=1,..,n,
s>r, 1 =0, Tj+1 >Tj,j:1,...,n—1, (39)

T =(T1y 0y Tn)-
Suppose that N > 2n — 1. Then the following formulas of [31] hold:
fi= Zyj(s, T)z(s +1;) + O(s™"), as s — 400, (40)
j=1

where y;(s,T) are defined by

yi(s,7) 1, fori=1, (41)
(s +7;)it 0, fori=2,...,n;

Jj=1

in addition:

yi(s,T) = - - , 1 <7 <n, 42
D P )
a;(7) = 2115 = 7). Bug(F) = Ii_; 4y (T — 7). (43)
Z M =0(s") as s » 400, forn <i<2n. (44)
‘= (s + 7)1

3 Main results

3.1 Formulas for finding f; from a at 2n points for d =3

For d = 3, the function a(x, k) of formulas (7), (28)—(32) at fixed k and & = x/|z| can be written
as

a(s) = a(s, &, k) := a(sz, k), (45)
N o
iskof g sk
a(s) = s ;.71 fith +0(s™), s = +00, hy =0, (46)
j=1
j—1
hi =Y fufjpij=1..N, (47)
k=1



where s = ||, k = |k| — k&, and k > 0if & = x/|z| # k = k/|k|.

Proceeding from this motivation we consider arbitrary functions a = a(s), s € [r,+00),r > 0,
such that formula (46) holds for some fixed £ > 0 and some complex numbers f;, j = 1,..., N,
and hj, 7 =2,...,N.

We consider 2n points sy ;, s2; € [r, +00), j = 1,...,n, of the form

s1;=s145(8)=s+7, j=1,..,n, (48)
Soj =524(8) =s+0+1, j=1,..,n, (49)
T =0T, j=1..,nT= 2: O0=v11 <1g<..<vi, {r;}eN, (50)
Toj =Vo,T,J=1,...,n, 7= 2}: 0=151 <1y <..<loy {1n;} €N, (51)
s>r,a>0,a7é0(modg). (52)

Theorem 3.1. Let a = a(s) satisfy (46) for some N > 2n — 1, n € N. Then a(s) at 2n points
1.4, S2.; Of (48)-(52) approzimately determines fi as follows:

eii(‘%g)”al(s) _ e—isna2(8) + O(S—n)

—2isin (oK)

al(s) — Z (_ )n (Slj(8>) (51]( )) (54)

TG (v — v IR (e — vay)|

f1 = , S — +00, (53)

Jj=1

i
i) =3 <><” (say(5)" als2s(s) 5

T (Ve — vau) IRy (Vo — v25)

j=1

Remark 3.1. Suppose that v1; = vs; = j— 1, j = 1,....,n. Then formulas (54), (55) reduce
to the formulas

ar(s) = Z <_1)n_j(817{(8))"—1a<817j(8)) 56)

(U =Din =gt

Theorem 3.1 is proved in Section 4.

Formulas (53)—(57) of Theorem 3.1 and Remark 3.1 are completely explicit ! But a possible
inconvenience of these formulas is that the differences between the points sy;, j = 1,...,n, or
S2j,J = 1,..,n, are multiple to 27/k. Below in Subsections 3.2, 3.3, we give approaches for
relaxing this multiplicity condition.

Formulas (7), (45), (48)—(57) realize (5), (6) for d = 3. In addition, due to formulas (7), (33),
function a(s) defined in (45) satisfies (46) for any odd d > 3 for some h;, where hy = hy = ... =
h(a-1y2 = 0 (and further h; are given by analogs of (33) for odd d > 3). Therefore, formulas
(48)—(57) remain valid for any odd d > 3; in fact, these formulas follow just from (46).

3.2 Formulas for finding f; from a at 2n points for small potentials

In the Born approximation for small potentials v formula (29) reduces to formula (34).
In these framework, the function a(z, k) of (28)-(32) at fixed k and & = z/|x|, for d > 2, can

be written as
a(x, k) =~ a(s), (58)



where

B N eisnfj_i_e—isn?j o N
a(s) =Y —— 55—+ 0(Y), s = +oo, (59)
7j=1

where s = |z|, k = |k| — k&, and k > 0 if & = /|z| # k = k/|k|. Formulas (58), (59) follow from
(28), (30), (32), (34).
Proceeding from this motivation, we consider arbitrary functions a = a(s), s € [r, +00), r > 0,

such that formula (59) holds for some fixed £ > 0 and some complex numbers f;, j =1,...,N.
We consider 2n points s; € [r, +00), j = 1, ...,2n, of the form
sj=sj(s)=s+1;,7=1,..,2n, (60)
T,=G—-1r, j=1,..2n, (61)
s>r,7>0,7‘7£0(m0dﬁ). (62)
K
Let ¥, , be the operator acting on functions u on [r, +00) and defined by the formula
n —1\" (g, n—1 .
ERJU(S) — Z ( ) (S] (S)) U(SJ(S))7 s € [T, ‘I‘OO), (63)

G-

where s; are defined according to (60)-(62), j =1,...,n.

Theorem 3.2. Let a = a(s) satisfy (59) for some N > 2n—1, n € N. Let 3, ; be defined by (63).
Then a(s) at 2n points s; of (60)-(62) approximately determines fi1 as follows:

fi=C(r,7,n)(T" (e ¥ ay(s) - as(s+ 7))+ O0(s™)), s = +oo, (64)
as(s) = Snrai(s), ar(s) = esn_l Sr(€%a)(s), (65)
Cli,7m) = (n— 1) (66)

(621'7/1 _ 1)n—1(e—2iﬂz _ 1) ’
Remark 3.2. For X, ; defined by (63) and 2n points s; of (60)-(62), we have that

(w2l (wiu))(s) =
B (=179 (55, (8))" (84,455 -1(8))" " wa(s, (8))wi (85, 14, -1(8))
N Z (j1 — DU n = j)!(J2 — DI(n — jo)!72n—2

u(sj1+j2—1(3))7 (67)

1<71,72<n

where wy, we are fized functions on [r,+00), and u is a test function on [r,+00). In addition,
Sjitja—1(S +T) = 8455 (5), L <1, J2 <. (68)

Formulas (67), (68) explain that formula (64) involves a(s) exactly in 2n points s; of (60)-
(62), j =1,....2n. Actually, formula (67) explains that computing as(s) via (65) requires a(s) in
2n — 1 points s; of (60)-(62), j =1,....,2n — 1; formulas (68), (67), (64) explain that computing
as(s + 1) requires a(s) in shifted 2n — 1 points s; of (60)-(62), j =2, ...,2n.

Theorem 3.2 is proved in Section 5.

Note that formulas (64)—(66) for finding f; from a(s) coincide with formulas (53)—(55) for the
case when N =n=1,0=r.

Note also that Theorem 3.2 is used in the proofs of Propositions 3.1 and 3.2; see Subsections
3.3, 3.4 and Section 6.



3.3 Formulas for finding f; from a at 3n — 1 points for d = 3

In this Subsection we give formulas for finding f; up to O(s™"), as s — +o0, from a(s;(s)), j =
1,...,3n — 1, where a(s) is defined by (45), s; = s;(s) are the points of (69)—(71). We use that
a(s) satisfies (46). In constrast to Theorem 3.1, we do not assume that differences between some
of these points are multiple to 7/k. In addition, in constrast to Theorem 3.2, we do not assume
that a is reduced to the linearised a of the form (59). On the other hand, the disadvantage of
approximate finding f; mentioned above, is that this finding uses a at 3n — 1 points, in contrast
to 2n points of Theorems 3.1 and 3.2.
We consider 3n — 1 points s; € [r, +00), j = 1,...,3n — 1, of the form

s;=sj(s)=s+1,7=1,....3n—1, (69)

=G—-Dr,j=1.,3n—1, (70)

s>T,T>0,T7éO(m0dE). (71)
K

Proposition 3.1. Let a = a(s) satisfy (46) for some N > 2n — 1, n € N. Let 3,,; be defined by
(63). Then a(s) at 3n — 1 points s; of (69)-(71) approzimately determines fi as follows:

fi=Ci(k, T, TL)(TH_I(B_%THGQ(S)- —as(s+71))+0(s™)), s >+, (72)

as(s) = Sy ar(s), ar(s) = GSM S (€% a) (5), (73)

ag(s) == Sn—l_lEma(s), (74)
(n— 1)lrnt P

Ci(k,T,n) = (e =11 C(k,7,n), (75)

where C(k,T,n) is given by (66).
Remark 3.3. For %, . defined by (63) and 3n — 1 points s; of (69)-(71), we have that
En,T(w?)Zn,T(wQEn,Twlu))(3) =

_ (— 1) 02403 (55 ()" 185,440 —1(8))" (844 jargs—2(8))"
B 1<j1§]'3<n (J1 — Dln = ji)! (G2 — DU — j2)!(Js — 1)!(n — j3)!73n—3 8

w3 (85, (8)) w28y 152 —1(8))W1 (8514445 —2(8) ) U(Sjy 5o+ 4s—2(5)), (76)

where wy, wq, wz are fived functions on [r,+00), and u is a test function on |r,+00). In addition,
5j1+j2+j3—2(3 + T) = Sj1+j2+j3—1(3)’ 1 < 71,72, 73 < n. (77)

Formulas (76), (77) explain that formula (72) involves a(s) exactly in 3n — 1 points s; of
(69)-(71), 7 =1,....,3n — 1. Actually, formulas (73), (74) and (76) explain that computing as(s)
via (73), (74) involves a(s) in 3n —2 points s; of (69)-(71), j =1,...,3n—2; formulas (76), (77)
explain that computing ax(s + 1) via formulas (73), (74}) requires a(s) in shifted 3n — 2 points s;
of (69)-(71), j =2,...3n — 1.

Proposition 3.1 is proved in Section 6.

Note that formulas (45), (69)—(75) for finding f; from a remain valid for any odd d > 3, in a
similar way with formulas (45), (48)—(57).

Note also that formulas (72)—(75) for finding f; from a(s) coincide with formulas (53)—(55)
and with formulas (64)—(66) for the case when N =n =1, ¢ = 7. For this case these formulas
were given in [26], [28].
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3.4 Formulas for finding f; from a at 3n points for d = 2

For d = 2, the function a(x, k) of formulas (7), (28)-(32) at fixed k and & = z/|z| can be written
as a(s) defined according to (45), where

N N

eisnf. + e—isri7' b 1
a(s) =Y JSH L4y ijm +0 (S—N> , 8 — +00, (78)
j=1 j=1
j fa—
hi =Y fufjperr d=1....N, (79)
k=1

where s = |z|, & = |k| — ki, and £ > 0 if & = 2/|x| # k = k/|k].

Proceeding from this motivation, we consider arbitrary functions a = a(s), s € [r, +00), r > 0,
such that formula (78) holds for some fixed x > 0 and some complex numbers f;, j = 1,..., N,
and h;, 7=1,...,N.

In this Subsection we give formulas for finding f; up to O(s™"), as s — 400, from a(s;(s)), j =
1,...,3n, where a(s) is of the form (78), s; = s;(s) are the points of (80)—(82). In constrast to
Theorem 3.2, we do not assume that a is reduced to the linearised a of the form (59). On the
other hand, the disadvantage of approximate finding f; mentioned above, is that this finding uses
a at 3n points, in contrast to 2n points of Theorem 3.2.

We consider 3n points s; € [r, +00), j = 1, ..., 3n of the form

sj(s)=s+m, j=1,..,3n, (80)

,=0G-1)r 7=1,..,3n, (81)

$2T>O,T>O,T7é0(m0dz). (82)
K

Proposition 3.2. Let a(s) satisfy (78) for some N >2n+1, n € N. Let X, . be defined by (63).
Then a(s) at 3n points s; of (80)-(82) approximately determines fi as follows:

fi = Co(k, 7,n) (7" (e * ™ az(s) — az(s + 7)) + O(s™™)), s = +00, (83)
6721‘311 ) 1
az(s) = X, ras(s), as(s) = e Snr(€Fay)(s), ar(s) = WZMLTGO(S), ao(s) = a(s)/V/'s,
(84)
B nl(n —1)I7"
CQ(K’ ™ n) o (eiTH _ 1)71(622'7'/{ _ 1)7171(6721'7% _ 1) ’ (85)
Remark 3.4. For X, ; defined by (63) and 3n points s; of (80)-(82), we have that
Yo r(WsEg (W2, 41 ;w1 u))(s) =
-y ¥ (=)™ 25 (s ()" (Sjaria1 ()" (Siaintig—2(8)" 1
i iz = DM =)l G2 = Dn = 52)!(s = DH(n — ja)lr?n =
X w3(8j1 (S))w2(3j1+j2—1(8))w1 (3j1+j2+j3—2(S))u(8j1+j2+j3—2(3))’ (86)

where wy, wy, ws are fized functions on [r,+00), and u is a test function on |r,+00). In addition,
Sjrtiatis—2(S T T) = Sjitjatis—1(8); 1 < Ji, J2, jz < . (87)

Formulas (86), (87) explain that formulas (83) involves a(s) ezactly in 3n points s; of (80)-(82),
j=1,...,3n. Actually, formulas (86) and (84) explain that computing as(s) via (84) involves a(s)
in 3n — 1 points s; of (80)-(82), j = 1,...,3n — 1; formulas (86), (87) explain that computing
as(s + 1) via formulas (84) involves a(s) in 3n — 1 shifted points s; of (80)-(82), j = 2,...,3n.
Proposition 3.2 is proved in Section 6.
Note that formulas (45), (80)—(85) for finding f; from a remain valid for any even d > 2, in a
similar way with formulas (45), (48)—(57), (69)—(75) for odd d > 3.

11



4 Proof of Theorem 3.1

Let

7__‘1 — (7—171’ _._771’71)7 7?2 = (7'2’17 ...77—27n). (88)

Let y;(s,71),y;(s,72), 7 = 1,...,n, be defined according to (41), (42). We have that

an(s) = > y(s A)alsr(3)). ax(s) = D5, Falsa(5)) (39)

Note that

is1,j(s)k iSK V1 jTK isK

e =e""e =e"" j3=1,...n,

€i82’j(8)’{ _ ez‘(s—f—a)neiuz,jﬂ-c _ ei(S-f—O')H’ ] =1,...,n. (90)

Using formulas (41)—(44), (46), (89), (90) and the assumption that N > 2n — 1, we obtain
that:

n N . . —
. stl’j(s)ﬂfm + 67151’j(8)'{fm + hm N
ai(s) = ]Zl y;i(s,71) (mzﬂ (54 +0(s) | =
N N (e R o1)
isK —isk Yj (87 7—1) -n (
=y (" fnt+e " f+hn) Yy ——————+0(")=
mzzl ; (s +7m)m"
= e f e 4 O(sT), as s — +00;
n N 1S9 -(s)nf —is2 i (S)K F
- e’ m € 7 f + hm -N
az(s) ; bils,72) (mzl (s+0+7,)m 1 +OLT)

i(s+o)k —i(s+o)kf h yj(S,'FQ) O(s™) =
(e fm +e Fon + m)z(s+g+727j)m_1+ (s™™)

3
Il

j=1
= T 4 e T £ O(s ™), as s — oo

We consider formulas (91), (92) as a linear system for approximate finding f;, f, from a;(s), as(s),
where s is sufficiently large.
If 0 >0, 0 # 0(mod 7/k), then from (91), (92) we obtain that

fl 1 e~ isto)n  _o—isk a1(3)+ O(S_n)
e (s+0) , i (93)
7,) = o e \—eitror i ) \ay(s)+ O(s)

Formula (53) follows from (93).

Theorem 3.1 is proved.

5 Proof of Theorem 3.2

Lemma 5.1. Let 3, ; be defined via (63). Let

N

u(s) =3 S s frvoo), (94)

j=1
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for some fized k € R and some complex numbers f;,5 =1,...,N, where N > 2n — 1. Then:

2n—1

Spru(s) =s"" ) esm{";’” +O(s™), s € [r, +0), (95)
m=1
f]g 21 Jj2 n (_1)n7j17_m—j26i‘rjln
fmw = fomwmar(f1yeoey frn) = 72 , Vm=1,...2n—1, (96)
S e
where C5 denote the binomial coefficients,
(e’iT,‘i _ 1)n—1
k= )1 97
h (n—l)!T"_lfl (07)
eiTI{ -1 n—1 .
fn,ﬁ:%fn fol :“-:fnflzo' (98)
(n—1)!r

Proof of Lemma 5.1. Using (63), (94), we obtain that

n ]1 n—1 is—i—T- K £
S+TJ> ( ]1) sz

nTu ZZ jl_l n_]1)|7-” 1(S+7— )]2—1 -

Jj1=172=1
n ]1<S+T )n—jgeilen
= f , 8 € [r,+00). (99)
T“J; ”; 91—1)(n—11)
(100)
Note that
‘ n—jo ' 2n—jo—1
(s4m)"™ = ) Gl #hri= 3 GLmis R n = 20, (101)
73=0 73=0
2n—ja—1
. 1
(T = S G = 3 Gl O <0 (1)
73=0 Jja=0

where C§ are the binomial coefficients; we used in (101) that C§ = 0, for a > 3, if § € N.
Using (99), (101), (102) we obtain that

n—j 2n 1 iTj
Zn,Tu B elisk Zf Z 1) Ji 2]3 gz (07313 T /332+J3 1)6 ik +(’)<3_2”+1) B
n—1 T n—1 J2 _ =
e G = Dl — )}
eisK 2n—1 n—j 2n—jo—1/~j + 1\ ,iTj
— a1 Z s Z (D" 2 hme (GhliT, Tl /s Je™” +O(s72 ) =
ot 2 In 2 Gi— Dl — o)
e 2n—22n—j3—1 i1 d3 ik
B
n—1 + 1 _ o
T = T G D)
2n—1; m m—jz n n— m—j2 it; 2n—1
sk szCn jo (—1) 117—]1 ek _omtl eZSRfTTLMi P
- m—1 Z n—1 Z _ _ + O(S ) = Z m—1 + O(S )7
m=1° =1 o (J1 = Dn —j)! — s
(103)
where
f]2 ;ﬂ ]2 n (_1)n—j17_'(n—j2€i7'j1/i
Fonsw = Z =Y (104)
2o G i — )
f _ f102 . i (_l)n*jei‘r(jfl)li _ (eiTIi _ 1)n71f (105)
b -1 G—=Dln—=7"  (n—1)lm"1 v

13



Note that in (103) we used the change of variables (j1, j2, j3) — (j1,j2, m), m = ja + Js.
Formulas (95), (97) follows from (103), (104), (105).

In addition, if f; =...= f,_1 =0, then
08 n (_1)nfj€i(jfl)‘rn (62'7'1{ _ 1)7171
nk — Jn - ~7 — . 1
e = b S5 Y G (106)

Lemma 5.1 is proved.
The rest of the proof of Theorem 3.2 is as follows. Due to (59), we have that

e*"a(s) = u(s) + z(s),

627'5ij N _j (107)
u(s)zz s Z$ Ny, as s — +oo0.
j=1 j=1
Due to formulas (40), (42), (44), (63), and the formula for z in (107), we have that
Yr2(8) = f1 +O(s™"), as s — +oo. (108)
Due to Lemma 5.1 (with 2k in place of k) and the formula for v in (107), we have that
2n—1 eZisnf
S u(s) =" Z —”;2'{ + O(s™"), where
§™m=
ot (109)
f - (6217—/4 _ 1)n—1f
BT (= 1)l
Due to (107), (108), (109), we have that
) 2n—1 62is;{f _
(e a)(s) = s"7! Z —ni% +O0(s")+ f1 +0(s"), as s = +o0. (110)
s
m=1
The definition of a; in (65) and formula (110) imply that
ai(s) = ui(s) + z1(s), where
672zsnf1 2n—1 fm ok o1 (111)
uy(s) = T 21(s) = Z_l i O(s ), as s — +o0.
Due to formulas (40), (42), (44), (63), and the formula for z; in (111), we have that
Ynr21(s) = fion +O(s™"), as s = +oo. (112)
Besides, the following formula holds,
Yy o 6—22'7'14 -1 n—1__
ZmTul(s) =¢? f1,72m f1,72n = ( ) J1- (113)

(n — 1)lrnt

Formula (113) follows from formulas (95), (96), (98) of Lemma 5.1, with (—2x) in place of &,
fn = f1, where f, is the number in definition of u; in (111).
The definition of ay in (65) and formulas (109), (111)—(113) imply that

as(s) = Ji2e + 6_%8”71,725 +0(s") =

eQini — 1)1 + e—?isn 6—21'7% -1 n—17,
_ | ) f(ln — 1)'Tn(1 T +O0(s7"), s = +o0. (114)
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From (114) we obtain that

(2 — )L fem B (e HTE )L = (n— DT lag(s) + O(sT), s — 400, (115)
(621'7/@ . 1)n—1f1 + 6—21'(5—1—7')5(6—22'7/@ . 1)n—1?1 _ (TL . 1)!7_n—1a2(s + 7_) + O(S_n), 5 — 400.
We consider formulas (115) as a linear system for approximate finding f1, f, from

(n— )" tay(s), (n— )17 tay(s + 7), where s is sufficiently large. From this system, for 7 > 0,
7 # 0 (modm/K), we obtain that

fl (621'7—/4 _ 1)71—1(6—21'7/{ _ 1)n—1e—2isn(€—2iﬂc _ 1)

<€2i(8+7')l€(€2i‘rﬁ _ 1>n71 _6721'5/&(6721'7'/-@ o 1)n1) ( (TL o 1)!7_n—1a2(8) + O(S—n)
(

_(621'7'/1 . 1)n71 (QQiTIi . 1)n71 n— 1)!7_71—1@2(8 + 7_) + O(S_n>> , § — +00.

(116)
Formula (116) implies that

 (n=D)l e ag(s) — ag(s + 7)) + O(s™) ) -
fl - (621'7% _ 1)n71(672iTﬁ _ 1) , § = +00. (117)

This completes the proof of Theorem 3.2.

6 Proofs of Propositions 3.1 and 3.2
Proof of Proposition 3.1. The following formula holds:

n eiSHfm,n + efisn?m .

Ypra(s) =s""" Z g — 4+ 0(s™"), s = +00, (118)

m=1

where f,, . and ?m _,. are defined according to (96) in terms of fi, ..., fm and f,, ..., f,., respectively.
In particular, according to (97), we have that
(eirn _ 1)n71

(n—1)lrn-t

(671‘7'/1 _ l)nfl o

Jie = fio Fin= mfr (119)

Formula (118) follows from formula (46), Lemma 5.1 and formulas (40), (42), (44), (63).

Formula (72), where ay is defined by (73), (74), follows from formulas (118), (119), and Theorem
3.2.

Proposition 3.1 is proved.

Proof of Proposition 3.2. Assume that
nt/s <1, where s > r > 0. (120)

From the definition of ag in (84) and formula (78) we have that
N

; N —isk T N
€anf‘ e zs,‘@f . h . 1
a(s)=>_ Gmm T2 S T (Z S0 (w)) = a0.(s) + a0a(s) + aoa(s). (121)

J=1 J=1 Jj=2

Using that N > 2n + 1 and formulas (38), (40) with n + 1 in place of n, we obtain that

Sni1ra03(s) = O(s~ ") s — 400 (122)
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We also have that

En+1,TCl0,1(S) =
= (7 =Din+1=j)lrn
n+l N

_ sk (—1)mH+1=d (5 4 7,)nkH1/2eiG=Dn p,
%> |

(= Dln+1—j)m

j=1 k=1
Note that

<S+Tj)n—k+1/2 B (1 +Tj/s>n—k+1/2
gn—1/2 - gk—1 ’

1
(14 7;/s)"FH1/2 = Z Ckt1/2 (%) +0O(s7# 1Y), 5 = +oo,

n+1 n+l—j n i(s+7;)k —
Z(_1> T (s 4 7)) S @R (s )2

(123)

(124)

(125)

where in (125) we used assumption (120) and that 7; = (j — 1)7, j = 1,...,n + 1. Using that

N > 2n+ 1 and formulas (123), (124), (125), we obtain that

En T ] ]
+1,700,1(8) /s (j—Dl(n+1—j)lrnsh-1
. j—1)T ! (j—1)71kK
e ”iii i (=)™ G s ((j ;- ) o Lo | =
= G- Din+ 1)l ’ R

j=1 k=1 \ 1=0

isk ™ 2n+1l 2n n— Cl

. l ..
n— JT ZJTkaJ =m—
@zzz e S oy e
n n _ j)'Sk 1+1

=0 k=1 1=0

pisk 2n+1 m n n icm= k (jT) P
Yyt n’i* ”f.sm —fet O =
m=1 k=1 j=0 J
2n+1 ; m n
1 e (=D (gr)m ke on-1
= RO Y +O(s7) =
m—1 n—k+1/2 _
m=1° = =0 in ]>'
2n+1 st'{f
i LT NN
sm=
m=1

where

n

B 1 m - (_1)n7j(]-7_)mfk6ij‘m B
’H_T_“;f Cn k+1/2gzo j!(n—j)! ,m=1,..2n+1,

(62'7-/@ _ 1)n
Tn!

fl n n jeleﬁ (61'7—/@ - 1)n
F Z ]' =0~ fi, where

£ 0.

7’4’_
7=0

Note that in (126) we used the change of variables (j,k,1) — (j,k,m), l = m — k.

e Kzi "I (1 (= D7 /s) O

(126)

(127)

(128)

In (128) we have that ¢ # 1 due to (82). In a similar way with (126) we also have that

2n4-1 67155‘]0_
Ent1st0a(s)/s" 1 = Y — T+ O, 5 = oo
m=1
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From formulas (122), (126), (129) we obtain that

2n+1 _
ZnJrl,TaO(S) ZS’{f K +e ZSﬁf K —on— —2n—
ars) = 172 Z : si—1 P O(sT) + O(sT ) =
j=1
2n+1 A 2n—1
B ezsnfjﬁ +e ZSRfj,H Como1y2y zst{fj . te zsnfj . Cona1
— Zl pom +O(s )= Zl o +O(s ), § — +00.
Jj= Jj=

(130)

From (130) one can see that the function a;(s) satisfies the assumptions of Theorem 3.2 for
N = 2n—1. Therefore, applying Theorem 3.2 to the function a,(s) we reconstruct f; , via formulas

fix=C(r,T, n)(T”’l(e’Z””ag(s) —az(s+7)) +0(s™)), s = +o0, (131)

as(s) := X, ra2(s), as(s) := esn =Y, (e a1)(s), (132)
, (n—1)!

C(k,T,n) := (@ 1)1 B 1) (133)

In addition, formula (128) implies that

n!T"fLH

fi= (@ — 1) (134)

Formulas (83), (84), (85) follow from formulas (131)—(134) and the definitions of a;(s), ag(s).
This completes the proof of Proposition 3.2.

7 Sketch of proof of formulas (23)—(25)

We will use that
GJF(‘T - Y, k) = G:Lr(x - Y, k) + pn(ywxa |k|>7

ilk||z| " gy 2
+ _ o € g](yvma ‘k‘)
Gz —y k) = 2] @172 (Z i1 )
) iy cilkllz] (135)
gl(y,x,|k;|):e Y 7pn(y7x7“€|) = |x|(d—_1)/2€n<y7x7|k|)7

1
enl(y,x, k) = O (‘—|) , || = 400, uniformly in y € D,
€T n

where G is defined in (16), & = z/|z|. The Lippman-Schwinger integral equation (16) and formula
(135) imply formulas (19), (23), (24), where

(2m)~e(d, [k))ps(y, 1) = g; (v, 1. kD), T=1/)1]. (136)

The recurrent relations (25) can be proved using also that:

(A, + k)G (z —y,k) =0, forz € R\ D, y € D; (137)
? d—-10 1
= — —_— = 1
Ao or? T or N TQAS’ (138)

where 7 = |z|, Ag is the Beltrami-Laplace operator with respect to # € ST™!, & = x/|z[;

1
Bunlas 6) = O otz ) bl = o (139)
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We prove below the recurrent relations (25) proceeding from (135)—(139). Our approach con-
sists in expanding equation (137) in |z|™/, as |z| — +oo.

Note that
R iil - = €d71 M + M , (140)
orp*5+i %5 \ 1 ri+l
o ilk|r ilklr i1k —d1 549
A (L el A (141)
ror 5+l gt rd ritl

1 ellklr Asg;(y, 2, k) 1
ﬁAS(;+(l' — y,k) = —r(d—l)/2 (Z i+l +0 <rn+(d+3)/2) , I — +00. (142)

j=1

Using (135), (141) we obtain that

8G+ a: _ y7 7,|k|'r
A A E:%y,IM =

Gkl 1 Z|k;|g](y, KD | d—1 9;(y, 2, |k|)

Twnﬂ§;( BRI (B )
]:

e (N ilklga(y. @, k) | K=, d—1 9;-2(y, &, k)

BRECEDIP Z ri—1 +Z(_ 2 —J+3) ri—1 a
j=2 J=3
_ O K) | 37 i D) + (5 4 800l )
T opld-1)/2 r — it
Jj=

d—1 I L) N Y

+ (_T —n+1) L )= r(d—1)/2 Zz ri—1’ (143)
J:

ilklg;-1(y, 2, |k]), j = 2,
‘gj,d: Z’klgj 1<y7 |k|) (_u_j_FS)g] 2(y7 ’kl) "'7n+17 (144)
(=5 =7 +3)g5-2(y, 2, k), j =n+2.

Using (141) and the result of the second equality in (143) we obtain that:

PGl x—y k) 0 [ €l ilk|g;(y, 2, |k|) d—1 . gi-1(y,2,k|)
Or2 = or \ pdD/2 Z ri—1 +Z(_ 9 —Jj+2) i1

p j=2
6\ |r g 9 cilklr
= Z |klg;(y, 2 |k|) 22(—7 —J+2)gj-1(y, 2, |k|) 5~ B T
J
Z|k|€z\k\r d—1 . ei|k|r
—Zwm%ww I )
n+1 . . n
Zlk‘ez|k|r d—1 ‘ ez\k\r B ez|k|r Wid
DT e Bt ) (S T i ) = T
(145)
_|k|29j<y7'@7 |k|>7 Jj=1
o= ) TP KD ikl (=d = 2]+ 5)g;1(y, 2, |KD), j = 2, (146)
) I g;(y, 2, [K]) +ilkl (—d = 25 +5)g;1 (9, 2, [F) +
=G =G+ 3)(= G =i+ 2)g(y. 3, K] =3



From (135), (137)—(139), (142), (143), (145) we have that

PRl En Oja " Zn wia _ E€FT ZM Asgj—s
( - ) a1 ri—1 + r(d-1)/2 ri—1 + p(d=1)/2 ri—l
r Jj=1 j=2 =3
ilklr - . k|2
_ 2 ¢ 9j k|
= —k a2 2 i +0O (—Tn-l-(d—l)/Z) , T — +00, (147)

J=1

where 6; 4, wj 4, 9; do not depend on r. Since n is arbitrary, we obtain, from (147), for j > 3,
that

(d—1)0j4+wja+ Asgj_o = —k*g;. (148)

Using definitions (144) for 6, 4, (146) for w; 4 and equation (148) we obtain, for j > 2,

a2 1) = s ((F 5 4 G- 06 = 2)) s ) + s 4D
(149)

Formulas (25) follow from (136), (149).
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