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Abstract

When used to estimate the risk of a single predictor, the behaviour of cross-validation can often
be understood through a central limit theorem. In model selection however, cross-validation is applied
simultaneously to many different estimators in order to compare them. Thus, analyzing CV in this
context requires a multi-dimensional or functional CLT. Since the mean and variance may vary widely
over the model collection, careful attention must be paid to how the process is centered and scaled. In
this article, we conduct the first such analysis of cross-validation in the context of least-squares density
estimation by Fourier polynomials. Our results characterize the fluctuations of some CV criteria in the
vicinity of the optimal model, at the critical scale at which they become significant. Asymptotically, CV is
approximately the sum of a deterministic function (the expected risk) and a symmetrized, time-changed
Wiener process. For a slowly increasing number of folds V, the variance decreases proportionally to
%: the folds are asymptotically independent. This analysis presents some unusual challenges which we
overcome through a combination of tools including strong approximation, concentration inequalities and
coupling of Gaussian vectors.

1 Introduction

Cross-validation is a widely-used class of methods for risk estimation and model selection. Despite its
popularity, its behaviour is still not completely understood and much practical advice is based on heuristic
arguments or numerical simulations. This sometimes leads to disagreement between experts [1], such as on
the question of whether V-fold [13, Chapter 5] or leave-1-out [6] has better performance.

The fluctuations of CV along a given sequence of predictors (indexed by the sample size) can be assessed by
computing the variance and establishing a central limit theorem. Precise variance computations were carried
out in various settings in [6, 7, 2] among others - see the review paper [1] for a more complete overview.
On the other hand, central limit theorems were proved in a general setting in [10, 3] and most recently in
[4]. Together, these results can provide accurate information about the deviations of cross-validation when
estimating the risk of a single predictor, or sequence of predictors.

However, in many cases, cross-validation is applied simultaneously to a whole class of estimators rather
than just one: for example, empirical risk minimizers on a nested sequence of models, or Lasso predictors
with various values of the penalty parameter. This class of predictors may change with the sample size:
for example, models will typically be allowed to grow bigger and penalty parameters to become smaller as
n grows. Practically relevant quantities, such as the model or parameter selected by cross-validation and
its risk, depend on the whole joint distribution of cross-validation applied to the given class of predictors.
The behaviour of cross-validation in the neighbourhood of the optimal model is particularly significant as
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we typically want and expect model selection estimators to concentrate around the optimal model, at least
in the sense of having nearly optimal risk. For cross-validation based model selection, such results, known
as oracle inequalities, have been established in regression [20, 18] and least-squares density estimation [2].
However, oracle inequalities do not tell the whole story as they ”only” provide an upper bound on the rate
of concentration of the selected estimator. Ideally, we would like to characterize the fluctuations of the CV
selected model and estimator around their optimal (”oracle”) counterparts, as central limit theorems do for
the CV risk estimator at a single model. This raises the question of establishing a multi-dimensional or
functional CLT for cross-validation, at least locally around the optimal model/parameter.

In this article, we focus on the special case of least-squares density estimation, with a collection of linear
models generated by cosine functions with increasing frequencies, a model collection which is both practically
useful and allows for explicit computations. The study of cross-validation in that context has several original
characteristics which distinguish it from textbook applications of empirical process theory, even in the simplest
case of simple validation. The hold-out risk estimator, centered at the optimal model, can be written as

HOT (k) - HOT (k*) =

~ 2
sk —s||” -

‘§£*_SH2_2(P7?C_P) (§£_§{*),

where éf is the empirical risk minimizer on the k—th model, computed using the training data, s is the true
density with corresponding probability measure P and PT “ is the empirical measure on the test data. Hence,
it can be remarked that, though HOp (k) — HOy (k#) is an empirical process conditionally on the training
data,

e The class of functions, of the form (§;)reck, , is random, depends on n and the estimators §; range over
models of unbounded dimension.

e The variance, Varp (31 — 57,), converges to 0 since, for k close enough to the optimum, §;, and $j,

converge to s.

e The process, suitably renormalized, may fail to converge in distribution. If so, we want to approximate
it by a sequence of ”simple” Gaussian process.

In order to find a Gaussian approximation in this non-standard setting, we use the celebrated Komlds-
Major-Tusnddy (KMT) Theorem [15], which provides a coupling between the empirical process (v/n(F, — F)(t))
where F' is the cdf and F,, the empirical cdf, and a Brownian bridge process By (t), such that

teR>

logn
E [|VA(F, — F) — By o F|| ] < C’%,
for some numerical constant C'. The KMT theorem can be used to approximate a general empirical process
of the form \/n(P, — P)(f)ser by the Gaussian process

(/ Bn(F(t))df(t)>f€F, (1)

whenever the functions in F are of bounded variation. This construction was first used in [12] to prove a
law of the iterated logarithm for kernel density estimators, then in a more general empirical process setting
in [19]. Other methods were later used to obtain strong approximations to general empirical processes under
different assumptions [14, 5, 8].

However, the simple construction (1) is sufficient in the present setting. Its main technical advantage,
in addition to its simplicity (modulo the KMT construction, used as a black box), is that the underlying

Brownian bridge process can clearly be constructed independently of the class of estimators 87



The resulting Gaussian process has a complicated, random covariance function. By approximating it
through explicit computations and concentration inequalities, we show that the Gaussian process itself can be
approximated by a symmetrized Brownian motion changed in time, W, , where g, is an increasing function.

In combination with concentration inequalities for the risk, ||§£ - s||2, this implies that the hold-out process,
centered at the optimal model and appropriately rescaled, is approximately the sum of the non-negative
function f,, and the zero-mean Gaussian process W, . The same result applies to ”incomplete” V-fold cross-
validation (Definition 3), with g, replaced by g¢,/V. Both functions are deterministic: as a consequence,
the distribution of the hold-out is approximately independent from the training data, and the folds of cross-
validation are approximately independent. We establish upper and lower bounds on the functions f,, g,
which guarantee that f,, W,, do not vanish as n — +o0o and remain bounded /tight, at least when restricted
to intervals of non-vanishing length containing the optimal parameter. At larger scales and outside these
intervals, the limiting behaviour is trivial in the sense that the (centered and rescaled) hold-out concentrates
around a deterministic function. Thus, our results characterize the critical scale at which randomness appears
in the asymptotic.

These results hold under the assumption that the sequence of Fourier coefficients of the true density, 6;,

3

decays at some polynomial rate j~ (a > ) and is not too irregular in the sense that the lower bound

|6;] > ¢j~* holds for some constant ¢ on a non-negligible subset of the integers.

2 Setting

In this article, simple validation and cross-validation are studied in the context of least-squares density
estimation. Here, we present this context in a mathematically precise manner.

2.1 L? density estimation using empirical orthogonal series

Let s € L?([0; 1]) be a probability density function. Given a sample X, ..., X, drawn according to the density
s, the L? density estimation problem consists in constructing an estimator 3, that approaches s in terms of
the L? norm. Although it is not obvious at first glance (this is not true for the other LP norms), this non-
parametric density estimation problem can be reformulated as a risk minimization problem, with a contrast
function: ~(t,z) = ||t]|> — 2t(z), which yields the risk E[y(t, X)] = [|t]|> — 2 [ s(z)t(z)dz = ||t — s> — ||s]|*. Tt
follows that s is indeed the minimizer of the risk corresponding to the « contrast function, and furthermore
the excess risk £(s,t) :== E[y(t, X)] — E[y(s, X)] coincides with the squared L? norm:

U(s,t) = ||t — s||*.

As a result, it is possible to construct an empirical risk estimator,

n n

Parlt) = 3l X0) = P = 2 37 u(Xa),

i=1 i=1

which can in particular be used to perform cross-validation.

Here we will consider a special class of non-parametric estimators, the empirical orthogonal series esti-
mators [11, Chapter 7] on a trigonometric basis. To ease the presentation, we consider only cosine functions,
which is equivalent to assuming that s is symmetrical with respect to % This restriction is of no fundamental
importance — it is reasonable to conjecture that the results remain valid with the complete trigonometric
basis.



For every j € N*, let ¢; : & — /2 cos(2mjz) and let 1o :  — 1. The collection (1) ;e is an orthonormal
basis of the subset of L?([0;1]) of functions symmetrical with respect to 3.

Let D, = (Xi,...,X,) be a sample. For any n € N and any T C {1,...,n}, we will denote, for any
real-valued measurable function ¢,

1
Py (t) = ] Zt(Xi)-

i€T
Consider the estimators defined as follows.
Definition 1. For allk € N and oll T C {1,...,n},
k
St = B,
§=0
where 1y = 1 and for all j > 1, 1;(z) = v/2cos(2mjz).

The estimators 87 are empirical risk minimizers on the models

k
Br= 4 vt :ve R
7=0

The problem of parameter choice k is therefore a problem of model selection within the model collection

(Ex)k>0. Here, the models are nested, meaning Ej, C Ej for every k < k'

2.2 Main notation

We summarize the main notation associated with the L? density estimation setting, which will be used
throughout the article.

o N, N*: respectively the set of non-negative integers and the set of positive integers
e ||| : the norm of the space L?([0;1])

e P s: the distribution of the observations and its probability density function

e D, an n—sample from P, DL the sub-sample with indices in T C {1,...,n}

e P,, PT the empirical measures associated respectively with the samples D,,, DI
e 1;: the j—th function in the cosine basis.

e 0; = (s,1;) : the j—th Fourier coefficient of s.

o éjT = PT(1;) : estimator of 6; based on DI

® 5. =1+ 2?21 éjrwj, the empirical orthogonal series estimator of s based on the k first frequencies.



2.3 Risk estimation for the hold-out

The larger k is, the better the approximation of s by the functions of Ej, but the more difficult it is to
estimate the best approximation to s within Fj. The choice of k is therefore subject to a bias-variance
trade-off which, if properly carried out, allows adaptation to the smoothness of s, simultaneously reaching
the minimax risk on Lipschitz spaces of periodic functions [11, Chapter 7).

Since the risk, except for a constant, is expressed as the expectation of a contrast function

Py(3T) = Ex [y(8F, X)) = ||5F = s||” = IIsII?,

it can be estimated by hold-out and cross-validation as in regression and classification. This is the subject
of the following definition.

Definition 2. Let D, be an i.i.d sample drawn from the distribution s(x)dz. Let ny € {1,...,n —1}. Let

T c{1,...,n} be a subset with cardinality |T| = n;. Then, for all k € N, we define the hold-out estimator of

the risk of 8, with training sample indices T' by
HOp (k) = ||5F|)* = 2PX° (37).

Sk

HO7 (+) is indeed an estimator since the norm ||-|| is computed with respect to a known dominating
measure (in this case the Lebesgue measure) and so does not depend on the distribution of X. Moreover,

HO7 (k) = |37 — s||* — lIs|* — 2(PY" - P)(3}) : 2)

the hold-out risk estimator can be expressed as the sum of the risk and a centered empirical process. The
risk which the hold-out naturally estimates is that of the estimator §{7 which is trained on a sub-sample. If
n; is close enough to n, we expect its risk to be close to that of the same estimator trained on the full sample
and this can indeed be proved in our setting (see [2, Lemma 14]).

The hold-out risk estimator depends on the choice of a subset T  of {1, ..., n}, but its distribution depends
only on the cardinality of that subset. The precise choice of a subset T' of cardinality n; will thus play no
role in the sequel. We will therefore denote by T any subset of {1,...,n} of cardinality n;.

Since the distribution of HO7 () only depends on T through its cardinality n, it is possible to construct
an estimator with smaller variance by averaging several HO7, (-). This is the idea behind cross-validation.
In the V-fold scheme presented below, the T; are chosen such that the test sets T are disjoint.

Definition 3. Let n:, V be integers such that %n <ny <n-—1. Let (I;)1<i<v be a collection of disjoint
subsets of {1,...,n} of equal cardinality |I;| = n — ny, chosen independently from the data. For all i €
{1,...,V}, let T; ={1,...,n}\I;. Let T = (T1,...,Tv). The "incomplete” V-fold CV risk estimator is

1 14
CVr(k) =3 > HOr, (k).

Similarly to the hold-out, the distribution of CV(+) only depends on n, V' and in the rest of this article,
we will denote by T any collection T1,...,Ty which satisfies the assumptions of Definition 3. Compared to
standard V —fold, the cross-validation scheme defined above retains the constraint that the I; be disjoint and
of equal size, but decouples the size of the test sets |I;| = n — n; from the number of splits V. In particular,
the hold-out (Definition 2) is a special case of Definition 3 (for V' = 1). As the collection (I;)1<;<y may be
”completed” into a partition by adding sets I;, we shall call CV(k) ”incomplete V —fold cross-validation”.



To analyze the asymptotics of these risk estimators, fix a sequence of integers (n:(n))nen such that, for
all n € N, § < ny(n) < n, and define n,(n) = n —ny(n). In the following, we shall denote n; = ns(n) and
Ny = ny(n) for a generic value of n. Whenever n,n,,n; appear in the same expression, it will be understood
that n; = n¢(n) and n, = ny(n) = n — ng(n). Since CV(-) can be expressed as an average of HOrp, (+),
we first focus on analyzing the hold-out risk estimator HOp (+). Consequences for cross-validation will be
derived in section 5.2.

3 Hypotheses

Approximating the process HOr(k), which is a sum over Fourier coefficients, inevitably involves bounding
"tail sums” of the Fourier series, such as ) 9?-. To control these, we assume that the Fourier coefficients
decay fast enough.

Hypothesis 1. There exists constants ¢ > 0 and 61 > 0 such that for all k € N, ZJ ki1 0J2 < k2+51 .

j=k+1

This upper bound is satisfied for some ¢, d; if and only if the smoothness assumption s € H” holds for
some (3 > 1, where H? denotes the Sobolev Hilbert space. Since we seek to approximate the discrete process
HO7r (k) by a continuous one, it is necessary to exclude the case where the bias decreases very fast, otherwise
cross-validation is effectively performed over a finite set of very small models. For technical reasons, we will
assume a polynomial growth rate, using the following three hypotheses.

Hypothesis 2. There exists constants co > 0, d2 > 0 such that for all k € N, J k+1 0]2 > kcéz

This hypothesis states that the Fourier coefficients 9]2- cannot decay faster than polynomially, and excludes
in particular analytic functions. Hypothesis 2 holds for example if s or one of its derivatives has a point of
discontinuity.

Hypothesis 3. There exists constants cg > 0, d3 > dg > 0 such that for all k > 1,

leak®s |

Of <csk™™ > 07
=0

Hypothesis 3 means that the sequence 9]2 cannot have terms which are ”"much larger” than their neighbours
to the right. Without such an assumption, the behaviour of the process may be dominated by a few large
coefficients, leading to discontinuities in the mean or covariance functions. Together, hypotheses 1, 2, 3
basically mean that the Fourier coefficients of s on the cosine basis decrease polynomially. Let us now give
a simpler condition which implies all of the previous assumptions.

Hypothesis 4. There exists a slowly varying function L, a rate 8 > 1 and a constant C' such that for all
JeN,
02 < CL( )] (28+1)

and such that one of the following equivalent conditions holds:

e For some constant p > 0, the set
J, = {j EN:62> ,uL(j)j*(w“)}

has positive lower density, i.e

k
i n Ll REO ]

k—+o0 k > 0.



o There exists a constant 0 < pg such that for all k € N,

+oo
> 07 > poL(k)k™"
j=k+1

Hypothesis 4 is a mild regularity condition on the coefficients 6;, which requires coefficients to decrease
no slower than a given rate, and to match this rate on a non-negligible subset of the integers. This excludes
lacunary series, for example. Let us see how this assumption relates to the previous ones.

Lemme 3.1. Under hypothesis /, hypothesis 1 holds for any 61 < 2(8—1), hypothesis 2 holds for any §s < 28
and hypothesis 3 holds with d3 = dg = 1.

Lemma 3.1 is proved in section 1 of the supplementary material. The two remaining hypotheses 5 and 6
do not bear on s, but on the parameter n; which is chosen by the statistician.

Hypothesis 5. There exists a constant 64 > 0 such that n —n; < nl=os,

This upper bound on the size of the validation sample D} ° ensures that there is enough noise in the
estimate HO7 (+) to guarantee a non-trivial limit process. For technical reasons, it is also necessary to lower
bound n — n¢, which is accomplished using hypothesis 6 below.

Hypothesis 6. There exists a constant 05 > 0 such that n, =n —ny > nitos,

The statistician can always choose n; such that hypotheses 5 and 6 hold. One should however check
that this is compatible with good performance of the hold-out. Oracle inequalities [2] show that the risk of

the hold-out in model selection for L? density estimation is (at most) of order a-or(n) + %. If or(n)
decreases in n with rate n% (a € (%, 1)), which is the case under assumptions 1 and 2, n — n; can be chosen
within the interval [%nhj : ; nHTa} —so0 that assumptions 5 and 6 are satisfied— without changing the order

of magnitude of the risk. Moreover, the optimal value of n — n; according to the above risk bound is of order
1+o . 1 8a+1 44+ o
n~> and hence belongs to the interval [3n™ 4 ;n75 ]

for n large enough.

4 Definitions

If a sequence k,, of model indices is not too badly chosen (such that k, — +oo and % — 0), then the
sequence of estimators &, is consistent in L?, which implies (under sufficient moment assumptions on s),
that )

HO7 (k) = |81, —s|” = lIsll* = 2(P)" = P)(s),

where the random error (P’ — P)(s) is now independent of the model parameter k,. While this error
term is unavoidable when estimating the risk of a single estimator, when comparing several different models
kin,...,kjn in order to perform model selection, the quantities that matter are the pairwise differences,
HO7 (kin) — HO7 (Kj,), in which the leading error term, (PY" — P)(s), cancels out. To account for this
effect, we consider a centered and scaled process of the following generic form:

R (o) = % (HO (ky + al) — HOp (k) = % (

T - slf)
2 e T T
_7(Pn _P)(sknJraA_Skn)?

e
where k,,, A = A(n) and ¢ = e(n) are sequences depending on (n:(n))nen and the density s.

‘§£n+aA - S||2

(3)



4.1 Centering sequence

While any centering sequence (k,)neny may a priori be chosen, they are not equally interesting. With the
goal of model selection in mind, we want the localized process (3) to provide information on the asymptotic
location of argmin, .y {HO7 (k)} relative to the deterministic centering sequence k,. This requires R%° to be
coercive as a function of «, that is to say
lim R} (a) =
g, B () = oo,

so that k”%k" remains asymptotically bounded for any sequence k,, € argmin,y{HO7 (k)}. While this may
not always be achievable (the risk may have distant global minima), it is at least possible to guarantee that

E [R}"(a)] > 0 for all «, by choosing
ky, € argmin {E [HO7 (k)]} . (4)
keN
In order to obtain a more explicit formula for the centering sequence k,,, we slightly modify this definition
by replacing E [HO7 (k)] by an approximation. Consider the following definition.

Definition 4. For alln € N, let

+oo
k
= mi E 62 + %
or(n) keN J+n

j=k+1
kR
and k«(n) = maxargmin ¢ — + Z sz
keN Pors®

This definition is based on the following approximation to the L? risk, a precise statement of which can
be found in claim 5:

R k +o00
|5F — s|ﬂ =E[HO7 (k)] ~ ot .Z 03.
j=k+1

g_quﬁ[

This leads to the choice k, = k.(n¢(n)), which we will often denote simply by k..

4.2 Scaling

It remains now to choose the scaling sequences A(n),e(n). Since e(n) will be chosen so as to obtain a
bounded, non-vanishing process, its value is essentially determined by that of A(n). Let us now discuss how
this sequence is defined. It has already been remarked that, provided that the sequence n:(n) is properly
chosen, the hold-out risk estimator, HOz (k), concentrates around the risk of 87, which itself concentrates
around its expectation. Thus, if the scale A is too large, the centered and rescaled hold-out process (equation
(3)) will converge to a deterministic function. The scale chosen is then too large to distinguish the hold-out
estimator from the quantity that it estimates. As the scale decreases, the effect of the random fluctuations
is magnified and at a certain critical scale, randomness should appear in the asymptotic. Our goal is now to
characterize this critical scale, as well as the corresponding limit process.
An appropriate choice of A, e is given in the following definition.



Definition 5. For alln € N, let

l
1 ng 1|1
Aa(s,ng, n) = max 7; oo (ne)+j = { n_ntﬂ} e
n 171
Ag(s,ng,n) =max< [ €{0,...,k, Z&k (ney—j < [ n_tntﬂ} -
A(s,ng,m) = max (Ag(s,ng,n), Ag(s,nt,n))
A
5(5,7’%,7@) = (s’nhn)'
U
e(s.mpm) = | £,
n —ng

As the sequence ny(n) and the density s are considered to be fixed once and for all, the notation
A(s,ng,m),E(s,ng,n), e(s,ng, n)

will frequently be replaced by the abbreviations A, £ e.

4.3 Rescaled process

Now that A, ¢ are defined, the hold-out process can be rescaled as in equation (6). More precisely, the rescaled
hold-out process is given by Definition 6 below.

Definition 6. For all j € [—k,;+oo][NZ, let

Rg’o <i) = % (HOT (k* +.7) - HOT (k*))a

in other words (by definition 2)

ORI

The RZ}O function is extended by linear interpolation to all o € {%*T(nt); 400 [ Let R%P be defined in a similar

T sl

o) (5 7))

manner, i.e
Lo 1 )
R(%) = < (CV7 (k. + ) — OV (k)

for all j € [—ky;+00[NZ, extended by linear interpolation to [%*T(”t); +00 [

Note that by linearity of the interpolation operation, Rgl’ = % EY:1 Réﬂ" The extension of Ré‘«", RS—” by
linear interpolation simplifies their approximation by a continuous process. Notice that any minimizer of
R (resp. R%P) on the grid % ([—k.«(n¢); +00[NZ) remains a minimizer of Rl (resp. R%P) on the interval

%*T("t); 400 |. In particular, this applies to the hold-out parameter obtained by minimisation of the hold-out

risk estimator.



4.4 Mean function and domain of approximation

The following function is approximately the mean function of the random process I%l}o() It plays an essential
role in the results of this article.

Definition 7. For all k € N, let R(k) = ].ZOZH 07. Extend R to Ry by linear interpolation:

Ve e Ry, R(z) = (1+ |z] —2)R(|z]) + (z — |=])R(|=] + 1).
fni]— %; +oo[— Ry is now defined by:
fula) = L (R(k* (n) + ald) — Rk, (ne) + O‘A> . (5)

¢ g
Thus, for all k € N, k # k.(n¢),

kVky(ng)

(KM | Y e 0

. nt
Jj=kAky(ny)+1

It is clear by equation (6) that f, reaches its (global) minimum at 0, moreover f,, is the sum of a non-
increasing function and a non-decreasing linear function. For technical reasons, our methods do not let us
carry out approximation over the whole domain. In order to limit the domain of approximation in a principled
manner, we introduce the following definition.

Definition 8. Let T C {1...n} be a subset of cardinality ny and let k. = k«(nt). Given any x > 0, let

G, = min {a € %Z,efn(a) <z [207“(nt) + ! } }

n—"ng

b; = max {a € %Z, efn(e) < {207"(7%) + n—lnt} } .

We shall see later that not much information is lost by restricting the process to the interval [a,; b.].

5 Main theorems

Let us now give simple approximants Y,, v (u) to the rescaled CV estimators R%P (u) (including the hold-out
when the number of splits V' = 1).

5.1 Simple validation

The following theorem shows that the process R’}O() can be approximated on [a,, b,] by the sum of f, and
a time-changed Brownian motion.

Theorem 1. Assume that the hypotheses of section 3 hold. There exists an increasing continuous function
Jn [—%; +oo[— R and for any x > 0, there exists a two-sided Brownian motion (Wt)te[az;bz] independent
from DI such that, for any y > 0, with probability greater than 1 — e,

. R ) = (fulw) = Wo, )|
sup
u€faibs] 1+ fa(u)

(7)

10
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where uy; > 0,ug > 0 and ko > 0 are constants which depend only on (0;)1<i<¢ and c1,ca,01, s, respectively.
Moreover, g, and W can be chosen so as to satisfy the following conditions.

1. 2(0) =0, Wy =0,

_ 2
2. V(ar,a) € [ o0, ar < a1 = gn(a1) — gnlaz) > 4 |s||? [ar — o).

3. For all (a1, a0) € [_Tk*;—i—oo[2 such that a; < as <0 or 0 < a1 < as,

_ 8lslls

91(02) — gulen) € — 07 5 (fu02) = fulon)] + (sl + 45 foo o). (¥

It states that the rescaled hold-out process, ]%gf’, can be approximated on [a, b,] by a continuous process
Y., 1, which is the sum of the non-negative, deterministic function f, and a time-changed Brownian motion
Wy, . If k%337% = o(A), the error made in this approximation is negligible relative to 1+ f,,. A sufficient (but
not necessary) condition for this is that d3 — dg < d4, where d4 is the constant introduced in hypothesis 5. In
particular, hypothesis 4 is sufficient since it yields d3 = dg = 1.

fn and g,, depend on n; and n, but not on the data (they are deterministic functions), while W depends on
the data only through the test sample DT °. In particular, in this asymptotic setting, ﬁ%o doesn’t depend on
DI the training data. Lemma 5.1 below gives upper and lower bounds on f,, which prove the non-triviality
of Theorem 1. Its proof can be found in appendix A.2.

Lemme 5.1. There exists some t € {—1,1} such that f,(t) < 1. In other words,

in (1) <1.
te?ll?,l}fU*

l 1]

fala) > /o] — 1.

Thus, f, is upper bounded by 1 at some point ¢, € {—1;1}. The lower bound, lemma 5.3 below and
Definition 8 imply that for z > 1, [as, by] either contains I,, = [0, 1] (if ¢, = 1) or I,, = [-1,0] (if ¢, = —1), the
two cases being non-exclusive. Moreover, by equation (8), g, is bounded on this interval I,, € {[0;1],[—1;0]}
and its total variation on I,, depends only on ||s||?, |5]loo- On the other hand, by point 2 of Theorem 1, the

Moreover, for alll € Z such that |I| > A,

and for oll o € R,

function g, increases on its domain at least as fast as the linear function a + 4 ||s||> . In particular, f,, gn
are both bounded at ¢, and moreover, g, (t,) > 4 ||s||>. It follows that f,(t,) — Wy, (t,) is a tight sequence
of Gaussian random variables with non-vanishing variance, which proves the presence of randomness in the
asymptotic. If f,, is convex on [a,;b,] (which corresponds to the sequence of squared coeflicients 67]2 being
non-increasing on Al,), f, is also 2—Lipschitz on %In (say) and it follows that gy, is Lipschitz-continuous on
%In. Figure 1 illustrates the bounds that hold on f,, g, in this case, assuming A = Ay.
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Figure 1: A plot of f,, g, on [ag; bs] with upper and lower bounds, with a convex f, and Hs||2 =1.2.
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5.2 Incomplete V—fold cross-validation

Since the cross-validation risk estimator CV (k) can be written as an average of hold-out risk estimators
HO7, (k), Theorem 1 has direct implications for CV.

Corollary 2. Assume that the hypotheses of section 3 hold. Let f,, g, be as in definition 7 and theorem 1.

For any x > 0,
k53—§6 % k53—56
() () )

ol
=

R (1) = (f() = W)
E sup -

< ko(l4+2x)" | n™“ 4 (logn
U€[ag;by] 1 +fn(u) O( ) ( ( )

with the same constants kg, w1 as in Theorem 1.

Proof. By integrating the bound of Theorem 1,

‘J%%f(u) — (fn(u) = Wf;n(m)
\4
E sup

UE[ag;be] 1+ fn(u)

ol

k§3—56 % kj(ss—(se ﬁ
* * 1
C=) ) )

for each i € {1,...,V}, where the W* are symmetrical BMs that are independent of DX:. We can construct

< Ko(l 4+ x)"e (n_"l + (logn)

W such that W = H (D,ch, U;), where H is a measurable function and U; is an auxiliary uniform random
variable. Taking independent U; yields i.i.d W', since the sets T¢ = I; are disjoint. Let W = % szzl we.

By Jensen’s inequality,
k(sgf(;s % k&g*&a %
* * v .
(%) (55)

R’C;}(u) - (fn(u) - I}7[/971(11))
E sup
Conclude by noting that (W;)cr is equal in distribution to (W;y )ier, as a continuous random process. [

o=

< ko(l+2x)* [ n™" + (logn
u€E[az;ba] 1+ fn(u) of ) ( ( )

Corollary 2 proves that cross-validation is effective at reducing the variance of risk estimation, compared
to simple validation (the hold-out). The process approximating R%l’ is of the same form as that approximating
R;ﬂ", but with its variance reduced by a factor V', as would be the case if the hold-out estimators HOr, ()
were independent. Importantly, this reduction in variance occurs for the rescaled process R¢, and so can be
expected to reflect the model selection performance. Corollary 2 is sharp when V is fixed as n — 400, since

in that case, the approximating process f, — W, /i remains nontrivial (random and of bounded size) as

n — +0o0. When V =V,, — +00, corollary 2 implies that R%P concentrates around the deterministic function
fn. If the sequence V;, grows slowly enough, such that V,, = o(n*?), corollary 2 also provides the rate of this
convergence (which is \/va)

5.3 Larger scales

Theorem 1 leaves open the question of what happens outside the window [a,,b,]. For a point t = % to
lie outside this interval, the excess risk of 57, which is approximately ¢f, (), must exceed the optimum by
a constant factor x. Known consistency results for cross-validation [2] show that the minimum of R%’ lies
within such intervals with high probability. This suggests that the random fluctuations of the process are
irrelevant outside [a,;b;]. The following proposition shows more precisely that ASF concentrates around the
deterministic function f, as x — +oc.

13



Proposition 5.2. Let (M, )nen be an integer sequence and

N A N ZZ.

I, =

Assume that there exist constants 67 > 0, ¢y such that

ks % 57

<cmn~

for all integers n. There exists constants k and 6 > 0 (depending on (c;, 0:)icqa,...,7y) such that, for all x > e2,

E sup

teln\[am7bm]

R%l’(t) 4| < 2k loglog (k) n rlog®(nM,,)
fa(?) - Va nd

The proof of proposition 5.2 can be found in section 3 of the supplementary material.Because a union
bound is used, proposition 5.2 applies only on an interval I, corresponding to values of the dimension
parameter k < M,,. M, can grow polynomially or even super-polynomially without invalidating the result.
In practice, this assumption is mild since by definition 4, k. (n;) < ||s||* ne < n? for any n > ||s||>. Figure 2
gives an illustration of the situation for x = 25 and

e *—1ifa<0
fnia— s s 3.
60+ 55 ifa>0

78aif >0
Gn Q> _
7.8a — 3fp() if <0

(which satisfy the properties of lemma 5.1 and Theorem 1 when ||s||* < 1.2 and sl < 1.5). Figure 2 shows
how for large , /g, and hence W, become negligible compared to f, outside the interval [a,, b.|, as stated
by proposition 5.2. Hence, for sufficiently large x, the random term W, becomes negligible relative to the
deterministic f,, outside the interval [a,; b;].

5.4 Bounds and estimates for A, e

A = A(s,ny,n) and ¢ depend in a complicated way on the density s through its Fourier coefficients (6,),en.
Thus, it is not intuitively clear how large A, and ¢ are. The following lemma gives some simple universal
bounds on these quantities.

14



Figure 2: A plot of f,,W,, on [ag;bs], for x =25, g, : @ = 7.8a — 3 fr(a)la<o-

n
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Lemme 5.3. For any density s,

Az n itnt (9)
T (10)
e> j - (11)
e<& (12)
& < 2or(ny) + - —lnt' (13)

This lemma is proved in appendix A.1. The first three equations are equivalent and imply that the size of
the random fluctuations of HOr (k) are at least of order —— when localized around k. (n), i.e the inverse

n
of the size of the test sample. On the other hand, equation (1t3) implies an upper bound of

2or(ny) n 1

n—ns nN—ng

which involves only the size of the test set n — n; and the minimal (oracle) risk over the model collection,
or(n;). This upper bound is negligible relative to or(n;) if or(n:) > n_lm. Hence, ¢ is negligible relative to
or(n;) if and only if or(n:) > nfnt. In that case, the random fluctuations of HOr (-) are asymptotically
negligible around k. (n:), which suggests risk consistency of hold-out model selection. This can be compared
with known oracle inequalities for simple validation which imply risk consistency under the slightly stronger
assumption that or(ng) > %. The following two examples show that these bounds are tight, at least up
to constants.

Jn

Example 5.1. Let u, be an integer sequence such that u, — +oo and u, < %5~

)y and
1 ()
n —ng(n) ng(n)

Uny (n)

1

Then E(sp,ni(n),n) ~ % ~ or(sp,ni(n)).

for all n. Assume that

Define the sequence of pdfs

Proof. Remark that definition 4 implies that k.(n:) = u,,. Then as n — +oo, E(sn,nt,n) ~ %* ~ or(ng)
and “ = o(or(ny)), so e(sp,ne,n) = o(E(sn, nt,m)). O

Example 5.2. Define the pdf
+oo
N Y
§=0

Assume that the sequence ng(n) is such that # — 1. Then A(s,n4(n),n) ~ nfjl(jl()n) as n — +oo.

16



Proof. The Fourier coefficients of s are

V] S N, <S,’(,Z)j> Gj = —. (14)

Since the sequence 0J2. is non-increasing,

Then by Lemma 5.3, Ay > -2 but

Ad Ad
1 1 1 9 1 1
02 < o~ ———— =0 — .
Ag ; BT A Jz:; ¥y 8ny A ’ <nt)

It follows by definition of A, that

Moreover, by definition for any ! < k,

Tt
n—mng

which yields Ay(s, ng,n) ~

-1 -1 ,;
1 19
z E 9?2 > = E z
e e A

9l
- SZnt '
Hence, if Ay were greater than *- 41, we would have that
Aq
- 2,
8A,
which is impossible for large enough nf—tnt Thus,
Ny
A= Ay, Ag) ~ .
max (Ag, Ag) p—

O

The bounds of lemma 5.3 do not fully determine the order of magnitude of A e: in general, the ratio
between the upper and lower bounds is a power of n. In contrast, direct statistical applications of Theorem 1,
such as confidence bands for the risk, require A and ¢ to be known up to a constant factor. To this end, we now
investigate the possibility of estimating A, ¢ from the data. In this section, estimators of A are constructed
which are provably consistent (up to a constant factor) under the assumption that the coeflicients 9? are
non-increasing (which corresponds to a convexity assumption on R and f,,). We believe that this assumption
may be further relaxed, at least to approximate convexity of f,, (i.e f, = f,, + o(e) for some convex f,),
though for simplicity’s sake we do not pursue this refinement here. It seems however that some assumption
of this kind is necessary to prevent the maximum in the definition of A4, A, from being unduly sensitive to
small perturbations of the coefficients.
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We first construct an estimator of A based on a preliminary estimate of k, (n;) (for example, the hold-out
risk minimizer). We will later show how to dispense with this preliminary estimator, at the price of a possible
loss of accuracy.

Let K, be an integer sequence growing at a polynomial rate and such that K, > k.(n;) + A for all n
large enough (for example, K,, = n). For any k € {1,..., K, }, let

l

N . ]_ AT 2 ¢ ]. 1

Aq(k) = max 16{1,...,ank}.7;(9&(”0“) > {2 n_ntﬂ]nt (15)
13 > 111

A (k) — IS _mo L

Ay(k) =max{ 1€ {1,... k}: l;(ek*(m)_j) < [2+ e ﬁ] " (16)

Finally, let A(k) = max (Ag(k), Ad(k)> Note the change in the constant on the right hand-side from 1 to 2:

this is meant to compensate for the bias of (9,{)2 as an estimator of #7. The estimator A(k) has the following
property.

Theorem 3. Assume that the sequence of Fourier coefficients (0;);>1 is non-increasing in absolute value.
Forany k € {1,...,K,}, let
= A .

Fix some x > 0. There exists constants k,ug > 0 such that the following property obtains with probability
greater than 1 —e™* and for the sequence €, = k(1 + x + logn)n=4s.

For all integers n such that K, > ke + A and &, < 1—10, forallke{1,..., K,},

Qg

A(k) < Amax (1 + |ak| + en, = 13%)2 + En(21+_5§”ziak))> (17)

and

[ATas Tz max (i, V1=4((1+en)|on] +en(2+ sn))) if || < 3 —2¢,

lag | A if |ag| > % — %an > 2¢2

A(k) > { (18)

Theorem 3 is proved in section 4 of the supplementary material. It shows that A(k) is consistent for some
(random) k provided that |ay| — 0 and f,,(ax) — 0, meaning that the error of k as an estimator of k. (n:)
is negligible at the scale A, in terms of absolute value and in terms of risk (the function f,). Moreover, the
ratio % remains bounded and bounded away from 0 provided only that |a| and f, (o)) remains bounded.
This is sufficient for practical purposes, since the precise value of A is not what matters: rather, it is the
fact that renormalizing by A leads to a non-trivial asymptotic. This property is robust to perturbation of A
by constant factors. We believe that the assumption ”|ay| and f,, (o) remain bounded” holds when k is the
minimizer of the hold-out or cross-validated risk. However, we may dispense with this conjecture by choosing
a different estimator:

Corollary 4. Let K, be a sequence of integers. Define

A:min{A(k):lgkgKn}.
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With probability greater than 1 —e™*, for all integers n such that K, > k. + A and e, = k(1 +2z)n""s < L

10’
_ R _ K2
(1 95n> <A< 1+ 2, — 5¢;,

2
z (1= 32)
Proof. Let
k, = min argmin {A(k) 1<k < Kn}.
and let &, = ’%*gk*. By Theorem 3, we have that

A:min{A(k):lgkgKn}

< Alk)
<A (1 +e 4 2 )
max "
- (1-3e,)2 1-2¢,
On the other hand, if |&.| < 17T95,L’ we have that
. A 1 1 1-9e,
A = A(k, > —(1—4e,) >
(k) 2 gaaeyz 2 70— %) 4
while if |&,| > =22 then
. 1
A > |a|A > 49€”A.
This proves the lower bound. O

Thus, A may be estimated up to an asymptotic constant factor of 2 under the assumption that f, is
convex. It follows that e may likewise be estimated up to a constant factor of v/2, by ”plugging in” the

estimator of A into the formula ¢ = ,/ nt(n{m).

6 Proof sketch

In this section, we sketch the proof of the main theorem (Theorem 1), laying out the main intermediate
results. The hold-out risk estimator can be expressed as the sum of two terms. Definition 9 below gives a
name to each of these terms.

Definition 9. For all j € [—k.(n); +00[NZ, let

L&) =7 (

AT 2
e N

Skatj —

ST s)).
_ku(ne)

The function L is extended to the interval [—==*; +oo[ by linear interpolation. Let Z be the random function
defined for all j € [—%; +oo[NZ by

j 2 [ e ) R
Z(A) = (PnT *P) (5£*+j*5£)

and extended by linear interpolation to the interval [—%; “+ool, so that for all a, ]A{%O (o) = L(a) — Z,.
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Thus, L is the rescaled excess risk, and Z is a centered empirical process conditionally on DI. These two
terms will be approximated separately. First, L can be approximated by f, using a concentration inequality
[2, Lemma 14]. This leads to the following claim.

Claim 5. Let L be the function introduced in definition 9, and f, be given by definition 7. There exists a
constant k1 such that, for any x,y > 0, with probability greater than 1 —e™Y,
[L(a) = fn(o)| 5

s
sup e < gy [log(2 + @) + y 4 log n)?n MG T
a€laz;bs) 1+ fn(a)

This claim is proved in appendix B.1. We then turn to the approximation of Z. The first step is to
approximate Z, conditionally on DI by a Gaussian process with the same variance-covariance function. To
do this, we proceed using strong approximation, as explained in the introduction (equation (1)). This leads
to the following claim.

Claim 6. Let Z be the process given by definition 9. There exists a gaussian process (Zé)ae[%m,+m) with
the same variance-covariance function as Z: for any (oq, ) € [az;bs)?, Cov(Z},,2L,) = Cov(Za,, Za,)
and such that for all m > 1, for all x > 0, with probability greater than 1 —e™Y,

Z. — 7
sup 12— Zal DE]s/-e5(c1765><1+x><1+y>n—‘?.

]E L © 2
a€lag;bs] 1+ fn(a)

Furthermore, Z' can be expressed as Z' = H(D,TLC, v), with v a uniform random variable independent from
D,, and H a measurable function from RT" x [0,1] to C ([7Ak* ;+00) ,R).

This claim is proved in appendix B.2. It implies that the approximation error is negligible up to the
scaling factor e. We will now seek to approximate the process Z! given by claim 6 by a time-changed Wiener
process. To this end, we first approximate the variance-covariance function of Z' (which is the same as that
of Z). Let us now give an explicit formula for it.

For all j € Z N [a;A; b, Al], by definition 9 of Z:

_ 0if j =0,
] 2 ¢ o a c * 1 A . .
Z (A) = (B -P) (L —sE) =1 2(PI-P) S 0 v it >0 (19)
%(PnT _P) Zi;k*Jerrl 9¢T¢i if j <0

In other words, for all j € Z N [a,A; b Al

j 9 kv t(5)+ . )
Z(A) —sen(j)s  ». 0T (PI"=P) (),
(2 ”
i=k.—(j)-+1
Let n, = |T¢| = n — ny. Thus, for any (j1,72) € {a.A,...,b,A}? and any variable X with distribution
s(z)dx,

Cov (Z(%).Z(%)|Dy)
4 kot(i1)+ kit(32)+ .
— (s Y S OL0 Covlui, (X),,(X)).

YT =k —(j1) - 41 da=k.—(j2) _ +1
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Let I ={ki—(j1)—+1,..., ke +(j1)+} and J = {ks — (J2)- +1,..., ke + (j2)+}. Assuming concentration
around the expectation yields

SN 6TeT Cov(yi(X ~ Y 0:8; Cov(hi(X), (X))

i€l jeJ i€l jeJ
+—ZZCOV Pi(X),1;(X))2. (20)
i€l jeJ

Now, for an increasing function g : A — R defined on some interval A containing 0 and such that ¢g(0) = 0,
the covariance kernel of time-changed symmetric brownian motion (Wy))tca is

min(g(s), g(t)) = g(s A t) if (s,1) € (ANR,)?
K(g)(s,t) ={ —max(g(s), g(t) = —g(s V1) if (5,) € (ANR_)? (21)
0 else .

Thus, in order to approximate (s,t) — Cov (Z(s), Z(t)|DL) by K(g) for some g, one must show that

Cov( (2)2(22) |D,{> 3667 Cov(wi(X), (X))

i€l jeJ
~ >0 Y 606 Cov(i(X), ¥5(X))
iEIﬁJjEIﬂJ
+7 > Cov(thi(X), 1(X))? (22)
tieIng jelng

since INJ = {ki—(j1VJ2)-+1,...,ke+ (41 AJj2)+}. This clearly follows from equation (20) if the covariance
kernel (z,7) — Cov(¢;(X), (X )) is diagonal. Of course, this is not exactly true and the idea is therefore
to show that the off-diagonal terms Cov(1;(X),%;(X)) decay fast enough (as |i — j| grows) so that equation
(22) still holds approximately.

To see this, remark that for any (iy,i2) € N2,

Yiy (X)), (X) = 2c08(2i17X) cos(2iam X ) = cos (2(41 + i2)7X) + cos(2(é1 — i2)7X)
and by definition, for all i € N*, ¢; = v/2cos(2imX), while ¢ = 1 = cos(0mz). As a result, 1;, (X ), (X) =

Yiitin (X)T/lglil—iz\(x) if 44 75 io and

eil iz 1- 5i17i2
COV('(/)h (X)a¢i2 (X)) = \/—% + ( \/i + 6i17i2) 9‘i2*i1| - 91’101'2'

By assumption, the sequence || tends to 0 with a polynomial rate of convergence, hence for sequences
i1 ~ i tending to 400, 0);, _;,| dominates 6;,0;, and 0;, ,,. Heuristically, it can thus be expected that

ZZQTOTCOV@[%( ) ZZ@Q < — 1] +(57]> 9|] i

el jeJ el jed

+ZZ< ’J+6,j> 0% _y-

el jed
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The concentration property and the above argument lead to the following proposition, the rigourous proof
of which can be found in appendix B.3.

Proposition 6.1. Let P be the probability measure with pdf s on [0;1], let 0; = (s,;) = P(;) and assume
that the coefficients 0; satisfy the hypotheses of section 3. For any integer interval I, let

(1)_1+ﬂ+5292

Jel

Let 9JT = PT(y;) and let I*, 1% C {ky + azA, ... ki + by A} be two intervals. Then the statistics

Unge =Y S 0707 [P(gisy) — PP

i€l jerI?

can be approzimated in the following way: there exists two constants kg and ug > 0 such that, with probability
greater than 1 —e™Y,

1[It NI 1

Unp=s—"4(1-—2) Y ¢ 22999|w|+ ZZHM
) i \/i iellnl? \[2611 JjEI? 16[1 jEI?
:I:/<a4(y+logn)2(1+x)% w(I)w(l)n™"3E.

Now , the decay of the 6 afforded by hypothesis 1 must be exploited in order to show that

Ur g = Umnging
or equivalently, that
U +Ungr =Urs —Urnging
is negligible. That is the point of the following claim.
Claim 7. Let
(kl, 1{32) S {k‘* +azA, ... ke + bajA}Q

and let my; < mg < mg be the increasing re-ordering of {ky, k1,ko} (assuming it exists). For any integer
J > —ky, let
] Eot() 4+
N 2
wo(J)—1+K+E Z 0.
i=k.—(j)-+1

Under the assumptions of Theorem 1, there exists constants k7 > 0,us > 0 such that

1
k537(56 3 “
(* ) +n2325] (23)
n¢
meo

1 284
ne Z Z 9|J1 jol S '%7\/w0 ki — ko Jwo(ky = ke )n™ 345’ (24)
t Ji=mi+1jo=mo+1

ma

ms
Do D 03050 < mevwolky — kJwo(ks — k)

ji=mi+1ja=ma+1

3¢

(1+4+x)%:=¢&

o

Moreover, let
m(2) m(3)

Eml,m27m3 = Z Z 931 9]2 COV(%& (X)v COV(?/JJ‘Q (X))

Ji=m)+1je=m2)+1
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It follows that with probability greater than 1 —e™Y,

Uz

2 kég—&g %
i ioia] < (1 +2)" (y + log n)* /o (br = Foywolha — o) (”_“4”53( * ) ) (25)

where ug > 0, ug are constants.

This claim is proved in appendix B.4. To approximate the covariance kernel by K(g,), it remains to prove
that Var (Z(«)|DT) can be expressed (approximately) as an increasing function g, (c), where g, satisfies
points 1-3 of theorem 1. This leads to the following claim, which is proved in section 2 of the supplementary
material.

Claim 8. There ezists a function g, satisfying the conditions of Theorem 1 and a constant us > 0 such that,
for all z,y > 0, with probability greater than 1 —e™Y, for all (j1,72) € [azA\, ..., b Al

, o 53—66 \ 3
[Cov (2 (R),2 (%) |Dn) = Klgn) (R R)] < ro(1+2)*[y +lognl* v/wo(jr)wo(j2) (n‘%+<k*A ))

where kg > 0,us > 0,ug > 0 are constants and

il 1 ket(i)+
wo(]’)zl"‘x‘f‘E. ) 2(:) +191‘2
i=k.—(j)—

for all j € ZN [—ky;+00)

Thus, the conditional variance-covariance function of the process Z' is uniformly close to that of the
process W, . To conclude the proof of Theorem 1, it remains to derive a uniformly close coupling of these
two Gaussian processes from the above results on their covariance kernels. This is accomplished using the
following proposition, the proof of which can be found in section 5 of the supplementary material.
Proposition 6.2. Let ([x;, 2i11))1<i<am—1 be a partition of the interval [a,b). Let Y : {x1,...,zpm} — R be
such that (Y(a:j))1<j<M is a zero-mean gaussian vector. Abusing notation, we also denote by Y the extension

of Y to [a;b] by linear interpolation. Let Ky : [a;b]*> — R be the variance-covariance function of Y. Let
h : [a;b] — R be a continuous, increasing functions and let Kx : [a;b]> — R be a positive semi-definite
function such that:

V(s,t) € [a;b]?, |Kx(s,8) + Kx(t,t) — 2K x(s,t)| < |h(s) — h(t)].

Assume that there exists constants L > 0 and ¢ € [0;1] such that:

[ Kx(t,
L d SUPte[a;b] % <L
« Foranyi € {(1,....M — 1}, |h(aes) — h(a)| < (1 + [(ein)] V [AGe)
o Forall (i,5) € {1,..., M}?, [Kx(xi, ;) — Ky (25,25)] < e/(1+[h(z:))(1 + [h(z))])-

There exists a universal constant k and a measurable function f : C([a;b],R) — C([a;b],R) such that for
all random variables v ~ U([0;1]) independent from Y, X = f(Y,v) is a zero-mean gaussian process with
variance-covariance function Kx and moreover,

| Xy — Vi
Sup ———
a<t<b /1 + |h(?)]

E < ky/Llog(M + 1 + max(|h(b)], [h(a)]))eT=.
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The proof of this proposition uses the known optimal Wasserstein coupling between (finite-dimensional)
random vectors, together with the Kolmogorov continuity theorem to pass to the continuum limit.
The proof of Theorem 1 then concludes as follows. Let R be as in Definition 7. Let
1
ho:a— =
0 z (

and remark that, by Definition 7, for all a € [a,; b,],

Let then
h:os 4|s|®a+8|s| . hola). (27)

By claim 8 above,
(K (gn)(c; ) + K(gn) (0, @) = 2K (gn) (e, )| = |gn(a) = gn(a)] < [h(a) — h(a)]

for any «,a’. We now apply Proposition 6.2 to Kx = K(g,) and Y = Z, on the interval [a,;b,]. Z is
piecewise linear between the points x; = %, which number at most M = (b, — a,)A.
Let us now prove the three bullet points. First, since ¢,,(0) = 0, for any « € [ay;b.],

K(gn)(a, @) = |gn(a)| < [h(e)].
Secondly, by definition of h, hg, for any j € [a,A + 1;b,A],

j J=1\| _ 4lsl? j ji—1
(3) (5] o (3) (5
Asl® , 8llsllu
S A + Tmax (9?,9?_1)
By claim 9 in the appendix, since A > —*t— - > n%* by lemma 5.3 and hypothesis 5,

J J—1 2 5 k%3 —% 6
Y h(l—=)<4 . 1 b2
‘h<A> h< A )‘ <A4|s]|"n™% 4+ 85| <0366 E + k(1 +x)%

A
k53—56 1
2 * —ua A0y l
< (4117 8ol (caca ™ o) 1 ‘ ( >’ i (A)H

which proves the condition in the second bullet point, for any

R e §

Finally, for any o = %,

Ewt()+

i=ko—(j)-+1
=1+ |af + |ho(e)]

< 1+ [h(a)]
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since ||s||* > 1 and |s|l.. > 1. By Claim 8, the condition in the third bullet point holds for any

9306\ 3
e > rg(1+ )"y +logn]? [ n =4 + ( *A )

whenever DI € E,, where E, is an event with probability greater than 1 —e™Y. Thus, Proposition 6.2 applies
to the process Z; conditionally on DI € E, with the function h given by equation (27). To conclude, it
remains to see that /1 + |h| < k(1 + f,,) for some constant x depending on s only. This follows from the
fact that ho(a) = a — £ fn(a) (equation (26)), which yields

L+ [A(a)| < (4]sll* v 81l ) (1 + la] + [ho(<)])
< 85|l (14 2|ar| + fn(cr)) by lemma 5.3
< 8|1s]|, (3 +2f7(c) + fu(a)) by lemma 5.1
< 245, (1+ fala))?. (28)

The remaining technical details are handled in appendix B.5.

7 Discussion

In this section, we interpret the results of the article and discuss how they could be extended.

7.1 Implications of our results

Theorem 1 provides an approximation to the rescaled hold-out process, with scale factor A given by Definition
5. The approximating process is asymptotically random, tight along a sequence of intervals of length greater
than 1 and trends away from zero at +oo (as discussed in section 5.1). In the case of “incomplete” cross-
validation for fixed V, the process is of identical type, but with the variance reduced by a factor V. This
means that CV performs significantly better than the hold-out when comparing 87 and §£ for k close to
k«(nt). If V. — 400, then rescaled cross-validation concentrates around the deterministic function f,,, which
suggests that CV has asymptotically better performance than the hold-out. This supports the belief that
cross-validation improves when V' is increased. Though k.(n;) is not the oracle based on the full sample
(k«(n)) , the greater concentration of CV around k., (n;) makes it possible to choose n; closer to n than would
be reasonable for the hold-out, resulting in improved overall performance.

7.2 Nested models

For technical convenience, the hold-out was analysed for a specific collection of estimators in least-squares
density estimation. We now consider possible applications of the methods and results of this article to other
model selection problems.

In order to obtain a Brownian approximation similar to that of Theorem 1, the estimators should be
linearly ordered, so that there is, in effect, a single real hyperparameter. Moreover, to carry out computations
similar to ours, these estimators should be least-squares estimators based on linear models. Thirdly, the
martingale property of the limit seems linked to the fact that models are nested, which allows to write the
estimators as nested partial sums. Finally, our main hypotheses require the risk to decrease polynomially with
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respect to the parameter. In the trigonometric case, this is justified through the connection with regularity
(differentiability) of the target function, and this connection should hold also for other model collections.
Let us therefore consider a collection of nested, linear models

mp Cmg C...Cmy C ...

and their corresponding least-squares estimators (8)r>1. There are many examples of such collections, but
we have in mind mainly the following:

e Naturally ordered 1D orthogonal bases, such as the Legendre polynomials, Hermite polynomials, etc.

e The spherical harmonics, ordered by degree. More generally, the eigenfunctions of the Laplace operator
on a manifold, ordered by eigenvalue.

e Multivariate Fourier series, using either square partial sums - corresponding for example to
my = {1, V2 cos(2xlxz), V2 cos(2mmy), 2 cos(2xlz) cos(2mmy) : 1 <1 < k,1 <m < k‘} ,
or circular partial sums, corresponding to

{1, V2 cos(2xlz), V2 cos(2mmy), 2 cos(2xlx) cos(2mmy) : 12 +m? < k} .

Let us now briefly outline the main ingredients of the analysis in the general case.

e Centering and scaling: our definitions used the fact that Varp(iy;) ~ 1, for the trigonometric basis
functions v;. For a general basis, the definitions should be adapted to take into account a variance
which may depend on j.

e Concentration of the risk (claim 5 ): there should be little difficulty in generalizing this part, since the
key result used [2, Lemma 14] applies to any linear model.

e Gaussian approximation (claim 6): for univariate density estimation, the same argument may be used,
provided only that |54/, can be suitably bounded. For multivariate models, the method must be
modified. For example, one may use iterated integration by parts to write

(P, — P)(f) = (—1)¢ g N 0..00f (x1, ..., xq)(Fy — F)(x1,...,xq)dz..dzg,

where F is the multivariate distribution function and F, its empirical counterpart. One may then
appeal to a strong approximation theorem for the multivariate empirical process, as can be found for
example in [9].

e Approximation of the covariance kernel: many computations remain valid for a general basis (1;)i>1,
covariance kernel ¢; ; = Covp(1;,1;) and coefficients 8; = P1);. Of those that rely on the specific form
of the covariance kernel, the main property used is that

¢i,j = 0);—j) where Z |0x] = o (7,75) by assumption.
k>r

Qualitatively, this means that the covariance is small off of the diagonal. A similar assumption can
likely be made for other models, though its exact formulation may vary.
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7.3 Hard thresholding and wavelets

Let us briefly discuss hard thresholding, a method often used in conjunction with the wavelet basis. When
used together with model selection, the effect of hard thresholding is to re-order the initial basis (¢;);>1 in
a data-dependent way as (1/15) j>1, where 1,2, ... is a permutation of N which renders the sequence

07| =
J

% S0 (X))

€T

non-increasing. Since the basis is then ordered, it makes sense to look for a one-dimensional approximating
process.

The corresponding estimators
k

oT AT
=2 075
j=1
are non-linear because of the data-dependent basis. Part of our analysis still applies to this method, since
conditioning on the training data fixes the basis. In particular, the Gaussian approximation (claim 6) should

still work. However, questions regarding concentration of the risk or of the conditional covariance seem much
harder.

7.4 Model selection

The CV risk estimator is usually used to select a model, I%%P, which minimizes it. The final result of CV

is then the estimator §;.., or §f in the case of simple validation. Thus, what we are most interested in
T T

2
practice is the risk H§k%y — SH of this final estimator, and how it depends on the CV method used (at least
when CV is used with a goal of estimation, as opposed to identification of the best model). There are
several ways our results can contribute to answering these questions. First, it follows from proposition 5.2

and Markov’s inequality that %ﬁ € [ag,b;] with high probability for x large enough. Since R%’(u) can be

uniformly approximated by f,(u) — Wy (/v on [ag,bs], it is natural to approximate E;Lk (the minimizer
of RS¥(u)) by the minimizer &y, v of f, =W, /1. The minima of f, — W, ,y can be studied using the theory
of Wiener processes. Together with our resultsA about f,, and g, (in lemma 5.1 and Theorem 1), this makes
the analysis of &,y much easier than that of k5¥. Moreover, claim 5 of this article proves that the (excess)
risk H§£ — SH2 — §£* — SH2 concentrates around ef;, (k_Ak*) for k£ ”close enough” to k,. This removes the
dependency on the training sample DI and reduces the analysis of H§£ — 5H2 — ég* — 5H2 to that of the
k_Ak*)'

deterministic function f,, (

7.5 Other cross-validation methods

In this article, we only considered a particular type of cross-validation. Corollary 2 relies on decomposing
”incomplete” V —fold CV as a finite average of asymptotically independent hold-out estimators, which can
be analysed more easily than general cross-validation because conditionally on their training data, they are
empirical processes.

In general, for projection estimators in L? density estimation, the cross-validation risk estimator is not a
(conditional) empirical process but a (weighted) U-statistic of order 2 (more precisely, a weighted sum of the
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terms ¢ (X;)¥r(X;)). Thus, new methods are required to approximate general CV estimators by gaussian
processes. We conjecture that more general cross-validation methods also behave locally like the sum of the
(rescaled) excess risk and a time-changed Wiener process, though we expect the scaling and the time-change
gn to be different for different versions of CV.

Theorem 1 can also shed light on the behaviour of other methods which use simple validation as a key
ingredient, such as Aggregated hold-out [17].

A Preliminary results

o | H2 and the constants ¢y, co, c3, 1, 02,03, 04,
J5,06, which appear in the hypotheses of Theorem 1. Note that by hypothesis (1), ||0],: sl |s||? are
finite and can be bounded by functions of ¢;,d;. The letter v will denote strictly positive constants that only
depend on (d;)1<i<e (they will generally appear as exponents of %) The letter k¥ denotes a non-negative
constant. The notation n, = n — n; will also be used frequently. The results of this section are independent
from the rest. They will be used in the rest of the proof of Theorem 1.

In all appendices, the term constant means a function of ||s||

A.1 Proof of lemma 5.3

e By definition and non-negativity of 0]2, y— \/7 < 1, therefore A > Ay > n_fm
o £ = é > 1
n—mq "
* e_\/n ny —\/(n n)? | n—
. %:51/% =+/(n—ny)& > 1.
e By definition, A, < k,. Thus % < fL— < or(n;). Moreover,
ksi+Aq +oo
ny 1 1 1 5 1 5 _ or(nyg)
1-— — < — 0 < — 0: < .
|: n—ng \/Ad:| ng dj=;+1 7= Ay Pl AN
Thus
ngor(ng) > Ag — 1t vV Aqg
n — N
1 1
> Ag—s—1 A,
2n — T 2
EA Ll
-2 d 2n —ng
It follows that n
Ay < 2ngor(ng) + L
n— Nng
S0 since nf‘m n% = nfnt,
A 1
=4 < 2or(ny) + ,
ng n—"mn

which proves the result.
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A.2 Proof of lemma 5.1
By definition,

Ag
Ay
2 > "%(1- 24 _ J___2d
; Betd =, ( n—ng/Ag ng n(n —ny)
1

Ag—1
A n
02 <2914 ¢
j;o ki—3 = ny ( n — ng /Ag

It follows that

Choosing x = 1 if A = A; and © = —1 otherwise yields the first bound.
Consider now the second bound. It is trivially valid when |a| < 1, since f,,(a) > 0. Let now a be such
that |a| > 1. Consider first the case a = & for some [ € Z such that |[| > A. If | > A > Ay, then by

definition,

L TP oy o P Ay M
= Fatd =y lln—mny)) — ny ne(n — ny)

l
AR ) 1 L1
()= S| > tammw Vs

If now | < —A < —Ag, then by definition of Ay,

which implies that

- i n H 1|
g:ﬂ ket W —rn)) " e "\ ne(n—ne)

0
! 1 N S U /1]
=] == 2 . — 1 a0 =0
f <A> 4 ];1 k«tj o > 4 ?’Lt(n*nt) A

Let now a € R such that |a| > 1. Let [ € Z and 6 € (0;1] be such that

l -1

which implies that
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if @ > 0 and

l
a=05+(1-0)——

if @ < 0. By piecewise linearity of f,,

hoe) =08, (5 ) + -0, ().

We necessarily have that |I| > |I| =1 > A. If [[| = A + 1, then

i 1_ 6 9
o) > el > > Z —1=+]al —-1.
(@) 20\ X =01+ K 255 =\/1+ 1=+/|a] -1

Otherwise, |I] — 1 > A, hence

S ==t 1=

A TTA

<=1, 1-9

=V A A
=1 1-6

|
< L} _ no -, - 7
<40 A+(1 0) A + 9A
1-6
< —_.
This yields the result since A > 1.

A.3 Some more bounds involving f,

Lemme A.1. Let o € R be as defined in Theorem1. Then for all x > 0,
lalA
Ty
lalA

T

n — Nt

< (14 o) [zor<nt> n

<e(1+ fu(a) V2(n —ny)or(ng) + 2

Moreover,

k. +(OCA)+

Z 07 < lalg + fala)e

ki—(aA)_+1

<214 fu(a))?E.
Proof. Define, for any k& > 1,

1
1 n 111
ld(k):max{lEN:lE 612@+j>|:1_ t ]

-1
1
lg(k):max{le{o,...,k*}:lzgz*ﬂ- < {14—
=0
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Define then the three following quantities

Al =max{k e N: k <lq4(k)}

A, =max{k € N: k <ly(k)}

A = maX(A;, Al).
Note the similarity with the definition of Ag, Ay, A: indeed, if 9]2 is a non-increasing sequence, it is easy to
see that these quantities coincide. One can further see that, in general, Aj; > Ay and A} > A,. As for upper

bounds, it true in general that
A} <lg(A}) < kv < ngor(nyg)

and that

la(Ay)

or(ng) > Z 7.+
=1

j=

> |1z [ ny 1 la(A))
- n—mng /A ng
N 1 Ail
> (1-,/—— Zd
o [ n—mng ‘/A:i] Tt
_ A Ay
ny ny(n — ny)
S8y 1
~2np 2(n—mny)
This yields
A’ 1
— <2 .
— or(ny) + p—— (33)

Let now o € £Z. On the one hand, if |o|A < A/, then

A A 1
la]— < — < 20r(ng) +
T Ty n— Nng

and moreover, by lemma 5.1,

E
= Vol = Vnale
A/

< (L fula))ey /o

< (1+ fal@))ey/2np0r(ne) +1.

On the other hand, if |a[A > A’ then either aA > Ay or —aA > A}, If | = aA > AJ;, then by definition,

I>A;+1>1g(A;+1),
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which implies that

1 m 1
L'y pe (1 - \/ f ) E
l j:;_i_l J (n—n) (AL +1)) ny
and hence that .
l 7 l A
efn(a) = — — 6% > =« ¢.
T j;+1 Vne(n —ng) (AL +1) AL +1
Thus,
Al +1 A +1
o < falon | ZE < o/ S5
A similar argument yields that
A+ !
o] < fulo)y) S < g/ 25

whenever aA < —A'. It follows that whenever |a|A > A/,

A A(A +1 A +1 1
ol < @) YR < g @5 < ) 2orr) - L
n ng n¢ n—ng n¢
and moreover
alA A(A+1
A2 o f YA ED
e N
A+ 1
= fu(a)ey/ny, o

§ fn(Cl{)B V anor(nt) + 2

using equation (33) and the assumption that n; > 5. Thus, the first bounds hold for all o € %Z, and thus
for all @ € R by piecewise linearity of the functions involved.
Let | = aA € Z. The second bound follows from the decomposition

kat(1)+ kot (D) ) " ol
Z 07 = Z {95 — } + = < fo(@)e 4+ —— = fo(a)e + |afE.
j=k.—(0)-+1 =k —(1)—+1 el n

B Proof of Theorem 1

B.1 Proof of claim 5
Let j € {a,A,...,byA}. Since 5T = Y5 PT(y;)y; = Y5, 0T,

) Fut()+ A 9
S| =sen() Y (aiT—ei) — 92
i=k.+(j)-+1

2
I

T
Sk:*+j — S
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It has been proved [2, Lemma 14] based on a more general result of Lerasle [16, Proposition 6.3] that processes
like

k*+(j)+ . 2 k*+(j)+

S (ir-e) = S (PT-P)w)

i=k.+(j)-+1 i=ke+(j)-+1
concentrate around their expectation, so that
kat(i)+ kat(i)+
S (ir-e) .~y R

. ? . ? nt
i=k.+(j)-+1 i=k.+(j)-+1

Furthermore, by lemma C.1 in the appendix, Var(y;) ~ 1, therefore
kat-(5)+ .
S (o) -7
. ? ’ ’ ng
i=k.+(j)-+1
More precisely, proposition C.3 in the appendix and a union bound show that, with probability greater than
1—eY, for any j € {a.A,... b A},

kot (d)+
1)

A 2 ] in(-L %)
S (0 —0) V) < iyt logn+ lom(b, — a) )0 ) ma (1 fn ()) '
t

i=ka (i) +1

Let r, = r1(y +logn + log((by — az)A))?n~ min(#5, %), Then for any j € {1,...,n¢},

) ) kv+j kitj
R RN RS SR CED
i=k.+1 i=k.+1

ki+j j
2 — —_
Z 0; + timax(l fn (A)>rne

=k.+1

kxtj .
= Z [ - 92} + max (1 fn (i)) Tne
i=ky+1
=efn (i) + max (1,fn (2)) Tne.
On this same event, for any j € {—k.(n,),..
9 9 ko E. A 9
Sl el Y e Y (-
i=kutj+1 i=kutj+1

ks . .
= Z 91-2 — m + max (1,fn (i)) Tne
i=kut+j+1 T
ke 1 j
= Z 6% — ] + max (1 n <)>rne
i=kut+j+1 { T A
_ J J
=cefy (A) + max (1,fn (A)) rpe.
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Thus, since f, and f%%o are linear between the points of %Z,

[L(a) = fula)] 1

2 .
STy —s| =I5 = sl” = et (%)
sup —_— = — max

QG[_TIC*;M;’C*] max(l,fn(a)) € —k.<j<ni—k. maX(]_7fn (%))

<7p.

This proves claim 5, using lemma C.5 to bound log((b; — a;)A).

B.2 Proof of claim 6

Let n, = |T¢| =n— |T| =n—ny. Let F:a — [ s(t)dt be the cumulative distribution function of the given

X;. Let Fre : 2 — % Zl\zT Ix,<z be the emplrlcal cumulative distribution function of the sample DI".

By the Komlés-Major-Tusnddy approximation theorem [15, Theorem 3], there exist a universal constant C'
and a standard Brownian bridge process Br. such that for all y > 0, with probability greater than 1 —e™Y,
| Bre o F — \/1ey(Fre — F)|| M (remark that since F is continuous, F(X;) ~ U([0;1]), which
means that the result for general F follows from the result for the uniform distribution). Furthermore, Bre
can always be realized as a measurable function of DI° and an auxiliary, uniformly distributed random
variable v: Bpe = H(Dgc, v), with v independant from D,,. Let BT* be obtained in this way. From Brpe o F,
one can define an operator on the Sobolev space W!(R):

Definition 10. For any function f such that f' € L*([0;1]), let

1
Gre(f) = = [ £/@Br-(F@)da.

Gre 7approximates” the empirical process /n, (Pf;c — P) on the space W!. Lemma B.1 below gives a
bound on the error made with this approximation.

Lemme B.1. For any function f such that f' € L'([0;1]),

Gre(f) — Vo (P — P)(f)‘ < |IBre = Vo (Fre = F) |l oo 1l 2 -
Furthermore, for all functions f,g such that f',g' € L*([0;1]),

Cov(Gr-(f), Gr-(4)) = Plfg] ~ PLIPlo] = Cov (Vi (PE" ~ PY(), V(P — P)(9))
Proof. Let f be a function such that f’ € L'([0;1]). Then

(P / Fd(P,

- / f — FO)d(PT — P)

_ /l /1]1t<$f’(t)dt d(Fre — F)(x)

/ i P)((t, +o0))
- / F(O)(Fre — F)(t)dt. (34)
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11 follows that for all functions f such that f’ € Ll([O; 1)),

GTC(f) n'u ‘ -
< Hf HLl([O;l]) | Bre o F' = \/ny(Fre — F)||
By definition, it is clear that E[G7(f)] = 0. Thus,

Cov (Gre(f),Gre(9)) = E[Gre(f)Gre(9)]

_]EU / F(w)g' (v)Bre(F ())BTC(F(U))}

:/O /O f'(w)g' (v)[F(u) A F(v)][1 = F(u) V F(v)|dudv

nv FTC —F) —BTc OF:I(t)dt’

- / / £/ (W) (v) (Bllx<ulx<o] — Elly<,JEIx<,))

/ / 7'(w)g ()E [(Fre — F)(w)(Fre — F)(v)]
= Cov (me — P)(f), V(P = P)(g)) by equation (34)

Let the process Z' be defined for all integers j > —k, by

. 9 A
A (i) = Gre (s;{*ﬂ sg)

nye

Z' is extended to the interval [a; b,] by linear interpolation, as for Z. By lemma B.1, the variance-covariance
function of Z! conincides with that of Z at the points X,J € ZNa;b,], and this property extends by
bilinearity to the whole interval [a; b,]. Furthermore,

wp B Zal 2B -2 (5)]
A, <a<b, 1+fn( ) _jGZﬁ[amA;bzA] 1+fn (%)
AT . .

e o, e |

< ||BTc oF — n'u( Ny )Hoo X J :
/iy e AL, A 1+ fn (£)

A7 Zz k — +1 12(9?)2

< ||BTC oF — nv(an - F)”oo \/ (J)

o % aIA<]<b A 1+ fn (*)
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By construction, the process Bre o F' — \/ny,(F,,, — F) is independent from DI. As a result,

Za —
E| sup -~
a<a<b, 1+fn( )

4
Dﬂ < E [|Bre o F — /iy (Fo, — F)| ]

e\/Ny
kwA(5) 2
\/Ez ks +(J3) +1( )

X (ks +b,A)  max

ax A<j<byA 1+ fn (7)
N 2
ketG)e 202 4 9 (9.T - 9-)
47 C'] v
< AmClogny o 1hA)  max d L) (35)
- wESIEEAN S0 (L e (R))

By proposition C.3 and lemma 5.1, there exists an event F; (y) of probability greater than 1 — e~ such that,
for all DI € Fy(y),

gl AT |J| || 2 —min(L,%)
E (Hi —9») ——I—H “logn + y]*n 122 )¢(n)
i=ky—(j)-+1
j ’ j — min(<, —64)
< (14 fn +n1 1+ fu |l & logn+y] 1202 )¢(n)

Moreover, by lemma A.1,

—
(V]
™

Eot(5)+ j
2 <2(1+f, | =%
> #=2(en(3)

i=h, () +1
It follows that for all DI € E;(y),

} 47C'log ny
< —
ey

71 _ )
E| sup Za X (kv + by A) [2VE + v2r1 (logn + y nfmm(ﬁ’%)\/g .
g

ay<a<b, 1+ fn( )

Since ¢ < £ and n~ min(F1, %) logn — 0, there exists therefore a constant x such that for all DI € E;(y) :

logn, V&
E| sup |Z!-— Tl <k X (ky + b A) (1 +
[W%J ]_ e E )1+ 1)
log n,
< o . + b AN (1 )
_m\/niv X (ke +0:.A)(1 +y) (36)

By equation (69) of lemma C.5,
kv +0,A < k(14 x)n%
By hypothesis 6 of section 3,

lognk*—’—\/nijA <k(l+x) lognn_%. (37)
Since logﬁ" =0 (n*%s) by equations (36), (37), there exists a constant x(c1,0s5) such that for any n, with
probab?lfty greater than 1 —e™Y,
]E{ sup 2o = Zal } Sn(1+:z:)(1+y)n*%5.
ap<a<b, L4 fu(a) "
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B.3 Proof of proposition 6.1

Let ¢;; = 0\75”' + (1_\/6%'”' + (52"]')9‘1-,]-‘ —0;0;. Upn j2 can be expressed as the sum of 6 terms: Up j2 =
Vi+Vo+ Vs +Vy+ Vs + Vi, where

i *51','
=D > 00 [ 2+ \@j +0i.5)0)i-j1 — 0:;

16113612
Vo = P)Y i > bci;
eIt JEI?
Vs = P)> 4 Y i
JEI? €It
Vi= \[ > P - — P)y;0)i—)
i€l jeI?
1 R 2
Vs = (1 - ) 07 — 0,
=(- z (o)
Vi=3" S (PT - P)u(PT - Py V”j - 9@}
eIt jeI? \/é

The first term is
1 i+
Vi=|1—-— 0:0;0);_; + 00; J 0].
=(-) 2 R T BT e[ -
ieltnl zEI jerl elt jel
For all i € I',

|0i+1
ZW+|9i||9j|S2 Z 1601

jeI? J2kstaz A+1

Furthermore, for all k£ > 2, by hypothesis 1of section 3

Z|9\<Z Ze2<z A g%(k_n%‘“. (38)

jzk Jj=k .7 - 1
Since ki + agA > W f 2 by lemma C.5, there is a constant k(cy, c2) such that
1+ fn Qg 2
51
07; i 1+zx 233
S Pl oo, < 2D (39)
jeI? ﬂ nt‘%z

The same argument applies to D, 1 Ie\%ﬂ +16;]|6;]. Thus, by lemma C.4,

Z Z 0:0; [0i+; — 0:0;] < 2“(1 +x 262 (Z 92) Z 0

ielt jel? ntéz ielt jel?

37



Thus 5
1 535

Vi = (1 - ﬁ) > oo \[ S 00,0, + GAEn) T 27 w(l)w(Iy)E (40)

ielNI? eIt jeI? nt

Bernstein’s inequality applies to V5 and V3. By symmetry, let us only consider V5. Its variance satisfies the
following inequality.

2
S Y e | < sl || D Wi Y e
iel! jJEI? €It jEI?
2
<lslloe D | D2 b5y
eIt \jeI?

Let us now apply lemma C.4. For all i € I*,

Z|cm|< wau = D il +16:1 3 1651

jEeI? JGI2 j€I2 jeI?
(\[—i—sup|9 ) Z\G |
reN
< 3102

In the same way, for all j € I?, . 1 |cij| < 3]|]],:, hence by lemma C.4,

S

STwi Y Oiei | <310l sl > 62
el jeI? JEI?
< 301011 18]l w(I2)E (41)

As for the upper bound on the uniform norm, it follows from lemma C.4 and the elementary upper bound

[¥illoe < V2 that

2

sup E Ui(x g Oicii| < E g 0ici ; sup g Yi(x
z€R | ich jer? iell \jeI? iell

< 3110),. V2T [ 62
jeI2

< k(A w(B)E, (42)
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for some constant k = £(||0||,1). By Bernstein’s inequality, there exists an event Ey(y) C R™ with probability
P(DI € Ey(y)) > 1 — e7¥ such that, for any DI € Ey(y),

|Va| < \/g Var Z 0, Z b;ci; —|— SuP Z Yi(x Z bjci

eIt JEI? eIt JjeI?

£
< 618l ol w2y % + %mm)w(&ma by (41),(42).
Setting = max (1/6[[0]] 1 Is[l, %), it follows that on Es(y),
Val < m/ywuz)\/f?e+ny\/w<fl>w<12> "oVE.
t t

24 o <1428 < 1+ 2]s]

By lemma 5.3, ¢ < £ and £ is uniformly bounded: & < 22] 1 05 e S

Furthermore, by hypothesis 5of section 3, ”” = t”t <n~ —%. Since w(l1) < 1, there exists a constant
K([10]141 5 [I5]l) such that, on Es(y),

Va| < wy/w(I)w(lz)n™ 7 e. (43)

Symmetrically, there exists an event E3(y) of probability greater than 1 —e~Y, such that for any DI € E5(y),

V3| < wy/w(I)w(lz)n™ % e. (44)

Now consider V4. This term can be expressed as a finite sum of sums of squares:

Vi = f Z > (PT = P)ui(PT = Py

reZiel'N(I?—r)

Al X [P Pt )] = [(PT = P~ )]

rEZ i€IN(I%2—r)
Let Jo={j € N: [Z] is even} and J; = {j € N: | ] is odd}. Thus
Va= 4\/> Z I7| Z Z wz + 5w2+r) I (i)]lp (7, + ?“).
r€Z (2,)€{0;1}x{—1;1} jeJ.

For any fixed r # 0, (z,¢) € {0;1} x{-1;1}, % (i —&-EwiJrr)ieJ is an orthonormal collection of functions,

since for any (i, j) € J2,

< i+ eYigr, Y5+ ey > =< by > e < Yipg, Yy > e < Yige >+ < i, i >
=20;j +€ < Yiyr, 0 >+ <Py, i >
=26;; since ¢,j € J,andi+r,j+r € Ji_,.
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[2, Lemma 14] applied to Sy, = ((¥; + e¥itr)ics.nnnrz) for all (z,

z,e) € {0;1} x {=1;1} , r € {—ny,...,n4}
and a union bound yield an event E,(y) of probability P(DI € E,;(y)) > 1—e~Y such that, for some absolute
Z

constant x and for all DI € Ey(y), (z,¢) € {0;1} x {—1;1} and r € Z,

> e(PT — P)(i + ethigr)® = (14 6)— > [Var(y;) + Var(yii,)

n
i€, NI N(I2—r) ¢ t€J.NItN(I2—r)

Il log(1 + 1) +logme +y
2 ir Wi =
+ 2e Cov (v, Yitr)| + K (6 A 1)ny

N 2 [flog(1 +7) +logny + ]
G A1)n2

By summing on (r, 2,¢) € Z x {0;1} x {—1;1} and since ||¢;]| . < V2, it follows that for all DI € E4(y),

ne 0
Z Cijitr| = Vél_nit Z \l/rl Z Ciitr

V4——Z\[

reZ €It N(I2—r) r=—mng €I'N(I2—r)
f SOl D [Var(ws) + Var(is,)]
reZ ieltn(I2—r)
Z 10 M 5]l o [log ¢ log(1 + ) + y]
ez (5 AN l)nt
Iy Z |9\ M [I' N I%|[log ny + log(1 + 1) 4 y?
=~ (6 A1)3n2

It follows from hypothesis 1that the sum Y, [0),|log(1 + r)? converges to a finite value 1011 10g2- Thus,

. 5 Sl 1+ ¥
ST ciine| <300l min(u(r), w(I2) A+ 26 0] o W
7,6110([2 T t t

V4——Z\f

rez

All +y)?

+ 8k min(w(I'), w(I?)) ||9H1,1og2 m
t

There exists therefore a constant £([|0][, ;,42) such that, for all DI € E4(y),

I

TGZ

[log ns + 9]

[log ny + y)?
((5/\ 1)3nt

> i < eémin(w(IY), w(I?))E+

eIt N(I2—r)

+rmin(w(I), w(I?))

\f

3
Let now § = max { ";t”* , n_%}4. By hypothesis 5 of section 3% < n~%_ therefore 66 < n~ min($,°34) ¢
1
y 8
Moreover, £ > 7% therefore ﬁ < (m) tL <n 1€ Finally, since § > n~% and ng > g, £

ne TNy 63y

INA
[\~
:I
Bl
tn

Since &4 < 1, there exists therefore a constant  such that for all DI € E4(y),

Vi~ JZZ% jicig| < Rminw(I), w(I?))flogn, +yPn~ 1€, (45)

eIt jeI?
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Moreover, since ¢; ; = ( }J + 5”) 0)i—j| — 0:0; and 0y = 1,

;ZZ%% AT PIIE &

i€l jeI? i€eItnI? ielt jeI?
O1i—j1 %+ J|92+J 0)i— a\
DI -~y > 7 il
1611 JEI? iell jel?
Since for all j € N, |6;] <1

Ly - (1- ) B0E - L5 s el 2 ()
— Cij — - = - S — r
" ieh jer V2 v2) 2 T jer 2 M \ren

n—ng 1 2
<o g,
t Ny

< 2|6]li n~*E (46)

since £ > n— and "n"t > n~% by hypothesis 5of section 3From equations (45) and (46), it follows that, for
some constant /<;(||9H1 log2)s

|Ilmz 02 | < kmin(w(IY), w(I2)]l 2p-%g 4
Vi— (1_%) 2nt ; ; 2| < mmin(w(I'), w(I?))log n, + y)*n~ T E. (47)
J

Vs can be expressed as

a-o-) T 0

jeInIz

therefore by proposition C.3, there exists an event Es5(y) of probability greater than 1 — e~¥ such that for all

DI € Es(y),
. (1 _ 1) 1nr
5 \/i ng

Finally, by lemma C.4 and equation (39),

< iy min(w(I), w(I?))[logn + y]2n~ 20 e, (48)

Ve < n% (Z(PT - P)2¢i> > (PT - P)*y; (49)

e iel! jer?

By proposition C.3, there exists an event Eg(y) of probability greater than 1 — e™¥, such that for any
D'Zj € EG (y)7

It
Z <GJT - oj) ‘A|5—|—/11w(11)(y+1Ogn)2n—min(%,%)5
Jernt

N 2 V& e
Z <03T - ej) = %5 + raw(I?)(y + logn)*n~ min(3,%) g
JeI?
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It follows by equation (49) that on Fg(y), for a certain constant x(k1,d1,c1, Kg),

51
1 255
Vs < m/w([l)w(IQ)[y+1Ogn]2%5. (50)
Combining equations (40), (43), (44), (47), (48), (50) on the event NY_, E;(log 6 + y) yields the result.

B.4 Proof of claim 7

Assume without loss of generality that m; < ma < ms3. We start by proving equation (23). First, changing
variables from jq, jo to ¢ = ji,r = jo — j1 yields

mo ms m2
Z Z Hjl 9j29|j1 —ja2| = Z 0 Z HiZmlJrl]IiJrrgmgeieiJrr
ji=mi+1 jo=mo+1 reN i=mo+1—7r
maA(mz—r)
< Z 10| Z 10:110;+|
r<rg i=(mo+1—7r)V(mi+1)
mo m3
=2l X G X
T>T0 Ji=mi+1 Jo=mao+1
maA(msz—r)
< [16]]¢x  max > 10101 |
i=(mao+1—r)V(mi+1)
+ & 10nVwo(ky — ko (ks — k). (51)
T>T0
Let us now bound |0;0;,| where ¢ € [mi1+1,...,mo] and i+7r € [ma+1,...,ms]. Necessarily, k1 € {m1, ma}

and ko € {mq, ms}. Moreover, |k1 — k.| > |i — k.| and |k2 — ki| > |i + 7 — ki|. It follows from claim 9 that

53 —dg
02 < czc—= + k(14 2)
Ny

> o
N

wo(k1 - k*)n7u2£

63—06 56
07, < csco—= + k(1 4+ z)%2 wo (ke — ko )n™"2E
ng
which implies that
k230 i
|01||91+T’| < H\/wo(k‘l — k*)’wo(kz — k*) max < x R (]_ + (ﬂ) o2 nu25>
N
for some constant k. This yields
maA(ms—r) J:03—06 £
max > 10:0;1r| < kro\/wo(ky — ky)wo(kz — ky) max ( * (14 2)% n“2€> . (52)
1<r<rg . Nt
i=(mo+1—7r)V(mi+1)
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for any integer rg. On the other hand, by hypothesis 1 of section 3,

+00 +oo 27t
> il=> > Il
j=ro+1 7=0i=2iro+1

+o00
>

i=29ro+1

+oo
SRL
j=0

—+oo
SZQJ‘M\/,TO 1(297g)~(2+61)
j=0

Combining equations (52) and (51) and optimizing over rq yields

n
Jji=mi+lj2=ma+1 t

ma ms 5 [ k%306 3 e 2uy
> Y bt < eVl Eute ko (€3 () e Ea e ) o)

for some constant x > 0. This proves equation (23).

Moreover,
mao m3
Z Z 9‘2j1,j2|2293‘{j1:(m1—|—1§j1Smg)/\(m2+1§j1+7"§m3)}|
ji=mi+1jo=mao+1 reN
< ZH? min (r,mg — my, m3 — ma)
reN
To
< ToZ@f + min (mg — my, mz — ma) Z 07
r=0 T>70

< 7o |s]* +min ([kz — k., [ky = k) D 62,

r>70

by hypothesis 1 of Theorem 1. Let now rg = [Aﬂ. Since A > 1, it follows that:

1 2

o Az +1 , A =2
o> < lls]|® + 2¢1 min(wo(ky — ks), wo (ks — ki) — (A)
ny 71—zl Ny ™
ji=mi+1ja=ma+1
2
2 Hs”g £ + 2¢1 min(wo (k1 — k), wo (ks — k*))g(A)él
(A)3
< [2lsl1” + 261 min(wo (1 — k), wolka — k.)] £
(A)3
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On the other hand, A > -2t > n% by hypothesis 5 of Theorem 1. There exists therefore (cy, ||s || ) such
that, for any n,

Z Z 07, sy < mmin(wo(ky — k), wo(ky — k)™ 5 &, (54)
]1 =mi+1jo=mo+1
which proves equation (24). By proposition 6.1 and the fact that

w([my + 1.ma]) < wo(k1 — k)
w([ma + 1.ma]) < wo(ka — k),

there exists an event A of probability greater than 1 — e™¥ and a constant k such that

|Em1,m27m3| > Z Z 9]19J29|]1 —J2| + Z Z 9|J1 —Jz|

jl—m1+1j2 ma+1 jl—m1+1 Ja=ma+1 (55)
+ k(y + logn)*(1 4 z) §n_“3 Vwo(ky — ka)wo (ke — k. )E.

From equations (55), (53) and (54), equation (25) follows with us = min (us, 2547 202
B.5 End of the proof
Let
k53—66 1
r= *A ,E = H(1+$)u6[y+10gn]2 (T+T'§ +n—u5/\u2/\54)

for some large enough x. Thus, by Proposition 6.2 above applied on the event E, conditionally on DI
there exists a continuous Gaussian process Z?(DZI) with variance-covariance function K(g,) and such that
for some constant x > 0 and all D;{ € Ly,

|7 (0) = 7%()] — ”
5| ap P ] VIog (1 F (be — a) A + [h{a) [V 5,

w""

Using the facts that & >

¢
h(a) = 4||s[|* o + 8 s]| . ho(a) = (4]s]* + 8]Isll . ) — 85| z/nl@)
and the definition of a,, b, yields
8 Isll

[h(az)| v [A(be)| <128l (Jaz| V [ba]) + == max (¢fn(az), ¢fn(n))

< 12{s]l,, (|az| V [bz]) + 8z [|s][, (2(n — ny)or(ne) + 1)
<125l o (b2 — ag) + 8 ||s]|, (2nior(ng) + 1).

By lemma C.5 .
(by — az)A + |h(b:)| V |h(ay)| < k(1 +z)n3
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for some constant k. To conclude, remark that by equation (28),

1+ |h(a
T}

Thus, for some constants k and any u < us A ug A 4,

a€laz;bs]

Zl L
Yy >0,vDl € E,,E| sup ()()||DT] < k(1+2)T [y +logn]s (r 54 rf“) " (56)
a,<t<b, 1+ falt)

Since the conditional distribution of Z2(DZI) given DT is entirely determined by the function g,, which does
not depend on DI Z? is independent from DL. Moreover, since g,, increases, W = Z2 o0 g, ! is a continuous,
centered gaussian process with covariance function

sAtif 0 <s,t
Cov(Zs, Z:) = K(9n) (95 (5), 95 ' (1) = ¢ —(s V1) if 5,6 <0 (57)
0 else ,

it is therefore a two-sided Wiener process on [gn(az); gn(bz)] taking value 0 at 0. W can be extended to
R by placing independent Wiener processes Wy, Wy on its left and on its right, by the equations W (u) =
W(gn(ag)) + Wy(u) — Wy(gn(az)) for u < az, W(u) = W(gn(bs)) + Wa(u) — Wy(gn(bs)) for u > b,. Thus,
by claim 6 and equation (56), with probability greater than 1 — 2e~Y,

|Z(t) — g (t)| T:| [ |Z() (t)‘ T:|
E| su ————< D | =E| su —————|D
azStIS)bz 1+ fn( ) ‘ azﬁtgbz 1+ fn(t) | "
|Z'(t) = Z(t)] T:| [ | Z*(t) = Wy, 0] T]
<E| su ————— D, | +E| su —F|D,,
B Lz<t1<)bz L+ fu(t) | woston, L+ fall) |

el

< rs(L+ @)1 +yn~ T +r(l+2)F[y +logn]s (r+r% +n %Awm)
<KL+ y)(1+ )" (07" 4 (logn)Frd (rv 1)),

for all & < min (%, 1%, %, %‘3) ,u’ > max (1, 12) and a constant k(u). Finally, by claim 5, with probability

greater than 1 — 3e™Y,

E ‘R}Il“o( [fn( ) g,L(a)]
sup
a€laz;by] 1+ fn(a)

_ Z(a) =W, 1
sl wp @)= 20~ W0
a€lag;bs) 1+ fn(a) a€lag;by] 1+ fn(a)

< k1(1+ 2)[log(n) + log(2 + z) + y)2n~ ™) 4 k(1 +5)(1 + 2)* (n*u + (logn) 873 (1 V 1)%)

+E

< KL+ (1 +2)" (n7 + (logn) 13 (r v 1)),

U 54 )

for any u; < min (%, 15, 19+ 35), any w7 > max (1, ’1‘—;) and a constant k. This proves Theorem 1.
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C Auxiliary results

Lemme C.1. Let X be a random variable belonging to [—1;1], with pdf s. For all j € N, let 6; = (s, ;).
Then

Var (¢;(X)) — 1

j—+oo
k +00
ko <k, Y [Var(yy) — 1 < [l6lln =Y (s, 9;)].
Jj=ko Jj=0
Proof. E[1;(X)] = fol ¥j(x)s(z)dx = 0;. Moreover, 1;(X)? = 2cos*(2mjX) = 1 + cos(2mjX), therefore
0

Var(cos(mj X)) =1+ 62,
V2
therefore since |0;] < v/2, | Var(cos(j X)) — 1| < ‘\f— %‘ 16,1 < 16;]. O

Lemme C.2. Let f: Ry — Ry be a function, g,h : Ry — R be two non-increasing functions. Then

inf {f(z) +9(a) + ()} < inf {£(&) + (@)} + inf {(@)+ hia)}.

TERL

Proof. Let § > 0. Let x, be such that f(zy) + g(xy) < § + infyer, {f(x) +g(x)}. Let x;, be such that
f(xn) + h(zn) < infper, {f(z) + h(x)}. Let x, = max(xy,xp). If z, = x4, then

fe) +g(e) +hie) < inf {f(@) +9(@)} +0+h.)

+g(
< 1€an§ {f(z) +g(x)} + 6 + h(z}) since h is non-increasing
< inf {£(2) + (@)} + 5+ F(on) + h(an)
< of {f(2)+9(@)}+ inf {f(x)+h(z)}+20

Symetrically, if z, = xp, then f(z.) + g(z.) + h(z.) < infoer, {f(2) +g(2)} +infrer, {f(2) + h(x)} + 20.
As a result,

int {£(2) + g(@) + (@)} < f(o2) + g(w) + ha) < inf {7(z) + g(0)
+ inf {f(z)+ h(x)} + 24
TERL
Since no assumptions were made about § > 0, lemma C.2 is proved. O

Proposition C.3. For any integers kg < k, with probability greater than 1 —e™Y:

k

A k—k 311601,
S @ g2 ERol) 30 )yt 1ogm)
j=ko+1 & M
vk —k k—k
M—I—(y—&-logn)@ ) (58)
T ntZ
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In particular, there exists a constant k1 = k1(||s|| o, c1, [|0]|1) such that for any aq, as such that (aq A, asA) €
N? and aq < ag, with probability greater than 1 — e,

k}*-‘rOéQA
Z (é]T —0,)? — [az — 1]€| < kymax (1, |aa — o) [logn + y)*n~ min(}.%) ¢ (59)
j:k*+a1A
< 1 [max(L, £ () + max(L, £ (a2)] log n + y)? x =" Pe(n).
(60)

Proof. Let (ko,k) € N? be such that kg < k. The proof rests on lemma 14 of apphed to S,

(Vko+1,- -, Yx). Let us compute by, = SUP,epik—rol:|ju|<1 Zj:ko ujh;(w) < sup, /D iy, 1/)2 < |k — kol

and

k
> Var(py (X)) =k — ol = 12t

Jj=ko+1

(by lemma C.1). Furthermore, Dy, < v/2|k — kol since ¥; = v/2cos(27j-) : [0;1] — [-v/2;v/2]. By [2, lemma
14], with probability greater than 1 — e~ Y, for any € > 0,

k
j D Isllo logn +y] |k — kol[logn + y]?
T 2 k
I g2 2k < .
’ Z (6] = 65) ng _Ent ( (eA1)n, (e A1)3n?

Jj=ko+1

s It 1
Let g1 = ‘/Mﬁ#-ﬁ-y) A1 . If ey =1, then |k —ko| < |5l (v +logn) therefore £ |knk°| el H(El[/\olg)zjyl <
(1 + r) Ioleletlos ™) Ty o) <1 then

Ik—ko\ sl [logn + 9] [k — kol
e i = () lsl -+ Togm) Y
In all cases, if k > ko,
h kol sl logn+ 3] T~
< (1 I - 61
e < (L) sl -+ logm) Y (61)
Let g = YI081HY A 7 f Y¥Hosn > 1 — o) then
nt nt
k—k k — ko|[logn + y]? kE—k k—kol(y +1 2 k—k
52| ol JrH| 0|[og;z . Y] < /7y+logn| _ ol +/~£| 0|(y2 ogn) < (1+n)(y+logn)2| _ 0\'
N (g2 N1)3n3 ni n ng
Hs—VHm"<1mm
k— kol |k~ Koll k ok —ko|  nf
— Ko ol [logn + y]? — Ko ny
€ + kK =+y+logn———— + logn
2 ng (62 N 1)37Lt Y & y & ) n? (y + log n)%

<@ +n)\/y+logn|7
ng
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In all cases,

|k —ko| |k — kolllogn + y]? 5[k — kol
< (1 I _—
R i e sy < (14 k)(y +logn) o
By lemma C.2,
k
. D D 1
P ng e>0 | ne (eAN)ny
. Dy |k — ko|[logn + ]2
flok
+£210 {6 Ny th (e A1)3n?
|k — ko 5| o [log 72 + 9] |k — kol
< o0
=1 ng & (e1 A 1)ny te ng
|k — kol[logn + y]? 1101]2
o A L) + (€1 + €2) .
|k — kol

< (14 ) sl (g + logm)

2l ol | 216l

Ty

+ (1 + &) (y +logn)

b
4
e

by equations (61), (62). In conclusion, on an event E, of probability greater than 1 —e™¥,

_ Di|_ [0l

Tt

LI k- k
)%Z (9;—9]‘)2_7| - 0“< )
Jj=ko+1 j=ko+1

I
—
=
k}CD
N—
(V)
S
3

IN

3|0
et 1 ) sl -+ 10g)

X[MH

Tt 1

ny

k—k
y+logn)|50|1 .

This proves equation (58).
If ko = ks + a1 A and k = k., + as A, then by hypothesis 5 of Theorem 1,

VIE—ko| A [,
A S R v/|0527041| v
Uz NyTie T
n—mn
=/ |042—041| te
n

t

V]as — a1|n7674e
[
(Vienl+ Viaal) n~ e
34

< (max(1, fn(aq)) + max(1, fr(az2))n™ 2 e.

<
<

48
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Moreover, by lemma A.1,
|k/’—k‘0‘ - ‘042—041|A 1
5 = T

i meop
_ oo _;Oq'g
ng
2n,or(ng) + 2
< (amax(L, fu(an)) + max(1, £y (ag))) e Y20 2
ng
e 6l _ o 1]
e _ T IV1p n—n -6
e o ony <10l e < 0] n%, (65)
equation (59) follows from equations (58) and (63).
1 1 1
Let k1 = [n, '], so that n,/™" < k; < 2n/""*. By hypothesis 1 of Theorem 1, ;;OZH 07 < =
therefore o
. k c1 k1 c1 2n; ! 2+
< f — — < .
or(ng) < KeN- K2T01 | py = 2t oy o n3f51 + ne nﬁ
t t
]
Thus 2 + 2n,0r(ns) < 2+ 2nsor(ng) < (5+2¢1)n, ™", hence
L0
k—k n, 201
‘7§0| < (max(1, fn(a1)) +max(1, fn(az))) ev/5 + 2¢1 ——
7’Lt4 nt4
1
< [max(1, frn(a1)) + max(1, frn(a2))] V5 + 2c1n, e
e. (66)

< [max(1, fn(a1)) + max(1, fn(as))] V5 + 261 i:
O

Finally,. Equation (60) follows from equations (58), (64) and (66).

Lemme C.4. Let (c; ;)i j)en2 be real coefficients. Let I, 1o C N be two finite sets. Let (;);en be a sequence

Let C = max {supiel1 > jer, Gl SuPier, D e, |ci,j|} Then

2
D | 2ty | <C*) 6

i€l \JjeEl2 JjEI2

and
S e | < <20%> S
i€l JEIl>

i€l jels
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Proof. Let C; =3¢, lei 5| Then
2 2
1
DDt => ¢ 5ﬁ§:S@K%4N@JWj
iclh \j€ls i€l ' jEL

C? 5 . .
< Z é Z |ci’j\0j by the Jensen inequality
i€l JEI2

< (maxc) X2 Y e

Jj€ls i€l

<Cry 6.

JEI2

This proves the first equation. Furthermore, for any A > 0
Ao O
> S ane| <X 3 (004 5 )

i€l jelz i€l el
1
2
+oe D2 ey
2)\ 7 | 7]|

A
=3 D02 e

i€l VISP VISP i€l
A 2 1 2
i€l VISP

which proves the second equation by optimizing over A > 0. O

Lemme C.5. Under the assumptions of Theorem 1, there exists a constant k(c1,ce) > 0 such that for any
x>0,

Wl

(by —az)A < k(14 x)n

(67)

K 553
ki +asA 2 ———n; (68)

(L+a)%
kv + by A < k(14 2)ns (69)
Proof. First, remark that by hypothesis 1 of Theorem 1,
ko3¢
C1 C{
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Remark that by definition, —a, A < k, < nsor(n;) and

x |20r(ny) +

It follows that .
by A < (22 + 1)ngor(ng) + (71)

n — N '
By equation (70) and hypothesis (6), there exists some constant x > 0 such that

< k(z+ l)n%.

(by — az)A < 2(z + )ngor(ng) + p—

This proves equation (67).
By hypothesis 2 of Theorem 1 and by definition of a,,

—+oo
co(ky + aIA)_‘SQ < Z 0J2-
j=kitaz A+1
—+o00 400
1 VAN
= X peene X
i g J

j=kitaA+1 j=k.+1
< or(ng) + efn(az)
< (1+ 2z)or(ng) + ——. (72)

n—ng
Since by hypothesis 6 of Theorem 1, n, > n3+%  Equation (72) yields
ca(ks + azA) 7% < (1 + 2z)or(ng) + iz
n3
By equation (70), it follows that, for some constant (¢, ¢2),
_2
ko +agA > — P
14 x)%
This proves equation (68).
O

Equation (69) follows from equation (71) and the fact that k. < nior(ng).

Claim 9. Let 05
Uo = min ((54(1 + dg — (53), 6) > 0.
30
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Let ag > az and ag < by For some constant k < c3 + czce and all j € {azA+1,...,b,A}

d3—0¢g

. . k.
2 * LI |j| H{] < 0} 2 —u
O TE A P D P "
i=k.—(j)—

Proof. Let | = |c3(k« + j)%]. By hypothesis 3 of Theorem 1,
J+l
0. s < colbu+3)7°° ) 07 1
i=j
We distinguish two cases.

e If j > 0, then by definition of k.,
j+1
03 < co(ks +5) 0 Z Or. +i
i=j
J+l
<ok +4)7%0 Y 07 4
i=1
_56j +1
Ty
k., + 4 03—0d6 N ;
e N

< (ke + )00 B8y copbo L g,
—( +]) ny + ¢ A

< Cﬁ(k* +])

< c3¢6

Since 3 — g < 1,

NG _ (Sa _ J A
(ko gt < g oo < sma (1, 2) B
By assumption (5) and lemma 5.3, A > n%, which yields
kég—ég ¥ ¥
Oi*ﬂ» < c3¢6 *nt + c3cgn” (1H06=08)0a 1y <1, i) £+ ch/’:‘SG%E.

e If j <0, then by definition of k.,

(J+1)+

0
9i*+j < cglke +4)7% Z%m + "
=i

0
N g |
§C6(k* +]) % Zel%*+z +06(k* +]) 56777
i=j

(e +5)™
Tt

0
< colke +5)7% Zai*+i + ¢3¢
=
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Since j > a, and j < 0, this yields

0

k63—56
-6
9,%*+j < colks +agzA)7% ZG,%*H + c3c6 *nt .
i=j
By the previous lemma (lemma C.5),
K 2
ke > ke +a;A > ——— 13502,
1+ x)@

Thus, combining both cases yields

2 03 % % (J)- < 2
0.+ < ¢3¢ *nt +r(1+a)2n A ET >, 4
1=k« —(j) -

for all j € {ky +azA+1,... k. +b,A}, where k < c3 + ¢3¢ is a constant and

26
Uy = min (64(1 + g — 53), 3(56> > 0.
2

This proves claim 9. O
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